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Abstract

This thesis develops a coherent and flexible framework to study stochastic complex systems on
sparse graphs through controlled small-coupling approximations of the dynamic cavity method.
The aim is to extend cavity-based approaches, traditionally confined to equilibrium settings or
discrete processes, to a wider class of stochastic dynamics with continuous or discrete degrees

of freedom, where heterogeneity, noise, and network structure play a crucial role.

Part I introduces the mathematical foundations underpinning the whole work. It provides
a detailed presentation of the cavity method for both equilibrium and dynamical systems,
highlighting the difficulties that arise in its dynamic formulation and motivating the need for
systematic approximations. The formal connection between the dynamic cavity equations
and the path-integral representation of stochastic dynamics is established, and key tools such
as the Martin-Siggia-Rose-Janssen-De Dominicis formalism, Dynamical Mean-Field Theory
(DMFT), and the Plefka expansion are reviewed.

Building on this groundwork, Part II introduces the Gaussian-Expansion Cavity Method
(GECaM), a systematic approximation scheme obtained from a second-order expansion of the
dynamic cavity equations in the coupling strength. The method assumes a Gaussian form for the
cavity marginals, parametrized by local means, correlations, and response functions, and yields
a closed set of integro-differential equations valid for linearly coupled stochastic differential
equations on locally tree-like graphs. For additive noise and linear drift, these equations provide
an exact description of the dynamics and recover classical results from random-matrix theory.
A perturbative closure scheme extends the framework to nonlinear forces and multiplicative
noise. The validity of the approach is tested on models exhibiting paramagnetic-ferromagnetic
phase transitions driven by cubic drift terms and on models with noise-induced transitions, for
which GECaM performs excellently. Applications to the spherical two-spin model reveal how
finite connectivity alters relaxation and ageing, while the extension to the random generalized
Lotka-Volterra dynamics produces cavity fixed-point equations for species abundances. Solved
by a population-dynamics algorithm, these equations capture how sparsity and heterogeneity

reshape stability, diversity, and coexistence in large disordered ecosystems.



vi

Part III presents the Small-Coupling Dynamic Cavity (SCDC) method, a cavity-based
framework for Bayesian inference in compartmental epidemic models. Derived as a first-order
expansion of the observation-reweighted dynamic cavity equations, SCDC introduces conjugate
fields that encode the backward propagation of information generated by partial observations.
Its efficient transfer-matrix formulation yields a computational cost linear in the epidemic
duration, enabling accurate reconstruction of infection probabilities on both synthetic and
real-world contact networks. The method provides a principled and interpretable approach,
maintaining high accuracy even in recurrent epidemic processes where belief propagation is

not applicable due to its prohibitive computational cost.
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Notation

We summarize here the notation used throughout this thesis. We consider graph instances
G = (V,E), where V =1,...,N is the set of N nodes and E C V x V is the set of edges. The
discrete indices corresponding to the nodes of the graph are indicated by letters i, j, k, and /.

Complex variables are denoted by z, and their real and imaginary parts by x = Rez and
y = Imz, respectively, such that z = x+iy. The complex conjugate is written as z* = x — iy,
where i is the imaginary unit. The Dirac delta distribution over the complex plane is denoted by
0(z) = 6(x)6(y), and we use the complex derivatives d; = (dy —idy)/2 and dy = (dy +1dy)/2.
The integration measure over the complex plane is defined as d?z = dxdy.

Boldface letters x = (xl,...,x”) denote temporal row vectors, whose indices n and m
correspond to discretized times. Letters with an underline, x = (x,...,xy), denote large row
vectors of size &(N), whose indices i, j, and k run over nodes of the graph. When each element
of x is itself a time vector, we write x to emphasize both the temporal and spatial structure. The
transpose operation is denoted by the superscript ' .

Capital letters with a double underline, é, denote large matrices of size O(N). Roman
capital letters, such as A, indicate 2 x 2 square matrices whose elements can themselves be
matrices. Boldface capital letters, such as A, denote time matrices whose indices correspond to

discretized times.

Unless otherwise specified, summations over repeated indices are explicit, while time inte-
grals are written in their continuous form only when taking the limit of vanishing discretization
step. The notation (-) denotes averages over dynamical or disorder realizations, depending on

the context.
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Stochastic Dynamics in Complex Systems

The study of stochastic dynamical systems on networks is central to understanding a wide
range of complex systems, from the spread of infectious diseases to the stability of ecological
communities and the activity of neural circuits. When the underlying interaction network is
sparse—as is the case for most real-world systems—local correlations and heterogeneities play a
crucial role, and traditional fully connected mean-field approaches often fail to capture them.
In statistical physics, two powerful frameworks have been developed to study such systems: the
cavity method, which leverages the local tree-like structure of sparse graphs to produce accurate
message-passing equations, and the path-integral formalism, which, in the fully connected

limit, underlies DMFT and related Gaussian approximations.

This thesis builds on these two traditions to develop generalized cavity-based methods for
stochastic dynamics on sparse graphs. We begin by revisiting the path-integral and DMFT
approaches for continuous degrees of freedom, and extend them to sparse networks via the
GECaM. GECaM yields efficient message-passing equations for the moments of local stochastic
processes, enabling the study of linearly-coupled stochastic differential equations on large
sparse graphs. Its application to Generalized Lotka-Volterra (GLV) models reveals the interplay
between network structure and ecological stability, and opens the way to modeling noisy neural

dynamics.

We then turn to discrete-state Markov processes, where dynamic cavity methods are well
established but computationally expensive for recurrent dynamics. To address this, we introduce
the Small-Coupling Dynamic Cavity (SCDC) method, a perturbative expansion that reduces
the complexity of solving dynamic cavity equations for recurrent epidemic models. SCDC
enables efficient inference of epidemic trajectories from partial observations on large networks.
Together, GECaM and SCDC provide a unified and computationally tractable framework for
studying a broad class of stochastic dynamical systems on sparse graphs, bridging the gap

between continuous-variable mean-field theory and discrete-state network inference.
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Introduction and Background



Chapter 1

A short introduction to graphs

Graphs provide a natural framework to represent interactions in complex systems. In statistical
physics, they typically encode the local interaction structure among individual components.
Graphs are widely used to model diverse systems, from social and biological networks to
contact networks in epidemiology. This chapter introduces the basic concepts of graph theory,
discusses the properties of sparse random graphs, and presents the main ensembles of sparse
graphs used throughout this thesis. What follows is intended as a non-exhaustive introduction
to the topic; for a more comprehensive treatment, the reader is referred to standard references
such as Bollobds [1], Barrat, Barthélemy and Vespignani [2], and Newman [3].

1.1 Mathematical background on graphs

An undirected graph G is defined as an ordered pair G = (V, E), where V is the set of vertices
(or nodes) and E 1is the set of edges (or links). The set of vertices is denoted by V =1,2,...,N,
where N = |V| is the total number of vertices. Edges connect unordered pairs of distinct vertices,
so that each edge can be written as (i, j) with i, j € V and i # j. Accordingly, the edge set E is
a subset of the Cartesian product of vertices,

ECVxV={(ij)]ijeV,i<j}
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N

A convenient way to represent a graph is through its adjacency matrix A = {A;;}; =1

defined by
1 if (i,j) €E,
Ajj= . (1.1)
0 otherwise.
For undirected graphs, the adjacency matrix is symmetric, A;; = A j;, and has zero diagonal
entries when self-loops are excluded. For the purpose of this thesis, we will focus on undirected

graphs without self-loops.

The set of vertices directly connected to a vertex i is called its neighborhood and is denoted
by di=j €V | (i,j) € E. The number of neighbors of i, i.e. the cardinality of di, is called
the degree of i and is denoted by k; = |di|, or equivalently as the sum of the entries in the i-th
row of the adjacency matrix, k; = Z]JyzlAi j- The degree provides a simple local measure of
connectivity, which will play an important role when describing sparse networks. The average

degree of the graph is then

(k)= 5 Yki=" (1.2)

~
—

Beyond local neighborhoods, one can also describe the global structure of a graph in terms
of walks and connectivity. A walk is a sequence of vertices such that each consecutive pair is
connected by an edge. A path is a walk in which all vertices are distinct. A cycle (or loop) is a

path whose initial and final vertices coincide.

The distance between two vertices i, j € V, denoted d(i, j), is defined as the number of
edges in the shortest path connecting them. Given a vertex i and a non-negative integer r, the
ball of radius r around i, is the set of all vertices at distance at most r from i, together with the
induced subgraph.

Two vertices i, j € V are said to be connected if there exists a path from i to j. A graph
is connected if every pair of vertices is connected; otherwise it is called disconnected and
decomposes into connected components, defined as maximal connected subgraphs. Another
useful structure is a bipartite graph, in which the vertex set can be partitioned into two disjoint
subsets U and W such that all edges connect a vertex in U with a vertex in W, and never within

the same subset.

A graph in which all possible pairs of vertices are connected by an edge, i.e. with
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is called a complete graph (or fully-connected graph). In general, the number of edges of a
connected graph can range from the minimal value |E| = N — 1, corresponding to a tree, up
to the maximal value (1;/ ) of the complete graph. A graph is said to be dense if the number of
edges is close to the maximal number of edges. The opposite, a graph with a number of edges
close to the minimal value, is said to be sparse. In this thesis we will define a graph as sparse if
its number of edges grows at most as |E| ~ O(NlogN), which implies that the connectance (or

density)
B2l

(g’) N(N-1)

D (1.3)

tends to zero as N — oo. Equivalently, it follows that the average degree must be much smaller
than the number of vertices, (k) < N. Conversely, when |E| ~ N? the graph is called dense. In
this case the average degree grows linearly with N, (k) ~ N. Sparse graphs are of particular
interest in this thesis, as they capture the finite connectivity of real interaction networks and

exhibit structural properties absent in dense limits.

An important example of sparse graphs is given by trees, i.e. connected graphs with
no cycles. Trees satisfy the relation N = |[E| + 1, and the removal of any edge breaks the
graph into two disconnected components. The loop-free structure of trees provides a useful
idealization when analyzing dynamical processes on sparse networks. Finally, sparse graphs
can be further classified according to the heterogeneity of their degree distribution. In regular
graphs, also called homogeneous networks, all vertices have the same degree k; = K. In contrast,
heterogeneous graphs are characterized by broad degree fluctuations across vertices, a feature

often encountered in real-world networks.

1.2 Sparse random graphs and their properties

The theory of random graphs, initiated by Erdés and Rényi in the late 1950s [4], brought a
probabilistic viewpoint into graph theory, shifting attention from the enumeration of particular
structures to the study of typical properties of graphs drawn from well-defined probability
spaces. A random graph is defined by endowing the set of all graphs with a given number
of vertices with a probability measure, so that the presence or absence of edges becomes
a stochastic variable. This can be formulated in different but related ways: one may fix a
probability for edges to appear independently between each pair of vertices; alternatively, one
may fix the total number of edges and assign equal weight to all graphs compatible with this
constraint; or, finally, one may prescribe a degree distribution for the vertices, denoted pgeg (k),

and construct graphs consistent with it. Each of these formulations highlights a different aspect
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of randomness in networks, but all share the central idea of characterizing the large-scale

properties of a typical graph by probabilistic means.

A particularly relevant class for applications in statistical physics is that of sparse random
graphs, in which the average degree remains finite as the number of vertices grows. In this
regime, unlike in dense graphs where every vertex is connected to a finite fraction of the system,

local neighborhoods remain finite even in the thermodynamic limit.

In this thesis we will focus mostly on the standard ensembles of sparse random graphs most
commonly used in statistical physics and network science, such as Erd6s-Rényi random graphs
with fixed edge probability, random regular graphs with fixed degree, and configuration models
with degree distributions of finite second moment. A key property of these ensembles is that
they are locally tree-like. More precisely, let us consider a graph with N vertices and select a
vertex uniformly at random. The ball of radius r around this vertex contains with probability
tending to one (as N — o) no loops whenever r is fixed. In other words, in the thermodynamic
limit any finite neighborhood looks like a tree, and cycles become asymptotically rare: the
number of short loops of any given finite length remains of order one, typically following a
Poisson distribution [5]. This property is crucial for the analytical tractability of many models,

as it underpins message-passing methods such as the cavity approach.

At finite sizes, however, deviations from the idealized thermodynamic behavior are signifi-
cant. Real networks often exhibit a high density of short loops, which can strongly affect the
behavior of dynamical processes. Moreover, finite-size effects can lead to substantial fluctua-
tions in local properties, such as degree correlations and clustering coefficients. Understanding
how these finite-size corrections influence the performance of algorithms and the dynamics
on networks is an important aspect of network science, with implications for both theoretical

studies and practical applications.

1.3 Main ensembles of sparse random graphs

As discussed above, sparse random graphs are characterized by the locally tree-like property,
which is central to the analytical tractability of many models. In the following, we briefly recall
the main ensembles that will be used throughout this thesis, together with their most relevant

structural features.

* Random Regular Graphs (RRGs). Graphs chosen uniformly at random among all K-
regular graphs with N vertices. All nodes have degree K, the ensemble is homogeneous,

and local neighborhoods are tree-like as N — c. The degree distribution is a Kronecker
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delta function concentrated in k = K, i.e. pdeg(k) = Ok [1]. RRGs are often used as a

baseline model in spin glasses and dynamical processes on networks.

* Erdés-Rényi Graphs (ERGs). In the G(N, p) ensemble, each possible edge is present
independently with probability p (or exactly M edges in the G(N,M) variant, where
M = pN(N —1)/2). Degrees are binomially distributed, i.e.

Paeg (k) = (N; 1)p"(l —-p)N

ERGs are locally tree-like in the thermodynamic limit [1, 3, 4].

* Configuration Model (CMs). Graphs constructed by assigning to each vertex a number
of stubs drawn from a prescribed degree distribution pge,(k), then matching them uni-
formly at random. If the second moment (k?) is finite, local neighborhoods are tree-like

[2, 3]. The CM allows one to model heterogeneity while retaining analytic tractability.

* Scale-free Networks (SFNs). A special case of the CM with power law degree distri-
bution pgeg (k) ~ k~¥. For 2 < y < 3, the second moment diverges, producing hubs that
strongly affect percolation and dynamics. These heavy-tailed networks are commonly
observed in real-world systems. In this case the locally tree-like structure breaks down

due to the presence of hubs even in the thermodynamic limit [2, 3].

* Watts-Strogatz (WS) model. Starting from a regular ring lattice, each edge is rewired
with probability . The WS model interpolates between regular lattices (8 = 0) and
random graphs (8 = 1), producing small-world networks with short average path lengths
for intermediate 3. The WS model is not locally tree-like due to the high density of short
loops [2, 3].

These ensembles have been chosen because they cover a broad range of structures relevant
to the study of stochastic dynamics on networks: homogeneous and sparse graphs that are
locally tree-like (RRGs, ERGs), as well as heterogeneous or partially clustered networks where
short loops appear (scale free networks, Watts-Strogatz), allowing us to explore the effects of

network structure on dynamical processes.



Chapter 2

The Cavity Method: From Statics to
Dynamics

The cavity method is a cornerstone of statistical physics, providing a powerful framework to
analyze high-dimensional probabilistic systems defined on networks. Its origins trace back
to the Bethe approximation in the study of spin systems on lattices, later formalized through
message-passing techniques and the development of belief propagation in computer science.
Over time, the method has been extended from static problems, such as computing equilibrium
properties of spin glasses, to dynamical processes on networks, where it enables the study of
stochastic dynamics in complex systems.

This presentation is deliberately concise and non-exhaustive; for a more thorough exposition,
the reader is referred to Mézard and Montanari [6], Mézard, Parisi and Virasoro [7], and
Charbonneau et al. [8].

2.1 Graphical models

Many complex systems in statistical physics are characterized by local interactions. In such
cases, their probability distributions can often be represented through graphical models, which
provide a concise framework to encode the dependencies among random variables. This
representation is particularly useful for the application of the cavity method, as it makes the

structure of interactions explicit.

Let us consider a system composed of N variables x = {xi}?/: 1> €ach taking values in a set

&, which may be discrete or continuous (for example, 2" = {—1,+1} in the case of Ising
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spins). The joint probability distribution of these variables can typically be written in the

factorized form

P(x) = [ walaz), @

acF
where Z is the normalization constant (partition function), Y, denotes the factor functions
encoding the interactions, and x,, represents the subset of variables associated with factor
a € F, with F denoting the set of all factors.

The structure of these interactions can be represented by a bipartite graph G = (V UF,E),
known as a factor graph. Here, V = {1,2,...,N} indexes the variable nodes, F the factor
nodes, and the edges E connect variable i to factor a whenever the variable i is involved in the
factor y,, 1.e.

E=A{(i,a)|ieV,acF, xi€xy,}

As an illustration, consider a higher-order Ising model composed of three spins x =
{x1,x2,x3} with x; € {—1,4+1}. The system is characterized by an external field /; acting
on spin 1, a pairwise coupling J>3 between spins 2 and 3, and a three-body interaction Ji23
involving all three spins. The Hamiltonian is given by

H(x) = —hix; — Jo3xoxz — J123 (28 (x1,x2,x3) — 1), (2.2)

where 8(x1,...,x,) is the Kronecker delta for an arbitrary number of binary arguments. The

joint probability distribution naturally factorizes according to these interaction terms:

1
P(x) = AL (x1) Y23 (2, x3) Y123 (X1, X2,73), (2.3)
where the factors are defined as
v (xp) = P, (2.4)
Y3 (X, x3) = P23, (2.5)
V123 (x1,x2,x3) = P12 (280 x2x3) =), (2.6)

The corresponding factor graph representation is shown in Fig. 2.1.
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Fig. 2.1 Graphical representation of a higher-order Ising model. Left panel: Pictorial representation
of the higher-order interactions of the model with Hamiltonian Eq. (2.2). Right panel: Factor graph
representation of the joint distribution of the higher-order Ising model Eq. (2.3). Variable nodes (circles)
represent the spins x;, while factor nodes (squares) encode the interactions: the single-node factor y;
(field h), the pairwise factor Y3 (coupling J»3), and the hyperedge factor yi,3 (three-body coupling
J123).

2.2 Static cavity method

A common challenge in probabilistic models defined on graphs is the evaluation of marginal
distributions of individual variables, or equivalently the computation of the partition function.
For general models, this task is computationally intractable, as the number of configurations
grows exponentially with the system size. Yet, if the underlying interaction network has a tree
structure, one can take advantage of the locality of the interactions to perform the calculation
efficiently.

This observation is at the foundation of the cavity method, first formulated in statistical
physics by Bethe in the study of spin systems [9], known as Bethe-Peierls approximation.
Variants of the same idea were later rediscovered in other disciplines, where it became known
as Belief Propagation (BP): in information theory it underpins modern coding schemes such as
low-density parity check codes [10], while in computer science it was proposed in the context
of Bayesian inference by Pearl [11]. Despite the differences in language and applications, all

these perspectives rely on the same principle of iterative message passing across the graph.

In this section, we introduce the static version of the cavity method, where no explicit
notion of time is involved and variables are assumed to be static. In what follows, we will use

the terms cavity method and Belief Propagation interchangeably.

We consider a system of N variables x = {xi}fvz , with factorized joint distribution as
described in Eq. (2.1). For each edge (i,a) € E of the factor graph, we introduce two types
of messages: ¢;\4(x;) from variable node i to factor node a, and c,;(x;) from factor node a to
variable node i. Messages are probability distributions over the single-variable space 2, i.e.

they are non-negative and normalized. Intuitively, ¢, (x;) represents the marginal distribution
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Fig. 2.2 Pictorial representation of the Belief Propagation update rules. Left panel: Portion of
the factor graph involved in the update rule Eq. (2.7) for the variable-to-factor message. Right panel:
Portion of the factor graph involved in the update rule Eq. (2.8) for the factor-to-variable message.
Variable-to-factor messages are represented by dashed arrows, while factor-to-variable messages are
represented by solid arrows.

of variable x; in the cavity graph where factor a has been removed, while ca\i(x,-) represents the

marginal of x; in the cavity graph where all factors b € di except a have been removed.

The BP algorithm provides a way to update these messages iteratively using only local
information, thereby enabling efficient computation of marginals in large graphical models.
Assuming the messages are initialized at iteration t = 0 (e.g., uniformly), the BP update rules

(or cavity update rules) at iteration ¢ 4 1 read:

SHRICHESNS |} [RAHED) 2.7)
bedi\a

cgf\tl)(xi)cx Y valxoa) 1 c,it\)a(xk), 2.8)
Xda\i keda\i

where the sum } 50\ TUNS OVer all configurations of the neighboring variables of factor a except
i,i.e. x5, ; = {x : k € da\i}. If the single-variable space 2" is discrete, this is a sum; if 2~
is continuous, the sum should be replaced by an integral. A pictorial representation of these

update rules is shown in Fig. 2.2.

2.2.1 Cavity method on tree graphs

If the factor graph is a tree, 1.e., it contains no cycles, the BP algorithm is guaranteed to converge
to the exact marginal distributions in a finite number of iterations, regardless of the initialization
[6]. The fixed point messages, denoted as c;\,(x;) and ¢, ;(x;), can be obtained by iterating
the BP update rules until convergence. These messages satisfy the BP equations (or cavity

equations), which are obtained by removing the iteration index ¢ from Egs. (2.7) and (2.8).
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Once convergence is achieved, the messages can be used to compute the marginal distribu-
tions of the variables in the original graphical model. This is done by combining the incoming

messages from neighboring factors according to the structure of the factor graph:

pitx) = L P = [T o) 29

X\ Laedi

where X\ denotes all variables except x;, and Z; is a normalization constant ensuring that p;(x;)

sums to one over all possible values of x;.

