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QUASI-BANACH SCHATTEN-VON NEUMANN
PROPERTIES IN WEYL-HORMANDER CALCULUS

MATTEO BONINO, SANDRO CORIASCO, ALBIN PETERSSON,
AND JOACHIM TOFT

ABSTRACT. We study structural properties of V[/Lg’fg7 which are Wiener-

Lebesgue spaces with respect to a slowly varying metric g and with
parameters p,q € (0,00], § € R. For p € (0,1], we deduce Schatten-
p properties for pseudo-differential operators whose symbols, together
with their derivatives, obey suitable W/qug—boundedness conditions. Es-
pecially, we perform such investigations for the Weyl-Hérmander calcu-
lus. Finally, we apply our results to global-type SG and Shubin pseudo-
differential operators.

0. INTRODUCTION

The theory of pseudo-differential operators naturally arises in e. g. partial
differential equations, statistics, quantum mechanics, and signal processing.
A pseudo-differential calculus is a rule which associates a suitable function
a(x,€), defined on the phase space W =V x V' < R??, to a linear operator
Op(a). (See [11] or Section 1 for notations.) The function a(zx,§) is called
the symbol of Op(a). The partial differential operators are obtained by
choosing the symbols to be polynomials in the momentum variable £ € V',
Hence, pseudo-differential operators are a generalization of the concept of
differential operators.

The Weyl quantization a — Op"(a) is unique because it is the only
pseudo-differential calculus which is invariant under affine symplectic trans-
formations. This property is fundamental in quantum mechanics, making
the Weyl quantization of special interest in several fields. This symplectic
structure also facilitates calculations which are otherwise more cumbersome.
Therefore, the Weyl calculus naturally lends itself to deeper analysis.

An important question in the theory pseudo-differential operators is to find
suitable conditions on the symbol classes in order to guarantee L?-continuity
and compactness properties of the corresponding operators. More detailed
studies on compactness are then possible in the framework of Schatten-von
Neumann classes, a family {.#,},c(0,o] Of operator spaces characterized by
the decay properties of their singular values.

In the paper, we find sufficient conditions on symbols in the Hérmander
class S(m, g) in order for corresponding pseudo-differential operators to be
Schatten operators of degree 0 < p < 1 on L2

2020 Mathematics Subject Classification. primary: 35505, 47B10, 46A16, secondary:
42B35, 47L15.
Key words and phrases. Schatten-von Neumann properties, quasi-Banach spaces,
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In the case that 1 < p < oo, investigations related to ours can be found in
[5,6,16]. It is then assumed that the weight function m fulfills different types
of LP boundedness conditions. More precisely, suppose that g is strongly
feasible on W, p € [1, 00] and m is g-continuous and (o, g)-temperate. In [16]
it is then proved that

mell <<= Op“a)e€.¥, when acS(m,g), (0.1)
and in [6], (0.1) it is proved that

acl’? <+ Op“a)e€ ¥, when h’;/Qm € LP, a€ S(m,g). (0.2)

We observe that (0.1) deals with Schatten-von Neumann properties for the
whole symbol class S(m,g), while (0.2) is focused on more individual sym-
bols. In the case p € (0, 1], the right implication

me Ll = Op“(a) € #, when aecS(m,g), (0.3)
in (0.1) was proved in [19]. We also remark that the right implication
acl’? = Op“(a) €., when h];/zm €LP, ae S(m,g). (0.4)

in (0.2) was deduced already in [10] in the case p = 1, and in [16] for general
p € [1,00]. For p < 2, it suffices to assume that g should be feasible instead
of strongly feasible, in order for (0.3) and (0.4) to hold.

In the paper, we improve (0.3) and obtain a version of (0.4) in the case

€ (0,1], by introducing Wiener-Lebesgue spaces WL{? with respect to a
slowly varying metric g. By replacing LP with VVL;’p in (0.3) and (0.4), we
obtain stronger results than in previous investigations, because we neither
need to assume that m is g-continuous nor (o, g)-temperate. At first glance,
it might seem that we are more restrictive since W/L;’p is contained in LP
when p € (0,1]. However, if in addition m is g-continuous, which is the case
in [19], then m € LP, if and only if m € W/L;’p. (See Lemma 3.9.) Since there
are no prior investigations of WL{"-spaces, a significant part of the paper is
devoted to their study.

The paper is organized as follows. In Section 1, we recall definitions and
some facts on symplectic vector spaces, pseudo-differential operators, the
symbol class S(m,g), and Schatten-von Neumannn classes. Here, we also
introduce the Wiener-Lebesgue spaces I/VLZ”Z .

In Section 2, we examine the structure of the WLZ"-spaces, or even more
general W/Lg:{;—spaces. We deduce some invariance properties. We also show
that WL is essentially increasing with respect to the slowly varying metric
g.

In Section 3, we employ the results from Section 2 to draw conclusions
about Schatten-p properties of pseudo-differential operators on L?. Section
3.1 is devoted to the standard Hormander-Weyl calculus and in Section 3.2
we restrict ourselves to split metrics ¢g in order to find analogous results for
more general pseudo-differential calculi.

Lastly, in Section 4 we apply our results to pseudo-differential operators

with SG symbols or Shubin symbols.
2



ACKNOWLEDGEMENT

The first and second authors have been partially supported by INAAM -
GNAMPA Project CUP__E53C22001930001 (Sc. Resp. S. Coriasco). The
first and second authors gratefully acknowledge also the support by the De-
partment of Mathematics, Linnaeus University, Véxjo, Sweden, during their
stay in A.Y. 2023/2024, when most of the results presented in this paper
have been obtained. The third and the forth authors were supported by
Vetenskapsradet (Swedish Science Council) within the project 2019-04890.

