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ABSTRACT ARTICLE HISTORY
The Customer Order Scheduling (COS) problem arises when performance Received 30 October 2025
measures are defined at the order level, and each order consists of mul- Accepted 12 June 2026

tiple jobs. This article studies the COS problem with dedicated machines, KEYWORDS

aiming to minimize the total completion time of orders. Four mathemati- Customer order scheduling;
cal formulations are examined and compared: three Mixed-Integer Linear Dedicated machines;
Programming (MILP) models based on positional, precedence and time- Constraint programming;
indexed variables, and a Constraint Programming (CP) formulation, which MILP formulation

is introduced for the first time in the literature. Computational experiments

on benchmark instances show that the models provide good balances

between solution quality and implementation complexity.

1. Introduction

Scheduling problems arise each time resources must be allocated to the entities (e.g. items, jobs, cus-
tomers, depending on the system) flowing in the system, i.e. when time is the scarce resource. In
manufacturing systems, they are usually related to the sequencing and timing of jobs (the entities
that flow through the system) on machines (the system resources). In other words, for each machine,
the sequence of jobs to be processed and when the processing of each of them has to start need to be
defined.

Many types of scheduling problem exist, depending on the system layout, processing/service con-
straints, performance measures, etc. All such characteristics influence the difficulty of the problems,
and most real/realistic scheduling problems are NP-hard. Mentioning all the constraints used in the
scheduling problems that have been addressed in the literature is not an easy task owing to their vari-
ety, which is strictly problem-dependent. Instead, it is possible to discuss the possible layouts and
performance measures (or objective functions).

Considering layouts, scheduling problems generally refer to five types of architecture: single
machine (S. K. Gupta and Kyparisis 1987), parallel machines (T. C. E. Cheng and Sin 1990), flow shop
(Komaki, Sheikh, and Malakooti 2019; Rossit, Tohmé, and Frutos 2018), job shop (Xiong et al. 2022)
and open shop (Pastore et al. 2022). Single-machine problems are the easiest; the others, depend-
ing on the specific layout characteristics (types of resources and technological and/or management
constraints, objective functions) can achieve high levels of complexity, and most of them are already
known to be NP-hard. The variety of objective functions also contributes to the problem complexity.
The most used ones are related to the completion time: makespan (Framinan, J. N. D. Gupta, and
Leisten 2004; Hejazi and Saghafian 2005), total completion time (Janiak and Krysiak 2012; Mason
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and J.-S. Chen 2010), total tardiness (Koulamas 1994), maximum tardiness (Rostami, Kheirandish,
and Ansari 2015), etc.

Usually, scheduling problems assume that the units to be scheduled (i.e. the units flowing in the
system) are jobs, which can be single items (a job is an item) or batches of items (a job is composed
of several items); the parameters are usually given at the job level (e.g. processing time, release time),
and the performance measures are computed at the job level.

Instead, in the Customer Order Scheduling (COS) problem (Yang 2005), the units flowing in the
system are orders, and each order is composed of several jobs processed on different machines. In
this context, some parameters are order-dependent (e.g. release time, due date), while others are job-
dependent (e.g. processing time). The performance measures are order-dependent, as all the jobs
belonging to the order must be completed before the order can leave the system (e.g. to be delivered
to the customer).

COS problems are very important from a practical point of view, especially in companies dealing
with multiple products. Examples can be found in the process industry or in the production stages
of assembly facilities. In the process industry, each product (e.g. aluminium sheets, paper items) can
be produced in various sizes from the same raw material (e.g. aluminium coils, paper sheet). Each
customer can require, in the same order, different quantities of more than one product type (e.g
different amounts of various aluminium sheets, different quantities of various paper products). In
assembly facilities, the customer order may be quantities of a given finished product. However, each
product must be assembled from different components in given quantities. In these cases, customers
usually require more than one type of job in the same order (e.g. different paper items, aluminium
sheets or assembled products in the previously cited examples), and the different jobs are generally
processed on different machines (because they need different processing technologies or machine
settings that require too long to be changed continuously). However, customers require a unique
delivery for the whole order (as soon as all the jobs are completed), and cannot accept many deliveries
of single jobs.

The COS problem has two components: the allocation of the jobs of each order to the different
machines and the scheduling of the allocated jobs on each machine. When each job has a dedicated
machine, the problem has only the scheduling component, as allocation is no longer needed.

In this article, the COS problem with dedicated parallel machines is studied, with the aim of
minimizing the total order completion time. For such problems, there always exists an optimal per-
mutation solution (Leung, H. Li, and Pinedo 2005); thus this article addresses the permutation version
of the problem (i.e. all the dedicated machines process the orders in the same sequence). Different
formulations are proposed and compared on randomly generated instances. Specifically, three math-
ematical programming formulations (a Mixed-Integer Linear Programming (MILP) model based on
positional variables, a MILP model based on precedence variables, and a time-indexed MILP) and
a Constraint Programming (CP) formulation are addressed. The positional MILP formulation is
adapted from existing models in the literature (Framinan and Perez-Gonzalez 2018; Hoffmann,
Neufeld, and Buscher 2022). Also, precedence-based and time-indexed formulations have been stud-
ied previously (respectively, in Mastrolilli et al. 2010 and G. Wang and T. C. E. Cheng 2007); however,
the models proposed here differ in their structure and adaptation to the problem under consid-
eration. In contrast, to the best of the authors’ knowledge, the CP formulation has not previously
been introduced for this problem and, therefore, it constitutes a novel contribution. Furthermore, a
comprehensive computational comparison of these alternative formulations on different benchmark
instances available in the literature (Shi et al. 2021) has not been conducted before. The comparative
assessment provided in this article therefore represents an additional contribution, offering insights
into the relative performance and suitability of each modelling approach.

