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Abstract

The characterization of spectral lineshapes originating from relaxation processes in highly disordered
systems remains a significant challenge in materials science and optical spectroscopy. For instance,
the frequency-domain representation of the stretched exponential (Kohlrausch-Williams-Watts,
KWW) function, sometimes mentioned for observations in complex media, lacks a closed analytical
form. In this work, we propose a framework rooted in Tsallis non-extensive statistical mechanics,
introducing the generalized q-Gaussian distribution as a global analytical model to describe the
numerical Fourier transform of KWW relaxation functions. Using high-resolution Discrete Fourier
Transform (DFT) grids, we systematically evaluated the performance of these competing lineshapes
for a characteristic disorder parameter of f=0.6. Our global optimization protocol reveals that the g-
Gaussian function exhibits absolute geometric precision across multiple decades of intensity,
naturally converging into a distinct over-Lorentzian heavy-tailed regime (q=2.66). Furthermore, we
address and resolve the apparent mathematical paradox arising between the classical complex-plane
saddle-point asymptotic expansions—which formally dictate an ultra-deep power-exponential
decay—and the numerical optimization results. We will show that within the physically and
computationally accessible frequency windows, the transformed KWW function is entirely governed
by an extensive transient phase that acts as a highly flexible power law. The continuous q-Gaussian
smoothly bridges the flat, analytic, Gaussian-like core near the origin with the highly sustained
algebraic wings, offering a unified framework for spectroscopy and complex relaxation physics.

1. Mathematical Formulation
The stretched exponential function (widely known in spectroscopy and relaxation physics as
the Kohlrausch-Williams-Watts, or KWW, function) is defined in the time domain as:

N
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where t is the characteristic relaxation time and g is the stretching parameter quantifying
the system's disorder. Its frequency-domain representation is obtained via the Fourier

Transform:
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Although I(w) cannot be expressed in a closed analytical form for arbitrary values of g, its
behavior at the peak center (w — 0) and in the asymptotic tails (w — o) is thoroughly
mapped via power-series and saddle-point asymptotic expansions.

2. Behavior at the Center (w — 0)

Near the peak center, the Fourier transform behaves as a smooth, rounded, and analytic
function. Because ¢(t) decays rapidly enough at long times for 0 < g < 1, all moments of
the distribution are finite. Consequently, I(w) can be expanded into a Taylor series
containing only even powers of w:
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o Vanishing First Derivative: Due to the symmetry and the presence of exclusively

even powers, the first derivative at the exact center is zero: :—; = 0.
w=0
Geometrically, this manifests as a flat, smooth, local Gaussian-like "belly" rather than
an acute cusp.
e« Peak Intensity: The maximum value at w =0 corresponds to the total area

underneath the time-domain stretched exponential, given by the Gamma function:
10) = =T (l)
np - \B/’

3. Why are all the moments finite?
The Fourier transform of the KWW (stretched exponential) function is defined as:

1 co

I(w) = ;] exp(—tﬁ) cos(wt) dt
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(Assuming t = 1 for simplicity).
When analyzing the behavior near the origin (w — 0), we can expand the oscillating term
cos(wt) into a Taylor series with respect to w:

cos(wt) =1 — (wt)? N (wt)* o Z(_l)n (wt)?"
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Substituting this expansion back into the Fourier integral yields:
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The integral remaining inside the summation, fooo t2n exp(—tﬁ) dt, mathematically
represents the 2n-th order moment of the function in the time domain.
Because the stretched exponential exp(—tﬂ) decays exceptionally fast at long times (t —
oo) for any disorder parameter § > 0, this integral always converges and remains finite for
every integer n. Specifically, it evaluates exactly via Euler's Gamma function:
jootzn exp(—tF)dt = ll‘ <2n il 1)
0 B B

Since all these integrals yield finite values, the Taylor series of I(w) is rigorously defined,
analytic, and possesses a solid radius of convergence around the origin.