1. PRELIMINARIES

In this section we recall some facts on symplectic vector spaces and the
symplectic Fourier transform. Thereafter we focus on the Hérmander sym-
bol classes S(m, g), pseodo-differential operators and Schatten-von Neumann
operators, and recall some basic facts for them. In the last part of the sec-
tion we introduce Wiener-Lebesgue spaces W;’g (W), and discuss some basic
properties.

1.1. Integrations on real vector spaces. Let V be a real vector space
of dimension d, with basis eq,...,eq, and let V/ be its dual, with dual basis
€1,...,&q. In particular,

(ej,ex) = Ojk,
where (-,-) = (-,-)y» is the dual form between V' and V'. For any f €
LY(V), we put

/fdxz/---/ flxieg + -+ xqeq) dxy - - - dxg.
1% R4

For any f € LY(V), we define the Fourier transform by
Fn©=fo=ent [ joeda e

It follows that .Z restricts to a homeomorphism from . (V') to .”(V"'), which
in turn is uniquely extendable to a homeomorphism from ./ (V') to .#"(V’),
and to a unitary map from L?(V) to L?(V").

1.2. Symplectic vector spaces. The real vector space W of dimension
2d < oo is called symplectic with symplectic form o, if o is a non-degenerate
anti-symmetric bilinear form on W, i.e. o(X,Y) = —o(Y,X) for every
X,)Y € W, and if o(X,Y) = 0 for every Y € W, then X = 0. The
coordinates X = (x,§) are called symplectic if the corresponding basis
€1,...,€4,E1,...,Eq is symplectic, i.e. it satisfies

U(ej,ek)za(aj,ak):O, U(ej,Ek):—éjk, j,k:L...,d.
It follows that W in a canonical way may be identified with R? @ R4 = R??,
and that o is given by
U(X,Y):<?/,§>_<$,77>a X:(x,g) EW/? Y:(?/,U) ew. (11)

Here (-, ) is the usual scalar product on R?. Moreover, let 71 and 7 be the

projections 7 (z, &) = x and ma(x, §) = £ respectively, and set V = m W and

V' = mW, which are identified with { (z,0) € W; 2z € V' } and {(0,¢) €

W & € V'} respectively. Then the dual space of V' may be identified with
3



V' through the symplectic form o, and W agrees with the cotangent bundle
(or phase space) T*V =V @ V'

On the other hand, if V' is a vector space of dimension d < oo with dual
space V' and duality (-,-), then W = V & V' is a symplectic vector space
with symplectic form given by (1.1).

A linear map T on W is called symplectic if o(TX,TY) = o(X,Y) for
every X, Y € W. For each pairs of symplectic bases e, ..., eq,€1,...,64 and
€1,...,€4,€1,...,Eq, there is a unique linear symplectic map T such that
Te; = ¢j and Te; = &; for every j = 1,...,d. On the other hand, if T
is linear and symplectic and ey,...,eq4,€1,...,&4 is a symplectic basis, then
Tey,...,Teq is also a symplectic basis. Consequently, there is a one-to-one
relation between linear symplectic mappings, and representations of W as
cotangent boundles T*V. We refer to [11]| for more facts about symplectic
vector spaces.

The symplectic volume form is defined by dX = ¢"/d!, and if U C W is
measurable, then |U| denotes the measure of U with respect to dX. This
implies that

/WCL(X)dX:/---Ld@Rda(;plel_|_...+£d6d)dx1...d£d

is independent of the choice of the symplectic coordinates X = (z,&) when
f € LY(W). Consequently, 2'(W) and its usual subspaces only depend on
o and are independent of the choice of symplectic coordinates.

The symplectic Fourier transform %, on . (W) is defined by the formula

Fra(X)=a(X)=a" / a(Y)e?(5Y) gy,
w

when a € . (W). Then .%, is a homeomorphism on .7 (W) which extends to
a homeomorphism on .#/(W), and to a unitary operator on L?(W). More-
over, .Z2 is the identity operator. Note also that .7, is defined without
any reference to symplectic coordinates. By straight-forward computations
it follows that

Ty (ab)(X) = n%G(X)b(X), F,(ab)(X) =74 *b)(X),

when a € ' (W), b € (W), and * denotes the usual convolution. We refer
to [7,15] for more facts about the symplectic Fourier transform.

1.3. Symbol classes and feasible metrics. Next we recall the definition
of the symbol classes. (See [9-11].) Let N > 0 be an integer, V be a
finite-dimensional vector space, a belongs to €™V (V), the set of continuously
differentiable functions of order N, g be an arbitrary Riemannian metric on
V,and let 0 <m € LY (V). For each k=0,..., N, let

loc
jalf(x) = sup [a® (@591, .. yp)], (1.2)
where the supremum is taken over all y1,...,y; € V such that g,(y;) <1

for every j =1,..., k. Also set

N
lall% =D sup (lalf(x)/m(x)). (1.3)
k_OxEV
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We let Sy (m,g) be the set of all a € €™V (V) such that ||a\|‘]]v,m is finite.
Also set

S(m7g) - Soo(mag) = ﬂ SN(mag)'

N>0

It follows that Sy (m,g) is a Banach space and S(m, g) is a Fréchet space.

In our applications, V' here above agrees with the symplectic vector space
W, and Sy(m,g) when 0 < N < oo are the symbol classes for the Weyl
operators.

