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the underlying contact manifold J, consisting of conic varieties, called
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tic Monge—Ampeére equations in 3 independent variables, that are natu-
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irreducible representation of the simple Lie group Sp(6,C). The associ-
ated moment map allows to define a rational map w from the space of
symplectic 3D Monge-Ampere equations to the projectivization of the
space of quadratic forms on a 6-dimensional symplectic vector space.
We study the relationship between the variety w(€) = 0, herewith called
the cocharacteristic variety of £, and the contact cone structure of a
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non—equivalent quadratic forms on a 6—dimensional symplectic space.
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1. INTRODUCTION

1.1. Starting point: 2°¢ order PDEs and their symbol. A (scalar)

2" order PDE in one unknown function u = u(z!,...,2™) and n indepen-
dent variables © = (z',...,2™), henceforth called n-dimensional PDEs (nD
PDEs), can be written as
5::{F(w,u,Vu, v2u) :F(aci,u,ui,uij) :0}, (1.1)
where F' is a real function on a domain of
n(n+1)
R"xRxR"xR™ 2 (1.2)
and )
ou 0%u
Equation (1.1) is elliptic at a point
02 = (CC(), 'LL((EO), VU(wo), VZu(wO)) = (1’6, uop, u(ijv u[l)]
of the space (1.2) lying in the subset £ given by (1.1), if the matrix
1 F
0 (1.4)
2— 5@' Buij 09
is definite (either positive or negative), i.e., if the quadratic form
oF
>, S| MM (1.5)
i<g OUij |g,

that we call also the symbol of equation (1.1) at the point 9 € £, is either
greater or less than zero for all vectors (n1,...,n,) € R” x {0}.

A point 65 € £ is called regular if the matrix (1.4) is not zero. In Sections
1-5, points of £ are always assumed to be regular, unless otherwise specified.

1.2. Context. It is well known that the notion of symbol of a 2°4 order PDE
&, more precisely its rank, is closely related to the notion of characteristic
of £. There are PDEs that are completely characterized by the behavior of
their characteristics: for instance, 2D hyperbolic (resp., parabolic) Monge—
Ampére equations are those 2°4 order PDEs whose characteristic lines are
arranged in a couple of different (resp. coincident) 2-dimensional linear
subspaces (see, for instance, [1, 3] and reference therein). One can ask if
a similar phenomenon occurs also in the multidimensional situation. The
oldest paper regarding a multidimensional generalization of Monge—Ampere
equations, to the authors’ best knowledge, dates back to a 1899 work by
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Goursat [20], where the Monge-Ampeére equations with an arbitrary number
of independent variables were introduced as those PDEs whose characteristic
cones “degenerate” into linear subspaces. This phenomenon corresponds to
the degeneration of the the symbol of the Monge-Ampere equations. The
equations obtained by Goursat are indeed of type

det ||uw —bin = O, bi]’ = bij(l‘l,.. . ,x",u,ul,... ,un),

and a straightforward computation shows that the rank of their symbols is
less or equal to 2: as such, these PDEs are a proper subclass of a larger class
of Monge-Ampeére equations that were introduced later by Boillat in [6],
as the only PDEs whose characteristic velocities behave in the “completely
exceptional” way in the sense of P. Lax. [7, 8, 21, 28, 29, 32].

V. Lychagin, who proposed studying 2"¢ order PDEs by means of the un-
derlying contact geometry of the (2n + 1)-dimensional first—order jet space
J' (i.e., the space locally parametrized by (z°,u,u;), defined in [30] n—
dimensional Monge-Ampeére equations in terms of certain differential n—
forms on the 2n-dimensional contact distribution C of J!, which he called
effective n-forms and whose set we will be denoting by Af(C*); see also
[27]. Lychagin’s approach leads directly to the general expression of an n—
dimensional Monge-Ampere equation:

My +My_1+---+My=0,

where M}, is a linear combination of all £ x & minors of the Hessian matrix
|uj|l, with coefficients in C*°(J'). Moreover, the equivalence problem for
Monge—Ampere equations, thanks to the aforementioned correspondence,
can be recast in terms of effective forms, which is especially advantageous
in the case of symplectic Monge—Ampere equations, i.e., Monge—Ampere
equations of type!

F(uig) =0, (1.6)
with F' not depending neither on z‘, u, nor u;. For instance, in the case
n = 3, the authors of [27] associated with any effective 3—form ® € A3(C*)
the following symplectically invariant quadratic form on C:

trace(w™ o ®)?, (1.7)
where w is a prescribed representative of the conformal symplectic structure
of C, and employed it to obtain the normal forms of symplectic 3D Monge—

Ampere equations with non—degenerate symbol. A peculiar feature of the
3-dimensional case is that the 20-dimensional vector space A3(Cgl), where

1Such equation are known also as “Hirota type”, see, e.g., [16, 36, 13].
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6, € J', is equipped with a natural symplectic structure, which makes the
natural Sp(Cy, )—action a Hamiltonian one; the corresponding moment map,
firstly studied by N. Hitchin in [23], descends to a quadratic map between
the 14-dimensional vector space AJ (Cp,) and the Lie algebra sp(Cy, ), which
in turns identifies naturally with SQ(CG’{I)7 the space of quadratic forms on
Cp,. It has been proved in [4] that Hitchin’s restricted moment map and
the quadratic form (1.7) lead to the same quadric in Cy,, see also [27, Prop.
8.1.5].

Yet another possibility of seeing symplectic n—dimensional Monge—Ampére
equations is as hyperplane sections of the Lagrangian Grassmannian
LGr(n,2n): such is the perspective adopted, among others, by E. Ferapon-
tov and his collaborators, who were mainly interested in the hydrodynamic
integrability property of PDEs of the form (1.6), see [18, 19]. One of the re-
sults of [18] is the existence of a “master equation” in the class of symplectic
hydrodynamically integrable 2"¢ order PDEs in 3 independent variables: in
terms of group actions, this means that the 21-dimensional group Sp(6,R),
that acts naturally on the Lagrangian Grassmannian LGr(3,6), has an open
orbit in the space that parametrises such PDEs. Another result is that
the intersection of the latter space with that parametrizing (symplectic 3D)
Monge-Ampere equations turns out to be the class of Sp(6, R)-linearizable
Monge-Ampere equations.

1.3. Structure of the paper and description of the main results.
In Section 2, after refreshing the basics concerning the characteristics and
the symbol of a scalar 2" order PDE in n independent variables, we in-
troduce the k-order jet spaces J* of (smooth) functions in n independent
variables and then we interpret 2" order PDEs as hypersurfaces of J?; the
fibers of the latter are open dense subsets of the Lagrangian Grassmannian
LGr(n,2n). Next, we define a general (symplectic) Monge—Ampeére equation
as a hyperplane section of a Lagrangian Grassmannian and, in the particular
case n = 3, we define the cocharacteristic variety of a (3D) Monge-Ampere
equation as the zero locus of the aforementioned map (1.7). We also in-
troduce the notion of a contact cone structure on J', that is an assignment
01 € J' - Vy, c Cy, of affine conic varieties, where C is the contact distribution
on J': cone structures have been long known, both in the real-differentiable
and in the complex—analytic contexts, and have recently risen to a certain
attention as they cast a bridge between the two categories, e.g., in the works
of J-M. Hwang [25]: a contact cone structure can be then regarded as a
cone structure that is compatible with a preexisting contact structure.
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In Section 3 we show that the notion of symbol, of a characteristic line,
and of a characteristic hyperplane, when properly framed in the theory of
274 order PDEs based on the contact manifold J', can be naturally com-
bined to construct a contact cone structure on J!, which we call the contact
cone structure associated with the considered PDE. This supplies a common
footing to both Goursat’s idea of defining a Monge-Ampere equation via a
linear sub—distribution of the contact distribution, and the KLR invariant
(1.7).

In Section 4 we narrow our attention to the class of (symplectic) 3D
Monge-Ampere equations and we compute both the contact cone struc-
ture and the cocharacteristic variety of four particular equations that repre-
sents almost all possible Sp(6, R)—equivalence classes of such PDEs—or all
of them, without “almost”, once we will have passed to the field of complex
numbers. These computations will be used to prove that, for a Monge—
Ampere equation with non—degenerate symbol, the notions of contact cone
structure and the notion of cocharacteristic variety are the same (in par-
ticular, they are quadric hypersurfaces of the contact plane of J!), whereas
for Monge-Ampére equations with degenerate symbol, the cocharacteristic
variety and the contact cone structure are quite different. Such results are
contained in Theorem 4.1, which is reformulated in Section 9 over the field of
complex numbers: Corollary 9.1 represents indeed a coarse proof of Theorem
4.1.

In Section 5 we give an answer to the natural question whether it is
possible to revert the above procedure, i.e., to construct a 3D 2°4 order PDE
starting from a contact cone structure in dimension seven and to what extent
the correspondence between a PDE and its contact cone structure is one—
to—one. This leads to the study of the integral manifolds of certain vector
distributions defined on the fiber of the 2°¢ order jet space J2. As an example
of computations we consider the contact cone structures associated with the
four particular Monge—-Ampeére equations studied in Section 4 above.

The results of Sections 4 (in particular Theorem 4.1) and Section 5 show
that the contact cone structures of 3D Monge-Ampere equations form a nar-
row sub—class of the class of all quadrics in the contact distribution C: even
a dimensional inspection shows that the space of 3D symplectic Monge—
Ampere equations is 13—dimensional, whereas the space of all quadrics in
Cp, is 20—dimensional. We also stress that, to obtain a PDE from a contact
cone structure, as showed in Section 5, one generally has to pass through
an integration procedure: such a procedure would be very difficult to carry
out successfully without a complete list of normal forms of quadratic forms
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on C with respect to the action of the symplectic group Sp(Cy,) = Sp(6,R).
This motivates looking for the normal forms of the quadratic forms on a
6—dimensional symplectic space, up to symplectic equivalence. This classi-
fication problem is classical, since, in view of the identification of sp(Cy,)
with §2 (Cg1 ), it coincides with the classification problem of adjoint orbits in
a semisimple Lie algebra, about which there is a lot of excellent literature
(besides the classical book [12] we mention [10, 14, 24] and related works,
such as [15, 33]), even though an explicit list of normal forms seems yet to
be missing.

After fixing some notation and introducing some necessary tools in Section
6, in Section 7 we indeed give, over the field of complex numbers, a complete
list of mutually non—equivalent (up to symplectic transformations) quadratic
forms on a 6—dimensional symplectic space.

In Section 8 the Hitchin’s moment map is reviewed and its equivalence
with the symplectically invariant form (1.7) is proved. Next equivalence,
that is, the one with the cocharacteristic variety, is proved in Section 9,
together with a review of the four geometries of the hyperplane sections of
the Lagrangian Grassmanian LGr(3,6), which is, in part, already contained
in [26, Proposition 2.5.1].

Notation and conventions. The Einstein convention for repeated indices
will be used throughout the text, unless otherwise specified. The linear
span of vectors v1,...,v; is denoted by (vi,...,v;). The cofactor matrix
of a matrix A is denoted by A*. The linear dual of a linear space (real or
complex) V is denoted by V*, whereas XV stands for the projective dual
of the projective variety X. Symbol X, stands for the subset of smooth
points of a variety X. By a vector distribution X on a manifold M we
mean a smooth assignment p € M — &}, € T,M (not necessarily of constant
rank). We say that X is integrable if it is such in the Frobenius sense, i.e.,
if [Y,Z] € X for any vector fields Y, Z € X, where [Y, Z] is the Lie bracket
of Y and Z.
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2. PRELIMINARIES

2.1. Cauchy data and characteristics of 2°d order PDEs. In the
present section, as well as in the Sections 3, 4 and 5, we mainly deal with
PDEs (1.1) of non—elliptic type, i.e., equations that are non—elliptic in the
subset &€ of (1.2); indeed, non—elliptic PDEs (and, in particular, the hy-
perbolic ones) are abundant in real characteristics: this is a choice of pure
convenience, just to visually explain, via tangible examples, how to use the
characteristics to construct our main object, that is the quadric cone struc-
ture associated with a PDE. Starting from Section 6 we switch to the field
of complex numbers and the very notion of ellipticity becomes meaningless.

Let us consider the space consisting of the first three factors appearing
in (1.2), that is, the space with coordinates (z°,u,u;): a Cauchy datum is a
particular (n - 1)-dimensional submanifold of such a space; one way to give
it explicitly is via a parametrization:

D(t) = (2" (t),...,2"(t),u(t), ur (t), ..., un(t)),
t=(t1,...,tp-1) eR"H (2.1)

and this is the point of view we will adopt in this paper. By a “particular
submanifold” we meant that the functions u;(t) cannot be arbitrarily chosen:
one should take into account that each u; must be the derivative of u with
respect to x!, cf. (1.3); this heuristic requirement will be made formal in
Section 3: as we shall see, the general condition for (2.1) to be a Cauchy
datum can be given geometrically in terms of submanifolds of the (natural)
contact structure the (2n+1)-dimensional (z*,u, u;)-space is equipped with.

Given a Cauchy datum (2.1), we can formulate a Cauchy problem: this
entails finding a solution u = f(«!,...,2") to (1.1) under the additional
requirement that it satisfies the conditions

/ (xl(t),...,m"(t)) =u;(t),

f(acl(t),...,m”(t))=u(t), p
VteR". (2.2)
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If the Cauchy datum (2.1) is non—characteristic for the PDE (1.1), then
all the derivatives of arbitrary order of u = f(x!,...,2") are determined by
conditions (2.2) and (1.1). This means that the full Taylor expansion of f
is well determined, i.e., there exists a unique formal solution; otherwise, the
Cauchy datum (2.1) is called characteristic. Of course the above definitions
and reasonings can be localized in a neighborhood of a considered point.
The classical literature about geometry of PDEs and their characteristics
comprises, among others, [5, 35]; see also the recent reviews [17, 39].

Example 2.1. Consider the wave equation in one spacial dimension:
u12 = 0. (2.3)
The Cauchy datum
u(zt,0) =2t ui(2',0) =1, us(2',0) =0, z'eR, (2.4)

can then be seen as a (parametric) curve ®(z') in the (x', 22 u,u1,us)
space:
o(z') = (2',0,2',1,0). (2.5)

It is characteristic for (2.3), since we cannot determine all the derivatives
of arbitrary order of a solution along the curve (2.4); indeed, the function
f(zh, 2?) = 2t + k(2?)? is a solution to (2.3), whose first jet (see below) along
the curve z + (2%,0) coincides with (2.5) for each k. On the contrary, the
Cauchy datum

u(z?, 2?) = 22+ (22?2, ui(2?,2?) = 1, ua(a?,2?) = 222,
whose corresponding parametric curve is
\I/(a;2) = (51:2,51:2, (3:2)2 + a2, 1,2:62) , (2.6)

is not characteristic for (2.3): indeed, the function f(x',x?) = !+ (22)?2
is the only solution to (2.3), whose first jet along the curve x* — (2, x2)
coincides with (2.6).

2.2. Spaces of k—jets of functions in n variables. Let f: ) c R" —
R be a smooth function on a open domain 2 ¢ R™. The k—jet of f =
f(z) = f(z',...,2™) at a point @ = (g, ...,z0) € Q is defined as the Taylor
expansion of f at &g up to order k:

1 of

e T

1h
h=0%1...73 Ox

(z0) (xh _xél)...(xih _$6h)
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The totality of such polynomials is denoted by
={GEFIf:Q->R, zoeQ}

and it is called the space of k—jets of functions on R™. Note that J% = Q xR,
whereas (1.2) is nothing but J? with Q = R™. Since jﬁo f is unambiguously
defined by the coefficients of the above polynomial, we can unambiguously
write

Ghof = (o, f(@0), Vf(@o), .., V*f(x0)) =
k
:(:BO')f(a:O)7@(:B ) 8118—f( 0))

where 1 <47 <ip < -+ <1 < n, ie., one can regard jffzof as the equivalence
class [ f]’a‘;o of functions having the same derivatives of f at xg, up to order
k. The space J* admits a coordinate system

(:L‘i,u,ui,uij,...,uil...ik), 1<i1<99<---<i <, (2.7)

which can be thought of as an extension of a coordinate system (x!,..., 2", u)
on QxR in the following sense: each coordinate function? Ujy..jy, ON J¥, with
h <k, is unambiguously defined by

o f
————— (o).
83:-'51 .. .8(1;'511
To keep the notation light, from now on, a particular point jfjof e J* will be
denoted by the symbol

&
Uiy -y, (]mof) =

0 = (xo,uo,uz,uzj,...,uil.,.ik) , 1<ig<ig<---<ip<n.

The natural projections my, ,, : JE > J™ 0, 0., k > m, define a tower of
bundles
o JF g S P 2= O xR.

We denote the fiber of 7y, ;._1 over the point 05 € JF1 by
Ty = g1 (k1) - (2.8)

The (truncated to order k) total derivative operators are defined as follows:

Dz(k) = axz + ;O + Usijq 8uj1 +eeet Z uijr"jk—la (29)

. ) ujljk_l .
J1S S Jk-1

2The Uiy .4y, S are symmetric in the lower indices.



10 JAN GUTT, GIANNI MANNO, GIOVANNI MORENO, AND ROBERT SMIECH

2.3. 274 order PDEs via hypersurfaces in a Lagrangian Grassma-
nian. From now on, we will be considering only 2" order PDEs, i.e., we
set k = 2 in the framework given in Section 2.2: the general machinery of
jet spaces briefly sketched above gives way to the more specific, and yet
equivalent, formalism based on contact manifolds, see, e.g., [27]. In view
of such a choice, there will appear some terminology and gadgets typical of
Exterior Differential Systems, such as integral elements or Pfaffian systems,
see [9, 31].

The integral element associated with 63 € J?, denoted by Ly, , is, by defini-
tion, the n—dimensional vector subspace of Tpy, J ! spanned by the operators
(2.9) (with k = 2) evaluated at

0y = (mé,uo,uo ul )= (91,u0 ). (2.10)

i Yig i

More precisely,

2

Lo, = (D‘(z)

92>“ - (azi p F10, + S s, (211
S =] i=1,2,....,n

The key remark of this section is that the (2n + 1)-dimensional jet space

J! is endowed with a natural contact structure, i.e., a (completely non—

integrable) vector distribution of rank 2n, which we denote by C and can

locally be described as the kernel of the contact form

0 = du — u;dz’.

It turns out that
¢=(p",0.,) . (2.12)

i=1,2,...,n

Note that (df)g, = (dz')s, A (du;)g, is a symplectic form on Cy, for any
6, € J'. A (local) diffeomorphism g : J' — J! preserving the contact
distribution is called a contactmorphism and induces a symplectomorphism
g» : Co; —> Cy(p,) between the corresponding contact spaces. The contacto-
morphisms that leave the point #; invariant constitute a group isomorphic
to the conformal symplectic group CSp(2n). Any contactomorphism can be
prolonged to J? by taking the corresponding tangent map.

Example 2.2. Let m <n. The (partial) Legendre transformation
(ajiv u, ul) — (5:1’ a: ﬂl) =

m
m+1 n 7 1 m
(ul,...,um,x R ,u—qui,—x yerr,— ,um+1,...,un) (2.13)
i=1
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18 a contactomorphism. If m = n, then we have a total Legendre transfor-
mation.

A Lagrangian subspace is an n—dimensional and isotropic (with respect
to the symplectic form df) subspace of the symplectic space Cy,. The set

LGr(n,Cy, ) := {Lagrangian subspaces of Cy, } (2.14)

of all such subspaces is the Lagrangian Grassmannian variety of Cy, ; since all
the Lagrangian Grassmannian varieties of 2n—dimensional symplectic spaces
are isomorphic, one can use the collective symbol LGr(n,2n), when there is
no need to stress the base point ;. It is worth stressing that in LGr(n,Cy,)
there are, in particular, the integral elements Ly, corresponding to the points
05 of the fiber Jezl, cf. (2.8): these integral elements do not, however, fill out
the whole of (2.14), but just an open subset of it.

