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Summary

The purpose of this work is to study and apply data-driven models within the field of
Computational Fluid Dynamics (CFD), focusing on enhancing current turbulence models
with these advanced techniques. Modern CFD faces significant challenges in accurately
predicting complex phenomena such as fluid separation and the transition from laminar
to turbulent flow. Failures in these predictions can lead to incorrect evaluations of critical
parameters like force coefficients, which are vital in the design of aerospace components.
Traditional approaches, like the Reynolds-Averaged Navier-Stokes (RANS) equations,
o↵er a simplified model of the Navier-Stokes equations but often result in low accuracy,
particularly in predicting separation and transition phenomena.

This research explores the use of data-driven models, with a particular focus on field
inversion and machine learning (ML) methods, to improve the predictive capabilities of
existing RANS models. A significant aspect of the work has been the implementation
of these models almost from scratch, including the Spalart-Allmaras model and the ad-
joint method to compute the gradient of the target function required to perform the field
inversion. A pseudo-time version of the adjoint solver was also implemented.

This study involved a range of test cases, including transient flow over a flat plate,
a backward-facing step, and low Reynolds number simulations around airfoils such as
the SD7003 and the NACA0021. A multi-objective analysis was specifically carried out
for the NACA0021 test case, o↵ering useful insights into the optimization strategy. Both
traditional neural networks and more advanced architectures, like the U-Net model, were
applied to improve predictive capability. Furthermore, the impact of di↵erent objective
functions within the field inversion process was closely examined to understand their
influence on the enhancement of the RANS model. This work demonstrates that by in-
tegrating data-driven approaches, particularly through the use of ML and field inversion
techniques, it is possible to enhance the accuracy of turbulence models in CFD, poten-
tially reducing the need for costly high-fidelity simulations during the design of new
components.

iii





Acknowledgements

I would like to express my sincere gratitude to my supervisors, Professor Francesco
Larocca and Professor Andrea Ferrero, for accepting me as their student and for the
guidance they have provided throughout this journey. I am especially grateful to Profes-
sor Ferrero, who has supported me since my master’s thesis. Whatever I know today is
largely thanks to his mentorship and patience.

I am also grateful to my colleagues at Optimad, whose support was fundamental for
the development of this thesis. I thank them for giving me the opportunity to pursue a
PhD within the company and for everything they taught me along the way.

My deepest thanks go to my parents, who have always believed in me and made it
possible for me to follow this path. I hope I can make you proud.

Finally, but by no means least, I would like to thank my sweetheart, Laura. Without
even realizing it, she helped me release stress and stay balanced during the hardest times.
I must also thank this PhD itself, because it was along this journey that I had the fortune
to meet her.

v



Contents

List of Tables viii

List of Figures ix

1 Introduction 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Thesis objective . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 The Challenge of Turbulence: Modeling, Simulation, and Transition in Fluid

Flows 5
2.1 The Physics and Modeling of Turbulence Phenomena . . . . . . . . . . 6
2.2 RANS Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.1 Zero-equation models . . . . . . . . . . . . . . . . . . . . . . 14
2.2.2 One-equation models . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.3 Two-equation models . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.4 Reynolds Stress Transport models . . . . . . . . . . . . . . . . 16

2.3 Transition phenomena . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4 Transition Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.1 eN Semi-Empirical Method . . . . . . . . . . . . . . . . . . . . 20
2.4.2 Correlation-based Method . . . . . . . . . . . . . . . . . . . . 21
2.4.3 γ − Re✓ Model . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.4.4 Laminar Kinetic Energy Model . . . . . . . . . . . . . . . . . 25

2.5 Enhancing Turbulence Model with Machine Learning . . . . . . . . . . 26
2.5.1 Field Inversion and Machine Learning . . . . . . . . . . . . . . 29

3 Spalart-Allmaras 31
3.1 Original Spalart Allmaras Model . . . . . . . . . . . . . . . . . . . . . 31
3.2 Negative Spalart-Allmaras Model . . . . . . . . . . . . . . . . . . . . 35
3.3 Results of the Negative Spalart-Allmaras Model . . . . . . . . . . . . . 38

3.3.1 Transitional Flat Plate . . . . . . . . . . . . . . . . . . . . . . 38
3.3.2 Backward-Facing step . . . . . . . . . . . . . . . . . . . . . . 40

vi



3.3.3 SD7003 Airfoil . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3.4 NACA0021 Airfoil . . . . . . . . . . . . . . . . . . . . . . . . 46

3.4 Spalart-Allmaras Bas-Cakmakcioglu Mura Model . . . . . . . . . . . . 49

4 Field Inversion 55
4.1 Augmented Spalart-Allmaras model . . . . . . . . . . . . . . . . . . . 56
4.2 Adjoint Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.2.1 Discrete Adjoint Method . . . . . . . . . . . . . . . . . . . . . 59
4.2.2 Addressing Convergence Challenges in the Discrete Adjoint Method 61

4.3 Mapping Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.4 Objective Function for Field Inversion Optimization . . . . . . . . . . . 65
4.5 Field Inversion Optimization Results . . . . . . . . . . . . . . . . . . . 67

4.5.1 Transitional Flat Plate . . . . . . . . . . . . . . . . . . . . . . 67
4.5.2 Backward-Facing Step . . . . . . . . . . . . . . . . . . . . . . 68
4.5.3 SD7003 Airfoil . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5.4 NACA0021 Airfoil . . . . . . . . . . . . . . . . . . . . . . . . 79
4.5.5 Multi-Objective Optimization . . . . . . . . . . . . . . . . . . 83

5 Feed Forward Neural Network 89
5.1 Neural Network Principles . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2 Correction Field Prediction . . . . . . . . . . . . . . . . . . . . . . . . 90
5.3 Input choice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.4 Dataset Region Selection . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.5 FFNN Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.5.1 Transitional Flat Plate . . . . . . . . . . . . . . . . . . . . . . 101
5.5.2 Backward-Facing Step . . . . . . . . . . . . . . . . . . . . . . 102
5.5.3 SD7003 Airfoil . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.5.4 NACA0021 Airfoil . . . . . . . . . . . . . . . . . . . . . . . . 108

6 Encoder-Decoder Model for Enhancing Transition Modeling 113
6.1 Convolutional Neural Network . . . . . . . . . . . . . . . . . . . . . . 113
6.2 U-Net Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
6.3 U-Net Applications in CFD and a Novel Post-Processing Method . . . . 116
6.4 U-Net Approach Results . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.4.1 U-Net Results on the SD7003 Airfoil . . . . . . . . . . . . . . 119
6.4.2 U-Net Results on the NACA0012 Airfoil . . . . . . . . . . . . 123

7 Conclusions 129

Bibliography 131

vii



List of Tables

3.1 Comparison of lift and drag coefficients for SD7003 airfoil. . . . . . . . 45
4.1 Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 4◦. . . 76
4.2 Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 8◦. . . 79
5.1 Comparison of lift and drag coefficients for SD7003 airfoil. . . . . . . . 107
5.2 Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 6◦. . . 108
6.1 Comparison of lift and drag coefficients for SD7003 airfoil. . . . . . . . 122
6.2 Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 6◦. . . 123

viii



List of Figures

2.1 Free water jet issuing from a square hole into a pool, Leonardo Da Vinci.
[34] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 The Great Wave o↵ Kanagawa, Katsushika Hokusai. [79] . . . . . . . . 7
2.3 Turbulent energy spectrum - log-log scale . . . . . . . . . . . . . . . . 10
2.4 Natural transition process . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5 Separation-induced transition mechanism . . . . . . . . . . . . . . . . 19
3.1 fw function with respect to r. APG: adverse pressure gradient; FPG:

favorable pressure gradient. . . . . . . . . . . . . . . . . . . . . . . . . 34
3.2 T3A Computational mesh with boundary conditions. . . . . . . . . . . 39
3.3 T3A skin friction coefficient comparison, Spalart–Allmaras model against

experimental results. . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.4 BFS Computational mesh with boundary conditions. . . . . . . . . . . 41
3.5 Skin friction and pressure coefficients predicted for the Backward-facing

step test case by the Negative Spalart–Allmaras model. . . . . . . . . . 42
3.6 SD7003 computational mesh. . . . . . . . . . . . . . . . . . . . . . . . 43
3.7 Detailed view of the boundary layer mesh around the SD7003 airfoil. . 44
3.8 Results of the Spalart–Allmaras model for the SD7003 test case. (a)

Velocity magnitude and (b) turbulent viscosity at ↵ = 4◦. (c) Velocity
magnitude and (d) turbulent viscosity at ↵ = 8◦. . . . . . . . . . . . . 45

3.9 NACA0021 computational mesh. . . . . . . . . . . . . . . . . . . . . . 46
3.10 Detailed view of the boundary layer mesh around the NACA0021 airfoil. 47
3.11 Results of the Spalart–Allmaras model for the NACA0021 test case. (a)

Velocity magnitude and (b) turbulent viscosity at ↵ = 8◦. (c) Velocity
magnitude and (d) turbulent viscosity at ↵ = 12◦. (e) Velocity magnitude
and (f) turbulent viscosity at ↵ = 16◦. . . . . . . . . . . . . . . . . . . 48

3.12 Lift and drag coefficients predicted for the NACA0021 test case by the
Spalart–Allmaras model at various angles of attack. . . . . . . . . . . . 49

3.13 Comparison between experimental, original SA and SA-BCM results for
the skin friction coefficient for the T3A test case. . . . . . . . . . . . . 52

3.14 Comparison between experimental, original SA and SA-BCM results for
the skin friction coefficient for the T3B test case. . . . . . . . . . . . . 53

ix



3.15 Comparison between experimental, original SA and SA-BCM results for
the skin friction coefficient for the T3A- test case. . . . . . . . . . . . . 53

4.1 Schematic of Field Inversion and Machine Learning framework. . . . . 55
4.2 Di↵erent mapping functions implemented. . . . . . . . . . . . . . . . . 63
4.3 Comparison of experimental results, the original SA model, and the aug-

mented SA model. The left panel shows the skin friction coefficient,
while the right panel illustrates the loss function evolution over opti-
mization iterations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.4 Comparison of experimental results, the original SA model, and the aug-
mented SA model. The left panel shows the skin friction coefficient,
while the right panel illustrates the loss function evolution over opti-
mization iterations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.5 Correction field derived from the optimization of the skin friction coeffi-
cient. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.6 Comparison of experimental results, the original SA model, and the aug-
mented SA model. The left panel shows the pressure coefficient, while
the right panel illustrates the loss function evolution over optimization
iterations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.7 Correction field derived from the optimization of the pressure coefficient. 72
4.8 Comparison of experimental data, the original SA model, and the aug-

mented SA model for C f and Cp, optimized based on the C f . . . . . . 72
4.9 Comparison of experimental data, the original SA model, and the aug-

mented SA model for C f and Cp, optimized based on the Cp. . . . . . 73
4.10 Turbulent viscosity results after field inversion optimization for the SD7003

airfoil at ↵ = 4◦. (a) CL optimization, (b) CD optimization, (c) Cp opti-
mization, and (d) C f optimization. . . . . . . . . . . . . . . . . . . . 74

4.11 Comparison of pressure coefficients for di↵erent goal function defini-
tions for SD7003 at ↵ = 4◦. . . . . . . . . . . . . . . . . . . . . . . . . 75

4.12 Comparison of skin friction coefficients for di↵erent goal function defi-
nitions for SD7003 at ↵ = 4◦. . . . . . . . . . . . . . . . . . . . . . . . 75

4.13 Turbulent viscosity results after field inversion optimization for the SD7003
airfoil at ↵ = 8◦. (a) CL optimization, (b) CD optimization, (c) CP opti-
mization, and (d) CF optimization. . . . . . . . . . . . . . . . . . . . 77

4.14 Comparison of Pressure coefficient for di↵erent goal function definitions
for SD7003 at ↵ = 8◦. . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.15 Comparison of Skin friction coefficient for di↵erent goal function defi-
nitions for SD7003 at ↵ = 8◦. . . . . . . . . . . . . . . . . . . . . . . . 78

4.16 Results of the CL Augmented Spalart–Allmaras model for the NACA0021
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 8◦.
(c) Velocity magnitude and (d) turbulent viscosity at ↵ = 12◦. (e) Veloc-
ity magnitude and (f) turbulent viscosity at ↵ = 16◦. . . . . . . . . . . . 80

x



4.17 Comparison of CL and CD across di↵erent angles of attack for experi-
mental data, the original SA model, and the augmented SA model opti-
mized for CL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.18 Results of the CD Augmented Spalart–Allmaras model for the NACA0021
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 8◦.
(c) Velocity magnitude and (d) turbulent viscosity at ↵ = 12◦. (e) Veloc-
ity magnitude and (f) turbulent viscosity at ↵ = 16◦. . . . . . . . . . . . 82

4.19 Comparison of CL and CD across di↵erent angles of attack for experi-
mental data, the original SA model, and the augmented SA model opti-
mized for CD. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.20 Lexicographic optimization . . . . . . . . . . . . . . . . . . . . . . . . 84
4.21 Hyperplane in the 2D objective space. . . . . . . . . . . . . . . . . . . 85
4.22 Pareto front for ↵ = 8◦. . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.23 Pareto front for ↵ = 10◦ . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.24 Single and Multi-Optimization comparisons. . . . . . . . . . . . . . . . 87
5.1 Transitional flat plate FFNN Architecture . . . . . . . . . . . . . . . . 92
5.2 Backward-Facing step FFNN Architecture . . . . . . . . . . . . . . . . 94
5.3 Leave One-Out Cf dataset . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.4 Leave One-Out Cp dataset . . . . . . . . . . . . . . . . . . . . . . . . 97
5.5 Airfoil FFNN Architecture . . . . . . . . . . . . . . . . . . . . . . . . 98
5.6 Shield function distribution near the SD7003 airfoil wall . . . . . . . . 100
5.7 Skin friction coefficient comparison results: experimental, original SA

model, and augmented SA with Field Inversion and Neural Network. . . 101
5.8 Comparison of experimental results, original SA model, and augmented

SA model (Cf dataset): skin friction coefficient (left) and pressure coef-
ficient (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.9 Correction field comparison: top, obtained through field inversion; bot-
tom, inferred from the neural network (Cf dataset). . . . . . . . . . . . 103

5.10 Comparison of experimental results, original SA model, and augmented
SA model (Cp dataset): skin friction coefficient (left) and pressure coef-
ficient (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.11 Correction field comparison: top, obtained through field inversion; bot-
tom, inferred from the neural network (Cp dataset). . . . . . . . . . . . 105

5.12 Results of the FFNN-augmented Spalart–Allmaras model for the SD7003
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 4◦.
(c) Velocity magnitude and (d) turbulent viscosity at ↵ = 8◦. . . . . . . 106

5.13 Results of the FFNN-augmented Spalart–Allmaras model for the SD7003
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 6◦. . 107

5.14 Lift and drag coefficients predicted with FFNN-augmented Spalart–Allmaras
model for the NACA0021 test case at various angles of attack. . . . . . 109

5.15 Residuals instability. . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
6.1 U-Net model architecture. . . . . . . . . . . . . . . . . . . . . . . . . 118

xi



6.2 Results of the U-Net-augmented Spalart–Allmaras model for the SD7003
test case at ↵ = 4◦. (a) Turbulent viscosity FI and (b) Turbulent viscosity
U-Net. (c) Velocity magnitude FI and (d) Velocity magnitude U-Net. . . 120

6.3 Results of the U-Net-augmented Spalart–Allmaras model for the SD7003
test case at ↵ = 8◦. (a) Turbulent viscosity FI and (b) Turbulent viscosity
U-Net. (c) Velocity magnitude FI and (d) Velocity magnitude U-Net. . . 121

6.4 Results of the U-Net-augmented Spalart–Allmaras model for the SD7003
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 6◦. . 122

6.5 Residuals with the U-Net approach. . . . . . . . . . . . . . . . . . . . 124
6.6 Results of the U-Net-augmented Spalart–Allmaras model for the NACA0021

test case at ↵ = 8◦. (a)Turbulent viscosity FI and (b) Turbulent viscosity
U-Net. (c) Velocity magnitude FI and(d) Velocity magnitude U-Net. . . 125

6.7 Results of the U-Net-augmented Spalart–Allmaras model for the NACA0021
test case at ↵ = 16◦. (a)Turbulent viscosity FI and (b) Turbulent viscos-
ity U-Net. (c) Velocity magnitude FI and(d) Velocity magnitude U-Net. 126

6.8 Lift and drag coefficients predicted with U-Net-augmented Spalart–Allmaras
model for the NACA0021 test case at various angles of attack. . . . . . 127

xii



Chapter 1

Introduction

1.1 Introduction

Nowadays, we are living in the era of artificial intelligence, where scientists are striv-
ing to harness the vast amounts of data collected over the years. By leveraging sophis-
ticated algorithms, they aim to extract meaningful relationships from this data—often in
a black-box manner. The algorithms I am referring to are the foundation of data-driven
models.

Artificial intelligence is a broad and general concept; we can think of it as an overar-
ching set. A more precise term for the algorithms that I am discussing is machine learning
algorithms. As the name suggests, these algorithms enable machines—specifically com-
puters—to learn intrinsic patterns and correlations within data without being explicitly
programmed to do so.

As I write this PhD dissertation, machine learning algorithms are gaining immense
popularity. However, they are not new. Their development dates back to the 1950s,
but at that time, computational power was insufficient to fully explore their potential.
Today, the exponential growth in computing capabilities has propelled these algorithms
into widespread use across numerous fields, including finance, surveillance, engineering,
healthcare, robotics, and many others.

This thesis focuses on the application of data-driven models in a specific area of
aerospace engineering: fluid dynamics. The study reported in this thesis has been ded-
icated to leveraging existing techniques to identify limitations and enhance methodolo-
gies.

1.1.1 Thesis objective

In aerospace engineering, one of the most intriguing and challenging topics is the
study of turbulence. This widespread phenomenon is present in everyday life—from
the swirling smoke of a cigarette to the airflow around objects—and plays a crucial role
in more complex scenarios such as airplane wing design and the analysis of secondary
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Introduction

flows in turbine blades within aircraft propulsion systems. Turbulence also significantly
impacts combustion processes, making its understanding essential for numerous appli-
cations in aerodynamics, propulsion, and fluid dynamics.

Turbulent flows are characterized by their irregular, chaotic motion and an enhanced
ability to transport and mix properties such as thermal energy, momentum, and chemical
species. Despite being one of the oldest studied physical phenomena, turbulence remains
an active area of research due to the inherent challenges in modeling and predicting its
behavior. Its complexity arises from its chaotic nature and the vast range of interacting
scales, making it difficult to analyze using traditional methods.

This thesis focuses on turbulence modeling and the use of data-driven approaches to
enhance existing models. Extensive research has been conducted in this direction, with
particular attention to the persistent challenge of balancing accuracy and computational
cost. Due to the complexity of fluid dynamics problems involving turbulence and in-
tricate transition phenomena, the Reynolds-Averaged Navier–Stokes (RANS) equations
are widely used as an approximate formulation of the Navier–Stokes (N-S) equations.

Industrial design processes require evaluating numerous geometries while operating
within computational limitations. As a result, high-fidelity methods such as Direct Nu-
merical Simulations (DNS) and Large Eddy Simulations (LES), which provide detailed
turbulence information, are often impractical for preliminary design stages. Instead,
RANS models are widely used due to their lower computational cost and are expected to
remain integral in aerospace engineering for years to come [11]. Various aerospace ap-
plications involve performance analysis in flow regimes characterized by low Reynolds
numbers. In such regimes, a consistent portion of the boundary layer remains laminar,
which increases the likelihood of flow separation. Examples of these kind of flows in-
clude those present in propellers for unmanned aerial vehicles [110, 108, 102, 32, 105,
49] or low-pressure gas turbines in turbofan engines [58, 24], as well as for small-scale
wind turbines [41, 13]. Flow separation phenomena also occur in rocket nozzles [90],
and on thick airfoils, where short to long bubble separation on the suction side can de-
grade aerodynamic performance and a↵ect stall behavior [15]. Accurate simulation of
these flow phenomena is essential for improving the design process.

Although RANS models provide reasonable estimates of the average flow field, their
accuracy diminishes in the presence of transition or separation. These limitations stem
from the underlying simplifications, which are only approximately valid in fully turbu-
lent, attached flows. Recent e↵orts have focused on enhancing turbulence models to
overcome these constraints. Two key advancements support this progress. First, increas-
ing computational power has enabled high-fidelity simulations, o↵ering valuable datasets
for turbulence research. Second, the rise of machine learning techniques has introduced
new opportunities for improving turbulence predictions, particularly in separated flows.
Various machine learning strategies have been explored [20], including field inversion
and machine learning (FIML) [65, 84], corrections to the Boussinesq approximation in
Reynolds stress computations[47, 97], subgrid stress modeling in LES [71, 83], and
RANS modeling of vortex breakdown [18]. As previously mentioned, the objective of

2



1.1 – Introduction

this thesis is to explore data-driven models, assessing both their potential and limita-
tions in improving turbulence modeling. Specifically, my PhD research has focused on
the FIML framework, aiming to understand its capabilities, identify its constraints, and
develop novel approaches to enhance its applicability.

1.1.2 Outline

This research project was supported by Optimad S.r.l., a company that provided in-
valuable support throughout the three years of my research. Their extensive expertise in
CFD and reduced-order models (ROM) greatly contributed to the progress of this work.
In particular, Optimad granted me access to their CFD software, Immerflow, which was
instrumental in carrying out my research.

The structure of this thesis follows the chronological development of the research
over these three years. It is organized as follows:

• Chapter 2 provides a brief introduction to turbulence physics, including transition
phenomena and the evolution of various models developed to describe these com-
plex and fascinating behaviors. Additionally, it presents an overview of existing
applications of data-driven models in turbulence research, summarizing di↵erent
approaches explored over the years.

• Chapter 3 details the turbulence model used in this study, the Spalart-Allmaras
model, along with some of its variations. This chapter also introduces the first
set of results, as the research is structured into three main stages: (1) analysis of
the original model, (2) enhancement of the model using field inversion, and (3)
generalization through machine learning algorithms. The initial results, focusing
on the original model, are presented here.

• Chapter 4 discusses the field inversion and machine learning framework, provid-
ing details on the governing equations, strategies to improve convergence, and the
overall potential of this approach. The same test cases from Chapter 3 are revisited
here, but with results obtained using the optimization framework. Additionally, an
example of multi-objective optimization is presented.

• Chapter 5 introduces the fundamentals of one of the key machine learning algo-
rithms, neural networks, followed by their application to leverage the results ob-
tained through field inversion. This chapter also explores the selection of input
parameters for this architecture and strategies for defining an appropriate subset of
the database. The chapter concludes with a comparison of results between the orig-
inal model, the augmented model, and the machine learning-enhanced approach.

• Chapter 6 presents a novel approach based on a modified combination of exist-
ing machine learning algorithms. Specifically, it explores the use of convolutional
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neural networks structured in a U-Net architecture. This method was developed af-
ter identifying limitations in the traditional neural network approach and is further
supported by the findings of my recent publication [62]. The chapter concludes
with results from the final two test cases.

• Chapter 7 summarizes the key findings of this research and provides concluding
remarks.
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Chapter 2

The Challenge of Turbulence:

Modeling, Simulation, and Transition

in Fluid Flows

The Navier-Stokes equations provide a comprehensive description of fluid flow be-
havior. However, these equations do not have a general analytical solution due to their
complexity and non-linearity. Over the years, scientists have developed various meth-
ods to approximate their solutions. Before the advent of modern computers, researchers
were able to derive analytical solutions for highly simplified cases, such as Couette flow
or Stokes flow. In other cases, they used approximations like potential flow theory, which
assumes the flow is inviscid and irrotational, greatly simplifying the equations.

Scientists also employed numerical methods, such as finite di↵erence techniques, to
discretize and solve the Navier-Stokes equations numerically. This was a labor-intensive
and time-consuming process since it required performing calculations step-by-step, often
relying on mechanical calculators or plotting results by hand. Despite these challenges,
early researchers made significant advances in fluid dynamics using these approaches.

Today, with the immense computational power available, even on devices as small
as laptops, solving complex fluid flow problems has become much more efficient. Mod-
ern CFD tools can simulate highly intricate flows, leveraging the power of computers
to handle millions of calculations in seconds, a task that once required entire rooms of
equipment and days or weeks of manual e↵ort.

Even with the great power of our modern computers, some assumption has to be
made before starting fluid flow simulation. The main reason lies in the fact that several
numerical methods and models are available to approximate the N-S equations when
dealing with specific fluid regimes.

As far as the laminar regime is considered, things are greatly simplified and the full
N-S can be directly solved. The problem arises when turbulence or transitional regimes
are considered.
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2.1 The Physics and Modeling of Turbulence Phenom-

ena

Turbulent flow is a complex phenomenon characterized by chaotic and irregular mo-
tion, often arising when a fluid flows past solid surfaces or when adjacent fluid streams
interact.

Figure 2.1: Free water jet issuing from a square hole into a pool, Leonardo Da Vinci.
[34]

One of the earliest studies of turbulence can be attributed to Leonardo Da Vinci. Fig-
ure 2.1 illustrates his observation of a stream of water falling from a sluice into a pool, a
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remarkably detailed and insightful study. In this depiction, multiple layers of vortices ex-
tend far beneath the water surface, with each swirling current creating concentric rings of
bubbles. These bubbles expand and overlap, showcasing Da Vinci’s keen understanding
of fluid dynamics centuries ahead of modern turbulence theory.