The remainder of the article is organized as follows. Section 2 discusses the relevant literature on
COS problems. The formal description of the problem and the proposed formulations are presented
in Section 3. Results are reported in Section 4. Section 5 concludes the article.
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2. Literature review

The following review of the literature on the COS problem only focuses on single and parallel
machines. Other environments are beyond the scope of this article; thus, the related literature is not
analysed.

Table 1 shows a classification summary of the reviewed literature. In the table, the reviewed articles
are displayed in rows, and each column is a characteristic of the problem. The columns show: the
addressed article (Reference); the considered machines (single or parallel) included in the studied
environment (Machine); some system characteristics (Setup, Due dates, Release dates, Other); the
considered objective function (makespan cpay, total completion time Zj Cj, maximum lateness Lax.
total lateness > ; L;, total tardiness Zj Tj, total number of tardy orders Zj Uj, Other); and the solution
method (Exact, Approximate).

2.1. Single machine

As shown in the top part of Table 1, the customer order scheduling problem with single machines (ref-
erenced with'1’ in the column headed ‘Machine’ in the table) is addressed in Erel and Ghosh (2007),
Cetinkaya, Yeloglu, and Catmakas (2021), Hazir, Giinalay, and Erel (2008), G. Liu, Xie, and H.
Wang (2025), L. Li et al. (2023), C.-C. Wu et al. (2024), J. N. D. Gupta et al. (2023) and W.-C. Lin
et al. (2023). In such articles, each order is composed of a set of jobs, and jobs belong to families,
all to be produced on the single available machine; every time two jobs of different families are
produced one after the other, a setup time is needed (i.e. sequence-independent setup times are con-
sidered, and denoted as ‘s.i’ in Table 1; sequence-dependent setup times are denoted as ‘s.d”). Erel and
Ghosh (2007) proved the problem with the objective function represented by the minimization of the
total completion time to be NP-hard. They also proposed a dynamic programming exact approach
to solve such a problem. The same problem was studied by Cetinkaya, Yeloglu, and Catmakas (2021)
and Hazir, Giinalay, and Erel (2008), who only considered approximate approaches. In Cetinkaya,
Yeloglu, and Catmakas (2021) addressed specific cases of the single-machine COS: heuristics were
used to minimize the total completion time on a single machine when either jobs of the same type
or jobs of the same customer order had to be processed together. Hazir, Giinalay, and Erel (2008)
tested various meta-heuristic algorithms to solve the single-machine COS to minimize the average
flow time (which is strictly related to the total completion time as the release dates are zero).

Weighted sums of various objective functions were minimized by G. Liu, Xie, and H. Wang (2025),
L. Liet al. (2023), C.-C. Wu et al. (2024), ]. N. D. Gupta et al. (2023) and W.-C. Lin et al. (2023), who
also included the minimization of the holding cost (ZJ- H; in Table 1), while G. Liu, Xie, and H.
Wang (2025) proposed a genetic algorithm to solve the problem; all the others proposed branch-and-
bound algorithms based on different lower bounds, and some heuristic methods.

As shown in the middle part of Table 1, some authors addressed the COS in a parallel-machine
environment. In this system, parallel machines can be either dedicated (PD), identical (P) or unrelated
(R). In the following, first the literature on mathematical model formulations and solution methods
for each environment is reviewed, then results on the complexity of some problem versions are dis-
cussed. To support the discussion about mathematical model formulations, Table 2 summarizes the
mathematical formulations addressed in the literature on the parallel-machine environment. In the
table, references are separated for dedicated and non-dedicated parallel machines (in columns), and
for the type of variables used in the mathematical formulations (in rows).

2.2. Dedicated parallel machines

The parallel dedicated machine COS (PD-COS) problem has also been referred to in the literature as
the concurrent open shop scheduling problem (Bukchin, Hanany, and Gerchak 2022; T. C. E. Cheng,
Nong, and Ng 2011; Mastrolilli et al. 2010), and it has been mainly solved through approximate
algorithms.
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Table 2. Mathematical model formulations available in the literature for parallel machines.

Model Dedicated Non-dedicated
Positional Shi et al. (2021), de Athayde Prata, Rodrigues, and Shi, Huang, and Shi (2018) and Zipfel,
Framinan (2021, 2022), Hoffmann, Neufeld, and Neufeld, and Buscher (2024)

Buscher (2022, 2024), Shi et al. (2015), Framinan and
Perez-Gonzalez (2018), Zheng et al. (2024) and Hou et
al. (2023), This article

Precedence Mastrolilli et al. (2010), This article X. Xu et al. (2013) and H. Li et al. (2021)
Time-indexed G. Wang and T. C. E. Cheng (2007), This article

Constraint programming  This article

Other Luo et al. (2016) (coflow)