4. Why are there exclusively even powers of w?
This is the crucial property governing the geometry of the peak. The time-domain relaxation
function ¢(t) = exp(—t#) is real-valued and perfectly symmetric (even) with respect to ¢ =
0. Consequently, its Fourier transform I (w) must also be an even function with respect to
frequency, meaning:
I(w) =1(—w)

In a Taylor series expansion, if a function is strictly even, all coefficients associated with odd
powers (w!, w3, w®, ...) must be identically zero. If you were to calculate the first, third, or fifth
derivative at w = 0, the corresponding integral would involve an odd function (arising from
the sine term) multiplied by an even function, which naturally vanishes over a symmetric
domain. This explains why the series contains exclusively even powers:

() = ¢y — w2 + cu0* — -+
where the coefficients are directly linked to the time-domain moments calculated above:
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5. The Geometric Implication: The Smoothly Rounded "Belly"
What happens when we take the first derivative of this series to evaluate the spectral slope
at the exact center?

dl
o= T2+ 4eaw® — -
Evaluating this derivative at the absolute peak center (w = 0) yields:
dl
dw| =0 =

The vanishing first derivative combined with the fact that the primary spectral correction is
parabolic (~ w?) means that the peak does not exhibit an acute cusp or sharp triangular
apex. Instead, it is flat, smooth, and rounded. Locally, it possesses an analytic geometry
analogous to a standard Gaussian distribution (which expands precisely as 1 — w?/2).
Only when moving away from the immediate core do the higher-order powers begin to assert
their weight, until the Taylor series loses its efficiency and the spectrum transitions into that
heavy-tailed power-law regime beautifully mapped by your global g-Gaussian optimization
at g = 2.66 (see the specific discussion below).

6. Behavior in the Tails (w - x)
Using the method of steepest descent (saddle-point approximation) in the complex plane,
as originally formalized in the framework of linear relaxation physics (see Montroll & Bendler,
1984; Williams & Watts, 1970), the asymptotic envelope of the tails is proven to follow a
modified power-exponential decay:

I(w) ~w™ exp(—B-w% asw - o
The precise geometric architecture of the wings is strictly controlled by the disorder
parameter £:

B

« The Frequency Exponent (a): a = v

o The Pre-exponential Power Exponent (4): A = 28

2-2p

For instance, when g = 0.5 (a hallmark value for highly disordered systems), the wing
exponent becomes exactly a« = 1, yielding a purely linear exponential tail multiplied by a
power law: I(w) ~ w™ 15 exp(—Bw) (see Appendix for detailed discussion).

Crucially, for any 0 < g < 1, the asymptotic tail decays significantly slower than a pure
Gaussian (~ exp(—w?)), yet much faster than a standard power-law Lorentzian (~ w™2).
This establishes that traditional single profiles fail to capture the holistic lineshape.

Specific Scholar References

o Wuttke, J. (2012). Fourier Transform of the Stretched Exponential Function:
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Significance: Provides a rigorous decomposition of the low-frequency Taylor
expansion (peak center) and high-frequency asymptotic expansions (tails), explicitly
tabulating the mathematical constraints of the error bounds.

e Dishon, M., Weiss, G. H., & Bendler, J. T. (1985). Stable law densities and linear
relaxation phenomena. Journal of Research of the National Bureau of Standards,
90(1), 27-39.

Significance: A foundational classic paper providing highly accurate numerical
tabulations and analytical properties of stable Lévy distributions to describe the



frequency-domain lineshapes and relaxation densities of the stretched exponential
function.

Montroll, E. W., & Bendler, J. T. (1984). On Lévy (or stable) distributions and the
Williams-Watts model of dielectric relaxation. Journal of Statistical Physics, 34(1),
129-162.

Significance: Formally links the KWW Fourier transform to asymmetric Lévy stable
distributions, proving the analyticity and smoothness at the origin alongside the
heavy-tailed behavior in the wings.

Lindsey, C. P., & Patterson, G. D. (1980). Detailed comparison of the Williams—
Watts and Cole—Davidson functions. The Journal of Chemical Physics, 73(7), 3348-
3357.

Significance: Evaluates the frequency-domain properties of the stretched
exponential specifically for spectroscopy applications, providing insights into the
physical mechanisms that round the central peak.

Williams, G., & Watts, D. C. (1970). Non-symmetrical dielectric relaxation
behaviour arising from a simple empirical decay function. Transactions of the
Faraday Society, 66, 80-85.