Figure 2.2: The Great Wave o↵ Kanagawa, Katsushika Hokusai. [79]

Another remarkable piece of art is Hokusai’s iconic painting from the early 19th
century, The Great Wave o↵ Kanagawa (see Figure 2.2). In this masterpiece, Hokusai
captures the drama of cargo ships struggling to navigate through a colossal, stormy sea.
The image is renowned for its vivid portrayal of turbulence, with towering waves resem-
bling a tsunami, perfectly encapsulating the overwhelming force and unpredictability of
nature. Although seldom highlighted in major fluid dynamics texts, Hagen first described
the transition from laminar to turbulent flow in 1854 [33]. By 1869, he used dark amber
to visually illustrate these flow patterns, though the specific conditions for this transi-
tion were not well understood. The more widely recognized work on this subject came
from Osborne Reynolds at the University of Manchester in 1883 [72]. Reynolds con-
ducted pivotal experiments by injecting a colored jet into water flowing through a large
glass pipe. He observed that at low velocities, the dye remained intact, while at higher
velocities it dispersed, indicating the onset of turbulent flow. Reynolds introduced the
dimensionless Reynolds number to predict this transition, which considers factors such
as fluid viscosity and pipe diameter. This quantity, named Reynolds number by later
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scientists such as Sommerfeld (1908) and Prandtl (1910) [76], is defined as follows:

Re =
⇢VD
µ

(2.1)

The Reynolds number is defined as the ratio of inertial forces to viscous forces in
a fluid. Indeed at high Reynolds numbers, the inertial forces become dominant over
the stabilizing e↵ects of viscosity, leading the flow to transition from laminar to turbu-
lent motion. To express this concept mathematically, consider a 3D flow described by
the compressible N-S equations, neglecting pressure and gravitational e↵ects. By non-
dimensionalizing these equations, we obtain the following momentum equations:

@⇢⇤u⇤i
@t⇤

=
1

Re
@⌧i j

⇤

@x⇤j
−
@⇢⇤u⇤i u⇤j
@x⇤j

(2.2)

In Eq. 2.2, the superscript ’⇤’ indicates the dimensionless variable. The time and spa-
tial coordinates are represented by t and x j, respectively. The fluid density is represented
by ⇢, and ui denotes the velocity components, where the subscripts i and j refer to the
spatial directions. The shear stress tensor, ⌧i j, describes the viscous forces acting on the
fluid. Therefore, Eq. 2.2 suggests that the transition is driven by the balance between the
convective and viscous terms. Viscous forces act as a damping mechanism, smoothing
out disturbances. However, as the Reynolds number increases, the influence of the con-
vective nonlinearity becomes more pronounced. When this nonlinear convective term
exceeds the damping e↵ect of the viscous forces, flow instabilities develop, leading to
the formation of three-dimensional structures and turbulent eddies. These eddies, driven
by the energy transfer from the main flow, generate high levels of vorticity and contribute
to the random, swirling motions characteristic of turbulence [73].

Unlike laminar flow, where fluid moves in smooth, parallel layers, turbulent flow is
inherently three-dimensional and unsteady. This chaotic nature results in rapid fluctua-
tions in velocity and pressure, which can be observed both in compressible and incom-
pressible flows. Turbulence causes significant mixing, leading to much higher rates of
heat transfer, mass di↵usion, and species mixing compared to laminar flow [73, 100].

From an engineering perspective, the most critical aspect of turbulence is its en-
hanced di↵usivity. Large eddies within turbulent flow dominate the energy transfer pro-
cess, stretching smaller vortices and transferring energy down to the smallest scales,
where it is eventually dissipated as heat. These large structures are influenced by the
shape and properties of the body which is immersed in the flow, making it difficult to
predict purely from local flow properties.

This non-local nature of turbulence means that it cannot be easily modeled or ap-
proximated in two dimensions, as the stretching and interaction of vortex lines require a
full three-dimensional treatment [100].

8



2.1 – The Physics and Modeling of Turbulence Phenomena

In practical applications, such as in aerodynamics or geophysics, turbulent flow plays
a significant role. For example, it enhances the mixing of air in the planetary boundary
layer or influences the drag forces on vehicles. Even in biological systems, turbulence
can be significant—such as in blood flow, where its presence may indicate health issues
like defective heart valves. Despite its chaotic appearance, turbulence can be statistically
analyzed, with time-averaged properties providing valuable insights into flow behavior.

As turbulent eddies decay, they transfer their kinetic energy down the cascade until
it is dissipated by viscous forces at the smallest scales. This continual interplay between
large-scale structures and fine-scale dissipation makes turbulence a challenging yet cru-
cial phenomenon in fluid dynamics.

Turbulence is treated as a continuum phenomenon because the smallest turbulent
scales are substantially larger than molecular scales. In turbulent flows, energy cascades
from larger eddies to progressively smaller ones. Consequently, at the smallest scales, the
energy inflow from larger eddies matches the rate at which these small eddies dissipate
energy as heat. This principle is central to Kolmogorov’s (1941) universal equilibrium
theory. According to this theory, the dynamics at the smallest scales are primarily influ-
enced by the energy transfer rate ✏ ⇡ −dk/dt, where k is the turbulent kinetic energy, and
the kinematic viscosity ⌫ [100, 69]. To gain insight into turbulence, it’s crucial to under-
stand the role of eddies, which are coherent structures within the flow. Turbulent flows
are essentially composed of a spectrum of eddies, ranging from large to medium and the
smallest, also referred as Integral eddies, Taylor eddies and Kolmogorov eddies. These
eddies interact dynamically across the flow, creating a complex and layered turbulence
structure.

For a more quantitative analysis, turbulence is often examined using its energy spec-
trum. This involves decomposing the turbulence into wavenumber  or wavelength
λ = 2⇡/. The spectrum E() is a↵ected by the size of the larger eddies l and the
mean strain rate tensor S. Additionally, because turbulence involves dissipation, E()
also depends on viscosity ⌫ and the energy transfer rate ✏. At high Reynolds numbers,
dimensional analysis indicates that the turbulent kinetic energy k can be described in
terms of ✏ and a characteristic length scale l, which is fundamental to many turbulence
models. A description of the Kolmogorov’s energy spectrum is depicted in figure 2.3.
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Figure 2.3: Turbulent energy spectrum - log-log scale

Despite the broad range of eddy sizes, their collective behavior can be described using
characteristic scales length, time, and velocity that are useful for engineering estimates.
Understanding these categories allows analysts to estimate key turbulence metrics such
as eddy size, lifetime, and velocity.

Large eddies are inherently unstable due to their high energy, significant size, and the
interactions with surrounding eddies that stretch and distort them in various directions.
This instability causes large eddies to fragment into smaller eddies, which continues the
cascade process. The intermediate-sized eddies, fall between the large integral eddies
and the smaller Kolmogorov eddies. They display a hybrid behavior that bridges the
characteristics of integral and Kolmogorov eddies.

Finally, the Kolmogorov eddies represent the smallest scale in the turbulence cas-
cade. As these eddies become smaller, they eventually reach a scale where their size is
comparable to or smaller than the viscous forces that dampen their rotational motion.
Consequently, Kolmogorov eddies are at the end of the energy cascade. Their energy is
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dissipated into the fluid through viscous shear, returning to its original source. Due to
their small size and high vorticity, Kolmogorov eddies have a very short lifespan com-
pared to Integral and Taylor eddies. Moreover, their timescale is much smaller than the
mean flow timescale, making their motion largely independent of both the mean flow and
larger eddies. In an equilibrium state of turbulence, the energy supplied to large eddies
is balanced by the heat dissipated by Kolmogorov eddies.

Another key feature of turbulent flow is that, as we move perpendicularly from the
wall toward the turbulent core, the flow can be divided into distinct regions, each with
unique characteristics. Specifically, it can be separated into the viscous sublayer, bu↵er
layer, log layer, and defect layer. These layers are typically distinguished using two
dimensionless variables. The first is analogous to the Reynolds number and is defined as
follows:

y+ =
yu⇤

⌫
(2.3)

In equation 2.3, u⇤ is known as the shear velocity, and it depends on the wall shear
stress tensor, defined as follows:

u⇤ ⌘
r
⌧w

⇢
(2.4)

The second variables is the dimensionless velocity profile defined as the ratio between
the mean velocity and the shear velocity, as follows:

u+ =
u
u⇤

(2.5)

Laminar flow persists in the viscous sublayer, where viscous forces dominate and
the Reynolds number remains below the critical value. As y+ increases, the flow enters
the bu↵er layer, spanning 7  y+ < 30. This region exhibits both laminar and turbulent
characteristics, with a steep velocity gradient that maximizes turbulence production and
generates the largest eddies, resulting in high turbulence intensity. Beyond the bu↵er
layer, the log layer (30  y+  700) follows, characterized by a logarithmic velocity
profile, commonly referred to as the "law of the wall". While the turbulence intensity
here is lower than in the bu↵er layer, the log layer still significantly contributes to eddy
formation. For y+ > 700, the turbulent velocity exceeds predictions from the log law,
marking the defect layer. Together, the log and defect layers form the turbulent core of
the flow.

This classification is crucial for turbulent flow simulations. To achieve accurate res-
olution of turbulent behavior, grids must be designed with small y+ values. Additionally,
this layer-based distinction informs the development of wall functions, which allow en-
gineers to approximate flow behavior near the wall without the computational cost of
highly refined grids.
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2.2 RANS Modelling

All the complex structures and behaviors of turbulent flow can be predicted using the
3D Navier-Stokes equations, solved on a sufficiently fine mesh (y+ ⌧ 1). This approach,
known as Direct Numerical Simulation (DNS), resolves all scales of turbulence. How-
ever, as the Reynolds number increases, the computational cost becomes prohibitively
expensive. Scientists sought alternative methods to reduce this cost, one of which in-
volves solving only the larger scales of turbulence while modeling the smaller scales.
This is the core concept of Large Eddy Simulations (LES), where the governing equa-
tions are derived by applying a filter to the N-S equations. Typically, the filter’s cut-o↵
length is proportional to the mesh element size. As a result, new terms, called subgrid-
scale terms, appear in the equations and are a function of the mesh size. When the mesh
size approaches zero, the subgrid terms also vanish, recovering the N-S equations as an
asymptotic limit. Although LES is less computationally demanding than DNS, it remains
quite expensive and is still mostly used for research purposes, with limited application in
industry.

Turbulence is characterized by random fluctuations, which allows it to be treated
statistically. This idea was first proposed by Osborne Reynolds in 1895, who suggested
that fluid flow properties, such as velocity, could be viewed as the sum of a mean and a
fluctuating component.

u(x, t) = u(x) + u
0
(x, t) (2.6)

By applying the decomposition presented in Eq. 2.6 to the Navier-Stokes equations,
one can derive the so-called Reynolds-Averaged Navier-Stokes (RANS) equations. Eq.
2.6 describes a time-averaged mean, which is suitable for turbulent flows that exhibit
statistically steady behavior. Other forms of averaging, such as spatial or ensemble av-
eraging, are also possible; however, the choice of averaging method does not a↵ect the
mathematical structure of the RANS equations. In this work, a compressible flow solver
is used, making it more appropriate to apply Favre averaging, or density-weighted time
averaging. The Favre-averaged quantities are denoted with a tilde, and the mean compo-
nent is defined as follows:

ũ =
⇢u
⇢

(2.7)

Introducing the Reynolds decomposition into the Navier-Stokes equations gives rise
to what is known as the closure problem, which is directly related to the nonlinearity of
the governing equations. The nonlinearity results in the emergence of momentum fluxes,
which act as apparent stresses within the flow, named Reynolds stresses. These momen-
tum fluxes, however, are not known a priori. When deriving equations for these stresses,
additional unknowns are introduced, further complicating the system. The closure prob-
lem, therefore, involves generating enough equations to account for all these unknown
variables.

12



2.2 – RANS Modelling

The RANS equations (continuity and momentum equations) for a compressible flow
read:

@⇢

@t
+ r · (⇢ũ) = 0 (2.8)

@⇢ũ
@t
+ r · (⇢ũũ) = −rP + r · (⌧ − ⇢u0u0) (2.9)

The unknown tensor −⇢u0u0 that appears in the momentum equation 2.9 is referred to
as the Reynolds stress tensor. It possesses several important properties, such as positive
definiteness, and since it is symmetric, only six of its nine components are independent.
These six unknowns pose a challenge in solving the equations governing turbulent flow.
To address this, the Boussinesq hypothesis—proposed by Jacques Boussinesq in the late
19th century—provides a crucial simplification. This hypothesis suggests that turbu-
lent shear stresses can be related to the mean velocity gradients, in much the same way
molecular viscosity accounts for momentum transfer in laminar flow.

−⇢u0u0 / ⌫tS (2.10)

where ⌫t is the turbulent eddy viscosity. This formulation simplifies the complex in-
teractions within turbulence, reducing them to an e↵ective viscosity term, which allows
for easier analysis and computation of turbulent flows. While the Boussinesq hypothe-
sis facilitates bridging the macroscopic behavior of turbulent flows with the microscopic
eddy interactions, it introduces some limitations. For instance, modeling turbulent vis-
cosity as an isotropic quantity eliminates the capacity to capture the intricate structures
of turbulence, especially in non-homogeneous or anisotropic flows. This isotropic as-
sumption leads to errors in simulations of complex flow environments, such as turboma-
chinery, where secondary flows and directional variations in turbulence are significant.
Models based on Pope’s theory, for example, attempt to reintroduce some of the nonlin-
ear behavior of turbulence to improve accuracy in these situations [68]. Despite these
shortcomings, RANS models based on the Boussinesq hypothesis remain widely used
in industrial applications. This is due not only to the reduced computational cost com-
pared to more detailed turbulence models but also because in many practical engineering
problems, only the mean flow characteristics are required. These models typically pro-
vide sufficient accuracy for calculating integral quantities like lift and drag coefficients
in turbulent flows, which are of primary interest in industrial settings.

The next challenge lies in selecting an appropriate model for the turbulent eddy vis-
cosity. Over the years, several models have been developed, which can be categorized
into zero, one, and two-equation models.
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2.2.1 Zero-equation models

The 0-equation models, also known as algebraic models, like Prandtl’s mixing length
model, are the simplest. In this approach, the turbulent eddy viscosity is determined
based on a mixing length and the gradient of the mean flow, particularly in the wall-
normal direction. While straightforward, these models rely heavily on case-specific as-
sumptions and require prior knowledge of the flow characteristics, which limits their
general applicability. Another example of an algebraic model is the one of Baldwin-
Lomax [4] which can be applied only to attached, thin boundary layers.

2.2.2 One-equation models

To address the limitations of algebraic turbulence models, researchers began devel-
oping one-equation models. The key idea behind these models is to introduce a transport
equation for a single turbulent quantity, typically the turbulent kinetic energy. One of
the earliest and most famous examples of this approach is Prandtl’s 1945 model, which
solves for the turbulent kinetic energy. However, since the model only provides one
turbulent characteristic, an additional assumption is required to calculate the turbulent
viscosity. In Prandtl’s model, a linear relationship is used for this purpose, which consti-
tutes its primary limitation.

Other well-known one-equation models include the Baldwin-Barth model [3], and
the Spalart-Allmaras model [86]. Both of these models simplify the turbulence modeling
by introducing a transport equation for the turbulent viscosity ⌫t directly, rather than
relying on turbulent kinetic energy or other turbulent quantities. The Spalart-Allmaras
model, in particular, has gained widespread use in aerodynamics and it is the model
employed in this thesis. Therefore, a more detailed discussion of this model will be
provided in the following chapter.

2.2.3 Two-equation models

Two-equation turbulence models are based on solving two transport equations for two
key variables, which together are used to model the turbulent viscosity ⌫t. Kolmogorov’s
original model from 1942 laid the foundation for these models by using two key vari-
ables: turbulent kinetic energy k and specific dissipation rate!. In Kolmogorov’s view, !
represents the rate at which turbulence dissipates in a unit volume over time. He consid-
ered ! to be a fundamental quantity applicable across all scales of turbulence, assuming
equilibrium energy transfer among eddies.

All two-equation models share a common feature: one of the transport equations gov-
erns turbulent kinetic energy k, while the second equation di↵ers, leading to two main
categories of models: the k − ✏ and the k − ! models. The Standard k − ✏ (SKE) model
of Launder and Sharma [45], is a widely used two-equation turbulence model. It is val-
ued for its simplicity and robustness but has several limitations. It tends to be overly
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dissipative, has difficulty accurately modeling flow separation, and exhibits issues with
the correct representation of eddy scales and closure inconsistencies. To address some
of these shortcomings, alternative versions of the k − ✏ model have been developed. The
Renormalization Group (RNG) k − ✏ model [103] introduces a term that reduces dis-
sipation, particularly improving performance in low-Reynolds number flows and flows
with swirling motions. The Realizable k − ✏ (RKE) model [81] incorporates a realiz-
ability constraint, which ensures that the predicted stresses remain physically realistic,
making it particularly e↵ective for flows involving separation or swirling. Despite these
improvements, both the RNG and RKE models share some of the same drawbacks as
the SKE model, including challenges with accurately capturing eddy scales and closure
inconsistencies.

The most notable k − ! models are those developed by Wilcox, with three versions
existing: 1988, 1998, and 2006 [99, 101, 100].

Wilcox 1988: This version demonstrated good performance in predicting flows with
adverse pressure gradients and separated flows. It tends to be more accurate near walls
due to its use of the specific dissipation rate, !, instead of the turbulent dissipation rate,
✏, as seen in the k − ✏ model. However, it was sensitive to free-stream turbulence, often
over-predicting turbulence levels in regions away from walls.

Wilcox 1998: The 1998 version introduced modifications to address the free-stream
sensitivity that plagued the 1988 model, enhancing its robustness and accuracy in high-
Reynolds-number flows. A significant addition was a cross-di↵usion term that improved
the interaction handling between turbulence and flow properties in complex boundary
layer scenarios. While it represented an improvement, the 1998 model still exhibited
some sensitivity to free-stream conditions, albeit significantly reduced.

Wilcox 2006: This model further refined the traditional k − ! approach by blending
the k − ! behavior near the wall with a k − ✏-like approach in the outer boundary layer.
This strategy aimed to mitigate free-stream sensitivity, a persistent issue in earlier k − !
formulations. A key feature of the 2006 model is the introduction of a limiter on the tur-
bulent shear stress, which helps to prevent the unphysical growth of turbulent viscosity
and excessive turbulent production in separated flows. Overall, Wilcox’s 2006 model fo-
cuses on enhancing free-stream performance while e↵ectively managing boundary layer
flows, and maintaining accuracy near walls and in adverse pressure gradients. It requires
a fine mesh near the wall, as it does not utilize wall functions, which can be seen as an
advantage, with the first node of the mesh typically having y+ < 5.

In 2003, Menter et al. [55] developed the Shear Stress Transport (SST) k −! model.
This model similarly blends k−✏ and k−! behavior, leveraging the strengths of both: the
k − ✏ model performs well at high Reynolds numbers away from walls, while the k − !
model excels in low Reynolds numbers near boundary layers but is more sensitive to free-
stream conditions. In this approach, the boundary layer is computed using the 1988 k−!
model, while the k − ✏ model is applied in the free-stream region. A blending function
computes the asymptotic turbulent behavior between the two regions. Additionally, a
stress limiter is implemented to account for the influence of mean strain rates on turbulent
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kinematic viscosity, akin to the stress limiter in the 2006 Wilcox model.
Overall, while the SST k − ! model is slightly more complex than the 2006 Wilcox

model, both are among the most widely used two-equation turbulence models today due
to their excellent performance in solving turbulent flow characteristics.

2.2.4 Reynolds Stress Transport models

It’s important to note that there are more sophisticated models that bypass the Boussi-
nesq approximation, namely, the Reynolds Stress Transport models (RSM) [88, 38, 59].
These models o↵er an advanced approach to turbulence modeling by directly solving
transport equations for the components of the Reynolds stress tensor. This allows for a
more nuanced representation of turbulent flows compared to simpler models that rely on
isotropic assumptions.

However, one of the main challenges with RSM models is the closure problem. Be-
cause they introduce more unknowns than equations, various closure assumptions must
be employed to relate these stresses to mean flow quantities.

Additionally, the complexity of RSM models typically requires greater computational
resources than two-equation models, making them less commonly used in practical ap-
plications due to their computational intensity.

2.3 Transition phenomena

Turbulence modeling is inherently complex due to the various approximations that
must be made to capture the chaotic nature of turbulent flows. Among the most com-
monly used approaches are RANS models, which provide a time-averaged solution to the
N-S equations. However, RANS models introduce the closure problem, where additional
equations are needed to account for the unknowns introduced by averaging the turbulent
fluctuations. To address this, many RANS models have been developed, each o↵ering
di↵erent levels of accuracy depending on the flow conditions. While these models pro-
vide good approximations, they still introduce errors, though typically small enough to
capture the essential physical properties required for engineering design purposes. The
most challenging scenarios to model, however, are the transition regimes, where the flow
shifts from laminar to turbulent, and situations involving flow separation. In these cases,
fully turbulent RANS models often fall short, as they are designed for fully developed tur-
bulent flows and struggle to capture the intricate dynamics of transitional flows. Finding
new models or improving existing ones to handle these scenarios remains an active area
of research, as simulating transitional flows with both accuracy and efficiency is crucial
but extremely difficult. The transition from laminar to turbulent flow can occur under sev-
eral conditions, including natural transition, bypass transition, separated-induced transi-
tion, and reverse transition, each with distinct characteristics. The laminar boundary
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layer can become destabilized by viscous instability waves, a phenomenon initially pre-
dicted by Prandtl and later confirmed mathematically by Tollmien. These disturbances
are known as Tollmien-Schlichting (T-S) waves. Schlichting [80] o↵ers a comprehensive
explanation of this process, which is termed natural transition. As the Reynolds num-
ber based on momentum thickness reaches a critical threshold, the laminar boundary
layer becomes susceptible to small disturbances in the flow. These disturbances evolve
into two-dimensional T-S waves. As the instability intensifies, three-dimensional pertur-
bations arise, forming loop vortices that generate large fluctuations in the flow. These
fluctuations lead to the formation of turbulent spots, which grow and propagate down-
stream, eventually merging to form a fully developed turbulent boundary layer. This
transition process has been thoroughly studied in low-turbulence environments, such as
the flow over aircraft wings, where the laminar boundary layer gradually transitions into
turbulence. However, the transition does not occur until the T-S waves become nonlinear,
and inviscid mechanisms begin to amplify the disturbances, leading to three-dimensional
flow structures. The turbulent spots are formed and expand within the surrounding lami-
nar flow and eventually coalesce, transforming the entire boundary layer into a turbulent
one. The figure 2.4 represents this process.

Figure 2.4: Natural transition process
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Natural transition typically occurs when the freestream turbulence level is low (be-
low 1%). However, when the turbulence level in the freestream is higher (above 1%),
the initial stages of natural transition (as shown in figure 2.4) are bypassed, leading to
a di↵erent mechanism known as bypass transition. Bypass transition can also occur in
the presence of surface roughness. In this case, turbulent spots form directly within the
boundary layer, with external disturbances driving the process. Unlike natural transi-
tion, where small disturbances grow gradually, bypass transition bypasses linear growth,
focusing instead on the generation, growth, and downstream propagation of turbulent
spots. From a practical perspective, bypass transition is often considered to begin when
the skin friction deviates from the expected laminar values, which has been identified as
the point where the first turbulent spots appear [52]. Before these spots form, the bound-
ary layer remains laminar, though measurements indicate that this pre-transitional flow
exhibits significant velocity fluctuations, often referred to as laminar fluctuations [52].
These fluctuations are thought to result from pressure waves in the turbulent freestream,
which propagate into the boundary layer and, similar to T-S waves, cause the velocity
fluctuations to grow. Once these fluctuations reach a critical level, turbulent spots form
and propagate downstream, marking the onset of transition.

Separated-flow transition is a significant mechanism in various engineering appli-
cations, especially in gas turbines. When a laminar boundary layer detaches from a
surface, the resulting free shear layer can undergo a transition to turbulence. Due to the
increased mixing in the turbulent flow, this shear layer can reattach to the surface, form-
ing what is known as a laminar separation and turbulent reattachment "bubble". This
phenomenon often occurs in the presence of boundary layer disturbances like trip wires
or in regions with adverse pressure gradients. In gas turbines, such transition is particu-
larly common in overspeed regions, notably near the leading edge of an airfoil, both on
the suction and pressure sides, or around the point of minimum pressure on the suction
side. The length of these separation bubbles varies depending on the transition processes
within the free shear layer. They are classified as long or short, based on their influ-
ence on the airfoil’s pressure distribution. Long bubbles, particularly in low-turbulence
environments, tend to maintain laminar flow for an extended duration, during which T-
S instabilities have been detected. From an aerodynamic performance standpoint, long
separation bubbles are undesirable, as they lead to increased flow losses and significant
deviations in exit flow angles. In contrast, shorter bubbles promote earlier transition to
turbulence, which can be strategically used to enhance flow control and improve overall
performance. However, predicting whether a separation bubble will be long or short is
challenging. Small changes in Reynolds number or the airfoil’s angle of attack can cause
the bubble to drastically change from short to long, a phenomenon known as "bursting"
[52]. Separation-induced transition can also occur around an airfoil’s leading edge, espe-
cially if the leading edge radius is small. The size of the leading-edge separation bubble
is influenced by factors such as freestream turbulence intensity, leading-edge geometry,
angle of attack, and the Reynolds number. Larger leading-edge separation bubbles result
in a thicker downstream boundary layer, increasing the likelihood of flow separation due
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to an adverse pressure gradient. A depiction of this bubble-like separation is shown in
Figure 2.5.