The problem that minimizes the > C; objective function was addressed by Shi et al. (2021),
Roemer (2006), Framinan and Perez-Gonzalez (2017), Riahi et al. (2019), Hoffmann, Neufeld, and
Buscher (2022), Luo et al. (2016), Borisovsky, Zakharov, and Zakharova (2025) and de Athayde Prata,
Rodrigues, and Framinan (2022). Mathematical formulations of this problem were presented by
Hoffmann, Neufeld, and Buscher (2022), Shi et al. (2021), Luo et al. (2016) and de Athayde Prata,
Rodrigues, and Framinan (2022). The formulations of Hoffmann, Neufeld, and Buscher (2022), Shi
et al. (2021) and de Athayde Prata, Rodrigues, and Framinan (2022) employed positional variables,
whereas Luo et al. (2016) proposed a coflow-based formulation. Shi et al. (2021) introduced addi-
tional varijables to represent job starting times on machines. Hoffmann, Neufeld, and Buscher (2022)
adapted the formulation of Framinan and Perez-Gonzalez (2018), originally developed for total tardi-
ness minimization, to total completion time minimization. The first three formulations relied on the
permutation property of the problem; in contrast, de Athayde Prata, Rodrigues, and Framinan (2022)
did not assume this property, as it incorporates sequence-dependent setup times. Problem complexity
was discussed by Roemer (2006), while the others proposed solution algorithms. Specifically, con-
structive heuristics were implemented by Framinan and Perez-Gonzalez (2017), Riahi et al. (2019)
and Leung, H. Li, and Pinedo (2005); approximate search algorithms were presented by Framinan
and Perez-Gonzalez (2017), Riahi et al. (2019), Hoffmann, Neufeld, and Buscher (2022) and Luo
et al. (2016); genetic algorithms were proposed by Shi et al. (2021) and Borisovsky, Zakharov, and
Zakharova (2025); and an evolutionary algorithm was developed by de Athayde Prata, Rodrigues,
and Framinan (2022) for the special case of sequence-dependent setups. Also, Luo et al. (2016)
showed that the PD || Zj Cj problem is equivalent to the problem of minimizing the average Coflow
Completion Time (CCT) of a set of coflows (which is a problem usually solved for data centre
networks).

The more general PD || Zj w;C; problem was addressed by Leung, H. Li, and Pinedo (2005), Shi
et al. (2015), G. Wang and T. C. E. Cheng (2007), Mastrolilli et al. (2010), T. C. E. Cheng, Nong, and
Ng (2011) and Bukchin, Hanany, and Gerchak (2022). Among these, Mastrolilli et al. (2010), G. Wang
and T. C. E. Cheng (2007) and Shi et al. (2015) proposed mathematical formulations of the problem.
A quadratic formulation together with an equivalent mixed-integer linear model were proposed by
Shi et al. (2015), and both used positional variables. A time-indexed formulation was formalized by
G. Wang and T. C. E. Cheng (2007), and a relaxation with interval variables was proposed to find a
lower bound of the solution of the original problem. Instead, precedence variables were used in the
formulation of Mastrolilli et al. (2010) to devise linear approximations.

To solve the PD || Zj w;C;j problem, Shi et al. (2015) proposed a mixed-integer quadratic pro-
gramming model, several heuristics and a local search. An approximation algorithm based on a linear
programming relaxation was proposed by G. Wang and T. C. E. Cheng (2007), a combinatorial one
by Mastrolilli et al. (2010), and a polynomial time approximation scheme by T. C. E. Cheng, Nong,
and Ng (2011). Instead, the PD|| Zj w;C;j problem was modelled as a non-cooperative game for
two environments by Bukchin, Hanany, and Gerchak (2022), and coordinating mechanisms were
proposed.
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The special case of the COS problem with makespan minimization and sequence-dependent
setups was discussed by de Athayde Prata, Rodrigues, and Framinan (2021), and solved through two
math-heuristics; also, two mathematical formulations were proposed, one extending the formulation
of Framinan and Perez-Gonzalez (2018), the other considering the number of possible permutations
as a parameter given by the user.

Minimization of the weighted number of tardy jobs, i.e. PD || >_; w;Uj, was addressed by Leung, H.
Li, and Pinedo (2005), W.-C. Lin et al. (2019), Ng, T. C. E. Cheng, and Yuan (2003) and B. M. Lin and
Kononov (2007). Two heuristic algorithms were proposed by Leung, H. Li, and Pinedo (2005) for the
weighted and unweighted cases of PD || Zj w;Uj, while bee colony meta-heuristics were used by W.-
C. Lin et al. (2019) to solve the problem with release dates (r;), i.e. PD|rj] Zj w;Uj. An exact branch-
and-bound approach was proposed by W.-C. Lin et al. (2019) to solve the PD|r;| Zj w;U; problem.
Instead, total tardiness minimization was addressed by Framinan and Perez-Gonzalez (2018), in
which a math-heuristic algorithm based on sliding windows was proposed.

The specific problem variant PD|d; = d| Zj w;Uj (where d; = d indicates common due dates) was
addressed by Ng, T. C. E. Cheng, and Yuan (2003) and B. M. Lin and Kononov (2007): an LP-rounding
approximate algorithm is proposed in Ng, T. C. E. Cheng, and Yuan (2003), while B. M. Lin and
Kononov (2007) proved that for PD2|d; = d| Zj w;Cj no FPTAS exists unless P = NP.

The robust PD-COS problem that maximizes the weighted sum of tardy jobs PD|rj| max, min >,
w;U; between two scenarios was addressed both with a branch-and-bound algorithm and some
genetic heuristic algorithms by L.-Y. Li et al. (2022).