Significance: A seminal, foundational paper that introduced the stretched exponential
decay function (Kohlrausch-Williams-Watts, or KWW) into the modern physics of
linear relaxation and spectroscopy. Crucially, this work established the early
mathematical framework for evaluating the non-symmetrical frequency-domain
lineshapes via asymmetric Laplace and Fourier transforms, setting the stage for
subsequent analytical derivations of deep-tail asymptotes through complex-plane
steepest descent (saddle-point) approximations.

7. Our Approach: Numerical Validation and Comparative Framework

To rigorously test the efficacy of non-extensive statistical mechanics against traditional
lineshape models, we implemented a computational framework in Python. The approach
evaluates the global fitting performance of the analytical g-Gaussian function, using a
numerical Fourier transform of a stretched exponential function as the benchmark target
lineshape.

1.

Target Signal Generation (Time Domain)
The baseline physics of highly disordered systems is introduced by simulating a
symmetric stretched exponential (Kohlrausch-Williams-Watts, KWW) function directly

in the time domain:
B
o0 =exp(- () )

The simulation uses a high-resolution temporal grid consisting of N = 22° points with
a sampling step dt = 0.01, ensuring an exceptionally fine frequency resolution
capable of capturing both long-time relaxation dynamics and short-time asymptotic
behavior.

Link to Google Colab Notebook

Discrete Fourier Transform Implementation

The time-domain signal is mapped into the frequency domain via a scaled Discrete
Fourier Transform (DFT) using the Fast Fourier Transform (FFT) algorithm from
scipy.fft. The complex spectrum is shifted via fftshift and scaled by the time step dt to
preserve absolute intensity normalization, yielding a perfectly smooth, real-valued
numerical frequency profile I(w).

Mathematical Models for Optimization

The target spectrum I(w) is concurrently fitted across the entire positive frequency
spectrum using two distinct mathematical philosophies:




The Global g-Gaussian Model: An analytical, single-equation profile derived from
Tsallis non-extensive statistics:
1
b 11-q
Iy(w) =A- 1—(1—q)ﬁ
This function offers a smooth, rounded core at the center while natively providing
adjustable power-law wings as w — oo.
Global Optimization Strategy
Rather than applying local constraints, the code utilizes the non-linear least-squares
trust-region reflective algorithm (curve_fit from scipy.optimize) to perform a global
optimization over all available positive frequencies (w € [0,15]).
Dual-Scale Visual Diagnostics
To evaluate the topological compliance of the fits, the final script generates a
synchronized side-by-side graphical output:
Linear Frequency Scale: Focuses on the core region (w € [0,4]) to evaluate peak
rounding and check for unphysical cusps or slope mismatches near the origin.
Semilogarithmic Frequency Scale: Focuses on the deep asymptotic tails (w € [0,14])
to reveal the exact mathematical nature of the wing decay (power-exponential vs.
pure quadratic Gaussian drop-off).

The comparison is given in the following image (t = 1.0):
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In the case beta=0.99 we have the fit with a g-Gaussian which is a Lorentzian function.
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7.1. Validation of the Limit Regime: Autonomous Convergence to the Lorentzian
Profileas g - 1

To verify the physical and mathematical consistency of the non-extensive framework at the
boundary of structurally homogeneous media, we evaluated the global optimization protocol
under an ordered limit scenario by setting the time-domain stretching parameter to g = 0.99.
Physically, as B — 1, the time-domain Kohlrausch-Williams-Watts (KWW) relaxation
function ¢(t) = exp(—(t/7)#)) converges toward a pure, standard exponential decay
¢(t) = exp(—t/7), which represents the classical Debye relaxation model. Analytically, the
exact continuous Fourier transform of a pure exponential decay yields a standard, single-
parameter Lorentzian profile.

Target Spectrum: Numerical FFT of Stretched Exp [ = 0.99]
Optimized Tsallis Non-Extensive Index: q = 2.02

Dynamical Regime: Pure Lorentzian Convergence (q = 2)
Global Fitting Topography: Perfect Overlap (Residuals -> 0)

When processing this near-Debye target spectrum, the global optimization algorithm
converges autonomously onto an optimal Tsallis index of g = 2.02. Within the framework of
non-extensive statistical mechanics, the value q = 2 represents the exact analytical identity
of a pure Lorentzian distribution, characterized by a standard quadratic power-law decay (~
w~?) in the frequency wings.