Figure 2.5: Separation-induced transition mechanism

The transition process can also occur in the reverse direction, where turbulent flow
reverts to laminar flow, a phenomenon known as reverse transition or re-laminarization.
This typically happens when there is significant acceleration, such as on the trailing edge
pressure side of most airfoils or on the leading edge suction side of many turbine blades.
The acceleration in these regions can be large enough to cause the turbulent boundary
layer to relaminarize. However, if the acceleration decreases sufficiently, the flow can un-
dergo re-transition, reverting back to turbulence. This dual process of re-laminarization
followed by re-transition can occur as the flow adapts to changing conditions.

2.4 Transition Modelling

To address the transition phenomena, scientists have developed transitional RANS
models that attempt to capture transition phenomena more accurately. One key aspect
of transition is its intermittency, the flow does not smoothly transition from laminar to
turbulent but rather switches back and forth depending on local conditions. For example,
natural transition is driven by flow instability, where the flow evolves gradually as the
Reynolds number increases, reaching a critical value that stabilizes the turbulent regime.
However, transition can also occur abruptly due to external factors, such as an adverse
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pressure gradient that forces laminar flow to become turbulent or a favorable pressure
gradient that returns turbulent flow to a laminar state. Additionally, the geometry of the
object can significantly influence transition. A sharp shape may induce flow separation,
triggering the transition to turbulence. However, despite the knowledge on the phenom-
ena and the advancements in the RANS model, transitional RANS models often fail to
accurately predict such complex behaviors, resulting in erroneous estimates for key de-
sign parameters like drag or lift coefficients. The complexity of capturing transitional
flows, especially under varying conditions, remains a significant challenge in turbulence
modeling.

2.4.1 eN
Semi-Empirical Method

Initially, models for predicting transition were based on boundary layer linear stabil-
ity theory. This allows for the prediction of transition by monitoring the amplification
of small disturbances, the T-S waves. The linear stability theory decomposes the flow
into a mean flow and a small disturbance superimposed on it. This approach assumes
that the disturbances are small compared to the main flow quantities. The primary ob-
jective of stability theory is to assess whether disturbances will grow or diminish when
subjected to a given mean flow. The flow is considered unstable if disturbances amplify
and stable if they decay [80]. A significant application of linear stability theory is the
semi-empirical eN method, developed by van Ingen [92] and further refined by Smith and
Gamberoni [85] in 1956. This method extends stability theory by concentrating on the
energy amplification of disturbances within the flow. The fundamental concept involves
assessing how these disturbances develop and amplify along the flow, represented by the
factor eN , where N denotes the amplification factor. The procedure consists of three se-
quential steps. The initial step involves calculating the laminar velocity and temperature
profiles along the object of interest. In the second step, the local growth rates of unsta-
ble waves are determined for each of these profiles, which can be achieved by solving
the local stability equations. Finally, the local growth rates are integrated along each
streamline to ascertain the N factor. Transition is assumed to begin once the disturbance
amplitude ratio eN surpasses the critical N factor. Typical values can range from 7 to 9.
A significant limitation of this method is that the initial amplitude of disturbances in the
boundary layer is influenced by the external disturbance environment, which is typically
governed by an unknown receptivity process. Consequently, the N factor at the onset of
transition is not universal and must be calibrated through wind tunnel or flight tests. This
method encounters challenges when applied to separated flow transitions, where the tran-
sition onset leads to boundary layer reattachment. In such cases, the laminar solution can
be significantly separated and exhibit unsteady vortex shedding. Because a steady-state
solution is often not available, local growth rates cannot be calculated using the local
stability equations. In this scenario, the eN method, which is based on linear stability
theory, fails to account for transitions driven by nonlinear e↵ects, such as bypass transi-
tion. In contemporary N-S simulations, the transition is generally modeled by activating
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a turbulence model at the predicted transition point, as indicated by the eN method. This
approach facilitates a gradual increase in eddy viscosity, resulting in a smooth rather than
abrupt transition in the properties of the viscous layer and creating a small computational
transitional zone. However, this point transition method can introduce local disturbances
due to significant reductions in displacement thickness near the transition point, leading
to pronounced interactions between viscous and inviscid flows, which may notably influ-
ence flow characteristics upstream of the transition region. While these methods provide
valuable insights into transitional phenomena, they often rely on linear approximations
that may not fully capture the complex behaviors observed in practical applications. Fur-
thermore, they tend to be incompatible with standard CFD techniques employed for com-
plex geometries, as they necessitate prior knowledge of geometry and grid topology and
involve numerous non-local operations, such as tracking disturbance growth along each
streamline. These complexities pose significant challenges for integrating such methods
into modern CFD approaches [44].

2.4.2 Correlation-based Method

Another approach to modeling transition involves using correlated empirical formu-
las. A notable investigation into transition was conducted by Abu-Ghannam and Shaw
in 1980 at the University of Liverpool’s Aerodynamic Laboratory [1]. Their experiments
carried out in a low-speed wind tunnel, used six turbulence grids made from steel or
wooden bars to generate turbulence levels between 0.5% and 5% at the leading edge of
a flat plate. They developed a model that links boundary layer parameters to external
factors, such as turbulence intensity and both adverse and favorable pressure gradients.
Specifically, they established a correlation for the onset of transition based on the turbu-
lence level and pressure gradient data. Transition initiation was analyzed by calculating
the momentum thickness Reynolds number, using the following equations:
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where λ✓ represents the pressure gradient parameter and it is defined as follows:

λ✓ =
✓2

⌫

dU
dx

(2.13)

In Equation 2.13, ✓ is the momentum thickness, whereas ⌫ represents the kinematic
viscosity and dU/dx is the streamwise velocity gradient.

They also derived a correlation to predict the end of transition. Building on the work
of Dhawan and Narasimha (1958) [17], who defined a transition length Reynolds number
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ReLγ as a function of the Reynolds number Rexs at the start of transition for a zero pressure
gradient scenario, the following equation was used:

ReLγ = 5 · Re0.8
xs (2.14)

Here, ReLγ is based on the transition length Lγ, which corresponds to the region where
the intermittency factor γ increases from 0.25 to 0.75. Moreover, Dunham’s (1972) [19]
research showed that the total transition length L is related to Lγ (L = 3.36Lγ), leading
to the final equation for the Reynolds number at the end of transition:

Rexe = Rexs + 16.8 · Re0.8
xs (2.15)

Additionally, they provided a relation for the intermittency factor γ, which was mea-
sured under di↵erent conditions. Notably, no significant e↵ect of pressure gradient was
observed. From these findings, along with other experiments involving various pressure
gradients and turbulence levels, they derived the following relationship between γ and ⌘:

γ = 1 − exp(−5⌘3) (2.16)

where ⌘ represents the non-dimensional distance from the start of the transition over
the transition length. It is defined as follows:

⌘ =
X − XS

XE − XS
(2.17)

In Equation 2.17, XS is the starting point for transition, while XE is the end point.
Finally, X is an arbitrary point in the transition region. The correlations developed by
these researchers were able to predict the evolution of key boundary layer parameters,
such as the momentum thickness ✓, shape factor H, skin-friction coefficient CF, and
intermittency factor γ. These quantities were found to be related to the non-dimensional
distance from the start of transition.

2.4.3 γ − Re✓ Model

The methods described above address the limitations of RANS models, which are
unable to capture the linear disturbance growth characteristic of transition phenomena.
However, these methods are not fully compatible with general-purpose CFD approaches.
The primary challenge lies in the need for prior knowledge of the geometry and grid
topology required by these models. Additionally, another limitation is the use of non-
local operations, which, while possible to implement in CFD codes, are highly inefficient
and time-consuming. The complexity arises from the fact that CFD codes often employ
mixed elements and are typically executed in parallel, meaning boundary layers may
be divided and computed across di↵erent processors, making search or integration algo-
rithms impractical. For a transition model to be fully compatible with CFD codes, it must
be formulated locally. One of the most well-known and widely used transition models
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is the γ − Re✓ model developed by Langtry and Menter [44]. The authors emphasized
that their model does not aim to replicate the detailed physics of the transition process.
Instead, its purpose is to provide a framework for incorporating correlation-based mod-
els into general-purpose CFD methods, a technique referred to as local correlation-based
transition modeling. The key innovation of this model is that it eliminates the need to
integrate the boundary-layer velocity profile to determine the onset of transition [56].
Instead, it introduces the concept of the vorticity Reynolds number to establish a connec-
tion between the transition onset Reynolds number, derived from empirical correlations,
and local boundary-layer parameters. The vorticity Reynolds number, or the strain-rate
Reynolds number, used in this model is defined as follows:

Rev =
⇢y2

µ

(((((
@u
@y
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while the momentum thickness Reynolds is defined as follows:

Re✓ =
max(Rev)

2.193
(2.19)

In the presence of strong pressure gradients, the relationship between the momentum-
thickness Reynolds number and the vorticity Reynolds number, as described by Eq. 2.19,
is altered due to changes in the boundary-layer profile shape. This variation a↵ects the
accuracy of the transition prediction. Indeed, Langtry and Menter in [44] present a plot
showing the relative error between the maximum vorticity Reynolds number and the
momentum-thickness Reynolds number as a function of the boundary layer shape factor
H.

The result shows that the vorticity Reynolds number increases with the shape factor,
providing a useful indicator to predict separation-induced transition. This feature makes
these models superior to conventional low-Reynolds-number models, as they inherently
contain information about the boundary layer thickness.

As the name suggests, the γ − Re✓ transition model is based on a transport equation
for the intermittency factor γ, which is used to locally trigger transition by modifying the
production term of the underlying RANS model. In their work [44], Langtry and Menter
coupled this transport equation with the k − !-SST model. A brief description of the
transport equation is provided below:

@⇢γ
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+ r · (⇢uγ) = Pγ − Eγ + r ·
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µ +
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σ f

!
rγ

#
(2.20)

For simplicity, I will not provide a detailed description of each term, just the most
important one. The production term Pγ, which governs the generation of the intermit-
tency factor, depends on the strain-rate tensor, as well as two empirical correlations: one
controlling the length of the transition and the other determining the onset of transition.
The production term is defined as follows:
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Pγ = Flengthca1⇢S
⇥
γFonset

⇤0.5 (1 − ce1γ) (2.21)

The destruction or relaminarization source term is instead described below:

Eγ = ca2⇢⌦γFturb(ce2γ − 1) (2.22)

This destruction term ensures that the intermittency remains close to zero in the lam-
inar boundary layer. When the Fonset function is no longer satisfied, the eq. 2.22 allows
the model to predict re-laminarization. Instead of the strain rate S , the vorticity⌦ is used
in the destruction term to avoid the destruction of intermittency in the freestream due to
freestream strain rates.

In addition to the transport equation for intermittency, the γ−Re✓ model solves a sec-
ond transport equation for the transition onset momentum-thickness Reynolds number.
The authors’ idea was to use an empirical correlation to calculate Re✓t in the freestream
and to allow the freestream value to di↵use into the boundary layer. Finally, the transport
equation takes a non-local empirical correlation and transforms it into a local quantity.
The local quantity is then used to predict the transition length, as well as the critical
Reynolds number. The transport equation for the transition onset momentum-thickness
Reynolds number is presented below:

@⇢Rẽ✓t
@t

+ r · (⇢uRẽ✓t) = P✓t + r ·
h
σ✓t (µ + µt)rRẽ✓t

i
(2.23)

In Equation 2.23, the source term P✓t is built to force the transported scalar Rẽ✓t to
match the local value of Re✓t, which is evaluated with an empirical correlation. The
source term is defined as follows:

P✓t = c✓t
⇢

t
(Re✓t − Rẽ✓t)(1 − F✓t) (2.24)

The blending function F✓t in Equation 2.24, allows to turn o↵ the source term inside
the boundary layer which forces the Rẽ✓t to di↵use in from the freestream. It is worth
noting that the authors adjusted the local intermittency value γ to account for separation-
induced phenomena. The original model struggled to predict the correct position of
turbulent reattachment, often placing it too far downstream. To address this issue, the key
idea was to allow the local intermittency to exceed 1 when the laminar boundary layer
separates. This adjustment leads to a significant increase in the production of turbulent
kinetic energy, promoting earlier reattachment of the flow.

The γ − Re✓ model is one of the most widely used models for simulating turbulent
transition, known for delivering accurate results and being compatible with CFD com-
putations. It is based on transport equations. However, the authors emphasize that this
model is not designed to capture the underlying physics of the transition process. Instead,
it should be seen as a framework for incorporating transition correlations into general-
purpose CFD methods.
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2.4.4 Laminar Kinetic Energy Model

An alternative approach to modeling transition, distinct from the widely-used γ −
Re✓ model, is the laminar kinetic energy (LKE) model, which focuses on capturing the
underlying physics of the transition process rather than relying on empirical correlations
typically embedded in transport equations.

The core idea behind the LKE model is to represent the pre-transitional rise of fluc-
tuations within transitional boundary layers and their subsequent breakdown into turbu-
lence, as first emphasized by Mayle and Schulz [52]. To describe this phenomenon, the
authors introduced an additional equation to model the evolution of the energy associ-
ated with these pre-transitional fluctuations, termed the laminar kinetic energy equation.
They identified a mechanism that establishes the e↵ective frequency and turbulence level
in the freestream, both critical for generating and amplifying the fluctuations. These fluc-
tuations increase skin friction and heat transfer in the pre-transitional region, eventually
leading to bypass transition as the streamwise fluctuations deteriorate into turbulence. It
is crucial to note that these streamwise fluctuations di↵er from conventional turbulence.

Pacciani et al. [64] also applied this LKE approach to investigate transitional flows in
low-pressure gas turbines, particularly focusing on transition induced by laminar separa-
tion. Their model was based on the low-Reynolds-number Wilcox (1998) k − ! model,
augmented with an additional laminar kinetic energy equation. This formulation includes
coupling terms between the laminar and turbulent kinetic energy equations, which play
a key role in the transition process by facilitating energy transfer from pre-transitional
fluctuations to the turbulent field.

Moreover, Ferrero [23] found that the 1998 Wilcox k −! model performs well when
combined with the LKE model. Specifically, the 1998 version underpredicts turbulent
kinetic energy, and the introduction of the LKE equation compensates for this missing
contribution. In contrast, the 1988 and 2006 versions of the k − ! model tend to over-
predict turbulent kinetic energy, which, when further augmented by the LKE equation,
leads to poorer agreement with experimental data.

The turbulent and laminar kinetic energy equations for a compressible flow are ex-
pressed as follows:

@⇢kl
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kl
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In equation 2.25, the production term is governed by the "laminar eddy viscosity" ⌫l,
which itself is a function of the laminar kinetic energy kl and the vorticity thickness δ⌦.
The laminar eddy viscosity ⌫l plays a crucial role in describing how energy is transferred
within the laminar boundary layer during the pre-transitional phase, with the vorticity
thickness δ⌦ helping to characterize the spatial variation of the velocity field in this re-
gion. Together, these parameters enable the model to account for the production and
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evolution of laminar kinetic energy during the early stages of transition.

⌫l = C1 f1
p

klδ⌦ (2.27)

To enhance the transfer of laminar kinetic energy to the turbulent field, the term R is
introduced. This term appears in both the laminar and turbulent kinetic energy equations
but with opposite signs, representing the exchange of energy between the two fields. The
term R is a function of kl, the laminar kinetic energy, and is defined as follows:

R = C2 f2!kl (2.28)

In equation 2.28, the term f2 acts as a damping function that controls the onset of the
energy transfer process from laminar kinetic energy to the turbulent field. This function
modulates the influence of R, ensuring that the transfer only occurs when certain condi-
tions, such as the presence of significant laminar kinetic energy fluctuations, are met. By
adjusting f2, the model can regulate the initiation and magnitude of this energy exchange,
preventing premature or excessive energy transfer during the transition process.

f2 = 1 − e− /C3  = max(0,Ry −C4) (2.29)

From equation 2.29, it can be observed that the damping function f2 depends on
Ry, which is defined as a local Reynolds number based on the turbulent kinetic energy
(Ry =

p
kd/⌫). Once Ry surpasses a certain threshold, denoted by C4, the transfer of

laminar kinetic energy to the turbulent flow begins. This threshold mechanism ensures
that the energy transfer only occurs when the local turbulence has developed sufficiently,
as indicated by the value of Ry.

2.5 Enhancing Turbulence Model with Machine Learn-

ing

The need for multiple turbulence models stems from the fact that each is designed to
perform well under specific scenarios, such as boundary layer flows, separated flows, or
transitional flows. The widely-used two-equation models, such as the k − ✏ and k − !
models, incorporate several empirical coefficients that need to be calibrated for each
specific study case. This calibration process adds another layer of complexity, requiring
expert knowledge and often extensive trial and error. When it comes to predicting the
transition from laminar to turbulent flow, the modeling challenge becomes even more
intricate. In previous paragraphs, traditional approaches to modeling transition have
been outlined, starting from empirical correlation-based methods to those that attempt
to mimic the intermittency behavior associated with transition using transport equations.
More complex models also exist, which try to incorporate the underlying physics of
the transition phenomenon. Each of these methods comes with its limitations, such as
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difficulties in predicting the exact location of transition onset or handling flow separation
and reattachment. An example is the study by Choudhry et al. [15] where the γ − Re✓
model and the LKE model are compared on the low Reynolds NACA0021 airfoil.

Recently, turbulence modeling has increasingly embraced data-driven methods, lever-
aging machine learning algorithms to enhance the accuracy of conventional models. This
need arises due to the limitations of traditional models like RANS, which, while com-
putationally efficient, rely on empirical approximations and struggle to capture the com-
plexity of turbulent flows, particularly in transitional regimes. Machine Learning (ML)
o↵ers a promising approach to address these challenges by using high-fidelity data to
improve predictions. These advancements have gained attention in the CFD community,
as they o↵er potential cost reductions and enhanced prediction capabilities [10, 30, 94].

According to Beck et al. [5], data-driven turbulence modeling generally follows three
key approaches:

• Parameter Estimation: Machine learning algorithms are employed to fine-tune
parameters within existing turbulence models, particularly targeting the Reynolds
stress tensor and the Boussinesq hypothesis [68]. This method incorporates neural
networks enhanced with Galilean invariance to improve flexibility when address-
ing complex fluid flows [47, 36, 109, 95].

• Replacement of Closure Models: Traditional closure models are replaced with
fully connected neural networks (FCNNs) or architectures using gated recurrent
units (GRUs). These networks are specifically designed to resolve stability issues
in long-term simulations [7, 54, 43].

• Substitution of PDE Models: In some cases, the entire system of Partial Di↵er-
ential Equations (PDEs) governing turbulence is substituted with machine learning
techniques, such as autoencoders or Physics-Informed Neural Networks (PINNs)
[60, 70, 22, 37]. These methods aim to directly model the fluid dynamics without
relying on traditional PDE formulations.

A recent and comprehensive review by Paola Cinnella explores the growing use of
data-driven models to enhance turbulence modeling in CFD [16]. Cinnella categorizes
the applications of ML in turbulence modeling into three main approaches:

• Data-assimilation models: These models identify corrective fields for RANS
transport equations or Reynolds stresses using ML algorithms. The corrective
fields are parameterized as functions of flow features, allowing more accurate pre-
dictions in new flow conditions. This approach adjusts RANS models to improve
their predictions while preserving the model’s overall structure [21, 27].

• Direct learning of Reynolds stress corrections: In this approach, corrections
to the Reynolds stress field are learned directly from high-fidelity DNS or LES
data. This allows RANS models to leverage detailed simulations to improve their
accuracy, bypassing the need for empirical adjustments [47, 14].
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• Model-consistent approaches: Here, the corrective fields are learned directly
within the RANS framework through backpropagation or other optimization al-
gorithms. This ensures that the corrections are learned in a way that is consistent
with the model’s physics. These methods use either gradient-based or gradient-
free optimization techniques, depending on the complexity of the problem. [89,
25]

The review also distinguishes between di↵erent types of ML turbulence models based
on their interpretability:

• Black-box models: These models use machine learning algorithms such as Neu-
ral Networks (NN), Random Forests (RF), or Gaussian Processes (GP) to learn
unclosed terms like Reynolds stresses. As the name suggests, these models act
as black boxes, o↵ering no direct insight into the flow physics but providing high
flexibility and predictive power. The lack of interpretability is a key limitation of
these models.

• Grey-box models: In this category, machine learning is employed to refine spe-
cific components of the RANS model, including aspects like eddy viscosity or
Reynolds stresses. This approach enhances accuracy while maintaining a degree
of physical interpretability. A notable framework within this category is the Field
Inversion and Machine Learning (FIML), which will be discussed in detail later,
as it forms a foundational aspect of this PhD work.

• Open-box models: These models prioritize physical transparency by formulating
corrections in easily interpretable mathematical expressions. Genetic Expression
Programming (GEP) is commonly employed in this context. To ensure that the
corrections remain physically meaningful and straightforward, techniques such as
feature engineering and sparsity constraints are frequently applied. While these
models o↵er greater interpretability, they tend to be less flexible than black-box
models and may face challenges when scaling to high-dimensional problems.

Cinnella further classifies ML-driven turbulence models based on their training strate-
gies:

• A priori training: This approach involves training machine learning models on
high-fidelity data obtained from DNS or LES. The models are designed to predict
corrections for RANS models by leveraging fully resolved turbulent properties,
such as Reynolds stresses. However, this method may encounter issues related to
inconsistencies between DNS and RANS fields, a challenge often referred to as
the feature mismatch problem. Since the machine learning model is trained ex-
clusively on DNS data, its predictions might not correspond well to the features
present in RANS simulations, particularly because RANS models utilize approx-
imations for turbulent quantities that do not have a direct comparison with DNS
results.
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• A posteriori or model-consistent training: This approach involves training the
machine learning model directly within the RANS framework. The unclosed terms
in the turbulence model are optimized through a "CFD-in-the-loop" process, where
the output of the RANS model is compared to high-fidelity data. During this it-
erative process, the model parameters are adjusted to minimize discrepancies be-
tween the model predictions and the reference data. However, due to the highly
non-linear nature of the RANS equations and the non-convex landscape of the
loss function, optimization techniques, especially gradient-based ones, can be-
come stuck in local minima, complicating the pursuit of global convergence. While
gradient-free algorithms can circumvent this problem, they tend to be slower and
more computationally intensive.

2.5.1 Field Inversion and Machine Learning

The literature review of various machine learning algorithms applied to turbulence
modeling highlights their respective advantages and disadvantages. Among these ap-
proaches, the FIML method stands out as particularly intriguing due to its model-
consistent nature. Moreover, as pointed out in the previous paragraph, FIML can be seen
as a grey-box model. Unlike other methods, FIML does not require specific high-fidelity
data; it can utilize any available high-fidelity or experimental data.

The initial phase of the algorithm focuses on an optimization problem aimed at de-
termining a "correction field". This correction field is used as an additional parameter
intended to enhance the existing turbulence model. The subsequent phase employs ma-
chine learning techniques to identify a suitable correlation between this correction field
and fluid flow characteristics.

The FIML paradigm has shown great promise as a data-driven approach. Various
studies underscore its e↵ectiveness across di↵erent applications. For instance, Fidkowski
[28] utilized FIML in gradient-based shape optimization to replace traditional RANS
models, while Yang and Xiao [104] enhanced a four-equation transition model. Further-
more, Ferrero et al. [24, 27] applied FIML to improve RANS modeling for turbomachin-
ery flows, and Brenner et al. [9] employed it in incompressible turbulent flow to directly
adjust turbulent viscosity. The primary objective of this PhD work was to implement the
FIML technique within a compressible CFD solver and to analyze its advantages and dis-
advantages. This approach was specifically applied to augment the RANS model, with
a focus on the Spalart-Allmaras model due to its simplicity and single-equation formu-
lation, which minimizes the number of parameters involved. This approach was tested
on various scenarios, including a transitional flat plate, a backward-facing step, and two
low-Reynolds number airfoils (details to be provided later). An analysis of di↵erent goal
functions was conducted, alongside an investigation into multi-objective strategies. Ad-
ditionally, a method was explored to bypass the identification of input variables in the
second phase by employing an alternative ML algorithm. Further details will be elabo-
rated in the upcoming chapters.
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Chapter 3

Spalart-Allmaras

3.1 Original Spalart Allmaras Model

To leverage the FIML framework, the Spalart-Allmaras turbulence model was se-
lected. Algebraic models were ruled out due to their limitations, as they require prior
knowledge of the test case for calibration, making them inadequate for flexible simula-
tions. On the other hand, two-equation models require the introduction of an additional
di↵erential equation, which can lead to increased numerical complexity [100]. More-
over, there are cases in which one-equation models yield comparable or even superior
accuracy compared to two-equation models. A notable example is discussed in [90].
The objective here, however, is to develop a CFD-data-driven framework that can pre-
dict transitional phenomena without the limitations of overly specialized models. The
Spalart-Allmaras model strikes the right balance between simplicity and adaptability for
this purpose.