More generally, for tree-structured graphical models, the marginal distribution of any subset
of variables can be written in terms of the fixed-point messages. Let U C V be a subset of
variable nodes. Define dU = {a € F | danU # 0} as the set of factor nodes connected to at
least one variable in U, and Fyy = {a € dU | da C U} as the set of factor nodes whose neighbors
are all in U. For each boundary factor a € dU \ Fy, there is a unique variable i(a) € U such
that i(a) € danNU. The marginal distribution of the variables in U is then given by:

pulay) = Y P(x) = ZiU T vl TT s @io). (2.10)

X\u acky beJU\Fy

where x,;; denotes all variables except those in U, and Zy is a normalization constant ensuring

that py (x;;) sums to one over all possible values of x;;.

Furthermore, the free energy of the system can be expressed as a sum of local contributions
from variables and factors, minus corrections for double counting. Specifically, the free energy
F can be written as a function of the 2|E| fixed point messages ¢ = {ca\i,Cj\a} (i,a)cE> known as
the Bethe free energy:

F(e) = ) Fale) + ) Fi(e) = ). Fiale), (2.11)

acF i€V (i,a)eE
where
~BF(0) = logZs = log L a(xaa) I cinalx) (2.12)
X9a i€da
—BF;(c) =logZ; = logzbr; ep i), (2.13)
Xi bedi

—ﬁFia (g) = lochi\a(x,-)ca\,-(x,-). (2.14)
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Here, B denotes the inverse temperature, which allows the free energy to be expressed in
physical units. However, the cavity method is not restricted to physical systems and can be
applied to a wide range of probabilistic models. In cases where no notion of temperature is
present, one simply sets f = 1.

2.2.2 Loopy cavity method

When the factor graph contains cycles, the BP algorithm can still be applied as a heuristic
method, often referred to as loopy belief propagation (or loopy cavity method) [6]. In this
case, the messages are updated iteratively using the same rules as in the tree case Eqgs. (2.7)
and (2.8), but convergence is not guaranteed. Moreover, even if the algorithm converges, the
resulting messages may not correspond to the exact marginals of the original graphical model.
Nevertheless, loopy BP has been found to perform well in practice for many applications,

providing good approximations of marginal distributions and being computationally efficient.

In the case of large sparse random graphs with a locally tree-like structure, loopy BP
typically provides accurate approximations, and in the thermodynamic limit N — oo it can even
become asymptotically exact. However, the locally tree-like property, while necessary, is not
sufficient to guarantee convergence of the algorithm or correctness of the fixed point. A general
theoretical framework for convergence and correctness of loopy BP is still lacking, although
significant progress has been made in particular cases [12—17]. Intuitively, convergence and
correctness are more likely when the removal of any variable node i (i.e. creating a cavity)

results in its neighboring factors a € di being, with high probability, far apart from one another.

Finally, loopy BP can also be understood from a variational perspective: the stationary
points of the Bethe free energy Eq. (2.11) [F(¢) correspond to fixed points of the cavity equations,
and vice versa. This variational interpretation provides additional insight into the nature of the

solutions obtained by the algorithm.

2.2.3 Pairwise interactions

A particularly relevant case in statistical physics is that of systems with pairwise interactions.
In this setting, the factor graph simplifies considerably, since each factor node connects exactly

two variable nodes. The joint distribution can be written as

p@:% [T wijeix) [Twil), (2.15)

(i.j)€E iev
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Fig. 2.3 Pictorial representation of the cavity method for pairwise interactions. Left panel: Original
factor graph representation, where factor nodes (squares) connect pairs of variable nodes (circles).
Variable-to-factor messages are represented by dashed arrows, while factor-to-variable messages are
represented by solid arrows. Right panel: Simplified representation, where only variable nodes are
shown, and edges represent pairwise interactions. The new variable-to-variable messages are represented
by solid arrows, as they are a shorthand notation for the original factor-to-variable messages.

where Z is the partition function ensuring normalization, y;;(x;,x;) encodes the interaction
between variables x; and x; for each edge (i, j) € E, and y;(x;) represents any local bias or
external field acting on variable x;. In this pairwise case, each factor node in the factor graph

corresponds either to an edge (for y;;) or to a node (for ;) of the original interaction network.

Because each factor involves only two variables, the factor graph can be represented more
compactly by retaining only variable nodes, with edges denoting pairwise interactions. In this
representation one of the two messages per edge can be eliminated, leading to a simplified
update rule. In what follows, we adopt a notation in terms of variable-to-variable messages,
writing ¢ j(x;) as shorthand for c; (; ;) (x;). The BP update equations then take the form

cgijl)(xi)xl//i(xi) H Z V/ik(xi,xk)cl((t\)i(xk). (2.16)
kedi\jx e

A schematic representation of the BP updates in the pairwise case is shown in Fig. 2.3.
The left panel depicts the original factor graph, with factor nodes (squares) connecting pairs of
variable nodes (circles). The right panel illustrates the simplified representation, where edges

encode pairwise interactions and messages are represented directly between variable nodes.



2.3 Dynamic cavity method for discrete-time processes 15

2.3 Dynamic cavity method for discrete-time processes

The idea of extending the cavity method to dynamics dates back to the pioneering works
of Neri and Bollé on parallel Glauber dynamics [18], Kanoria and Montanari on majority
dynamics [19], and Aurell and Mahmoudi on diluted kinetic Ising models [20]. These studies
showed that the method yields exact recursion relations on trees, but also highlighted two major
obstacles: the exponential growth of trajectory space with time and the lack of closure due to
the dependence on neighboring trajectories. These difficulties motivate the use of auxiliary
representations and suitable approximations, which we now illustrate through the mathematical

formulation of the method.

2.3.1 Mathematical formulation

The dynamic cavity method treats entire trajectories of the variables as the relevant degrees
of freedom. We consider here Markovian dynamics in discrete time, where the state of each
variable at step n+ 1 depends only on its own state and those of its neighbors at step n. Let
Xt = {x?}f’: | denote the configuration of the system at time n. Given the joint probability
distribution P(x"), the distribution at the next step is obtained by applying the transition
probability W (x"|x"):

P = Y W PR (2.17)
X
Introducing the trajectory vector x; = (x?,x],...,x7) of node i, and denoting by x = {x;}¥
the collection of all trajectories, the joint probability distribution of trajectories up to horizon T
reads ,
P(x) = [JW@""")P@E"). (2.18)
n=1

=1

~

where p?(x?) is the initial distribution of variable i.

As in the static case, we focus on pairwise interactions on a graph G = (V, E), for which

the transition probability factorizes over nodes:

W (&) = T wil ™ , 2,), (2.19)
eV
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(a) (b) (c) (d)

Fig. 2.4 Dynamic factor graph representation of the system. Panel a: Original contact graph G.
Panel b: Naive factor graph associated to Eq. (2.20), which contains many short loops due to temporal
dependencies. Panel c¢: Origin of these loops: each local transition couples neighbors at successive
times. Panel d: Dual factor graph representation, where loops are removed at the price of enlarging
variable nodes to contain the trajectories of pairs of neighbors.

where w; (/! |x},x3,) is the local transition probability of i, depending on the state of node i
and its neighbors x; at time n. The joint trajectory distribution therefore factorizes both over

nodes and over timesteps:

T
P(x) =T p? ) [T wile |, 25,). (2.20)
n=1

icV

Even when G is locally tree-like, the factor graph of Eq. (2.20) contains many short loops
caused by the temporal structure. This is illustrated in panels (b) and (c) of Fig. 2.4. As shown
in [21, 22], such loops can be removed by introducing a dual factor graph, sketched in panel (d)
of Fig. 2.4. One defines a factor f; for each node i € G, equal to the product over all timesteps
of the local transition probabilities, and new variable nodes for each edge (i, j) € E, containing
the trajectories of the two neighboring variables. In this representation, the topology of the dual

graph mirrors the original interaction graph.

The cavity method can then be applied to the dual graph, yielding recursive equations for

messages defined as distributions over pairs of trajectories:

cx;rl)(xi,xj) oc Z filxi, xj, X5, ;) H c](f\)l.(xi,xk). (2.21)
2ai\j kedi\ j

At this stage the main limitation becomes apparent: the number of joint trajectories (x;,x;)
grows exponentially with 7', making exact computations infeasible beyond very short transients.
Moreover, the messages Eq. (2.21) depend parametrically on the trajectory x;. This originates

from the dual construction, where each variable must be duplicated across all its incident edges,
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preventing the equations from closing in terms of single-node trajectory distributions. These
two issues — exponential growth of trajectory space and parametric dependence on neighbors —

are the core difficulties of the dynamic cavity method.

Several approximations have been proposed to make the equations tractable. The time
factorization ansatz [20, 23] assumes that messages factorize over time, yielding efficient update
rules for single-time marginals. More sophisticated schemes include finite order Markovian
closures [22] and matrix product parametrizations of trajectory distributions [24, 25], which
provide good approximations to temporal correlations at the cost of considerably more involved
mathematics. For irreversible spreading processes, such as cascades or epidemic models, the
problem simplifies dramatically since trajectories can be parametrized by activation times,

leading to exact dynamic message-passing equations on trees [26, 27].

Most of these works are formulated in discrete time, and often for discrete variables. A
continuous-time extension was developed by Aurell and collaborators [28], who applied the
cavity method directly to the master equation, obtaining a cavity master equation for discrete

spins with asynchronous updates.

In this thesis we will build on these developments, but with a different perspective: our
goal is to devise a framework that remains simple enough for practical use, while being
general enough to encompass both discrete-time/discrete-variable systems and continuous-
time/continuous-variable dynamics. This will be achieved through a small-coupling expansion
of the dynamic cavity equations, which provides a controlled approximation while avoiding the

technical complexity of the more elaborate approaches described above.

2.4 Cavity method with quenched disorder

In many relevant situations one does not know the precise form of the interactions, but only
their statistical properties. This motivates the study of ensembles in which the interaction graph
and the couplings are drawn at random once and remain quenched throughout the evolution.
In such cases the central object of interest is not the set of messages for a single instance,
but rather their typical distribution across the ensemble, which characterizes the large-scale

properties of the system in the thermodynamic limit.

To illustrate the method, we focus on the simplest case of pairwise interactions in equilib-

rium systems. For a single instance on a tree, the cavity recursion for the message c; ;(x;) reads
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e ) o< wilxishi) T Y v (s i) e i () (2.22a)
kedi\j Xk
=7 ({cvitkean js his intreai ) (2.22b)

where y; and y;; denote respectively the local and pairwise interaction factors, where we
explicited the dependence on the external fields /; and couplings Jj;. We denoted the right-hand

side of this relation as an update map .7 .

When the system is defined on a random-graph ensemble with quenched disorder in the
couplings, the replica symmetric (RS) cavity method consists in studying the distribution P(c)
of cavity messages rather than individual messages. This distribution is the fixed point of a

distributional recursion,

P(c) = LiEns / ];[Ij@mcl)a(c—ﬂ({c,}f_—};m,{h f:f))], (2.23)

where py is the degree distribution of the random graph, and the expectation [£;, ; averages over
the quenched disorder in the system, 1.e., the random external fields # and couplings J that enter
the update map .%. Here, ZP(c;) denotes integration (or summation) over the distribution P(c)
of messages, and 6 is the generalized delta function enforcing the update constraint Eq. (2.22a).
The recursion Eq. (2.23) is in general analytically intractable, but it admits a numerical solution
via population dynamics: one represents P(c) by a large sample {c* %:1 of messages; at each
iteration a random degree k is drawn from py, k — 1 incoming messages are sampled from the
current population and the disorder parameters are drawn from their distribution, a new message
is computed through .# and renormalized, and then replaces a randomly-chosen element of the

population.

The replica symmetric assumption is valid in some regimes but can fail in others. In the
replica symmetric (RS) phase, the distribution of cavity messages converges to a unique fixed
point, and belief propagation provides asymptotically exact predictions. At the dynamical one-
step replica symmetry breaking (d1RSB) transition, the space of solutions becomes clustered:
the RS fixed point still exists, but the system organizes into an exponential number of distant
clusters of solutions. In this regime the RS cavity method gives correct averages, but local
iterative algorithms such as BP typically fail to converge to the relevant fixed point when
initialized randomly. A further transition may lead to a static one-step replica symmetry
breaking (s1RSB) phase, where the RS description itself becomes inconsistent and must be

replaced by more refined methods such as the 1RSB cavity method or survey propagation
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[6, 29]. The terminology distinguishes the two situations: the d1RSB transition is revealed
dynamically, as it affects the behavior of iterative algorithms, while the s1RSB transition is of
static nature, as it signals the failure of the RS description at the level of ensemble-averaged
quantities.



Chapter 3

Path-integral approaches

The cavity method provides a powerful framework for studying stochastic processes on graphs,
both in equilibrium and out of equilibrium, and is particularly well-suited for sparse structures.
However, it is not the only tool available. An alternative and complementary viewpoint
is provided by path-integral approaches, which describe stochastic dynamics in terms of
generating functionals and field-theoretic techniques. These methods, rooted in statistical
physics, have been developed to treat interacting stochastic systems with a large number of
degrees of freedom and are especially effective in the presence of quenched disorder and in the

fully-connected limit.

The basic idea is to reformulate the stochastic dynamics, typically given in the form of
Langevin or master equations, as a functional integral over trajectories. This representation
makes it possible to compute dynamical averages and correlations systematically, and to
perform approximations inspired by field theory, such as saddle point evaluations or systematic
expansions. Path-integral approaches thus provide the natural setting for the derivation of
dynamical mean-field equations and of perturbative schemes such as the Plefka expansion. At
the same time, they also make transparent the limitations that arise when dealing with sparse

interaction networks.

In this chapter we present the main ingredients of the path-integral approach to stochastic
dynamics. We begin in section 3.1 by recalling the description of stochastic dynamics through
Langevin equations. In section 3.2 we introduce the Martin-Siggia-Rose-Janssen-De Dominicis
(MSRJD) formalism, which provides the functional integral representation of stochastic pro-
cesses. We then discuss how quenched disorder can be incorporated in this framework, showing
in section 3.3 how the Dynamical Mean-Field Theory (DMFT) emerges in the fully-connected

limit. In section 3.4 we introduce the Plefka expansion and its dynamical generalization, and
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finally, in section 3.5, we comment on the limitations of these approaches when applied to

sparse graphs.

3.1 Stochastic dynamics and Langevin equations

A standard framework to describe the time evolution of stochastic systems with continuous
variables is provided by Langevin equations', which represent the dynamics of degrees of
freedom evolving in continuous time under the combined action of deterministic forces and
stochastic fluctuations [30, 31]. This formalism is widely used in statistical physics to model
systems where randomness originates from an effective interaction with an environment, and it

provides a natural starting point for field-theoretic representations of stochastic dynamics.

Consider a system of N interacting degrees of freedom x;(¢), whose dynamics is governed

» 0
dx;(t
) — fiale) + &0, a.

where f;(x(¢)) is the deterministic drift term, depending in general on the full configuration

x(r) ={x j(t)}ljyzl , and &;(¢) is a stochastic noise term. The most common choice is Gaussian

white noise with zero mean and covariance

(&i(1) =0,  (&()§E;(r")) =Dy;é(t—1'), (3.2)

where D;; is the noise covariance matrix. In the simplest case one assumes D;; = 2T §;;, with
T playing the role of an effective temperature. More general choices, with non-diagonal D;;,
allow for correlated noise sources across different degrees of freedom. It is worth noting that the
stochastic process defined by Eqs. (3.1) and (3.2) is Markovian, as the future evolution depends
only on the current state x(¢) and not on the past history. If instead the noise has temporal
correlations, i.e. (&(r)&;j(t")) = Djj(t —t') with a non-zero correlation time, the process
becomes non-Markovian. Such noises are usually referred to as colored noises. Another
important distinction is between additive noise, as in Eq. (3.1), where the noise term is
independent of the state x(¢), and multiplicative noise, where the noise amplitude depends on
the state.

'In this thesis we shall use the term “Langevin equation” to refer specifically to the overdamped case. Thinking
of the classical example of a particle diffusing in a fluid subject to friction, the viscous term dominates the
inertial one and the acceleration o d”x/dt? can be neglected. Over sufficiently long-time-scale inertial effects are
irrelevant in the presence of dissipation, and the overdamped description is appropriate.
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To make the discussion concrete, consider the case of a single variable x(¢) evolving

according to

dx(t
) _ —Ax(t)+&(1), (3.3)

dt
with (£(r)) =0 and (& () E(¢")) = 2T 6(¢r —¢'). This is the Ornstein-Uhlenbeck (OU), the
simplest non-trivial Langevin dynamics. The drift term f(x) = —Ax drives the system toward

the stable fixed point at x = 0, while the noise term induces fluctuations around it. The
competition between the two terms results in a stationary Gaussian distribution with variance
T /A, which provides a simple illustration of how Langevin dynamics generates non-trivial

stationary states.

Equations of the form Egs. (3.1) and (3.2) define the class of continuous-time Markov
processes that will serve as the starting point for the path-integral representations introduced in
the next section. While extensions to multiplicative or non-Gaussian noise are possible, here
we restrict ourselves to the additive Gaussian case, which already encompasses a wide range of

models and admits a transparent functional formulation.

3.2 Path-integral formulation

Langevin equations provide a trajectory-based description of stochastic dynamics, but comput-
ing averages and correlations directly from them can be cumbersome. A powerful alternative
is offered by the path-integral representation of stochastic processes, originally introduced by
Martin and Siggia [32] and subsequently reformulated by Rose, Janssen [33], De Dominicis
and Peliti [34, 35], and now commonly known as the MSRJD formalism. The essence of the
method is to enforce the stochastic dynamics through functional delta constraints, thereby
turning averages over trajectories into functional integrals from which correlation and response

functions can be systematically obtained.

To keep the presentation concrete, let us focus on the OU process already introduced in

section 3.1,
dx(t) —_2 . N S /
5 = A +E(E), (G =0, (E)S(r))=2Té(t~r). (34
For later convenience, time is discretized as 7, = nA with n =0,...,T and TA =t;. The

trajectories x(t) and &(¢) are then represented as discrete-time vectors x = (x°,...,x7) and
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& = (E9,... ET), respectively. In the Itd convention the discretized dynamics reads

X = X ALY+ AET, (3.5)

(n+1

where the noise increments AS" = [ A 4t & (¢) are independent Gaussian random variables

with zero mean and variance 2T A. The corresponding path probability of a noise history is

therefore , 5
(AS")
P|AG] ———. 3.6

8]« [Tewe |53 36

The average of any trajectory observable &'(x) is obtained by integrating over all paths x

and noise realizations A&, weighted by P[A&] and constrained by Eq. (3.5). The dynamical

constraint can be expressed as a product of Dirac deltas, each of which is represented in Fourier

form by introducing conjugate variables £". After integrating out the Gaussian noise variables,

one arrives at the discrete-time expression

(0(x)) o< / dxds 0(x) po(x°) exp [ - S(x. %)), (3.7)

with action -
Sxz) =Y [u" (¥ — X"+ AAX") + AT (ﬁ”)ﬂ . (3.8)

n=0

Passing to the continuum limit, the sums become time integrals and the finite differences

converge to time derivatives, so that
I
Slx,£] = / dr [(e) (3(0) + 2x(1)) + T2, (3.9)
0
and averages of path observables &[x, £] take the path integral form
(O], 4]) = / Px,3] Olx, 5] po(x(0)) &S5, (3.10)

Here 2 [x, %] denotes the functional integration over all trajectories x(¢) and auxiliary fields £(z),

and po(x) is the distribution of initial conditions.

Unless stated otherwise, we henceforth work directly in the continuum limit and omit the
discretization step; the correspondence with the discrete- and continuous-time formulations is

reviewed in Appendix A.1.1.

The auxiliary field £(t), commonly referred to as the response field, enforces the stochastic

dynamics and naturally generates linear response functions. The MSRIJD formalism thus
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recasts the problem of stochastic dynamics into a field-theoretic language, where all statistical
properties of trajectories are encoded in the effective action S[x,|. This representation will

serve as the starting point for the subsequent developments of this chapter.

The construction above generalizes straightforwardly to systems of many interacting degrees
of freedom with Langevin dynamics as in Eq. (3.1), leading to a path-integral representation
where all statistical properties of the dynamics are encoded in an effective action. In practice, it

is often convenient to summarize these properties in terms of the generating functional

Z[y] = <exp </Otfdt Y(0)x(r)) > 3.11)

from which all correlation functions can be obtained by functional differentiation with respect
to the source y(¢). For the OU process, assuming uniform initial conditions, the quadratic
nature of the action Eq. (3.9) allows one to evaluate the functional integral exactly, leading to

T ! 1y /
Z|y] = exp {ﬁ /0 " /O "t e M w(r) 1,,(;')], (3.12)

A detailed derivation of this result can be found in Appendix A.1.3. While the OU dynamics
is exactly solvable due to its linear drift and additive noise, the computation of Z[y] is no
longer straightforward in the presence of nonlinear drift terms, state-dependent noise, or many

interacting degrees of freedom, where approximations or alternative methods become necessary.

Correlation functions The simplest observables accessible within the MSRJD framework
are correlation functions. For the Ornstein-Uhlenbeck process, the two-time (disconnected) cor-
relation function C9¢(z,#') = (x(¢) x(t')) is obtained by differentiating the generating functional
Eq. (3.12) with respect to the source y(7),

2
6 . T Mt—t,|
)

sy owe) V), 2¢

c®(r,1') = (3.13)
which is the well-known result for the OU process. The path-integral formalism thus reproduces
the stationary Gaussian statistics of x(¢), and more generally allows for systematic computation

of higher-order correlations in interacting systems where direct solutions are not available.