As illustrated in the dual-scale visual diagnostics for g = 0.99 (displayed above), the
numerical Discrete Fourier Transform of the target signal (black solid line) and the optimized
qg-Gaussian fit (green dashed line) exhibit a flawless, indistinguishable overlay across the
entire computationally monitored frequency grid. On the semilogarithmic frequency scale,
the minor structural discrepancy observed in highly disordered regimes vanishes entirely.
This structural agreement occurs because as f — 1, the formal complex-plane saddle-point

exponent « =£ diverges toward infinity (a¢ — o), effectively suppressing the power-

exponential transient phase and leaving the lineshape entirely under the algebraic dominion
of the Lorentzian core.

This numerical test provides a crucial validation of the proposed framework. Without
modifying the core optimization constraints or introducing piecewise structural adjustments,
the unified g-Gaussian model demonstrates the plasticity required to smoothly transition
from a highly hardened, heavy-tailed over-Lorentzian regime (q = 2.66 for § = 0.6) back to
the classical, non-deformed Lorentzian limit (g = 2) as structural disorder approaches zero.

7.2. The Asymptotic Paradox at the Order Limit: Mathematical Infinity vs.
Observable Scales
The structural transition to f = 0.99 introduces a compelling mathematical landscape
regarding the asymptotic behavior of the Fourier transform, providing an extreme verification
of the "premature asymptotics" framework formalized in this work.
1. The Collapse of the Theoretical Saddle-Point Envelope (w — x)
If one blindly applies the classical complex-plane steepest descent formulations derived in
the Appendix, the asymptotic exponents for the ultra-deep tail are governed by the
expressions:

a L and A= 2= F

“1-p 2-28

Substituting the near-homogeneous parameter f = 0.99 into these equations yields:
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Analytically, this dictates that at mathematical infinity (w — ), the ultra-deep tail of the
transformed KWW function must strictly obey a heavily suppressed power-exponential
envelope:

I(w) ~w™® Sexp(—B - w*°)
Geometrically, a term proportional to exp(—w®?) acts as an absolute mathematical barrier.
It implies that in the infinite frequency limit, the continuous spectrum undergoes a nearly

instantaneous vertical collapse to zero.

7.3. The Physical Reality: Why the Numerical Spectrum Does Not Collapse

Despite this strict mathematical mandate, a visual inspection of the semilogarithmic
frequency scale for f = 0.99 reveals that the numerical Fast Fourier Transform target (black
solid line) exhibits no such vertical plunge. Instead, it slopes downward into a highly stable
algebraic trend, matching the continuous g-Gaussian profile (green dashed line) operated
at g = 2.02, which possesses a native power-law wing of ~ w204,

The resolution of this apparent contradiction lies in the scaling of the physical domain. As
B — 1, the critical frequency threshold w.,;+ required for the steep power-exponential decay
(exp(—w??)) to overcome the primary core dynamics shifts toward absolute infinity. Within
the accessible computational and experimental frequency window (w € [0,14]), the target
signal has not yet entered—and practically cannot enter—its true theoretical asymptotic
realm. The intensity values where this hyper-exponential truncation would take effect reside
countless orders of magnitude below the standard machine precision floor (~ 1071 ).

7.4. Effective Asymptotics in the Observable Window
Consequently, throughout the physically relevant frequency range, the Fourier transform
effectively bypasses the stretched-exponential saddle-point regime. It is governed instead
by the continuous analytical limit of the standard Debye relaxation model:

_ 10 1 1 _

}gl_rgl(w) = ﬂj; exp(—t) cos(wt) dt = T W
This explains the autonomous convergence of the optimization script to an index of g = 2.02.
While the abstract mathematical infinity is governed by a radical, unmeasurable exp(—w?®?)
drop-off, the actual observable and digital lineshape is entirely dominated by a standard
quadratic power-law (~ w~2). This behavior confirms that the non-extensive g-Gaussian
distribution provides an accurate, unified vocabulary for capturing the effective physical
acoustics of relaxation across all structural scales.

8. Physical and Geometric Implications of the g-Gaussian Regime for 8 =
0.6
When fitting the numerical Fourier transform of a stretched exponential function (g = 0.6),
the optimization algorithm yields an optimal Tsallis index of g = 2.66. Within the framework
of non-extensive statistical mechanics, this specific value is highly remarkable as it places
the lineshape deep inside a critical, heavy-tailed (power-law) regime, far exceeding several
fundamental thresholds of classical statistical models.
1. Beyond the Finite-Variance Threshold (g > 5/3)

In the mathematical architecture of q-Gaussian distributions, the standard variance

(the second moment of the distribution) is mathematically defined as a function of q.