The original Spalart-Allmaras model was introduced in 1992 [86], where Spalart et
al. provided a detailed explanation of the development and rationale behind each term
in the equation. In this section, I will provide a concise summary of their reasoning
while preserving the essential meaning of each component. The development of the
Spalart-Allmaras one-equation model began by addressing some key disadvantages of
two-equation models. First, the authors pointed out that two-equation models typically
require finer grids near the wall, which increases computational cost and complexity.
These models also involve strong source terms that can degrade convergence, and they
require non-trivial upstream and freestream conditions for turbulence variables. Addi-
tionally, near-wall issues often necessitate the use of wall functions, which are cum-
bersome and lose their validity in critical scenarios like flow separation. The Spalart-
Allmaras model was constructed by adhering to several fundamental principles: Galilean
invariance, the use of mean flow field variables, and dimensional analysis to accurately
model the turbulent eddy-viscosity ⌫t. In turbulence modeling, the governing equations
are characterized by the presence of source terms, specifically production and destruc-
tion terms. These source terms play critical roles in capturing the complex dynamics of
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turbulence. The production term is responsible for the generation of turbulence, while
the destruction term accounts for its dissipation. Together, they describe how turbulent
kinetic energy is created, sustained, and eventually dissipated within the flow. The pro-
duction term in turbulence equations typically represents the conversion of mean flow
energy into turbulent energy. It quantifies how instabilities in the flow, such as velocity
gradients (related to shear stresses), lead to the growth of turbulence. For example, near
the boundary layer of an object, strong shear gradients generate turbulent eddies, which
is reflected in the production term. Spalart et al. formulated the production term based on
vorticity to e↵ectively represent the generation of turbulence. Since the turbulent viscos-
ity ⌫t is as a scalar quantity, the production term utilizes the magnitude of the vorticity.
This formulation links the turbulence production directly to the shear present in the flow.
The resulting production term is expressed as follows:

P = cb1S ⌫t (3.1)

In Equation 3.1, S denotes the vorticity magnitude and the constant cb1 was cal-
ibrated on in-homogeneous flows yielding values between 0.13 and 0.14, specifically
cb1 = 0.1355. In eddy viscosity models, a di↵usion term is also included to represent
the spreading of turbulent quantities from regions of high concentration to regions of low
concentration. This di↵usion process accounts for the movement of turbulent energy, and
it typically depends on the sum of material viscosity and eddy viscosity, reflecting both
molecular and turbulent transport e↵ects. The di↵usion term in these models is generally
written as the spatial variation of the transport of the turbulent variable. Mathematically,
it is expressed in the following form:

1
σ
r · (⌫ + ⌫t)r⌫t (3.2)

However, Spalart et al. also introduced a non-linear term involving the square of
the gradient of the turbulent eddy viscosity to account for additional e↵ects that are not
captured by the linear di↵usion alone. The non-linear term is written as follows:

cb2

σ
(r⌫t)2 (3.3)

This non-linear term was introduced to control the spreading of the wake at the edge
of the turbulent region. Specifically, it helps to manage the extent of turbulence di↵u-
sion into the surrounding flow, ensuring that the wake region is accurately represented
without excessive spreading. To calibrate this term with experimental data, Spalart et
al. identified a value for the model constant cb2 equals 0.622, which governs the in-
fluence of this additional non-linear contribution. Importantly, this term is split from
the previous di↵usion term and is treated as a source term in the governing equations.
Finally, the destruction term in the Spalart-Allmaras model is crucial for modeling the
damping of turbulence near solid boundaries. This damping occurs primarily due to two
mechanisms. Near the wall, pressure fluctuations in the turbulent flow are restricted, or
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"blocked," which results in reduced turbulence intensity. This e↵ect, known as inviscid
blocking, occurs because the wall imposes a no-penetration condition, preventing the
large-scale turbulent structures from fully developing in the wall-normal direction. In
addition to inviscid blocking, viscous damping further diminishes turbulence near the
wall. The high viscosity in the boundary layer close to the wall acts to dissipate the
smaller-scale turbulent structures e↵ectively, reducing the turbulent kinetic energy. The
destruction term is responsible for the inviscid block and it is written as follows:

D = cw1 fw

✓⌫t

d

◆2
(3.4)

In the equation 3.4, the variable d represents the distance from the wall, indicating
that the destruction term becomes increasingly significant as the distance to the wall de-
creases. This means that turbulence dissipation is more intense near the wall, where
the interaction between turbulent eddies and the wall’s no-slip condition leads to en-
hanced damping e↵ects. The constant cw1 is determined to ensure a balance between the
production and di↵usion terms (cw1 = cb1/k2 + (1 + cb2)/σ). The function fw is incorpo-
rated to modulate the decay of the destruction term specifically in the outer region of the
boundary layer. This function helps to ensure that the turbulence dissipation reduces ap-
propriately as we move away from the wall, thereby reflecting the di↵erent dynamics at
play in the free stream compared to the near-wall region. Figure 3.1 shows the behavior
of this function.
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Figure 3.1: fw function with respect to r. APG: adverse pressure gradient; FPG:
favorable pressure gradient.

The formulation of the function fw was influenced by traditional algebraic turbulence
models, where the concept of mixing length is crucial, particularly near the wall. In
algebraic models, the mixing length characterizes the scale of turbulence and varies sig-
nificantly with distance from the wall being smaller near the wall and increasing farther
away. The equations needed to build fw are shown in the following:

fw = g
 1 + c6

w3

g6 + c6
w3

!1/6

, g = r + cw2(r6 − r), r = min
 

⌫̃

S̃ 2k2d2
, 10

!
(3.5)

The authors calibrated cw2 to ensure that the skin-friction coefficient in a flat-plate
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boundary layer matched empirical data, resulting in a value of cw2 = 0.3 for σ = 2/3.
They also selected a reasonable value for cw3, setting it to 2.

For the transported quantity, the authors chose a variable that behaves linearly near
the wall. Instead of using the turbulent eddy viscosity directly, they used ⌫̃ to represent
the turbulent viscosity-like variable. This choice provides significant benefits for numer-
ical solutions, as it allows the model to achieve accurate results without requiring a finer
computational grid compared to what an algebraic model would demand. To achieve this
desired behavior near the wall, they considered the classical law of the wall and formu-
lated near-wall damping functions that are consistent with known empirical results. The
new variable ⌫̃ maintains a value of kyu⌧ all the way to the wall, unlike the eddy viscos-
ity ⌫t, which only equals kyu⌧ in the logarithmic layer. This approach allows the model
to maintain more consistent near-wall behavior, simplifying the treatment of the bound-
ary layer and improving the overall robustness of the numerical solution. To represent
this behavior the authors build a function fv1 to retrieve the turbulent eddy-viscosity as
follows:

⌫t = ⌫̃ fv1, fv1 =
χ3

χ3 + c3
v1

(3.6)

where χ = ⌫̃/⌫ and cv1 = 7.1 . The production term also needs attention. The vorticity
magnitude S is replaced with S̃ .

S̃ = S +
⌫̃

k2d2 fv2, fv2 = 1 − χ

1 + χ fv1
(3.7)

The function fv2 constructed, just like fv1, so that S̃ maintains its log-layer behavior
(S̃ = u⌧/(ky)) al the way to the wall. Finally, taking compressible flow into account,
the transport equation is modified accordingly to accommodate the variations in density
resulting in:

@⇢⌫̃

@t
+ r · (⇢u⌫̃) = ⇢ (P − D) +

1
σ
r · (⇢(⌫ + ⌫̃)r⌫̃) + cb2

σ
⇢(r⌫̃)2 − 1

σ
(⌫ + ⌫̃)r⇢ · r⌫̃ (3.8)

The final term in equation 3.8 represents a cross-di↵usion term, which arises from
incorporating the density variation within the di↵usion term of the equation. The au-
thors suggest that the version without considering density variation can be applied to
both incompressible and compressible flows. However, for the sake of maintaining con-
sistency within the code, I opted to implement the compressible formulation, as shown
in equation 3.8.

3.2 Negative Spalart-Allmaras Model

In July 2012, at the Seventh International Conference on Computational Fluid Dy-
namics (ICCFD7) held in Big Island, Hawaii, Allmaras et al. [2] presented some valuable
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modifications to the original Spalart-Allmaras model. The original model can produce
undesirable outcomes in cases involving under-resolved grids and unphysical transients.
One such issue is the appearance of undershoots at the edge of boundary layers and in
wake regions. Another critical problem occurs when the modified vorticity becomes neg-
ative. This situation arises because it is possible for S̃ to reach zero or negative values, as
the function fv2 itself becomes negative over a certain range of χ. When S̃ turns negative,
it disrupts other Spalart-Allmaras correlation functions, leading to non-physical behav-
ior. To address this, the authors revised the definition of the modified vorticity. They
proposed that the modified vorticity should always be positive, with a minimum value
that does not drop below 0.3S , where S represents the vorticity magnitude. This ensures
that the modified vorticity remains stable and physically realistic, preventing unwanted
numerical artifacts. The new modified version is described in the equation below:

S̃ =

8>><
>>:

S + S : S ≥ −cv2S
S + S (cv2

2S+cv3S )
(cv3−2cv2)S−S : S < −cv2S

(3.9)

In the Equation 3.9, S = ⌫̃
k2d2 fv2 while the constants cv2 and cv3 are set, respec-

tively, equal to 0.7 and 0.9. Another important modification involves extending the
Spalart-Allmaras model to handle negative values of ⌫̃. The original version of the
Spalart-Allmaras model is designed to admit only non-negative solutions, provided that
non-negative boundary and initial conditions are used. However, the turbulence eddy-
viscosity can become negative in certain cases involving coarse grids and transient states.
This situation often arises at the edges of boundary layers and wakes, where the turbu-
lence solution involves ramp-like transitions to the constant outer/freestream values over
a short region. The rapid transition from relatively large values in the inner region to
smaller levels in the outer region can lead to undershoots in the numerical solution. These
undershoots may cross zero, necessitating a response to ensure continuity and stability. A
common practice to address this has been to clip the updates, e↵ectively eliminating any
negative values that appear in the solution. However, the authors modified the original
model to maintain both the original behavior for positive ⌫̃ and ensure energy stability
when negative ⌫̃ appears. To accomplish this, a new version of the Spalart-Allmaras
equation is used specifically in scenarios where ⌫̃ becomes negative. This modified ver-
sion allows the model to continue providing physically meaningful and stable results
even under these conditions. The revised equation is presented as follows:

@⇢⌫̃

@t
+r·(⇢u⌫̃) = ⇢(Pn−Dn)+

1
σ
r·(⇢(⌫ + ⌫̃ fn)r⌫̃)+ cb2

σ
⇢(r⌫̃)2− 1

σ
(⌫+⌫̃ fn)r⇢·r⌫̃ (3.10)

In equation 3.10, the production Pn and destruction Dn term are written as follows:

Pn = cb1(1 − ct3)S ⌫̃ (3.11)
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Dn = −cw1

✓ ⌫̃
d

◆2
(3.12)

and fn is a modification to the di↵usion coefficient defined as follows:

fn =
cn1 + χ3

cn1 − χ3 (3.13)

where the constant cn1 is set equals to 16. Di↵erently from the positive SA equation
3.8, the production term depends on the vorticity magnitude S instead of the modified
vorticity S̃ . The constant ct3 is greater than 1, so that the production term is always
positive and equals to 1.2. The destruction term, described in the equation 3.12 has a
negative sign in comparison with the positive SA equation.

This version of the Spalart-Allmaras model was implemented during the first year
of my PhD within the CFD code utilized for my research. Finally, the complete set of
mass-averaged RANS equations that have been implemented in the code are presented
below. These equations are formulated using Favre averaging; however, the overbar · and
tilde ·̃ notation are omitted, particularly to avoid confusion with the turbulent viscosity
variable ⌫̃.

@⇢

@t
+ r · (⇢u) = 0 (3.14)

@⇢u
@t
+ r · (⇢uu) = −rp + r · ⌧ (3.15)

@E
@t
+ r · (u(E + p)) = r · (⌧ · u − q) (3.16)

@⇢⌫̃

@t
+r · (⇢u⌫̃) = ⇢ (P − D)+

1
σ
r · (⇢(⌫+ ⌫̃)r⌫̃)+ cb2

σ
⇢(r⌫̃)2 − 1

σ
(⌫+ ⌫̃)r⇢ ·r⌫̃ (3.17)

The equation for the energy is given by:

E =
p

γ − 1
+

1
2
⇢|u|2 (3.18)

The viscous stress tensor ⌧ includes contributions from both the molecular and eddy
viscosity. Its components are given by:

⌧i j = 2⇢(⌫ + ⌫̃ fv1)
 
@ui

@x j
+
@uj

@xi
− 2

3
δi j
@uk

@xk

!
(3.19)

Finally, the heat flux q is described by Fourier’s law:

q = −
 
cpµ

Pr
+

cp⇢⌫̃

Prt

!
rT (3.20)
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For the test cases considered, corresponding to experiments with air, the following
values are assumed: γ = 1.4, Pr = 0.72, and Prt = 0.9.

3.3 Results of the Negative Spalart-Allmaras Model

The objective of this thesis is to assess the limitations of fully turbulent models in
scenarios involving transition-separation phenomena and explore ways to enhance these
models using data-driven approaches. Specifically, this study focuses on the Field In-
version and Machine Learning framework, which will be discussed in detail in Chapter
4. One could argue that such problems can be addressed using high-fidelity models like
LES or transitional RANS models, as described in Section 2.4. However, high-fidelity
methods often come with significant computational costs, sometimes making them im-
practical, especially in the case of LES simulations.

Beyond addressing these challenges, this work also aims to evaluate the potential of
data-driven models in this context. To this end, the Negative Spalart-Allmaras turbulence
model (in this thesis, it is often called the original Spalart-Allmaras model) was selected,
and four test cases were chosen to apply the proposed methodology: the transitional flat
plate, the backward-facing step, the SD7003 airfoil, and the NACA0021 airfoil.

In the following subsection, the test cases are presented in detail, and the results ob-
tained with the original Spalart–Allmaras model are compared against experimental data
or high-fidelity simulations, where available. All simulations employ the SLAU (Sim-
ple Low-dissipation AUSM) scheme for convective fluxes [82], combined with second-
order MUSCL (Monotonic Upwind Scheme for Conservation Laws) reconstruction and
the modified Venkatakrishnan slope limiter [93]. Di↵usion terms are discretized using a
hybrid least-squares gradient reconstruction, while time integration is carried out using a
first-order implicit scheme.

3.3.1 Transitional Flat Plate

The T3A test case is a benchmark test case in fluid dynamics, commonly used to
investigate the transition from laminar to turbulent flow over a flat plate under zero pres-
sure gradient conditions. It is part of the ERCOFTAC Classic Database, providing ex-
perimental data for validating computational fluid dynamics models. To set up the case,
a turbulence level is selected, commonly expressed as the turbulence intensity. This is
defined as the ratio of the velocity fluctuation to the mean velocity: Tu = u0

u . Turbu-
lence intensity values between 1% and 5% typically indicate a low Reynolds number
flow. In this configuration, the flat plate is exposed to a freestream turbulence intensity
of approximately Tu = 3%, enabling researchers to examine the e↵ects of moderate
freestream turbulence on boundary layer transition.
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Figure 3.2: T3A Computational mesh with boundary conditions.

Figure 3.2 shows the mesh used for this case, consisting of 8,722 fully structured
elements. The mesh is refine near the wall to accurately capture boundary layer charac-
teristics. The figure also illustrates the applied boundary conditions.

This test case serves as a simple yet e↵ective framework to evaluate the field inversion
methodology and assess its capability to modify the turbulence equation to align with
experimental data. To begin, the results for the skin friction coefficient are presented and
compared against experimental measurements. The skin friction coefficient is defined as:

C f =
⌧w

0.5⇢1u2
1

(3.21)

where ⌧w is the local wall shear stress, while ⇢1 and u1 are the density and velocity of
the fluid in the freestream, respectively.
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Figure 3.3: T3A skin friction coefficient comparison, Spalart–Allmaras model against
experimental results.

As illustrated in Figure 3.3, the experimental results shown in black display the typ-
ical transition behavior of the flow. In particular, the skin friction coefficient begins to
increase noticeably between x = 0.4 and x = 0.8, marking the onset of transition. This
rise is attributed to the development of a turbulent boundary layer, which is characterized
by a steeper velocity gradient near the wall and consequently a higher wall shear stress.
However, the figure also shows that the Spalart–Allmaras (SA) model, being a fully tur-
bulent model, is unable to capture this transition phenomenon. In the following section
(3.4), an alternative formulation, the Spalart–Allmaras Bas-Cakmakcioglu Mura model,
will be introduced and applied to the same test case for comparison. Additionally, subse-
quent analysis will present the results obtained using the augmented SA model with the
field inversion technique.

3.3.2 Backward-Facing step

The backward-facing step (BFS) turbulent test case is a fundamental benchmark in
fluid dynamics, widely used to study flow separation, reattachment, and recirculation
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phenomena. In this setup, a fluid flows through a channel that experiences a sudden
expansion due to a step on one of its walls. This abrupt change causes the boundary layer
to separate at the step edge, forming a shear layer that eventually reattaches downstream.
The region between the step and the reattachment point is characterized by a recirculation
zone, where the flow reverses direction.

Figure 3.4: BFS Computational mesh with boundary conditions.

Figure 3.4 shows the computational mesh and boundary conditions used for the BFS
test case. Refinement near the wall ensures accurate resolution of the boundary layer, es-
pecially in the region following the step. The mesh contains a total of 45,941 elements.
The BFS flow is particularly challenging due to the complex interactions between the
separated shear layer and the recirculating flow. Accurately predicting the length of
the recirculation zone and the reattachment point is a stringent test for turbulence mod-
els. Understanding BFS flows has practical implications in various engineering appli-
cations where flow separation and reattachment occur, such as in di↵users, combustors,
and aerodynamic surfaces. On NASA’s Turbulence Modeling Resource website, several
validation and verification results for CFD codes are published, along with the bound-
ary conditions used to run the tests. In these studies, simulations were performed at a
Reynolds number of Re = 36,000H, where H represents the step height and for this
test case it is equal to 1, and a Mach number of M = 0.128. This test case is partic-
ularly suitable for applying the field inversion technique to the SA model. The BFS
scenario involves flow separation and reattachment, which are challenging for fully tur-
bulent models. Additionally, it allows for testing the field inversion framework’s ability
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to work with di↵erent objective functions, specifically skin friction and pressure coeffi-
cient. The pressure coefficient is defined as follows:

Cp =
pw − p1
0.5⇢1u1

(3.22)

where pw is the wall pressure and p1 is the pressure in the free-stream. Below, Figure
3.5 presents the results obtained using the Negative Spalart–Allmaras model, alongside
experimental data retrieved from the NASA website for comparison. The figure focuses
on the region of interest, extending from x = 0 downstream, where x = 0 denotes the
location of the step.

Figure 3.5: Skin friction and pressure coefficients predicted for the Backward-facing step
test case by the Negative Spalart–Allmaras model.

Figure 3.5 shows the results in the step downstream region, where the flow is expected
to separate and a recirculation region is presented. A discrepancy can be seen between
the SA results and the experimental results, particularly for the skin friction coefficient.

3.3.3 SD7003 Airfoil

The SD7003 airfoil, designed by Selig and Donovan, is a well-known airfoil opti-
mized for low Reynolds number applications, typically ranging from 104 to 105. It is
widely employed in small-scale aircraft, unmanned aerial vehicles (UAVs), and model
aircraft due to its favorable aerodynamic performance at low speeds. Given its suitability
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for low Reynolds number regimes, the SD7003 airfoil is often selected for applications
where low-speed aerodynamics play a critical role.

A distinctive feature of the SD7003 airfoil is its tendency to form laminar separation
bubbles. These bubbles arise when laminar flow detaches from the suction side of the
airfoil, undergoes transition to turbulence, and subsequently reattaches. The presence
of laminar separation bubbles has a significant influence on the airfoil’s performance,
particularly a↵ecting lift and drag characteristics.

In this thesis, the SD7003 airfoil is used to analyze separation behavior through sim-
ulations conducted with the SA turbulence model.

Figure 3.6: SD7003 computational mesh.

The mesh used for the SD7003 airfoil is a C-type configuration, as shown in 3.6, and
consists of 149,120 elements. It is fully structured, with increased refinement near the
wall to accurately resolve the boundary layer features.
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Figure 3.7: Detailed view of the boundary layer mesh around the SD7003 airfoil.

The size of the first cells adjacent to the wall was determined based on the target y+

value, calculated using the Reynolds number specific to this simulation. A close-up view
of the mesh near the airfoil surface is provided in Figure 3.7. Regarding the boundary
conditions, a far-field condition was applied at the inlet, a pressure outlet was specified
at the downstream boundary, and a no-slip condition was imposed on the airfoil surface.

The computational analysis is performed at a Reynolds number of 60,000 and angles
of attack of ↵ = 4◦ and ↵ = 8◦. At an angle of attack of ↵ = 4◦, moderate flow separation
is expected, primarily near the trailing edge. At ↵ = 8◦, a more pronounced separation is
anticipated, along with the formation of laminar separation bubbles.

It is well established that the SA model has limitations in accurately predicting sep-
aration, particularly at low Reynolds numbers where complex laminar-to-turbulent tran-
sition processes occur. This makes the SD7003 airfoil a suitable test case for applying
field inversion and machine learning techniques to assess their potential in improving the
baseline turbulence model. For this test case, the comparison is performed using the lift
and drag coefficients (CL and CD) obtained from high-fidelity LES simulations. In the
field inversion results (Section 4.5.3), the skin friction and pressure coefficients (C f and
Cp) will also be considered. Further details about the LES simulations can be found in
[29].
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(a) (b)

(c) (d)

Figure 3.8: Results of the Spalart–Allmaras model for the SD7003 test case. (a) Velocity
magnitude and (b) turbulent viscosity at ↵ = 4◦. (c) Velocity magnitude and (d) turbulent
viscosity at ↵ = 8◦.

The results obtained from the original SA model are presented in Figure 3.8. The
turbulent viscosity and velocity fields exhibit similar behavior at both angles of attack.
However, a distinct di↵erence is expected, as separation is anticipated to initiate near the
trailing edge at ↵ = 4◦ and extend toward the leading edge at ↵ = 8◦.

CL CD

↵ = 4◦ LES 0.59 0.021
SA 0.551 0.0099

↵ = 8◦ LES 0.92 0.043
SA 0.895 0.0435

Table 3.1: Comparison of lift and drag coefficients for SD7003 airfoil.

More detailed results are presented in Table 3.1, where CL and CD are compared to
the high-fidelity results from a LES simulation [29]. There is no significant di↵erence in
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CL for both angles of attack. For CD at ↵ = 8◦, good agreement with the experimental
results is observed, whereas a relative error of 52% is found for ↵ = 4◦.

4

3.3.4 NACA0021 Airfoil

The NACA0021 airfoil test case is typically used to evaluate the performance of
transitional RANS models. Choudhry et al. [15] examined the flow around a two-
dimensional NACA0021 airfoil at low Reynolds numbers and turbulence intensities, fo-
cusing on the e↵ects of long separation bubbles on aerodynamic performance.

The study evaluated two transition models: the correlation-based γ − Re✓ intermit-
tency model and the laminar–kinetic-energy-based k − kL − ! model. Experimental and
computational lift and drag coefficients were compared at a Reynolds number of 120,000.
The γ − Re✓ model under-predicts both coefficients, with increasing discrepancies at
higher angles of attack. In contrast, the k − kL − ! model demonstrates better agreement
with experimental lift coefficients in the attached-flow regime and accurately captures
drag coefficients and stall behavior. This model also successfully predicted the abrupt
stall caused by the bursting of the separation bubble at low Reynolds numbers, although
deviations from the experimental lift coefficient remained at higher angles of attack.

Figure 3.9: NACA0021 computational mesh.

For this test case, an O-type mesh was employed, as illustrated in Figure 3.9. The

46



3.3 – Results of the Negative Spalart-Allmaras Model

mesh around the NACA0021 airfoil was generated using a hybrid approach that com-
bines structured and unstructured elements, ensuring an accurate representation of the
flow features. The final mesh consists of 14,824 elements. Following the approach
of [15], the computational domain boundaries were placed at a distance of 20 chord
lengths from the airfoil to minimize their influence on the flow field.

Figure 3.10: Detailed view of the boundary layer mesh around the NACA0021 airfoil.

The size of the first cell was selected to satisfy the minimum y+ requirements of
the Reynolds number adopted in this study. To accurately resolve the boundary layer,
27 structured layers with linear growth were employed, as illustrated in Figure 3.10.
Furthermore, transfinite interpolation was used to control the point distribution in critical
regions, such as the leading and trailing edges, allowing for refined mesh resolution
where it is most needed. As for the boundary conditions, a far-field condition was applied
at the inlet, a pressure-outlet condition was set at the downstream boundary, and a no-slip
condition was enforced on the airfoil surface. For this test case, experimental CL and CD

data were available for ↵ 2 [0◦, 20◦]. In this work six angles of attack were considered:
↵ = 8◦, 10◦, 12◦, 14◦, 16◦, and 20◦.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.11: Results of the Spalart–Allmaras model for the NACA0021 test case. (a)
Velocity magnitude and (b) turbulent viscosity at ↵ = 8◦. (c) Velocity magnitude and
(d) turbulent viscosity at ↵ = 12◦. (e) Velocity magnitude and (f) turbulent viscosity at
↵ = 16◦.
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Figure 3.11 presents the velocity and turbulent viscosity fields predicted by the origi-
nal SA model for ↵ = 8◦, 12◦, and 16◦. The velocity field reveals an expanding separation
region originating from the trailing edge of the airfoil, resulting in increased turbulent
viscosity in this area. However, this e↵ect remains insufficient for accurately predicting
CL and CD values.

Figure 3.12: Lift and drag coefficients predicted for the NACA0021 test case by the
Spalart–Allmaras model at various angles of attack.

Figure 3.12 presents the results obtained using the original SA model across various
angles of attack, encompassing both pre-stall and post-stall conditions. The CL trends
indicate that as the angle of attack increases, the SA model fails to accurately capture the
stall and subsequent flow separation.

3.4 Spalart-Allmaras Bas-Cakmakcioglu Mura Model

The Spalart-Allmaras model was originally developed for fully turbulent flow; how-
ever, in their initial paper, Spalart et al. introduced an additional term to account for
separation phenomena. Their analysis begins with the stability behavior of the code un-
der laminar flow conditions. They observed that the solution for ⌫̃ = 0 was not preserved
in the Navier-Stokes code. To address this issue, they added a new term by multiplying
the production term by (1− ft2). The equation for the function ft2 is presented as follows:

ft2 = ct3exp
⇣
−ct4χ

2
⌘

(3.23)
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The function in equation 3.23 serves to bring ⌫̃ down from values around ⌫/2. Based
on this reasoning, the authors selected the constants ct3 = 1.2 and ct4 = 0.5. This new
function has no impact for high Reynolds numbers preserving the original property of
the model. Since this new term was added to the production term, a similar adjustment
was made to the destruction term to maintain the balance near the wall.