Response functions A distinctive advantage of the MSRJD formalism is that it provides

a natural way to compute response functions. Consider perturbing the Langevin equation



3.2 Path-integral formulation 25

Eq. (3.4) by a weak external driving field /(¢) coupled linearly to x(z),

dxt)

o = A () + (). (3.14)

The linear response of an observable &'[x] to the perturbation is defined as

Rp(t,t) = (Ox]) ; (3.15)

where the average has to be taken with the perturbed dynamics. Within the path-integral
formulation, the external driving contributes an additional term — [ d¢i%(¢)h(t) to the action
Eq. (3.9). Differentiating with respect to A(¢’) then amounts to inserting a factor i£(¢') in the

functional average. Hence,
Ro(t,1") = (O] ik(1")). (3.16)

This identity shows that the auxiliary field £(¢), often called the response field, directly generates
linear response functions. In other words, the average of x(z) multiplied by £(z') measures how
x(t) responds to an infinitesimal perturbation applied at time ¢’. Intuitively, one can think of
£(t) as generating an infinitesimal external “kick” of the dynamics. Multiplying an observable
O'x] by £(¢') corresponds to computing its change under a perturbation i(r) = hd(r —t') in the

Langevin equation—where /4 is the infinitesimal amplitude of the perturbation—since
(O]]) = / Dlx, §] O[] )-8, (3.17)

and thus
0

(Oit(r") = 52(O1x]) (3.18)

h=0

This provides a precise meaning to the terminology “response field.” For the OU process,
the linear response function of x(¢) with respect to an impulse applied at 7’ is obtained from
Eq. (3.16) with O[x] = x(¢), yielding

R(t,¢') = (x(1)if(t)) = Ot — ) e 1), (3.19)

where O is the Heaviside step function. The exponential relaxation reflects the stability of the
deterministic drift term and agrees with the solution of the directly perturbed Langevin equation.
The derivations above have been presented in a compact form. More detailed calculations are

collected in Appendix A.1.
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Vanishing of averages of response fields A useful property of the MSRJID formalism is that
averages involving only response fields vanish identically. This follows from the role of £ as an
auxiliary field enforcing the stochastic constraint. A simple way to see this is to consider the
generating functional with source {(z) coupled to i£(¢)

Z[9] = <exp ( / di lf/(t)i)?(t)) > . (3.20)

The functional integral over X can be performed explicitly, yielding a delta constraint that
enforces the Langevin equation with an additional external field y(7). The value of the
generating functional is therefore independent of (), being always equal to one due to the
normalization of the path probability. Hence, all functional derivatives with respect to y(¢)
vanish,

(if(r1)---i%(za)) = 0. (3.21)

A detailed derivation is provided in Appendix A.1.6.

3.3 Dynamical Mean-Field Theory for quenched disorder

The MSRIJD formalism provides a natural framework to study stochastic systems with quenched
disorder, where the interactions between degrees of freedom are random variables drawn from
a specified distribution. A paradigmatic example is provided by fully-connected networks with
random couplings, where each degree of freedom interacts with all others through couplings
Jij drawn from a specific distribution. In the thermodynamic limit N — oo, such systems can
be analyzed using DMFT, which reduces the many-body problem to an effective single-site

stochastic process subject to self-consistent noise and memory kernels.

To illustrate the DMFT construction, consider N linearly-coupled OU processes, each

evolving according to the Langevin equation

dxi(t)
dt

= —Axi(1)+ ) Jijxj(1) + &), (3.22)
J#i

where A > 0 is a damping coefficient, &;(¢) are independent Gaussian white noises with zero
mean and correlations given by

(&i(1) (")) =2T §;6(t —1"). (3.23)
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For each ordered pair (i, j), the couplings (J;;,Jj;) are jointly Gaussian with

2
o
Var(Jij) = Var(in) = W, COI’I‘(J,‘j,in) =Y. (3.24)

The 1/N scaling ensures a well-defined thermodynamic limit. The parameter ¥ € [—1,1]
controls the degree of symmetry: y = 1 yields symmetric interactions (J;; = Jj;), v = —1

antisymmetric (J;; = —J;), and y = 0 fully asymmetric couplings.

3.3.1 Generating functional at fixed disorder

N

For a single realization of the couplings {/J;;}} =1 We introduce the generating functional with

sources W;(¢) and y;(r) coupled to x;(r) and i%;(¢), respectively,

N
;QQ@T:GW(;/mPM”“”+%®m@D>’ (3.25)

where the average is taken over the noise realizations § . The generating functional allows
one to compute any correlation or response function by functional differentiation with respect
to the sources. Using the MSRJD formalism, Z; can be expressed as a path integral over
all trajectories x(z), £(¢), with the action enforcing the dynamics Eq. (3.22). The explicit
expression for the coupled OU processes reads

2 [y, 9] = [ 2d exp{ - [t v 9] - P8}, (3:26)

where the local part of the action is

loc a ~l u i . . 8.(4)2
s@%%ﬂ_;/mh@@@+mmwwmg

—yi(r) xil0) = Wi(0)i(0)] (3.27)
and the interaction part is
ﬁﬁ@:—z/mmm@@@. (3.28)
i

We assumed for simplicity that the initial conditions are independent and identically distributed,
and we denoted 2°[x, %] = [T, 2°[xi, %] = [T 2[xi, &i]po(x:(0)).
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3.3.2 Average over disorder

The generating functional Eq. (3.26) depends on the specific realization of the couplings
{J; ]}iv =1 Typical properties follow from an average over the disorder, which is exact here due

to Gaussianity:

Zly 9 =2 0 [ Pt ew{ -t )} exp{ - sPed}. 329

The average over the disorder affects only the interaction part of the action, which is linear in

the couplings J;;. Using the properties of Gaussian integrals, one finds

Z[y, §] o< /.@O[J_C,)_E] exp{ — gloe X, £, v, gr] + ]n—\j Z/dti)?i(t)xj(t)
i#]

2
+;_N / drdi’ ; [ifi(f)ifi(f’m(t)xj(t/)+Yiﬁi(t)x,-(t’)x,-(t)i)ej(/)} } -39

Details of the average are deferred to Appendix A.2.1.

3.3.3 Order parameters

The disorder-averaged generating functional still couples all degrees of freedom through the
interaction terms. To proceed, we introduce macroscopic order parameters that summarize the
collective behavior of the system. In fully-connected models, these order parameters typically
involve averages over all sites, reflecting the mean-field nature of the interactions. Specifically,

we introduce the dynamical macroscopic observables

wu(r) = }V;xi@), (3.31)
P(r) = }V;ifi(r), (3.32)
Ct,1") = }V;xi(rm(r’), (3.33)
R(t.1') = & L w(0)isi), (334

B(t.{) = ]lv (1) i:(t"), (3.35)
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representing the empirical average magnetization, response-field magnetization, two-time
correlation function, linear response function, and response field two-time correlation function,
respectively. These quantities capture the essential features of the system’s dynamics and will
serve as the basis for the DMFT equations.

To enforce the definitions Egs. (3.31) to (3.35) in the path integral, we introduce functional

delta constraints for each order parameter, represented in Fourier form by conjugate fields f1(z),

A A A A

B(r), C(t,t'), R(z,t"), and B(z,t"). For compactness we write Q = {u,P,C,R,B,1,P,C,R,B}.
2y 9= [ 70 exp{ -V (P10 +570] + 0¥ ) }

N
X exp { Y log / Pxi, %] e [xivff=‘/’f"/’f9}}, (3.36)
i=1

where Z[Q] denotes integration over all order parameters and their conjugate fields. The action

is decomposed into three contributions as shown.
P[] — i / drdr’ [C(1,)C(1, 1)+ Rio, 1 R(1,1") + Bt )B(o, 1)
+i / dt [n(r) w(r) +15(r)P(r)} , (3.37)

arises from the Fourier representation of the delta constraints;

S*e[Q] = —m/dtP(t)u(t) - %Z/dtdt’ [B(t,t’)C(t,t’) +YR(t'1)R(t,1) |, (3.38)

collects the terms resulting from the disorder average; and

Silx, 5w, ¥ | O] = / dr [1£(e) (3(0) + Ax(1)) + ()2 = wie)x(1)
POiR() —iR(0)x(1) — iP(1)ig(1)]
—1/dtdt (£, )x(t)x(t )—i—R(I,t/)x(t)'v?(t/)]
—i/dtdtB t,1)ig(2)i(¢'), (3.39)

is the effective local action depending on the order parameters. We refer to Appendix A.2.2 for

details of the derivation.

The effective local action Eq. (3.39) describes a single-site problem where the dynamics
of x(¢) and £(¢) are influenced by the macroscopic order parameters and their conjugate fields.
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We therefore introduce the single-site effective generating functional
Zily | Q) [ 20k e Swiial, (3.40)

which encodes the statistics of the effective single-site dynamics given the order parameters Q.
The constant of proportionality is fixed by the normalization condition Z;[0,0 | Q] = 1. The
average of any single-site observable [, %] is then computed as

(O[x,5])1 o< / 2°|x, %] Ofx, %] e 51 H40010], (3.41)

3.3.4 Thermodynamic limit and saddle point

The site index i appears only in the local action Eq. (3.39); aside from the site-specific sources
y; and {; this action is identical for every site. This factorization, a direct consequence of the
fully-connected (mean-field) interaction structure, makes all sites statistically equivalent. Hence
the generating functional Eq. (3.36) can be written purely as an integral over the macroscopic

order parameters and their conjugate fields. To leading order in N,

0.p. avg N N
Zly, 0]~ [ Flo)e OIS (Zey | 0) (3.42)

where Zé‘f’f is the single-site effective generating functional
N
loc ~ 1 ~
log Zeff [w, W | 0] = 7 ) log Zi[ i, ¥i | Q). (343)
i=1

In the thermodynamic limit N — oo, the integral Eq. (3.36) is dominated by a saddle point
Q~, yielding

A 0 * avg [ yx oc A A\
2y, 91" exp{ - N (P10 + 5™ Q) | (Z¥lw w1 0]) . G4
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At the saddle point, the order parameters satisfy the self-consistent equations

: if”(t) = mP*(1) = 0,
P(r) = (i%(2))7 = 0, iP* (1) = mp*(r),

C*(t,1") = (x(t)x(¢"))7, iC*(t,t') = %23*(“’) =0,
R*(tvt/) = <x(t) R(t/)yl(? iR*(tvt/) = YGZR*(tlat)a
B*(t,t") = (it(¢)ix(t'))T =0, iB*(t,t) = O;C*(t,t/),

where (-)7 denotes the average with respect to the effective single-site dynamics at the saddle
point Q*. The vanishing of P*(t) and B*(z,t') follows from causality and normalization
conditions, as detailed in Appendix A.2.3. By substituting the conjugate order parameters back
into the effective local action Eq. (3.39), one obtains

Stlx,£] = / drif(r) (x(t) 4 Ax(t) — mu(r) — yo° / dt'R(t,t')x(t')>
+ / di TR(t)? — "; / didi' i8(0)C(t,1ig(t). (3.45)

The order parameters 1 (z), C(t,t'), and R(t,t") must be determined self-consistently from the
single-site dynamics defined by Eq. (3.45). They can be interpreted as the disorder-averaged
magnetization, correlation function, and response function of a typical site in the network. It is

straightforward to verify that, for example for the magnetization,

u(r) = (xi(2)) = ()7, (3.46)

1 N
N
where the overline denotes the average over the disorder distribution. The same holds for the

correlation and response functions.

3.3.5 Effective single-site process

The effective local action Eq. (3.45) describes a single-site stochastic process where the
dynamics of x(r) is influenced by self-consistent memory and noise terms. To make this explicit,
we can follow backwards the steps of the MSRJD construction to identify the corresponding

Langevin equation. The quadratic term in £(7) can be decoupled by introducing an auxiliary
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Gaussian noise 1 (¢) with zero mean and correlations
mO)n()) =218t —1')+ c*C(t,1"). (3.47)

The effective single-site dynamics is then governed by the non-Markovian Langevin equation

dx(t)

— Ax(t) £ mp(t) + y0? /0 Ldf R, () £ 0 (1), (3.48)

where the integral term represents a memory effect due to the interactions. The order parameters
(), C(t,t'), and R(z,¢") must be determined self-consistently from the statistics of x(z) under
this effective dynamics. The effective noise 7n(¢) captures both the thermal fluctuations and
the quenched-disorder effects, leading to a rich dynamical behavior. The DMFT equations
thus reduce the original N-body problem to a single-site stochastic process with self-consistent
memory and noise, providing a powerful framework to analyze the dynamics of disordered

systems in the thermodynamic limit.

3.4 The Plefka expansion and its dynamical generalization

The Plefka expansion provides a perturbative route to mean-field theory by expanding the
Gibbs free energy in the interaction strength. In its original formulation by Plefka [36] for
equilibrium spin glasses, the small-coupling expansion recovers mean field at first order and
the Thouless-Anderson-Palmer (TAP) equations at second order. A key advantage is that it
does not rely on averaging over random couplings and thus applies to specific networks. A
dynamical analog for Ising spins was developed by Roudi and Hertz [37]. They obtained a
dynamical equivalent of the Gibbs free energy by Legendre transforming the logarithm of the
dynamical generating functional, constraining only single-time magnetizations, and showed
that the expansion in the couplings recovers (naive) dynamical mean field and dynamical TAP
at first and second order, respectively. Bravi, Sollich and Opper [38] extended the construction
to Langevin dynamics of continuous variables by constraining not only the means but also local
two-time responses and correlations; expanding the dynamical Gibbs free energy to second
order yields an effective single-site process with a memory kernel and coloured noise. For linear
interactions and fully-connected interaction graphs the predictions coincide exactly with the

thermodynamic limit solution of the DMFT, independently of the symmetry of the couplings.
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To illustrate the method, consider a system of N linearly-coupled OU processes

dxi(t)
dt

= —hslt) - e DO T80, GOEE) =2T83er). (49
Jj#i

where A; > 0 are local decay rates, J;; are fixed couplings, and « is a parameter controlling the
interaction strength. The Plefka expansion treats o as small and expands the dynamical Gibbs
free energy around @ = 0. The non-interacting case & = 0 corresponds to independent OU
processes, which are exactly solvable. The expansion is performed by constraining the means
Ui(t) = (x;(1)), the local two-time (connected) correlations C;(¢,¢') = (x;(t)x;(t')) — i (t) i ('),
and the local two-time linear responses R;(¢,t') = (x;(t)i%;(¢')).

At first order one recovers the (naive) dynamical mean-field equations for the local magne-

dp(t)
dt

tizations

= —Aipi(t) + o0 Y Jiju(t). (3.50)
J#
At second order one obtains a decoupled effective description for each degree of freedom, with

the effective single-site dynamics

dx,-(t)
dt

t
= —l,-xi(t)+ZJ,~j,uj(t)+ZJ,-jJﬁ/o dl‘/Rj(t,l/)xi(l‘/)—f—T[,’([), (3.51)
Via J#i

with memory kernel and coloured Gaussian noise with zero mean and correlations

(ni(e)mi(e")) = gffjcj(nt’). (3.:52)
JF

The self-consistent order parameters are the local magnetization, response and connected

correlation,

wi(t) = (xi(0)), Ri(t,t') = ; Ci(t,1") = (a(t)xi(t) — () p(t’),  (3.53)

whose evolution is governed by the closed equations given in Egs. (3.52)-(3.53) of Ref. [38].

The Plefka expansion thus yields an effective single-site description with memory and
coloured noise, similar in structure to the DMFT result Eq. (3.48). However, unlike DMFT,
the Plefka expansion does not require averaging over random couplings and applies to specific
networks. For fully-connected networks with random couplings, the Plefka expansion at second
order recovers the exact DMFT results in the thermodynamic limit, as shown in [38]. This
equivalence holds for any symmetry of the couplings J;;.
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3.5 Limitations for sparse graphs

The effectiveness of both DMFT and the Plefka small-coupling expansion relies on self-
averaging and central limit mechanisms that are naturally realized in dense or fully-connected
graphs. On sparse networks with k; = O(1) neighbors, local fields are sums over a few
heterogeneous inputs and remain non-Gaussian and strongly site dependent; degree fluctuations
and quenched neighborhood variability are not suppressed in the thermodynamic limit, and

memory kernels acquire an explicit dependence on the local environment beyond degree.

For DMFT, a pragmatic high-connectivity regime leads to degree-based closures—often
termed Heterogeneous DMFT (HDMFT)—where dynamics are coarse-grained by degree classes.
This approximation is classical in epidemic modeling [39, 40] and has been exported to sta-
tistical physics and random-matrix settings [41-45]. While informative at large &, its accu-
racy deteriorates for moderate degrees, degree correlations, clustering, or strongly nonlinear
dynamics—precisely because annealed by degree closures erase quenched neighborhood fluctu-

ations.

For Plefka, second-order exactness is established in the weak, long-range scaling (dense
graphs with appropriately scaled couplings), e.g. in the linear case independently of coupling
symmetry [38]. On sparse graphs the second-order truncation is no longer controlled: effective
fields are aggregates of a few heterogeneous inputs and remain strongly node specific, so the
induced memory and coloured noise terms depend sensitively on the local neighborhood and
are not faithfully captured by constraining only single-node order parameters. In this regime
the extended Plefka approximation is best regarded as an informative small-coupling baseline
rather than a quantitatively accurate predictor. This is precisely why, in what follows, we
pair a cavity/message-passing formulation—suited to finite connectivity—with a Plefka-style
organization of weak-interaction corrections; the Gaussian closures we employ there are a
deliberate modeling choice to obtain closed equations, not a prerequisite for the dense limit

guarantees of [38].

These limitations motivate the framework developed in this thesis: we combine the cavity
method—well-suited to sparse, locally tree-like networks—with a small-coupling expansion.
The resulting scheme retains the structural resolution of dynamic cavity/message-passing at
finite connectivity while remaining consistent with dense graph limits where DMFT (and
second-order Plefka) become exact. As for the Plefka expansion, our approach does not rely on

averaging over random couplings and can be employed for specific networks.
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Continuous Degrees of Freedom



Continuous Degrees of Freedom

Many systems of interest in physics, biology, and economics are naturally described in terms of
variables evolving in continuous time under the combined effect of deterministic interactions
and stochastic fluctuations. In this context, the appropriate mathematical framework is provided
by overdamped Langevin equations, which capture the interplay between local deterministic

drifts and noise.

In Part I we have discussed how path-integral approaches and mean-field techniques, such
as Dynamical Mean-Field Theory and the Plefka expansion, provide valuable insights in the
dense limit but lose accuracy on sparse networks, where finite connectivity and heterogeneity
remain essential. The aim of this part is to extend cavity-based ideas to the setting of continuous
degrees of freedom, introducing a Gaussian expansion that yields tractable equations for local

moments of the dynamics.

This framework will allow us to address both analytically and numerically the behavior
of linearly-coupled stochastic processes on sparse graphs, and to explore their perturbative
extensions to nonlinear models. We will apply these methods to paradigmatic examples,
including the spherical 2-spin model and ecological communities, thereby illustrating how

network structure shapes the stability and dynamical phases of continuous-variable systems.

The chapters included in this part are based on published and ongoing work. In particular,
chapters 4 to 6 are adapted from the article [46], where the Gaussian Expansion Cavity Method
was first introduced and applied to stochastic dynamics with continuous degrees of freedom.
All numerical data and codes used for the analyses presented in these chapters are openly
available in [47]. The final chapter, 7, presents original results currently being finalized for
publication and therefore constitutes an article in preparation. The code and data used for this
chapter can be found in [48].



Chapter 4
The Gaussian-Expansion Cavity Method

In this chapter we introduce the Gaussian Expansion Cavity Method (GECaM), a framework
designed to extend the cavity approach to continuous-time stochastic dynamics. The method
is based on a Gaussian parametrization of the cavity messages, which becomes exact for
linearly-coupled Langevin equations with additive noise and provides a natural starting point
for perturbative extensions to nonlinear cases. We begin by formulating the dynamic cavity
equations for linearly-coupled processes (section 4.1), and show how the Gaussian closure
yields exact equations for local moments (section 4.2) and how it relates to random-matrix
theory (section 4.3). We then analyze specific graph ensembles, first considering random
regular graphs (section 4.4) and subsequently heterogeneous networks (section 4.5), in order
to highlight the role of topology. The chapter sets the basis for later applications to nonlinear
extensions, the spherical 2-spin model, and ecological dynamics.

4.1 Dynamic cavity for linearly-coupled dynamics

To make the discussion concrete, we focus on the simplest non-trivial case: a system of inter-
acting Ornstein-Uhlenbeck processes. The same model was already introduced in section 3.3 in
the context of Dynamical Mean-Field Theory, where we considered fully-connected interaction
networks with couplings drawn as quenched Gaussian random variables and averaged over
disorder. Here we instead study a single instance of the couplings defined on a sparse interaction

graph, and derive the corresponding cavity equations.
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Let G = (V, E) denote the underlying interaction network with |V| = N nodes, and adjacency

matrix A. The state of node i € V evolves according to the linear Langevin equation

dx,'(l‘)
dt

= —)Lixi(t)—f—(x Z J,'jxj'(t) +5i(l), 4.1)

JjEIi

where A; > 0 is a local relaxation rate, J;; are coupling coefficients associated with edges
(i,j) € E, and &;(¢) is a Gaussian white noise with zero mean and covariance

(&i(1)&n (")) = 2T 6, 6(1 —1'). (4.2)

We have introduced a parameter ¢ to control the overall interaction strength. The initial

conditions x;(0) are drawn independently from a distribution po(x;(0)).