A 27 order PDE £ can be then seen as a hypersurface of J? whose local
expression, in a system of coordinates (2.7), is (1.1): put differently, a 274
order PDE £ is a sub-bundle of J? over 721(€), where the latter subset of
J' can be always assumed, save for a few exceptional cases, to be coinciding
with J! itself. It is called symplectic (or dispersionless Hirota type, see [19])
if the function F of (1.1) does not depend neither on coordinates z?, nor
on u and its derivatives w;. In other words, a symplectic PDE £ has the
structure of a product of the (x%,u,u;)-space, by a fiber

Eo=EnJp . (2.15)

Accordingly, the equivalence problem for symplectic PDEs becomes a prob-
lem of (conformal) symplectic equivalence. In fact, the study of symplectic
PDEs up to contactomorphisms coincides with the study of codimension—one
subsets of the fiber ng up to CSp(2n), which in turn boils down to studying
codimension—one subsets of LGr(n,2n), see [22] for more details.

2.4. 3D symplectic Monge—Ampeére equations as hyperplane sec-
tions of LGr(3,6). The main concern of this paper are 3D Monge-Ampere
equations, i.e., Monge—Ampeére equations with 3 independent variables: we
set then n = 3. In the framework we have just outlined, a general 3D Monge—
Ampere equation, regarded as a hypersurface of J2, can be given in terms
of integral elements Ly, as follows

£:={02¢J%| @[, =0}, (2.16)

where
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O = ypdy’ Ady’ Ady®, (v y0) = (@h 2?23 u, g, ug)
B € C(JY), (2.17)

is a 3—differential form. By using the system of coordinates (2.7), it suffices
to substitute

in (2.17) in order to obtain a local coordinate description of the equation
(2.16): indeed, substitution (2.18) gives us a multiple of the “volume form”
da' A dx? A dx?, whose coefficient, equated to zero, locally represents &.

Example 2.3. Replacement (2.18) above, performed on the differential 3
form
® = duy Adug Adug — kdet Adz? Adz®, keR,
yields (det i | ‘k)da:l ~dz® ndx®, whose coefficient, equated to zero, is the
Monge-Ampére equation
det ||u” H =k.
After a total Legendre transform (2.13) (m=n=3), ® reads
= kduy A diy A dts + dTE A dT? A dT,

whose associated Monge-Ampére equation is kdet || +1 = 0. Had we
considered the transformation (2.13) with m =1 and n = 3, then ® would
have become ® = kdy AdT> A dT> +dE' A dTs A diis, whose associated Monge—
Ampére equation would be ki + ﬁﬂn = k11 + UooUss — E%B =0.

It turns out that a Monge—Ampere equation is described by (1.1), where

F' is a linear combination of the minors of the Hessian matrix |u;;| with
coefficients in C*(J*1).

Definition 2.1. An equation (1.1), where F is a linear combination of the
minors of the Hessian matrix |u;;| with coefficients in C*(J'), is called a
Monge-Ampeére equation; if the coefficients are constant, then it is called
symplectic.

A general Monge—Ampere equation £ with 3 independent variables, in
view of Definition 2.1, can be then written down as

E =1 Adet ||uZ]H + Z Bl-jugj + Z Cijuij +D=0 R (2.19)
i<j i<j

where we recall that Hu§J | is the cofactor matrix of |lu;;|| and A, B;;,C%, D €

C*(J'). Thus, 3D symplectic Monge-Ampere equations are subsets (2.19)
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with A, B;j, C%,D e R. Note that, as codimension-one subsets of the La-
grangian Grassmanian LGr(3,6), cf. (2.14), symplectic Monge-Ampere
equations are hypersurfaces of the simplest kind, that is, hyperplane sec-
tions of LGr(3,6); in the last Section 9 we show that, at least over the
field of complex number, there are only four possible geometries for such
hyperplane sections.

In order to obtain a faithful parametrization, it is convenient to consider
a special subclass of differential 3—forms (2.17), namely the linear subspace
consisting of those forms ®, such that wh ®;i1, = 0, where w = dz’ A du;
locally represents (the conformal class of) the natural symplectic form on
C. Such forms, introduced in [27], are called effective and they are in one—
to—one correspondence with 3D Monge—-Ampére equations, up to a nowhere
zero factor: this is the reason why, in Section 6, we will be considering
the projectivization of the space of effective 3—forms (at a point 6;); not
only it leads to a strict one-to—one parametrization (of symplectic Monge—
Ampere equations), but it also allows to work with the symplectic group
Sp(Cy,) = Sp(6,R), rather than its conformal counterpart. From Section
6 on, we will be working on C and then group Sp(Cy,) = Sp(6,C) will be
a simple one, thus making it possible to deploy the whole machinery of
representation theory.

In the last Section 9 the reader will find another definition of a 3D sym-
plectic Monge—Ampere equation, see Definition 9.1: it is formally analogous
to Definition 2.1 above, only over the field of complex numbers.

2.5. The Kushner-Lychagin—Rubtsov (KLR) invariant and the co-
characteristic variety. In [27] the authors have showed that with any
Monge-Ampere equation (2.19) (which has been defined by means of the
3—form (2.17)) one can associate a quadratic form via

PR @ai1i2<§bjlj2dy“dyb , (2.20)
where
Pys6=A, P156=DB11, Pue=-Pos6=-DBi2, Pia5=P3s56= B3,
Dyg6 = —Baz, Pass=-Poss =-DBag, Paus =Bz, Paga=C"",
Dogs = ~Drgs = C2, Drog = Bogg=C", P35 =-C>,
Dig5 = —Drgg = C%, Prag=C", P1a3=D.

and (y',...,4%) are the same as in (2.17).
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Remark 2.1. The quadratic form (2.20) above can be given without em-
ploying any coordinates, see (1.7); from now on, both of them will be referred
to as the KLR invariant of the Monge-Ampere equation (2.19).

Theorem 8.1 below shows that the KLR invariant (2.20) is equivalent to
the Hitchin moment map on the space parametrizing symplectic Monge—
Ampere equations, and it will be thoroughly reviewed and deepened in Sec-
tion 8.1; moreover, Corollary 9.1 shows that, if the invariant (2.20) is equated
to zero, one obtains a quadratic hypersurface in C, which is naturally linked
with the characteristics of the Monge-Ampere equation at hand via projec-
tive duality. Such a duality is the rationale behind the choice of the prefix
“co” in the next definition.

Definition 2.2. The zero locus of the homogeneous 2" order polynomial
(2.20) is called the cocharacteristic variety of the 3D Monge-Ampere equa-
tion (2.19).

We stress again that later on in Section 9, above Definition 2.2 will be
reformulated in the complex setting for symplectic 3D Monge—Ampere equa-
tions, see Definition 9.4: to avoid uninteresting complications, the proofs of
the main results of this paper will be given over the field of complex numbers.

2.6. Monge—Ampeére equations of Goursat—type and a non—linear
generalization of his idea: contact cone structures. At the very be-
ginning we mentioned Goursat pioneering paper [20]: there, he proposed
the following way of obtaining Monge-Ampere equations: substituting du; =
uirda! + uiadz? and dug = ujadz! + ugedz? into the Pfaffian system
du1 - blldCEl - b12d$2 = O,
bij = bij(Sﬂl, 562, u,uy, UQ) 5
dUQ - bgldSUl - bggdﬂ?z = O,

and then requiring its (non trivial) compatibility. Such a procedure was
then generalized by Goursat to any number n of independent variables, by
considering the system

bijd.%j:(), z':l,...,n,

n
Q= dui -

=1
bij = bij(zt, 2™ uu, ), (2.21)
thus getting the equation
det Jug; — bz = 0. (2.22)
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Definition 2.3. An equation (1.1), where F' is given by the left-hand side
of (2.22), is called a Monge-Ampere equation of Goursat type.

The same equation is obtained if a replacement b;; — bj; is performed in
(2.21), i.e., if one starts from the Pfaffian system

ai::dui_ bjideZO, ’i=1,...,n.

Jj=1

Equation (2.22) belongs to a special class of Monge-Ampere equations, i.e.,
those whose symbol has rank less or equal to 2; see [1] for more details.

An equivalent approach, leading to the same equation (2.22), goes as
follows.

Let us consider the jet space J! with coordinates (z°,u,u;) and, within
its canonical contact distribution C, let us single out two n—dimensional
sub—distributions:

D = (0yi + 1Oy + bijOu; )i=1,.n = {a; =0,0 =0}, (2.23)
D = <8z1 + U0y + bjiauj>i:1,...n = {ai =0,0= 0} .

Then, the equation (2.22) is obtained by requiring that a general integral
element (0, + ;0 +ijOy, )i=1,..n of C nontrivially intersects D u D*. In the
above cited paper [1] it is proved that any hyperplane containing a line of
DuD* is a characteristic hyperplane for the equation (2.22), and vice versa.

Our idea for generalizing Goursat approach stems from a simple observa-
tion: the union V = D uD* is a distribution 6, € J' — Vy, c Cp, of (very
degenerate) n—codimensional quadric affine conic varieties; therefore, if from
VY one gets a Monge-Ampere equation whose characteristic hyperplanes lie
in V, which PDEs would one obtain, starting from a more general quadric
(for instance, non—degenerate and not necessarily of codimension n) in C?

This question is the paper’s backbone and it leads, in particular, to the
problem of classifying all quadric hypersurfaces in a 6-dimensional symplec-
tic space, up to symplectomorphisms, which will be done in Section 7.

In Sections 3, 4 and 5 below we will be rather focusing on some practical
examples of how to pass from a 3D 2" order PDE to a (quadratic) contact
cone structure, accordingly to the following definition.

Definition 2.4. A contact cone structure V on J' is a smooth assignment
of an affine conic variety Vy, c Cg, or, equivalently, of a projective variety
PVy, c PCy,, in each point 6; € J*.
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The cocharacteristic variety associated with a Monge-Ampere equation
(see Definition 2.2) is our first example of a quadratic generalization of a
linear sub—distribution of a contact distribution, henceforth called a quadric
contact cone structure. It turns out that there is more than one way to
associate a quadric contact cone structure with a 2™ order PDE, see Section
3 below: nevertheless, at least for 3D Monge-Ampere equations with non—
degenerate symbol, the cocharacteristic variety is the only natural one (this
will follows from Corollary 9.1 later on).

3. THE CONTACT CONE STRUCTURE ASSOCIATED WITH A 2Y° ORDER
PDE

In order to associate a contact cone structure with a 2°4 order PDE and,
in particular, with a Monge—Ampere equation, we need to pass through the
notion of a characteristic which is, in turn, related to that of a rank—one
vector. To this purpose, we need the following definition.

Definition 3.1. Any sx-dimensional subspace Hy, of the contact space Cyp, ,
with k < n, can be prolonged to a submanifold H, 9(11) of J@Q1 defined by

HSY = {6y ¢ J3 | Lo, 2 Hy,}.

Remark 3.1. It is easy to see that if Hp, is a hyperplane of Lgy,, then He(ll)

is a curve in ng passing through 65.

Remark 3.2. As we said in Section 1.1, we work with regular points of
22d order PDEs, so that any point 6o € £ of a 2! order PDE £ is assumed
regular. For the sake of simplicity, and to not overload the notation, the
set of regular points &¢e of a 22d order PDE £ will be denoted by the same
symbol we use for the PDE, i.e., by £. For the same reason, the projection
JL = 72,1 (Ereg) C J of Ereg ONtO J' will be denoted by J*.

From the point of view of contact geometry, the notions that have been
introduced in Section 2 above can be recast, more geometrically, as follows.

Definition 3.2. A Cauchy datum for a 2" order PDE € c J? is an (n—1)-
dimensional integral submanifold ¥ of the contact distribution C on J!. It is
characteristic at a point 6 € £ if the prolongation (Ty, X)) is tangent to &,
at the point 3. In this case, Tp, ¥ is also called a characteristic hyperplane

(at 91 = 7'('2,1(92)).
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3.1. Rank of vertical vectors and characteristics.

Definition 3.3. The rank of a vector

Vo, = Y VijOu, 0,0 Vis€R, (3.1)
i<y
of Ty, ng is the rank of the matrix
124 5 Uln
. . . (3.2)
"in .- Unn

The rank of a line fy, c T92J€21 is the rank of any vector vg,, such that
Lo, = (vo,).

A direct computation shows that the rank of a line 4y, in Tp, ng is invariant
with respect to contactomorphisms.
Below we shall clarify the nature of such an invariant. Let us fix a point
02 € J% and a vector (3.1). Take a curve o(t) in Jez1 such that 62(0) = 60
and 05(0) = vg,: it will be given locally by

O2(t) = (61, ui; (1)), (3-3)
with u};(0) = v;; and it will correspond to a 1-parametric family of integral
elements (cf. (2.11)):

Lo,y = <8ﬂ
= (Di(l)‘el + u,-j(t)auj|91>

Since Lg, ;) and Ly, are two n—dimensional subspaces of the 2n—dimensional
vector space Cy, , their intersection Ly, ;)N Ly, is, generically, zero-dimensio-
nal. However, there are curves (3.3) for which Lg, ;N Lg, is x—codimensional
Vi, le., Ly, “rotates” around an (n — k)—dimensional subspace of Lg,.
From an infinitesimal viewpoint, this means that there are tangent directions
(3.1) along which Lg, ), with 62(t) given by (3.3), moves away from Lg, by
retaining some “common piece”. This motivates the following definition.

0
g, T Ui au‘al + uij (1) ‘91 )z‘:l,---vn

i=1,...,n

Definition 3.4. We say that Ly, has a deviation of order k from Ly,
if dim (L9~2(t) N Lg,) = n -k, for small nonzero ¢t and 05(t) is the linear
approximation of 03(t) at #5. In other words, if

dim(L92+0;(O)tﬂL92) =N-K, Vte (—6,6) A {0}
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Proposition 3.1. The vector (3.1) has rank  if and only if Lg,qy, with
02(t) given by (3.3), has a deviation of order k from Ly, .

Proof. Without any loss of generality, we can assume that 6 has all 2™
order jet coordinates equal to 0, i.e., that u;;(62) =0 Vi,j. Then

Logsaoye = (D], + s (0)1 0, )

and the intersection

i=1,...,n

Lo, 1010yt N Lo,

has dimension n — « if and only if the block matrix

( Id | u}.(0)t )
Id 0 ’

has rank n + s, which in turn is equivalent to the upper-right block having
rank k: but, in view of (3.3), this is the same as the rank of the matrix
(3.2). O

Putting together Definition 3.4 and Proposition 3.1 we obtain that to each
line 4y, c Tp, ng of rank k we can associate an (n — k)-dimensional subspace
H({p,) of the integral element Lyg,:

tangent lines of rank x in Tp, ng —

(n — k)—dimensional subspaces of Ly, . (3.4)

The implication (3.4) is one—to—one only in the case of lines of rank 1. Indeed,
the dimension of the prolongation H!) of a subspace H ¢ Ly, of codimension
K > 2 is greater than 1, whereas it is equal to 1 in the case k = 1 (see Remark
3.1).

We now analyse in more detail the case x = 1, i.e., rank—one lines, since
they are closely related with characteristic Cauchy data. In this case (3.4)
becomes

tangent lines ly, = (vg,) c Tp, J§, of rank 1 <=
hyperplanes H({p,) c Ly, . (3.5)

Taking into account Definition 3.2 and correspondence (3.5), it is easy to
realize that with any rank—one line ¢y, is associated the hyperplane H (4y,)
of Ly, and that H(¢p,) is characteristic if the direction ¢y, is included in the
tangent space of the considered PDE.
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Definition 3.5. A line fy, c Ty, ng of rank 1 is characteristic for a PDE
(11) in 92 e&if 692 c TQQE.

It is well known that matrices of rank 1 have the (i,j)—entry equal to
ninj, where n = (n1,7m2,...,m,) is a vector in R". Therefore, a rank-one
vector (3.1) has the form

vy, = znmjﬁuij n; €R. (3.6)

,, 62’
1<)
Then the hyperplane H({y,) corresponding to Lg, via (3.5) is locally de-

scribed by
H(tg,) = {¢DP)|, |€m=0, € eR (3.7)
92 7 62 T,Z ) .
or equivalently, as
H(lg,) =kern, n=ndx'eLp,. (3.8)

The claim (3.8) is a direct consequence of an elementary property of sym-
metric rank—one n x n matrices:

ker(n;n;) = ((fl, M) eRY fini = 0) .
The converse reads as follows: given a hyperplane H c Ly,, there is a covector
n €T, R" (defined up to a nonzero factor) by an analogous formula to (3.8);
the vector vy,, such that H({y,) = H is then constructed by means of formula
(3.6), by using the components of 7. If we look at Definition 3.5 in local

coordinates (2.7), we see that a line £y, is of rank—one if it is spanned by a
vector of type (3.6). Therefore, it is characteristic for PDE (1.1) at 65 € £ if

Z@F

i<t Qi g,

nin; =0, (3.9)

which coincides with the equation of characteristics (see, for instance, [35]).
In other words, the covector n;dx* annihilates the symbol of the equation

(cf. (1.5)).

Example 3.1. In the case n =2, i.e., with 2 independent variables, in view
of correspondence (3.5), to the line ly, it corresponds a line H({g,) in Ly,

via (3.5). On account of (3.7), (3.9) reads as
oF oF oF
——| () -o—| €+ —| ()=0. (3.10)

Ouit lg, duiz lg, Ouaa lg,

For instance, if we consider the equation & := {ui2 = 0} from Example 2.1, the
characteristic equation (3.9) reads nim2 = 0 or, in the form (3.10), £1¢2=0.
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So, characteristic lines ly,, where 03 = (mé,mg,uo,ug,ug,u?hO,qu) €&, are

spanned by (3.6) where either n1 or n2 is equal to zero, i.e., lines

%rz = <8U11|92> or 652 - <8“22‘92> ’

and the corresponding characteristic hyperplanes (that, in this case, are lines
of the integral element Lg,) are

H(€§2) = <D§2)|02> = (8362‘92 + u88u|02 + u828UQ|02> ,
H(ly,) = <D§2)|92> = (8x1‘62 + u(l)au|92 + u(l)laul|02> .

In fact, in Example 2.1, according to the definitions given in the present
section, the curve ¥ = {®(x') | 2! € R} is a Cauchy datum as it is a
1-dimensional integral submanifold of the contact distribution C (cf. Def-
inition 8.2). Its prolongation (cf. Definition 3.1) is

55D = {(24,0,24,1,0,1,0,t) [t e R},
and TgQE(l) s a characteristic hyperplane, since T922(1) =4y, Ty, -

3.2. Contact cone structure associated with a 2°¢ order PDE in 3
independent variables of non—elliptic type. From now on, unless spec-
ified otherwise, we will be considering only PDEs in 3 independent variables,
i.e.,

£ = {F(a;l,a:2,a;3,u,u1,uQ,u3,u11, ce,U33) = 0} (3.11)

that are non—elliptic. Below we will see how to construct, starting from a
PDE (3.11), a contact cone structure V' : 6 € J' - Vy, c Cp,, see Definition
2.4.
Such a construction breaks down into 4 steps.
(1) Fix a point 0y = (xé,uo,u?,u?j) € &, i.e., such that F(x%,uo,u?,u%) =
0.
(2) Consider the set of rank—one lines at 62 that are tangent to £. Such
a set is given by vectors of type (3.6) such that (71, ...,7n,) satisfies
(3.9). Note that such vectors are organized either in two distinct
families v and v~, if the PDE (3.11) is hyperbolic at 2, or in one
single family v* = v~ = v if it is parabolic at 65 In both cases, such
families are 2-parametric. This implies that the corresponding fam-
ilies of rank-one lines are 1-parametric. We denote such lines by
l,(t) and £y (t), where t is the aforementioned parameter.
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(3) Let us consider the line £5, (¢) only, since the same reasoning works
for £, (t) as well. To each line £, (t) we associate the hyperplane
H(ly,(t)) c Lg,, see (3.7). Then, by varying the parameter ¢, the
hyperplanes H ({;,(t)) sweep a cone of Ly,, that we denote by V,,
in the following sense: the generatrix v({g, (t)) of Vy,, which is a line
passing through 6, = (xé,uo,u?), will be given as an infinitesimal
intersection

ol (8)) = lim H (65, (6)) 0 H (G5, (¢ + €).