The updated forms of the production and destruction terms in this version are given
as follows:

P = cb1(1 − ft2)S̃ ⌫̃, D =
 
cw1 fw −

cb1

k2 ft2

!  ⌫̃
d
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(3.24)

To initiate the transition process, the authors introduced an additional source term,
referred to as the trip term. This term is designed to be nonzero only within a localized
domain of influence, ensuring that its e↵ect is limited. Importantly, this domain must
remain entirely within the boundary layer without extending beyond it.

T = ft1∆U2 (3.25)

In equation 3.25 ∆U represents the magnitude of the di↵erence between the velocity
at the trip and the velocity at the field point under consideration. The function ft1 is
expressed as follows:

ft1 = ct1gtexp
 
−ct2

!2

∆U2 [d2 + g2
t d2

t ]
!

(3.26)

In equation 3.26, gt represents a grid-dependent parameter that ensures the trip term
remains nonzero over a few streamwise stations. The corresponding expression is given
as follows:

gt ⌘ min(0.1,∆U/!t∆xt) (3.27)

This parameter depends on ∆xt, which is the grid spacing along the wall at the trip
point. Additionally, in equation 3.26, dt denotes the distance from the field point to the
nearest trip point or line, while !t represents the wall vorticity at the trip point. The
constants ct1 and ct2 are set to 1 and 2, respectively. It is evident that the transitional
version of the Spalart-Allmaras model, as proposed in the original paper, is highly de-
pendent on the location of transition, which must be known a priori. This dependence
on prior knowledge is a significant limitation, as the exact transition point is often un-
known. Ideally, a model should be capable of autonomously determining the correct
transition point without requiring prior specification. However, the authors acknowledge
that the responsibility for selecting transition points lies with the user, whether through
an educated guess or by using a separate prediction method.

In 2020, Mura et al. [61] introduced a new transitional version of the Spalart-
Allmaras model called SA BCM, which stands for Spalart-Allmaras Bas-Cakmakcioglu-
Mura. The key enhancement in this model is the incorporation of a function, γBCM, which
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acts as an intermittency factor, similar to the approach used in the γ−Re✓t model. Unlike
the previous model, however, this intermittency function is not governed by a transport
equation; instead, the authors developed an algebraic formulation for it.

γBCM = 1 − e−
p

Term1−
p

Term2 (3.28)

In equation 3.28, Term1 primarily estimates the intermittency and is expressed as
follows:

Term1 =
max(Re✓ − Re✓c , 0)

χ1Re✓c

(3.29)

The constant χ1 is equal to 0.002. The Re✓c represents the critical value of the mo-
mentum thickness Reynolds number, which is a function of the freestream turbulence
intensity, Tu1. An empirical relationship for this dependency is given by the following
formulation:

Re✓c = 803.73(Tu1 + 0.6067)−1.027 (3.30)

The momentum thickness Reynolds number depends on the vorticity Reynolds num-
ber, and its formulation was previously presented during the introduction of the γ − Re✓t

model in equation 2.19. The physical interpretation of Term1 is that it determines the
onset location of transition by comparing the locally Re✓ to the value of Re✓c . Once
the vorticity Reynolds number, Rev, exceeds a critical threshold, Term1 becomes greater
than zero, thereby activating the intermittency function γBCM. However, Rev depends on
the distance to the nearest wall, which means that Rev takes very low values within the
boundary layer close to the wall. As a result, Term1 alone cannot generate intermittency
within the boundary layer. Term2 is introduced to address this issue. Term2 is defined
as follows:

Term2 = max
 
µt

χ2µ
, 0

!
(3.31)

χ2 is a calibration parameter set to 0.02. The bounding of this term to positive values
is unnecessary because eddy viscosity cannot be negative. Nevertheless, the authors
retained this bound for the sake of generality. For this model, the freestream value of
⌫̃ is set to ⌫̃ f ar f ield = 0.015⌫1 : to : 0.025⌫1. Additionally, the ft2 term must be set to
zero; otherwise, the production term would consistently yield a nearly zero value under
the specified freestream ⌫̃.

This version of the SA model was incorporated into the CFD code to compare its per-
formance against the original SA formulation, particularly in addressing transition phe-
nomena. As previously mentioned, this model aims to replicate the intermittent behavior
of flow during the transition from laminar to turbulent states. I selected the flat plate
test for three di↵erent scenarios, which exemplify natural transition phenomena, distin-
guished by varying inlet velocities and turbulence intensities: 1) V1 = 5.4; Tu = 3%
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(T3A case shown in Figure 3.13), 2) V1 = 9.4; Tu = 6%, (T3B case shown in Figure
3.14), 3) V1 = 19.8; Tu = 0.9% (T3A- case shown in Figure 3.15). The mesh used from
all these test cases is the same as the one shown in 3.2.

Figure 3.13: Comparison between experimental, original SA and SA-BCM results for
the skin friction coefficient for the T3A test case.
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Figure 3.14: Comparison between experimental, original SA and SA-BCM results for
the skin friction coefficient for the T3B test case.

Figure 3.15: Comparison between experimental, original SA and SA-BCM results for
the skin friction coefficient for the T3A- test case.
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The results highlight the di↵erences between the experimental data, the original SA
model, and the SA-BCM model. The SA model is implemented with the f t2 term set to
zero; since this simulation begins with a low value of turbulent viscosity, disabling the
f t2 term is crucial to prevent the flow from remaining laminar, as the production term
would be near zero. The figures clearly show the di↵erences between the two models.
However, the SA-BCM model does not exactly replicate the experimental results. Fig-
ures 3.13 and 3.14 indicate a transition behavior, but the transition point is incorrect. In
Figure 3.15, the model shows a significant error by predicting the transition too early.
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Chapter 4

Field Inversion

As detailed in Section 2.5, the primary objective of this thesis is the implementation
and investigation of the Field Inversion and Machine Learning approach. This method,
developed by Duraisamy et al. in [39], aims to enhance turbulence RANS models. The
strength of this approach lies in its flexibility; it can utilize any type of data to augment
the model, whether high-fidelity simulations, experimental data, or even global coeffi-
cients such as lift or drag. The method operates directly on the selected RANS model
for the simulation, focusing on the RANS results to identify the missing components
necessary for the model to accurately represent experimental or high-fidelity outcomes.

Figure 4.1: Schematic of Field Inversion and Machine Learning framework.

This chapter provides a comprehensive description of the model and presents the
results obtained during the doctoral research. It is important to note that this method
consists of two main phases. Figure 4.1 highlights these two phases, the o✏ine and the
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online phase. The o✏ine phase consists of an optimization process called field inversion,
which is designed to improve the original RANS model and generate the appropriate
dataset for training the data-driven model. The field inversion framework is described in
this chapter. From figure 4.1 it can be seen that the data-driven model belongs to both
the o✏ine and online phases. In fact, while the model is trained in the o✏ine phase, it
is used directly in the online phase to infer the behavior of the augmented model that
interacts directly with the CFD solver.

4.1 Augmented Spalart-Allmaras model

This work aims to enhance the SA model, specifically the negative SA model in-
troduced in 3.2. The goal is to equip this model with the capability to produce accurate
results in the presence of transitional flow behavior. As described in 2.4, various phenom-
ena can trigger flow transition, and the overarching objective is to predict the transition
point. This prediction is critical for achieving reliable results in industrial design, as
classical RANS models often struggle to capture these phenomena. Evidence presented
in 3.4 demonstrates that the SA model fails to provide accurate predictions for the skin
friction coefficient in transitional flat plate scenarios. Moreover, even the variant of the
SA model, the SA-BCM, does not achieve a perfect match with experimental results.
The aim here is to develop a better version of the SA model using the Field Inversion
technique. By focusing on transitional transport equations like the γ − Re✓ model ex-
plained in 2.4.3, the idea is to modify the production term of the RANS equations to
mimic the intermittent behavior of the flow during transition. The intermittency variable
γ is determined via a transport equation in the case of the γ − Re✓ model or through an
algebraic function in the case of the SA-BCM model, with both formulations grounded
in physical and numerical reasoning. However, even the widely used γ−Re✓ model does
not yield optimal results. This is evident in the work of Choudhry et al. [15], where the
authors employed this model to predict the lift and drag coefficients of the NACA0021
at various angles of attack, ranging from pre- to post-stall flow. Accurately determining
the global coefficients is crucial in this context, as it is essential to identify the angle of
attack at which stall occurs, given its significant implications for performance and safety.

Ideally, the Field Inversion approach allows for the modification of any terms in the
equations. For example, Brenner et al. in [9] utilized Field Inversion to directly alter
the turbulent viscosity field by correcting the ⌫̃ variable in the SA equation. In this case,
the model equations remained unchanged; instead, the authors focused on correcting the
fv1 equation in 3.6. However, from a numerical implementation perspective within a Fi-
nite Volume scheme, this approach presents challenges, as it requires retrieving variables
from the grid cell interface to its center. Alternatively, similar results can be achieved
by modifying the source terms of the SA equation, which involves a less complex im-
plementation. In a Finite Volume scheme, source terms are treated as volume integrals,
meaning that the variables reside at the grid cell centers. After implementing the Field
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Inversion algorithm, I attempted to modify each source term individually; however, only
the production term proved e↵ective. I also explored the possibility of removing the
source terms from the SA equation to create a global term or adding a new term, but
both approaches failed without a foundational physical or mathematical term. The Field
Inversion algorithm operates during the flow simulation, and without a solid physical
basis, any corrections made can lead to significant numerical instability, hindering the
algorithm’s convergence. Consequently, after these trials, I opted to retain the original
approach and to modify only the production term of the equation. Specifically, the pro-
duction term P is adjusted using a correction field, referred to as β, which is inferred
through the optimization process. This process involves solving an inverse problem to
minimize the discrepancy between model predictions and experimental data. The aug-
mented SA model is expressed as:

@⇢⌫̃

@t
+r · (⇢u⌫̃) = ⇢

⇥
h(β)P − D

⇤
+

1
σ
r · (⇢(⌫+ ⌫̃)r⌫̃)+ cb2

σ
⇢(r⌫̃)2− 1

σ
(⌫+ ⌫̃)r⇢ ·r⌫̃ (4.1)

Since I am using the negative SA model, the correction is also applied to the negative
production term when ⌫̃ becomes negative. In such cases, the equation becomes:

@⇢⌫̃

@t
+r · (⇢u⌫̃) = ⇢(h(β)Pn −Dn)+

1
σ
r · (⇢(⌫ + ⌫̃ fn)r⌫̃)+ cb2

σ
⇢(r⌫̃)2 − 1

σ
(⌫+ ⌫̃ fn)r⇢ ·r⌫̃

(4.2)
In both equations 4.1 and 4.2, the production term is modified by h(β), a function of

β, often referred to as the mapping function (detailed definition of the mapping function
can be found in section 4.3). The outcome of the optimization process is the correction
field β, which is determined by defining the optimization problem as follows:

β⇤ = arg min
β

G(unum, uexp) s.t. (4.3)

R(unum(x, β(x)), β(x)) = 0 (4.4)

where β⇤ is the optimal correction field, while unum and uexp are the numerical and the
experimental values, respectively. Equation 4.3 defines the problem statement, which
essentially seeks to find the value of the correction field that minimizes the goal func-
tion G. The goal function G measures the error between the numerical solution and the
experimental or high-fidelity data. The problem statement is accompanied by a condi-
tion expressed in 4.4. This condition is fundamental, as it states that the residuals R of
the equations must equal zero, indicating that the simulation must achieve a steady-state
regime.
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4.2 Adjoint Method

The correction field is obtained after solving the problem described in 4.3 and 4.4.
Since this is an optimization problem, knowledge of the gradient is essential. Opti-
mization algorithms can generally be divided into two categories: gradient-based and
gradient-free methods. In the context of CFD, gradient-free methods tend to be pro-
hibitively expensive because they require repeated evaluations of the objective func-
tion, each involving a full CFD simulation. This leads to significant computational cost.
Gradient-based methods, while more computationally efficient, present their own chal-
lenges. Specifically, they require the gradient of the objective function G, which is de-
pendent on the conservative flow variables. This makes the gradient a high-dimensional
entity, with its size proportional to the number of cells in the computational mesh. There-
fore, calculating the gradient numerically can be computationally prohibitive for large-
scale CFD problems.

One of the most e↵ective methods for calculating gradients in CFD is the adjoint method.
This approach, originally developed within control theory, was first introduced by Lions
in 1971 [48] and later applied to fluid dynamics by Pironneau in 1984 [67]. The ad-
joint method has gained widespread popularity in CFD due to its remarkable efficiency
in high-dimensional optimization problems. By solving the adjoint equations, one can
compute the gradient of the objective function with respect to all design variables at a
cost that is nearly independent of the number of variables, making it especially suit-
able for large-scale CFD applications. The adjoint method has seen successful applica-
tions in a wide variety of fields. For example, in aerodynamics, it is commonly used to
optimize aircraft wing shapes to reduce drag while maintaining sufficient lift [51, 42].
Another intriguing application is in climate modeling, where the adjoint method is em-
ployed to optimize model parameters and improve the accuracy of long-term forecasts
[50]. A particularly interesting application of the adjoint method was demonstrated by
Kostantinos Samouchos in his Ph.D. thesis [78]. He integrated the adjoint method into
an immersed boundary CFD solver using the cut-cell method, which eliminates the com-
plications associated with body-fitted meshes that arise from geometry changes during
optimization. This method avoids issues of mesh perturbation by di↵erentiating the cor-
responding mesh-handling tools. Traditional mesh deformation techniques can struggle
to handle significant geometric changes, potentially causing the optimization to terminate
prematurely. In such cases, manual intervention is often required, which compromises
the autonomy of the optimization process. By contrast, Samouchos’ use of Immersed
Boundary Methods (IBMs) provides a more robust and reliable framework, allowing for
seamless optimization without the limitations imposed by mesh deformation tools.

The adjoint method exists in two main forms: the continuous adjoint and the discrete
adjoint. Both approaches are designed to efficiently compute the gradient of an objective
function, but they di↵er significantly in how they are formulated and implemented. In the
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continuous adjoint method, the adjoint equations are derived directly from the continu-
ous governing equations of the physical system, such as the Navier-Stokes equations in
fluid dynamics. This approach formulates the adjoint equations based on the partial dif-
ferential equations (PDEs)that describe the system’s physics. The key advantage of this
method is its theoretical clarity and generality: it provides a system-wide view of the sen-
sitivity of the objective function with respect to changes in design variables. Since the
continuous adjoint equations are independent of any specific numerical discretization,
they o↵er flexibility in handling changes to the underlying mesh or numerical methods.
The gradient can thus be computed once and applied consistently, regardless of variations
in the solver’s configuration. By contrast, the discrete adjoint method takes a di↵erent ap-
proach. In this method, the governing equations are first discretized, and then the adjoint
equations are derived from this discretized system. Essentially, the adjoint equations
reflect the numerical approximation of the original PDEs, ensuring that the adjoint for-
mulation is consistent with the solver’s numerical implementation. Additionally, many
modern solvers support automatic di↵erentiation, which can be used to automatically
generate the adjoint equations from the discretized system, making the implementation
process easier. Among these two approaches, the discrete adjoint method is the most
commonly used, particularly in CFD. The discrete adjoint method’s primary advantage
lies in its ability to ensure exact consistency between the forward (primal) and adjoint
problems. Since the adjoint system is derived directly from the same discretized equa-
tions used to solve the forward problem, the gradients it computes are highly accurate
and precisely aligned with the numerical solution. This level of accuracy is especially
important in complex simulations, where even small discrepancies in the gradient can
significantly degrade optimization performance. The discrete adjoint solver mirrors the
discretization of the forward solver (mesh, numerical methods, etc.), ensuring that the
gradients reflect the actual solution behavior at the discrete level. Furthermore, the dis-
crete adjoint method excels in handling complex, nonlinear systems. Many real-world
CFD applications, such as turbulence modeling, shock-wave interactions, and multiphase
flows, involve highly nonlinear behaviors. The discrete adjoint method addresses these
nonlinearities directly by deriving the adjoint equations from the exact, nonlinear dis-
cretized system used in the forward model, ensuring accurate gradient information even
in challenging, nonlinear regimes.

4.2.1 Discrete Adjoint Method

During my Ph.D., I chose to implement the discrete adjoint method for the reasons
previously discussed. The development of the adjoint equations begins with equations
4.3 and 4.4, where the goal is to derive a formula for the gradient of the objective function
with respect to the design variable—in the context of field inversion, this design variable
is the correction field, β. The condition in equation 4.4 is fundamental for the derivation
of the adjoint equation, indeed given that equation 4.4 enforces the residuals to be zero,
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we can define a Lagrangian function, L, by multiplying the residual equation by a mul-
tiplier,  , which represents the adjoint field. Expanding these equations, we arrive at the
following formulation:

L = G +  T · R (4.5)

Since the Lagrangian function in equation 4.5 is identical to the objective function,
because the residuals R of the governing equations are zero, its derivatives will also be
the same. Therefore, the following equation holds:

dL
dβ
=

dG
dβ
+  T · dR

dβ
(4.6)

We know that both the objective function and the residuals depend on the conser-
vative flow variables, which in turn are functions of the correction field, as well as the
correction field itself. As a result, we arrive at the following comprehensive equation:

dL
dβ
=

 
@G
@ũ
+  T · @R

@ũ

!
@ũ
@β
+
@G
@β
+  T · @R

@β
(4.7)

The term @ũ/@β is the most computationally expensive term in equation 4.7. How-
ever, since the residuals R are zero, the adjoint variable  can be freely chosen. This
flexibility allows avoiding the computational cost associated with @ũ/@β by selecting  
such that the expression within the brackets vanishes, as shown below:

"
@R
@ũ

#T

·  +
"
@G
@ũ

#T

= 0 (4.8)

The set of equations in 4.8 represents the discrete adjoint equation, where @R/@ũ
is the Jacobian matrix associated with the RANS equations. Solving this linear sys-
tem yields the adjoint field,  . The cost of constructing this equation primarily depends
on calculating the derivative of the objective function with respect to the conservative
variables, which can be done either manually or through automatic di↵erentiation tech-
niques. Additionally, the Jacobian matrix is readily available ’for free’ when an implicit
time-stepping scheme is used for the simulation. Once the linear system is solved, and
given that the Lagrangian function is equivalent to the objective function, the gradient of
the objective function with respect to the correction field can be easily evaluated using
the following equation:

dG
dβ
=
@R
@β
·  T +

@G
@β

(4.9)

From equation 4.8, it can be understood that the adjoint field is associated with each
of the RANS equations and provides insights into how changes in the design variables
impact the objective function. This allows us to assess the sensitivity of the objective
function to modifications in the governing equations, helping to identify where and to
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what extent adjustments in the equations will influence the overall performance of the
system. Finally, equation 4.9 provides the gradient of the objective function, which is
used to update the correction field, β. In a simple gradient descent method, the update is
performed as follows:

βk+1 = βk − ⌘dG
dβ

(4.10)

In equation 4.10, k represents the iteration number of the optimization process, which
also corresponds to the simulation run since the process must be performed at a stationary
state. The parameter ⌘ is the step size, a characteristic parameter of the optimization
algorithm.

4.2.2 Addressing Convergence Challenges in the Discrete Adjoint

Method

Traditionally, the discrete adjoint method involves directly solving a linear system.
While e↵ective, this approach can encounter convergence challenges in larger or more
complex problems, particularly those involving viscous or three-dimensional flows. Ad-
ditionally, the process often demands high memory usage and can become inefficient
as the number of Krylov subspaces grows with each optimization iteration. To address
these challenges, a promising alternative is the use of pseudo-time stepping for solving
adjoint equations, as developed by Nielsen et al. in [63]. Their work builds on contri-
butions by Giles [31], where adjoint solutions for the Euler and Navier-Stokes equations
are computed using an explicit Runge-Kutta scheme. This approach leverages the duality
between flow and adjoint systems, allowing the adjoint field to evolve in pseudo-time.
The exact dual algorithm mirrors the algorithm used for solving the nonlinear primal
equations. By applying the same time-marching techniques from the primal equations,
this method o↵ers flexibility in timestep selection. Unlike physical time, the pseudo-time
timestep can be arbitrarily chosen, enabling both fixed and adaptive timestep strategies.
This method not only addresses convergence issues but also e↵ectively handles numer-
ical transients, making it a robust solution for complex adjoint problems. As a result,
Equation 4.8 can be rewritten as follows:

∆V
@ 
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+

"
@R
@ũ

#T

 +

"
@G
@ũ

#T

= 0 (4.11)

In Equation 4.11, ⌧ represents the pseudo-time, and ∆V denotes the discrete cell
volumes of the mesh. By applying the backward Euler method to solve this equation, the
following result can be obtained:
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@ũ

#T

= 0 (4.12)
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The construction of Equation 4.12 incurs no additional computational cost compared to
4.8, as the Jacobian matrix is already available from the solution of the primal equations,
assuming the same time-stepping scheme is used. Consequently, the update at time step
n simplifies to an explicit matrix-vector product. This approach was also employed in
the Ph.D. thesis of Pini [66], where he applied the adjoint method for the design opti-
mization of turbomachinery.

Once the gradient is computed, the next step is to update the correction field as part
of the optimization process. Various gradient-based optimization algorithms can be em-
ployed for this task. Initially, I experimented with a simple gradient descent method due
to its straightforward implementation. However, I found that this approach, while e↵ec-
tive, was not as efficient in terms of speed during the optimization process. To improve
performance, I opted for a more advanced method, specifically a modified version of
the Gauss-Newton method, as detailed in the work of Brenner et al. [9]. This method
provided a better convergence rate and overall efficiency, making it more suitable for
this particular problem. The process of updating the correction field is illustrated by the
following equations:

βk+1 = βk − ! Gk −Gtol

dG
dβ

((((
k
· dG

dβ

((((
k

dG
dβ

((((
k

(4.13)

where ! represents the under-relaxation factor, ! 2 [0,1], and Gtol is a tolerance
threshold for the goal function.

4.3 Mapping Function

As demonstrated in 4.1 and 4.2, the production term is multiplied by h(β) rather than
being adjusted directly by β. The mapping function is sometimes employed to constrain
the values of the correction field. In Duraisamy’s original work, the correction field is
applied directly without any mapping; however, in other studies, such as those by Fer-
rero et al. [24] and Brenner et al. [9], a mapping function is utilized. The purpose of the
mapping function is to prevent excessively high values of the correction field or to avoid
negative values. In this work, the mapping functions used in both cited studies have been
implemented.

Before proceeding with the details of the implemented mapping functions, it is impor-
tant to note that in Equation 4.9, the first term on the right-hand side includes the partial
derivative of the residual with respect to the correction field. Since a general mapping
function h(β) is often used, this derivative is computed as follows:

@R
@β
=
@R
@h

dh
dβ

(4.14)
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As previously explained in Section 4.1, the correction field influences only the pro-
duction term of the Spalart-Allmaras equation, leading to @R/@h = P. Additionally, the
choice of mapping function h(β) directly a↵ects the overall gradient of the objective func-
tion, which in turn influences how the correction field is updated during the optimization
process.

Figure 4.2: Di↵erent mapping functions implemented.

The five di↵erent mapping functions implemented are illustrated in Figure 4.2. It is
important to note that the linear mapping function is not a true mapping function since
it is equivalent to the correction field itself; however, for the sake of a general imple-
mentation, it is considered a mapping function here. The other four mapping functions
exhibit similar behavior concerning the negative values of β, e↵ectively constraining the
correction field to be positive. The equation for the rectified linear mapping function is
expressed as follows:

h(β) =

8>><
>>:
β : β ≥ 0
0 : β < 0

(4.15)

This function essentially disables the production term when the optimization process
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predicts a negative value for the correction field. In this scenario, the intention is for the
optimization process to signal the destruction of turbulence by inverting the sign of the
production term. Consequently, this function allows the original destruction term to take
over this responsibility while keeping the production term equal to zero. For this par-
ticular mapping function, regions of the domain where the correction field has negative
values will remain unchanged, staying at zero. This can be understood by considering
the derivative of the mapping function, which appears in Equation 4.14. If we assume
that the second term on the right-hand side of Equation 4.9 is equal to zero, details of
which will be provided in the next section, this leads to no changes in the correction field
in these regions. In contrast, a di↵erent behavior is observed when using a quadratic
mapping function.

h(β) = β2 (4.16)

In this case, negative values of the correction field would increase turbulence pro-
duction. This function lacks a solid physical rationale and may also introduce numerical
instability when the correction field exceeds the range [−1,1]. The smooth ramp func-
tion behaves like the rectified linear functions for negative values of β, while also limiting
positive values. It e↵ectively constrains the model to transition from a laminar state to a
fully turbulent state, where the laminar condition corresponds to zero production and the
fully turbulent state is represented by the original production term of the SA equation.
The equations are shown as follows:

h(β) =

8>>>>><
>>>>>:

0 : β < 0
3β2 − 2β3 : 0  β  1
1 : β > 0

(4.17)

Similar to the rectified linear equation 4.15, this function does not permit changes in
regions of the domain with negative values of the correction field, nor in regions where
the correction field exceeds one.