Next we recall some properties for the weight function m and the metric g
on W. It follows from Section 18.6 in [11] that for each fixed X € W, there
are symplectic coordinates Z = (z,() which diagonalize gx, i.e. gx takes
the form

d
=D NXE ), Z=(50eW, (1.4)
j=1
where
AM(X) > X(X) >+ > Mg(X) >0 (1.5)

only depend on gx and are independent of the choice of symplectic coordi-
nates which diagonalize gx.

The dual metric g° and Planck’s function hg with respect to g and the
symplectic form o are defined by

z = su 70(}/’ Z)2 an = su gx(Z)\'/?
9%(2) = Y;ﬁ% ( gx(Y) ) d hy(X) = Z;ﬁ% <g§<(Z))

respectively. It follows that if (1.4) and (1.5) are fulfilled, then hy(X) =
A1(X) and

d
=D NXO)THEHG), Z=(0€eW. (1.4

7j=1
We usually assume that
he(X)<1 <+ gx <g%, XeW, (1.6)

i.e. the uncertainly principle holds.

The metric g is called symplectic if gx = g% for every X € W. It follows
that g is symplectic if and only if \{(X) = -+ = A\g(X) = 1 in (1.4). If gx
is given by (1.4), then the corresponding symplectic metric is given by

z—l—(

Mg

Jj=1

We observe that ¢° is defined in a symplectically invariant way (cf. [16]).
Let X € W be fixed, and let ¢ = gx be as above. Then the operator

Ay is defined by Z,(Ayf) = —4¢7 - fwhen f e ' (W). The operator

Ay is related to the Laplace-Beltrami operator for g, and is obviously sym-

plectically invariantly defined, since similar facts hold for .#, and ¢°. If
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Z = (z,() are symplectic coordinates such that (1.4) holds, then it follows
by straight-forward computation that

d
Agy =D N(X)HD2 +3Z).
j=1

The Riemannian metric g on W is called slowly varying if there are positive
constants ¢ and C' such that
gx(Y -X)<c¢ =
Clgy(Z) < gx(Z) < Cgy(Z) forevery ZeW.

If g and G are Riemannian metrics, then G is called g-continuous, if there
are positive constants ¢ and C' such that

gx(Y-X)<c¢ =
1.8
C Gy (Z) < Gx(Z) < CGy(Z) for every Z € W. (1.8)
Lastly, a positive function m is called g-continuous if there are positive
constants ¢ and C' such that
gx(Y — X) <c =
Cim(Y) <m(X) < Cm(Y).
The metric g is called o-temperate, if there are positive constants ¢, C,
and N such that
gw(Z) Sgx(Z) A+ (X -Y)Y, XY ZeW

As in [6,16], g is called feasible if it is slowly varying and satisfies (1.6), and
strongly feasible if it is feasible and o-temperate.

The weight function m is called (o, g)-temperate, if there are positive con-
stants ¢, C'; and N such that

mY)<m(X)1+¢3(X -Y)HY, X YeWw

(1.7)

(1.9)

1.4. An extended family of pseudo-differential calculi. Next we dis-
cuss some issues in pseudo-differential calculus. Let V be a real vector space
of dimension d and a € . (V x V') be fixed. Suppose also that A belongs
to L(V), the set of all linear mappings on V. Then the pseudo-differential
operator Opy4(a) is the linear and continuous operator on .7 (V'), given by

©Opa(@ @) = o) [[ ate— a9, w)e ) ayae. (1.10)

when f € (V). For general a € ' (V x V'), the pseudo-differential
operator Op 4(a) is defined as the linear and continuous operator from . (V)
to ./ (V) with distribution kernel given by

d,
Ka,A(xay) - (27()_5(‘9\2 la)(x - A(I’ - y)w%' - y) (111)
Here % F is the partial Fourier transform of F(z,y) € #/(V x V) with
respect to the y variable. This definition makes sense, since the mappings
Fo and F(z,y)— F(z — Az —y),z —y) (1.12)
are homeomorphisms on ./(V x V') and on ./(V x V), respectively. In
particular, the map a + K, 4 is a homeomorphism from ./(V x V') to

SNV x V).
6



An important special case appears when A =t - I, with ¢ € R. Here and
in what follows, I = Iy is the identity map on V. In this case we set

Op,(a) = Opy.;(a).

The normal or Kohn-Nirenberg representation, a(z, D), is obtained when
t =0, and the Weyl quantization, Op"(a), is obtained when t = % That is,

a(w, D) = Opg(a) and  Op”(a) = Opy a(a)-

We recall that if A € £(V), then it follows from the kernel theorem of
Schwartz and Fourier’s inversion formula that the map a — Opy(a) is bi-
jective from .#/(V x V') to the set of linear and continuous mappings from
L (V) to L'(V') (cf. e.g. [9,18]). We refer to [11,18] for the proof of the
following result, concerning transitions between different pseudo-differential
calculi.

Proposition 1.1. Let a1,a3 € (V. x V') and Ay, Ay € L(V). Then

Opy,(a1) = Opy,(a2) <= e!lA2DeDa) gy (1 ¢) = M MDeDa) gy (g, €).
(1.13)

Note here that the latter equality in (1.13) makes sense since it is equiva-
lent to

and that the map a — e/4%¢) ¢ is continuous on .7/ (V x V') (cf. e.g. [18]).

For any A € L(V), the A-product, a#4b between a € .#'(V x V') and
be . (V x V') is defined by the formula

Opa(a#ab) = Opa(a) o Opa(b), (1.14)

provided the right-hand side makes sense as a continuous operator from
L (V) to (V). Since the Weyl case is especially important, we write #
instead of #4 when A = %IV.