Summing up, to any point 02 € £ we can associate two cones in Ly,:

Vi, =U vy, (8)), Vg, =U v, (1))

t t

(4) If now we let vary the point 03 € £ over 0; we obtain a conic variety
Vo, € Cglz

Vo, =V, Vg = U Voo, Vo= U Vi, Va,:=Vs,uV,,. (312)
926851 926591

Definition 3.6. The conic sub—distribution V : 61 € J! - Vy, c Cp,, with
Vo, given by (3.12), is called the contact cone structure of the PDE (3.11).

4. QUADRIC CONTACT CONE STRUCTURES ASSOCIATED WITH 3D
MONGE-AMPERE EQUATIONS

In this section we work with 3D Monge—Ampere equations, i.e., Monge—
Ampere equations in 3 independent variables.

As we will see in Section 8.2, up to symplectic equivalence and signature,
there are only four types of symplectic 3D Monge—Ampere equations: below
we pick a representative for each type and compute its contact cone structure,
that will turn out to be a quadric contact cone structure. At the end of each
subsection, we quickly comment on the relationship between the quadric
contact cone structure and the cocharacteristic variety of each considered
PDE.

Notation 4.1. From now on, the coordinates on Cy, dual to the (truncated)
total derivatives Di(l) ; and vectors Oy,lg, will be denoted by 2' and q;, Te-

1
spectively: such a choice is dictated by a purely aesthetic concern.



22

JAN GUTT, GIANNI MANNO, GIOVANNI MORENO, AND ROBERT SMIECH

4.1. The quadric contact cone structure of the equation det |u;;| = 1.
Let us consider the equation

€ = {det |u;j| =1} (4.1)

and apply to it, step by step, the scheme given at the beginning of Section
3.2. Recall that qu denotes the (i, j)-entry of the cofactor matrix of |u;].

(1)

Let us fix a point 6s € &, 0 = (xb, ug, u?, u?.) with
p 0 ) 3]

0 _ (u(l)2)2ug3 - 27~‘(1)2“(1)37~ng3 + (u(1)3)2u(2)2 +1
Uy = uof )
1

assuming U(H + 0. We also assume that 0, is not an elliptic point for
the equation (4.1).

Equation (3.9), which reads now 3, ; ugjnmj = Zisj(2—5ij)u§jnmj =0,
can be solved with respect to 7, obtaining

0 0
—uidm - w3 £V B
mi (n2,7m3) = E uolf : (4.2)
1

with
B = B(n2,m3) = —n3ugs + 212n03uds — 3u9; .

All the rank—1 vectors vy, of the PDE (4.1) at the (non—elliptic) point
02, in view of formula (3.6), are described by the two 2—parametric
families

2
Veig (n2,m3) = (n7) 81111‘92 + 77117728uw‘92 + Ufﬁ35u13|92

(3)

2 2
+ 7728u22‘92 + 7727]3au23|92 + 773au33|92 ’ (4'3)

with 7 given by (4.2). We focus now only on the family vy, (n2,73),
since, for the other one, computations and reasoning are the same.
Since we are interested in the line spanned by vy (72,73), we shall
substitute 72 = t and 73 = 1 in (4.3), thus obtaining
lp, () == (V;Q(t,l)). Accordingly, we set 0y (t) := n{(t,1), B(t) =
B(t,1).

With the line £, (t) is associated the hyperplane H (¢, () c Le,,
which, in view of (3.7), is given by

H(6,(1) = (<D (82) + 0 (1) DS (62) , DY (62) - tD (62)) -
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In order to study limo H (¢, (t)) n H (£, (t +¢€)), we consider the

system
() €+ 12+ €7 =0,
(4.4)
m(t+e)eh+(t+e)e?+&°=0.
By solving system (4.4) with respect to &2 = &2(€lt,¢),
€3 = 3(€,t,€), and then by computing lim,¢&? and lim_o &3, we
obtain

VB e VB@®udt ’

e & (—\/ B(t)uy} - ugst + u(2)3) ,; & (\/ B(t)uy} - ufst + U[2)2)

so that

o(th,(8) = (VBOul] D (62) + (VB@)ulf + ulst - udy ) DS (62)
+61 (VB(Ou] - ugt +uy) DY (82)) Lo, . (45)

(4) Had we considered the family 7% (n2,m3), we would have come to the
line v(£y, (t)). If we let vary the parameter ¢ and the point ¢2 on the
fiber &, , the above—found lines v(fj, (t)) give a conic variety inside
the contact hyperplane Cy, of Ty, J:

Vo, g+ 2@+ 23¢3=0. (4.6)

By computing the cocharacteristic variety of the same equation (4.1), ac-
cording to Definition 2.2, we obtain again (4.6).

Remark 4.1. The partial Legendre transformation

1 ~2 =3 ~ ~ ~
y L & 7“17“27u3)7

(xi,u,ui) - (u1,$2,1‘3,u—xlul,—xl,UQ,u;g) = (56
cf. (2.13), transforms equation (4.1) into (up to a renaming of coordinates)
Uil + uU22uU33 — Ugg =0 (4.7)

and the conic variety (4.6) into
g -2Pg-2¢3=0. (4.8)

In fact, the conic variety (4.8) is the quadric contact cone structure of equa-
tion (4.7).
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4.2. The quadric contact cone structure of the equation ui; — u9y —
ugsz = 0. Let us consider the wave equation

&= {u11 = ug2 +uss} . (4.9)
As we did in Section 4.1, we apply the same scheme to the equation (4.9).
(1) Let us fix a point

% 0,0 0 0 0
02 = (xo,u(),ui,UQz + U33,u12, .o ,USg) € 8

(2) Equation (3.9) reads n? = 13 + 73, so that the rank-1 vectors vy, of
the PDE (4.9) at point 62, in view of formula (3.6), are described by
the two 2-parametric families:

Vo, (12,13) = (03 +113)Duurs |, £ \/15 + 113 1120uss |, = \/ 15 + 13 130015,

+ n%@um‘% + 1727738@3‘92 + 77?2,0“33‘92 . (4.10)

Once again consider only the first family. Since we are interested in
the line spanned by vy, (n2,713), We set n2 = ¢, n3 = 1, thus obtaining

0,) = (v, (6 1)) = (L )y |y, + VT+ 2800,y + VI + 200y,
20y + 00y + Ougsy ) - (411)
(3) With the line £ (t) is associated the hyperplane
H(£5,(1)) = (~tD{? (62) + V1+ 2 D{P (62) , DS (0) - tD§P (62)) < Ly,

In order to study the intersection of H({y, (¢)) with the plane
H(ly,(t+€)) at the limit € > 0, we consider the system

VIi+2ghvt€2+ €3 =0,

(4.12)
V1t (t+e)2e +(t+e)?+£3=0.
By solving system (4.12) with respect to &2 = &€2(€l,t,¢),
€3 = 3(€4,t,¢€), and then by computing lim,,¢&? and lim_o &3, we
obtain
52 - _ t£1 é_3 _ 61
Vit Vit

i.e., the limit solution of (4.12) is

(
v(l, (1)) = (VI+2 D (65) - 1D (05) - DSV (62)) < L, -
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(4) Had we considered the family Vg, (n2,m3), we would have come to the
line v(¢y, (t)). Asin the step (4) of the previous Section 4.1, the lines
v({y,(t)) describe the conic variety

Vo (1) = (2°)* = (:9)* = 0. (4.13)

By computing the cocharacteristic variety of the same equation (4.9),
according to Definition 2.2, we obtain again (4.13). This is the last case,
when the two objects coincide.

4.3. The quadric contact cone structure of the equation u;5 =0. The
equation

& :{u12 =0}, (4.14)
considered in this section, is degenerate in the sense that such is its symbol.
Indeed, according to formula (1.5), the symbol of (4.14) is equal to 1172, that
is a degenerate quadratic form. Let us compute the contact cone structure
of such an equation by following the steps described in Section 3.2.

(1) Let us fix a point 9 = (x%,uo,u?,u(l)l,o,u?3,u82,u83,ug3) ef.

(2) Equation (3.9) reads ni7m2 = 0, which gives either n; = 0 or 72 = 0.
Below we work out the case 72 = 0 as the case 71 = 0 can be treated
in the same way. We are going to use “+” to indicate the case when
n2 = 0 and “-” to indicate the case when 7; = 0. The rank-one
directions at # that are tangent to £ are

2 2
7718’1“1‘92 + 7717738u13‘92 + 77387133‘92 )
so that, by letting ¢ = n3/n;, we have

2
0o, (1) = Duy [, + sy, +t°usaly, -

(3) With the line 5, (t) is associated the hyperplane
H(£5,(1) = (~tD{? (62) + DY (82), DSV (6)) L, ,
i.e., all planes H({ (t)) contain the line (Dé”(ﬂg)). Thus, the line
v(Ly,(t)) is independent of ¢:

o(05,(1) = v(5,) = (D (62)) (4.15)

(4) If we let vary the point 03 on the fiber J921, the line (4.15) describes
a 3-dimensional subspace of the contact hyperplane Cp, :

W91 = Vgl = <Dél)(01) ’ 8“2‘91 ’ 8u3‘91> ’
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Had we considered, in the above step (2), the case n; = 0, we would have
gotten the subspace ngl of Cp,, that is the symplectic orthogonal to W, :

Wi = Vi, = (D00 0y, 0, ) -

We come to the conclusion that the cone structure associated with PDE
(4.14) is a pair of mutually symplectic-orthogonal distributions:

VifieJ >V =Wy W . (4.16)

Now the notion of a cocharacteristic variety and that of a contact cone
structure begin to diverge: indeed, the cocharacteristic variety of the equa-
tion (4.14), according to Definition 2.2, is the degenerate quadric hypersur-
face

{(z°)=0}={"=0},

which turns out to be the linear span of Wy, uWj .

4.4. The quadric contact cone structure of the equation u;; =0. The
reasoning to get to the contact cone structure associated with the equation
u11 = 0 is the same as the one we employed in Section 4.3 and then we omit
it: the result is the Lagrangian distribution

Ve Vg, = (DO(0)), 8, . 0ualy,) - (4.17)

It is worth adding that, in this case the cocharacteristic variety becomes
the most degenerate as possible: indeed, the cocharacteristic variety of the
equation u; = 0, according to Definition 2.2, is the whole contact space Cy, .

4.5. Relation between the contact cone structure and the cochar-
acteristic variety of a Monge-Ampeére equation. All the examples
worked out in the previous four subsections point towards the existence of
a natural relationship between the proposed construction of a quadric cone
structure associated with a Monge-Ampere equation, cf. (2.19), and their
cocharacteristic variety (see Definition 2.2): this is captured by the following
theorem.

Theorem 4.1. Let £ be a Monge-Ampére equation (2.19) and let 6 € &,
cf. (2.15), be an its reqular point, see also Remark 3.2. Then the following
are true.

(1) If the symbol of & is not degenerate at 2, then the contact cone
structure of € at 61 is the cocharacteristic variety of € at 0.
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(2) If the symbol of £ has rank 2 at 6y and it is hyperbolic in this
point, then its contact cone structure at 01 is the union D u D* of
two symplectic-orthogonal 3-dimensional subspaces of Cy, whereas the
cocharacteristic variety of £ at 01 describes the smallest linear sub-
space of Cy, containing D u D*.

(3) If the symbol of € has rank 1 at O, then the contact cone structure
of € at 01 is a Lagrangian subspace of Cy, and the cocharacteristic
variety of € at 01 is trivial.

In the Section 9 we reformulate Theorem 4.1 over the field of complex
numbers: the so—obtained Corollary 9.1 represents then a coarse proof of
Theorem 4.1; indeed, in the complex case, the four examples above exhaust
all possible isomorphism types of Monge-Ampere equations. A finer and as
such complete proof can be easily obtained by modifying the signature in
the given examples.

5. RECONSTRUCTING A 2YP ORDER PDE FROM A CONTACT CONE
STRUCTURE

Now we try to reverse the above recipe, i.e., starting from an arbitrary
contact cone structure V, we propose two different methods of associating a
22d grder PDE with V: the reader will immediately recognize in the second a
“degenerate version” of the first. Since there is plenty of contactomorphism
types of contact cone structures (even considering only the quadratic ones),
in the face of only four contactomorphism types of (symplectic) Monge—
Ampere equations, a general “inverse recipe” would necessarily exceed the
class of PDE under consideration. This is why we propose below only two
versions: they will be just enough to reconstruct all Monge-Ampere equa-
tions.

5.1. The case of a 5-dimensional contact cone structure. Let V be a
contact cone structure on J! and let us assume that dim(Vy,) =5 V67 € J1.
Starting from Vy,, we will be constructing a distribution (not necessarily of
constant rank) on ng by working out the following steps, that represent a
sort of inverse procedure to the one described in Section 3.2.

(1) Let us consider 6 = Ly, € JQQ1 and set Vg, := Lg, N Vp,: then, generi-
cally, dimVy, = 2.
(2) If dim Vy, = 2, then to point §2 we can associate the set

Hy, := {Hyperplanes of Ly, tangent to Vy, along its generatrices} .
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The set Hy, depends on one parameter, i.e., we have a 1-parametric
family Hy,(t) of hyperplanes.
(3) Let ¢y, (t) be the line of rank 1 corresponding to Hp,(t) via (3.5).
(4) Let Dy, be the smallest linear subspace containing ¢y, (t) V. Then
the correspondence 03 — Dy, defines a distribution D on ngz its

integral submanifolds will be submanifolds of J921, i.e., fibers of PDEs.

By starting from the contact cone structure associated with a symplectic
Monge-Ampere equation, the above procedure leads to a foliation of J? and
then, each leaf of it will be a PDE.

5.1.1. Foliation of PDFEs associated with the contact cone structure (4.8).
At the end of Section 4.1 we have seen that equations det ||u;;| = 1 and
U] + UgoU33 — u%3 =0 are contactomorphic; therefore, we can consider them,
as well as their contact cone structures, as equivalent. In particular, in this
section, we will be working with the contact cone structure (4.8) because the
computations are easier.

Let us apply the scheme explained above at the beginning of Section 5.1,
in order to construct the 2"? order PDEs associated with the contact cone
structure Vp, given by (4.8). We employ the coordinates (z%,¢;) on Cp,
introduced in Notation 4.1.

(1) Let us fix 03 = (wé,uo, v ) (91, ) € Je , cf. (2.10), or, equiv-
alently, Ly, = (D (1)(9 )+u 8uj|0 =123 = <D( )(9 )) Log’ Since

7 )

Ly, , as a vector subspace of Cy, , is locally described by ¢; — uO 2 =0,
={qi —u; Z] =0, z2'q - 2o - g3 =0}
(2) Then we have
Hy, = {€DP(02) =DV (01) + €'l |, } (5.1)
with &' satisfying

Gi-uy? =0, 2'a-2q-2¢=0,
08" - & - @&+ 2 ) - P, - Puly =0, (5.2)

By a direct computation, from the first four equations of the system
(5.2) we obtain



3D MONGE-AMPERE EQUATIONS 29

3_ —upsz” £\ /uf uds (21)? - udyuls (22)? + (udy)?(22)?

Uss
—uhsz \/A(Z, 22)
) “33

and, assuming u3; # 0, the last equation of the system (5.2) yields

0,0 gl 0 0 2242 7,0 \2:2,2 1 o2y,,0 (2 1 27,0 ¢3
Uy Uusgz € —UppusgZ &+ (ugg) 2 ETFV A(Z, 22) upg TV A2, 2% ) ugs€” = 0.
Let us consider the case with the plus sign in (5.3). By setting 2! = ¢
and z% = 1, equation above becomes

ufyugst € — ubyugs” + (ugg)*6” — \A() uga8” — VA(t) ugs€” =0,
A(t) := A(t,1), whose solution (£1(t),£2(t),£3(t)), substituted in
(5.1), gives Hp,(t) that we were looking for.
(3) By looking at (3.6)—(3.7), the rank—one line ¢y, () corresponding to
Hy, (t) is

EGQ (t) = (Z nlnjaum 92> )
i<y
where

0,0 0.0 0 \2 0 0
M = upguggt, N2 = —ugouzs + (ugs)” = VA() ugz, M3 =~ A(L) ugs .-
(4) The smallest linear subspace Dy, containing fg, (t) for any ¢ is Dy, =
(X1lo,, X2lo,, X3lo,, Xalo,, Xsle,) where the vector fields X; on J921 are:

9 O
X1 = wunugsusz— +uniuzz—,
8'&12 8'&13
0 0
3 2 2
Xg = —2U22U23U338_ + 2u238— — UQQU338— + u23u;338— s
u22 U22 U23 U23
2 2 0 2 2 0 3 0
X3 = uUjjUzs—— + U1 US3U33—— + U1 UUIg—— + U UG ——
23U33 1123 11
11%33 aull 3 8u22 33 8U23 33 au33 ’
o 0 2 9
X, = —U11U2U33 = T UI1U3U33 =,
(911,12 8u12
2 2 0 2 0 4 2 0
X5 = UogoUgqg—— — ?)UQQ’U, u3z———+ 2Uyq——— — U22U23U93 ——
22%33 6UQ2 23 au22 23 8UQ2 33 811,23

3 3 2 o O
+UHUI3—— — UU3 —— + UHqUzg— .
281335, 3 ugs 2333 g
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A direct computation shows that the vector distribution
0y € J921 - Dy, C ngng is integrable, so it admits a 1-parametric
family of integral submanifolds locally given by f =0, where f is the
general solution to the system

{X1(f) = Xa(f) = X3(f) = Xa(f) = X5(f) = 0},
which is
f = Kiuy + Ko(ugouss —u3z), KijeR,
so that the PDEs we were looking for are given by

2
K1U11 + KQ(U221L33 - u23) =0.

5.1.2. Foliation of PDEs associated with the contact cone structure (4.13).
We consider now the cone structure (4.13) and we perform the same steps as
in Section 5.1.1 above. We report only the final result of the computations,
i.e., the distribution D on J921 constructed starting from (4.13):

D = <6u11 + 8“22 ) aul]. + aUSB ) aulQ ’ aulB ? a"1’423) *
The integral manifolds of D are described by

ull—UQQ—u:),;g:K, KeR.

5.2. The case of a degenerate 3-dimensional contact cone structure.
In step (3) of the recipe at the beginning of Section 5.1 we have seen that
the hyperplanes Hy,(t) are tangent to Vp, along its generatrices. If we do
not assume particular properties of V, one can have a unique generatrix of
Vp,. This happens, for instance, in the case when V is a 3-dimensional vector
distribution on J%, i.e., a particular degenerate contact cone structure on J!,
that we study in details below. We give here a similar scheme to the one given
in Section 5.1, that allows us to define a (non-constant rank) distribution D
on ,]021 starting from Vj, .

(1) Let us consider 03 = Ly, € ng and let Vp, := Ly, N Vy,.
(2) To the point 02 we associate the set

Hy, := {Hyperplanes of Ly, containing Vy, } .