Moreover, some authors have included the possibility of rejecting orders and addressed the
minimization of both the maximum delivery time and the sum of rejected order penalties
(PD|rej| Dmax(A) + E(R)); such problems were formulated by MILP models using positional vari-
ables, and solved by approximation algorithms by Zheng et al. (2024) and Hou et al. (2023). Other
authors have addressed the problem of minimizing earliness—tardiness (Hoffmann, Neufeld, and
Buscher 2024) by proposing, also in this case, MILP formulations based on positional variables.

2.3. Non-dedicated parallel machines

The COS problem has also been studied for non-dedicated parallel machines. Parallel machines were
assumed to be identical (P) by Shi, Huang, and Shi (2018), Yang (2005), Su, P.-S. Chen, and S.-Y.
Chen (2013), C.-C. Wu et al. (2021) and unrelated (R) by X. Xu et al. (2013), H. Li et al. (2021),
Zipfel, Neufeld, and Buscher (2024), Zhao et al. (2021, 2022) and X. Xu et al. (2025).

The maximum lateness objective function (i.e. problem P || Liax) was solved approximately by Su,
P-S. Chen, and S.-Y. Chen (2013) through constructive heuristics, while some properties for such
problems were devised by Yang (2005). A special case of the identical parallel machine environment
was considered by Shi, Huang, and Shi (2018), who took scheduling and batching decisions together
to minimize the makespan and the weighted sum of completion times; a mathematical formulation
based on positional variables was proposed, and several heuristic algorithms were developed for the
case of weighted total completion time, while for the makespan they proved that the problem can be
solved polynomially both with single and parallel batching machines. The stochastic version of the
COS problem in which processing times vary in scenarios was addressed by C.-C. Wu et al. (2021).
This article minimized the maximum, over all scenarios, of the minimum total tardiness and, to this
end, a branch-and-bound and several heuristic algorithms were proposed.

Unrelated parallel machines imply having parallel machines each operating at a different speed. In
such an environment, heuristic algorithms were proposed by X. Xu et al. (2013) to minimize the sum
of completion time, and by H. Li et al. (2021) to minimize Zj w;Cj; both these articles used mathe-
matical formulations based on precedence variables to represent the problem. An application of the
COS problem in additive manufacturing was considered by Zipfel, Neufeld, and Buscher (2024), who
characterized the system by unrelated machines, jobs with two sizes (height, area) and sequence-
dependent setup times; also, in this problem, nesting decisions were considered, besides scheduling,
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to minimize the total weighted tardiness of orders. A mathematical formulation based on positional
variables wass proposed, and an iterated local search algorithm was implemented. Lastly, a stochas-
tic version of the COS problem was considered by Zhao et al. (2021, 2022) and X. Xu et al. (2025),
who made scheduling decisions together with resource allocation decisions to minimize the long run
expected order cycle time in an unrelated parallel machine environment with stochastic release dates.

2.4. Complexity results

The COS problem with two parallel machines and 3; Cj or >, w;C; objective functions (P2 || >; C;
or P2|| Zj w;C; in Graham’s notation—Graham et al. 1979) was proved to be NP-complete
(Yang 2005). Also, the dedicated case with two machines (PD2 || Zj ;) is strongly NP-hard (Roe-
mer 2006). Instead, the dedicated case with m machines, sequence-dependent setups, and makespan
minimization as objective function (PDm|STg|cmax) is proved to be NP-complete (de Athayde Prata,
Rodrigues, and Framinan 2021). When the general case of m parallel dedicated machines is consid-
ered, the problem PDm || Zj Cj is NP-hard for m > 2 (Roemer 2006), while it is strongly NP-hard
for m > 3 (Leung, H. Li, and Pinedo 2005). Also, the problem PDm || Zj w;Uj (i.e. the dedicated case
with the weighted sum of tardy orders as objective function) is strongly NP-hard (Ng, T. C. E. Cheng,
and Yuan 2003).

Lastly, there always exists a permutation optimal solution for the P || Zj C;j problem (Blocher
and Chhajed 1996), and the same holds for the dedicated PD || Zj Cj problem (Leung, H. Li, and
Pinedo 2005) and for the unrelated R || Zj Cj case (X. Xu et al. 2013). Thus, in such problems, there
always exists an optimal solution in which all machines have the same order sequence.

3. Problem description and formulations
3.1. Problem description

The considered system is composed of M machines, N customer orders and M job types. Each cus-
tomer order i is composed of some of the jobs. Each machine m can process a single job type (i.e.
they are dedicated machines), hence, jobs are indexed with m as machines. Each job m of order i has
a processing time on the dedicated machine m defined as p; ,, € N, i.e. order i contains a number of
units of the type m such that it requires p; ,, time units on machine m. The objective function is the
minimization of the total order completion time, i.e. >_; C;(z ), where 7 is a generic permutation of
the order set.

The permutation problem is considered, as Leung, H. Li, and Pinedo (2005) proved that there
always exists a permutation optimal solution for the problem. The solution of the addressed prob-
lem is then a permutation of N orders, as it indicates the unique sequence in which the orders are
processed on each machine.

In the following, several MILP formulations as well as a CP formulation are presented.

3.2. MILP formulations

In the following, several mixed integer programming formulations are proposed.

The first formulation is based on positional variables. In this formulation, index m = 1,..., M
refers to machines, index i = 1,...,N refers to the orders, and k =1,...,N refers to the order
position in the schedule.