As discussed in section 3.2, the statistical properties of the process can be encoded in a
dynamical generating function, obtained via the MSRIJD formalism. Introducing response

fields {&;(r)}), and collecting trajectories over the time interval [0, 7], one arrives at

N tr
Zly. §] = / 2°[x, ] exp [—S[&)_?H; /0 dr(yi(0)xi(r) + yi(0)igi(r)) |, (4.3)

where y;(¢) and ;(t) are source terms and the action reads

N .
S8 =Y S 2]+ Y S, &,x7,%)], (4.4)
i=1 (i-J)€E

where we defined the local and interaction contributions

S1o¢ [, £1] = /0 7t [i)?i(t) (d’zgt) +7Ll~xl-(t)> + T)?i(t)z] , 4.5)

. lf o .
S;.;!t[xi,ﬁi,xj,)%j] = _/() dt (Jijo,-(t)xj(t)+le~1xj(t)x,-(t)). (46)

The derivation of this path-integral representation follows directly from the standard MSRID

construction and is reported in Appendix B.1.1.

The important feature of Eq. (4.1) is that the action factorizes over the nodes and edges
of the interaction graph. This factorization allows for a simplified treatment of the system’s
dynamics, as each node can be analyzed in the context of its local environment. The overall
structure is reminiscent of a graphical model, with nodes representing pairs of trajectories (x;, ;)

and edges representing interactions. The corresponding factor graph has the same topology of
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the original interaction graph G. This analogy motivates the use of message-passing techniques,
such as the cavity method, to study the dynamics. Assuming the interaction graph G to be
locally tree-like, we can put forward a dynamic cavity ansatz to approximate the local trajectory
distribution. Denoting by ¢; ; [xi, ;] the cavity message from i to j, i.e. the probability weight

of the trajectory of node i in the absence of node j, the cavity equations read

1 O OC
Cl\] [xh)el] — p—o (xl( )) e Sl xl ,X, / g[xerk] e kt X 7-xl 7Xk7xk} Ck\l [Xkafk] . (4.7)
Zi\j keaz\]

As already mentioned in chapter 2, the normalization of cavity messages through the partition
function Z; ; is not critical and can be adjusted after convergence. For later convenience,

we choose to properly normalize the cavity messages as quasi probability distributions over

1

trajectories’, i.e. such that

/—@[-xi,xAi] Ci\j[xi;x,\i] =1

The normalization constant Z; ; is then fixed by this condition

Zy;= [ Pl 5 polu(0))e ¥l

X /@xk,xk] oS! i i Crovi [, £ (4.8)
ke&z\]

An analogous expression holds for the single-node marginals

Ci[Xi,??z] _ pO();( *S © [xi %] H /@ xk,-xk *aS [x,,x,,xk,xk] Ck\z[xloxk]ﬂ (49)
! kedi

with Z; fixed by normalization

Z; = /@[xi,)?i] po(xi(o))e_5%OC[xi’£i]

/@[xk,xk — ST i i ] ck\i[xk,)?k]. (4.10)
keal

Such a normalization ensures that the marginals ¢;[x;, £;| are also properly normalized quasi-

probability distributions over trajectories. We can therefore introduce local averages of any

A quasi probability distribution is a generalization of a probability distribution that may take on negative
values, but still integrates to one.
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observable 0;x;, %;] as

<ﬁi[xi,fi]>i\j:/@[xi,ﬁi] ci\jlxi, %] Oifxi, &), (4.11)

(Oilxi, )i = / Dlxi, 3] cilxi, ] G, 21 4.12)

The dynamic cavity Eqgs. (4.7) and (4.9) are exact on trees, and become asymptotically
exact on locally tree-like graphs in the thermodynamic limit. However—similarly to the discrete
case discussed in section 2.3—they are of very limited use, being their direct numerical imple-
mentation infeasible due to the exponential growth of the trajectory space with the horizon
time 7¢. To make progress, we need to introduce further approximations. A natural choice is
to assume a specific functional form for the cavity messages, parametrized by a finite set of
parameters. Given the linearity of the dynamics in Eq. (4.1), a natural choice is to assume that
the cavity messages are Gaussian distributions over trajectories. This leads to the GECaM,

which we introduce in the next section.

4.2 Exact Gaussian Expansion for Linear Dynamics

As discussed at the end of the previous section, the cavity equations are formally exact but
intractable, since the trajectory space grows exponentially with the time horizon. A natural way
forward is to approximate cavity messages by distributions with a restricted functional form,

parametrized by a finite set of moments.

To motivate the Gaussian Ansatz, it is useful to follow the same strategy adopted for the
Pletka expansion described in section 3.4. We introduce the parameter o as in Eq. (4.1) and treat
the interaction terms in the cavity recursion Eq. (4.7) perturbatively around the non-interacting
limit. In the weak-coupling regime o < 1, the exponential of the interaction action can be
expanded as a power series in &. Keeping terms up to second order one finds that the effective

action contains only linear and quadratic contributions of the fields x and %.

At first order in o, the correction simply shifts the local drift of node i by contributions pro-
portional to the averages of its neighbors. At second order, averages of products of neighboring
trajectories appear, leading to quadratic terms that renormalize the noise covariances through
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the neighbors’ cavity correlations and responses. Introducing the cavity averages

My (1) = (xi(#)) s (4.13)
Coj(t,1") = () xi(r")) i — b (1) g (1), 4.14)
Ry j(t,1") = (xi(0)i%i(t")) (4.15)

the cavity measure up to O(a?) is approximated by

.\ _ Po(xi(0)) fro o
ci (i, %) = Zéff exp (—Sf’\j[x,-,x,-]) , (4.16)
i\j
where Sf\fi is an effective action quadratic in (x;,%;),

S§ i &i] = /O 7 ar [i)%i(t) (x,-(t)+)»ixl~(t)+oc Y Jl-kuk\i(t)) +Tf?<t>]

kedi\j
a? (i / . n 2 Nea (] N / !
+ 7/ drdr’ Y [lxi(t)‘]ikck\i(tat Jiki(t') + 2% (¢) JuJkiRpi (2,1 ) xi (t )]-
0 kedi\ j
“4.17)

The normalization constant Zle\f§ is fixed by the condition that c; ; integrates to one. Further
details on the derivation of Egs. (4.16) and (4.17) are provided in Appendix B.1.2. The effective
action Eq. (4.17) is quadratic in the fields, and therefore the cavity measure Eq. (4.16) is a
Gaussian distribution over trajectories. Since & has served its purpose in the derivation, from

this point onward we set & = 1 for simplicity.

4.2.1 Gaussian Ansatz in discrete time

To make the Gaussian Ansatz explicit, we start from the discrete-time representation of the
dynamics introduced in Eq. (4.1). Discretizing the interval [0,7/] into T +1 steps of size
A =t7/T, we assume that the cavity messages are multivariate Gaussian distributions over the
(T +1)-dimensional vectors x; and %;. For compactness, we collect the two fields into a single
2(T+1)-dimensional vector X; = (x;,%;). The Gaussian Ansatz for the cavity message from i
to j reads

1 1 -1
7, exp | —5 (X; _Mi\j)Gi\j

cpj(Xi) = (Xi—My )", (4.18)
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where M j = (M j, Py ;) is the 2(T+1)-dimensional mean vector and G, ; the corresponding
2(T+1) x 2(T+1) covariance matrix,

R. .
Gy, = ( aY lV) . (4.19)
z\ j B i\Jj
The vectors u i\j and P; ; contain the discrete-time cavity means,

i, = )i Py = (127 4\ j»

while the blocks C;

i\ js R,~\ o and Bi\ j collect the correlation and response functions,

i = (X — A A s
l\j <x;li‘xl >l\j - “l’i‘]‘aln\’l],

nm

g = ) 0 — g -

As discussed in Appendix A.1.6, averages involving only response fields vanish identically in

the MSRIJD formalism, implying P; ; = 0 and B;, ; = 0. The normalization constant ensuring

Zy ;= (2m) ", /detGy ;. (4.20)

Inserting the Gaussian Ansatz Eq. (4.18) into the cavity equation Eq. (4.7), we can derive

unit integral is

self-consistent equations for the local moments. In order to make the Gaussian integrals explicit,
we rewrite the local and interaction actions Eqgs. (4.5) and (4.6) in discrete time as

sle(x)) X (G|~ X,T, 4.21)

SM(Xi, X)) =-XiJi; X, (4.22)

where we introduced the 2(7 + 1) x 2(T + 1) matrices

loc1—1 0 ((Rl'oc)il)T
G™] = <(R}.°C)l v | (4.23)

Jij= 0 Jyal) (4.24)
le'AI 0

%In the MSRJD formalism this property follows from the normalization of the path-integral measure. Here the
normalization depends on the external field, yet we can safely assume the same result and verify it a posteriori.
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Here I is the (T + 1) x (T + 1) identity matrix and R\°° is the bare response function of node i

in the absence of interactions, i.e. (R}-OC)’l = d; + A;Al, where 9, is the discrete-time derivative

operator
1 0 0
0 -1 1 0
d, = . 425
! 0 0 —1 1 (4.25)
0 0 0

By substituting these expressions into Eq. (4.7) and performing the Gaussian integrals, we
obtain self-consistent equations for the cavity moments. The details of the derivation are
provided in Appendix B.1.3. The final result is a set of coupled equations for the cavity means
K correlations Cj ;, and responses R;, ;, which can be solved iteratively. We refer to them as
the discrete-time GECaM equations, which are expressed in matrix form as

G "Gy =1+ Y JuGuiiGu; (426)
kedi\j
[G}OC]ilM;{j: Z Jl.kM]—(r\i—’_ Z Jika\iJ;IEM;{j? (4.27)
kedi\j kedi\ j

where I is the 2(T+1) x 2(T+1) identity matrix.

By expanding the matrix products in Eqgs. (4.26) and (4.27), one obtains explicit equations
for the cavity moments. In particular, the responses and the correlations satisfy the following

equations
~1
(R) Ryj=I1+A Y JypJuiRp Ry ;, (4.28)
kedi\j
(Rl,OC)*lC,  —2ATR .+ A2 Z J2C, R . + A2 Z JiudkiRp\ .Ci i 4.29)
i i\J i\j ik~ R\ ik ki N4\ ) .
kedi\ j kedi\ j
while the cavity means satisfy
locy—1,, T T 2 T
(R) ;=AY Tk A% Y JadiiRoily - (4.30)
kedi\ j kedi\ j

The single-node marginals can be obtained similarly, leading to equations analogous to
Egs. (4.28) to (4.30) but with sums over all neighbors di instead of di\ j. These equations can
be solved by direct integration assuming initial conditions for the means and correlations, and
enforcing causality for the responses. The assumption that averages involving only response

fields vanish, as used above, is justified a posteriori: a general derivation that allows for
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non-vanishing response averages is presented in Appendix B.1.4, where we show that the self-
consistent solution indeed yields vanishing averages. However, for non-causal dynamics—such
as those arising in locally constrained dynamics relevant to inference or control theory (see
chapter 10)—this property no longer holds. In such cases, the response fields play a crucial
role in propagating information backward in time, and the more general formalism becomes

necessary.

4.2.2 Continuous-time limit

The derivation of the discrete-time GECaM equations in section 4.2.1 can be straightforwardly
extended to the continuous-time limit A — 0. In this limit, the discrete-time vectors and
matrices become functions of continuous-time variables, and the sums over time steps are
replaced by integrals. The discrete-time derivative operator d; /A becomes the continuous-time
derivative d;. As for the discrete-time case, we define the macro trajectory X;(z) = (x;(¢),%i())
and assume that the cavity messages are Gaussian distributions over the space of continuous
trajectories,

cnj[Xil = 1\ exp {—— / drdt’ (Xi(r) =My (1)) Gy (1,1') (Xi(t) =My ; (1) |, (43D)
Zi\j

where M\ ;(t) = (i3 ;(t),0) is the mean function and G\ ;(¢,¢") the covariance function,

Cii(t,t") Ry (1,1
G (2.8 = [ 1V i\j ) 4.32
l\](t7t ) (Rl\j(t/,t) 0 ( )

The normalization constant ensures unit integral of the cavity message. The local and interaction

actions in continuous time can be expressed as

sloe[x / drdt’ X;(t) [G°] 71 (1, Xi (1) T, (4.33)

S™X;, X ] / At Xi(1) 35X, (4.34)
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where the continuous-time operators are defined as

_ 0 —0+ A
G171, 1) = R 435
G (t,1) <8t+?ti o ) (t=1), (4.35)
Iij= <Jo J(")f) S(t—1t'). (4.36)
J

Inserting the Gaussian Ansatz Eq. (4.31) into the cavity equation Eq. (4.7) and performing
the functional integrals, we obtain the generalization to continuous time of the GECaM equa-

tions. The continuous-time GECaM equations for the cavity responses, correlations, and means

read
OR; (1,1 t
%Z_%Ri\j(ﬂt/)‘i‘ ) Jikai/ ds Ry (t,5)Rp j(s,8') +8(t —1"), (4.37)
! kedi\ j !
dCy (.t 1
%:—%CA;(MI)JF ) Jik-]ki/ dsRy(t,5)Cp j(s,1)
k€di\ j 0
t/
+ Y A / dsCo i(t,5)Ri (' 5) + 2T Ry (1 1), (4.38)
keai\j 79
dy (1) t
5 = A0+ Y Juste(0)+ Y T / ds Ry (t,5) i (s),  (4.39)
f kedi\ j k€di\j 0

where causality is enforced by the boundary condition R; ; (,¢') =0 fort <¢'. The single-node
marginals can be obtained similarly, leading to equations analogous to Egs. (4.37) to (4.39) but

with sums over all neighbors di instead of di \ ;.

OR;(t,t) ) ! / /
—at = —}{,'R,'(t,t ) + Z Jikai/ dst\i(t7S)R,'(S,l ) +5(t —1 )7 (4.40)
kedi ¢
. / t
ALL) o)+ X i [ dsRele,5)Cls.t)
ot kedi 0
t/
LA wemi s, e
kedi 70
du;(t) l
0 () + X dattea()+ X i [ dsRus(ts)s). (442
t kedi kedi 0

Relation with Plefka expansion We note here that the GECaM equations are an intuitive
cavity generalization of dynamical TAP equations derived with the extended Plefka expansion
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(Egs. (3.52) and (3.53) of [38]). The main difference is that the Plefka equations involve only
single-node quantities, while the GECaM equations involve cavity quantities that depend on the
local neighborhood of each node. This makes the GECaM approach more accurate, as it captures
local fluctuations and correlations that are neglected in the Plefka approximation. However,
this increased accuracy comes at the cost of higher computational complexity, as the number of
cavity messages grows with the number of edges in the graph. The original Plefka approach can
be recovered from the GECaM equations by assuming that cavity quantities are independent of
the removed neighbor, i.e. u; ;(t) = wi(t), Ca ;(t,") = Ci(t,¢'), and Ry ;(t,¢") ~ Ri(t,¢’). This
assumption is valid in fully-connected graphs or in graphs with weak correlations between

nodes, but it breaks down in sparse or strongly correlated systems.

4.3 Equilibrium and connection with random-matrix theory

In equilibrium conditions, the GECaM equations derived in section 4.2.2 simplify considerably
and reveal a direct connection with the spectral theory of sparse random matrices. We focus
on the stationary regime reached after an initial transient, where all moments become Time-
Translationally Invariant (TTI). In this regime, we assume that the system has lost memory of
its initial conditions, so that the initial time can be taken as —oo and all time integrals extend
over the infinite past. The TTI assumption implies that the correlations and responses depend

only on time differences,

lim C(t,/')=C(r=t-1")=C(1),

1,/ —oo

lim R(t,t')=R(t=t—1")=R(1).

1t —oo

The TTI GECaM equations for the cavity responses and correlations become

dRi AT T
%():—A,Ri\j(r)jt Y Jadi / dsRp (T —5)Rnj(s) +8(),  (4.43)
k€di\ j 0
dCi AT T
;—]() = —MCp;(7) + Z Jik-’ki/ ds Ry (T —5)Ci ;(5)
T kEdi\ j —eo
+ Y 2 /T dsCp i(s)Ro (s — T) + 2TRy (7). (4.44)

kedi\j

It is often convenient to rewrite Eq. (4.43) in the Laplace domain, by introducing the (one-sided)

Laplace transformed response R(z) and the (two-sided) Laplace transformed correlation C(z)
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as
3 >drt —zT
R(z) = NErL R(7), (4.45)
C(z) = g—;e—ZTC(r). (4.46)

Taking the Laplace transform of Eqgs. (4.43) and (4.44) we obtain second-order algebraic
equations for the transformed cavity response and correlation functions, which can be solved
explicitly. The result is

-1
Ry j(z) = (z-l—l,- - ) Jik-]kiRk\i<Z)> , (4.47)
kedi\j
Ci\j(z) = Ri\j(Z)Ri\j(_Z) (2T+ ;\ Jizkék\i(z)> . (4.48)
keai\ j

The single-node marginals can be obtained similarly, leading to equations analogous to
Eqs. (4.47) and (4.48) but with sums over all neighbors di instead of di \ j

-1
Ri(Z) == (Z‘Fli — Z JikjkiRk\i<Z)> N (449)
kedi
Ci(z) = Ri(z)Ri(— <2T+ Y J2Cui(z ) . (4.50)
kedi

In principle, these equations can be solved iteratively by initializing the cavity responses
and correlations for each value of z in the complex plane. However, in practice, this approach is
of limited utility, as recovering the time domain functions requires a numerical inversion of the
Laplace transform, which is often computationally demanding and numerically delicate. When
the interaction matrix J is symmetric, i.e. J;; = Jj;, the system satisfies detailed balance and
reaches thermal equilibrium. In this case, the Fluctuation-Dissipation Theorem (FDT) relates

the correlation and response functions as

dC®(7)

TR (1) = ——

0(1), (4.51)
where @(7) is the Heaviside step function. Inserting Eq. (4.51) into Eq. (4.44), one finds that
correlations satisfy a set of closed equations, which can be solved directly in the time domain

without the need for Laplace transforms. The resulting equations for the cavity and single-node
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correlations are

dCf\qj(”L') eq J%c eq €q
sgn(7) o :—liCi\j(T)+ Z }Ck\l( )Cl.\j(O)
keal\J
12 i
ik / ds ACels l\,( ), (4.52)
keal\J ds
acii(z
en(0) "D~ e B
kedi
2
J’k / ds "\‘ eq( —5). (4.53)
kea

Further details on the derivation of the equilibrium GECaM equations, along with their numeri-

cal implementation, are provided in Appendix B.1.5.

4.3.1 Relation with random-matrix theory

In the preceding derivation, the GECaM equations were formulated for a fixed instance of the
coupling matrix J, with elements A;;J;; defined on a given sparse graph. However, in most
disordered systems [8], either the graph structure or the couplings themselves are random, and
J must be regarded as a realization from an ensemble of sparse random matrices [49, 50]. We
denote by pgis (i ) the probability distribution defining this ensemble.

To highlight the connection between the equilibrium dynamics and random-matrix theory,

it is convenient to rewrite the linear stochastic dynamics in vector form,

dx(t)
dt

= —Ax(t)+Jx(t) + &(t) +h(r), (4.54)

where A is the diagonal matrix of relaxation rates, with elements {4};; = A;0;;, and A(z) is a
weak external field introduced to compute response functions. For an initial condition x(0) = x),
the formal solution of Eq. (4.54) reads

x(1) = e Py + / df' LR [E () 4+ (1)), (4.55)

In the long-time limit, provided that all A; > 0, the contribution from the initial condition

vanishes. The dynamics is stable as long as all eigenvalues of the matrix Z = J — A have
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negative real parts. Under these conditions, the linear response matrix is obtained as

R(t,/') = = Ot —1')ed A=) (4.56)

which is explicitly time-translationally invariant. Its one-sided Laplace transform is

Ji=~d
—~
A\

= /wdre_”eu_’l)r =z—-(-1)] - (4.57)
0

Hence, R(z) is formally the resolvent of the random matrix J = J — A. The diagonal entries R;(z)
correspond to the Laplace transformed local response functions derived in Eq. (4.47), and satisfy
the same recursive equations as the diagonal elements of the resolvent of sparse symmetric
random matrices [51, 52]. For symmetric coupling matrices, Z has real eigenvalues v, and
orthogonal eigenvectors Vv, satisfying Z V4 = VaV,. The spectral density of.Z is obtained from
the imaginary part of the trace of its resolvent via the inverse Stieltjes transform [49, 53, 54],

N
1
Z x—Vg(J)) = = lim ImZR x —i€). (4.58)

TN e—0+

H&z

Since the eigenvalues of J are related to those of J by vg(J) = Aq(J) — Aq. the spectral density
of J follows from a simple shift,

8(x—Aa—va(J)) = L i ImZR x—Ai—ie). (4.59)

| = TN e—0+

M=

ps(x) = ]l\,

o

In disordered systems, one is typically interested not in the spectrum of a single realization
of J, but in the spectral density averaged over the random-matrix ensemble defined by pais (i ).

This ensemble-averaged spectral distribution is given by

N
px)=psx) = L im Im) Ri(x— 2 —ig), (4.60)

where the overline denotes the average over disorder realizations. The stability condition
derived above translates into a spectral constraint: the dynamics is stable if and only if the

spectral density p(x) is supported entirely on the left half of the complex plane, i.e. Re x < 0.