(3) To each element h € Hy, we associate the rank—one line ¢y, (h) via
(3.5).
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(4) Let Dy, be the smallest linear subspace containing ¢y, (h) V h € Hy,.

Then the correspondence 63 — Dy, defines a (non-constant rank)
distribution D on ngz its integral submanifolds will be submanifolds
of ng, i.e., fibers of PDEs.

5.2.1. PDEs associated with the contact cone structure (4.16). We work out
the above steps in the case of the contact cone structure (4.16). A key
remark is that Ly, intersects Wy, if and only if it intersects also Wy : in
particular, it is enough to study the intersection ng = Lg, N W,, since for
Vg, = Lo, "W, the reasonings are the same.

(1)

Let us fix 6 = (ajé,uo,uo u? ) = (91,u?j) € ng, cf. (2.10), or, equiv-

70 g
alently, Ly, = <D§1)(91) + U?jauj|91>i:1,2,3 = (D,-(2)(92)>i:1 L4 Lhe
dimension of Vé; = Ly, N W, is the corank of the matrix

10 0 ufy uly ufy

010 uEQ u%Q u§3

0 0 1 wujy uyy wugs

010 0 0 O (54)
06000 0 1 O

000 0 0 1

The rank of matrix (5.4) is 6 if and only if uly # 0 and it is 5 otherwise.
No other cases can occur.

If the rank of matrix (5.4) is 6, then dim(Lg, "1 Wy, ) = 0 = dim(Lg, N
ngl) and Hp, consists of all the hyperplanes of Ly,. If the rank of
matrix (5.4) is 5, then dim(Lg, N Wy, ) = 1 and Hy, consists of the
hyperplanes of Lg, containing the line V; = Lg, n Wy, .

In the case dim(Lg, N We,) =0 (= dim(Lg, "Wy )), the set {£g,(h)}
consists of all the rank—one lines of J621.

In the case dim(Lg, N Wy,) = 1 we have that Vj = (DéQ)(92)> =

(Dél)(@) + u828u2‘02 + u838u3‘92>. In view of the previous point, we
have that Hy = {Hgj (t)}, where

H, (t) = (<D (62) + DY (62), DS (82))
so that the set {£p,(h)} equals {¢; (t) [t € R}, where

0, (8) = (Dunaly, + Oursy, + 0uss]y. ) - (5.5)
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cf. (3.7). Had we considered the case dim(Lg, n Wy ) =1, we would
have gotten

0y (8) = (Dusaly, + t0ussy + 0ugs], ) - (5.6)

(4) Taking into account that the smallest linear space containing (5.5)
and (5.6), for any t € R is

<8U11 |02 ) 8u13 |92 ) 8u22 |92> 8u23 |92 ) 8u33 |92 ) )

combining above points (1)-(3), the distribution D on ng turns out
to be

D= (8u11 , u128u12 ) au13 ) auzz ) au23 ) aU33> :

The only 5—dimensional integral submanifold of D is described by
uip = 0.

5.2.2. PDEs associated with the contact cone structure (4.17). In the case
of (4.17), the computations to get to the distribution D of step (4) of the
scheme given at the beginning of Section 5.2 closely follow those of Section
5.2.1, so we omit them. The result is the distribution

D= <u118u11 ) ullaum ) u118u13 ) 8u22 ) 8u23 ) 8u33) .

Note that dim Dy, = 6 if u1; # 0 and that the only 5-dimensional integral
submanifold of D is described by u11 = 0.

6. THE SPACE PA3(C) OF SYMPLECTIC 3D MONGE-AMPERE EQUATIONS

Warning. From now on we will be working over the field of complex num-
bers; we retain the symbol C for a 6—-dimensional (complex) linear symplectic
space but we no longer make a distinction between “total derivatives” and
“vertical vectors”, see (2.12): we will have a generic bi—Lagrangian splitting
of C instead.

By regarding C as the contact plane Cy, at a generic point 6; € J 1 and by
replacing C with R, the reader will immediately see how the constructions
obtained below mirror analogous results in the real-differentiable case of
symplectic Monge—Ampére equations and contact cone structures; with only
one major caveat: structures that are equivalent over C need not to be
equivalent over R.
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6.1. The symplectic space C. We define C by fixing a subspace V c C,
such that
C=VeoV",
and the symplectic form w corresponds to (0,idy,0) in the splitting
A (Ve V*)=A*(V)eEnd(V) e A(V*).
A choice of a basis of V, and its dual in V'*, for instance,
V =(e1,eq,e3), V*= (61,62,63) , ei(ej) = 5}, (6.1)
leads to the basis
€1, €, €3, €4 1= €, €5 1= €2, € 1= € (6.2)
of C, such that the symplectic form w looks like
w=¢€rejeAX(CY).
At risk of sounding redundant, we set
wli=el, a?=% a3 =3 a2t = ey, 20 = ey, 20 = ey (6.3)

and we regard these s as linear functions on C, that is, as basis elements of
C*; the usefulness of such a choice will become clearer in the sequel. Observe
that, by construction, 2/ (e;) = 6/ and

w=zanzt+ e aa® + 23 nab. (6.4)

The isomorphism C ~ C* given by (6.4), acts on the basis elements e, ..., eg
of C as follows:

e1 > at, ea >, e3> b, e > -zt e5 > -2, eg > —2°. (6.5)

Remark 6.1. If we regard C as Cy,, then e; < Di(l)

i
| lo, and €' < Oy,ly,-
Therefore, each z' of (6.3) corresponds precisely to dyz| Co that appears in
1

(2.17),i=1,...,6: it follows that € =2 and e; = q;, i = 1,2,3, where z* and
q; are as in Notation 4.1.

Remark 6.2. The assignment

($1, $27 .'173, .'134, .I‘E), xG) - (134, :1;57 x67 _xly —CU2, _xB) (66)
defines a transformation of C that preserves the symplectic form (6.4). By
borrowing the terminology from Example 2.2, we call (6.6) a total Legendre
transformation: indeed, partial Legendre transformations can be defined as
well, along the lines of (2.13).
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6.2. The moment map identifying sp(C) with S%(C*). The Lie group
Sp(C) of symplectomorphisms of C is defined as usual:
Sp(C) :={g € GL(C) | g"(w) =w}.
For any X € gl(C) = End(C) the following contraction of X with w, namely
Qx(a,b) =w(X(a),b), Va,beC, (6.7)
defines a quadratic form QQx on C; this allows for a transparent description
of the Lie algebra
sp(C) ={X egl(C) | Qx is symmetric}

of the group Sp(C).

By regarding gl(C) = C* ® C as the linear part of the (graded) algebra
X(C) of polynomial vector fields on the (linear) symplectic manifold C, the
natural embedding

j1sp(C) — X(C) (6.8)

realizes an element X € sp(C) as a (linear) vector field j(X) on C; the fact
that X e sp(C) translates into j(X) being a symplectic, even Hamiltonian,
vector field. It makes then sense to consider the associated moment map,
that is the Sp(C)—equivariant map

p:C—sp(C)*
unambiguously defined by
d(p, X)=75(X) ,w, VXesp(C). (6.9)
It follows immediately that
p(a):sp(C) — C,
X — Qx(a,a),

for any a € C. Formula (6.9) tells precisely that the linear map j associating
with any element of sp(C) its Hamiltonian vector field j(X) arises as the
differential of the quadratic map pu; as such, the latter factors through the
Veronese embedding vo, i.e., diagram

52(¢) 2> sp(C)* (6.10)

{7

C
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commutes. We labeled the upper arrow by ¢, because it is precisely the
dual isomorphism to

¢:5p(C) — S*CY), (6.11)

X — Qx.
This is just another way to prove that sp(C) is naturally identified with
S2(C*): to obtain this well-known identification, we employed the moment
map of the natural Sp(C)—action on C, whose quadratic character is respon-
sible for the appearance of the second symmetric power of C*; we stressed
this elementary phenomenon here, because it will reappear later on in Sec-

tion 8 when we will be performing an analogous construction on the space
of Monge—-Ampere equations.

6.2.1. The identification in matriz form. In view of the obvious decomposi-
tion

gl(C) =gl(V) e V2 e V*®2 g gl(V"),
any element X € gl(C) can be presented, by employing bases (6.1), as

X=5¢®ej+Re®e¢; +Tije' @€ +Uje; @ €,

(3.

Easy computations shows that

that is

Qei®ej =¢; ® € y Q€i®€j =—-¢;®¢;, Qel@ej = ®¢ 5 Qei®6j =—€® €i,
cf. (6.7), whence
QX:Sgej®€i—Rijej®€i+ﬂj6j®€i—U;€j®ei (6.12)

is symmetric if and only if both R and T are symmetric and, moreover,
U = -S% these are the conditions that single out the 21-dimensional Lie
sub—algebra

5p(C):{( 551 _];t )|R:Rt,T:Tt}

of gl(C).
Therefore, if X €sp(C), then (6.12) reads

QX = Tijfiej + Sgeiej - Rijeiej € 52(6*)
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S R T S
o\ o—st )7\ st —R )
It is easy to see that ¢ is a Sp(C)-module isomorphism: indeed, for all
g €Sp(C) we have

9" (Qx)(a,0) =Qx(g9-a,9-b)) =w(X(g-a),g-b)) =w(g-X(a),g-b))
=g (w)(X(a),b) =w(X(a),b) = Qx(a,b).

6.3. The space A3(C) and its subspace A3(C). It is now convenient to
introduce the notation

and (6.11) reads

€itige-ip *= €ip N N €4y, Vil,...,’ik=1,2,...,6, k=2,3,...,6,
with the obvious identifications
Ciyigiy = SIBN(T) €0 (i) ) (iz)o(ir) -
By defining the dual symbols in an analogous way, i.e.,
P2 2 A A gk
we see that, for example, the symplectic form (6.4)

w:x14+x25+x36.

We warn the reader that the justapoxition of symbols, e.g., ej23e456 denotes
the symmetric product and not the anti—symmetric one, i.e., €123456.

Modulo these identifications, we have exactly 20 symbols, that corre-
spond to as many generators of the 20-dimensional space A*(C); the latter
is equipped with a naturally defined A%(C)-valued symplectic form €:

Q:A3C)xA3(C) — AS(0), (6.13)
(,8) — anp.
Skipping the twisting factor ej23456, the symplectic form 2 looks like
423 143 124 156 256 356
Q= !B A1 | 4528 p158 125 | | 416 4260 436 | ¢ \2(73(0)),
2623 163 126 451 452 453

having understood (by borrowing the notiation from [26, Section 2.2]) the
wedge product of the matrices above in the following way:
|a | A 6% = Zaij AbY
7:7‘7‘
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By linearity with respect to the wedge product, the natural Sp(C)-action
extends to the whole exterior algebra A®(C): the resulting Sp(C)-module
A3(C) is not, however, irreducible since it contains the space of 3-forms that
are multiple of w, which is a copy of the 6—dimensional fundamental repre-
sentation. The remaining 14-dimensional constituent, henceforth denoted
by A3(C), is irreducible and can be described as follows.
Let i, : A3(C) —> C denote the insertion of w and my,-1 the right multi-
plication by w™ € A%2(C), i.e., the embedding
my1:C — A3(C),
e — erwl.

Since i, (w™!) = 1, we have a commutative diagram:

¢ I A3(C)

N

C
From now on, our main concern will be the 14-dimensional space of 3—forms
Ag(C) := ker iy, ,

which, in the real-differentiable setting and up to the natural identification
A3(C) ~ A3(C*) via w, is the space of “effective 3-forms” mentioned in
Section 2.4 above.

Using the above-defined coordinates (z'23, X,Y,2%%) on A3(C), where

p423 0 143 124 156 416 451

523 153 125 256 426 452
X=|x x x , Y=z x x , (6.14)

CC623 .’E163 leG .5[7356 .’L’436 56453

we see that an element of A3(C) belongs to A3(C) if and only if equalities
X = X" and Y = Y? hold on that element; in a similar way, the symplectic
form 2 descends to A3(C) (therefore, we keep using the same symbol).

Definition 6.1. The projectivization P(A3(C*)) of the 14-dimensional irre-
ducible representation A3(C*) of Sp(C) is the space parametrizing 3D sym-
plectic Monge—Ampeére equations.

Remark 6.3. This sudden switch from C to C* in Definition 6.1 will sim-
plify matching it with the previously given one, as we shall see below; from a
representation—theoretical standpoint, however, there is no difference, since
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the Sp(C)-modules A3(C) and A3(C*) are isomorphic: a distinguished iso-
morphism, which in coordinates is given by (6.5), descends from the sym-
plectic form (6.13). In other words, both the spaces P(A3(C)) and P(A3(C*))
can be taken as the parametrizing space of 3D symplectic Monge-Ampere
equations.

To see how above Definition 6.1 matches with the definition given above
of a Monge-Ampere equation (see Definition 2.1) it is enough to take an

element
[n] € P(A5(C))
and associate with it the hyperplane section

&y :=P(kern) nLGr(3,C). (6.15)
Then it is enough to recall that LGr(3,C) is identified with ng and that a

symplectic 2"4 order PDE is a trivial bundle over J', see Section 2.3; to see
how &, looks like in coordinates, let us write down 7 as a linear combination

1 = mazz'® + tr(B, X) + tr(C,Y) + nasex ™™, (6.16)
where B, and C,, are 3 x 3 matrices, cf. also (2.19): then, &, = {F}, = 0}, with
Fy(uij) = mag + tr(ByU) + tr(CpUY) + s det U, (6.17)

and U = |u;;|. Observe that F; depends upon 7, whereas &, only upon [7].
Below we give an example that will be useful later on.
Example 6.1. The element
€43 =€4Aey Aes€ Ag(C)
can be regarded, via (6.5), as the 3—form
n=-a'% = 2t Aad® Aa® e AY(C)

on C, see also Remark 6.3: in the coordinate representation (6.16) all the
coefficients of n are equal to zero, save for the (1,1)-entry of the matriz Cy,
which is equal to —1: therefore, dropping the negligible sign, formula (6.17)
leads to the Monge-Ampére equation

Fn(uij) = u%l =Uu22U33 — ’LL%?) =0. (618)

It is worth stressing that transformation (6.6) sends —z'%% into 1% and that

the Monge-Ampére equation associated with n = z*%3 is

Fp(uij) =u11 =0,

which turns out to be equivalent to Monge-Ampére equation (6.18).



3D MONGE-AMPERE EQUATIONS 39

Having interpreted symplectic Monge-Ampere equations as hyperplane
sections of the Lagrangian Grassmannian LGr(3,C), it is natural to expect
that the cocharacteristic variety (see above Definition 2.2) be a geometric
feature of the hyperplane section itself that can be computed by means of
algebraic manipulations on 7: this will be shown in the last Section 9, after
a two—sections iatus. In the next Section 7 we find a list of normal forms
of quadratic forms on C with respect to Sp(C) and then, in Section 8, we
show which of these forms come, via the Hitchin moment map, from the
four isomorphism classes of Monge-Ampere equations. At the very end of
Section 8 it is shown that the KLR contraction map, see (2.20), is equivalent
to the Hitchin moment map (Theorem 8.1).

7. NORMAL FORMS OF QUADRATIC FORMS ON C WITH RESPECT TO Sp(C)

In this section we work out the classification of all Sp(C)-orbits in S%(C*).
The main result, i.e., a list of normal forms, given in the basis (6.2) of C,
can immediately be seen in Section 7.1 below: as the table shows, there are
three qualitative different types of quadratic forms, which we called nilpo-
tent (discussed in Section 7.3), semisimple (see Section 7.4) and mized (see
Section 7.5); basic facts about the root structure of Sp(6) are collected in
Section 7.2

7.1. The complete classification. The representatives of all nonzero
Sp(C)-orbits in S?(C*) are listed in the table below: they are all non—
equivalent, up to a sign change of the coefficients (\,p,v) € C® and, if
possible, a their permutation. We stress that the basis elements appear-
ing in the column labeled “coordinate expression” are to be regarded as
elements of C*: a more homogeneous, though less explanatory coordinate
representation, involving only the z'’s, may be obtained by means of the
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substitution (6.5).

representative coordinate expression type | dim
(6] eleg + €263 + e% nil 18
q(lll) Mele + peley + vedes ss 18
g3 4 A (Xhy-hy) p(eler + €2ep) + vedes + eley mix | 18
¢+ (X o)) peeg + vedes + (eb)? mix | 18
D + O( Xy + Xon,) | v(2ea + 3ez) + ez + (¢1)? mix | 18
q(3) + ¢(Xh1fh2 + Xh2,h3) y(elel + 6262 + 6363) + 6162 + 6263 mix | 18
¢ + O(Xhy-hy — Xony) vedes +eleg + €2 mix | 18
q[4,2] eles + e% + e% nil 16
gV p(eler + €2ep) + vedes ss 16
¢ peles + vedes Ss 16
¢ + A(Xhy-hs) v(eey + e3e3) + 2e3 mix | 16
¢ + (X on,) v(e%ey + 3e3) + (e1)? mix | 16
) + ¢(Xn,_ny) v(etey + €2eg + €3e3) + elen mix | 16
g + gb(—%XhlJth) vedes + eqey mix | 16
q[4,12] eleg + e% nil 14
Q[32] 6163 + €e9€3 nil 14
¢ v(e%ey + 3e3) ss 14
gD + d(—Xop,) veles + €2 mix | 14
q[23] e?+e3+e3 nil |12
q(3) v(ete) + €2eg + 3e3) SS 12
q[22,12] e? + e nil | 10
q(l) vedes Ss 10
q[2,14] e% nil 6

7.2. Representation—theoretic preliminaries. With the standard choice

of a Cartan subalgebra,

b = {dlag()\a w, v, _)‘7 K _V) | )\7 M,V € (C} 9

the 3—dimensional, eighteen—elements root system ® of sp(C) is generated

by the simple roots

A=

{h1 = ha, ha — h3,2h3},

(7.1)

where 2h3 is the long one: by h; € h* we mean the linear operator reading
off the i entry of a diagonal matrix H € b, i.e.,

hi(H):=X,ho(H):=p,hs(H):=v.
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~2h,

—hy—hs —hy-h3

2h,
2h;
FIGURE 1. The root system of type Cs.
The corresponding set of positive roots will be then
‘I>+ =AU {hl - h3,2h1,2h2,h1 + hg, hg + hg, h1 + hg} s
where ® = ®* U ®~, with &~ = -P*, see Figure 1; hence, the root space

decomposition of sp(C) is

sp(C) :h®ga-

aed
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Remark 7.1. We let E(i,7) € gl(C) be the (i, j)—elementary matrix and we
pick a generator X, € sp(C) of the (one-dimensional) root space g, for all
a € ®; it is then easy to see that:

e matrices E(1,4), E(2,5) and E(3,6) will be the root vectors Xop,,
Xop, and Xgp, corresponding to the long positive roots 2hy, 2ho and
2h3s, respectively;

e matrices E(1,2)-E(5,4),E(2,3)-E(6,5) and E(1,3)-E(6,4) will
be the root vectors Xy, _py, Xny-ns and Xp, _p, corresponding to the
short positive roots hi — hsa, ho — hg and hi — hg3, respectively;

e matrices E(1,5)+E(2,4),E(2,6)+ E(3,5) and E(1,6)+ E(3,4) will
be the root vectors Xy, +ny, Xny+hs and Xy, 44, corresponding to the
short positive roots hi + ha, ho + hg and hi + h3, respectively;

e matrix X, := X’ will be the root vector corresponding to the neg-
ative root av e @~.