We shall mainly consider pseudo-differential operators with symbols in
S(m,g). This family of operators possesses several convenient properties.
For example, suppose that ¢ is strongly feasible, my is g-continuous and
(0, g)-temperate, and that ax € S(mg,g), k = 1,2. Then there is a unique
a € S(myma,g) such that

Op®(a1) o Op“(ag) = Op“(a).

That is,
S(mlag)#s(m2ag) g S(mlmQ?g)' (115)

1.5. Schatten-von Neumann classes. In order to discuss full range of
Schatten-von Neumann classes, we recall the definition of quasi-Banach spaces.

Definition 1.2. A quasi-norm || - || of order p € (0, 1], or a p-norm, to the
vector space B, is a functional on B such that the following is true:

(i) [|fllz = 0, when f € B, with equality only for f = 0;

(i) flaflls = lof [f]ls, when f € B and a € C;

(iii) [If + gl < £z + lglis, when f,g € B.
7



We equip B with the topology induced by || - ||g. The space B is called a
quasi-Banach space of order p, or a p-Banach space, if B is complete under
this topology.

Evidently, a topological vector space is a Banach space, if and only if it is
a quasi-Banach space of order 1.

Let H1 and Ho be Hilbert spaces, and let T" be a linear map from H; to
Hso. For every integer j > 1, the singular number of T of order j is given by

UJ(T) = UJ(H17H27T) = inf HT - TOH'H1—>'H27

where the infimum is taken over all linear operators Ty from H; to Ho with
rank at most j — 1. Therefore, o1(T) equals ||T|l3, 7, while o;(T) is
non-negative and decreases with j.

For any p € (0, 0] we set

1T, = 1T 7 (30 342) = Hog (Has Ha, T)} 50 llev

(which might attain +00). The operator T'is called a Schatten-von Neumann
operator of order p from Hi to Ha, if || Tz, is finite, i.e. {o;(H1,H2,T)}524
should belong to ¢P. The set of all Schatten-von Neumann operators of
order p from #H; to Hs is denoted by %, = F,(H1,Hz). We note that
Ioo(H1, Ha) agrees with B(H1,H2) (also in norms), the set of linear and
bounded operators from H; to Ha. If p < oo, then #,(H1,H2) is contained
in KC(H1,H2), the set of linear and compact operators from H; to Ho. The
spaces Zp(Hi,Hsa) for p € (0,00] and KC(H1,H2) are quasi-Banach spaces
which are Banach spaces when p > 1. Furthermore, %5(H1,H2) is a Hilbert
space and agrees with the set of Hilbert-Schmidt operators from H; to Ho
(also in norms). We set Z,(H) = Z,(H, H).

The set & (H1, H2) is the set of trace-class operators from H; to Hz, and
|+ |7 (21,2) coincides with the trace-norm. If in addition Hi = Ha = H,
then the trace

TTH(T) = Z(Tfaa fa)?-l
(63
is well-defined and independent of the orthonormal basis { fq} in H.

Now let H3 be another Hilbert space and let T}, be a linear and continuous

operator from Hy to Hiy1, & = 1,2. Then we recall the Holder relation

172 o Tl (311, 115) < 1110, (10 ) 12|y (32 745

1 1 1 (1.16)
when — 4+ — =—

pr p2 T
(cf. e.g. [14,17]).
In particular, the map (71, T%) — T3 o7} is continuous from 7,(H1, Ha) X
Iy (M1, Ha) to F1(H1), giving that

(T17 TZ)J’Q(H1,'H2) = TrHl (TQ* © Tl) (117)

is well-defined and continuous from .7,(H1, Ha) X S (H1,Hz) to C. If p =
2, then the product, defined by (1.17) agrees with the scalar product in
Fa(H1, Ha).
The proof of the following result is omitted, since it can be found in
e.g. [2,14].
8



Proposition 1.3. Let p € [1,00], H1 and Hz be Hilbert spaces, and let T be
a linear and continuous map from Hy to Ho. Then the following is true:

(i) if q € [1,p'], then
||TH,7p(7-[1,H2) = Sup |(T’ TO)«%Q(HLHQ) |?

where the supremum is taken over all Ty € Sy(H1,H2) such that
IToll.7, 341 72) < 15

(ii) if in addition p < oo, then the dual of Zp(Hi,Ha) can be identified
through the form (1.17).

Later on we are especially interested in finding necessary and sufficient
conditions on symbols, in order for the corresponding pseudo-differential
operators to belong to .Z,(#H1, Hz), where H; and H, satisfy

y(V) — Hi, Ho — yl(V).
Therefore, for such Hilbert spaces and p € (0, o0], let
sap(H1,Ho) ={a e S (VxV'); Opyla) € F,(H1,Ha) }

and

”aHSA,p(Hl,HQ) = H OpA(a)H]p(HhHQ)' (118)

Since the map a — Opy(a) is bijective from #/(V x V') to the set of all
linear and continuous operators from . (V') to .#/(V), it follows from the
definitions that the map a — Opy(a) restricts to a bijective and isometric
map from s ,(H1, Ha2) to Sp(Hi, Ha). We put

sAp(W) =sa4,(H1,Ha) when Hy=Hy=L*V).

For convenience we also put s;’ = 54, in the Weyl case (i.e. when A =
-Iy).

N[

1.6. Wiener Lebesgue spaces with respect to slowly varying met-
rics. Before defining the Wiener-Lebesgue spaces, we recall some facts about
g-balls, which are given by

Uxr=Upxr={Y e W; gx(Y — X) < R*}, (1.19)

when X € W and R > 0. The following lemma is a consequence of Lemma
1.4.9 and the proof of Theorem 1.4.10 in [11|. The proof is therefore omitted.