Finally, the exponential-linear mapping function is the one used in [15].

h(β) =

8>><
>>:
β + 1 : β ≥ 0
exp(β) : β < 0

(4.18)

This function causes the production term to asymptotically approach zero for nega-
tive values of the correction field while maintaining the same behavior as a linear function
for positive values of β. For positive values of β, the function is defined as β+1 to ensure
continuity at β = 0, where h(β) = exp(β). This function demonstrates good performance
because it allows the correction field to vary even in regions where it is negative while
maintaining small values.
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4.4 Objective Function for Field Inversion Optimization

The optimization problem outlined in Equation 4.3 can be e↵ectively addressed once
the goal or objective function G is established. This objective function serves as the cor-
nerstone of the optimization process in field inversion, playing a critical role in identify-
ing physically consistent corrections. Therefore, it is essential that this function satisfies
some key criteria:

• Ease of Measurement: The objective function should be straightforward to mea-
sure with adequate precision. This ensures that the optimization process can rely
on accurate data, which is vital for achieving reliable results. Inaccurate mea-
surements can lead to erroneous conclusions, undermining the entire optimization
e↵ort.

• Relevance to System Performance: The objective function must have a strong cor-
relation with the overall performance of the system. A well-defined function will
directly reflect the critical parameters and behaviors that determine the system’s
efficiency and e↵ectiveness.

• Sensitivity to Corrections: The objective function should exhibit a sensitivity to
the corrections introduced by the field inversion process. This means that even
small adjustments in the correction field should result in noticeable changes in
the objective function. Such sensitivity allows for a more responsive optimization
process, facilitating the identification of the most e↵ective corrections to enhance
system performance.

The fundamental concept is that the objective function should e↵ectively represent
the RANS error associated with variables that can be readily measured or evaluated
through scale-resolving simulations. Such variables might include force coefficients,
pressure distributions, or skin friction coefficients. By focusing on these measurable
quantities, the optimization process can leverage reliable data that reflects the system’s
performance. This measured information serves a crucial role in determining corrections
for other variables that are typically more challenging to assess directly in experimen-
tal settings. For instance, while quantities like turbulent eddy viscosity are pivotal for
accurately modeling fluid behavior, they cannot be directly measured in an experiment.
Instead, the corrections derived from the objective function can provide insights into how
to modify these less accessible variables, thus enhancing the fidelity of the computational
model. An example of a goal function based on the pressure coefficient distribution is
shown below:

G =
Z

@⌦

(Cp −Cpexp)2dl (4.19)
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The term on the right-hand side of Equation 4.19 represents a line integral conducted
along the wall, which may correspond to the surface of an airfoil. This integral evalu-
ates the norm-2 error in the wall pressure distribution. By calculating this error metric,
we can quantify how well the computational model predicts the pressure distribution
along the airfoil’s surface compared to reference data or experimental measurements. A
lower norm-2 error indicates a more accurate representation of the physical phenomenon,
leading to enhanced reliability in predictions of aerodynamic forces and moments. It is
important to recognize that experimental results may be subject to uncertainties that can
significantly a↵ect the optimization process. In a previous study conducted by Ferrero et
al. [26], a sensitivity analysis was performed by perturbing the experimental data to iden-
tify the regions within the computational domain where these uncertainties have the most
significant impact on the corrections derived from field inversion. This method enables
researchers to identify critical areas where inaccuracies in experimental data can lead to
significant deviations in the optimization outcomes. By systematically analyzing how
variations in experimental measurements a↵ect the optimization results, this approach
provides valuable insights into the robustness of the field inversion procedure. Moreover,
it facilitates the establishment of accuracy requirements for the reference experimental
data, ensuring that such data meet the necessary standards for reliable application in field
inversion.

Generally, the goal function is augmented with an additional component known as the
penalization term, a technique commonly referred to as Tikhonov regularization. This
term plays a crucial role in mitigating the occurrence of extreme values in the correc-
tion field during the optimization process. By imposing a penalty on large corrections,
Tikhonov regularization ensures that the correction field remains active only in regions
where it can make a meaningful contribution to reducing the overall error. Furthermore,
this regularization technique encourages the highest values of the correction field β, to
remain close to the initial value β0, which corresponds to the original model. This con-
straint e↵ectively prevents overfitting to noise or inaccuracies in the data, promoting a
more physically realistic adjustment of the model. The objective function can be ex-
pressed mathematically by incorporating the penalization term, leading to the following
formulation:

G =
Z

@⌦

(Cp −Cpexp)2dl + λ
Z

⌦

(β − β0)2d⌦ (4.20)

In the Equation 4.20, the second term on the right-hand side is a surface integral over
the computational domain ⌦ where λ is the penalization term. This second term pe-
nalizes the goal function when the correction field deviates significantly from its initial
value β0.

One of the main advantages of the field inversion approach is its inherent flexibility
in optimizing the correction field by defining a target function that can be tailored to
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di↵erent objectives. This adaptability allows the optimization of di↵erent aspects of the
flow, whether it is a global performance metric or specific local characteristics. In this
thesis, I experimented with several di↵erent objective functions to assess their impact on
the optimization process. Specifically, I focused on skin friction distribution, pressure
distribution, lift coefficients and drag coefficients as di↵erent objectives. Global objec-
tive functions based on integral quantities are easier to measure, but pressure and skin
friction distributions can provide more physical insight.

4.5 Field Inversion Optimization Results

The results of the optimization process using field inversion are presented in the fol-
lowing subsections. The test cases analyzed are the same as those introduced in Section
3.3. Here, the original SA model is compared with the augmented version incorporat-
ing the learned correction field. Di↵erent objective functions were used depending on
the available experimental or high-fidelity data. As previously mentioned, two types of
goal functions were considered: one based on integral variables and the other on lo-
cal variables. Finally, a multi-objective optimization approach is demonstrated for the
NACA0012 test case.

4.5.1 Transitional Flat Plate

The results obtained for the transitional flat plate by using the original SA model
and the SA BCM model were presented, showing that neither model provided a fully
satisfactory match with the experimental data. However, the SA BCM model showed a
closer agreement with experimental results compared to the original SA model. In this
section, the results obtained after applying the field inversion optimization procedure are
presented. Section 4.3 introduced various mapping functions, highlighting their di↵er-
ences. For this test case, a simple rectified linear mapping function was employed. This
choice was made to enforce a laminar region, represented by a null correction field value,
e↵ectively suppressing the production term.
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Figure 4.3: Comparison of experimental results, the original SA model, and the aug-
mented SA model. The left panel shows the skin friction coefficient, while the right
panel illustrates the loss function evolution over optimization iterations.

Figure 4.3 compares the skin friction coefficient predictions for the T3A case from
the augmented SA model, the original SA model, and experimental data. The right
panel of the figure shows the progressive reduction of the objective function throughout
the optimization iterations. Notably, the augmented SA model exhibits strong agreement
with experimental results, surpassing even the SA BCM model in accuracy. These results
confirm that the correction field e↵ectively modulates the production term to accurately
capture the transition phenomenon.

4.5.2 Backward-Facing Step

As discussed in Section 3.3.2, for the backward-facing step test case, the skin friction
coefficient and the pressure coefficient are considered as key objectives. The analysis
focuses on the region near the step and the area immediately downstream. Separation
is induced at the step due to the sudden expansion, with the flow reattaching further
downstream. This phenomenon is evident in the skin friction coefficient, which exhibits
negative values in a small region after the step, indicating separation. However, as shown
in Figures 4.4 and 4.6, the SA model fails to accurately predict the separation region,
underestimating both C f and Cp. This discrepancy not only a↵ects the separation zone
but also influences the accuracy of predictions in the reattachment region.
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Figure 4.4: Comparison of experimental results, the original SA model, and the aug-
mented SA model. The left panel shows the skin friction coefficient, while the right
panel illustrates the loss function evolution over optimization iterations.

The optimization of the SA model through field inversion enables the model to better
predict and calibrate turbulence production in specific regions of the domain by targeting
a defined objective. Figure 4.4 illustrates the improvement (shown by the yellow line)
achieved by incorporating the optimized correction field. The final correction field al-
lows the model to closely match the experimental results. On the right side of Figure 4.4,
the loss function values throughout the optimization iterations are presented. A reduction
of almost one order of magnitude in the loss is achieved after 20 iterations. Each iter-
ation corresponds to a CFD simulation; however, after the first simulation, subsequent
iterations require less time as they start from the previously converged solution.
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Figure 4.5: Correction field derived from the optimization of the skin friction coefficient.

In Figure 4.5, the correction field is displayed across the domain. Since the objec-
tive function is influenced by the lower wall, the correction field exhibits values that
di↵er from the initial ones near the wall. The value next to the step is zero, indicating
no turbulence production, while further downstream, the correction field increases the
turbulence production beyond the original model. This is clearly reflected in the skin
friction coefficient, where the value rises in the reattachment region to better align with
the experimental data.
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Figure 4.6: Comparison of experimental results, the original SA model, and the aug-
mented SA model. The left panel shows the pressure coefficient, while the right panel
illustrates the loss function evolution over optimization iterations.

A similar discussion can be made for the pressure coefficient. However, in this case,
the optimization did not perform as well as it did for the skin friction coefficient. As seen
in Figure 4.6, the pressure coefficient shows some improvement, but it does not match
the experimental results as closely as the optimization of the skin friction coefficient.
Additionally, the loss function, shown on the right of Figure 4.6, exhibits oscillations
during the iterations. The L2 error also starts with a lower value compared to the L2
error in the skin friction coefficient, indicating that the optimization for the pressure
coefficient was less e↵ective.
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Figure 4.7: Correction field derived from the optimization of the pressure coefficient.

Figure 4.7 shows the correction field predicted in this case. Similar to the optimiza-
tion of the skin friction coefficient, there is a significant variation in the lower wall where
the objective is defined. However, both the shape and resulting values of the correction
field di↵er, indicating that the two objectives are independent of each other.

Figure 4.8: Comparison of experimental data, the original SA model, and the augmented
SA model for C f and Cp, optimized based on the C f .
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Figure 4.9: Comparison of experimental data, the original SA model, and the augmented
SA model for C f and Cp, optimized based on the Cp.

Figure 4.9 demonstrate the independence of the objective functions. Specifically,
optimizing for Cp does not lead to any noticeable improvement in the prediction of
C f . This is evident in the left panel of Figure 4.9, where C f remains nearly unchanged
compared to the original model. However, when optimizing for C f , the right panel of
Figure 4.8 shows a slight improvement in Cp downstream of the step relative to the
original SA model. Overall, for this test case, using C f as the objective function appears
to be more e↵ective than using Cp.

4.5.3 SD7003 Airfoil

As previously mentioned, various high-fidelity data are available for the SD7003 test
case, including the wall pressure distribution (Cp), skin friction distribution (C f ), lift co-
efficient (CL), and drag coefficient (CD). These provide the basis for defining four distinct
objective functions. Each of these functions was tested, and the results were compared
across di↵erent optimizations. Since each optimization modifies the turbulent viscosity
field in a unique manner, all other fields are consequently a↵ected. The di↵erences are
visible in Figure 4.10 below.
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(a) (b)

(c) (d)

Figure 4.10: Turbulent viscosity results after field inversion optimization for the SD7003
airfoil at ↵ = 4◦. (a) CL optimization, (b) CD optimization, (c) Cp optimization, and (d)
C f optimization.

In Figure 4.10 (a) and (b) , optimizing with CL and CD appears to produce a similar
e↵ect on the resulting turbulent viscosity field. In contrast, optimizing with C f and Cp
(Figure 4.10 (c) and (d)) generates a completely di↵erent turbulent viscosity distribu-
tion, highlighting the distinct influence of local and integral objective functions on the
optimization process.
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Figure 4.11: Comparison of pressure coefficients for di↵erent goal function definitions
for SD7003 at ↵ = 4◦.

Figure 4.12: Comparison of skin friction coefficients for di↵erent goal function defini-
tions for SD7003 at ↵ = 4◦.
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This test case serves as an ideal benchmark for evaluating the influence of di↵erent
types of objective functions, whether integral or local, as discussed in Section 4.4. High-
fidelity results from LES are represented by black dots, and as seen in Figures 4.11 and
4.12, di↵erent objective functions lead to distinct C f and Cp distributions. Specifically,
the red and purple curves, which correspond to optimizations based on CD and CL respec-
tively, fail to capture the correct shape of the high-fidelity results. In contrast, while the
optimizations based on C f and Cp do not perfectly align with the high-fidelity values,
they successfully approximate the shape and the location of the separation region.

CL CD

LES [29] 0.59 0.021
SA 0.551 0.0099

SA (FI−CL) 0.586 0.0147
SA (FI−CD) 0.571 0.0191
SA (FI−CP) 0.571 0.0052
SA (FI−CF) 0.602 0.011

Table 4.1: Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 4◦.

Table 4.1 presents the results for CL and CD obtained from each optimization. While
almost all optimizations show an improvement compared to the original SA model, the
best results in terms of CL and CD are naturally achieved when the optimization is guided
by an integral objective. However, Figures 4.11 and 4.12 reveal that, despite capturing
the integral values, the location of the separation phenomenon is not accurately predicted.
This is expected, as CL and CD are defined as the area under the curves of C f and Cp,
meaning that di↵erent distributions of these coefficients can still yield the correct integral
values. As a result, the optimization process is susceptible to multiple local minima.

The same analysis is performed for ↵ = 8◦. Figures 4.13, 4.14, and 4.15, along with
Table 4.2, highlight the di↵erences in turbulent viscosity, as well as the variations in
local and global coefficients.
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(a) (b)

(c) (d)

Figure 4.13: Turbulent viscosity results after field inversion optimization for the SD7003
airfoil at ↵ = 8◦. (a) CL optimization, (b) CD optimization, (c) CP optimization, and (d)
CF optimization.
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Figure 4.14: Comparison of Pressure coefficient for di↵erent goal function definitions
for SD7003 at ↵ = 8◦.

Figure 4.15: Comparison of Skin friction coefficient for di↵erent goal function defini-
tions for SD7003 at ↵ = 8◦.
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CL CD

LES [29] 0.92 0.043
SA 0.895 0.0435

SA (FI−CL) 0.917 0.0436
SA (FI−CD) 0.894 0.044
SA (FI−CP) 0.939 0.0372
SA (FI−CF) 0.935 0.0411

Table 4.2: Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 8◦.

From both angles of attack, the same e↵ects were observed. The use of objective
functions based on the error in global coefficients yields good results for global coeffi-
cient prediction but fails to accurately capture the correct shape distributions, missing
important flow features such as separation. In contrast, the use of local distributions in
the objective function provides more physical insights and results in corrected fields that
are closer to the reference ones.

4.5.4 NACA0021 Airfoil

Continuing the discussion on the low-Reynolds airfoil, the results of the field in-
version optimization for the NACA0021 airfoil are presented and analyzed here. As
previously discussed in Section 3.3.4, this test case benefits from various experimental
datasets at di↵erent angles of attack, particularly for CL and CD. The significance of this
test case has already been outlined in Section 3.3.4. Both CL and CD were used to evalu-
ate the performance of the Field Inversion framework, and the corresponding results are
presented in the current section.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.16: Results of the CL Augmented Spalart–Allmaras model for the NACA0021
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 8◦. (c) Velocity mag-
nitude and (d) turbulent viscosity at ↵ = 12◦. (e) Velocity magnitude and (f) turbulent
viscosity at ↵ = 16◦.

Figure 4.16 presents the optimization results in terms of velocity and turbulent viscos-
ity fields at di↵erent angles of attack, specifically at ↵ = 8◦, 12◦ and 16◦, corresponding
to pre-stall, incipient stall, and post-stall conditions. A significant di↵erence is observed
in both the velocity and turbulent viscosity fields at ↵ = 16◦ when compared to the results
of the original SA model shown in Section 3.3.4. After applying the optimal correction
field, the modified turbulent viscosity field leads to a more pronounced flow separation
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in the velocity field, which was almost absent in the original SA model. These e↵ects
are even more evident in Figure 4.17.

Figure 4.17: Comparison of CL and CD across di↵erent angles of attack for experimental
data, the original SA model, and the augmented SA model optimized for CL.

Figure 4.17 shows a significant improvement in terms of CL, both in the pre-stall
and post-stall regions, compared to the original SA model. The CD also improves, but
mainly in the post-stall region, while it remains very close to the original SA model in
the pre-stall region. The same analysis was performed by optimizing CD, and the results
are presented below.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.18: Results of the CD Augmented Spalart–Allmaras model for the NACA0021
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 8◦. (c) Velocity mag-
nitude and (d) turbulent viscosity at ↵ = 12◦. (e) Velocity magnitude and (f) turbulent
viscosity at ↵ = 16◦.

Figure 4.18 illustrates the e↵ect of the correction field in terms of the turbulent and
velocity fields across di↵erent angles of attack. In contrast to the CL optimization, the
turbulent viscosity field adopts a di↵erent shape compared to the original SA model, even
in the pre-stall region.
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Figure 4.19: Comparison of CL and CD across di↵erent angles of attack for experimental
data, the original SA model, and the augmented SA model optimized for CD.

Figure 4.19 provides a clearer understanding of the results in terms of the integral
coefficients. It is evident that, in this case, a perfect match in terms of CD is achieved.
However, the predicted CL values are completely inaccurate. As highlighted in the anal-
ysis of the backward-facing step test case, optimizing for one objective does not neces-
sarily lead to better results for another. Indeed, in this case, the CD optimization results
in erroneous CL values, which are actually worse than those produced by the original SA
model, particularly in the pre-stall region. From Figures 4.17 and 4.19, it is evident that
the two objectives are in contrast in the pre-stall region. Optimizing for CL improves CL

in the pre-stall region but does not lead to any improvement in CD. Conversely, optimiz-
ing for CD improves CD, but it deteriorates the CL prediction in the pre-stall region. With
this in mind, the next section will discuss a trial aimed at obtaining better results in the
pre-stall region by using a multi-objective optimization algorithm.

4.5.5 Multi-Objective Optimization

The NACA0021 test case revealed contrastive behavior of the objective functions in
the pre-stall region. For this reason, a multi-objective optimization approach was em-
ployed to explore whether the results in this region could be improved. Among the
various techniques available, an approach known as Adaptive Weights using the concept
of the Hyperplane technique was chosen. This framework was introduced by Ryu et al.
in [77]. The idea behind their work comes from the fact that the weighted multi-objective
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function, despite being one of the most widely used methods for solving multi-objective
problems, presents the challenge of determining the optimal set of weights for combin-
ing the di↵erent objectives. The process of selecting the best set of weights is crucial,
as it directly influences the e↵ectiveness of the optimization in balancing the compet-
ing objectives. The adaptive weights method o↵ers a way to overcome this challenge
by dynamically adjusting the weights during the optimization process, thus improving
the trade-o↵ between the objectives. The algorithm described in [77] operates in sev-
eral steps. The first step involves Lexicographic optimization, which is a multi-objective
method used to identify solutions on the Pareto front by prioritizing one objective func-
tion while treating the others as constraints. In single-objective optimization, focusing on
a single function might lead to a weakly Pareto optimal solution. However, lexicographic
optimization aims to overcome this by incorporating multiple objectives in a hierarchical
order, allowing it to find true Pareto optimal solutions. This approach ensures that the
solution is robust and aligned with the desired outcomes across multiple objectives.

Figure 4.20: Lexicographic optimization

Figure 4.20 illustrates the four steps involved in finding the two best points in the ob-
jective space. The process is explained with two objective functions, which corresponds
to the case of the NACA0021 optimization. In the first step, one of the two objectives is
minimized. Then, in the second step, the second objective is optimized, while imposing
the constraint that the first objective must remain less than or equal to the minimum value
obtained in the first step. In Figure 4.20 the asterisk (⇤) denotes the optimal value of the
objective, while the tilde (~) indicates the minimum achievable value for that objective
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when the other objective is constrained. This restriction ensures that the second objec-
tive is minimized under the condition that the first objective does not worsen, thereby
identifying the first optimal point on the Pareto front. The same two steps, shown as step
3 and step 4 in Figure 4.20, are then performed starting from the second objective. In
this test case, the first objective is the error in CL (GCL), while the second objective is the
error in CD (GCD). This method ensures a balanced optimization process that considers
both objectives, leading to the identification of optimal solutions on the Pareto front.

Figure 4.21: Hyperplane in the 2D objective space.

Figure 4.21 depicts the adaptive weights process. A hyperplane is a subspace with
one dimension less than its ambient space. In two-dimensional space, it is represented
as a line. The hyperplane is constructed in the objective space using previously obtained
solutions, and its coefficients are then used as new weights for the di↵erent objective
functions. The weights for combining the individual objectives are determined by solving
the following linear system.

"
GCD

˜ G⇤CL

G⇤CD
GCL

˜

# "
w1

w2

#
=

"
1
1

#
(4.21)

By using the weights obtained from Equation 4.21, new Pareto optimal solutions are
found along the Pareto front. The hyperplane, which is a line in this case, is constructed
using these new weights. It moves within the objective space to minimize the objective
function, expressed as a weighted sum of the di↵erent objectives.
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Figure 4.22: Pareto front for ↵ = 8◦.

Figure 4.22 shows the results obtained at ↵ = 8◦ using the technique described earlier.
The axes GCL and GCD represent the objective functions defined as the errors in CL and
CD, respectively. As shown, the blue dot corresponds to the results from the adaptive
weight method, which successfully minimizes the errors in both CD and CL compared to
the original SA model (represented with the red dot in the figure). The same results are
presented in Figure 4.23 for ↵ = 10◦.
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Figure 4.23: Pareto front for ↵ = 10◦

Figure 4.24: Single and Multi-Optimization comparisons.

Finally, in Figure 4.24, the results in terms of CL and CD are shown. The di↵erences
between the experimental, original SA, single-objective (SA-FI-CL and SA-FI-CD in
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the legend) and multi-objective optimizations are highlighted. The multi-objective tech-
nique provides a compromise between the two objectives. However, there was limited
improvement in the prediction of CD in the pre-stall region compared to the original
SA model. The computational cost of performing lexicographic optimization is nearly
twice that of a single-objective optimization. However, in this case, the error between
the SA model and the experimental value of CD is already small. Notably, the results
from the single-objective optimization targeting CL yield better accuracy in terms of CL

error, while the error in CD remains relatively low. Therefore, for the next step of the
o✏ine phase, the training of the data-driven model, the results from the CL optimization
were preferred, even though the predicted CD values are less accurate than those of the
original SA model in the pre-stall region.
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Chapter 5

Feed Forward Neural Network

Field inversion optimization, as outlined by Duraisamy et al. [39], traditionally re-
quires coupling with a data-driven model. This pairing facilitates the development of
surrogate models to predict correction fields under varying input parameters. However,
these models have limited generalizability, as they cannot predict correction fields out-
side the scope of the data set. For instance, a model trained on high-fidelity simulations
of airfoils at di↵erent angles of attack cannot extrapolate to entirely di↵erent geometries,
like cars or blunt bodies. However, machine learning algorithms can generalize to un-
seen conditions within the range of the data set, such as untrained angles of attack. This
thesis explores the use of a Feedforward Neural Network (FNN), a fundamental neural
network architecture. Neural networks trace their origins to 1943, when McCulloch and
Pitts introduced a computational model of neurons [53]. Subsequent advances included
Rosenblatt’s 1958 perception [75], the first neural network capable of classifying images
using error correction learning. Later innovations, such as Widrow and Ho↵’s ADA-
LINE and MADALINE models in 1959 [98], expanded neural network applications to
real-world problems such as noise filtering in phone lines.

Today, Artificial Neural Networks have gained prominence for their ability to identify
patterns, handle large datasets, and solve prediction and classification tasks in various
fields. Their nonlinear structure enables them to capture complex relationships, making
them a powerful tool in computational research and industry. The exponential growth
of Artificial Neural Networks research reflects their growing importance as a versatile
solution for modern challenges.

5.1 Neural Network Principles

A neural network is composed of interconnected layers of neurons that work together
to learn patterns and make predictions. Its structure typically includes three main com-
ponents: the input layer, one or more hidden layers, and the output layer.

The input layer receives data and passes them to subsequent layers for processing.
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Each neuron in the input layer corresponds to a feature or variable in the dataset. For
example, in an image processing task, the input layer might have one neuron for each
pixel in the image. Hidden layers, located between the input and output layers, perform
the primary computations that enable the network to learn complex patterns. Each neuron
in these layers computes a weighted sum of its inputs, expressed as:

z =
X

i

(wi · xi) + b (5.1)

where wi are the weights, xi are the inputs and b is the bias term. This result is then
passed through an activation function, a critical element that introduces non-linearity.
Without activation functions, the network would behave like a linear model and fail to
capture complex patterns. Common activation functions include the rectified linear unit
(ReLU) function for efficiency and sparsity, the sigmoid and hyperbolic tangent functions
for smoother gradients, and the softmax function for multi-class classification tasks. The
output layer provides the final predictions. Regression tasks, typically have one neuron
outputting a continuous value, while for classification tasks, the number of output neu-
rons corresponds to the number of classes, often using softmax or sigmoid activation
functions.

The training process relies on the backpropagation algorithm, which minimizes the
error between the model’s predictions and actual values by adjusting weights and biases.
Backpropagation works in two phases: a forward pass and a backward pass. During
the forward pass, data propagates through the network, and predictions are compared
to target values using a loss function. The backward pass calculates gradients of the
loss with respect to the network’s parameters, applying the chain rule of di↵erentiation
layer by layer. These gradients are then used to update the weights and biases using
optimization algorithms like Stochastic Gradient Descent (SGD) or adaptive moment
estimation known as Adam [40]. This iterative process enables the network to learn
complex mappings from inputs to outputs, making neural networks highly e↵ective for
tasks requiring sophisticated pattern recognition.

5.2 Correction Field Prediction

Despite their simple architecture, neural networks theoretically can approximate any
measurable function [35]. However, achieving this is not straightforward. Not all ar-
chitectures can easily reach such objectives, and even though modern Python libraries
like TensorFlow and PyTorch simplify implementation, selecting the right architecture,
activation functions, optimization algorithms, and hyperparameters requires significant
e↵ort. This process, coupled with the need for clean, well-prepared datasets, often con-
stitutes the most time-consuming aspect of developing neural network models.