Remark 7.2. Recalling that the fundamental weights of sp(C) are

hl, h1+h2, h1+h2+h3

(see, e.g., [11, 2.2.13]), we denote by W, ) the irreducible sp(C)-represen-
tation whose highest weight is

(a+b+c)hy + (b+c)hy +chsg,

for any non-negative integers a,b,c. In particular, W ooy = C (resp.,
Wi(2,0,0) =5p(C)) and the highest weight vector is e; (resp., Xop, ); accord-
ingly, W 0,1) = A3(C) with highest weight hj + hg + h3 and highest weight
vector ejz3: the irreducible representation W), whose highest weight
vector efy is the square of ej23, turns out to be 84-dimensional and will
play some role in the sequel.
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7.3. Nilpotent orbits in sp(C). The Hasse diagram of nonzero nilpotent
orbits in sp(C) is well-known (see, e.g., [12, Example 6.2.6]):

Ole) dim =18

Ola,21 dim = 16
/ \

Op4,12) Ola2) dim =14
\ /

O3 dim =12

Op22,12 dim = 10

Ol2,14] dim = 6

Diagram above is a particular example of the Dynkin—Kostant classification
[12, Chapter 3|, which ultimately associates with any (nonzero) nilpotent
orbit O :=Sp(C) - X, the orbit of a distinguished semisimple element H € b:
these distinguished semisimple elements can be then labeled by weighted
Dynkin diagrams, the admissible weights being 0,1 and 2.

Indeed, thanks to Jacobson—Morozov theorem, it is always possible to find,
beside H, an appropriate Y € sp(C), such that the three—elements subset

{X,H,Y} csp(C)

constitutes a so—called standard slo—triple, X, H and Y being its nilpositive,
neutral and nilnegative element, respectively. Then a theorem by Kostant
guarantees that any two standard sly—triple sharing the same nilpositive
element are conjugate: this means that the orbit of the neutral element

O :=Sp(C)- X,

is well defined and canonically asssociated with the nilpotent orbit 0. The
Dynkin—Kostant classification give us the (finite) list of all conjugacy classes
of the so—obtained neutral elements: a representative for each class can be
easily read off from the corresponding weighted Dynkin diagram.



44 JAN GUTT, GIANNI MANNO, GIOVANNI MORENO, AND ROBERT SMIECH

Below we start from a weighted Dynkin diagram, we construct the corre-
sponding neutral element H, and then we compute all the possible standard
slo—triples containing H: we finally pick a particular nilpositive element X,
such that the corresponding quadratic form on C takes a particularly easy
expression.

7.3.1. The principal orbit Opyrin, = Ofg]. The weighted Dynkin diagram is

2
°

22

)

to which it corresponds the neutral element H = diag(5,3,1,-5,-3,-1): easy
computations show that, if {X,H,Y} is a standard sly—triple containing
the aforementioned neutral element H, then its nilpositive and nilnegative
elements must necessarily be

0 a;p 0 0 0 0
0 0 ay O 0 0
o o 0o o 0 as
X =100 0 o o o |’
00 0 -4 0 0
00 0 0 -as O
(7.2)
0 0 0 0 0 0
20 00 0 0
1
. 0 % 0 0 0 0
1o o o o0 -2 0o |’
1
0O 0 0 0 0 —a%
0 0 a% 0 0 0

respectively. In particular, none of the three parameters a;, as and a3 can
be zero; therefore we can set them to be 1, 1 and —1, respectively: this choice
leads to a particularly simple expression for the associated quadratic form
on C, viz.
qre) = ¢(X) = eleg + ele3 + €3

In the next cases we will refrain from showing the explicit form of the nil-
positive and nilnegative elements forming a standard slo—triple together with
H:; indeed, on a deeper level, what we have done above in (7.2), can be re-
formulated as the definition of a slp—gradation of sp(C), that is

sp(C) =D ai, (7.3)

€7
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where g, :={Z eg|[H,Z] =1i}: the chosen nilpositive element X is then an
arbitrary nonzero element of the 3—dimensional constituent go. In the case
under consideration of the principal orbit O, the nontrivial pieces of the
slp—gradation are:

0-10008D96DF-1D 9200 (Xp,_ny, Xng-hyr Xohs)

g2
® (Xh1*h37Xh2+h3) ® <Xh1+h37X2h2> ® (Xh1+h2> @ <X2h1) . (7'4)

N—_——— N——
94 g6 g8 g10

In general, such a gradation is very useful in computing the Lie algebra
gX = stabgy(cy(X) of the subgroup Stabg,cy(X) of Sp(C) stabilizing X:
indeed, g¥ is compatible with the sly—gradation:
o =P, g =aing",
i€Z

see [12, (3.4.2)]. Then one realizes that solving the equation [Z,X] = 0
in g’ is computationally easier that solving it in the whole of g: in the
case of O we find out that only gg( , gg( and g{% do not vanish and, in
fact, are one-dimensional. It follows that dimgX = 1+ 1+ 1 = 3 and then
dim Oy = dimsp(C) - dimgX = 21 -3 = 18; on this concern it is worth
observing that the dimension of the principal nilpotent orbit of a semisimple
Lie group G is always equal to dim(G) - rank(G), see [12, Lemma 4.1.3].

We will not insist here on the topology of nilpotent orbits of G, which is
highly nontrivial [12, Chapter 6]; we only recall that there exists a unique
orbit of codimension rank(G) + 2, denoted by Ogsubreg and called subregular,

which is open and dense in Opyin N\ Oprin, according to Steinber theorem [12,
Theorem 4.2.1].

7.3.2. The subregular orbit Osubreg = O[4,2]- In the case G = Sp(C) we find a
16—dimensional orbit, corresponding to the weighted Dynkin diagram

2

The sly—gradation (7.3) above now reads

9—6699—4@9—2@[) 69 <Xh2,h3 9 X*h2+h3 >@<Xh1,h2 9 Xh1*h3 9 Xh2+h3 ) X2h2 9 X2h3>
90 92

@ <Xh1+h27Xh1+h3> @ <X2h1>
— —
94 96
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and Ogypreg Will be generated by any nonzero element of go: a particular
choice of the nilpositive element X € g gives us

It is then easy to check that the only nontrivial constituents of gX are gg( , gff

and géf , and have dimensions 3, 1 and 1, respectively: indeed, dim Ogypreg =
21-(3+1+1) =16 =dim(Sp(C)) —rank(Sp(C)) - 2.

7.3.3. The 14-dimensional strata: Oy 2] and Opg3). The singular locus

Ogsubreg N Osubreg consists of the closure of two 14-dimensional orbits:

Osubreg N Osubreg = 0[4,12] U 0[3,3] )

one of which, namely Oy 2, will be of a paramount importance for us, as it
contains the cocharacteristic variety of a “generic” Monge—Ampere equation.
The weighted Dynkin diagrams of Oy 127 and O[3 3] are

2 1
°

0 0 2 0
° ° . °

—<=e, —<=¢;

the slo—gradations are:

06001409309 200-10h® (Xopng, Xoong) ® (Xnyohyg, Xnoths)

go g1

® (thhzvXth) @ <Xh1*h3’Xh1+h3> ® (Xhﬁhz) ® (X2h1>
— Y=
92 g3 94 g6

and

g—4 @ 9—2 ® [] @ <Xh1,h27X2h3,X,h1+h2,X,2h3>

90
@ <Xh17h3,Xh27h3,Xh1+h3,Xh2+h3> S (Xh1+h27X2h17X2h2> 9

g2 94

respectively. We finally obtain

. 2 1
4[4,12] = €162 + €3, ([32] = € €3+ €2€3.
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7.3.4. The 12-dimensional orbit O[ys7. The common singular locus

(0[4,12] N 0[4,12]) n (0[3,3] N 0[3,3])

is the closure of the 12-dimensional orbit Of,a); its weighted Dynkin diagram
is

0 0
°

2
° °

=<= ;

and the corresponding sly—gradation:

9—2 @ h ® <Xh1—h25Xh1—h3) Xhz—hgaX—h1+h2)X—h1+h37X—h2+h3>
g0
@ (Xh1+h27 Xh1+h3a Xh2+h37 X2h1 y Xtha X2h3) .

g2

The quadratic form is

2 2 2
q[QS] = 61 + 62 + 63 .

7.3.5. The 10-dimensional orbit Opy2 12). The 10-dimensional stratum
0[22712] = 0[32] N 0[32]

is last non—smooth one and, in our further analysis, it will be parametrizing
the Goursat—type symplectic Monge—Ampere equations, see Section 2.6. The
weighted Dynkin diagram of Opy2 ;2] is

0

0
. °

i =<= )

and the corresponding sly—gradation:

g-2 @ g-1 @ h @ (Xh1—h27X2h37X—h1+h2)X—2h3>

90
@ <Xh1—h3)Xh2—h37Xh1+h35Xh2+h3> @ (Xh1+h27X2h15X2h2> .

g1 g2

The quadratic form is

2 2
q[22?12] = 61 + 62 .
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7.3.6. The cone over the adjoint variety Ofy 141. The smallest nonzero nilpo-
tent orbit is

0[2714] = 0[2714] = 0[22712] N 0[22712]
and has dimension 6: unique, amongst all adjoint orbits, for being closed,
its projectivization P(O[y141) is a remarkable 5-dimensional homogeneous
contact manifold, known as the adjoint variety of Sp(C); its weighted Dynkin
diagram is

1
°

o—<—-o.

The sly—gradation of the subadjoint variety, namely

g-20g-1 @h @ (Xhz—hg) Xh2+h3 ’ X2h2 ) X2h3 ) X—h2+h3 ; X—hz—hg) X—2h2 ’ X—2h3>

g0
52 <Xh1—h2aXhl—hgth1+h27Xh1+h3> @ <X2h1) 3
——
g1 g2

is the only one, for which dim go = 1; moreover, the go—valued two—form
A2(gi) - 92,
(ZW) — [Z,W]

is non—degenerate and this motivates calling such a gradation a contact grad-
ing, see [2] on this concern.

The following quadratic form ends our list of normal forms of quadratic
forms on C corresponding to (nonzero) nilpotent elements of sp(C):

2
d[2,14] *= €1 -
7.4. Semisimple orbits in sp(C). The theory of semisimple orbits in se-
misimple Lie algebras is considerably simpler than that of nilpotent ones:
their classification boils down to taking the quotient of a Cartan subalgebra
h with respect to the natural action of the Weyl group.

In the present case the elements of h are unambiguously labeled by a
vector (A, u,v) € C3, cf. (7.1), and the Weyl group is

W =S3x7Z3,
acting naturally on C>: this means that we identify
(A, v) ~ (e10(A), €20 (1), €30 (v))
where €; = +1, for i = 1,2,3, and o is a permutation of the set {\, u,v}, and

the corresponding equivalence class unambiguously identifies a semisimple
orbit.
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In what follows, symbol H denotes an element of § labeled by the equiv-
alence class of (\, u,v), while g7 denotes its stabilizing subalgebra, i.e., the
Lie algebra of the subgroup

GH = {2z eSp(C)|zHxz = H} = {zeSp(C) | zH = Hz)}
of elements of Sp(C) commuting with H. Letting

C=(kerH)o @ (VaolV)),
a=\,u,v
az0
where V,, denotes the eigenspace relative to the eigenvector o € C \ {0}, we
immediately see that

GH = Sp(ker H) x [T GL(Va). (7.5)

a:>\7/"[/7l/
az0

Therefore, there are only six possible isomorphism types of stabilizers, col-
lected below:

type of || dim | dim | dim dim dim
@ Vi | Vi | Vi || ker H | stabilizer O
it [1 [1 o GL(Vi) x GL(V,,) x GL(V,) = GL§ | 18
(21) |0 |2 |1 0 GL(V,) x GL(V,) = GLa x GL; 16
(11) (o |1 |1 |2 Sp(ker H) x GL(V,) x GL(V},)
=SLyxGL? || 16
(2) 0 |0 |2 2 Sp(ker H) x GL(V,,) =SLaxGLy || 14
(3) 0 |0 |3 0 GL(V,) =GL3 12
(1) 0 |0 |1 |4 Sp(ker H) x GL(V,,) =SpysxGL; || 10

Observe that, by the type of the orbit O passing through H we meant the
collection of the nonzero dimensions of Vy, V,, and V,,.

7.4.1. 18-dimensional semisimple orbits. The type of H is (111) if A\, u,v
are different from zero and different form each other; this is the “non-—
degenerate” case, that is, when H commutes only with other elements of
h: this means that
GH = GL? ) gH =h,
and then dim(Sp(C)-H) =21-3=18.
The quadratic form on C corresponding to H will be denoted by

q(111) = )\6161 + ,u6262 + V6363 .
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7.4.2. 16-dimensional semisimple orbits. The type of H is (21) if X\ = pu,
and v are different from zero and different form + each other: in this case

GH =GLy x GL, gH =heo <Xh1—h27X—h1+h2> , (76)

whence dim g” = 5 and then the orbit is 16-dimensional.
The type of H is (11) if A = 0 and that p and v are different from zero
and different form + each other: we obtain
G" =Sp,xGL =SLyxGL, ¢ =h @ (Xop,, X on,) (7.7)

that is another 16-dimensional orbit. The corresponding quadratic forms
are

q(21) = p(elel + 6262) +vedes, q(n) = /,L€2€2 +vedes,
respectively.

7.4.3. 1/-dimensional semisimple orbits. The type of H is (2) if A = 0 and
w = zv is different than zero: we obtain 7-dimensional stabilizers

GH = Spyx GLy = SLy x GLy,
0" =00 (Xny-nyr Xony> Xohgehss Xon,) , (7.8)
whence a 14—dimensional orbit and the corresponding quadratic form is
P = v(ley + e3) .
7.4.4. 12-dimensional semisimple orbits. The type of H is (3) if A = +p = +v
is different from zero; in this case the stabilizers are 9—dimensional:
G = GLj,
gH = h 2] <Xh1—h2 9 Xhl—hg ) th—hg, 9 X—h1+h2 9 X—h1+h3 9 X—h2+h3) 9 (79)

whence a 12—-dimensional orbit and the corresponding quadratic form is

1

¢ = v(eley + Eeq + e3) .

7.4.5. 10-dimensional semisimple orbits. The smallest nontrivial semisimple
orbits have dimension 10 and correspond to an H of type (1), i.e., with
A=p=0and v #0: the stabilizers

GH =Sp, xGLy, (7.10)
gH = h @ (—Xhl—hQ 9 Xh1+h2 9 X2h1 Y X2h2 9 X—h1+h2 9 X—h1—h2 9 X—2h1 9 X—2h2>

are 11-dimensional, whence a 10-dimensional orbit and the corresponding

quadratic form is

g = védes .
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7.5. Mixed orbits in sp(C). We pass now to the generic case and we study
orbits passing through (nonzero) elements of the form

Z=H+X,

where H € g is semisimple and X € NV, where A (g) c g denotes the nilpotent
cone, that is, the subset of nilpotent elements of the Lie algebra g, and,
moreover, [H, X ] =0.

The strategy consists in bringing H to one of the normal forms above (cor-
responding to the quadratic forms labeled q(ln),q(21),q(n),q(Z),q(?’),q(l)):
then, thanks to the Jordan’s decomposition theorem, the nilpotent part X
of Z must be coming from the set

gHmJ\/:stabsp(c)(H) NN ={Xesp(C)|[H,X]=0}nN,

whence the problem is reduced to studying the G —orbits in g’ n A/, where
G™ has the structure shown in (7.5) and acts naturally and componentwise
on

g =sp(ker H) ® P gl(Va).

azA?lJ’?V
az#0

Such a particular structure of g/’ is mirrored by an analogous decomposition
of the nilpotent cone:

g N =N(sp(ker H)) + 3 N(al(Va)).,

az)\#y”
a0

whence it sufficies to classify the orbit of

GH=Sp(kerH)x [] SL(Va)
=\ v

a#0

acting naturally and component—wise on

g" AN =N(spker H))+ > N(sl(Va)).

Ol=)\7},b7l/

az0

7.5.1. Mized orbits with semisimple part of type (111). In this case, g/ = b,
whence g’ n A = 0: this means that the only mixed orbit with semisimple
part of type MY is the orbit of ¢ itself.
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7.5.2. Mized orbits with semisimple part of type (21). In this case, H corre-
sponds to (u, u,): the space V}, has dimension two and
GH =sSL(V,) ~SL,
acts naturally on
g7 AN = N (SU(V;)) € SBC) - ( Xy -y Xy

cf. (7.6). Since in sl(V},) ~ sly there is only one nontrivial nilpotent orbit,
namely the one passing through X}, _p,, we see that, besides q(21) itself, the
only other orbit with semisimple part ¢® is

q(21) +(Xn,ny) = w(eter + 6262) +vedes +eley.

The aforementioned nilpotent orbit in sl has dimension 2, whereas the orbit
in sp(C) of the semisimple element ¢V has dimension 16: it follows that
the mixed orbit has dimension 18.

7.5.3. Mized orbits with semisimple part of type (11). In this case, H corre-
sponds to (0, 1, v): the spaces V), and V,, have both dimension one and

GH — Sp(ker H) = SL(ker H) =~ SL,
acts naturally on
8" 0N = N (sl(ker H)) € Sp(C) - (Xony Xoon,)

cf. (7.7). Again, in sl(ker H) ~ sly there is only one nontrivial nilpotent
orbit: the one passing, e.g., through X_; , whence, besides q(n) itself, the
only other orbit with semisimple part ¢ is

¢+ (X an,) = pees + vees + ()7

Recalling that also the semisimple element ¢! of sp(C) has a 16-dimen-
sional orbit, we get another mixed orbit of dimension 18.

7.5.4. Mized orbits with semisimple part of type (2). In this case, H corre-
sponds to (0,v,v): the space V,, has dimension two and

GH = Sp(ker H) x SL(V;)) = SL(ker H) x SL(V;,) =~ SLy x SLy
acts naturally and componentwise on
g AN = N(sl(ker H)) + N'(sl(V,))
c Sp(C) : ((Xhz—hgaX—h2+h3) + (X2h17X—2h1)) )
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cf. (7.8). Now it is convenient to introduce two coefficients d; and 2, that
can be either 0 or 1: all mixed orbits with semisimple part ¢(® will then
pass trough one and only one of the four following elements:

q(z) + 61¢(Xh2—h3) + (52(;5(X_2h1) = V(€262 + 6363) + (516263 + 52(61)2 .

The semisimple orbit in sp(C) passing through ¢(*) has dimension 14; since
both ker H and sl(V,) are isomorphic to sly, we easily get the following
formula for the dimension of the mixed orbits:

dim =14+ 2((51 + (52) .
7.5.5. Mized orbits with semisimple part of type (3). In this case, H corre-
sponds to (v,v,v): the space V,, has dimension three and
GH =sL(v,) ~SLs

acts naturally on

g7 AN = N(sl(V,))
c SP(C) . (Xhl—hz ) Xhl—hg ) Xhz—hg) X—h1+h2 ) X—h1+h37 X—h2+h3> )
cf. (7.9). Now, in sl(V,) =~ sl3 there are two nontrivial nilpotent orbits:
one passing through X}, _5, and the other passing through Xj,, _p, + Xp,_p,,

whence, besides q(3) itself, the only other orbits with semisimple part q(3)
are

q(3) + (b(Xhlfhz) I/(Glel + 6262 + 6363) + 6162 s (7.11)

q(3) + O(Xhyhy + Xny-hs) = l/(€1€1 +€e2eq + 6363) +eleg + €2es (7.12)

The aforementioned nilpotent orbits of sl3 correspond, respectively, to the
submaximal (which is the same as the minimal) and to the maximal nilpotent
orbit and, therefore, have dimension 4 and 6, respectively; recalling that in
sp(C), the semisimple element ¢® generates a 12—dimensional orbit, the
corresponding mixed orbits (7.11) and (7.12) have dimension 16 and 18,
respectively.