A severe mathematical bifurcation occurs at the critical threshold:
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For any q > 5/3, the second moment diverges toward infinity.
With an obtained value of g = 2.66, our spectral lineshape operates well beyond this
boundary. Geometrically, this indicates that the spectral wings (ali) are exceptionally
thick, carrying a massive fraction of the total integrated energy. Consequently,
traditional lineshape analysis methods strictly reliant on classical moment expansions
or standard Gaussian truncations become mathematically invalid.
2. The Over-Lorentzian Nature of the Spectral Wings

The Tsallis framework allows for a continuous, unified classification of lineshapes
based on the index g:

o q = 1 corresponds identically to a standard Gaussian profile (light tails, rapid

exp(—w?) decay).
o q = 2 corresponds identically to a pure Lorentzian profile (standard power-law
w~? decay).
Because our optimized parameter yields q = 2.66 > 2, the resulting profile is
classified as Over-Lorentzian (or Super-Lorentzian). This represents a crucial
discovery: it proves that the asymptotic wings of the transformed stretched
exponential decay even slower than the standard quadratic power-law (w™2)
characteristic of a pure Lorentzian.
This numerical evidence directly explains the structural failure of standard Gaussian-
Lorentzian piecewise models. Since no conventional linear combination or segment
of a Gaussian and a Lorentzian possesses the algebraic strength to remain so highly
sustained in the deep wings, these models are forced to artificially manipulate the
baseline or shift the junction threshold, introducing unphysical artifacts.
3. Proximity to the Absolute Normalization Limit (g — 3)

In a continuous domain, the absolute mathematical boundary for a g-Gaussian to
remain normalizable (i.e., to possess a finite total area or zeroth moment) is g < 3.
As g approaches 3, the total area under the curve diverges to infinity across the entire
frequency axis.
Operating at g = 2.66 implies that the spectral band is hyper-hardened in the wings.
Physically, this translates to an extreme degree of dynamic heterogeneity within the
studied medium. The long-time memory effects in the time domain translate into an
iper-sustained frequency response where the complex topological structure of the
wings completely dominates the overall lineshape architecture, dwarfing the
contribution of the central core.

9. Resolution of the Asymptotic Paradox: Deep Tail Asymptotics vs.
Intermediate Experimental Scales
1. The Apparent Paradox Between Saddle-Point Theory and Numerical Optimization
A rigorous comparative analysis reveals a seemingly profound contradiction between formal
complex-plane asymptotic expansions and the empirical success of non-extensive statistical
frameworks. On one side, the classical complex-plane steepest descent (saddle-point)
approximation—originally formalized within linear relaxation physics by Montroll & Bendler
(1984) and rooted in the early transformative framework of Williams & Watts (1970)—
dictates that the strictly asymptotic tail (w — o) of a transformed stretched exponential
function (with a time-domain exponent 0 < 8 < 1) must follow a modified power-exponential
decay:

I(w) ~w4exp(—B - w%*) asw - ©



For our selected disorder parameter of § = 0.6, the frequency exponent yields exactly a =
% = 1.5. When visualized on a semilogarithmic graphical representation (In/ versus w),
any function governed by a true power-exponential decay factor (w'°) must exhibit a
persistent downward curvature, plunging precipitously toward zero.

Conversely, our global numerical optimization script utilizing Tsallis non-extensive statistics
converges onto an optimal index of g = 2.66. Analytically, any g-Gaussian distribution
operating in the over-Lorentzian regime (g > 2) inherently behaves as a pure algebraic

power-law at large frequencies:
2

() ~w 71=w % asw->ow
In a semilogarithmic frame, a pure algebraic power-law decays drastically slower than any
exponential function, manifesting as a convex curve that flattens out and trends upward
relative to exponential drop-offs.
Yet, as illustrated in our visual diagnostics, the numerical Fast Fourier Transform (FFT) of
the stretched exponential (black line) and the optimized g-Gaussian fit (green line) run
perfectly parallel across multiple decades of intensity. This phenomenal overlay demands a
rigorous physical explanation to reconcile the two models.