The decision variables are

e x;i € {0,1}: a binary variable equal to one if order i is scheduled in position k, zero otherwise;
e ¢, € RT: the completion time of the order at position k in the sequence.
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The positional MILP, namely Pos, is as follows:

N
min ch (1)
k=1
N
sit. Zx,-,k:1 Vk=1,...,N 2)
i=1
N
D xig=1 Vi=1,...,N (3)
k=1
k N
ckEZZpi,mxi,l Vk=1,..,Nm=1,...,.M (4)
=1 i=1
xire{0,1} Vi=1,..,N; k=1,...,N (5)
Rt Vk=1,...,N. (6)

Constraints (2) and (3) state that each position is assigned to a single order and each order is allocated
to a single position, respectively. Constraints (4) define the completion time the customer orders in
each position, i.e. the completion time of each customer order. Finally, (5) and (6) define the domain
of the decision variables.

The second proposed mathematical formulation is based on precedence variables. In this case,
indices 7, j and [ are used to refer to orders while m refers to machines as in the previous model
(,j,l=1,...,Nandm =1,...,M).

The decision variables are:

e x;; € {0,1}:abinary variable equal to one if order i precedes order jin the schedule, zero otherwise;
e ¢j € R*: the completion time of the order j.

The precedence formulation, namely Prec, is as follows:

N
min ch (7)
j=1
s.t. xi,j—l—xj,,-:l Vij=1,...,N; i#j (8)
N
G = Zpi,mxi,j+pj)m Vi=L...,Ny m=1....M ©)
i=lizj
Xij+xg+x>1 Vijl=1,...,N; i#j#l (10)
xj€{01} Yi=1,...,N; j=1,...,N (11)
GeRY Vj=1,...,N, (12)

Constraints (8) state that either order i precedes order j or order j precedes order i. Equations (9)
define the completion time of each order j while constraints (10) are used to avoid cycles. Finally,
Equations (11) and (12) define the domain of the decision variables.

The last MILP is a time indexed formulation in which variables referring to the time of completion
of each order are used. This kind of variable usually increases the problem symmetry (which might
have a negative impact on the computation time).
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For this formulation, it is necessary to introduce index t =1, ..., T, referring to time instants,
while j =1,...,Nand m = 1,..., M refer to customer orders and machines as in the precedence
model. Parameter T is the upper bound on the makespan computed as T = maxy,—1, M Zil Pjm-
It is, in practice, the sum of the processing times of all the jobs on the worst (i.e. the slowest) machine.

The decision variables are:

e xj; € {0, 1}: a binary variable equal to one if order j completes at time ¢, zero otherwise;

® yYm: € Z*: the load allocated to machine m from time zero to time ¢ (i.e. the sum of processing
times of all jobs allocated to machine m from time zero to time ¢);

e ¢j € R*: the completion time of order j.

The time indexed formulation, namely T1, is as follows:

N
min ch (13)
j=1
T
st. Y xy=1 Vj=1,...,N (14)
t=0
N
ym,t:ym,t—l+zpj,mxj,t Vm=1....M; t=1,...,T (15)
j=1
Yt <t Ym=1,...,M; t=0,...,T (16)
T
G= >ty Vj=1..,N; t=0,...,T (17)
t=0
x¢€{0,1}) Vj=1,...,N; t=0,...,T (18)
Ymi €ZT Vm=1,...,M; t=0,...,T (19)
¢geRY Vj=1,...,N. (20)

Constraints (14) state that each order has to finish in a single time instant. Constraints (15) and (16),
instead, compute the machine load until a given time instant, for each machine and each time, and
bound the machine load until a time ¢ not exceeding the total capacity, which is exactly ¢, respectively.
Equations (17) define the completion time of order j and Equations (18)-(20) define the domain of
the decision variables.

3.3. Constraint programming formulation

In the following, a constraint programming formulation, namely CP, for the presented problem is
depicted. Given the current development of CP solvers, problem variables specifically tailored for
scheduling problems are used, namely interval variables and sequence variables as well as dedicated
global constraint structures.

For this formulation, index i = 1,..., N refers to customer orders, while index m=1,...,M
refers to machines. The decision variables are:

(1) Jim for ie{l,...,N}, m € {l,...,M}: interval variables that define the interval of the
processing of the job related to customer order i on machine m, with start and end times;

(2) S, :=sequence(Jims ..., JNm) form € {1,..., M}: sequence variables that defines the pro-
cessing order of the interval variables J;,, on machine m;
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N
minimize ; (mn;ax C,m) (21)
NoOverlap(S,) m=1,...,.M (22)
SameSequence(S;,Sy) m=2,...,.M (23)
Cim =EndOf(Jiy,) i=1,....N m=1,...,M. (24)

Constraints (22) are dedicated to impose the non-overlapping of two intervals on the same machine,
ensuring that each machine processes at most one job (related to an order) at a time, while con-
straints (23) assure the permutation feature of the problem, i.e. the same sequence must be forced on
each machine. Finally constraints (24) set the completion time of jobs on each machine that is used
in (21) to calculate the completion time of each order.