7.5.6. Mized orbits with semisimple part of type (1). In this case, H cor-
responds to (0,0,v): the space V,, has dimension one, whereas ker H is
four—dimensional; therefore

G = Sp(ker H) ~ Sp,

acts naturally on
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gHmN:N(sp(kerH))
€ SP(C)  (Xhy-hy> Xnhyshas Xohy> Xohos Xohyshys X—hi-hgs X-2h1> X-2hy)

cf. (7.10). Now, in sp(ker H) ~ sp, there are three nontrivial nilpotent
orbits, passing through, e.g., Xp,_n, — Xop,, —%Xh1+h2 and —Xop,, whence,
besides ¢(!) itself, the only other orbits with semisimple part ¢() are

q(l) + ¢(Xh1*h2 - X2h2) = V6363 + 6162 + eg ) (713)
(D + (- Xnn) = vées+eren, (7.14)
dYV+p(~Xop,) = veles+e?, (7.15)

respectively.

The aforementioned nilpotent orbits of sp, correspond, respectively, to the
maximal, the submaximal, and to the minimal nilpotent orbit and, therefore,
have dimension 8, 6 and 4, respectively; since the semisimple element ¢(*)
generates a 10—dimensional orbit in sp(C), the corresponding mixed orbits
(7.13), (7.14) and (7.15) have dimension 18, 16 and 14, respectively.

Remark 7.3. For any semisimple element H € sp(C) there is a nilpotent
element X, commuting with H, such that the mixed orbit passing throug
Z = H + X has dimension 18; therefore, such a dimension is the highest
attainable by all the adjoint orbits in sp(C) ~ spg.

8. THE MOMENT MAP w ON THE SPACE OF MONGE-AMPERE EQUATIONS

We resume here the study of the space P(A3(C)), whose dual P(A3(C*))
parametrizes Monge—Ampere equations, that we have introduced earlier in
Section 6.3. In Section 8.1 we sketch the construction of a quadratic Sp(C)-
equivariant moment map o on the symplectic space A3(C), that has been
observed in the first place by N. Hitchin in [23], in a similar fashion as we
did for the canonical identification discussed in Section 6.2 above. In the
next Section 8.2 we compute the image via w of each of the four orbits of
P(A3(C)), as well as all the isomorphism types of the fibers of . In the
last Section 8.3 we show that the Hitchin moment map is equivalent to the
KLR contraction, cf. (2.20), up to the natural identification C ~ C* via the
symplectic form.

8.1. The Hitchin moment map on A3(C). By Leibniz’s rule, the embed-
ding j given in (6.8) extends to the algebra of polynomial vector fields on
A3(C) and it is not hard to see that these are Hamiltonian with respect to €2,
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cf. (6.13): therefore, it must exist, similarly as before, a quadratic moment
map @ closing the diagram

S2(A3(C)) ——=sp(C)* (8.1)

| A4

A(©)

of Sp(C)—equivariant polynomial maps. It is worth stressing that only the
upper arrow is linear and it is in fact the projection of the 105—dimensional
representation S?(A3(C)) onto its unique 21-dimensional irreducible con-
stituent:

52(/\3(6)) = Wi2,00) ® Wi0,0,2) =5p(C)" ® W 0.9) -

By identifying sp(C)* with S2(C), cf. (6.10), we finally obtain the Sp(C)—
equivariant quadratic map

pi=¢" ol AG(C) — S*(C) (8:2)

the whole paper hinges around.

Observe that the map ¢, which is clearly non—surjective, fails also to be
injective: in particular, the smallest nonzero Sp(C)-orbit in A3(C), that is
the cone over the Lagrangian Grassmanian LGr(3,C), is mapped to zero;
therefore, by projectivizing the above diagram (8.1) and taking into account
(8.2), we obtain a commuting diagram of rational maps

IP’(A%(C))_'—% P(S*(A5(C))) (8.3)

[pr]

B(S2(0)).

Definition 8.1. The rational map w, defined as the projectivization of the
composition of the Veronese embedding and the projection onto the first
factor or, equivalently, as the projectivization of the moment map on the
space of symplectic 3D Monge-Ampere equations, will be called simply the
moment map.

8.2. Images and fibers of the moment map across the four orbits
of ]P’(Ag (C)). An obvious and yet crucial remark is that the above defined
map w is Sp(C)-equivariant, as it is a composition of two maps having
such property. It is also well known that the natural action of Sp(C) on
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P(A3(C)) has precisely four orbits, that are linearly arranged with respect
to the closure order.

Therefore, in order to fully describe w, it will suffice to compute the image
of chosen representatives of the four orbits of P(A3(C)), and w(P(A3(C)))
is going to be a sum of orbits of P(S?(C)): our main tool to spell out the
structure of such sums will be the study of weights. Concerning the study of
fibers, it is worth noticing that, if [¢] = @ ([n]), then @ !([¢]) is naturally
acted upon by the stabilizer Stabgyc)([q]) in a transitive way; in other

words, @ ([¢]) has the structure of a Stabsp(c)([¢])-homogeneous space.

8.2.1. The orbit structure of P(A3(C)). The details of the four orbits of
P(A3(C)), that we are going to need, are summarized below (recall that
symbol XV denotes the projective dual of the variety X):

dim | structure representative

13 P(A%(C)) AN LGY(3, C)V [6123 + 6456]

12 LGI"(3, C)V N\ Sing(LGr(3, C)v) [6423 + €126 + €153 + 6123]
9 Sing(LGr(3,C)") ~ LGr(3,C)
~ Gr(3,C)/Zs || [e163 + e125]
Pl6 LGI"(3, C) [6123]

The acronyms O, L, G, and P stand, respectively, for “open”, “linearizable”,
“Goursat”, and “parabolic”.

The smallest one (P) is 6-dimensional, smooth and closed: it is the La-
grangian Grassmanian LGr(3,C); it is natural to pick as a representative
(the projective class of) the highest weight vector [ej23] of the irreducible
representation W o1y = A3(C), see Remark 7.2.

The projective dual of LGr(3,C) is the quartic hypersurface LGr(3,C)" =
{f =0}, with

Qo

f= (@B —tr(XY))? + 421 det(Y) + 4270 det (X))
1Y det| Xl det |V

1<i,j<3
where X and Y are defined by (6.14) and the symbol A; ; denotes the 2 x 2
block that is complementary to the i*" row and the j* column of the 3 x 3
matrix A.

Its smooth locus LGr(3,C)" ~ Sing(LGr(3,C)") is the second biggest orbit
(L) and as an its representative we take the projective class [e423+e126+€153+
e123]. The biggest orbit is the open one (O), that is P(A3(C)) \ LGr(3,C)",
which is the orbit passing through, e.g., [e123 + €456]. Finally, the singular
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locus Sing(LGr(3,C)Y), that is the variety cut out by the Jacobian ideal
of (8.4), is 9—dimensional and Sing(LGr(3,C)") ~ LGr(3,C) is the orbit (G)
represented, e.g., by [e163 + €125]-

8.2.2. (P) The singular locus.
Proposition 8.1. The singular locus of w is precisely LGr(3,C).

Proof. Recall that we have chosen, as a representative for the smallest orbit,
the element [e123]: the vector ejss has weight hy + he + hg and the image
of [e123] under the Veronese embedding corresponds to a vector of weight
2h1 +2ho + 2h3; the latter is nothing but the highest weight vector of the 84—
dimensional constitutent W o 7 that is annihilated by the affine projection
pr in (8.1). This shows that the map w is not defined on LGr(3,6) and
since in the next propositions we will find the images of remaining orbits, it
suffices to prove the claim. ]

8.2.3. (G) Image of the 9-dimensional orbit. It will be useful to recall that
the minimal projective embedding LGr(2,V’) c P(A3(V')), where V' is
a 4-dimensional symplectic space, has only two orbits: the 3—dimensional
(smooth, closed) Lagrangian Grassmanian LGr(2,V") = LGr(2,4) itself and
its (open) complement in P(A2(V')) = P4; one way to see this is the Dynkin
diagram identification Cy = By: it follows that the Sp(4)-action on P* coin-
cides with the SO(5)-action and then there is only one invariant quadric.

Proposition 8.2. The image of Sing(LGr(3,C)") \ LGr(3,C) via w is the
(5-dimensional, contact) adjoint variety P(Opg141) of Sp(C), see Section
7.8.6. The fiber of w restricted to Sing(LGr(3,C)¥)\LGr(3,C) is isomorphic
to P* N\ LGr(2,4). The “boundary” of the compactification of the fiber, i.e.,
LGr(2,4), is a subset of LGr(3,C).

Proof. Since the vector corresponding to the chosen representative [ejg3 +
e125] has weight hy, its square has weight 2h;. There are two other elements
in S2(A8(C)) with this weight, namely ej23 - €156 and e153 - €196 and some
combination of these three vectors is the highest weight vector wy gy of
Wi2,00) = S%(C) c SQ(Ag(C)). To determine wyy ¢ oy recall that it is annihi-
lated by all primitive positive root vectors. On the other hand, the images
of elements with weights 2hq +2hs and 2h1 + ho — h3 via negative root vectors
belong to Wy 0.2) © S2(A3(C)) (i-e., to the complement). Direct computa-
tions show that W(2,0,0) = (6163 + 6125)2 —4dejo3e156 + 4e153€126 and then the
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3—dimensional weight space (S 2(Ag (C )))th splits as

(Sz(Ag(C)))zhl = (Wi2,0,0))20: ® (W(0,0,2)) 2,
= (w(2,0,0)> ® (61236156 +e153€126, (€163 + 6125)2 + 261266153) .

Since (e163+e€125)? has nonzero component along W(2,0,0), it projects nontriv-
ially onto (W(2,0,0))2rn, and this subspace is spanned by the matrix F(1,4),
that is Xop,, which clearly belongs to O[y 14}, see Remark 7.1.

As for the second statement, recall that the fiber of w that passes through
[e163 + €125] is a homogeneous space of the subgroup Stabg,cy([E(1,4)])
acting on P(A3(C)).

It is now convenient to introduce the symplectic space V' = (e, e3, €5, e5):
indeed, every element of Stabg,cy([E(1,4)]) leaves e; fixed and only ey gets
sent to ey, so that the stabilizer is isomorphic to Sp(V') ~ Sp(4). More pre-
cisely, the wedge-multiplication by e; realizes an embedding of P(A3(V"))
into P(A$(C)) that commutes with the action of Stabs,cy([E(1,4)]), under-
stood as a subgroup of Sp(C): this reduces our problem to that of finding the
Sp(V")-orbit of the class of the two—form eg3 + €25 living in P(AZ(V')). The
second claim follows then from the fact that eg3+eo5 is it not a decomposable
two—form, i.e., [eg3 + e25] ¢ LGr(2,V’). Finally, the wedge multiplication by
e1 maps the Lagrangian subspaces of V' to Lagrangian subspaces of C, and

they belong to LGr(3,C). O

8.2.4. (L) Image of the twelve—dimensional orbit. We introduce now a spe-
cial projective line in P(A3(C)):

Pl = {[6423 + €126 + €153 + k- 6123] | ke C} s

understood as the compactification of its (one-dimensional) affine neigh-
borhoud

C':= {[eazs + 126 + €153 + k - €103] | ke C},

by means of the “point at infinity” [ej23].

Proposition 8.3. The image of LGr(3,C)Y ~ Sing(LGr(3,C)Y) via w is
P(Oras7), which has dimension 11. The fiber of w over

LGr(3,C)" \ Sing(LGr(3,C)")

is isomorphic to C', and can be compactified to P' by a point lying in

LGr(3,C).
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Proof. Consider the square of ego3 + €196 + €153 + k - €123. It can be decom-
posed into the sum of elements with weights £2hq +2hy + 2h3 (pure squares),
2hz + 2hj (elements with k - 6123) and 261266153 + 264236126 + 264236153. The
projection onto Wj ¢y kills the first two sets of elements, and as in Propo-
sition 8.2, we can check that the three last elements project nontrivially onto
the corresponding weight subspaces in sp(C): they are spanned by (eg2s3 +
e124)? — de1agesns + derageqns for 2hy and (ezo3 + e143)? — 4erazeqss + desaserss
for 2h3. Therefore, the image of the chosen representative does not depend
on k and is equal to the class of E(1,4)+ E(2,5)+ F(3,6) and such matrices
live in P(O[Q?,]).

In other words, we have just shown that the fiber contains C!; since the
“point at infinity” [ejo3] lies in LGr(3,C), the closure P! of C! is no longer
a subset of the fiber.

Now, to show that there are no other components than C', we consider the
stabilizer subgroup
Stabspc) ([E(1,4) + E(2,5) + E(3,6)]) c Sp(C), and recall that it acts tran-
sitively on the fiber: we will prove the connectedness of the fiber by showing
that the stabilizer subgroup is connected. To this end, observe that

Stab([E(1,4) + E(2,5) + E(3,6)])

:{( 61 al?A )|aeC*,a-A-At:Ig,At-B:Bt-A}.

Since we want to stabilize the projective class of an element we gain an
additional parameter: the scalar a. Thanks to it, the determinant of A
can be any nonzero complex number, therefore the stabilizer subgroup is
connected, and that finishes the proof. ]

8.2.5. (0) Image of the open orbit. As before, we introduce a special pro-
jective line in P(A3(C)):

]Pl = {[6123 +k -6456] | ke (C} y
understood this time as the compactification of
C*:= {[6123 + k- 6456] ‘ keC~ {O}} s (8.5)

by means of the “point at infinity” [e456], as well as well as the “zero point”
[e123].
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Proposition 8.4. The image of P(A3(C)) \ LGr(3,C)" via w is the projec-
tivization

]P’( U Sp(C)-v-(e'er +ePeq + 6363))

veC~{0}

of the sum of a 1-parameter family of 12-dimensional orbits of type ¢'3).
The fiber of w, restricted to P(A3(C)) ~ LGr(3,C)Y, is equal to C* and can
be compactified by two points that belong to LGr(3,C).

Proof. Consider the element eja3 + k - e456, whose projective class belongs to
the open orbit for all k& # 0. Its square is equal to €753 + kZe3-¢ + 2ke123ea56
and the weights of its two first summands clearly indicate that they belong
to Wg0,2). The mixed term has weight 0, so if it projects nontrivially
onto sp(C) then it lives in the Cartan subalgebra. We claim that in fact the
image of [e123+keys6] is precisely [h1+ha+hs] = [diag(1,1,1,-1,-1,-1)]. To
this end, we can compute how the weight vectors Xy, act upon 2kej23ess6,
namely Xoj, - 2keiagesss = 2keiazeiss, Xon, - 2ke123eass = 2keiazesns and
Xop, - 2kejozesss = 2kejozesss. Since all three are nonzero, it follows that
[2ke1aseqss] — [ahi + bha + chg] for a,b,c # 0, and moreover a = b because
Xh2,h1 'X2h1 . 2/{61236456 = Xh1fh2 'X2h2 . 2/{61236456. In the same manner we
can show that b =c.

As before, what we have shown so far ensures that the fiber contains C*
and we see that the points 0 and oo lie in LGr(3,6). Again, let us consider
the stabilizer acting transitively on the fiber over [hy + ho + h3]:

Stab([h1 + ho + hg])
:{(é g)eSp(6)|(é :g):(_ai, _aﬁ)),ae(c*}.

Since now a can only take values +1, the stabilizer has two connected com-
ponents: B = C =0 and A = D = 0, so we cannot conclude as before.
However, it is straightforward that for any ¢ belonging to the stabilizer,
g- [6123 + 6456] = [(det(A) + det(B))elgg + (det(C) + det(D))e456], so that
there are no other components. ]
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8.2.6. Summary of the results.

dim || representative | image of the fiber PDE
representative

O 13 [6123 + 6456] [6161 + 6262 + 6363] C> det Huw H =1

L |12 [6423 + €126+ [6% + e% + e%] (Cl U111 + U2
+e153 + €123] +ugz =0

G|9 [e163 + e125] | [€7] P4\ ug3 =0

LGr(2,4)
Pl6 [6123] (%) - = u11 =0

It is worth stressing that, by regarding each element in the “representa-
tive” column as a 3—form (2.17) on C, see Remark 6.1, and then by applying
(2.16) to the so—obtained 3—from, one does mot obtain exactly the corre-
sponding element in the “PDE” column, but rather an Sp(C)—equivalent to
it. The following example clarifies this aspect.

Example 8.1. By employing the same procedure we used in Example 6.1,
we will associate a Monge-Ampere equation to all of the four 3—forms that
appear in the “representative” column of the above table.

o The form e123 + easg gives the Monge-Ampére equation det |u;;| = 1.
e The form eqa3 + €126 + €153 + €123 gives the Monge-Ampére equation

det [Jui; ]| = uly +uby +ub, .

The last equation, however, thanks to a transformation (6.6), is
Sp(C)-equivalent to uy1q1 + uge + usz + 1 =0, which, in turn, is Sp(C) -
equivalent to w1 +uss +uss = 0, by using, for instance, the additional
transformation zt - 2t -2l

o The ei1g3 + e125 gives the Monge-Ampére equation ug3 =0, which is
Sp(C)—equivalent to ugg = 0, again, by means of (6.6).

o The form e123 gives the Monge-Ampeére equation det ||u;;| =0, which
is Sp(C)—equivalent to u1y = 0: to see this it suffices to use a partial
Legendre transformation

2.3 ,4 .5

('7}17'7; y LT, T 71,6)_)(1,1’:1;5

7$67 1'4, _$27 _.,L,3) )

see Remark 6.2.
8.3. Equivalence of the KLR invariant with the Hitchin moment
map. We recast now, in the complex setting, the definition of the KLR

invariant, introduced earlier in Section 2.5; the underlying idea is the same:
a 3-form n on a 6-dimensional symplectic space (C,w) can be contracted



62 JAN GUTT, GIANNI MANNO, GIOVANNI MORENO, AND ROBERT SMIECH

with (the inverse w™! of) the symplectic form w, thus obtaining a quadratic
form on C. In the present coordinates, we have

n= nijkxijk € Ag(C*) )
so that the output ¢(n) of the contraction, i.e., formula (2.20), will now look
like
a(0)ab = Naijnonrw ™™ € S2(C*) .
Direct computations show that ¢*(q(n)) = q(g*(n)), for all g € Sp(C); more-
over, if n = a Aw, then ¢(n) = 3a2: in other words,

c* Mw A3(C*)

N

S%(c*)

is a commutative diagram of Sp(C)-invariant polynomial maps. We will de-
note by the same symbol ¢ the restriction of ¢ to the subspace Ag (C*). Let
us stress that @ : P(A3(C)) -» P(S?(C)), cf. (8.3), whereas [q] : P(A3(C*)) -»
P(S%(C*)), so that the next statement makes sense, provided that one iden-
tifies C with C* via w, see Section 6.1.

Theorem 8.1. The rational quadratic map w coincides with the projec-
tivization of q.

Proof. In view of the invariance of both @ and ¢ it suffices to check the claim
on the orbit representatives. We also observe that, in our coordinates, the
inverse of w (which is nothing but -w) reads z*! + 22 + 2%3.

Let us start from the open orbit (O): if we take n = ej23 + €456 we have
that

q(n) 41 52 41 52 63 )

(123 + eas6) (123 + ease) (z*! + 272 +2%%) (2™ + 2% + &

4 5 6 1 2 3
(6123 + 6456)(6233U T €130 + €127 + 56T t €46X t+ €457 )

(@M 1 22 4 253

(6123 + 6456) -2

. (61:):5:U6 +eartal + esxta® + egxa® +esrta’ + eﬁxlxz)

= 4. (6164 + e9€5 + 6366)
= 4.¢®.