In the CFD field, neural networks are commonly used to generate surrogate mod-
els for relatively simple problems. For example, they can predict global coefficients like
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drag or lift for an airfoil based on its geometry, but usually under laminar flow conditions
without turbulence. More complex applications include generating surrogate models for
non-linear terms in the Reynolds stress tensor, where the neural network uncovers rela-
tionships between predefined inputs and outputs. However, in this work, the focus is on
cases where only the output, the correction field β obtained through the field inversion
optimization process, is known. This correction field modifies turbulence equations to
meet specific objectives and is computed within a CFD framework using finite volume
methods. Since the correction field depends on the specific geometry, mesh, and case
used in the field inversion process, it cannot directly generalize to other cases. The goal,
therefore, is to extend the utility of this correction field by discovering a generalizable re-
lationship using machine learning. For example, if the objective is to improve the model
for transition phenomena in airfoils, we aim to predict the correction field for new air-
foils with similar characteristics or for the same airfoil at di↵erent angles of attack where
similar transition behavior is expected. The challenge lies in identifying the appropriate
physical input variables, derived from the same CFD computation, to relate to the correc-
tion field. Once a model is trained to approximate this relationship, the correction field
can be predicted for new cases based on these physical variables. This approach trans-
forms the field inversion optimization procedure into a dataset generation process for
training machine learning algorithms. Although this method may appear time-intensive,
it is a computationally cheaper alternative to creating datasets through high-fidelity sim-
ulations like DNS or LES. High-fidelity simulations, while desirable for their accuracy,
are often impractical due to computational constraints. Moreover, directly using DNS
results to improve RANS models can be problematic, as the two rely on fundamentally
di↵erent assumptions. Field inversion, by contrast, generates datasets specifically tai-
lored to RANS models, bridging the gap between data-driven methods and traditional
turbulence modeling.

5.3 Input choice

The primary objective of using the FFNN is to establish a relationship between lo-
cal flow features and the local correction field. Ideally, this relationship could then be
used in any CFD code to solve the modified Spalart–Allmaras equation over time. The
selection of input variables is critical to the success of this approach, as it directly im-
pacts the accuracy and reliability of the results. General guidelines recommend choosing
local, Galilean-invariant variables derived from RANS simulations. However, the final
selection is determined by the researcher and must align with the specific goals and re-
quirements of the study. One major challenge with this methodology is that there might
not be an exact relationship between the input variables and the correction field. Addi-
tionally, identifying the correct set of input features can be difficult. Worse, the FFNN
might learn a relationship that lacks physical realism, potentially leading to issues such
as numerical instability during transient simulations. Various researchers have selected
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di↵erent sets of input variables, adapting them to the characteristics of the flow under
study and the specific corrections required for the turbulence model. Ferrero et al. [27]
employed five input variables to train the feedforward neural network (FNN) in detail:
χ, log(⌧/⌧re f + ✏), f 0d, log(P/(D + ✏) + ✏) and log(|r(⌫̃)|d/(⌫̃ + ⌫) + ✏).

The first input, χ, represents the turbulence intensity, defined as the ratio between
turbulent viscosity and molecular viscosity. The second input is the normalized stress
tensor, scaled by a reference stress tensor defined as ⌧re f = ⇢(⌫ + ⌫̃)2/d2, to ensure
locality in the input. A logarithmic transformation was applied to mitigate overfitting
in the neural network, with an additional small term ✏ added to prevent undefined values,
particularly in the freestream region. The third input, f 0d, is a modified version of the
shield function fd, originally introduced in [87]. It is defined as:

f 0d = 1 − tanh((rd)0.5) (5.2)
where rd is a dimensionless quantity given by:

rd =
⌫ + ⌫̃

d2k2
q

@ui
@x j

@ui
@x j

. (5.3)

Unlike fd, the modified function f 0d provides a better characterization of the features
near the wall. The fourth input is the ratio of production (P) to destruction (D) scaled
logarithmically for consistency with the second input. Finally, the gradient of turbulent
viscosity is incorporated through proper normalization. This term is included because
it appears in the cross-term of the SA equation and helps identify regions with strong
variations in the turbulent viscosity field.

The field inversion framework was fully integrated into the Computational Fluid Dynam-
ics solver used in this research (Immerflow). To validate the framework, the transitional
flat plate test case was used as mentioned in 4.5.

Figure 5.1: Transitional flat plate FFNN Architecture
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Figure 5.1 shows the network architecture employed. The choice of architecture
including the number of layers and the number of neurons results from a series of tri-
als and errors. The same approach was adopted for the other neural network architec-
tures presented in this thesis. The Adam algorithm was chosen for its adaptive learning
rates, computational efficiency, robustness to hyperparameters, and bias correction, all
of which contribute to faster convergence and improved stability. The Leaky-ReLU ac-
tivation function was selected due to its simplicity, computational efficiency, ability to
induce sparse activations, and mitigation of the vanishing gradient problem, making it
well-suited for deeper networks. For this test case, after a series of trials and errorss,
only two inputs were chosen, shown as follows:

• Modified turbulent viscosity ratio:

χ = ⌫/(⌫̃ + ⌫) (5.4)

• Magnitude of the turbulent viscosity gradient:

|r⌫̃|d
(⌫ + ⌫̃)

(5.5)

The first input serves as an index of turbulent viscosity intensity, as also utilized in
[89]. The second input was already discussed and used by Ferrero et al. [27]. The results
obtained with this network will be discussed in the results section 5.5

A deeper analysis of the input choice was performed by using the backward-facing
step. This case was particularly relevant due to its well-documented flow characteristics
and the ability to optimize di↵erent objective functions, specifically the skin friction co-
efficient (C f ) and the pressure coefficient (Cp). The flexibility in selecting the objective
function provided valuable insight into the behavior of turbulence models, particularly
in flow separation regions. The outcomes of this study were presented at the ParCFD
2023 conference, where the methodology and improvements achieved through the field
inversion approach were discussed. To enhance the accuracy of the turbulence model
corrections obtained from the field inversion process, a feedforward neural network was
implemented and trained using the Levenberg-Marquardt optimization algorithm, which
is well suited for handling nonlinear optimization problems efficiently. The architec-
ture consisted of three hidden layers, structured with 10, 10, and 5 neurons per layer,
respectively, as shown in figure 5.2. With regard to overfitting, the training process is
systematically monitored through the loss functions computed on both the training and
validation datasets. In particular, certain early stopping strategies terminate the training
as soon as the validation loss begins to increase, exceeding that of the training set, thereby
preventing overfitting. This strategy is applied consistently in all test cases examined.
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Figure 5.2: Backward-Facing step FFNN Architecture

For the activation functions, the ReLU was employed in the hidden layers because
of its advantageous properties, such as preventing the vanishing gradient problem and
accelerating convergence during training. The output layer utilized a Tan-Sigmoid acti-
vation function, which facilitated a smooth representation of the predicted corrections.
Training was conducted using the backpropagation algorithm, with the dataset divided
into 80% for training, 10% for testing, and 10% for validation.

The input variables used for this test case are shown below.

• Modified turbulent viscosity ratio:

χ = ⌫/(⌫̃ + ⌫) (5.6)

• Magnitude of the turbulent viscosity gradient:

|r⌫̃|d
(⌫ + ⌫̃)

(5.7)

• Streamwise pressure gradient:
(rpu)d
|u|p (5.8)

• Production Destruction Ratio:

log(P/(D + ✏) + ✏) (5.9)
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• First Invariant:
{s2} (5.10)

• Second Invariant:
{r2} (5.11)

The selection of input variables was inspired by the work of Ferrero et al. [27], who
demonstrated the e↵ectiveness of specific turbulence-related quantities in training neural
networks for turbulence model corrections. However, in this study, modifications were
made to the input set to improve the robustness and physical interpretability of the model.
Notably, f 0d and the stress tensor ratio were omitted, and instead, the first two invariants
from Pope’s theory ({s2} and {r2}) were incorporated [68]. Pope’s theory provides a phys-
ically consistent framework for describing turbulence using invariant quantities, which
ensures that the model respects fundamental turbulence properties. These invariants help
capture the non-linear nature of turbulence interactions. A similar strategy was first em-
ployed by Ling et al. in [47]. Moreover, another input is introduced the streamwise pres-
sure gradient, which is crucial as it directly a↵ects boundary layer behavior. In regions
with an adverse pressure gradient, the flow is more prone to separating from the sur-
face. This separation plays a crucial role in the transition from laminar to turbulent flow.
By including the streamwise pressure gradient, the model can better predict and cor-
rect for regions susceptible to separation. However, one could argue that incorporating
the streamwise pressure gradient introduces a potential violation of Galilean invariance.
This issue can be mitigated by replacing the absolute velocity in Equation (5.18) with the
velocity relative to the nearest solid wall. In this study, since all bodies are at rest with
respect to the chosen frame of reference, the absolute and relative velocities are identical.

A simple analysis was conducted to examine the correlation between the correction field
and the input variables. Specifically, a leave-one-out analysis was performed to identify
which input variable had the most significant impact on output variation. The Backward-
facing step test case involved two objective functions for training, resulting in two dis-
tinct correction fields obtained through field inversion optimization. Consequently, the
leave-one-out analysis was conducted separately for each dataset. The importance of
each input variable was quantified using the R-squared (R2) parameter. The R2 coeffi-
cient measures the goodness of fit in neural network training by assessing the proportion
of variance in the dependent variable that can be explained by the independent variables.
It is calculated as follows:

R2 = 1 − S S res

S S tot
(5.12)

where S S res is the sum of squares of residuals, defined as:

S S res =

nX

i=1

(yi − yî)2 (5.13)
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and S S tot is the total sum of squares, given by:

S S tot =

nX

i=1

(yi − yi)2 (5.14)

In these equations, n represents the total number of data points, yi is the ground truth
value, yî is the predicted value, and yi is the mean of the ground truth values. The R2

values range from 0 to 1, where 1 indicates a perfect prediction, while 0 implies that the
model does not explain any of the variance. Higher R2 values indicate a better fit and
more accurate predictions.

Figure 5.3: Leave One-Out Cf dataset
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Figure 5.4: Leave One-Out Cp dataset

For the C f dataset, the nominal R2 value when using all input variables was R2 =

0.9037, while for the Cp dataset, it was R2 = 0.5048 as shown in Figure 5.3 and 5.4.
The leave-one-out analysis revealed that removing the turbulent intensity ratio caused a
36.09% reduction in R2 for the C f dataset. In contrast, for the Cp dataset, the most sig-
nificant reduction, 58.48% from its nominal value, occurred when the ratio between the
production and destruction terms was removed. Excluding the first or second invariants
slightly increased the R2 value in the C f dataset training, improving the regression fitting.
Conversely, in the Cp dataset, these invariants had the opposite e↵ect—removing one of
them reduced the model’s fitting capability. In this dataset, the streamwise pressure gra-
dient was the least influential variable, while removing the turbulent viscosity gradient
led to an increase in R2.

In the last two test cases, the focus is on low-Reynolds number separation phenom-
ena in airfoils, specifically in the SD7003 and NACA0021 test cases. For both cases, an
identical neural network architecture was employed.
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Figure 5.5: Airfoil FFNN Architecture

As depicted in Figure 5.5, the following five input variables were considered for this
study:

• Modified turbulent viscosity ratio:

⌫/(⌫̃ + ⌫) (5.15)

• Reynolds thickness number:

Re✓ = Rev/2.193 (5.16)

where
Rev =

⇢d2

µ
S (5.17)

• Streamwise pressure gradient:
(rpu)d
|u|p (5.18)

• Magnitude of the turbulent viscosity gradient:

|r⌫̃|d
(⌫ + ⌫̃)

(5.19)

• Modified shield function:
f d
0

(5.20)
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The inputs e↵ective for the BFS test case did not perform well in the present cases.
The first and second invariants, as well as the production-destruction ratio, did not pro-
vide measurable improvement. Therefore, these inputs were discarded and replaced with
a new one. The input in 2.23 was chosen because it appears in a variant of the SA model
known as SA-BCM [12]. In this version, the authors introduce an algebraic function
to compute an intermittency multiplier for the production term. Since the correction
field acts similarly to an intermittency parameter, the Reynolds thickness number was
included as an input to the FFNN. The importance of the other inputs has already been
discussed. As shown in Figure 5.5, the FFNN consists of five hidden layers, each with
10 nodes. For this Neural Network the Adam backpropagation algorithm and the Leaky-
ReLU activation function were employed. The dataset includes simulation results from
various angles of attack. For the SD7003 airfoil, data from two angles were used, while
for the NACA0021 airfoil, six angles were included. In each case, the dataset was di-
vided into 70% for training and 30% for validation. To enhance training efficiency, a
variable learning rate was used, allowing for faster initial learning while ensuring sta-
ble convergence. Additionally, early stopping, based on validation loss, was applied to
prevent overfitting. Training was stopped once the validation loss ceased to improve,
ensuring that the best model parameters were retained.

5.4 Dataset Region Selection

The strength of the field inversion approach lies in its ability to incorporate both
global and local coefficients, which can be derived from experimental data or high-
fidelity simulations. Global coefficients, such as lift and drag, are generally easier to
measure, as they depend solely on fields calculated at the boundary layer. Consequently,
the correction field primarily influences the equations within the boundary layer region.
This e↵ect is evident from the results presented in the field inversion chapter (Section
4.5), where, in all test cases, the goal functions depend on wall-related variables. As a
result, the variation of the correction field is confined to a specific region of the domain.
When constructing the training dataset for the neural network, it is more efficient to focus
on these specific regions rather than using the entire domain. In areas where the orig-
inal SA model does not require modification, the correction field remains unchanged.
By concentrating on zones with significant correction field variation, the complexity of
the problem is reduced, thereby improving the efficiency of the training process. This
efficiency gain can be explained intuitively: if the dataset is dominated by regions where
the correction field remains unchanged, the FFNN will tend to overfit these areas instead
of learning the meaningful variations near the wall. While this might result in an ap-
parent reduction of the loss function, this reduction would primarily reflect the network
fitting unchanged regions rather than accurately capturing the necessary variations near
the boundary layer, where the correction is most critical. To identify these relevant re-
gions, a modified version of the shield function is employed, defined in Equation 5.2.
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Originally introduced in the Detached Eddy Simulation (DES) model [87] to blend LES
and RANS models, the shield function ranges from 0 to 1, where a value of 0 indicates
regions inside the boundary layer and 1 indicates areas outside it. This enables the gen-
eration of a dataset focused on regions where the correction field is most likely to be
active. Following this approach, the dataset is selected from areas where the modified
shield function, f d0, has values less than or equal to 0.9.

Figure 5.6: Shield function distribution near the SD7003 airfoil wall

Figure 5.6 highlights the regions near the wall of the SD7003 airfoil where the mod-
ified shield function remains below 0.9, e↵ectively identifying the portion of the domain
where the correction field is most active. This targeted selection ensures that the cor-
rection field is accurately represented in the training dataset, enhancing the e↵ectiveness
and precision of the neural network.

5.5 FFNN Results

After presenting the three main neural network architectures utilized during this PhD
research, along with the studies conducted to assess input parameters and define the
dataset extraction domain, the following subsections provide a case-by-case analysis
of the results. The evaluation begins with the T3A test case, where the field inver-
sion approach demonstrated excellent agreement with experimental results. Next, the
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backward-facing step case is analyzed, comparing di↵erent local objective functions, in-
cluding skin friction and pressure coefficients. Finally, results for low Reynolds number
airfoils, specifically the SD7003 and NACA0021, are presented. As discussed in previ-
ous sections, for these airfoils, the lift coefficient was selected as the target variable for
neural network inference. It is important to note that not all results achieved a satisfactory
match with the optimized field inversion outcomes. In some cases, the neural network
predictions failed to capture the correct trend and, in certain instances, even performed
worse than the original SA model.

5.5.1 Transitional Flat Plate

The neural network illustrated in Figure 5.1 is employed here to infer the correction
field previously obtained during the optimization process. The methodology remains
consistent across cases. For this particular case, no alternative domain extraction was
performed, as the computational domain and mesh were sufficiently small, allowing the
entire domain to be used for dataset generation and training. Once trained, the model
was integrated with the CFD solver and applied during the simulation.

Figure 5.7: Skin friction coefficient comparison results: experimental, original SA
model, and augmented SA with Field Inversion and Neural Network.

Figure 5.7 presents the skin friction coefficient results, where the blue line repre-
sents the outcome of coupling the CFD solver with the trained artificial neural network.
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As observed, the FFNN-augmented model performs worse than the original SA model,
predicting an early transition to the turbulent regime. This outcome highlights a key lim-
itation of this approach when integrating the neural network model with the CFD solver.
While input selection may have contributed to the poor performance in this case, the re-
sults suggest that, during the numerical transient, the neural network predicts correction
field values that prematurely enhance the production term in the S–A equation. This, in
turn, increases turbulent viscosity too early, reinforcing an overly turbulent regime.

5.5.2 Backward-Facing Step

Results from the Neural Network applied to the backward-facing step test case, in-
corporating all input sets described in Section 5.3, are presented and discussed. The
objective of this test case is to evaluate the method’s behavior using two distinct objec-
tive functions. Specifically, as mentioned in Section 4.5, both the skin friction coefficient
and the pressure coefficient are considered. The full dataset generated through field in-
version is utilized for this analysis. The nature of the objective functions is similar, as
both produce a correction field that deviates from 1, particularly near the lower wall and
especially around the step where flow separation occurs.

Figure 5.8: Comparison of experimental results, original SA model, and augmented SA
model (Cf dataset): skin friction coefficient (left) and pressure coefficient (right).

Figure 5.8 presents the results obtained by training the neural network on the skin
friction dataset. Compared to the original SA model, the augmented model demonstrates
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improved predictions of the skin friction coefficient, particularly in the region down-
stream of the step. On the right side of Figure 5.8, the pressure coefficient is shown.
It is important to emphasize that these results are derived from the same neural network
trained solely on the skin friction dataset; therefore, significant improvements in the pres-
sure coefficient are not expected. As anticipated, the results are largely similar to those
of the original SA model, with minor discrepancies observed near the step.

Figure 5.9: Correction field comparison: top, obtained through field inversion; bottom,
inferred from the neural network (Cf dataset).

The results shown in section 4.5 shows an almost perfect match between the exper-
imental results and the augmented SA with the correction field in the final optimization
iteration. Here the figure 5.9 shows di↵erences in the inferred correction field with the
neural network in comparison with the target. That is the reason why the skin friction
coefficient does not match the experimental results while improving with respect to the
original model.
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Figure 5.10: Comparison of experimental results, original SA model, and augmented SA
model (Cp dataset): skin friction coefficient (left) and pressure coefficient (right).

The neural network trained on the pressure coefficient dataset, using the same set of
inputs as the one used for the skin friction coefficient, exhibited a lower R-squared value.
Consequently, the improvement in the pressure coefficient is limited compared to the
original SA model, as shown in Figure 5.10. However, a slight improvement is observed
in the region near the step (0 < x < 5) for both the pressure and skin friction coefficients.
Nevertheless, since the prediction of the skin friction coefficient is worse than that of the
original SA model, it is preferable in this case to use only the neural network trained on
the skin friction coefficient dataset.
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Figure 5.11: Correction field comparison: top, obtained through field inversion; bottom,
inferred from the neural network (Cp dataset).

Figure 5.11 compares the correction field obtained through field inversion with the
one inferred by the FFNN. It is evident that, in this case, the neural network was unable
to capture the correct shape and variation of the target correction field. These results
demonstrate the neural network’s limitations for this test case. While the model performs
relatively well with the skin friction dataset, it struggles to capture the target correction
field, especially with the pressure coefficient dataset. Since the input-output pairs do
not represent a smooth function, the neural network’s performance is inherently limited.
Even though the R-squared value is relatively high for the skin friction dataset, it does
not ensure good results, as shown by the model’s difficulties.

5.5.3 SD7003 Airfoil

The results obtained using the FFNN for the SD7003 test case are presented here.
As previously mentioned, ground truth data are available for two angles of attack for
this case. In Section 4.5, the e↵ectiveness of using local coefficients over global ones
was demonstrated by comparing field inversion results based on di↵erent goal functions.
However, to maintain consistency with the NACA0021 test case, where only global
coefficients are available, the neural network is trained using only global coefficients.
Specifically, the results obtained using the lift coefficient error as the objective function
are considered. The architecture and input variables for the FFNN were previously de-
tailed in Section 5.3. The loss function is defined as the mean squared error between the
simulated correction field and the field inversion results.
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An early stopping method is applied to prevent overfitting, which stops the training
automatically when necessary. The R-squared obtained during training was R2 = 0.862.

(a) (b)

(c) (d)

Figure 5.12: Results of the FFNN-augmented Spalart–Allmaras model for the SD7003
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 4◦. (c) Velocity
magnitude and (d) turbulent viscosity at ↵ = 8◦.

The results from the FFNN-augmented model, implemented within the CFD solver,
are presented in Figure 5.12. The simulation begins from the converged solution of the
original SA model.

106



5.5 – FFNN Results

CL CD

↵ = 4◦ LES 0.59 0.021
SA 0.551 0.0099

SA (FI−CL) 0.586 0.0147
SA (FFNN−CL) 0.550 0.0103

↵ = 8◦ LES 0.92 0.043
SA 0.895 0.0435

SA (FI−CL) 0.917 0.0436
SA (FFNN−CL) 0.917 0.0435

Table 5.1: Comparison of lift and drag coefficients for SD7003 airfoil.

To better interpret the results, Table 5.1 compares the lift and drag coefficients. A
strong agreement in CL with the field inversion result is observed for ↵ = 8◦. However,
this is not the case for ↵ = 4◦, where the trained model fails to predict the correct CL

value, which remains consistent with the original SA model. These outcomes suggest
that while the FFNN captures the desired behavior for specific angles of attack, it strug-
gles to maintain accuracy across di↵erent conditions. This indicates the need for further
tuning or alternative approaches to enhance the model’s generalization and predictive
performance. An angle of attack at ↵ = 6◦ was deliberately excluded from the training
set and field inversion to assess the model’s extrapolation ability for unseen conditions.

(a) (b)

Figure 5.13: Results of the FFNN-augmented Spalart–Allmaras model for the SD7003
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 6◦.
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CL CD

LES [29] 0.748 0.0319
SA 0.735 0.023

SA (FFNN−CL) 0.746 0.0237

Table 5.2: Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 6◦.

Table 5.2 compares the global coefficients obtained from high-fidelity, original SA,
and augmented SA models. The results reveal an improvement in CL prediction but not
in CD, which aligns with expectations, given that the model was trained with data opti-
mized for CL.

Overall, these findings suggest that the classical FFNN approach lacks sufficient robust-
ness to capture all necessary corrections for the angles of attack included in the training
set. Nonetheless, the model performed unexpectedly well for the unseen angle of attack.
It is important to note that the original S.A model already exhibited low error in CL for
the SD7003 airfoil.

5.5.4 NACA0021 Airfoil

This section presents the results obtained using the FFNN applied to the NACA0021
test case. The architecture and input variables remain consistent with those used for the
SD7003 test case, with the data also optimized for CL. Unlike the previous case, this
dataset includes a wider range of angles of attack for both training and testing, allowing
for an evaluation of the model’s performance on unseen conditions.

Incorporating a broader range of angles of attack aims to enhance the model’s robust-
ness and generalization capabilities, allowing for better capture of complex aerodynamic
behaviors across varying flow conditions. In this test case, no mapping function was ap-
plied to the correction field. The trained model still achieved a relatively high R2 value of
0.758. Despite this, the predictive performance fell short of expectations, even at training
points.

As discussed in Section 5.3, the model may establish relationships that do not accu-
rately reflect the underlying physical behavior, potentially introducing instability during
numerical transients. This issue became apparent in this case, even when starting from
a converged solution of the original SA model. While reducing the CFL number can
mitigate instabilities, the solver was unable to achieve a new converged solution capable
of accurately predicting the corrected turbulent viscosity field.
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Figure 5.14: Lift and drag coefficients predicted with FFNN-augmented Spalart–
Allmaras model for the NACA0021 test case at various angles of attack.

Figure 5.14 shows the predicted lift and drag coefficients at various angles of at-
tack. An improvement in CL is observed at higher angles of attack, particularly after
the incipient stall (↵ = 12◦). However, a noticeable discrepancy persists compared to
the experimental results. No significant improvement is detected before the stall, and at
↵ = 12◦, the model performs worse than the original SA model. Further evaluation was
conducted on two additional angles of attack, one before the incipient stall (↵ = 11◦ )
and another in the post-stall region (↵ = 17◦). These angles, excluded from the training
set, exhibited similar performance trends, indicating consistent limitations in the model’s
predictive accuracy across di↵erent flow conditions.
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Figure 5.15: Residuals instability.