For non-Hermitian coupling matrices, the same correspondence holds but the resolvent
must be defined through a hermitization procedure [55, 56]. The adaptation of this technique to
the present setting is discussed in Appendix B.2.
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The connection between GECaM and random-matrix theory is therefore twofold. On the
one hand, the cavity response functions derived from the GECaM equations encode the spectral
properties of the effective interaction matrix Z . On the other hand, once the spectral density p(x)
of the ensemble is known, one can reconstruct the disorder-averaged response and correlation
functions of the system. To make this explicit, let us consider again the vectorial formulation
of the linear dynamics in Eq. (4.54), whose solution is given by Eq. (4.55). From this formal

solution, we can express the (disconnected) correlation matrix as

t 7’ ,
Co(tr) = () ) = [ dny [ dia DD e n () (461a)

—or M) e+ (TR ). 4.61b)
0

Its diagonal entries correspond to the local (disconnected) correlations C3¢(¢,") = (x;(t)x;(¢')).
For symmetric coupling matrices J, the correlator C4(¢,¢') is symmetric as well and becomes

explicitly time-translationally invariant in the stationary regime,

C*(t)=T T dwel A (4.62)

7l

where T =1 —1t and w =t +1t' — 2s. In this case, the FDT holds as a consequence of detailed

balance, yielding

rR(e)— €0
R(7) = ————0(7), (4.63)

which can be verified directly by comparing Eq. (4.56) and Eq. (4.62).

The ensemble-averaged response and correlation functions can be obtained directly from
the spectral density of the random-matrix ensemble. Let p(x) denote the average spectral
distribution of J, to which the empirical spectral density p;(x) converges in the thermodynamic
limit. Averaging over the disorder, one finds )

Ri(7) = TrR(7) / dxp(x x-A)T (4.64)

9o (1) = TrC%( / dxp(x) [ dwePw, (4.65)

|7|
where we assumed homogeneous relaxation rates A; = A for simplicity. These expressions show
explicitly that the disorder-averaged linear dynamics is fully determined by the spectral density

of the interaction matrix. In this sense, the equilibrium GECaM formalism and random-matrix

theory provide two complementary perspectives on the same structure: the former describes
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the stochastic dynamics in the time domain, while the latter characterizes the same process in
the spectral domain.

4.4 Linear dynamics with thermal noise on random regular

graphs

The GECaM equations for response and correlation functions can in principle be defined
for any specific realization of the interaction network. Here we focus on the case of RRGs
with homogeneous interactions and parameters, where each node has the same degree K, all
couplings are equal, J;; = J;; = J, and relaxation rates are uniform, A4; = A. In this setting, it is
impossible to distinguish between nodes or edges, as all local environments are statistically
equivalent. To obtain analytical results, we consider the thermodynamic limit, where the graph
becomes locally tree-like. In this limit, we can drop the edge and node indices and denote the

disorder-averaged cavity quantities by R. and C., and the single-node ones by R and C.

Under these assumptions, the Laplace transformed GECaM equations for a linear dynamics

with additive thermal noise simplify to

Re(z) = (z+ A — (K= 1)PR.(2)) ", (4.66)
Ce(z) = Re(2)Ro(—2) (2T + (K — 1)J7C.(2)) - (4.67)

Solving Eq. (4.66) yields an explicit expression for the cavity response in Laplace space,

_ T At/ I AP 4K 1)
RE(z) == W;(K_)mz( M (4.68)

The physical branch is fixed by the short-time limit of the response function, which requires
R(t) — 1 as T — 0, corresponding to R(z) ~ 1/z for large z. This condition selects the negative

branch R (z), which from now on we denote simply by R.(z).

The single-node response R(z) follows from the corresponding self-consistency equation,

_ 1
kiz)= 2+ A —KJ?R.(2)
1(K=2)(z+A)—K\/(z+A)2—4(K—1)J2

= ) , (4.69)

where again the negative branch ensures the correct asymptotic behaviour.
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The cavity correlation C,(z) can be obtained from Eq. (4.67) as

<y Re(z)Rc(—2)
CC(Z)‘1—(K—1)JZR()R( 2)’ 470)

which, upon inserting Eq. (4.68), gives

(K—1)J? a

=T <\/(z+k)22—z4(1(—1)12 \/(1—1)22—Z4(K—1)J2_1>. @)

The full correlation function C(z) is then obtained from the single-node equation,

C(z) = R(z)R(—z) (2T + KJ*C.(2)) - (4.72)

The corresponding spectral distribution of the adjacency matrix can also be recovered
directly from the GECaM solution. For a random regular graph of degree K, the eigenvalue
density of the adjacency matrix converges in the thermodynamic limit to the Kesten-McKay
distribution [57, 58],

K\/4(K—1)—x2
2r(K?>—x%)

p(x) = x| <2vVK—1. (4.73)

Using Eq. (4.59) and the GECaM response from Eq. (4.69), we can reconstruct the same

spectral law as

p() =2 lim ImR(Jx— A —ie)

T e—0t
2 511/4
— % IS5 2J((I(2 1)2)) i sin [2 arg (x* —4(K —1))|, 4.74)

which reduces exactly to the Kesten-McKay form for |x| <2/ K — 1.

Conversely, starting from the spectral density Eq. (4.73), the response function can be

recovered through the integral representation of the resolvent,

:/dxp(x) - (Jx—A) (4.75)

which yields after direct evaluation

1(K=2)(z+1) —K\/(z+ 1) —4(K —1)J?
2 K2J2 — —|—7L)2 ’

R(z) = (4.76)
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Fig. 4.1 Equilibrium correlation on RRGs. Comparison of the equilibrium correlation function C*? in
RRGs with different degrees K and in the Fully-Connected (FC) limit. Theoretical predictions from
the Kesten-McKay spectral density and Eq. (4.65) (solid lines) are compared with numerical solutions
of the GECaM equations on finite graphs with N = 1000 nodes (symbols). Parameters: A; = A = 1.3,
J=1/K, T =1.

identical to the expression derived via GECaM, thus confirming the consistency between the
two approaches.

Figure 4.1 compares the average equilibrium correlation C*4(7) obtained from the ana-
lytic solution in the thermodynamic limit—i.e. by solving Eq. (4.65) with the Kesten-McKay
spectral density—with the results from direct numerical integration of the equilibrium GECaM
Egs. (4.52) and (4.53) on finite RRGs. While the fully-connected case exhibits purely expo-
nential relaxation, finite connectivity introduces a slower decay at long times, signaling weak
non-exponential relaxation induced by network sparseness. This deviation is consistently repro-
duced by both the analytical and numerical solutions, confirming that the GECaM framework
correctly captures the impact of finite connectivity on dynamical relaxation.

4.5 Linear dynamics with thermal noise on heterogeneous
graphs
To assess the generality of the method beyond regular topologies, we applied GECaM to

systems defined on heterogeneous sparse networks, considering both ferromagnetic and dis-
ordered couplings. In particular, we analysed graphs with bimodal interactions {J; j}(i, j)€E
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Fig. 4.2 Equilibrium correlation on heterogeneous graph topologies. Equilibrium correlation func-
tions obtained with GECaM (solid lines) and Monte Carlo simulations (diamonds) for different topologies
and interaction types. We compare RRGs (N =200, K =3, A = 1.2), ERGs (N =100, K =4, A = 1.7),
and SFNs (N =200, K =7, a =2.5, A = 3.0), all with |J| = 1/K and T = 1. The analytical result for
the ferromagnetic RRG in the thermodynamic limit (solid red line)—obtained from the Kesten-McKay
spectral density and Eq. (4.65)—is also shown. Insets: equilibrium correlation for nodes with minimum,
average, and maximum degree. Axes are on the same scale as the main plot.

independently drawn from the symmetric distribution

1 1 1 1
J)==6|J—= -0 (J+—
b =58 (1-5 )+ 38 (15 )
as well as purely ferromagnetic systems with / = 1/K. We considered three classes of network
topologies: RRGs with degree K, ERGs with average degree (k) = K, and SFNs with degree
distribution following a power law [59]. In ERGsthe degree distribution is Poissonian, whereas

for SFNs we generated networks with exponent & and total number of edges KN /2, so that the
average degree equals (k) = K.

The equilibrium correlation functions were computed by solving the equilibrium GECaM
Eqgs. (4.52) and (4.53), and compared with Monte Carlo (MC) simulations of the corresponding
Langevin dynamics. In the ferromagnetic RRG case, we also included the analytical result
obtained in the thermodynamic limit from the Kesten-McKay spectral density and Eq. (4.65).
The GECaM predictions reproduce the MC results with high accuracy, including finite-size

corrections that are absent from the ensemble-averaged theoretical solution.
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Results for heterogeneous graphs are shown in Fig. 4.2. While the overall agreement
between GECaM and MC simulations is excellent, small deviations appear in the presence
of disorder, particularly for the Erd6s-Rényi case. To pinpoint their origin, we examined the
equilibrium correlation functions of representative nodes with different degrees (minimum,
average, and maximum). As illustrated in the inset panels, discrepancies are mainly associated
with high-degree nodes, i.e. those belonging to the tail of the degree distribution. This behavior
is plausibly due to the locally tree-like assumption underlying the cavity approximation: while
it holds asymptotically in the thermodynamic limit, finite-size graphs with hubs or large-degree

nodes generate additional correlations not captured by the approximation.



Chapter 5

Perturbative Extensions for Nonlinear

Dynamics

The GECaM approach provides an exact description of linear stochastic dynamics with thermal
noise, but it becomes approximate when nonlinearities in the drift or multiplicative noise are
present. In these cases, the effective cavity measure is no longer Gaussian, and a systematic
expansion beyond the Gaussian level is required to capture the leading non-Gaussian correc-
tions. In this chapter we develop a perturbative closure scheme that extends the Gaussian
approximation to weakly nonlinear stochastic processes. Section 5.1 introduces the theoret-
ical framework for this perturbative expansion, while the following sections apply it to two
representative cases: a cubic nonlinearity in the local drift (section 5.2), and a multiplicative
noise model inspired by the Bouchaud-Mézard dynamics of wealth exchange (section 5.3). The
presentation of perturbation theory in this chapter is intentionally non-exhaustive, focusing on
the essential concepts and methods relevant for the subsequent applications. Readers interested
in a more detailed and rigorous treatment of statistical field theory and perturbative techniques
are referred to the standard texts [60, 61].

5.1 Perturbative Expansion for Non-Gaussian Dynamics

The dynamics, and consequently the cavity measure, ceases to be Gaussian when nonlinear

drift terms or multiplicative noise are present in the underlying stochastic equations. To make
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this explicit, we consider the generic coupled Langevin dynamics

dxi(t)
dt

:—/L-xi(t)—|—8f,-(x,-(t))—i—(xZJijxj(t)—i—@-(t), (5.1)
J#i

with Gaussian noise &;(¢) characterized by covariance

(E(E (1)) = 2[T + egi(xi(r))] 8 St —1'), (5.2)

where the functions f;(x;) and g;(x;) describe, respectively, the nonlinear drift and multiplicative
noise contributions. The small parameter € controls the strength of these non-Gaussian terms
and provides a natural perturbative parameter for expanding the cavity measure around its

Gaussian limit!.

5.1.1 Overview of the expansion strategy

Before proceeding with the detailed derivation of the perturbative expansion, we outline here
the main steps of the procedure. The starting point is the decomposition of the local effective
action into two components: a Gaussian part S°, arising from the linear drift terms and thermal
noise in the Langevin equation, and a perturbative part SP, which encodes the contributions
from nonlinearities and non-thermal (multiplicative) noise. A small parameter € is introduced

to track these non-Gaussian terms and systematically control the expansion.

Crucially, the framework relies on the approximation that the cavity messages remain
Gaussian throughout the recursion. This implies they are fully parametrized by their first two
moments (means, response, and correlation functions), which are iteratively updated to capture
the effects of SP. The resulting self-consistent procedure performed for every edge (i, j) is

summarized as follows:

1. Input (Perturbed Moments): The incoming cavity messages are assumed to be Gaus-
sian distributions parametrized by renormalized propagators {Gk\i}ke&i\ ; and means
{Mk\i}keai\ j- These propagators already contain the corrections due to nonlinearities
computed in the previous iteration on the neighboring branches.

2. Linear Combination (Unperturbed State): These renormalized inputs are combined
using the standard linear GECaM Eqgs. (4.26) and (4.27). This step yields the unperturbed

'In principle, two distinct expansion parameters, €7 and &, should be introduced to separately account for the
perturbations in f and g. For simplicity of notation, we use a single parameter &, without any loss of generality.
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0

cavity propagator Gl.\j and mean M?

i\j’
experienced by the node before the action of its local nonlinearity.

representing the effective Gaussian process

3. Local Renormalization (Perturbed State): The unperturbed propagator and mean
are locally corrected to account for the perturbative action S?. Using a diagrammatic
expansion and the Dyson equation (closed at the Hartree-Fock level), we calculate the
self-energy contributions that transform G?\j into the final renormalized propagator G, ;
and M?\j into the renormalized mean M, ;. This updated Gaussian parametrization,
which now effectively includes the local non-Gaussian effects, becomes the message

passed to the next node.

5.1.2 Derivation of the perturbative cavity equations

The dynamic cavity equations for the dynamics Eq. (5.1) can be derived following the same

steps as in section 4.1, leading to the recursive equations

Po(xi(0)) glocix)esPx; —asSMX; X
CZ\J[XZ] = T\je i [ ] € z[ ]kerall\]/@[Xk] Ck\l[Xk]e a lj[ k], (5.3)

where we have used the shorthand notations X = (x(),%(7)) and 2[X]| = Z|x, ] to denote,
respectively, the trajectory x(¢) and its conjugate variable £(¢) and their functional measure.
The local action S1°°[X;] and the interaction action Si-;t [Xi,X] are given by Egs. (4.5) and (4.6),

while the perturbative action St [X;] reads

SPx) = = [ ar (i) fxl0) + 810 (5(0)2): (5.4)

By comparing Eq. (5.3) with the Gaussian cavity equation Eq. (4.7), we see that the pertur-
bative action S}) [X;] introduces non-Gaussian contributions to the cavity measure, making it
analytically intractable. Expanding the interacting exponential in Eq. (5.3) to second order in o

we obtain as usual a non-interacting® cavity measure

;(0
Ci\j [Xi] ~ %\f(f-))exp (—S?\j[X,-] - SSIP [X;]) , (5.5)
i\j

The expression non-interacting does not refer to the global unperturbed limit as in conventional perturbation
theory. In this context, the expansion is applied locally to each cavity measure, which after the weak-coupling
expansion corresponds to an effective non-interacting process, subsequently corrected by local perturbations due
to nonlinearities.
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where the effective Gaussian action S?\j [X] is given by Eq. (4.17), or in a compact form as

s X / drd’ (Xi(t) =My (1)) [G2,] " (68) (Xet) =M ()T, (5.6)

The effective normalization constant Zf’\f§ ensures that the cavity measure is normalized to one.

For notational simplicity, in what follows we set M; ; = 0. When local averages are non-
zero, the same construction applies by shifting to centered fields, dx;(t) = x;(t) — y; ;(t) and
0X;(t) = (8xi(t),ix;(¢)), so that all propagators are understood as covariances of §X; rather
than raw second moments. No other modification is required.

After integrating over neighboring trajectories, the effective cavity measure in Eq. (5.5)
retains the same non-interacting structure as in the linear case, but it is no longer quadratic in the
fields. The presence of the perturbative action Sf' renders the cavity measure non-Gaussian, so
that averages of observables can no longer be computed in closed form. A systematic expansion
in powers of € can nevertheless be carried out, expressing the non-Gaussian corrections
as cumulants of the Gaussian measure defined by the quadratic action S?\j. For a generic

observable ¢'[X;], its average with respect to the cavity measure can be expressed as

[ 2[X,] e—S,Q [Xi]—eST[Xi] O[X}] B (O[X]] e—SS?[Xib?\j

(O1Xi])i; = = )
\J [ D[Xi]e $0 ;X —eSTXi] (e *ESP[X}%\j

(5.7)

where averages <'>?\i are taken with respect to the Gaussian measure. The average in Eq. (5.7)

can be expanded in powers of € using the cumulant expansion, yielding

(o)

l\j(ﬁ’ Sp 87, (5.8)

n times

(0)n;= (O +

]’l:

where Kio\] (0,S7,...,SP) denotes the joint cumulant of order n+ 1 between the observable &
and n copies of the perturbative action Slp, all computed with respect to the Gaussian measure.
They correspond to connected correlation functions involving &’ and S?. For example, stopping

the expansion at first order in €

(@)~ {010 — (10— ()47, 5.9

The cumulants in Eq. (5.8) can be computed using Wick’s theorem, which expresses higher
order moments of Gaussian variables in terms of their two-point correlations. The perturbative

expansion in Eq. (5.8) thus provides a systematic way to compute corrections to Gaussian aver-
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Fig. 5.1 Feynman diagrams for the perturbative closure. Panel A: Diagrammatic representation
of the fields and bare propagators of the Gaussian theory. The response function is represented by a
dashed arrow pointing from time ¢’ to ¢, visually indicating causality. Panel B: Vertices generated by the
perturbative action S¥, with the many x legs of f(x) and g(x) represented by two explicit x legs and dots.
Panel C: Hartree-Fock (tadpole) self-energies: the drift tadpole renormalizes the (x,i£) block via ¢,

and the noise tadpole renormalizes the (£,£) block via ¢”". The tadpole diagrams shown correspond to

the case of a cubic nonlinearity f(x) o x* and a quadratic multiplicative noise g(x) o< x°.

ages due to weak nonlinearities and multiplicative noise. These corrections can be represented

diagrammatically using Feynman diagrams, as we now discuss.

Feynman diagrams In the MSRJD formalism, for each degree of freedom i there are
two types of fields: the original variable x;(¢) and its conjugate £;(¢). In the diagrammatic
representation, these fields are depicted as lines with different styles: solid lines represent x;(t),
while dashed lines represent if;(¢) (the factor i is included to ensure that the response function
is real). The bare propagators of the Gaussian theory are represented as follows:

* The correlation function C?\j (t,¢") = (xi(t)xi (¢ )>?\j is represented by a solid line connect-

ing two points at times 7 and ¢’

* The response function R?\j (t,¢") = (xi(2)iki (¢ )>?\j is represented by a dashed line with
an arrow pointing from ¢’ to 7, indicating causality (the response at time ¢ depends only
on perturbations at earlier times ¢’ < t).

* The conjugate-conjugate correlator (if;(¢)if;(¢’ )>?\j vanishes and is not represented.

The perturbative action Sf) [X;] introduces vertices in the diagrams, corresponding to the non-
linear terms in the dynamics. Each vertex is associated with a specific time s and has legs

corresponding to the fields involved in the interaction:
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* The drift vertex —i%;(s) fi(x;(s)) has one dashed leg (for if;(s)) and multiple solid legs

(for the powers of x;(s) appearing in f; when Taylor expanded).

* The noise vertex —g;(x;(s))(i%i(s))? has two dashed legs (for i£;(s)?) and multiple solid

legs (for the powers of x;(s) in g; when Taylor expanded).

Figure 5.1 illustrates the basic elements of the diagrammatic representation, including the

propagators and vertices.

self-energy and Dyson equation The perturbative expansion in Eq. (5.8) can be viewed as
a systematic sum over all possible contractions of the vertices generated by the perturbative
action Sf with the fields in the observable &'. Each term corresponds to a specific diagram,
obtained by connecting vertices through the bare propagators of the Gaussian theory. When
the observable is the two-point function & = X;(¢) " X;(t')-whose average over the perturbed
distribution is the renormalized propagator—the diagrams contributing to its expansion can be

reorganized in terms of the self-energy Xy ;.

The self-energy is defined as the sum of all one-particle irreducible (1P1) two-point
diagrams—those that remain connected when any single propagator line is cut. These diagrams
represent the elementary irreducible corrections to the Gaussian propagator. All remaining
(reducible) contributions, obtained by chaining 1PI blocks with Gaussian propagators, can be

resummed algebraically, yielding
_ 0 0 0 0 0 0
where each product represents a time convolution over intermediate arguments, e.g.
GEG)(1,1') = / dsds' G(t,s)2(s,s') G(s',1").
Factoring out G?\j on the left gives the operator identity
_ 0 0
which, upon inversion, leads to the Dyson equation

Gyl =[G 17! =T (5.12)
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The Dyson equation compactly expresses the infinite resummation of all reducible two-point
diagrams, with X ; acting as the kernel that encodes the irreducible corrections to the Gaussian

dynamics.

The self-energy itself can be decomposed in the (x,if) basis as

C(t,t") cR.(t,¢
Q,\]( )QZ\J( ))7 (5.13)

z“i '(t7t/) =
v (g{ij(r',r) sT(1.1)

where the off diagonal term ¢® renormalizes the drift (response sector), while ¢” acts as
an additional noise kernel driving correlations. Projecting Eq. (5.12) onto the response and
correlation sectors, and using the causality of the response functions, it turns out that ¢¢ must
vanish identically. The Dyson equations for the response and correlation functions thus read

—1 -1
[Roj] ™ (0.0) = [RY;] ™ (e,0") — & (e.0"), (5.14)
Coj(t,1') = /dslds2d53ds4Ri\j(t7sl) [R?\j} - (s1,53)Ci j(53,54) [R?\j} “(52,54)

+ /dsldszRi\j(t,sl)gi<j(s1,sz)R,-\j(t',sz). (5.15)

Causality is enforced by Ry ;(7,¢") = 0 for £ <1'. In the Gaussian limit, i.e. € =0, ¢ = g7 =0
and one recovers R = R” and C = C°. Further details on the derivation of the Dyson equation
and its components are provided in Appendix C.1.

Hartree-Fock Approximation The self-energy expansion naturally inherits the perturbative
structure in powers of €, as each vertex in S? contributes one factor of €. Thus,
_ oy 25(2)

Zi\j—SZi\j—i—s Zi\j+-~~. (5.16)
At first order the only 1PI contributions are fadpoles, which are local in time, proportional
to (¢ — '), and renormalize the coefficients of the linear dynamics. At second order one
encounters sunset diagrams, which are nonlocal in time and generate memory kernels and
colored effective noise. Higher orders follow the same logic, each contributing increasingly
complex nonlocal corrections to the effective propagator. Figure 5.1 shows the first-order

tadpole diagrams.