This means that @w([n]) = [¢(n)] and the claim is valid on the orbit O, see
Proposition 8.4.
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In order to study the orbit L we take 1 = eq03 + €126 + €153 + €123 and we
compute

q(n)

(6423 +e126 t €153 t 6123)(6423 + €126 + €153 + 6123)
'([1341 +.T,'52 +.’E63)(IB41 + 52 +$63)
= (6423 +e126 t €153 t 6123) :

. (6231’1 + (626 + €53 + 623)%4 + (643 + €16+ 613)1’5

+ersr? + (eq2 + €15 + 612)x6 + 612333) . (m41 +2°% 4 x63)

= (€423 + €126 + €153 + €123) -
-2 - (61(1: 25+ 2°2% + 232°) + ep (22l + 2120 + 232h)

+63(a: P+ 2?t v 935) +eqx’2b + e5w4:r6 + 66x4$5)

2 (61(61 + 61) + 62(62 + 62) + 63(63 + 63))
4- (2 +e+ed)
4 - qpo3,
and the claim follows now from Proposition 8.3.
We pass to the last orbit on which w acts nontrivially, that is the orbit
G: we take 1) = e1g3 + €125 and we compute

C_[(’I?) = (6163 + 6125)(6163 + 6125)($41 + .SU52 + :1363)(1‘41 + CC52 + I63)

5

4 4 2 2 3
(6163 + 6125)(663x + €95 + €127 + €15 + €13 +e16T )

(ac41 a2+ x63)

(e163 + 6125)( (12225 + egxx?) + ez (aa® + 232%) + e5(at2® + 2%2h)

+eﬁ(x T +x4x6) +61((ac6)2 + (1‘3) ))

2‘61

= 2 ar2,14] >
see then Proposition 8.2.
To complete the proof, we recall Proposition 8.1 and observe that, on the
representative of the orbit G, we have

q(6123) = 61236123($41+l‘5 +$63)(l‘ +£L‘5 +$63)

= 6123(62395 +e132° + e1ox )(x41 224 x63)

€123 - 2 - (elx5ac6 +eqrtzl + e x5)

0.
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8.4. Fiber compactification via singular limits (over R). In this sub-
section we momentarily go back to the real-differentiable setting.

Indeed, the two—points compactification of the fiber through a generic
Monge-Ampere equation, discussed in Section 8.2.5 above, becomes partic-
ularly evident if we go back to the real case and employ a total Legendre
transform (for reasons of clarity, below we shall adopt the notation of Exam-
ple 2.2). Then, instead of (8.5), we shall have a real one—parametric family of
generic, that is, non-linearizable, Monge-Ampere equations, corresponding
to the following family of 3—forms:

{[6123 +k- 6456] | keR~ {O}} .

By computing the Monge—Ampere equation associated with each member
of the family (for the procedure, see also Example 8.1), we obtain a one—
parameter family of PDEs:

det [ui;]| = & (8.6)
While the limit for k£ — 0 is the parabolic Monge—Ampeére equation
det ||u;| =0, (8.7)

in order to take the limit of (8.6) for k - oo we can, for instance, perform
a total Legendre transform (i.e., (2.13) with m =n = 3), thus obtaining (see

also Example 2.3)

_ 1
det @] = -

in the new (tilded) coordinates. Now, by taking k — oo, we obtain
det H’ﬁlj ” =0. (8.8)

The two equations (8.7) and (8.8), though equivalent, are not the same,
as they correspond to two mutually transversal 3D subdistributions, namely
D = <D§1),D£1),D§1)> and D = (551),551),5?)) = (Ouy»Oug,Oug):  s€C
Section 2.6, in particular equation (2.23) with b;; = 0. Recall also that
DY = 8,1 +uiby, cf. (2.9).

The proposed framework has thus allowed visualizing the “singular limit”
procedure mentioned by E. Ferapontov in the context of integrable PDEs
as a two—points compactification of an affine line whose points parametrize
a family of non—linearizable Monge-Ampeére equations. Also, note that the
two parabolic Monge-Ampere equations (8.7) and (8.8), related by a total
Legendre transformation, or, in a matter of speaking, by a “flip” of the
corresponding 3D subdistribution, are actually the limit points of a family
of non—linearizable equations.
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We would have obtained similar results, had we considered the partial Le-
gendre transformation discussed in Remark 4.1 above. It transforms equa-
tion (8.6) into (cf. also Example 2.3)

~ ~  ~ ~2
kull + U22U33 — Ugg = 0.

In this case, the limits £k - o and k& — 0 give, respectively, the equations
’L~L11 =0 and ﬂggagg - ﬂ%3 =0.

9. HYPERPLANE SECTIONS OF THE LAGRANGIAN GRASSMANNIAN
LGr(3,0)

We can finally pick up the thread we left at the end of Section 6 and
provide a proof of Theorem 4.1 over the field of the complex numbers, see
Corollary 9.1 below. The reader must be warned that the definition of a
Monge—Ampere equation, as well as that of its cocharacteristic variety, were
already given above, see Definition 2.1 and Definition 2.2, respectively: we
repeat them below (see Definition 9.1 and Definition 9.4, respectively) to
stress that, despite their formal similarity, the two versions of the same
definition pertain to different categories (real differentiable versus complex
analytic). Moreover, the study carried out in the second part of the paper
is strictly point-wise, i.e., it pertains a particular fiber of the bundle J? —
J', whereas in the first part the formalism is global, even though we have
always considered symplectic (i.e., not depending on the point of J 1) Monge-
Ampere equations: compare, for instance, the earlier Definition 2.3 of a
Goursat type Monge-Ampere equation with the new Definition 9.5 given
below.

9.1. The Lagrangian Grassmannian and its tangent geometry. In
what follows, X will be denoting the 6—dimensional regular variety LGr(3,C)
of 3-dimensional isotropic linear subspaces of C, embedded into P(A(C))
via the Pliicker embedding

X — P(AJ(C)),
L= <l1,l2,l3> —> VOI(L) = [ll N l2 A l3:| .
Let us fix L € X: a nice description of the tangent geometry of X at L goes

as follows [37]: we “perturb” the Lagrangian subspace L by means of a linear
map h € Hom(L,C), that is, we employ h to define a curve

’yh(t) = [(ll + th(ll)) A (lg + th(lz)) A (l3 + th(lg))] (9.1)
=[li Al Alg+t(R(I) Alg Als+11 AR() Al + 11 Ala A R(13)) + o(t2)]
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passing through L at t = 0. Above formula (9.1) shows that, if h takes its
values in L, then part that is linear in ¢ is absorbed by the free term and,
hence, the velocity 44(0) of 4, at 0 vanishes: in order to obtain all tangent
vectors to X at L it is then safe to assume that h be an element of

C * C * *
Hom(Lz):L ®Z:L ® L 5
where the identification % = L” is given by the isomorphism @, closing the

commutative diagram
C—Y5
% B

Less evident is that 7;,(t) is a curve in X if and only if h € S?(L*) (it can
be proved by a direct coordinate approach); since the contraction

S*HL) — A(0)
h +— hJ(ll/\lg/\lg)22h(l1)/\l2/\l3+l1/\h(lg)/\l3+l1/\l2/\h(l3)

is injective, it can be concluded that h — 44(0) is a monomorphism of
S%(L*) into Tp, X and then, for obvious dimensional reasons, an isomorphism.

CX—

L*.

9.2. Hyperplane sections and their tangent geometry. The moduli
space of hyperplane sections of X is the 13-dimensional projective space
P(A3(C*)): in view of the applications to the theory of 2°¢ order PDEs,
let us recall, cf. (6.15), that &, denotes the hyperplane section determined
by [n] € P(A3(C*)): in other words, from now on, the name “(symplectic)
Monge—Ampere equation” will be a synonym of “hyperplane section”.

Definition 9.1. The fivefold &, c X is the Monge-Ampére equation asso-
ciated with 1 € A3(C*) (in the sense of Lychagin).

Let us now fix a smooth point L € (&,)sm and consider the curve (9.1)
determined by h e S?(L*): it will be tangent to the MAE &, if and only if

n(h,(linlanl3)) =0.
Put differently, having defined the linear map

T X =8%(LY) % A3L*,
h’ — n(h_l)7

we obtain
TL(gn) = ker ?fL . (92)



3D MONGE-AMPERE EQUATIONS 67

Definition 9.2. The quadric o7, c P(L*) cut out by the equation 7j;, = 0 is
the characteristic variety of the MAE &, at the point L.

We can globalize the above reasoning by introducing the tautological bun-
dle £ on X (whose fiber at L € X is L itself): we have then a global identi-
fication

TX =5%L")
and 777, turn out to be the value at L of a section

TeT((Epsm, S*(L) @ A°(L7))

such that
=T(&))sm -

Definition 9.3. The subvariety o ¢ P(L"|(,),,,) cut out by the equation
7= 0 is the characteristic variety of the MAE &,.

ker ] ¢

4 )sm
1

Observe that

o= U or, -

Le(En)sm

9.3. Projective duality and the cocharacteristic variety. We would
like now to pass to the projective dual o) c P(L) of the characteristic va-
rieties oy, because each P(L) embeds naturally into P(C), whereas P(L*)
does not posses any special embedding into P(C*): the passage from P(L*)
to P(L) will allow us to regard the sum of all the o)’s as a subset of P(C),
viz.

o= |J o}cP). (9.3)
Le(€y)sm

Definition 9.4. The subset ¢ of P(C) is called the cocharacteristic variety
of the MAE &,,.

The equation cutting out o) is easily obtained from 7, regarded as a map
i LY — Lo A3(LY)
and then passing to its second exterior power:
AP(7) s A2 (L*) — AX(L) ® (A*(L7))*.

Then, in virtue of the identifications A?(L) = L* ® A3(L) and A?(L*) =
L® A3(L*), we can regard A%(7;) as

A7) Lo A3 (L*) — L* @ A3(L) ® (A3 (L*))? = L* @ A3(L"),
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and finally
A’ e Lo L* o A3 (L)@ A*(L)=L* ® L*.
In view of the usual symmetry consideration, we have in fact that
A2(7,) € SA(LY).
Since oy is cut out by the 2 x 2 minors of the (3 x 3) matrix of the quadratic
form 77, and the matrix of such minors is precisely A?(7), we have that

oy = {A*(7r) = 0} c P(L). (9-4)
It is worth observing that
A2(ﬁ) EF((E’V])SHDSQ(ﬁ*))? (95)

that is, A?(7) is a section of honest (untwisted) quadratic forms on the
tautological bundle £. In the last Section 9.1 we will prove that the cochar-
acteristic variety is, in the appropriate sense, cut out by section (9.5). Before
passing to that, we study the rank of the characteristic variety across the
four isomorphism types of Monge—Ampere equations.

9.4. Singular loci of Monge—Ampeére equations. The Lagrangian Gras-
smanian X c P(A3(C)) allows us to recast the stratification of P(A3(C*)) in
terms of dual varieties: in this perspective, the open (13-dimensional) orbit
is the complement P(A3(C*)) \ XV, whereas the closed (6-dimensional) one
is isomorphic to X itself via the isomorphism

P(A5(C)) — P(AG(C™))

induced by the symplectic form 2, see Remark 6.3. In order to stress that
X in embedded into P(A3(C*)) we will use the symbol X* for it (not to be
confused with the projective dual XV).

The remaining strata, of dimension 12 and 9, are X" \ Sing(X") and
Sing(XY) ~ X*, respectively.

As observed in [26, Proposition 2.5.1 (iii)] there is a finite map

Gr(3,C) — Sing(X"), (9.6)
D [n(D)],

where [1(D)] is the only element, such that the hyperplane section &,(py is
the Schubert cycle

577(17) =fp:={LeX|dim(LnD)>1} (9.7)

determined by D in X; see also [1, Section 3.3] for the real-differentiable
setting.
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Definition 9.5. The Monge-Ampere equation Ep is called the Goursat type
Monge—Ampére equation determined by the 3—dimensional subspace D c C.
If D is Lagrangian, then Ep is called parabolic.

The map (9.6), restricted to the Lagrangian Grassmannian X c Gr(3,C),
realizes an isomorphism between X and X*, whereas the fiber over a point
[n(D)] € Sing(X ")\ X* is the pair {D, D*}: all of this reflects what happens
in the real-differentiable setting, see Section 2.6 above.

The results of Theorem 9.1 below are partially contained in the above—
quoted [26, Proposition 2.5.1].

Theorem 9.1. Let [n] € P(A3(C*)). Up to Sp(C)-action, we have four
possibilities:

(O) if [n] ¢ XV, then &, is nonsingular and rank7 = 3;

(L) if [n] € XV \ Sing(X"), then &, has a unique quadratic singularity
and rank =3 on (&) sm;

(G) if [n] € Sing(XY) \ X*, then Sing(&,) is isomorphic to the Schubert
cycle determined by a non—Lagrangian two—dimensional subspace in
LGr(2,4) and rank? =2 on (&) sm;

(P) if [n] € X*, then Sing(&,) is the projective cone over the Veronese
surface, and ranki =1 on (&) sm.

Before giving a proof, we recall the Sp(C)—equivariant double fibration

LFI(1,3;C) (9.8)
p q
PC / \ X,

where LF1(1, 3;C) is the smooth, eight—dimensional Sp(C)-homogeneous va-
riety of Lagrangian (or, according to some authors, w—isotropic) flags of C.

The fibers are easily described: p~1(¢) = LGr (2, %), that is, a copy of the

3-dimensional quadric LGr(2,4) c P4, for all £ € PC, whereas g is nothing
but the projectivized tautological bundle PL, i.e., g '(L) = PL, that is, a
copy of P?, for all L € X.

The projectivization PD of a 3-dimensional linear subspace D € Gr(3,C)
of C is an irreducible subvariety of PC of pure codimension three and degree
one: by regarding the Schubert cycle (9.7) as the Lagrangian Chow transform

€p=4(ép), Ep:=p '(BD)={({L)|tcLnD} (9.9)



70 JAN GUTT, GIANNI MANNO, GIOVANNI MORENO, AND ROBERT SMIECH

of PD, we come to the conclusion that £p is a hypersurface of X of degree
one, that is, a hyperplane section, see [2, Lemma 23]. This hypersurface,
however, is not smooth.

Diagram (9.8) provides a singularity resolution of Ep: the subset &p c
LFI(1,3;C), being the restriction of the bundle p to a smooth subvariety of
its base PC, is smooth as well and has dimension 5 = 2+ 3 = dim(PD) +
dim(LGr(2,4)), that is the same dimension of £p c X: by restricting (9.8)
to PD and £p we obtain then a double fibration

&p (9.10)

N
PD ép,

where p has the same fibers as p, but the restriction ¢ of g is a surjective
morphism between varieties of the same dimension five.
Notation

Epi={LeX|dm(LnD)=1i}, i=1,2,3, (9.11)
will come in handy in the proof below.

Proof of Theorem 9.1. In the case (O), the hyperplane P(kern) is nowhere
tangent to X, therefore &, = X nP(kern) must be nonsingular.

In the case (L), there exists a unique line through [7n] that is tangent to X *.
The point that corresponds to the tangency point in X, via the isomorphism
induced by the symplectic form, is precisely the unique singular point of &,,.
If we choose some local coordinates around this singular point, then the
Hessian will be nonzero in it, so the singularity will be quadratic: see [38,
Theorem 6.1]

In the case (G), there exists an element D e Gr(3,C) ~ X, such that
&, = Ep: the dimension of L n D must then be less than 3 and the union

Ep=Ep1Uépya

is disjoint, cf. (9.11). We also observe that, since w|p must be degenerate
and ker w|p cannot be 3, the line ¢p := kerw|p will fulfill w(¢, D) =0, that is
{p ¢ D*: summing up,

(p=DnD", dimlp=1, D+D'=¢5, dimlh=5. (9.12)



3D MONGE-AMPERE EQUATIONS 71

If Le&pa, then £(D):=LnD is a line and then ¢ 7' (L) = {¢(D)} cPL is a
point, cf. (9.9): in other words,

q, : gD,l - II;D£|(€D71
L — {(D)

defines a section of the projectivized tautological bundle over £p 1, ie., a
section of g over £p i, that takes its values in q‘l(c‘,’DJ) and it is clearly
an inverse of ¢. Summing up, ¢ restricts to an isomorphism between the
subsets q’l(SD,l) c&p and Ep,1 ¢ €p, which in turn implies that Sing(Ep) <
Ep~Epi1=Epya.

If L e&pa, then m:= LnD is a plane and, by passing to the corresponding
symplectic orthogonal subspaces, 7+ = L + D*, with dim7* = 4: it follows
that dim L n D* = 2, i.e., L has a plane in common both with D and with
D*; but L has dimension three, so these two planes cannot be disjoint: they
must necessarily have a line in common, and such a line must necessarily be
{p. In other words, L contains ¢p and it is contained into ¢7,; it follows that
the image L of L via the projection

L
on the 4-dimensional symplectic space i—D will be a 2—-dimensional isotropic
D

~ L ~
subspace. This means that L € LGr (2, %)3 denoting by D the projection
of D, it is then obvious that the projection itself induces an isomorphism
between £p o and the (two-dimensional) Schubert cycle

£5=1{TeLGr(2 ) |dim@TnD)21},

which is smooth, since the dimension of Zn D is > 1 if and only if it is equal
to one. We also observe that ¢"1(L) = P(Ln D) c PL is a copy of P!, for all
Leé& D,2-

To prove the first part of claim (G) it then suffices to show that Sing(Ep) 2
Epp; let us take L € Ep o and assume that there is a smooth neighborhood
U c Ep of L: then ¢ will be a surjective morphism between the five—folds
q’l(é’D,g) and £p o and, therefore, there are two possibilities: either it is an
isomorphism, or the locus

Z:={zeq ' (U)|det(d.q) =0} c ¢ *U) c&p , (9.13)

where the rank of dq drops, is a hypersurface, that is, 4—dimensional. The
first scenario is quickly discarded, since the fiber of ¢ over L is a whole P*;
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in general,

¢ (Epa)cZ (9.14)
is a proper subset, because dim £p » = 2 and ¢ has one-dimensional fibers over
Ep,2, hence (& p,2) has dimension three: at the same time, since Z cannot
contain the pre-images of points outside €p, i.e., Z N ¢ (Ep~ Ep2) = 2,
inclusion Z ¢ q‘1(5D72) should hold as well—a contradiction.

It was then forbidden to assume that L € £p o admit a smooth neighbor-
hood U c Ep: all points of £p 2 are singular, whence the sought—for inclusion
Sing(ED) 2 5D,2-

In the last case (P) the element D, such that &, = £p, is Lagrangian, i.e.,
D € X: the dimension of L n D can then attain the value 3 in the case when
L coincides with D, so that in the disjoint union

Ep=Ep1Uépaulpgs,

cf. (9.11), we have Ep3 = {D}. As before, the restriction of ¢ defines an
isomorphism between q’l(é’DJ) and £p 1, so that Sing(Ep) € Ep2U&p 3.

Since D is Lagrangian, there always exists a D’ € X, such that C= D& D’
is a bi-Lagrangian decomposition; the latter determines the so—called big cell
V:={Le X | LnD' =0}, that is an open and dense subset of X isomorphic to
S?D*: a quadratic form h € S?D* is identified with the Lagrangian subspace
graph(h) := (z + h(x) | x € D) c C, having understood h € Hom(D, D*) as an
element of Hom(D, D') by means of the natural identifications D* ~ % ~ D’
see [22, Section 1.2]. Obviously, €ps c V, because Eps = {D} and D =
graph(0) e V.

A key remark is that L n D = ker(h) in the case when L = graph(h): it
follows that Ep NV = {h € S?D* | det(h) = 0}; therefore, the well-known
formula

dp(det) = bt - dh

for the differential of the determinant det : S?D* — C at the point h € S?D*
implies that

Sing(Ep nV) = Sing(Ep) NV = {h e S*D* | rank(h) = 0,1}.