Lemma 1.4. Let g be slowly varying on W and let ¢ and C' be as in (1.7).
Then there exists a sequence {X;}72, such that if

Uj = Ux; R,

for some R > 0 such that ¢ < R? < ¢, then the following is true:
(1) 9x;(Xj — Xg) = 55 for every j,k =1,2,... such that j # k;
(i) W= U;i1 Uj;
(iii) if j € Zy is fized, then U;NUy, # O for at most (4C° +1)?¢ numbers

of k.
9



Definition 1.5. Let g be slowly varying on W, ¢ and C be as in (1.7). Then
the family of g-balls {U; }]Oil in Lemma 1.4 is called an admissible g-covering
of W.

Remark 1.6. Let {X;}32, be as in Lemma 1.4. For future reference, we
observe that if Y € W, r, Ry, Ro > 0 satisfy
c Ry — R
§<R%<R§<c, r<%,
and Uy, NUx; g, # 0 for some j € Z, then Uy, C Ux; r,-

As a consequence of Lemma 1.4 there are at most (4C% + 1)?¢ numbers of
Ux; R, or Ux; R, which intersect with Uy,..

In fact, suppose Z € Uy, N Ux, r,- Then, for every X € Uy, we have
that

SIS
I

(9x,(X = X;))? = (9x,(X — Z+ Z — X))

N

< (ng(Z_Xj)) + (ng(X - Z)%

By the fact that g is slowly varying, we obtain that gx, < Cgz < C?gy.
Hence, we have

(ng (Z - X]))

N[
N

+ (9x,(X = 2))7 < Ry + Cgv(Z — X))
< R1 +2Cr < Ro,

which shows that X € Ux; gr,, and the assertion follows.

Definition 1.7. Let p,q € (0,00], § € R, g be a slowly varying metric on
W, {Uj}]ﬁl be an admissible g-covering, and let U C R¢ be an open ball

such that {j 4+ U};cza covers R?.
(i) The Wiener-Lebesgue space WLYP(RY) (with respect to p and gq)

consists of all measurable functions f such that || f||wzar is finite,
where

| Fllwzer = ([ o0}zl lonco

(ii) The Wiener-Lebesgue space WL;’IZ,(W) (with respect to p, ¢, 6 and
g) consists of all measurable functions a such that HaHWLq,g is finite,
9,

where
lallwzes = [{lalzaw, - U1} sez | wry-

We remark that I/VLZ’,Z(W) is a quasi-Banach space of order min(1,p, q),
and independent of the choice of admissible g-covering {U;} ez, in Definition
1.7 (cf. Proposition 2.1 below). In particular, it follows that WLIP(R?) is
independent of the choice of U in Definition 1.7. (This follows from [8] as
well.) If p,g > 1, then VVLZ:Z(W) is a Banach space.

For p € (0,1] and ¢ € (0, 00], the choice of parameter § = % - % in the

I/I/Lg’z spaces is of special interest. For this reason we let

1 1
WLEP = WL, when 0= - ——.
’ p q
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2. STRUCTURAL PROPERTIES FOR WIENER-LEBESGUE SPACES

In this section we show some basic properties for W/I/g:g—spaces. First we
show that such spaces are invariantly defined with respect to the choice of
admissible g-covering. Then we show that such spaces increase if we replace
the metrics with corresponding symplectic metrics.

Proposition 2.1. Let p,q € (0,00], 8§ € R and g be slowly varying on
W. Then VVLZ’Z(W) 1s independent of the choice of admissible g-covering

{U;}jez. in Definition 1.7.

Remark 2.2. Since WL{(W) is defined through quasi-norm estimates, it
follows from Proposition 2.1 that different admissible coverings give rise to
equivalent quasi-norms for VVLZ:Z (W).

Proof of Proposition 2.1. We only prove the result when p < ¢ < co. The
other cases follow by similar arguments and are left to the reader. By con-
sidering b(X) = |a(X)|?, we reduce ourselves to the case when ¢ = 1 and
p < 1. We may also replace 6 by 6/p.

Let U = {U;}jcz, and V = {V} }rez, be admissible g-coverings, let

[e%¢] p
lalf, =" (/ |a(X)|dX> U;1°,
j=0 \”Ui
and let
oo P 9
foly =3 ([ tao1ax) wir
k=0 Vi

By [11, Lemma 18.4.4], there is a bounded sequence {¢}72, in S(1, g) such
that o5 > 0, supp @y C Vj, for every k, and Y )° o = 1.
We have

j=0 k=0 J

[ lNee) p
xZZ( | te@aorax )

j=0 k=0 \”"Ui



where the last relation follows from the fact that |U;| =< |Vj| when U;NVj, # 0
in combination with the fact that ¢ is slowly varying. Since there is an upper
bound of intersections between U; and V}, in view of Remark 1.6, we obtain

o0

lallf, > Z(/ Iwk(w)a(X)ldX> |Vie|?
k=0 \j=0 \’Ui
=3[ @axiax) pr
k=0 VW

< ;( i (0] 4x ) P

= llally- 0

Next we show that WL" (W) is contained in WLZ (W), when g is feasible.
For that reason we need the following proposition.

Proposition 2.3. Let g be a slowly varying metric on W, G be a g-continuous
metric such that g < G, and let {UXJ.7R}]‘?°;1 be an admissible g-covering of
W. Then there exists an admissible G-covering {Ugq i }32, of W given by

Uok=Uscvir ={X €eW; Gy, (X —-Y;) <r?}, keZy

such that

\Ux; Rl \Ux; Rl

Cy <N; <0y (2.1)

UG, x; UG,x; .|

when Nj is the number of Ug . intersecting Ux; r, and the constants Cy,Cy >
0 are independent of j € Z, .