Truncating the expansion to the tadpole level defines the Hartree-Fock (or mean-field) ap-
proximation, in which the self-energy is time-local and depends only on equal-time correlators.
Its components ¢® and ¢” can be computed explicitly from the first-order (tadpole) diagrams,
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yielding

K1) =8(—1') (A0 (5.17)
Gt (1) =28(t—1') (gilxi())), (5.18)

where f7(x) = dfj(x)/dx. The averages are evaluated self-consistently with the renormalized
measure defined by Eq. (5.12). The presence of the derivative f/(x) in ¢® can be understood
directly from the diagrammatic expansion. In the drift contribution to the perturbative action,
[dtixi(t) fi(xi(z)), the function f;(x) must be interpreted as its Taylor series in x, so that each
power of x represents one solid leg emerging from the vertex. To obtain a two-point (1PI)
correction to the propagator, one must leave exactly two external legs uncontracted. The only
surviving contractions—consistent with causality, i.e. R(¢,¢') = 0 for ¢ < ¢’are those that leave
one ix and one x leg from the Taylor expansion of f. Removing one x field from the expansion
is therefore equivalent to taking the derivative of f, which explains the appearance of f(x)
in Eq. (5.17). Equivalently, when expanding Sy to identify bilinear terms in if and x, the
effective coupling is —if f/ (x). The nonlinear drift function thus renormalizes the response
function through the average of its derivative. A similar reasoning applies to the noise vertex
—gi(x)(i%;)?, which must also be expanded in powers of x. Here, the only non-vanishing
two-point diagram compatible with causality and the constraint (it(¢)i£(z')) = 0 is the one
where the two iX legs remain external and all the x legs are internally contracted. This yields a
local contribution to the (£,%£) block, ¢7 o (g;(x)) 8(t — '), renormalizing the effective noise
amplitude.

Figure 5.1 summarizes the main elements of the diagrammatic expansion and the Hartree-

Fock approximation.

Renormalization of the mean In the derivation above we assumed vanishing averages,
py ; = 0. When the Gaussian measure has nonzero mean, however, the nonlinear drift term

induces a perturbative correction to it. At first order in €, the mean becomes

o (6) = 8,0+ [ d' RO () (e )S + O(e). (5.19)

At the Hartree-Fock level, we can sum the infinite series of first-order corrections by replac-
ing the bare response R? with the renormalized one R, and the average with respect to the
unperturbed measure with the full average, yielding

B s (0) = 12, 6) & [ e Ry j(6.6) i) (520
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The response-field average (if;) ;\j Instead remains zero at all orders, as required by causality.

The perturbative equations for the mean can be written in a compact form by introducing

the vector
i) = (0 Jai'Roj(0,0) fitu))a) (521)

The mean then reads
My, = [Mi\ j} +&Gy\ Q2 j» (5.22)

5.1.3 Self-consistent perturbative closure within the GECaM framework

The perturbative expansion described above can be naturally incorporated into the Gaussian-
Expansion Cavity Method to obtain a closed set of self-consistent equations for the local
moments. In this formulation, the cavity messages retain their Gaussian structure, but with
renormalized propagators G ; that include the perturbative corrections through the self-energy
X, ; defined in Eq. (5.12). The resulting procedure extends the Gaussian closure of GECaM to

weakly nonlinear or multiplicative stochastic dynamics.

At each message update, the incoming cavity distributions {ck\i} keai\ j are assumed Gaus-
sian and are fully characterized by their mean, response and correlation functions, collected
into the mean vectors My, ; and propagators Gy, ;. Given these inputs, the unperturbed cavity

mean vector M?\j and propagator G?\j are obtained by the usual Gaussian recursion of GECaM,

[G?\,-TI = [G%OCTI— ) Jika\iJ;]Z7 (5.23)
kedi\j
[M?\j}T:Gi\j Y JikM]j\ia (5.24)
kedi\j

where G}OC is the bare single-node propagator and J;; the interaction matrix defined in Egs. (4.35)
and (4.36). The nonlinear and multiplicative contributions are then accounted for by adding the

Hartree-Fock self-energy, according to

-1

[Goj] = [G?\j]il —ex)) (5.25)

\Jj’
where

£ 0 8t —1) (ff @(0))a ) | 526

(1) = (5(t—t’) (i) 260t —1") (gi(xi(t)))n
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The mean is updated according to Eq. (5.20), which at the Hartree-Fock level reads
T 017" T
Mi\j - [Mi\j} + gGi\j'Q‘i\jv (5.27)

where

Qi) = (0, [ Raj(0) filwilt))a) (5.28)

Substituting Egs. (5.25) and (5.27) into the Gaussian cavity recursion gives a set of closed,
self-consistent equations for the local moments,

—1
[G]  Gaj=1+ ), Jika\iJ;Gi\ﬁgzg\l}Gi\ja (5.29)
kedi\j
loc]—IngT T T T T T
(Gl My = ke;\ | (JikMk\l- + 3G J M}, j) +e (Qi\ M j> . (5.30)
i\Jj

The compact matrix notation used in Egs. (5.29) and (5.30) implicitly includes time convolu-
tions, e.g. [XG|(,t') = [dsX(t,s)G(s,t"). Expanding these products yields explicit equations
for the response, correlation, and mean fields. At order &'(g) (Hartree-Fock level), the addi-
tional local self-energy contributions modify the GECaM equations Eqgs. (4.37) to (4.39) as

follows:
oR; i(t,1) t
\é—t:—%r\j(f)Ri\j(f,l/)+ Z .Jik‘]ki/t/dSRk\i(t»s)Ri\j(S7tl)+6(t_t/)» (5.31)
kedi\j
dC; (t,1) . t
\é—t:_ A (O)Cn i (t.1") + Z .Jik-]ki/o ds Rpi(t,5)Cp (5,1
kedi\j
+ Y 7 /tldsC (t,8)Ry\ (¢, 8) + 2T ()R (1) (5.32)
kEDD\j *Jo AT AT '
dy (1) !
%Z—l{\j(l)ﬂi\j(’)+ Y Jakei )+ Y, Jikai/ dsRpi(t,s) 1y j(5)
kedi\ j kedi\ j 0
t
+e [ dsRy 09 (), (5.33)

where we have defined the renormalized relaxation rate and temperature

ir\j(t) = i — &(f{ (xi(1))) i j» (5.34)
(1) =T +e(gi(xi(1)))a - (5.35)
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The perturbative drift f;(x) thus renormalizes the effective relaxation rate through the local
average (f!(x)), while the multiplicative noise g;(x) modifies the effective temperature via
(gi(x)). The last term in Eq. (5.33) accounts for the direct first-order correction to the mean
induced by the nonlinear drift, while multiplicative noise affects y only indirectly through its

impact on C.

In summary, the perturbative extension of GECaM provides a controlled framework to
include weak nonlinearities and multiplicative noise within the cavity formalism. By introduc-
ing a local self-energy that renormalizes the drift and noise amplitudes, the Gaussian closure
is promoted to a self-consistent, field-theoretically grounded approximation. The following
sections apply this construction to specific cases, illustrating how the perturbative scheme

captures nontrivial dynamical effects beyond the Gaussian regime.

An equivalent formulation can be obtained for the local single-site propagators G; and
means M;, by including the contributions from all neighbors k € di in Egs. (5.29) and (5.30).

5.2 Gaussian perturbative closure for a cubic nonlinearity

We begin by applying the perturbative GECaM framework to the simplest nonlinear case: a
cubic correction to the local drift. This example illustrates how weak nonlinearities renormalize
the effective relaxation rate and induce a noise-driven phase transition in an otherwise linear

system of coupled UO processes.

We consider the dynamics

dx,-(t)

L=l - ex; (1) + Y Jijxj(t) + &), (5.36)
! JEIi
corresponding to a nonlinear drift f;(x;) = —x> and additive noise g;(x;) = 0. This model

describes overdamped particles diffusing in symmetric double-well potentials and coupled

through linear interactions on a network.

The perturbative expansion follows the general formulation of section 5.1, with € controlling
the strength of the cubic nonlinearity. The associated perturbative action reads
p PN
STXi] = A dsifi(s)x; (s). (5.37)
The unperturbed dynamics admits a stable stationary state centered at zero for A > KJ, so that

M;\; = 0 can be assumed without loss of generality. When the cubic term is introduced, a
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transition emerges between a symmetric phase with (x;) = 0 and a symmetry broken phase
where (x;) # 0. This is analogous to the para-ferro transition in Ising-like systems with quartic
potentials, where spontaneous magnetization develops below a critical temperature. Within the
perturbative GECaM framework, this transition can be analyzed by studying the stability of the

symmetric solution f; ; = 0 in the stationary, TTI regime.

At weak coupling (¢ < 1), the leading correction to the Gaussian theory is captured by the
Hartree-Fock self-energy terms Eqgs. (5.17) and (5.18). Since g(x) = 0, the noise self-energy
vanishes, ¢’ = 0, and the effective temperature remains unchanged (7" = T). The cubic
nonlinearity, however, renormalizes the relaxation rate through ¢®, which at the Hartree-Fock

level reads

Ginj(11) = 8t —1) (fi(xi0))) ;= =380 —1') (X} (1)), (5.38)
= —3Cy(t,") 8(r —1'). (5.39)

The corresponding renormalized relaxation rate is
l.r\j(t) = A +3eC(t,1). (5.40)

The effective relaxation rate increases with the local equal-time correlation, reflecting that
the cubic term enhances the restoring force near the origin. At stationarity, the equal-time
cavity correlation becomes time independent (q?{j), and the perturbed system is equivalent to N
linearly-coupled OU processes with renormalized rates /ll.‘”\ ;= A+ 38qf.{j. The paramagnetic
phase with 1 ; = 0 is stable as long as QLIT\J. > KJ for every edge (i, j), or equivalently

A > A (e) = KJ —3e min g\ . 5.41
(€) (s G4
The critical line lcrit(e) depends on the stationary variances ¢3! ;, which can be computed
i\j

self-consistently within the GECaM framework.

In principle, q?{j can be obtained by inverting the Laplace transform of the correlation
function Eq. (4.48) with A replaced by A". However, due to the branch cuts and poles of the
Laplace kernel, it is more convenient to exploit the relation between GECaM and random
matrix theory discussed in section 4.3. The stationary correlation can be expressed in terms of
the cavity spectral density pcay(x) of the interaction matrix J, which can be computed from the

stationary response function.
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For simplicity, we consider a homogeneous RRG with uniform couplings J;; = J;; = J and
degree K. All cavity quantities are identical, q?{j = ¢, and the Laplace transformed cavity

response function reads

s oy 2T A=/ (z+A)? -4 (K- 1)

Rc(z) 2K- 112 : (5.42)

where AL = A +3¢eg?. The corresponding spectral density, obtained from the Stieltjes transform
relation Eq. (4.60), is

J . ~ ) 4(K—1)—x2
c =—1 I Rc A — - 5
Pe() T ng& m Re(Jx=Ae=in) 2n(K —1)

(5.43)

supported on x € [—2v/K — 1,24/K — 1]. The stationary correlation follows from Eq. (4.65) as

2VK-1 VAK =)= 2 - r
N (Jx—A5)w
e T/_zm k=1 /O ¢ dw (5.44)
__Tx (K—1)J2
—m<1—\/1—4w)- (5.45)

Substituting this into Eq. (5.41) yields the critical line

AT (g) = KJ — 3¢ (5.46)

(K—1)J
The transition line decreases linearly with both € and 7', indicating that stronger nonlinearities
and higher noise levels promote the symmetry-broken phase. Increasing the connectivity K
also lowers A1t as stronger coupling enhances collective ordering.

Figure 5.2 compares the theoretical prediction with numerical simulations of Eq. (5.36) on
a RRG with N =200 nodes, for K =3 and K = 10, at fixed J = 1 and € = 0.01. Numerical
results were obtained by integrating the stochastic dynamics using the Euler-Maruyama scheme
with homogeneous initial conditions x;(0) = 1 for all nodes, and measuring the stationary

average |
(x) = N in(f )

att = 1000, i.e. well beyond the equilibration time. Results were averaged over 100 independent
realizations of the noise and the graph. The theoretical transition line from Eq. (5.41) (solid
white line) matches well the simulation data, confirming that the perturbative closure accurately

captures the onset of symmetry breaking.
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Fig. 5.2 Stationary magnetization for a cubic nonlinearity. Stationary magnetization (x) from
numerical simulations of Eq. (5.36) on a RRG with N = 200 nodes, for K = 3 (left) and K = 10 (right),
at fixed J/ = 1 and € = 0.01. The stationary values were computed at = 1000 from homogeneous initial
conditions x;(0) = 1. The theoretical transition line from Eq. (5.41) (solid white line) matches well
the simulation data, confirming that the perturbative closure accurately captures the onset of symmetry
breaking.

5.3 Noise-driven phase transition in the Bouchaud-Mézard

model

Stochastic differential equations with state-dependent, or multiplicative, noise terms naturally
arise in the modeling of physical, biological, and socio-economic systems, as they describe the
effect of both intrinsic and environmental fluctuations acting proportionally to the system’s state
[62, 63]. In contrast to additive noise, multiplicative fluctuations can qualitatively modify the
dynamical stability and give rise to noise-induced transitions, where the stationary properties
of the system change as a consequence of the coupling between the noise amplitude and the

local state variables.

A paradigmatic example of such behavior is provided by the Bouchaud-Mézard (BM)
model of wealth exchange [64]. Originally introduced to describe the emergence of heavy-
tailed wealth distributions in economic systems, it also serves as a prototype for a broad class
of multiplicative stochastic processes encountered in diverse contexts, ranging from surface
growth to population dynamics. Empirical studies show that real-world wealth distributions
often display a Pareto tail [65], reflecting the coexistence of many poor agents with a small
number of extremely wealthy ones. The BM model captures this feature through a simple
networked dynamics that couples deterministic exchange of wealth among connected agents

with stochastic, multiplicative fluctuations.
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On a general graph, the evolution of the wealth x;(¢) of agent i is governed by the set of

Langevin equations

dx,-(t)
dt

=7 Y (x;(t) —xi(t)) + €0 xi(t) & (1), (5.47)
JjEIi

where J controls the exchange rate between neighboring nodes, ¢ is the amplitude of the noise,

and &;(¢) is a Gaussian white noise. The first term on the right-hand side represents a diffusion

of wealth across the network due to interactions with neighboring agents, while the second

term models random multiplicative fluctuations in wealth, arising from investment returns or

market volatility. The parameter € will serve as a small perturbative parameter controlling the

strength of the multiplicative contribution in the following analysis.

The stochastic Eq. (5.47) is invariant under uniform rescaling of all wealths, x; — kx; for
any kK > 0. Hence, without loss of generality, one can fix the average wealth to unity in the
theoretical analysis (i.e. (x;(¢)); = 1) and study the fluctuations of the normalized quantity
x;/X, where X denotes the population average. In the original fully connected formulation,
Bouchaud and Mézard showed that the stationary distribution of x; /X exhibits a power law tail
with exponent ¢ > 0, and that a phase transition occurs at o > o°Mit = /2], where the variance
of the normalized wealth diverges. This phenomenon, referred to as wealth condensation,
corresponds to the emergence of a small number of agents accumulating a finite fraction of the

crit instead, the variance

total wealth, while the rest of the population remains poor. For o0 < o
remains finite and wealth is homogeneously distributed around the mean. Alternatively, the
same transition can be interpreted as a crossover from a weak-noise to a strong-noise regime

obtained by varying 62 at fixed J [63].

The generalization of the BM model to sparse random graphs was later addressed in
[66], where the author combined adiabatic and independence assumptions to construct a self-
consistent mean-field closure. The adiabatic approximation allows slow variations of local
averages to be treated as quasi static, while the independence assumption enables the use
of the central limit theorem to approximate the sum over neighbors. This approach yields
improved predictions for the critical point on sparse topologies, such as random regular graphs,
where degree heterogeneity and finite connectivity affect the onset of condensation. In what
follows, we develop an alternative derivation based on the perturbative closure introduced in
Sec. 5.1.3, which provides a systematic expansion in powers of the noise amplitude € and
recovers, as limiting cases, both the fully connected mean-field result and the sparse graph

correction obtained in [66].
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The BM dynamics Eq. (5.47) can be viewed as a special case of coupled OU processes with
vanishing temperature in the unperturbed limit, 7 = 0, and site-dependent linear relaxation
A; = J|di|. The perturbation is purely multiplicative noise: there is no nonlinear drift, f;(x;) =0,
while g;(x;) = 0%x?/2. The associated perturbative action is

o2 [t 2 . 2
SPIX] = -5/, dsx; (s) (i%(s))", (5.48)
and it enters the cavity measure multiplied by the small parameter € as in Egs. (5.3) and (5.5).
In other words, the perturbative expansion proceeds in powers of € while o sets the bare noise

scale of the multiplicative vertex.

As already discussed in section 5.1, when the dynamics has a non-zero mean [ ;, one
should center the fields by defining dx = x — . In the present case, we can exploit the scale

invariance of Eq. (5.47) to set u, ; = 1 for all 7, j. The perturbative action then reads

2 st 2
S7[Xi] = —%/Ofds(l+5x,-(s))2(i)2i(s))2 — _% Ofds (iti(s))°
t 2 t
_02/()de5xi(s) (i%i(s)) "~ % Ode5X,~2(S)(ifi(S))2. (5.49)

At the Hartree-Fock level, the only non-vanishing self-energy is ¢’ since f;(x;) = 0 implies
¢® = 0. The multiplicative noise therefore renormalizes the effective temperature, which

becomes 5

(o}
A0 =& (1+Cpj(2,1)). (5.50)
We focus again on the stationary regime, where the system is time-translationally invariant.

Since ¢ = 0, the response function remains unperturbed and satisfies in Laplace space

~ - -1
Ry j(2) = <Z+7Li—12 Y Rk\i(z)> - (5.51)
kedi\j

The correlation function, instead, becomes non-zero due to the perturbation and can be written
as

Cinj(1) = (Gf\j)z/r duRp j(u) Ry ;(u— 1), (5.52)

where Gir\j is a renormalized noise amplitude obtained by resumming the contributions from the
first and last vertex in S?. The cubic vertex does not contribute, since all its contractions involve
equal time or advanced responses, which vanish by causality. As we show in Appendix C.2.1,

this resummation can be expressed as a geometric series of one-loop corrections, yielding at
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stationarity
2 o2 > do . -
<G"r\j) - 1 €02l ;’ Ii\f:/_mERi\j(w)Ri\j(—w), (5.53)

For random regular graphs, where A; = KJ, all nodes and edges become statistically

equivalent and indices can be dropped. In this case, it can be shown (see Appendix C.2.2) that

© dwio+KJ—+/(io+KJ)2 —4(K—1)J2

") w2z 2(K—1)J2
1 _ 1 2 _ _ 2
 Tlo+KJ V(—io+KJ)2—4(K—1)J (5.54a)
2(K—1)J2
2 1 V1 —u2
:—/ du “ (5.54b)
nvK—1JJ-1

sy ()

The fully connected limit is easily recovered by setting K = N — 1, rescaling J — J/K, and
taking K — oo, obtaining

V1—u? 1

> Kl
I z——/d——)—. 5.55
e IvE—1)4" 2k vE -1 2J 529

The renormalized noise amplitude diverges at the critical value (6*)2 = I~!, signaling a
transition to the condensed phase. In the fully connected limit, one recovers (Gggt)z =2J,1in

agreement with the mean-field result of [64].

To assess the accuracy of our method, we compared its predictions with numerical sim-
ulations. We rescaled the coupling as J — J/K to facilitate comparison across different
connectivity values. Simulations of the BM model on RRGs with N = 5000 nodes were
performed using the Milstein algorithm [67] with initial condition x;(0) = 1 and J = 1. The

stationary distribution was estimated at = 1500, and the normalized wealth x /X was found to

p(%) VR W (5.56)

whose variance diverges for o < 2. The tail exponent & was estimated using a rank-1/2 ordinary

follow a Pareto tail

least squares log-log regression with bias correction [68]. Figure 5.3 shows the results for K = 3,
10, and 500, together with the theoretical thresholds (o{™)? from [66] and (6&)? =1~! from

our perturbative closure. Our method provides a more accurate estimate of the critical point
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Fig. 5.3 Tail exponent near the condensation transition of the BM model. Estimates of the tail
exponent & obtained by simulation for K = 3 (dots), K = 10 (stars), and K = 500 (crosses) at different
values of 62 around the phase transition. Simulations were performed for RRGs with N = 5000 nodes,
using the Milstein algorithm [67], averaged over 100 independent realizations. Vertical lines indicate the
theoretical critical values predicted by our method ((Gérit)Z, solid) and by the self-consistent approach of
[66] ( (Gfrit)Z, dotted). The horizontal black line marks o, = 2: a tail exponent below this value signals
wealth condensation.

for sparse graphs, while the two predictions coincide in the dense limit. Interestingly, the
self-consistent approach of [66] can be recovered from GECaM when further approximating the
cavity quantities by their full counterparts evaluated at zero time difference (see Appendix C.2.3
for details).