On the other hand, if L € EpanV, then L = graph(h) and Ln D = ker(h) is
two—dimensional, i.e., rank(h) = 1, and vice—versa: in other words,

EpanV={heS?D" |rank(h) =1},

which leads to
Sing(Ep)nV =(EpanV)uéps. (9.15)
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To prove the first part of claim (P), we observe that the composition of the
inclusion V ¢ X with the Pliicker embedding X — P(A3C) is the map

$°D* =~y - P(AJC)=P(C*e S*D*eS’DeC),
h —s [1:h:h!:deth], (9.16)

where we decomposed AJC into irreducible SL(D)-modules, see [22, Section
1.5] (the reader will recognize in (9.16) the same expression that appeared
in (2.19), after replacing h with w).

Therefore, we can regard the image of Vn (Ep2u&p3) via (9.16) as a
subset of the projective subspace P(C* ® S?D*):

LV (Epau&ps)) = {[1:h]|rank(h) = 0,1} c P(C* ® SD*).  (9.17)

In particular, (D) = [1:0] = P(C*) is the unique point in the image of £p 3:
the projective cone with vertex [1:0] over the Veronese surface

vy : PD* — P(S*D*)
in P(S2D*), that is

U  PY([1:0],z) = {[1:h] | hewa(PD*)}u wy(PD*) , (9.18)
LIZEUQ(PD*) —_—
three—dimensional two—dimensional

contains then (9.17) as the (open and dense) three-dimensional subset, where
by vo(PD*) c S?D* we meant the affine cone.

Since V = X and Epu€p 3 is closed, by passing to the closures, we see that
t(Ep2 U &pg) coincides with the whole of (9.18); similarly, from (9.15) we
obtain Sing(Ep) 2 Ep2U€p 3 and then the equality. But «(Ep2U€p 3) is the
projective cone over the Veronese surface and ¢ is an embedding, therefore
we are done.

In order to finish the proof, it suffices to compute the rank of 77 for each
of the four 3—forms 7 listed in Section 8.2.6; to this end, we observe that the
linear subspace (9.2) can be recast as ker dF', where F' is any function, such
that, locally, &, = {F = 0}: a choice of such a function can be seen in the last
column of the aforementioned table. Therefore, 77 and dF' are proportional
and, as such, regarded as quadratic forms, they have the same rank: it then
remains to use formula (1.5) to compute the symbol of &, at a smooth point
of the open and dense subset where equality &, = {F = 0} holds. In the
cases (L), (G) and (P) one immediately obtains, retaining the same notation
as in (1.5), n% + 7]% + 7732), nine and n%, respectively, whose rank is manifestly
3, 2 and 1, respectively. The last case (O) can be worked out in the same
fashion. O
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9.5. The cocharacteristic variety via the momentum map. We go
back to the idea of the cocharacteristic variety of a Monge-Ampere equation
that we have introduced earlier in Section 9.3, and we prove the next original
result of the paper.

The construction that has led us to the section (9.5) is manifestly Sp(C)-
invariant, so that, if we compute A%(7) for any of the four representatives
7 listed in Section 8.2.6 above, we will have obtained all four possible iso-
morphism classes of such sections. The very same approach has been used
in Theorem 8.1, when we established that the KLR invariant ¢(n) is, up
to a projective factor, the same as the Hitchin moment map w(n), both
computed on the 3—form 7: we finish up this paper by establishing another
(projective) equality between ¢(n) (or w(n)), and A%(7), showing at the
same time that all the three of them cut out the cocharacteristic variety of
En.

nTo make such last claim rigorous, it must be underlined that there is a
Sp(C)—equivariant linear embedding

S*(C*) = T((Ep)sm, S*(L7)) (9.19)
sending a quadratic form ¢ to the section s(q) defined in the natural way:

s()(L) =ir(q), VLe(&)sm,

where iy, : L c C denotes the embedding. We have then the following diagram
of Sp(C)—equivariant maps:

__P(AJ(C)) (9.20)
=l -7 e
<~ \
P(SZ(C*)) — P(F((gn)sma 52(5*))) .

The commutativity of (9.20) can be checked manually by a case-by—case
technique. The departing point is always an unknown quadratic form on C:

q=r"e13ej:3+ s ejzej +t7eje;

that is, a 6 x 6 symmetric matrix presented in a 3 x 3 block form, cf. (6.1).
Since the other cases are formally analogous, we will be focusing only

on the orbit “O”, ie., on the equation det |u;;| = 1 that corresponds to

7 = €123+ €456, cf. (8.6). As a first step, we choose a local parametrization of
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&y, for example, by calculating 17 as a function of the remaining parameters:

2 2
_ _ UToU33 — 2U12U13UQ3 + U3U22 +1
u11 = f(u1g, u13, U2, u23, usz) = — -
22033 — Ugg

Next, for any point L € &, lying in this local parametrization, i.e., for any

3
L ={e1 + f(u12,u13, uz2, us3, ussz)eq + uizes + u13ee, €2 + Z U2i€;+3, €3
i-1
3
+Z’U,3i6i+3 s (9.21)
i=1
we compute the restriction ¢7 (¢), which is then a 3 x 3 symmetric matrix
depending upon the five parameters uis, u13, U2, U23, U33.

Such a matrix can be computed by hand (better if aided by a computer
algebra software) though, due to its lengthy expression, we leave it aside and
we pass to the computation of the symbol of the equation &, at the same
point L given by (9.21): the result is again a 3 x 3 (symmetric) matrix, cf.
(1.5), depending on the same five parameters w12, u13, 22, U3, uss; it is not
hard to see that its adjoint matrix is given by

2 2
u12u33—2u12u13u23 +u13u22 +1

U U

PET—, 12 13 0.9
U2 U22 U223 (‘ )
u13 U23  U33

The desired commuativity of (9.20) (at least on the orbit “O”) means pre-
cisely that the requirement that i7 (¢) and the matrix (9.22) above cut out
the same quadric in L, for all the points L € (&,)sm, singles out a unique ¢
(up to a projective class).

By imposing that i7 (¢) coincide with (9.22) for all the values of the five
parameters 12, U13, U2, U23, U33, one obtains a system of 83 linear equations
in the 21 entries of ¢, whose left—hand sides are listed below:

MMl gl gpll 413 13 413 913 483 o411 o483 412 (12
Z 112 9612 g411 9 _9gll 423 9gll 9 9428 o413 9413 422 9,22 o412 9412

21 t13 7“12 813 521 t13 t12 12 12 t12 523

S S
B R R R S R EUNL A R AL S
t23 811 822 3t13 3t12
S (55 22 g 2 2 Py
2 2 2 2 2
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31 13 31 11 33 13 32 12
s r s S S 3t S 3t
a5 0 o 0 __’Tl?)’ - -t ]-7 511 + 533 - 27 5 0 a0 5325 _8317__)

2 2 2 2 2 2 2 2

23 1

”
B _p22 2B 922 92 | 22 922 9 921 _

: ,5(—522—533+2),r23,

£23
s 433 - 2, = —r33, 1- 533, —532, 2r33, 2533 2, 2332, 2531 .

Miraculously, the system is compatible and its solution is s'! = s?2 = s33 = 1,

the other entries being zero, that is, ¢ is proportional to a quadratic form
of type q(3)7 which is precisely the image via the KLR-Hitchin map of the
form 7, see Section 8.2.6 above.

The computations for the representatives of the orbits “L” and “G” are
analogous and we omit them; the orbit “P” is the singular locus of the map
w (Proposition 8.1) and, since 77 and rank one (Theorem 9.1), its cofactor
matrix A?(7) must be zero: hence, the orbit “P” is the singular locus of
the map [A%(7)] as well, and the commutativity of (9.20) has been proved.
On a deeper level, this surprising compatibility is a cohomological feature of
homogeneous bundles over X: in the Appendix we prove that the map s of
diagram (9.20) is actually an isomorphism, see Section 11 below.

Corollary 9.1. For any [n] € P(A3(C*)) the cocharacteristic variety 0" c
P(C) of the Monge-Ampére equation &, is cut out by (the projective class
of ) the quadratic form w([n]) e P(S?(C*)). In particular:

(O) ¢V is an irreducible, nonsingular and non—degenerate (rank—siz) qua-
dric;

(L) oY is an irreducible, nonsingular and degenerate rank-three quadric;

(G) 0" is a reducible, nonsingular and degenerate rank-one quadric: it
coincides with the hyperplane P({f,), where D € Gr(3,C) is such that
Ep =&y;

(P) ¢ is trivial, i.e., it has rank zero and o =P(C).

Proof. Commutativity of diagram (9.20) tell us that, up to a projective fac-
tor, A%(7) is the section s(q(7)), for any of the four representatives 1 and,
in virtue of its Sp(C)-equivariancy, for all the elements of A3(C*).
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The cocharacterisitic variety o, that has been defined above by (9.3), can
be equivalently given as the (closure of the) image of the natural projection

(gn)sm xC2 £|(g,7

)sm %C

|

(57])sm

over C of the (conic) sub-bundle of L], ., cut out by the section s(q(n)),
that is the same as the section A%(7): indeed, at each nonsingular point
L € &,, the conic subset of L cut out by the equation A2(7) = 0 is the cone
over the projective dual of the characteristic variety o, of &, at L, see (9.4).

Since the section s(g(n)) comes from the quadratic form ¢(7), the latter
is precisely the quadratic form cutting out ¢" in C: this proves the first part
of the claim.

The second part can be carried out by working out all the four cases listed
in Section 8.2.6 above: for the orbit “P” the claim is evident; in the cases
“O” the quadric has manifestly rank six: as such, it is nonsingular and non—
degenerate and, therefore, it is irreducible; in the case “L” we see that o
is the pre-image of a rank—three (and, as such, non-degenerate, nonsingular
and irreducible) quadric on the first summand V of C=V & V*.

In the last case “G” reducibility it obvious, since {¢? = 0} is a linear
hyperplane; it remains to prove that such a hyperplane is the symplectic or-
thogonal to the line £p, where D is one of the only two elements of Gr(3,C)
that determine the same equation &, see (9.6). Direct computations, anal-
ogous to those carried out over R in Section 4.3 above, show that these
elements are precisely

D= (61,63,63) , D'= (61,62,62) .

One readily sees that &, = Ep = Epr = {ugz = 0}. Recalling the definition of
lp, cf. (9.12), we see that {p = (e1), whence

lp = (61,62,63,62,63) =kere; ={e?=0}=0",
and the proof is complete. O
Observe that the Theorem 4.1 we have formulated before is the real-
differentiable counterpart of the Corollary 9.1 we have just proved in the
complex—analytic setting: claims (1), (2) and (3) of the former correspond

to claims (O+L), (G) and (P) of the latter. As the (omitted) proof of
Theorem 4.1 is formally analogous to that of Corollary 9.1, we can draw the
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following conclusion: for a Monge-Ampere equation &, the KLR invariant
and the Hitchin moment map of the 3—form 7, equated to zero, gives the same
quadric in C, that we have called cocharacteristic variety, since it consists
of the projective duals of the fibers of the well-known characteristic variety;
in the case when &, has non-denegerate symbol, the cocharacteristic variety
coincides also with the contact cone structure associated with the PDE itself,
which can be thought of as a non-linear generalization of Goursat’s idea of
describing a Monge-Ampere equation via a sub—distribution of the contact
distribution on J'; in case of a degenerated symbol, the cocharacteristic
variety is the smallest liner subspace containing both D and D*, when &, =
Ep, or it even becomes trivial, when D = D*.

10. CONCLUSIONS AND PERSPECTIVES

We have seen that to any Monge—Ampere equation in three independent
variables, that we understood as a hypersurface of the 2°4 order jet space J2,
is associated, at a fixed point of J!, a quadric cone inside the contact space
of J'; the latter turns out to be a 6-dimensional symplectic vector space. We
showed that, in the case when the symbol of the Monge—Ampere equation is
non—degenerate, the aforementioned cone coincides with the cocharacteristic
variety of the considered equation. This motivated the study of quadratic
forms on a 6-dimensional symplectic vector space, up to symplectic equiva-
lence.

It turned out that quadric cones that are contact cone structures of
Monge-Ampere equations fill up a narrow subclass. Thus, it is natural to
ask where the remaining cones come from, that is, whether there exists an-
other class of PDEs, necessarily more general than those of Monge—Ampere
type, that accounts for the remaining normal forms of the table of Section
7.1; in practise, this means solving the following problem: given any qua-
dratic form from the aforementioned table, one can consider it zero locus
and wonder whether the latter can be realized as the contact cone structure
of some PDE and, moreover, to what extent such a PDE is characterized by
its contact cone structure. Among the candidates for a larger class of PDEs
there are the equations of Monge—Ampere type of “higher algebraic degree”,
that is, PDEs given by an analogous formula to (2.19), where, instead of a
linear polynomial of the minors of the Hessian matrix, we find a polynomial
of higher degree (see also [21, Section 5] for more details about this class
of PDEs). For example, in Section 5.1.1 we have shown how to recover the
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equation (4.7) starting from the quadric cone (4.8): performing similar com-
putations, starting from the cone variety corresponding to the normal form
¢? of the aforementioned table, that is

P+ =0, (10.1)
we obtain the equation

u12(uizugs — u12us3) + u13(u12u23 — uzuze) =0 (10.2)

i.e., the variety (10.1) is the contact cone structure of the PDE (10.2). As it
happens, though, PDE (10.2) is no longer a Monge—Ampere equation (i.e., at
any point of J', it is not a hyperplane section of the Lagrangian Grassmanian
LGr(3,C)), but a quadratic Monge—Ampere equation instead, that is a PDE
of Monge-Ampere type of algebraic degree equal to 2 (or, in other words,
at a point of J!, it is a hyperquadric section of the Lagrangian Grassmanian
LGr(3,6)), being the left hand side of (10.2) a polynomial of second degree
in the minors of the Hessian matrix |u;;|. It is then natural to ask, whether
there exists a minimal algebraic degree d, such that the class of PDEs of
Monge—-Ampere type of algebraic degree equal to d contains all PDEs whose
conic structure is given by one of the quadratic forms listed in the table of
Section 7.1.

Another important class of 2"d order PDEs is the class of so—called hydro-
dynamically integrable (2°¢ order) PDEs, that have been instensively stud-
ied, from the point of view of hypersurfaces in a Lagrangian Grassmannian,
by E. Ferapontov and his collaborators [18]: in particular, they have discov-
ered that the 21-dimensional group Sp(6,R) has an open orbit in the space
that parametrises these PDEs, which in turns implies that such a space has
dimension 21. In spite of the fact that the space of integrable PDEs and the
space of quadrics on C have the same dimension, the former cannot be the
larger class of PDEs we are looking for, since it does not contain the class
of Monge-Ampeére equations: actually they intersect along the orbit made
of the linearizable Monge—Ampere equations, that is, the orbit that we have
labeled by “L” in Section 9 above.

One may then also wonder, whether it is possible to characterise the class
of integrable 2"4 order PDEs in terms of their contact cone structures.

11. APPENDIX: COHOMOLOGY OF HOMOGENEOUS BUNDLES OVER
LGr(3,C)

To prove the following result we employ the Borel-Weil-Bott theorem, as
formulated in [34], and we will follow the notation therein.
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Proposition 11.1. The natural sheaf morphism
S*(0®C*)s, = S*(L), (11.1)

induces an isomorphism between the corresponding spaces of sections, and
they can be further identified with the irreducible Sp(C)-representation
W(Q’()’()), that iS, SQ(C)

Let us observe that, as a consequence of such a result, the arrow s of
diagram (9.20) above must be an isomorphism: indeed, Proposition 11.1
was intended to provide a solid theoretical background to the computation
performed throughout Section 9.5.

Proof of the Proposition 11.1. We will need the hyperplane exact sequence

0— Ox(-1) — Ox — O¢, — 0, (11.2)
together with the exact sequence
0—Q*-C*— S*(0eC") — S*(L*) —0, (11.3)
coming from the dual of the tautological sequence
0 —L—08C—Q—0. (11.4)

By combining sequence (11.2) and (11.3) we obtain a commutative diagram
of coherent sheaves on X with exact rows and columns:

0 0 0

0——Q*-C*(-1)

Q*.C*

Q* 'C*|8n - >0

00— S2(0®C*)(-1) —= S*(0 ®C*) —= S* (O ®C*)|g, — 0

0 ——=S*(L)(-1) ——= §*(L*) ——= S*(L)]|g, —0

0 0 0
(11.5)
The symbol Q- C* stands for the sheaf that fits into the exact sequence

0— A} Q") - Q*eC" — Q*-C"—0. (11.6)
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To each short exact sequence that appears in diagram (11.5) above we can
associate the long exact sequence in cohomology: we will show that the only
nonzero cohomology groups are the zeroth groups of right lower 2 x 2 square
of the diagram.

Since £, @, Ox(-1) and their various products are Sp(C)-homogeneous,
Borel-Weil-Bott theorem allows us to compute their cohomologies by weight
considerations. We recall that the Lagrangian Grassmanian X is a Sp(C)—
homogeneous space, whose parabolic subgroup P corresponds to the marked
Dynkin diagram

o=<=o .

We recall that the fundamental Weyl chamber D c h* is the positive cone
spanned by the fundamental weights, see Remark 7.2, and we define § as
their sum, i.e.,

5=3h1+2h2+h3.

By the index ind(\) of the weight A we mean the smallest number of simple
reflections needed to move A to the fundamental Weyl chamber D; a repre-
sentative of the orbit (with respect to the Weyl group action) of A belonging
to D will be denoted by the symbol w(\).

Since irreducible Sp(C)-homogeneous bundles on X correspond to irre-
ducible representations of P, they are determined by their highest weights.
To begin with, the tautological bundle £ has weights —h1,—hs, —h3, the mi-
nus sign coming from the very definition of associated vector bundle, where
we act on the fiber by the inverse. In this case, the highest weight is —hs.

Since, in the case of LGr(3,6), the bundle £ is identified with @, the
weights are the same. For L* the weights will be hq, ho, hg, with hy being
the highest; the line bundle Ox(-1) has (highest) weight —h; — hy — hs.
Therefore, we can obtain the highest weight of various products: for S%(L£*)
we obtain 2hy, for S?L£*(~1) we obtain hy — hy — hg, for A%2(Q*) we obtain
—hg — hs and for A2Q*(-1) we obtain —h; — 2ho — 2hs3.

By Borel-Weil-Bott theorem, if w(\ + §) belongs to the boundary §D of
D, then the bundle associated to A is cohomologically trivial (or, as some
authors say, immaculate), i.e., H* = 0 for all i. In our case, easy computa-
tions show that £ = Q*, A%(Q*), S?2L*(-1), S?(O®C*)(~1), Q*(-1) and
A2Q*(~1) are all immaculate; by using the cohomology long exact sequence,
we obtain that Q* -C*(-1) and Q* - C* are immaculate as well. Then, by
the same argument, the immaculateness S*(O ® C*)(~1) and Q* -C”|g, also
follows.
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Therefore we have shown that only the bundles in the lower right 2 x 2
square can have nonzero cohomologies and by exactness of the cohomol-
ogy sequences we have for all i: H'(X,S%(L*)) = H(X,S*(O ®C*)) =
H'(E,,S*(0®C")) = H'(E,,5%(L*)). To finish the proof it is now enough
to observe that any of the nontrivial H"’s is the Sp(C) irreducible represen-
tation Wiy gy: but the claim is obvious for the trivial bundle in the center
of diagram (11.5), since the zeroth cohomology of a trivial bundle coincides
with the fiber, that is, S?(C*). This concludes the proof. O
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