Proof. Let Ux; r, and Ux; g, be as in Remark 1.6. If r > 0 is chosen small
enough, then there is an admissible G-covering of W, given by

Ugr={XeW; Gy, (X —Y;) <1}, keZ,

such that U C Ux; r, when Ug  intersects Ux; g,. The facts that G is
g-continuous and g < G guarantees that such r exists. Also, let €2; be the
set of all k € Z such that Ug y, intersects U; and let N; = [Q;].

We have

Ux;.r C U Uck CUx; R,-
kEQj

Since the balls {Ug i } rer form an admissible covering of W, there is an upper
bound M of overlapping Ug ;. This gives

1
i S Ukl <Uxjrl <= D [Uakl < M|Ux, g,l-
kGQj kGQj
Since G is g-continuous, we have

C3|Uc x; vl < |Ug k| < Cu|Ug x;, +|
12



for some constants C3,Cy > 0 which are independent of k. A combination
of these estimates gives

CsN; |Uq x,.r| = Cs|| U x, | < D Uakl < M[Ux; r,l,
kGQj

which leads to the second inequality in (2.1).
We also have

Us; il < | U Uak| < D Wakl < CaljlUg x|,
]CEQJ' k‘eﬂj

giving the first inequality in (2.1), giving the result. (]

Since all g-balls are of the same size when ¢ is symplectic, the previous
proposition takes the following form.

Corollary 2.4. Let g be a feasible metric on W, and let {Ux; r}32; be
an admissible g-covering of W. Then there exists an admissible g°-covering
{UYe, of W given by

Up={XeW;g9v.(X -Y) <1}, kecZ,

such that Nj < C|Ux; gl|, where Nj is the number of U intersecting Ux; R
and the constant C' > 0 is independent of j € Z .

Proposition 2.5. Let g be a slowly varying metric on W and let G be a g-
continuous metric such that g < G. Also, suppose that and 0 < p < g < o00.
Then

WLIP (W) C WLLP (W),

Proof. Let po = £ € (0,1] and b(X) = [a(X)[?. The inequalities in (2.1)
shall be combined with

N N Po
szo < N1i=po (Zxk> , T1,.-..,on >0, (2.2)
k=1 k=1

which follows by concavity of t — 7.
We use the same notations as in the proof of Proposition 2.3. Since
HaH’;VLgp = ”b”%gm’ we obtain

') Po
Jalfzg = (/ rb<X>rdX> Ul
¢ = YUk

o0 Po
<> Z(/ |b<X>|dx> Ut

j=1 \keq; \"Ucwk

0o Po
<>t (X [ peolax ) e ).
j=1 ke, UGk

where the last inequality follows from (2.2). Since there is a bound M of
overlapping Ug,,

\Ux;,r.| < |Ux; ro|, and  |Ugl < |Ug x; .l
13



when Ug i, intersects with Ux; g,, Proposition 2.3 gives

PO
|UX] R2|>1 o / 1—
ol < }: (o 3 [, peoiax | s,
[e’] Po
<> ((M/ Ib(X)IdX> IUXj,RQI1_p°>
j=1 UvaRQ
= HbH;(jL!l],Po = llallyza -
and the result follows from these estimates. O

Since ¢° is g-continuous and g < ¢° whenever g is feasible, the following
corollary is an immediate consequence of Proposition 2.5.

Corollary 2.6. Let g be feasible on W and 0 < p < q < oco. Then
WLg’p(W) C WLq’p(W).

3. QUASI-BANACH SCHATTEN-VON NEUMANN PROPERTIES IN
PSEUDO-DIFFERENTIAL CALCULUS

In this section we deduce Schatten-von Neumann properties, with respect
to p € (0, 1], for pseudo-differential operators with symbols in S(m,g) and
with m or a belonging to I/T/L;’p(W). In Section 3.1 we deal with Weyl
operators, where in the first part the assumptions on m and ¢ are minimal,
and the operators are acting on L?(V). The second part of Section 3.1 is
devoted to operators acting between (different) Bony-Chemin Sobolev-type
spaces H(m,g). Here, we restrict ourselves and assume that m and g satisfy
the usual conditions in the Weyl-Hormander calculus. In Section 3.2, we
consider more general pseudo-differential calculi, but with some additional
restrictions on g.

3.1. The case of Héormander-Weyl calculus.

Theorem 3.1. Let p € (0,1], g be feasible on W, and m € WLy (W) be a
positive function on W. Then S(m,g) C s,/ (W).

For the proof we need the following lemma on embeddings between s;f’(W)
and Sobolev-type spaces of distributions with suitable numbers of derivatives
belonging to WLLP(W).

Lemma 3.2. Let p € (0,1]. Then there is an integer N > 1 and a constant
C > 0 which only depends on p and the dimension of W such that

lallgg oy < CH = )V allyzrogn.

Proof. The symbol b(X) = (1 + |X|*)~" belongs to s¥(W), provided that

N > 1 is chosen large enough (see e.g. [15, Theorem 2.6]). It follows that

o = Fsb € 5, (W), since s;/(W) is invariant under the symplectic Fourier
14



transform. This gives
lallsy = I1(1 = 2)"N((1 = A)Ya)llsy

=lox (1 =A)Na)lsy S lellsy (1 = A)Vallwgre.

Here the inequality follows from [3, Proposition 5.11]. This gives the result.
O

Proof of Theorem 3.1. By g < ¢°, Corollary 2.6, and the fact that S(m,g)
increases with g, it suffices to prove the result with ¢° in place of g. Hence
we may assume that g is symplectic.