4. Computational results
4.1. Test bed description

The computational tests have been performed on a 2.5 GHz Ryzen™ 5 PC with 32 GB of RAM, and
CPLEX® 22.1 and a CP Optimizer have been used as solvers. The proposed models have been tested
on three instance sets available in the literature, and already used by Shi et al. (2021) (where more
details on instance generation can be found). The three sets, namely Test-I-Test-2-Test-3, are com-
posed of 360 instances each. In each set, the number of orders varies in N € {50, 100,200} and the
number of machines in M € {2, 5, 10, 20}. For each combination of N and M, 30 instances are gen-
erated. The three sets differ for the distribution used to generate the number of orders and the order
processing times. Specifically,

o Test-1: each order has M jobs, each job has to be processed on a different machine, and job
processing times are generated from a Uniform distribution U(1, 99);

e Test-2: each order has a number of jobs / generated from Uniform distribution U(1, M), each job
has to be processed on a different machine, and job processing times are generated from a Uniform
distribution U(1,99);

o Test-3: each order consists of M jobs, each job has to be processed on a different machine, and job
processing times are generated from a Uniform distribution U(1, Imax), where Imax € {20, 50, 100},
and, for each Iy value, 10 instances are generated.

For each instance, the three models (Prec, Pos, CP) have been run with a 300 second time limit. No
result is reported for the time-indexed formulation as, from the analysis presented in Subsection 4.2,
it appears to be inefficient with respect to the other three formulations.

Lower bounds and upper bounds have been collected for each model instance and are presented
in the following subsections.

4.2. Lower bound

To asses the quality of each proposed solution method, a common baseline for all formulations is
provided. To this end, the CPU time the solver needs to compute the continuous relaxation of each
formulation on different size instances has been considered. The CP formulation is excluded from
the test, as it does not give any lower bound. As columns Pos, Prec and TI of Table 3 show, the
CPU time needed to compute LBs by the pure formulations on large size instances may be very large.
Thus, a common lower bound is computed by relaxing the MILP formulation based on precedence
constraints through the omission of the constraint set (10) (column Prec - (10)). This relaxation
yields a simplified problem that can be solved efficiently and serves as a unified baseline lower bound
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Table 3. Lower bounds.

Size Pos Prec Prec-(10) Tl
Test M N DEV% Time DEV% Time DEV% Time DEV% Time
Test-1 2 50 0.41 0.06 0.00 0.05 0.03 0.00 292 1.01
2 100 0.24 0.59 0.00 2.23 0.02 0.03 1.51 6.43
5 50 0.52 0.21 0.00 0.44 0.11 0.02 2.76 1.93
5 100 0.26 415 0.00 19.70 0.1 0.13 1.42 9.21
10 50 0.39 0.89 0.01 0.59 0.16 0.10 2.50 3.86
10 100 0.23 30.61 0.00 19.39 0.12 0.28 1.33 17.54
20 50 0.32 3.58 0.02 0.66 0.18 0.40 235 11.07
20 100 0.15 171.76 0.02 23.37 0.16 1.08 1.21 80.72
Test-2 2 50 1.03 0.05 0.00 0.06 0.02 0.00 3.88 0.70
2 100 0.58 0.49 0.00 1.46 0.01 0.03 2.04 431
5 50 2.02 0.13 0.00 0.18 0.08 0.01 4.65 1.07
5 100 1.15 2.28 0.00 15.04 0.07 0.12 2.59 4.58
10 50 2.23 0.38 0.00 0.50 0.18 0.04 448 2.01
10 100 1.22 11.39 0.00 19.85 0.15 0.29 2.53 8.06
20 50 2.02 1.10 0.00 0.61 0.23 0.12 4.07 5.04
20 100 117 51.07 0.00 21.39 0.20 0.92 2.37 16.69
Test-3 2 50 0.44 0.06 0.00 0.06 0.03 0.00 2.85 0.55
2 100 0.24 0.59 0.00 1.89 0.02 0.03 1.47 3.06
5 50 0.53 0.22 0.00 0.43 0.10 0.02 2.69 1.00
5 100 0.26 4.37 0.00 19.24 0.10 0.13 1.39 4,76
10 50 0.40 0.93 0.01 0.59 0.17 0.10 244 2.15
10 100 0.22 30.97 0.00 19.67 0.13 0.29 1.28 9.38
20 50 0.30 4.24 0.03 0.63 0.18 043 2.27 5.65
20 100 0.13 169.58 0.03 23.50 0.18 1.06 1.16 45.11
DEV% — Moo
~ BEST

for benchmarking all formulations. Table 3 reports, for each testbed and for each relaxation, the aver-
age percentage deviation (DEV%, whose formula is displayed at the bottom of Table 3) with respect
to the best lower bound, together with the average CPU time (in seconds) required for its computa-
tion. The results indicate that the relaxation of Prec omitting constraints (10) (column Prec - (10))
is significantly faster than the other three, while incurring only a negligible loss in solution quality.
Instead, the Prec relaxation provides the tightest bound on average (the best DEV% value of each
row is shown in boldface); however, in 18 instances the Pos relaxation yields a strictly higher value,
confirming that neither dominates the other uniformly. The best lower bound is therefore taken as
the maximum of all available relaxations. As the Prec and Pos both outperform the time-indexed
formulation both in terms of solution quality and computation time, such formulation is excluded
from the experiments of the remainder of the section.