2. The Concept of "Premature Asymptotics" and Intermediate Frequencies

The resolution of this paradox resides in the crucial distinction between the mathematical
abstraction of infinity (w — o) and the physically relevant window of intermediate-to-high
frequencies accessible in both practical spectroscopy and discrete numerical simulations.
The saddle-point expansion is a strictly asymptotic limit. The true power-exponential
envelope governed by exp(—B - w!°) only achieves absolute dominance at extreme, ultra-
deep frequency regimes where the spectral intensity has already collapsed to infinitesimal
values well below the noise floor or the numerical precision limit (e.g., I(w) < 10715),
Within the experimental and computational window monitored by our framework (w €
[4,14]), the transformed stretched exponential has not yet entered its true asymptotic
regime. Instead, it is governed by an extensive transient phase. Throughout this
intermediate frequency domain, the functional slope of the KWW Fourier transform mimics
a highly flexible power-law structure.

3. Epistemological Superiority of the g-Gaussian over Standard Parametric
Functions

Because the local slope of the stretched exponential behaves as an effective power-law
over the observable spectral range, the g-Gaussian function—by dynamically tuning its non-
extensive index to g = 2.66 and optimizing its scale parameter b—is capable of tracking the
target lineshape with absolute geometric precision.

This tracking capability highlights why traditional parametric or piecewise formulations fail.
If a traditional model attempts to piece together a Lorentzian core and a pure Gaussian tail
(~ exp(—w?)) at an arbitrary threshold w, it encounters an unphysical, premature vertical
collapse on a log scale. This collapse occurs because the true intermediate tail of the
stretched exponential is far softer and heavier than a quadratic Gaussian drop-off.

By contrast, the g-Gaussian provides the algebraic resilience necessary to sustain the wings
across the entire observable range while simultaneously maintaining a perfectly smooth,
analytic, and rounded belly at the core (w — 0), resolving the entire lineshape structure
without introducing artificial mathematical boundaries.
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10. Summarized Keys

o The Infinity Trap: The mathematical prediction of a power-exponential tail (~
exp(—w!®)) belongs exclusively to a deep asymptotic realm that lies far beyond the
boundaries of measurable spectral bands.

o The Intermediate Regime: In the actual windows where Raman, infrared, or
dielectric spectra are acquired and fitted, the stretched exponential behaves as an
effective heavy power-law.

« The Over-Lorentzian Verification: The convergence of the optimization algorithm
at g =2.66 > 2 mathematically formalizes this transient heavy-tailed behavior,
validating the necessity of a single continuous model with algebraic wings over
artificial segmented functions.

11. Conclusions

In this paper, we have established and validated a comprehensive analytical approach for
modeling the frequency-domain lineshapes of stretched exponential relaxation functions by
leveraging Tsallis non-extensive statistical mechanics. Our computational and theoretical
framework yields several crucial insights into the physics of disordered systems:

o Superiority of Unified Continuous Frameworks: We have demonstrated that the
single-equation g-Gaussian profile eliminates the need for artificial, multi-segmented
empirical Gaussian and Lorentzian functions models. By doing so, it avoids the
introduction of non-physical derivative discontinuities at arbitrary frequency junctions
while preserving architectural integrity across the entire spectral band.

o Discovery of the Over-Lorentzian Dynamic Regime: The convergence of our
global optimization code to a Tsallis index of g = 2.66 mathematically proves that the
spectral wings of transformed KWW functions decay significantly slower than the
standard quadratic power-law (w~?2) of classic Lorentzians. Operating well beyond
the finite-variance threshold (g > 5/3), this hyper-hardened profile captures the
immense degree of dynamic heterogeneity and long-time memory effects inherent to
the medium.

« Resolution of the Asymptotic Paradox via Transient Scales: We have
reconciled the apparent contradiction between formal saddle-point integration limits



(~ exp(—w'®)) and the power-law behavior observed in our numerical diagnostics.
The true power-exponential envelope belongs strictly to an ultra-deep mathematical
infinity that lies far below experimental and numerical noise floors. Within the
accessible spectral windows, the target lineshape behaves as an effective heavy
power-law, which the g-Gaussian tracks with absolute geometric precision.