Let U; and ¢y, be the same as in the proof of Proposition 2.1, with V, = Uj,.
Also, let g; = gx; and Ujp = U; N Ug. By Lemma 3.2 and the fact that
s¥(W) are invariant under symplectic transformations we obtain

p
lesallsy < CIA = 2g)™ (050 g0

Hence (3.3), suppy; C Uj, and the fact that p <1 give

p
00

o0
lallzy = 1> _(wja)]| <D lleally
j= j=1

j=1
ZZ(/ Ay )N (0 (X)a( >>|dX>
Jj=1k=1

DI (/ (05,0 wx)
Jj=1k=1|a|<2N Uj.k

DS (/ mx)p

j=1k=1

Here ||a]| denotes a semi-norm of a in S(m,g). Since there is a bound of
overlapping Uj, it follows from these estimates that

o] p
lalsy < llal” ) (/U \m(X)!dX> = JlalPlimllg, o
J=1 J

which gives the result. O
The next result improves Theorem 3.1. It also extends [10, Theorem 3.9|.

Theorem 3.3. Let p € (0,1], g be feasible on W, m be a positive function
on W such that hk/2m € I/I/L;’p(W) for some k > 0, and suppose a €
S(m,g)N WLg’p(W). Then a € sy (W).

For the proof we need the following lemmas.
15



Lemma 3.4. Let p € (0,00], ¢ € [1,00], N € N and f € WLIP(R%) N
€N (R?). Then there exists a constant C' > 0 such that

HaafHWLqp S c Hf”%[/[,q#7 + Z ||aﬁfH€VLq7p . (3'1)
|Bl=N

Lemma 3.5. Let g be a feasible metric on W, o € [0,1] and set G = h %g.
Also, assume that N > 0 is an integer which is fixed, m > 0 is a weight
function on W, a € €N (W), and set

N—1
mo = Z |a|§ + hz‘N/Qm
n=0
Then the following are true:
(i) if p € (0,1], then

Imollyzsn < Clllallygsn + AN 2mllypa); (32)

(i) if a € WLEP(W) and h™N*m € WLLP(W), then mo € WLLP(W).

Proof of Lemma 3.4. Let U be as in Definition 1.7. Then there exists a
constant C' > 0 such that, for any |a| < N and j € Z,

10%fllag+vy < C | I fllzag+u) + Z 10° £l a0
|Bl=N

(See e.g. [1].) Hence for a (possibly new) constant C' > 0, we obtain

10° F12 o0y < C [ 1y + 2 10% 120
|Bl=N

Summing up with respect to j € Z¢ we have

10° Ffizan = D 10% I ags 0

jeZd
< S+ 3 S 107 s
jEZA JEZA|B|I=N
=C HfH%/L%P+ Z HanHgVLq,p . U

|8l=N

Proof of Lemma 3.5. 1t suffices to prove (i). By [16, Lemma 6.1], it follows
that |a|{ < Cmyg for some constant C' > 0. Let V; = U, and let ¢; and
Uj for j € Z4 be as in the proof of Proposition 2. 1 Also, let {1/)]} 1 be
a bounded sequence in S(1,g) such that ¢; € C5°(U;) and ¢; = 1 in the
support of p;. Lastly, let g; = gx; and G = Gx;. Then

‘%a’N _ haN/Q,(p]a‘Qj < ChaN/Ql/ij
16



where the constant C' is independent of j € Z. For every j € Z_, let G;
define the Euclidean structure on W. By Lemma 3.4, and the fact that C
in (3.1) is invariant under changes of symplectic structures on W, it follows
that

lesal’ Ir < C(lpsallr + 1B ml 1),

where the constant C' neither depends on j € Z4 nor on n € {0,...,N}.
We have

[e%¢) [e%¢) [e%e} p
u \arﬁuf;wzuwzmrﬁ%p:Z( /U !sza!ff(X)dX> U
=1 ’ Jol=1

Since there is a bound of overlapping sets U; when j € Z, we get

(/j|Zgola|G dX) <cl< /|a|k dX),

where the constant Cl is independent of j. By Lemma 3.4 we obtain

/ lal§ (X dX) o[

X)| + lalF (X)) dX) U517

G
LD

Sczi

J=1

> ( /. ra<X>\dX) U1

7j=1
+Z</ hoN2(X)m <X>dx> U]
7j=1

= Nalygee + lhgmly o

> (5
(Lt

for some constants Co and C5. This gives (3.2), and the proof is complete. [

Remark 3.6. By the proof of Lemma 3.4, it follows that the constant C' in
(3.1) only depends on the dimension of W and on N.

In particular, by changing the coordinates in suitable ways, and using that
there is a bound of overlapping Uj, it follows that

H“‘V’Hmw <C’<HaH’%/Lg:§+H]a\ HM“,), k=0,1,...,N.  (3.3)

Proof of Theorem 3.3. Let G and mg be as in Lemma 3.5. We observe that
if a € S(m,g), then a € S(my, @), in view of [16, Lemma 6.1]. The result
now follows from Theorem 3.1. O

If the involved weight functions are g-continuous, we can replace the con-
ditions on them as in the next two theorems, where the first one agrees
with [19, Theorem 4.1] when p < 1.

Theorem 3.7. Let p € (0,1], g be feasible on W, and m € LP(W) be a
positive g-continuous function on W. Then S(m,g) C s,/ (W).
17



Theorem 3.8. Let p € (0,1, g be feasible on W, m be a positive g-
continuous function on W such that hk/zm € LP(W) for some k > 0, and
suppose a € S(m,g) N WLyP(W). Then a € sy (W).

Theorems 3.7 and 3.8 are straight-forward consequences of Theorems 3.1
and 3.3, combined with the following lemma. The details are left for the
reader.