4.3. Numerical tests

The three proposed models (Prec, Pos, CP) have been tested on the three testbeds available in the
literature (Test-1, Test-2, Test-3), and the results are shown in Tables 4, 5 and 6. Each table shows the
average Relative Percentage Difference (RPD) values for each testbed, and the percentage of instances
in which each model finds the best solution (% Winning in the tables). Specifically, for each combi-
nation M—N and for each model, the tables show the average RPDs and the percentage of winnings
calculated on the 30 available instances. The RPD of the ith instance for the ¢ model (where « is
Prec, Pos, CP) is calculated as follows:

RPD,, ; = 100 x UBo,i — LB;. (25)

’ LB;

where UB, ; is the upper bound obtained by model a for instance i within the set time limit and LB;
is the lower bound computed as in Subsection 4.2. The computation of the RPD values on the basis
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Average RPD % Winning
M N Prec (%) Pos (%) CP (%) Prec (%) Pos (%) CP (%)
2 50 0.30 0.29 0.36 57 63 13
5 50 1.15 1.05 1.43 7 93 -
10 50 2.46 1.89 2.38 27 70 3
20 50 9.29 293 298 10 40 50
2 100 0.22 0.18 0.26 - 100 -
5 100 17.08 0.94 1.29 3 97 B
10 100 15.33 3.89 218 - 70 30
20 100 1343 13.43 258 - - 100
2 200 26.00 0.11 0.64 - 100 -
5 200 18.54 18.54 1.93 - - 100
10 200 15.00 15.00 270 - - 100
20 200 12.72 12.72 2.89 - - 100
Table 5. Results for the Test-2 distribution.

Average RPD % Winning
M N Prec (%) Pos (%) CP (%) Prec (%) Pos (%) CP (%)
50 2 0.29 0.29 0.31 83 80 30
50 5 132 1.27 10.94 20 77 3
50 10 2.68 246 8.76 13 87 -
50 20 373 3.4 8.05 23 77 -
100 2 0.17 0.15 0.17 7 87 13
100 5 23.77 136 4.73 23 77 -
100 10 36.68 2.80 16.08 - 97 3
100 20 34.27 7.29 9.64 - 67 33
200 2 35.96 0.10 0.30 - 100 -
200 5 41.37 267 4.61 - 87 13
200 10 38.20 38.20 13.73 13 13 100
200 20 35.31 35.31 2361 33 33 100
Table 6. Results for the Test-3 distribution.

Average RPD % Winning
M N Prec (%) Pos (%) CP (%) Prec (%) Pos (%) CP (%)
50 2 0.30 0.30 0.36 57 80 10
50 5 1.08 0.99 1.32 17 83 -
50 10 2.08 1.83 2.25 17 83 -
50 20 10.98 2.92 290 3 47 53
100 2 1.14 0.17 0.27 - 100 -
100 5 17.40 0.90 1.20 3 97 -
100 10 15.02 1.62 214 - 100 -
100 20 13.19 13.19 2.65 - - 100
200 2 2437 0.10 0.69 - 100 -
200 5 17.77 16.74 1.80 - . 100
200 10 14.93 14.93 272 - - 100
200 20 12.23 12.23 278 - - 100

of the lower bounds allows for a clearer estimation of the absolute deviation from the best possible
solution value, represented by the lower bound of the optimal solution. Also, Figure 1 shows the
95% confidence intervals of the RPD values, for the three testbeds grouped together. To provide each
model with a feasible initial solution and potentially accelerate the search process, the initial solution
is simply set to the best permutation schedule of jobs in Shortest Processing Time (SPT) order on each

machine.
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Figure 1. 95% Confidence intervals of RPD values, grouped by N (different panels) and M (x-axis values).

The results reported in the three tables indicate that the models exhibit distinct performance pat-
terns depending on the problem size. For each row of the tables, the algorithm with the lowest average
RPD is shown in boldface. For smaller instances (i.e. low number of orders N and machines M), the
positional model (Pos) outperforms the other alternatives. Its low RPD values suggest that the model
is not far from finding the optimal solution. In contrast, the CP model rarely finds the best solutions,
whereas the Prec results are generally comparable to those of the Pos model. As the problem size
increases (i.e. with larger values of N and M), the CP model consistently outperforms both Pos and
Prec. While the RPD values of Pos and Prec grow substantially with the instance size, those of the
CP model increase only marginally. This is particularly evident for Test-1 and Test-3 (Tables 4 and 6),
where CP maintains RPD values below 3%. The performance observed on Test-2, instead, has greater
variability. In this case, the Pos model often performs better than CP, with the exception of the largest
instances (the last two rows of Table 5), where CP once again provides the most competitive results.
This behaviour might be related to the specific characteristic of Test-2 with respect to the other two
instance sets, i.e. the fact that, in Test-2, the number of jobs in each order is not fixed to M but can
vary.

All in all, in general the Pos and CP models are comparable in terms of performance when the
instance size is small; when the number of machines and jobs increases, the CP model achieves better
results. Figure 1 graphically shows such findings: the three panels show the RPD 95% confidence
interval for the three models, grouped by M values. The confidence intervals in the figure prove that
the difference between the CP model and the other two models is statistically significant for large N
values (N = 200), while there is no significant difference among the proposed models with small N
values (N = 50). Moreover, Figure 2 shows the performance profile when a time limit of 3600 seconds
is used for Pos and CP models for the three testbeds.

The performance profiles have been built by tracking the behaviour of the two approaches, apply-
ing a 1% threshold relative to the value of the best solution obtained by one of the two methods.
The threshold has been used since neither method certifies optimality, and then the best solution
obtained is itself subject to numerical uncertainty between solvers. In other words, a 0% threshold
would measure the favourable case of exact parity, not relative quality. The need for a threshold has
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Figure 2. Performance profiles: CP versus Pos, gap < 1% with respect to the best solution known.
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been demonstrated by Dolan and Moré (2002) and Moré and Wild (2009), who also suggested the
value of 1%, while guidelines for a correct interpretation of the performance profile has been reported
by Gould and Scott (2016). The performance profiles show different behaviours of the two approaches
depending on the class of instance considered. Specifically, the CP model appears to achieve faster
convergence in Test-1 and Test-3, while in Test-2 it is the Pos model that achieves faster convergence,
and this can be due to the particular structure of the instances.