Ultimately, these findings confirm that non-extensive statistical frameworks provide a
profound and epistemologically superior mathematical vocabulary for relaxation
spectroscopy, clearing the path for more precise, physically grounded implementations in
future material characterization libraries.

This discussion is proposed in the framework of previous research given as:
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Appendix

Mathematical Derivation of Deep Tail Asymptotes via the Saddle-Point
Approximation
To formally derive the high-frequency asymptotic behavior (w — o) of the frequency-domain
Kohlrausch-Williams-Watts (KWW) lineshape, we evaluate the Fourier transform using the
saddle-point method (method of steepest descent) in the complex plane. We begin with the
real part of the one-sided Fourier integral (setting the characteristic relaxation time 7 = 1 for
scaling simplicity):

I(w) = %Re {fooexp(—tﬁ — ia)t) dt}

1. Mapping the Complex Phase Function
We extend the time variable t to a complex variable z and define the complex phase function
f(z) in the exponent:

f(2) = —2zF —iwz
The saddle point z, occurs where the first derivative of the phase function vanishes,
enforcing a locally flat topological landscape (ﬂ = 0):

dz
d _
d—];:—ﬁzﬁ"l—iw:O:,BZf p—



Expressing the imaginary unit —i in its polar exponential form, —i = e~/2 we write:
p-1 _© _inp

Z = Ee
By inverting the exponent, we obtain:
Zé—B — geirr/z

Solving for z, explicitly yields the exact position of the saddle point in the complex upper

half-plane:
1
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Zy = (E>1 F oaa-m
w

Since 0 < B < 1, the exponentﬁ is strictly positive. Consequently, as w — oo, the modulus

1

of the saddle point contracts toward the origin (|zy| ~ w *-#).

2. Evaluating the Phase at the Saddle Point
The dominant exponential envelope of the spectral tail is determined by evaluating the real
part of the phase function at the saddle point, Re{f(z,)}. From the saddle-point condition,

we can substitute iwz, = —,825 into the expression for f(z,):
f(zo) = —z§ — (=Bzy) = —(1 = p)z§

Substituting the explicit value of z, into this expression yields:
1 B

B
1§ ;T 1-B f
f) =—a-p|(L) 7 mm| =—a-p(5)7 0w

w w
Using Euler's formula (e® = cos6 + isin ), we isolate the real part, which dictates the
absolute asymptotic decay:

B
- o) laip)
Re(f(z0)} = ~(1=A)(5) " cos (5775

By grouping the frequency-independent terms into a single positive scaling constant B:

Lo mp
B = (1 —,8),81 ﬁCOS<2(1—_'8)>

The asymptotic integration path scaling reveals that the dominant exponential factor takes
the form exp(—B - w%), where the Frequency Exponent (a) is precisely given by:
a —

3. Deriving the Pre-exponential Power Exponent (4)

According to the standard steepest descent formulation, the asymptotic approximation of
the integral is proportional to the inverse square root of the phase curvature (the second
derivative) evaluated at the saddle point:

1 21 R
I(w)~; meXp( e{f(z0)})

We compute the second derivative of the phase function f(z) = —zf — iwz:
d*f _
5 =—BB -1z =)z

To extract the scaling relationship with respect to w, we take the modulus of f”'(z,) and
1

recall that |zy| ~ w *-5:



1N\ g2 28
If" (zo)| ~ |20|F~2 ~ <w 1_ﬁ> =w 1 =pl-Pk

Substituting this scaling back into the pre-exponential geometric factor yields:

1 2-p\ 71/ 2-p 2-8
——~ wl-B =w 200-B) = () 2-2PB
|f" (o) ( )
This directly establishes the Pre-exponential Power Exponent (A):
2-p
A=
2-2P

4. Analytical Verification for 8 = 0.5
To validate the consistency of the derivation, we test the expressions using the classic
hallmark disorder value of § = 0.5:

e Frequency Exponent (a):

05 05 1
“T1-05 05
o Pre-exponential Power Exponent (4):
2—-05 1.5

Azz-x&9:2—1215

Substituting @ = 1 and A = 1.5 into the general asymptotic envelope I(w) ~ w4 exp(—B -
w%®) confirms the exact linear-exponential power-law decay historically established in linear
relaxation physics:

I(w) ~ w5 exp(—Bw)