Lemma 3.9. Let p,q € (0,00], g be slowly varying, and m be g-continuous
on W. Then

meIP(W) <« meWLLP(W).

Proof. Suppose m € LP(W), and let {U;}jez, be an admissible g-covering
of W with centers in X; € W, j € Zy. Since m is g-continuous and g is
slowly varying, it follows that

[z Zm )1Uj]-

By using the g-continuity again, it also follows that

e = Zm VP[]0 = Zm )Ujl;

and the asserted equivalence follows from these relatlons. O

Remark 3.10. Suppose that, in addition to the assumptions of Theorem
3.7, the metric g and the weight m are o-temperate and (o, g)-temperate,
respectively. Then there is a natural extension of Theorem 3.7 to Weyl
operators acting on Sobolev-type Hilbert spaces, H(m,g), introduced by
Bony and Chemin in [4], which is especially suitable for the Weyl-Hérmander
calculus. (See also Section 2.6 in [12].)

In fact, suppose that m and mg are g-continuous and (o, g)-temperate,
and a € S(m,g). Then

Opw(a’) : H(mo,g) - H(mO/m’g)
is continuous. In [4,12] it is also shown that there are ag € S(m,g) and
bp € S(1/m, g) such that
Op“(bg) = Op“(ap) ™!, ap € S(m,g), bp € S(1/m,g). (3.4)
Especially, it follows that
Op%(ag) : H(mo,g) — H(mg/m,g) and Op“(by) : H(mo/m,g) — H(myg,q)

are continuous bijections, which are inverses to each other. In particular,
from these mapping properties it follows that equality is attained in (1.15).
Now let p € (0,1], g be strongly feasible on W, and m, mq, and mgy be

positive g-continuous and (o, g)-temperate functions on W such that
mom

LP(W).
2 e (W)

A combination of Theorem 3.7 and (3.4) then gives

S(m?g) g SA,p(%I,H2)a when 7_[1 = H(mlyg)a 7_[2 = H(mQag)
18



(See also [19, Theorem 4.4].) Since H(1,g) = L*(V), in view of [4,12], we
regain Theorem 3.7 in the case when m is g-continuous and (o, g)-temperate,
by choosing mqi = mgy = 1.

3.2. Split metrics and more general pseudo-differential calculi. In
order to state analogous results for more general pseudo-differential calculi,
we need to impose further restrictions on the metric ¢ and weight function
m.
We recall that a feasible metric g on W is called split, if there are global
symplectic coordinates Y = (y,n) such that

9x(y,—n) = 9x(y,n),

for all X € W.
The next proposition follows from [11, Theorem 18.5.10] and its proof.
The details are left for the reader.

Proposition 3.11. Let A, B € L(V), g be strongly feasible and split on

W =T*V, and let m be g-continuous and (o, g)-temperate weight function.
Then

OpA(S(m7g)) - OpB(S(m7g))

A combination of Theorem 3.7, Theorem 3.8, and Proposition 3.11 gives
the following. The details are left for the reader.

Theorem 3.12. Let A € L(V), p € (0,1], g be strongly feasible and split on
W, and m € LP(W) be a positive g-continuous and (o, g)-temperate function
on W. Then S(m,g) C sap(W).

Theorem 3.13. Let A € L(V), p € (0,1], g be strongly feasible and split on

W, m be a positive g-continuous and (o, g)-temperate function on W such

that h];/zm e LP(W) for some k > 0. Also, suppose a € S(m, g)N\WLLP(W).

Then a € sa,(W).
4. APPLICATIONS TO SPECIAL FAMILIES OF PSEUDO-DIFFERENTIAL
OPERATORS

In this section we apply the results from previous sections to obtain
Schatten-von Neumann properties for pseudo-differential operators with sym-
bols in the well-known Shubin classes and SG classes (see [13]). We first recall
their definitions. Here, let

(z) = (1+ [z2)2, =zeRL

Definition 4.1. Let r,p € R.
(i) The Shubin class Sh"(R?) is the set of all f € ¥°°(R?) such that

D% f(z)| < Colz)™ 1, 2z e R
(i) The SG class S™P(R??) is the set of all a € €>°(R??) such that
[DEDfa(w,€)] < Capla)™ (e, ¢ e R

Remark 4.2. Let p € (0,1]. For the symbol classes in Definition 4.1, we
observe the following:
19



(i) if » € R, then S(m, g) = Sh"(R??) when
gocm) = LIl o) = (@), @)
e {(z,6)) ’ ’

Furthermore, hy(z, &) = ((z,£))~2 and

2
hE2m e LP(R*), when k> 7+ ?d;
(ii) if 7, p € R, then S(m,g) = S"*(R??) when
gl = WL L 0 d e = @yier. @)
()2~ (&)

Furthermore, hg(z, &) = ((x)(€))~! and

2d
h§/2m € L’(R*), when k> 2max(r,p)+ —.
p

In both (i) and (ii), g is strongly feasible and m is g-continuous and (o, g)-
temperate.
In the next result we show how Lemma 3.9 and Theorem 3.13 can be

combined with Remark 4.2, in order to obtain quasi-Banach Schatten-von
Neumann properties for the Shubin classes and the SG classes.

Proposition 4.3. Let p € (0,1], A be a real d x d-matriz, and r,p € R.
Then the following is true:

(i) if g is given by (4.1), then
Sh"(R*) N WLyP (R*) C s4,(R*);

(ii) if g is given by (4.2), then
)

(1
2]
3l
4]
]

[6]

[7]
(8]

9l

[10]

S"P(R*) NWLLP(R*) C s4,(R*).
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