4.4. Comparison with the state-of-the-art algorithm

As the same testbeds have been used by Shi et al. (2021), the results of the proposed models (Prec,
Pos, CP) have also been compared with the results of their best algorithm, i.e. LDR-II-AS, which is
a two-stage heuristic optimization method. In the first stage, it constructs an initial schedule using a
dispatching rule generated via feature-enhanced genetic programming; in the second stage, it applies
an adaptive local search to intensify and diversify around that initial solution. When comparing the
LDR-II-AS algorithm with the methods proposed in this article, it is important to emphasize that the
former is heuristic, whereas the latter consists exclusively of exact methods.

The comparison with LDR-II-AS is presented in Table 7. The table reports: (i) the results of Prec,
Pos, and CP obtained under a time limit of 300 seconds for all instances described in the previous sec-
tions; and (ii) an additional set of results for the two best-performing proposed methods, Pos and CP,
obtained under a time limit of 3600 seconds, for the subset of instances characterized by M > 50. The
latter configuration ensures a more equitable comparison, as the results for LDR-II-AS reported in
Shi et al. (2021) are based on a 3600-second time limit. It should be noted, however, that the compar-
ison involves an heuristic method (LDR-II-AS) and exact methods (the three proposed approaches),
a distinction that may influence the reported performance. Nonetheless, on a 3600-second time limit
base, on the vast majority of instances either the CP model or the Pos model achieve comparable per-
formances with respect to LDR-II-AS except for the set of largest instances. This assesses the usability
of general exact approaches for solving small and medium-to-large problems.

Table 7 reports the comparison results in terms of Percentage Gap (PG), and for each row the best
PG value is shown in boldface. The PG for algorithm a (Prec, Pos, CP) of instance i is computed as
follows:

UB,,i — UBLDR-1I-AS,i

PG,; = 100 x (26)

UBLDR-11-AS,i

For each row, corresponding to a given M-N pair, the average PG across all instances of the three
testbeds is presented. For all instances, PG values are always greater than or equal to zero, thus LDR-
II-AS always achieves the best solution. However, the proposed CP model, run with a time limit

Table 7. Comparison with Shi et al. (2021): percentage gap from LDR-II-AS solutions.

T =300s T = 3600s

M N Prec (%) Pos (%) CP (%) Pos (%) CP (%)
50 2 0.00 0.00 0.05

50 5 0.13 0.06 3.47

50 10 0.56 0.22 2.56

50 20 5.43 0.63 2.14

100 2 0.35 0.01 0.08 0.00 0.04
100 5 18.64 0.41 1.74 0.14 0.98
100 10 20.94 1.61 5.58 0.52 4.75
100 20 18.30 9.49 323 0.88 2.21
200 2 28.67 0.03 0.46 0.01 0.15
200 5 25.38 12.20 236 0.23 1.55
200 10 21.83 21.83 5.63 6.73 5.12

200 20 18.75 18.75 8.54 18.80 7.08
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one order of magnitude lower than that of LDR-II-AS, has a maximum average gap of only 8.54%
(observed for the largest instances). When the time limit is increased to 3600 seconds, the gap further
decreases, with the maximum average PG reduced to approximately 7.08% and negligible differences
observed for small- and medium-sized instances. Considering both the significantly higher complex-
ity of LDR-II-AS and the relatively modest gap between the two approaches, the results, particularly
those obtained under the extended time limit, might suggest that the CP formulation can offer the best
trade-off between solution quality and implementation complexity. Moreover, since LDR-II-AS is an
heuristic method, it cannot certify the optimality of a solution even when the optimum is reached. In
contrast, CP, being an exact approach, is also capable of proving optimality and terminating once the
optimal solution is found. In order to assess CP solutions quality, combinatorial lower bounds can be
applied, such as those proposed by Mastrolilli et al. (2010) and Roemer (2006) for total completion
time and X. Xu et al. (2013) and H. Li et al. (2021) for unrelated parallel machines.

5. Conclusions

The Customer Order Scheduling (COS) problem addresses the allocation of customer orders, each
consisting of multiple jobs, to machines in a way that optimizes order-level performance criteria
rather than individual job measures.

This article studied the permutation COS problem with dedicated machines, focusing on the min-
imization of the total order completion time. Three mathematical programming formulations were
proposed and compared on benchmark instances: a MILP model with positional variables, a MILP
model with precedence variables, and a Constraint Programming (CP) formulation.

The computational experiments showed that the CP formulation provides the most effective and
robust performance across the considered models. Furthermore, the CP model was compared with
the state-of-the-art approach, a feature-enhanced genetic programming algorithm. Despite being exe-
cuted under a computational time limit twelve times shorter than that of the genetic programming
method, the CP formulation achieved solutions with an average deviation of less than 9%.

These findings highlight that, although the state-of-the-art algorithm incorporates sophisticated
design and significantly higher complexity, a relatively simple CP model can deliver competitive
results. Overall, the CP formulation represents a compelling trade-off between solution quality and
implementation complexity, and it offers a promising direction for practical applications.
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