Chapter 6

Dynamics of the Spherical 2-Spin Model

6.1 The Spherical 2-Spin model

The spherical p-spin model, originally introduced as a paradigmatic example of mean-field
glassy systems, has played a central role in the theoretical understanding of slow relaxation and
aging phenomena in disordered systems. For p > 3, the model exhibits a highly non-trivial free
energy landscape, characterized by an extensive number of metastable states and the emergence
of dynamical glass transitions [69]. The case p = 2, instead, is structurally much simpler: it
does not possess a glassy landscape but undergoes a continuous transition into a phase that
can be interpreted as a disguised ferromagnet [70]. Nevertheless, the p = 2 spherical model
still displays rich dynamical properties. After a quench into the low-temperature phase, the
system fails to reach equilibrium, and its relaxation becomes dependent on the waiting time, a
hallmark of aging dynamics.

Because of its linear structure, the model is exactly solvable through diagonalization of
the interaction matrix, provided the spectral properties of the underlying graph are known
[71-73]. Here, we show that GECaM allows one to describe the same non-equilibrium
relaxation behavior without relying on explicit diagonalization or spectral information. This
model therefore provides an ideal benchmark to test the accuracy and consistency of our

approximation scheme.

The model can be seen as relaxation dynamics of N continuous spins on the vertices of a

graph G, whose equilibrium properties are described by the Hamiltonian

1
H] = =5 ) Aiplipeixj, (6.1)
i#]
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where x;(¢) are continuous spin variables satisfying the spherical constraint

N
Zx%(t) =N.
i=1

The elements A;; are the entries of the adjacency matrix of the interaction graph G, while the

couplings J;; are independent, symmetric random variables drawn from the bimodal distribution

P(Jij) =5 [8(Ji;—=I)+8(Jij+T)] - (6.2)

| =

The natural scaling J o 1/1/K ensures a well-defined thermodynamic limit and allows the
recovery of the fully connected model as K — oo.

The relaxation dynamics follows the Langevin equation

dx,-(t) . ) SH[J_C(ZL)] .
dt - _)’(t)xl(t) - 6Xi(t) +€l(t) (63)
= —A(t)x;(t) + ZJijxj(t)-i-éi(t), (6.4)
jeadi

where A () is a Lagrange multiplier enforcing the spherical constraint at all times, and &;(¢) is

a Gaussian white noise with zero mean and correlations

(&i(t)&r (1)) = 2T 6;y6(t —1'), (6.5)

where the noise strength T plays the role of temperature.

6.2 Cavity formulation

The GECaM equations can be derived for any specific realization of the interaction graph.
However, in order to extract general dynamical properties and facilitate comparison with
known results, it is convenient to consider the homogeneous limit appropriate for random
regular graphs. Because of the statistical symmetry of the ensemble and the absence of
replica symmetry breaking in the p = 2 case, all disorder-averaged quantities become site- and

edge-independent. We therefore assume

Ri - R, Ci - C, Rl\] - RC, Cl\] - CC.
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Fig. 6.1 Disorder-averaged correlations on random regular graphs. Disorder-averaged correlation
functions for three representative nodes of a RRG with N = 1000 and degree K = 5. Each node is shown
for two different waiting times, #,, = 0.2 (orange curves) and t,, = 2.0 (green curves). Markers correspond
to results from numerical simulations, while lines represent running averages of the markers computed
on a logarithmic scale of the abscissas. Parameters: J = 1.0, T = 0.3. The dynamics is integrated with
Euler-Maruyama, and averages are taken over 10* realizations of noise, coupling disorder, and initial
conditions. The near-perfect overlap confirms the working assumption of site/edge independence.

The spherical constraint implies C(z,¢) = 1 at all times, thus reducing the number of independent

functions.

Before solving the self-consistent equations, we verified numerically that disorder-averaged
correlations are effectively homogeneous across sites on random regular graphs. In Fig. 6.1
we show that correlation functions measured on three representative nodes coincide within
numerical accuracy on a RRG with N = 1000, degree K = 5, coupling J = 1.0, and temperature
T =0.3. Trajectories were integrated with Euler-Maruyama and averaged over 10* independent
realizations of noise, coupling disorder, and uniform initial conditions. This supports treating

both cavity and full quantities as site-independent in the thermodynamic limit.
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Under these assumptions, and for a sudden quench from the high temperature phase, the

corresponding GECaM equations for the cavity response and correlation functions read

% = —A()R:(1,1') + (K —1)J? /tdsRC(;’s)Rc(S,f/)+5(t—t'), 66)
% = —A(t)Ce(t,t") + (K — 1)]2 /OtdSRC(taS)CC(S,t/) LOTR(! 1)

+(K—1)J? /0 l dsR.(t',5)Ce(t,s). (6.7)

Similarly, for the full response and correlation functions one finds

! t
aRgt,t ) _ ARt + KT | dsR.(t,5)R(t,s)+8(t—1'), ©5)
Z/
! t
8C{(91t,t) = —A(I)C(Z‘J/)_’_sz/ dSRc(l,S>C(S,t/)—1—2TR([’7[)
0

t/
+KJ? / dsR(t',s)C.(t,s). (6.9)
0

The Lagrange multiplier A(¢) is determined by enforcing the spherical constraint. Since the

equal time correlation must be equal to unity, we can set!

aC(t,t') dC(t,t') B
( 5 + PRI s =0, (6.10)
from which we obtain
t
At) = KJ2/ ds (Rc(t,s)C(s,t) -I—R(t,s)Cc(s,t)> +T. (6.11)
0

When setting J? o< 1 /K and taking the limit K — oo, the cavity and full quantities coincide, and
the above equations reduce to the well-known dynamical mean-field equations for the fully

connected spherical model, as originally derived by Cugliandolo and Kurchan [71].

In the case of RRGs, the global spherical constraint translates into a local condition for the disorder-
averaged correlation function, owing to the homogeneity of the graph. In heterogeneous networks, however, this
simplification no longer holds, as one would need to impose the vanishing of the time derivative of C(¢,1') =
Y. Ci(t,t") explicitly.
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To make further analytical progress, it is useful to introduce the parametric ansatz

f{)

Re(1,1') = 0 Rt —1), (6.12)
AN 1 1 !
Co(t,t') = 070 C,(1,1"), (6.13)
with the scaling function
t
£(t) = exp [ / ds?L(s)] , (6.14)
0

normalized as f(0) = 1. Substituting this ansatz into Egs. (6.6) and (6.7) leads to a decoupling
between stationary and aging components. The stationary part, R¥(r —¢’), satisfies the TTI

equation
IRt —1")
ot

corresponding to the response of a linear system with additive noise. The non-stationary

1
=(K—1)J? | dsRt—s)R(s—1")+8(t—1"), (6.15)
t/

function C] (¢,#') instead obeys

t
%Cj (t,/) =2T f(t)* R’ — 1)+ (K — 1)J2/ dsR (1 —5)Cl (s,1")
0

+(K—1)J? /0 l dsRM (1" —5)CL(z, ). (6.16)

Analogous equations hold for the full functions R*' and C', obtained by replacing K — 1 — K
in the kernels.

By direct substitution, one finds that the coupled system admits the integral solutions

min(t,t')
Clt,/) =Rt +1)+2T /0 ds f2 ()RS (1 +1' — 2s), (6.17)
min(z,t')
Clt,ty =Rt +1)+2T / ds f2(s)R (1 +1' —25), (6.18)
0

while the scaling function f(¢) obeys the linear Volterra equation
t
F2(0) = R (21) +-2T / ds ()R (21 —2s). 6.19)
0

Equation (6.19) is formally identical to the exact result obtained in Ref. [71], confirming that
the GECaM equations reproduce the correct dynamical behaviour of the spherical 2-spin model

without invoking any diagonalization of the coupling matrix. In practice, an explicit solution
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Fig. 6.2 Ageing and correlation decay in the spherical 2-spin model. Decay of the correlation
C(t, + 7,1,) as a function of 7 for the spherical 2-spin model on a random regular graph with coupling
constant J = 1.0 and temperature 7 = 0.3. Top-left panel: Decay at fixed connectivity K = 10 for
increasing waiting times ¢,, (from bottom to top). Top-right and bottom panels: Decay at fixed
t, = 30,100,300 for K = 3,4,5,7,10,100 (from bottom to top), compared with the fully connected
limit (dashed gray line).

for f(¢) can be obtained numerically by Laplace transform techniques or by direct forward
integration of Egs. (6.6) and (6.11).

6.3 Ageing and Non-Equilibrium Dynamics

The numerical integration of the GECaM equations reveals a characteristic two-time behaviour
of the correlation function C(z,1"), which encodes the slow relaxation dynamics of the model.
In Fig. 6.2 we show the decay of C(t,, + 7,1,) for temperature 7 = 0.3 and coupling constant
J = 1.0, as a function of 7 for several waiting times f,,. The correlation exhibits a clear
separation of time scales: an initial rapid decay for T < t,,, followed by a much slower decay
for T 2 t,,. This dependence of the relaxation rate on the system age demonstrates the presence
of aging, in full agreement with the exact analytical solution and numerical simulations of the

model.

At fixed temperature, reducing the connectivity K accelerates decorrelation and suppresses

aging, as the effective number of interaction channels per site decreases. In the dense limit K —
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Fig. 6.3 Comparison between GECaM and MC correlations. Correlation function C(t,, + 7,1,,)
for the spherical 2-spin model computed via GECaM (solid lines) compared with MC simulations
(markers) on a RRG with K =4, J =1.0, and 7 = 0.3. The comparison is shown for waiting times
ty, =0.1,0.2,0.5,10. To highlight finite-size effects, MC results are reported for increasing system sizes
N = 100,500,1000,5000. As N increases, the microscopic simulations systematically approach the
GECaM prediction, confirming that the discrepancy observed at finite N is a finite-size effect and that
the cavity theory correctly captures the thermodynamic limit.

oo, the behavior converges smoothly to that of the fully connected model, as expected from the
analytical correspondence discussed above. The numerical solutions of the GECaM equations
reproduce the Monte Carlo results with good qualitative agreement across all timescales.
Quantitative deviations appear at large waiting times, as shown in Fig. 6.3, where the correlation
C(ty + 7,t,) obtained from GECaM (solid lines) is compared with Monte Carlo data (markers)
for an RRG with K =4, J = 1.0, and T = 0.3. The figure reports microscopic simulations
for increasing system sizes N € {100,500, 1000,5000}. As N grows, the MC curves shift
systematically towards the GECaM prediction, confirming that the observed deviations are
indeed due to finite-size effects in the particle simulations. The discrepancy remains significant
at the largest waiting time (¢,, = 10) even for N = 5000; this persistence is a consequence of the
slow decorrelation dynamics in the aging regime, which implies that extremely large system
sizes would be required to effectively sample the thermodynamic limit captured by the cavity
theory.

6.3.1 Ageing in the Spherical Ferromagnet

Interestingly, the same equations remain valid for the spherical ferromagnet, differing only
in the scaling of the couplings. While the disordered (bimodal) model requires J ~ 1/v/K to
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Fig. 6.4 Finite-size and connectivity effects on ageing for 2-spin ferromagnet. Monte Carlo results
for C(t,, + 7,t,) on RRGs with varying size and connectivity for homogeneous coupling J = 1.0 and
temperature 7 = 0.3. Ageing is present at small K and vanishes as K increases, consistently with the
scaling J ~ 1 /K.

preserve extensivity, the ferromagnetic case requires J ~ 1 /K. Consequently, the ferromagnet
exhibits ageing in the sparse regime (small K) but relaxes exponentially in the dense limit,
where J? contributions are suppressed. This behavior is confirmed numerically in Fig. 6.4,
where ageing is visible at small K and progressively disappears as K increases.

The spherical 2-spin model thus provides a stringent test for the Gaussian-expansion cavity
formalism. Without requiring explicit spectral information or global diagonalization, the
method correctly reproduces both stationary and aging regimes, including their dependence on
temperature and connectivity. This validates the GECaM as a powerful framework for studying

non-equilibrium stochastic dynamics of linearly coupled degrees of freedom on sparse graphs.



Chapter 7
Complex Ecological Communities

Ecological communities are paradigmatic examples of complex systems, composed of a large
number of interacting species whose collective dynamics emerge from the interplay between
nonlinear interactions and environmental variability. A central question in theoretical ecology
concerns how the structural properties of the interaction network affect the stability and
diversity of the community, a problem that has been at the heart of theoretical investigations
since the pioneering work of May [74, 75]. Within this framework, the Generalized Lotka-
Volterra (GLV) equations [76—-79] have emerged as a central model for describing the coupled
population dynamics of many interacting species, where the interaction coefficients are treated
as quenched random variables. This stochastic formulation enables the use of analytical
methods from statistical physics to study macroscopic properties such as diversity, stability,
and susceptibility of large ecosystems.

Most analytical progress so far has been achieved in the fully connected limit, where
dynamical theory and path integral approaches provide a detailed description of the equilibria,
extinction patterns, and stability boundaries of random ecosystems [78, 80, 81]. However,
empirical studies indicate that real ecological networks are far from fully connected: empirical
food webs and mutualistic networks display sparse and heterogeneous structures, with each

species interacting with only a limited number of partners [82—-86].

Sparsity is not merely a realistic structural detail, but rather a fundamental ingredient
that qualitatively alters the collective dynamics. In dense random systems, central limit
arguments lead to effective Gaussian noise and mean field-like behavior, allowing compact
analytical treatments. When the number of interactions per species remains finite in the
thermodynamic limit, this simplification breaks down: fluctuations no longer self-average,

correlations between neighboring species persist, and local heterogeneity plays a crucial
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dynamical role. Sparse interactions may thus generate non-Gaussian statistics of abundances
even when the couplings themselves are Gaussian distributed [87], induce localized instabilities
confined to small substructures of the network [88], or even give rise to collective transitions
driven purely by the network topology [89]. In dense ecosystems, several works have shown
that non-Gaussian abundance statistics can also emerge through different mechanisms: either
by assuming non-Gaussian interaction distributions within the fully connected limit of DMFT
[90], by introducing heterogeneous generalizations of DMFT in the dense regime [43, 45],
or by considering Gaussian time-dependent interactions corresponding to annealed disorder
[91]. While these studies demonstrate how deviations from Gaussianity can be rationalized
within the tools of DMFT, they do not account for the intrinsic sparseness of real ecological
interaction networks. Such effects cannot be captured within dense mean field theories and call

for analytical frameworks explicitly designed for sparse interaction topologies.

In this chapter, we extend the cavity-based framework developed in the previous chapters
to the study of the generalized Lotka-Volterra model on sparse random graphs. Building on the
GECaM chapter 4, we derive effective stochastic equations describing single-species dynamics
subject to self-consistent random fields and colored noise. This approach provides a tractable
description of the fixed points of the sparse GLV dynamics and unveils how finite connectivity
and interaction-disorder reshape the stability landscape, giving rise to rich dynamical regimes

and non-Gaussian species abundance distributions.

7.1 The generalized Lotka-Volterra model

The GLV model provides a minimal yet versatile framework to describe the dynamics of
ecological communities composed of many interacting species. Each species i =1,...,N is
characterized by its abundance x;(), whose temporal evolution is governed by a set of coupled

nonlinear differential equations

dxi(t)

xi(t)
) 1—
dt

:rl-x,-(t) — + Z]ijxj(t) . (7.1)
K; .
JEIi
The first two terms describe the intrinsic growth of species i in isolation, with intrinsic growth
rate r; and carrying capacity K;, while the last term accounts for pairwise interactions. The
coefficients J;; quantify the per-capita effect of species j on species i and are treated as quenched
random variables. Negative couplings represent competitive interactions, while positive ones

correspond to mutualistic or beneficial effects.
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To isolate the effects of network sparsity, we consider undirected random graphs with
a prescribed degree distribution pgeg (k) with average value K. Throughout this chapter we
focus primarily on RRGs, which eliminates degree heterogeneity while preserving the essential
feature of finite connectivity, allowing analytical tractability and a clear interpretation of the

emerging phenomena.

The interaction strengths {J; ]}fv j— are independently drawn for each existing edge (i, j)
from a Gaussian distribution with mean J;; = m/K, variance Var(J;;) = 62 /K, and correlation
between couplings on the same edge Corr(J;;,Jji) = 7, so that J;; and Jj; are correlated random
variables controlling the degree of reciprocity between pairs. The parameter v € [—1, 1] interpo-
lates between fully antisymmetric interactions (Y = —1), corresponding to purely predator-prey
relationships, and fully symmetric ones (Y = 1), describing purely competitive or mutualistic
interactions. Intermediate values of y produce mixed ecosystems combining both types of
interactions in varying proportions. We will denote throughout the chapter - as the average over

the quenched disorder in the couplings and graph ensemble.

Without loss of generality, we assume homogeneous intrinsic parameters, r; = 1 and K; = 1

for all species. In these units, the dynamics reduces to

di;ft) = x;(t) [1 —x;(t) + Z Jijxj(f)] ; (7.2)

jedi

where di denotes the set of neighbors of node i in the interaction graph. Equation (7.2) defines
a nonlinear dynamical system with multiplicative interactions and quenched disorder, whose
collective behavior depends crucially on the network topology and on the statistics of the
couplings.

In the fully connected limit (K = N — 1), the system admits a description, and the statistical
properties of its stationary states can be analyzed through dynamical mean-field theory [77-79].
In contrast, when the degree K remains finite in the thermodynamic limit, correlations induced
by the sparse topology become dominant, and mean-field approximations fail. Understanding
how such sparse interactions affect stability thus requires a different analytical approach, which
we develop in the following sections using a small-coupling expansion of the dynamic cavity
equations.
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7.2 Small-Coupling Expansion of the Dynamic Cavity Method

To study the stochastic dynamics of the generalized Lotka-Volterra model on sparse networks,
we apply the dynamic cavity formalism introduced in section 2.3, following the steps detailed
in section 4.1. We consider a fixed realization of disorder, specified by the interaction graph

and coupling strengths.

The dynamical generating functional for the GLV dynamics Eq. (7.2) is written as

Zly. ) - | @quél

1

ﬁ_ <1 —xit+ Y Jiﬂ/’)] el dVix W OLW] (7 3)

JjEIi

where we have divided both sides of Eq. (7.2) by x;(¢) to express the dynamics in terms of the
logarithmic growth rate x;/x;. This form requires abundances to remain positive, which is not
strictly true as species may go extinct (x; = 0). A careful derivation avoiding this assumption is
reported in Appendix D.1.1, where we show that the final expressions remain unaffected.

Using the Fourier representation of the delta function, we obtain the MSRIJD functional
integral

N

Zly. 9] = [ 7. dJexp [—sp_c,a_a +Y [ (oo + wtm,-(r))] N

i=1

with action
N

S, &l =Y. S &+ Y, S dix, 2, (7.5)
= (i./)EE

where the local and interaction contributions read

oere el = [P arieo | 1
S [xi, %] = A dti%;(t) [xi(t) 1—|—x,(t)], (7.6)
S}?t[xiaﬁiaxjax/\j] = _/0-7 dt (ixAi(t)Jijxj(l) +i)€j(t)inx,-(t)). (77)

The functional Eq. (7.4) defines a high-dimensional path integral whose action decomposes
into local contributions and pairwise interactions along the nodes and edges of the network.
This structure naturally defines a graphical model over continuous paths, to which we can apply
the dynamic cavity formalism.

Following the derivation of section 4.1, we introduce the cavity marginals c; ; [x;, %], repre-

senting the probability weight of the trajectory of node i when its link to j is removed. These
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obey the recursive relations

1 oc s in £ X
cigloint) = 5—e U5 T [ Dbt bt e SERSR )
Zi\j kedi\j

where Z; ; ensures normalization.

We now perform a small-coupling expansion of Eq. (7.8) up to second order in the interac-
tion strengths J;;. Neglecting averages involving only response fields (which vanish identically
in the MSRJD formalism), we obtain a Gaussian approximation for the cavity marginals, fully
determined by their first and second moments. These can be written as

1 e_S?\fi' [’W:/@}) (79)
y

e jlxi,£i] ~

where the effective action reads

f i (1
S, 2] = [ drifi(r) x,()—1+x,-<r)— Y ikt (2)
0 x;(t) K€D\ j

1 [
+§/o drdt’ ) [iﬁi(f)fizkci\j(f,f/ﬁﬁi(f/)—Zifi(fﬂikfkiRk\i(f,t’)xi(f/)}-
kedi\j
(7.10)

The functions u; ;, Gy ;, and Ry ; denote respectively the cavity mean abundance, correlation,
and response,

tij(8) = (xi(0)a (7.11)
Ci\j(taf/) = <xi(t)xi(t,)>i\j _.ui\j<t>ui\j(t/>7 (7.12)

O (xi(t))i\j

Ry j(t,1") = (xi(0)i%i (') = oh) (7.13)

h=0
The effective action Eq. (7.10) describes a non-interacting single-species process subject to
self-consistent colored noise and memory kernels originating from its neighbors on the cavity
graph.
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Reversing the steps of the MSRJID construction (see section 3.2), we obtain the correspond-

ing effective stochastic dynamics for the cavity abundance x; ; (1),

dx; (1)
;,J = xp (0 [1=xp (0 + Y Tt i (£) +hy (1)
t kedi\j
j
t
+ ) Jikai/O dr’ Rei(t,1") xp\ (1) + 1 (1) | (7.14)

kedi\ j

where £\ ;(¢) is an external field used to compute response functions, and 7 ;(¢) is a Gaussian

noise with zero mean and covariance

Mo OMa (1)) = Y T3Cui(t1). (7.15)
kedi\j

The effective process Eq. (7.14) closely resembles the dynamical mean-field description ob-
tained in the fully connected limit [81], with the crucial difference that here no disorder-average
is performed. The stochasticity and memory terms emerge instead from the fluctuations of
the neighboring species in the cavity graph. Consequently, the process depends explicitly on
the quenched couplings {Ji } 17\ ; and on the cavity moments of the neighbors, which must

satisfy the self-consistency conditions

.ui\j( ) - < l\](t)>l\J7 (7.16)
Coj(t,1") = (xp j(0)xp (1) — a0 (1), (7.17)

S (xini ()i

Ry j(t,1') = W (7.18)

h=0

A similar effective process follows from the full marginal ¢;[x;,£;], describing the dynamics

of species i in the original graph. Repeating the same procedure, we obtain

dx,'( )
dt

=xi(t) |1 —xi(t) + Z Jlk.uk\z + Z Jlk‘]kl/ dr’ Rk\l(l 4 )xz( )+rll( ), (7.19)
kedi kedi

where the Gaussian noise satisfies

mimi(e)) = Y. J3Cri(t,1). (7.20)
kedi
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The self-consistent nature of the fields and the emergence of colored noise are unavoidable
consequences of the cavity decoupling procedure. While numerical schemes exist for solving
such self-consistent non-Markovian equations in fully connected systems [92], their extension
to large sparse networks would entail a prohibitive computational cost. To obtain analytical
insight, in the next section we focus on the stationary fixed point regime of the effective
processes, from which closed equations for the local observables and stability properties can be
derived.