Figure 5.15 illustrates the residuals for the case with an angle of attack ↵ = 14◦, pro-
viding insight into why the results for this test case were not satisfactory. The primary
issue stems from the unstable behavior induced by the coupling between the CFD solver
and the neural network model. Establishing a well-defined physical relationship between
the correction field and the selected input variables is not always straightforward, which
can lead to instability during numerical transients. In some cases, these instabilities per-
sist even when the CFL number is reduced, making convergence difficult. For instance,
while the SD7003 test case yielded promising results with this approach, applying the
same neural network architecture and input selection to the NACA0021 airfoil did not
produce satisfactory outcomes. This highlights the sensitivity of the method to di↵er-
ent flow conditions and configurations. To address these challenges, the next section
introduces an alternative data-driven model approach featuring a di↵erent architecture
and application strategy. This revised method was specifically designed considering the
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limitations observed in previous results, with a focus on mitigating instability issues aris-
ing from the coupling between the neural network and the CFD solver during numerical
transients.
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Chapter 6

Encoder-Decoder Model for Enhancing

Transition Modeling

A completely di↵erent strategy was employed for predicting the augmented turbulent
viscosity field. Unlike the classical FFNN approach, which presents significant chal-
lenges, the new strategy was chosen to address specific complexities. The FFNN method
has two main drawbacks: firstly, selecting appropriate input variables is not straightfor-
ward, as it can vary from case to case, and there is no guarantee that the selected inputs
allow for describing the correction through a function. This makes the model design in-
herently challenging. Secondly, coupling an FFNN with the CFD code can introduce in-
stabilities during simulations. These instabilities may occur due to inadequate correlation
modeling or because the input data during transient states might di↵er substantially from
those seen during training. It is well known that FFNN struggles to generalize e↵ectively
outside the range of its training data, especially when training datasets are small, leading
to unreliable predictions. Considering these issues, I opted for a di↵erent approach that
utilizes image-like data. Specifically, I chose the U-Net model. This model, initially de-
veloped for biomedical image segmentation, is well-suited for extracting features from
complex data representations. Its architecture allows the network to e↵ectively capture
both local and global context, making it a robust choice for the prediction of turbulent
viscosity fields.

6.1 Convolutional Neural Network

The foundational process of the U-Net model is the convolutional operation, which is
performed by a Convolutional Neural Network (CNN). Convolutional Neural Networks
were pioneered by Yann LeCun in 1989 [46]. LeCun and his collaborators introduced an
early version of CNNs called LeNet-5, which was developed for recognizing handwrit-
ten digits, particularly on the MNIST dataset. This innovation laid the groundwork for
contemporary CNN architectures and deep learning applications in computer vision. The
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architecture of LeNet-5 was revolutionary for its use of convolutional layers to automat-
ically learn features from images, showcasing the power of CNN in pattern recognition.
CNN is a type of deep learning model that is particularly well-suited to processing grid-
like data structures, such as images. Their architecture is highly e↵ective at identifying
patterns in visual data, which makes them ideal for tasks like image classification, object
detection, and segmentation.

One major advantage of CNN is its ability to automatically learn spatial hierarchies
of features through convolutional layers. This allows CNN to e↵ectively extract mean-
ingful features without relying on manual feature engineering. Despite this, CNN often
requires substantial amounts of data and considerable computational power for train-
ing, which can pose challenges in some applications. The convolutional process itself
involves several key elements which are detailed below:

• Filter (or Kernel): Filters are fundamental components of CNN used for feature
extraction. A filter is a small matrix (often 3x3 or 5x5) that slides over the input
image to detect di↵erent features, such as edges, textures, or specific shapes. Each
filter has a set of weights that are learned during training, and the convolution
operation applies these filters across the image to generate feature maps, which
represent di↵erent characteristics of the input.

• Padding: Padding involves adding extra pixels around the input image, usually set
to zero, before applying a convolution operation. Padding helps maintain the spa-
tial dimensions of the image after convolution. Without padding, the dimensions
of the resulting feature map will be reduced after each convolutional layer, which
can result in a loss of important edge information.

• Stride: Stride refers to the number of pixels by which the filter moves across the
input image. A stride of 1 means the filter moves one pixel at a time, resulting
in a dense feature map. A stride greater than 1 leads to fewer computations and
smaller output sizes, but also reduces the level of detail captured. Stride is an
important parameter in controlling the resolution and computational complexity of
the model.

• Pooling: Pooling, or downsampling, is used to reduce the spatial dimensions of
feature maps, which helps in decreasing the computational load and controlling
overfitting. The most common types are max pooling, which selects the maximum
value in a region, and average pooling, which takes the average of values in the
region. Pooling layers help the model focus on the most prominent features, and
by reducing dimensionality, they make the network more efficient.

These elements collectively form the foundation of convolutional operation. After
the convolution operation, the output is passed through an activation function, which,
like in a classic neural network, introduces non-linearity, enabling the model to learn
complex, non-linear patterns within the data.
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In CNN architecture, another important characteristic to take into account is the pres-
ence of channels. Channels are essentially di↵erent layers of information present in the
input data. For example, a typical RGB image has three channels corresponding to the
red, green, and blue color components. Each of these channels provides specific infor-
mation that, when combined, fully represents the image. In a more general context, each
channel represents a distinct feature or aspect of the data.

In the context of CFD, channels can represent di↵erent physical fields, such as stream-
wise velocity, pressure, temperature, or turbulent viscosity. This makes CNN highly ver-
satile, as it can be used to analyze complex flow fields by treating each field as a separate
channel of input data. Importantly, during convolutional operation, each filter is applied
across all of these channels simultaneously, combining information from multiple fields
to identify relevant features. This is crucial for capturing the intricate relationships be-
tween di↵erent physical quantities in CFD simulations.

6.2 U-Net Model

The convolutional operation is commonly employed in a sequential manner, where
multiple layers of convolutions are applied in a chain to achieve classification tasks.
The final layers consist of fully connected layers, similar to those found in traditional
neural networks. The output of this setup is typically a single class label that enables
the model to interpret the input image, essentially serving as a recognition mechanism.
However, since the primary focus of my work is on a regression problem rather than
classification, a di↵erent architectural approach is required. This approach still builds
upon the convolutional operation but is tailored for continuous output rather than discrete
classes. The architecture I am using is known as U-Net. Originally introduced by Olaf
Ronneberger et al. in 2015 [74], the U-Net model is particularly well-suited for tasks
that involve image segmentation and regression, making it an ideal choice to predict the
corrected turbulent viscosity field. The U-Net’s encoder-decoder structure allows it to
capture both global and local features, e↵ectively addressing the complexities involved
in regression tasks.

This model was specifically designed for biomedical image processing, where the
goal is to achieve precise localization; each pixel in the output is assigned a correspond-
ing class label. The U-Net architecture features a contracting path that e↵ectively cap-
tures contextual information, paired with a symmetric expanding path that facilitates
accurate localization. Notably, the authors demonstrated that this network can be trained
end-to-end using a limited number of images while outperforming previous state-of-the-
art methods. The contracting path comprises a series of convolutional layers followed by
2x2 max pooling operations, which progressively reduce the spatial dimensions of the
input image until reaching a bottleneck. Specifically, the convolutional operations uti-
lize 3x3 filters with a stride of one and no padding. The number of channels is doubled
before each max pooling operation, enhancing the model’s capacity to learn complex
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features. Following the bottleneck, the expanding path mirrors the contracting path. It
includes additional convolutional layers, and at each layer, the spatial dimensions of the
image are increased through upsampling operations. To ensure precise localization, high-
resolution features from the contracting path are combined with the upsampled output,
allowing subsequent convolutional layers to refine the final output based on this enriched
information.

Skip connections are a crucial aspect of the U-Net model, playing a vital role in pre-
serving spatial details throughout the network. The skip connection operation is referred
to as "copy and crop" in the original paper. Cropping is necessary because the shape
of the image is reduced during each convolutional operation, leading to a mismatch be-
tween the dimensions of the decoder output and those of the contracting path. These
connections facilitate the direct transfer of features from the encoder to the decoder,
helping to alleviate the vanishing gradient problem often encountered in deep networks.
By providing a shortcut for gradient flow, skip connections improve training efficiency
while retaining critical information during the backpropagation process. They e↵ectively
combine low-level spatial information from the encoder with high-level contextual infor-
mation from the decoder, enabling accurate segmentation even with a limited number of
labeled examples. An important modification in the U-Net architecture is the addition
of a significant number of feature channels in the upsampling phase. This approach
allows the network to convey contextual information to higher-resolution layers e↵ec-
tively. Consequently, the expansive path remains largely symmetric to the contracting
path, resulting in a U-shaped architecture. Notably, the network design does not include
any fully connected layers and solely relies on the valid regions of each convolution.

6.3 U-Net Applications in CFD and a Novel Post-Processing

Method

The U-Net model’s notable advantages, its e↵ectiveness with small datasets, have led
to its widespread adoption in the CFD field. This model is utilized to accelerate compu-
tations within CFD, showcasing significant potential across various applications. For in-
stance, the authors in [106] leveraged the U-Net model for rapid and accurate prediction
and optimization of wind environments around buildings. Additionally, a modified U-
Net architecture has been e↵ectively employed to predict flow field information in porous
media, demonstrating the capability of deep learning to tackle complex fluid dynamics
challenges efficiently [107]. Beyond flow field predictions, U-Net architectures have also
been utilized in thermal-hydraulic analyses for reactor simulations. One notable exam-
ple is the Unet-IMR, an intelligent mesh refinement method that enhances mesh quality
by predicting and refining poorly defined mesh regions, ultimately improving simulation
accuracy in complex fluid dynamics scenarios [57]. High-fidelity CFD simulations are
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crucial for the analysis and optimization of components such as heat exchangers in ther-
mal management systems, especially in electric aircraft propulsion. However, these sim-
ulations are often computationally intensive, particularly during sensitivity analyses and
geometry optimizations. To address these challenges, a deep-learning-based surrogate
model, specifically a geometry-adaptive CNN, was developed to predict RANS mean
flow fields in heat exchangers with varying geometries. By incorporating a physics-
informed approach, this model achieved high accuracy in predicting velocity, pressure,
and temperature distributions while complying with governing equations and boundary
conditions [8]. In another study, Wang et al. [96] employed a U-Net model as a surrogate,
referring to it as a physics-informed CNN, due to enhancements made to the loss function
with physical constraints. They applied this model to predict the turbulent mixing layer
over time at di↵erent Reynolds numbers. Thuerey et al. [91], used a U-Net-based model
to predict the velocity and pressure fields around airfoils. Their model took as input the
airfoil mask and the initial velocity field, and it predicted the steady-state velocity and
pressure fields for various airfoil shapes and flow conditions.

Most applications of the U-Net model in CFD serve as surrogate models, e↵ectively
replacing traditional CFD solvers to reduce computational costs while maintaining high
accuracy. In this work, however, the application diverges from this typical use. Here,
the U-Net model is employed as a post-processing tool. Unlike the approach taken with
the FFNN model, the U-Net is used to predict the augmented turbulent viscosity field,
starting from the field generated by the original SA model. A RANS simulation with
the original SA model is performed. Once these initial results are obtained, the steady
solution is provided to the U-net to compute the corrected turbulent viscosity field. This
corrected field is imposed as a frozen field in a second simulation in which only the other
conservative variables are integrated until a new steady state is reached. By accurately
predicting the optimal turbulent viscosity, the solver will quickly converge to the cor-
rect steady-state solution with minimal iterations. In this way, the workflow combines
the speed of the traditional SA model with the improved accuracy provided by the U-
Net, ultimately leading to more reliable simulation results. Like all models, this one has
its limitations. Because convolutional layers require structured grids, but CFD data of-
ten comes from unstructured meshes, a preprocessing of the data is necessary. This is
done by extracting a region around the airfoil and interpolating it onto a lower-resolution
structured grid. This step ensures compatibility with the U-Net model and helps man-
age computational costs. However, interpolation introduces errors that may reduce the
accuracy of the model, as the transformation can distort the original data.
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Figure 6.1: U-Net model architecture.

Figure 6.1 illustrates a schematic of the U-Net model developed for this application.
Specifically, the architecture is composed of an encoder and a decoder, each consisting of
three layers. Every layer includes two convolutional operations, utilizing four filters with
dimensions of 3x3, a stride of one, and "same" padding. This combination of parameters
was chosen to ensure that the original scene dimensions are preserved throughout the
convolutional operations, in line with the formula presented in equation 6.1.

Nr =
(N − Nf + 2P)

S
+ 1 (6.1)

In equation 6.1, Nr represents the shape of the output image after the convolution,
N is the original shape of the input image, Nf represents the size of the filter matrix, S
is the stride length, and P indicates the padding applied. In this specific case, "same"
padding means P = (Nf − 1)/2, ensuring that the dimensions of the output match those
of the input.

For this application, the number of features remains constant throughout the convo-
lutional operations. The approach taken here is to apply each filter to every channel of
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the input data, with the resulting outputs being combined to compute the final value be-
fore applying the activation function. In this model, the Exponential Linear Unit (ELU)
activation function is used. The ELU function helps mitigate issues with vanishing gra-
dients and provides smoother convergence compared to the standard ReLU function by
allowing small negative values.

Regarding the number of channels involved, the input layer consists of five channels,
while the output layer has a single channel. The output represents the augmented turbu-
lent viscosity, which is the primary prediction target. The input channels include the flow
fields from the SA model, specifically: streamwise velocity, spanwise velocity, pressure,
temperature, and the turbulent viscosity fields. By applying the same number of filters
in each convolution, the goal is to e↵ectively blend the information across these fields to
accurately predict the augmented turbulent viscosity.

For the training process, the Mean Squared Error is employed as the loss function,
coupled with the Adam optimizer, consistent with what was used in the FFNN model.
This combination ensures e↵ective optimization while minimizing the prediction error
of the turbulent viscosity field.

6.4 U-Net Approach Results

After explaining the methodology behind the U-Net model and its application in this
work, the following subsections present the final results obtained using this approach.
This methodology was extensively studied during the final year of the PhD, and as such,
it was applied to the last two test cases, the SD7003 and the NACA0021 airfoils. The
application of the U-Net model to these cases reflects the culmination of the research
conducted, demonstrating the model’s e↵ectiveness in improving predictions for com-
plex aerodynamic flows.

6.4.1 U-Net Results on the SD7003 Airfoil

This section presents the results for the SD7003 test case using an alternative ap-
proach, as outlined in Section 6.3. The U-Net model is trained using data from the two
angles of attack for which field inversion was performed. The inputs to the U-Net model
consist of the converged results from the original SA model, including velocity, pressure,
temperature, and turbulent viscosity fields. The model then predicts a turbulent viscosity
field, which is subsequently compared with the corrected field obtained through field in-
version optimization. Once trained, the corrected turbulent viscosity field predicted from
the U-Net is imposed in the CFD solver. The idea is to turn o↵ the evolution of the SA
turbulent equation and leave the mass, momentum and energy equations free to evolve.
In this way, the remaining flow variables are allowed to evolve until a new steady-state
solution is reached.
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(a) (b)

(c) (d)

Figure 6.2: Results of the U-Net-augmented Spalart–Allmaras model for the SD7003
test case at ↵ = 4◦. (a) Turbulent viscosity FI and (b) Turbulent viscosity U-Net. (c)
Velocity magnitude FI and (d) Velocity magnitude U-Net.
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(a) (b)

(c) (d)

Figure 6.3: Results of the U-Net-augmented Spalart–Allmaras model for the SD7003
test case at ↵ = 8◦. (a) Turbulent viscosity FI and (b) Turbulent viscosity U-Net. (c)
Velocity magnitude FI and (d) Velocity magnitude U-Net.

Figures 6.2 and 6.3 illustrate the outcomes of the proposed approach. In both figures,
panels (a) and (b) depict the corrected turbulent viscosity obtained through field inver-
sion and the corresponding prediction from the U-Net model. Conversely, panels (c) and
(d) present the velocity magnitude derived from field inversion and the velocity magni-
tude resulting from the RANS equations after imposing the U-Net–corrected turbulent
viscosity. The turbulent viscosity field predicted by the U-Net shows strong agreement
with that obtained via field inversion, and the velocity magnitude fields also exhibit a
close match. However, to rigorously assess the quality of the correction, it is necessary
to compare the lift coefficient, which is the ultimate target of the field inversion. In this
way, one can determine whether the turbulent viscosity predicted by the U-Net, and the
corresponding velocity field, are sufficiently accurate to reproduce the correct lift coeffi-
cient.
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CL CD

↵ = 4◦ LES [29] 0.59 0.021
SA 0.551 0.0099

SA (FI−CL) 0.586 0.0147
SA (U-Net−CL) 0.584 0.0147

↵ = 8◦ LES [29] 0.92 0.043
SA 0.895 0.0435

SA (FI−CL) 0.917 0.0436
SA (U-Net−CL) 0.917 0.0494

Table 6.1: Comparison of lift and drag coefficients for SD7003 airfoil.

Table 6.1 presents a detailed comparison of the results in terms of CL and CD. Since
the optimization process was designed to match CL, the values obtained in this simulation
closely align with those from the optimization. For ↵ = 4◦, the CD value remains consis-
tent with the optimized result but still deviates from the experimental data. In contrast,
for ↵ = 8◦, the CD value is higher than the experimental measurement. This discrep-
ancy is expected, as the turbulent viscosity field was specifically optimized to match CL.
Nonetheless, in the case of ↵ = 4◦, the CD value demonstrates an improvement over the
original model.

The ↵ = 6◦ case is employed to assess the capability of the U-Net model when ap-
plied to conditions outside its training dataset. This evaluation aims to determine how
well the model can predict flow behavior at an unseen angle of attack and whether it can
accurately capture key aerodynamic features. By analyzing the model’s performance in
this case, valuable insights can be gained into its robustness, potential limitations, and
the extent to which it can be reliably used for flow predictions beyond the training range.

(a) (b)

Figure 6.4: Results of the U-Net-augmented Spalart–Allmaras model for the SD7003
test case. (a) Velocity magnitude and (b) turbulent viscosity at ↵ = 6◦.
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Figure 6.4 presents the velocity and turbulent viscosity fields for this case. The ve-
locity field reveals a shift in the separation point toward the leading edge compared to
the ↵ = 4◦ case, indicating stronger flow detachment at this higher angle of attack.

CL CD

LES [29] 0.748 0.0319
SA 0.735 0.023

SA (U-Net−CL) 0.759 0.033

Table 6.2: Comparison of lift and drag coefficients for SD7003 airfoil at ↵ = 6◦.

A more detailed quantitative comparison is provided in Table 6.2. The results demon-
strate that the U-Net model exhibits a discrepancy in the predicted CL, similar to the
original SA model. However, in this case, CL is overestimated, suggesting that the model
may not fully capture the complex transitional e↵ects at this intermediate angle of at-
tack. On the other hand, the predicted CD closely aligns with the values obtained from
LES, indicating that the model reasonably captures the overall flow resistance despite
the lift overestimation. These findings highlight both the strengths and limitations of the
U-Net approach when applied to unseen data, suggesting that while the model can pro-
vide reasonable drag predictions, additional refinement may be necessary to improve lift
accuracy across varying flow conditions.

6.4.2 U-Net Results on the NACA0012 Airfoil

This section presents the results obtained using the U-Net model on the NACA0021
test case. As previously discussed, this model was chosen to mitigate the instability is-
sues associated with the classical FFNN approach. In the initial methodology, an attempt
was made to establish a correlation between the correction field and specific local flow
variables. However, the existence of such a direct correlation is not always guaranteed,
which can lead to instability during numerical transients. These instabilities may persist
even when the simulation is initialized from the converged solution of the original SA
model, as illustrated in Figure 5.15. By employing the U-Net model, the goal is to en-
hance the robustness of the correction field prediction by leveraging spatial information
more e↵ectively. Unlike the FFNN, which rely solely on pointwise data, the U-Net model
processes entire field distributions, potentially leading to more stable and physically con-
sistent corrections. The following results assess the e↵ectiveness of this approach and its
ability to mitigate the issues that were present with earlier models.
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Figure 6.5: Residuals with the U-Net approach.

Figure 6.5 demonstrates the performance improvement achieved with the U-Net model
compared to the traditional FFNN approach. The residuals shown in the figure corre-
spond to the same test case (↵ = 14◦), allowing for a direct comparison between the two
methodologies. The results do not highlight instability behavior, which was a major is-
sue in the FFNN-based approach due to its sensitivity to local flow variables. Unlike the
FFNN model, which struggled with numerical transients and often led to divergence, the
U-Net model approach exhibits a more stable behavior throughout the simulation. This
improvement can be attributed to the ability of the U-Net to capture spatial dependencies
throughout the flow field rather than relying on point-wise correlations, which may not
always be well-defined.

The results obtained for ↵ = 8◦ and ↵ = 16◦ are shown below.
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(a) (b)

(c) (d)

Figure 6.6: Results of the U-Net-augmented Spalart–Allmaras model for the NACA0021
test case at ↵ = 8◦. (a)Turbulent viscosity FI and (b) Turbulent viscosity U-Net. (c)
Velocity magnitude FI and(d) Velocity magnitude U-Net.
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(a) (b)

(c) (d)

Figure 6.7: Results of the U-Net-augmented Spalart–Allmaras model for the NACA0021
test case at ↵ = 16◦. (a)Turbulent viscosity FI and (b) Turbulent viscosity U-Net. (c)
Velocity magnitude FI and(d) Velocity magnitude U-Net.

Figures 6.6 and 6.7 present the results obtained with the U-Net model for angles of
attack ↵ = 8◦ and ↵ = 16◦. At ↵ = 8◦, both the turbulent viscosity and the velocity mag-
nitude fields predicted by the U-Net are in close agreement with those obtained through
field inversion. At ↵ = 16◦, however, the turbulent viscosity field predicted by the U-
Net exhibits noticeable discrepancies, particularly near the trailing edge, where higher
viscosity values are observed. Despite this, the corresponding velocity magnitude field
remains in good agreement with the field inversion results. In particular, the predicted
separation point in the velocity field more closely matches the field inversion than the
original SA model.
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Figure 6.8: Lift and drag coefficients predicted with U-Net-augmented Spalart–Allmaras
model for the NACA0021 test case at various angles of attack.

To further highlight the improvements achieved with the U-Net model, Figure 6.8
compares the CL and CD results across four models: experimental data, the original SA
model, the field inversion-augmented model, and the U-Net model. The model was also
tested at angles of attack that were not part of the training set (↵ = 9◦, 11◦, 13◦, 15◦, 17◦
and 18◦). While no significant improvements were observed in the pre-stall region, sub-
stantial improvements were evident in the post-stall region, even for the untrained an-
gles of attack. These findings indicate that the U-Net-augmented model demonstrates
strong predictive capabilities, especially in capturing transition and separation phenom-
ena, making it a promising approach for improving flow predictions in complex aerody-
namic scenarios.

127



128



Chapter 7

Conclusions

This thesis summarizes the work carried out over three years of research. The main
goal was to explore the use of data-driven models in the study of turbulent flows, par-
ticularly in cases involving transition and separation phenomena. The objective was to
understand both the potential and limitations of this approach in such complex scenarios.
In the first year, a literature review was conducted to assess the state of the art in this
field. This led to the decision to use a framework known as Field Inversion and Machine
Learning. Since the aim was to improve existing turbulence models where they typically
fail, the thesis begins with a detailed explanation of turbulence and transition phenom-
ena. It also includes an overview of traditional turbulence modeling approaches such
as the Reynolds-Averaged Navier-Stokes equations, and zero-, one-, and two-equation
models. Transitional models are also discussed. The first year focused heavily on imple-
menting the baseline turbulence model used in this work, the Negative Spalart-Allmaras
model. Chapter 3 provides details on both the original and negative versions of the
SA model, as well as a variant known as the Spalart-Allmaras Bas-Cakmakcioglu Mura
model. The chapter concludes with a description of the test cases selected for the study.
Three di↵erent cases (T3A transitional flat plate, backward-facing step, SD7003, and
NACA0021 airfoils) were used to compare the performance of the standard SA model
and its data-augmented versions. The core of the thesis begins in Chapter 4, where the
Field Inversion and Machine Learning framework is explained in detail. This includes
the implementation of the adjoint model used to compute gradients of the objective func-
tion, as well as various mapping functions. Details on the type of goal functions used are
also explained. The chapter ends with results from the standard test cases and an example
of multi-objective optimization. Chapters 5 and 6 focus on the two data-driven models
used in this work. The first approach was a simple feed-forward neural network, which
aimed to learn a relationship between the correction field from field inversion and the
flow features. This part of the research carried out mainly in the second year, focused on
the backward-facing step case and was presented at the ParCFD 2023 conference. Spe-
cial attention was given to selecting input features for the feed-forward neural network,
inspired by previous studies and the Spalart-Allmaras Bas-Cakmakcioglu Mura model.
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A technique for selecting the region of interest in the computational domain was also
developed to improve training and reduce overfitting. However, results from the feed-
forward neural network model were not always successful. In particular, the NACA0012
test case showed poor performance due to numerical instability. This led to a change
in direction during the third year, where a new approach was explored using the U-Net
model, a neural network architecture originally designed for image segmentation but in-
creasingly used in CFD. In this thesis, the U-Net was used di↵erently than in previous
studies and di↵erently from the feed-forward neural network. The U-Net was used as a
post-processing tool to directly predict the corrected turbulent viscosity field. This ap-
proach showed promising results, especially for the NACA0012 case, where it helped
eliminate numerical instabilities and matched well with the results from field inversion.
Despite its advantages, the U-Net model also has limitations. Since it requires image-
like input data, the CFD results, typically on an unstructured mesh, had to be interpolated
onto a structured grid. This interpolation step can introduce errors, especially near the
boundary layer where mesh resolution is high. One way to reduce these errors would
be to use a finer structured grid with cell sizes matching those of the unstructured mesh,
but this would result in high computational costs and was not pursued in this work. The
methodology proposed in this thesis requires further investigated. Specifically, a feed-
back loop should be implemented in which the final results are passed back through the
U-Net to evaluate convergence properties and determine whether the model remains sta-
ble or instead induces continuous changes. Finally, one suggestion for future research is
the use of Graph Neural Networks, which can work directly on unstructured meshes and
may overcome some of the limitations of the U-Net. Some early work in this area, such
as the study by Belbute-Peres et al. [6], seems promising. It is my hope that this thesis
will encourage further exploration of data-driven methods in CFD, leading to smarter
models and better predictions of turbulent phenomena, one of the most fascinating and
complex challenges in fluid dynamics.
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