7.3 Fixed point equations

The effective stochastic equations derived in the previous section describe non-Markovian
single-species dynamics with colored noise and memory kernels determined self-consistently
by the neighboring species. Solving these equations in full generality is computationally
demanding. To make analytical progress, we focus on the stationary regime where the system
relaxes to a fixed point independent of the initial conditions. In this limit, all time-dependent
quantities become static, allowing for a closed set of self-consistent equations for the cavity

moments and responses.

We thus assume that the dynamics converges to a time-independent state, such that

lim x;(¢) = x7. (7.21)

f—>o0

An analogous assumption is made for the cavity effective processes,

. 3 . Ak
th_{{}oxi\j(f) =X\ j lim Ny (1) = N3 ;- (7.22)
Since x;(7) and x; ;(¢) are stochastic processes, assuming they become time-independent is
equivalent to assuming they become static random variables with time-independent distributions.

Consequently, the mean cavity abundance and two-point correlation become time independent,

Him (1) = 3 = (00 (7.23)
1 N k. * \2\* * \2
Jim Gy j(.0') = iy = (G )70 — (ki) (7.24)

where <>z*\/ denotes the average over the stationary cavity process. Under this assumption, the

cavity response function becomes time-translationally invariant and depends only on the time
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difference T = r —t’. We define its time integral,

XN = /0 dTR} (1), (7.25)

which represents the integrated response (or susceptibility) of the cavity process.

At the fixed point, both xlf\j and the effective field nl.*\j become static random variables. The

variable xl.*\]. depends functionally on nl.*\]., which is itself Gaussian distributed with zero mean
and variance
2\ % 2 )
(AN = Y Ji A = I ;- (7.26)

kedi\j
The fixed point abundances satisty the self-consistent relations
O=xj; |1=xi;+ X Jukiyt+ Y, JaduiZi X0+ N3+ hi\,} ; (7.27)
kedi\j kedi\ j

where £;, ; is a constant external field introduced to compute the susceptibility. By performing
the change of variable nl.*\j = —X;js, where s is a standard Gaussian variable with zero mean

and unit variance, Eq. (7.27) admits a non-vanishing solution

Zi 'Ai i— S —|—l’ll i Zi 'Ai i— S —|—l’ll i
i () = Sty =9 \’@)( 0 \i"-\.) \’), (7.28)
\J

Y

where @(x) denotes the Heaviside step function enforcing positivity of the fixed point abun-
dance. We have defined

I+ Zkeai\j Jik.“;?\i
Fl\] - 1 - Z JikaiX/:\,'- (730)
kedi\j

Averaging Eq. (7.28) over the Gaussian variable s yields a closed set of self-consistent

equations for the cavity moments, which read
1= Fu(BngsZa s Tag) o (7.31)

qi; = Fq(Bij T g) — (4)° (7.32)
X =T (8o Ta) (7.33)
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where the update functions are given explicitly by

Fu(AZ,T) = % {@(r) (Acb(A) + <p(A)> +O(-T) (Acb(—A) - go(—A))] (7.34)
F (AL T) = i—z {@(r) ((1 +A%)D(A) +A(p(A))

+O(-T) ((1 +AY)D(—A) —A(p(—A))] , (7.35)

F(AT) = % [O() ®(A)+O(-T)D(—A)]. (7.36)

We have introduced the shorthand notations @ (x) = e /2 /V/2m and ®(x) = [1 +erf(x//2)]/2
which denote, respectively, the standard normal probability density and cumulative distribution
functions. A detailed derivation of Egs. (7.31) to (7.36) is provided in Appendix section D.1.2.

An equivalent set of equations holds for the full marginals, describing the species abun-

dances in the original graph. Denoting the fixed point moments by (*, g7, and x/, we have

:u’l* = yﬂ (Aiaz’hri) ) (737)
qF = Fo(A, 2, 1) — (W), (7.38)
X =Ty (A T), (7.39)

where the update functions are the same as in Egs. (7.34) to (7.36), and we have defined

B 1+ Zkeaifik.ulj\i

Al - 9 7.40
> (7.40)
=Y Jidie (7.41)
kedi
F,‘ =1- Z Jikjkix;:\f (742)
kedi

The coupled set of nonlinear equations Eqgs. (7.31) to (7.33) defines the fixed point statistics
of the cavity processes in terms of their local fields. These relations can be solved numerically
via a message-passing procedure that iteratively updates the cavity quantities by substituting

the moments of neighboring species.
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7.3.1 Population dynamics algorithm for quenched disorder

To compute disorder-averaged observables in the thermodynamic limit, we solve the self-
consistent equations Eqs. (7.31) to (7.33) through a population dynamics algorithm. This
stochastic iterative method propagates the distribution of the cavity fields under the joint
randomness of network topology and interaction disorder, providing an efficient way to sample
the typical stationary state of large random ecosystems.

The algorithm proceeds as follows:

1. Initialize a population &7 of P cavity variables, each represented by a triplet (1€, ¢, x°)
corresponding to the mean abundance, variance, and susceptibility of a cavity process.

2. At each iteration:

(a) Sample a degree k from the cavity degree distribution

k1

ptcieg(k) - Tpdeg(k+ 1)

(b) randomly-draw k triplets {( ,uJC-, qj, xjc) ’J‘.:l from the current population to represent
the neighbors in the cavity graph.

(c) Draw k pairs of random couplings {(J j,J}) ];':1 from the coupling distribution.

(d) Compute the effective parameters:

_ LR
-z

L 2
) Jids,
=1

AC

o

k
CC=1-Y JiJix§.
j=1

(e) Update the new fields according to

Fu(A°X°T°),
yq(A(:aZC?FCnuC)?
Fy(A°,T°).

,LLC
qC
XC
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(f) Replace softly a randomly-chosen element of the population with the new triplet
(n,q%x°)-
3. Repeat until convergence of the population statistics, as assessed from the empirical

averages of u¢, ¢¢, and x°.

After convergence, single-site observables for the full graph can be estimated by performing
one additional update step using degrees drawn from pgeg instead of pgeg, thus completing the
cavity construction. In RRGs, the degree distribution is a Dirac delta centered at K, while the
cavity degree distribution is centered at K — 1. Hence, a randomly-sampled node has degree K,
whereas a cavity node has degree K — 1.

This algorithm captures the self-consistent statistical behavior of species in ensembles
of random regular graphs with quenched disordered interactions, allowing the estimation of
typical macroscopic observables in the thermodynamic limit. Further implementation details of
the algorithm are provided in Appendix D.2.

7.4 Species abundance distributions

The fixed point equations derived in the previous section provide a complete characterization
of the stationary state of the generalized Lotka-Volterra dynamics on sparse random graphs.
In particular, they allow us to compute the Species Abundance Distribution (SAD) across the
ecosystem, revealing how sparsity and interaction-disorder shape the statistical properties of

the community.

To assess the accuracy of the theoretical predictions, we compare the species abundance
distributions obtained from the Population Dynamics (PopDyn) algorithm with those measured
from direct numerical integration of the microscopic dynamics defined in Eq. (7.2) (hereafter
referred to as MC). The numerical integration is performed by evolving the system until
convergence to a stationary state for N = 500 species interacting on random regular graphs
with fixed degree K. For each parameter configuration (m, ¢, ¥), averages are computed over
20 independent realizations of the interaction graph and coupling matrix, and for each of
them over 20 distinct random initial conditions uniformly sampled in the interval x;(0) € (0, 1].
The PopDyn results are instead obtained from the full marginal distribution of the population
dynamics algorithm at convergence, using populations of size ranging from P = 10° to 10’
depending on the convergence properties.
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Fig. 7.1 Species abundance distributions on sparse random graphs. Comparison between station-
ary abundance distributions (SADs) obtained from direct numerical integration of the generalized
Lotka-Volterra dynamics (MC, diamonds) and from the fixed point solution of the population dynamics
equations (PopDyn, squares). Results correspond to RRGs with different connectivities and various
combinations of coupling parameters (m, o, y). Each MC histogram is obtained by aggregating equilib-
rium abundances from 20 graph realizations and 20 initial conditions per realization. PopDyn results are
obtained at convergence of populations of size P € [10°,107]. Vertical bars indicate standard errors of
the MC histograms.

As shown in Fig. 7.1, the PopDyn results reproduce with remarkable accuracy the stationary
abundance distributions measured from microscopic simulations, confirming the validity of the
fixed point equations derived from the cavity formalism. For K = 10, the SADs are well ap-
proximated by Gaussian curves, with only mild skewness visible for (m,c,y) = (—1.3,0.1,0)
and (m,o,y) = (1.0,0.5, 1.0). In these cases, the PopDyn predictions closely follow the MC
results, accurately capturing the small asymmetries observed. The residual differences are

minor and mostly confined to the tails, where finite-sample fluctuations are more relevant.

For smaller connectivities, such as K = 3, deviations from Gaussianity become more
pronounced. The SADs exhibit broader, asymmetric shapes with heavy tails and a higher
fraction of extinct species, reflecting the stronger heterogeneity induced by local fluctuations in
sparse interaction networks. Despite these nontrivial features, the PopDyn predictions remain in
close quantitative agreement with the MC distributions, faithfully reproducing both the central
bulk and the asymmetry of the empirical curves. The slightly larger discrepancies observed in
the tails can be attributed to limited statistics, which are particularly relevant when the number

of surviving species is small.

At small disorder (0 < 1), the distributions are narrow and approach a Dirac delta function,
corresponding to stable communities where all species maintain similar abundances. As the

disorder increases, the distributions broaden and develop asymmetry, signaling the emergence
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of heterogeneous communities in which a few species dominate while many persist at low

abundance or go extinct.

Overall, the excellent agreement between PopDyn and MC results demonstrates that the
Gaussian expansion of the dynamic cavity equations captures the essential statistical features of
the stationary ecosystem, including the non-Gaussian distortions induced by finite connectivity
and interaction disorder. These findings confirm that sparse interactions fundamentally reshape
the macroscopic organization of complex ecological communities, even in the absence of

external noise or environmental heterogeneity.

7.5 Stability of complex ecosystems with sparse interactions

The Gaussian expansion of the dynamic cavity equations provides a tractable framework to
study not only stationary abundance distributions but also the global stability properties of large
ecological networks. In this section, we focus on the phase diagram of the random generalized
Lotka-Volterra (rGLV) dynamics on sparse random regular graphs, emphasizing how finite
connectivity alters the onset of instability and the qualitative structure of the stationary phase
space. To capture the distinct effects of sparsity, we perform our analysis on graphs with
varying degrees of connectivity, specifically contrasting the behavior of moderately sparse
networks (K = 10) with the regime of strong sparsity (K = 3), while varying the control
parameters (m, o, 7Y) that define the coupling statistics. A note on terminology is necessary here:
throughout this section, we use the term disorder to refer strictly to the quenched randomness
in the coupling coefficients {J;;}. While the topology of the interaction network is also random,
the use of RRGs ensures that the graph is locally homogeneous (all nodes have degree K);
consequently, we treat the network structure as a source of specific topological constraints

rather than a source of disorder.

A distinctive feature of sparse ecosystems is the emergence, even in the absence of disorder,
of a collective transition between a phase with a single globally stable equilibrium and a
phase with multiple alternative equilibria. This topological phase transition is not induced
by heterogeneity in the couplings but by the combinatorial constraints imposed by finite
connectivity. Its origin can be traced to the competitive exclusion between neighboring species:
when the effective competition |m| exceeds a critical threshold, loops in the sparse graph
frustrate global coexistence, forcing the community to fragment into alternative stable states.
This phenomenon, first observed numerically by Marcus and collaborators [89], is absent in

fully connected systems, making it an ideal case study for our framework.
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Fig. 7.2 Topological phase transition at zero disorder. Phase diagram in the (m, K) plane for RRGs
with K neighbors and homogeneous couplings J;; = m/K. Markers indicate the critical point m,(K)
where PopDyn develops a non-vanishing variance ¢, signaling the transition from a globally stable
Single Equilibrium (SE) to a fragmented Multiple Equilibria (ME) phase. The blue dashed line has
been obtained by interpolation. The analytical prediction (black dotted line) corresponds to the loss
of linear stability of the fully feasible equilibrium, determined by the Kesten-McKay spectral edge
of the adjacency matrix. On the right, examples of microscopic trajectories (MC) are shown for
three representative values of m: from top to bottom, m = —1.2 (single-equilibrium phase), m = —1.7
(multiple equilibria near the transition), and m = —4 (multiple equilibria with strong competition).

To disentangle this intrinsically topological mechanism from the effects of heterogeneity,
we first analyze in section 7.5.1 the case of vanishing disorder (¢ = 0), where all couplings
take the deterministic value J;; = m/K. In this regime, the system’s behavior is governed solely
by the mean interaction strength and the network connectivity, and the onset of instability
can be predicted analytically from the spectrum of the interaction matrix. We then examine
in section 7.5.2 the full phase diagram with disordered interactions (o > 0). By varying the
interaction symmetry Y from competitive to predator-prey types, we reveal how structural
frustration and disorder synergize to reshape the stability landscape, particularly in the limit of

low connectivity where mean-field intuitions break down.

7.5.1 Topological phase transition at zero disorder

The structural effects of sparseness can be isolated by setting the strength of the disorder
o =0, so that the system is governed solely by the mean interaction m and connectivity K. A
distinctive feature of sparse ecosystems is the emergence of a topological phase transition from
a single globally stable equilibrium (SE) to a Multiple Equilibria (ME) phase. This transition is
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identified within our cavity framework as the point where the distribution of the local variance

q is no longer concentrated at zero.

Our derivation explicitly assumes that the system relaxes to a unique fixed point independent
of initial conditions; this implies that the stationary state of the effective process is deterministic,
and thus its self-consistent variance must vanish (¢ = 0). For m above a critical threshold m(K),
the population dynamics confirms this hypothesis, relaxing to a unique solution where the
entire population satisfies ¢ = 0. As m drops below m(K), the assumption of a unique attractor
breaks down. In this regime, the effective process develops a non-trivial variance (g > 0),
reflecting the dependence on initial conditions characteristic of a landscape with multiple
locally stable attractors. Consequently, the population dynamics iterations typically fail to
converge to a stationary distribution, exhibiting persistent oscillations or divergence. Although
the fixed-point theory cannot be used to quantitatively describe the interior of this phase, the
breakdown of the assumption ¢ = 0 (often coinciding with the loss of algorithmic convergence)
accurately marks the stability boundary. We refer to section D.3.1 for the algorithmic details on

how these critical points are identified from the PopDyn data.

Figure 7.2 shows the phase diagram obtained for 0 = 0 on random regular graphs with
K neighbors. The numerical transition points coincide perfectly with the analytical stability
bound derived from the spectral properties of the interaction matrix. In the absence of disorder,
the stability of the fully feasible equilibrium is determined by the condition that the matrix
I+ (m/K)A is positive definite. The spectral distribution of the adjacency matrix A follows the
Kesten-McKay law, supported in the interval [—2+/K — 1, 2/K — 1]. Hence, the critical value
of m is reached when the spectral edge crosses unity, i.e.,

me(K) = ————. (7.43)

This result establishes that the instability is purely topological, driven by combinatorial ex-
clusion constraints rather than random heterogeneity: when effective competition exceeds a
threshold, loops in the sparse graph frustrate global coexistence, forcing the community to

fragment.

7.5.2 Phase diagram with disordered interactions

We now turn to the case of disordered interactions, ¢ > 0, and study how the stability landscape
of the rGLV model evolves when randomness is introduced in the couplings. The analysis is
performed by systematically varying the parameters (m, o) for different values of the interaction
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Fig. 7.3 Stability phase diagrams in the (m,c) plane. Results for RRGs with K = 10 (left) and K = 3
(right) obtained via PopDyn. Dashed lines mark the transition from the Single Equilibrium (SE) to the
Multiple Equilibria (ME) phase, identified by the onset of a non-vanishing variance distribution (g > 0).
Solid lines mark the transition to the Unbounded Growth (UG) phase, identified by the divergence of
the mean abundance . Different colors correspond to interaction symmetry values y € [—1,1] (see
legend). Note the shrinking of the stable SE region as Y — 1 and the severe compression of stability at
low connectivity (K = 3).

symmetry ¥ € [—1,1], and for two distinct connectivity regimes: a moderately sparse case
(K = 10) and a high-sparsity case (K = 3).

The complete stability phase diagrams are shown in Fig. 7.3. Three distinct phases can be
identified based on the behavior of the PopDyn algorithm:

* Single Equilibrium (SE): The algorithm converges to a unique fixed point where the
distribution of the cavity variance ¢ is concentrated at zero. This corresponds to a unique
globally stable fixed point.

* Multiple Equilibria (ME): The distribution of g shifts towards strictly positive values
and broadens; simultaneously, PopDyn iterations typically become oscillatory or diverge,

signaling the fragmentation of the abundance landscape.

* Unbounded Growth (UG): The distribution of the mean abundance u diverges during
the iterations, indicating the absence of finite fixed points and corresponding to the

existence of unbounded trajectories in the microscopic dynamics.

The phase boundaries shown in Fig. 7.3 are obtained from the interpolation of the critical
points determined by PopDyn. The detailed phase diagrams displaying the calculated points,
along with a full explanation of the interpolation procedure, are reported in Appendix D.3.2.
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Fig. 7.4 Phase diagrams for predator-prey interactions (y = —1) at varying connectivity. Results
for RRGs with K = 3 (green), K = 10 (orange) and K = 100 (blueo) btained via PopDyn. Dashed lines
mark the transition from the Single Equilibrium (SE) to the Multiple Equilibria (ME) phase, identified
by the onset of a non-vanishing variance distribution (¢ > 0). Solid lines mark the transition to the
Unbounded Growth (UG) phase, identified by the divergence of the mean abundance y. As connectivity
increases, the SE-ME critical line shifts systematically towards larger negative values of m, confirming
that the ME phase disappears in the thermodynamic limit of fully connected models (K — o).

The phase diagrams reveal a non-trivial synergy between topology and disorder. As seen in
Fig. 7.3a (K = 10), the size of the stable SE phase is strongly dependent on the coupling
correlation . As 7y increases from —1 (predator-prey) to 1 (symmetric competition/mutualism),
the SE region shrinks systematically. Crucially, the boundary between the SE and ME phases
is not horizontal as in the fully connected limit [81]; instead, it bends markedly towards the
o = 0 axis, eventually intersecting it at the topological critical point m.(K). This bending
indicates that structural frustration amplifies the effect of interaction heterogeneity, driving the
system into a fragmented state at coupling variance 6> much weaker than those predicted by
mean-field theory for dense systems.

This structural fragility is further amplified at low connectivity (K = 3, Fig. 7.3b). In
this regime, the SE region is markedly narrower than for K = 10, underscoring the increased
sensitivity of sparse networks to local competitive imbalances. The synergy between topology
and disorder manifests as a stronger curvature of the SE-ME boundary, further constraining
the stability domain. This contraction reflects the breakdown of self-averaging within small
neighborhoods: with only three neighbors, local fluctuations and asymmetric motifs can disrupt

the unique stable state more readily than in denser networks.

Finally, for fully antisymmetric interactions (Y = —1), the ME phase persists at finite

connectivity, extending the topological phase observed at ¢ = 0 into the disordered regime.
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This behavior is in sharp contrast to the infinite-connectivity limit, where the y = —1 system
remains in a single stable equilibrium up to the UG transition. To explicitly visualize this
finite-size effect, Fig. 7.4 compares the phase diagrams obtained for varying degrees of sparsity
(K = 3,10,100). While the Unbounded Growth boundary remains largely insensitive to
connectivity, the critical line marking the onset of multistability shifts systematically towards
larger negative values of m as K increases. This trend confirms that the ME region retreats in the
dense limit (K — o0), eventually disappearing as predicted by mean-field theory. The existence
of the ME phase for predator-prey communities is thus a hallmark of sparsity, arising from
localized feedback loops that destabilize the unique stationary state once the mean interaction

m becomes sufficiently negative.



Part 111

Inference in Compartmental Epidemic
Models



Discrete Compartmental Epidemic models

Epidemic processes on networks constitute a paradigmatic example of stochastic dynamics with
discrete states. In individual-based compartmental models, each node represents an individual
whose health state evolves according to stochastic transition rules, while edges encode potential
transmission paths. Despite their Markovian nature—where the future state depends only on
the present—the network structure induces complex spatiotemporal correlations that challenge

analytical treatment.

Compartmental epidemic models can be broadly classified into two families. Non-recurrent
models, such as Susceptible-Infected (SI), or Susceptible-Infected-Recovered (SIR), describe
irreversible dynamics through compartments, and are suited to diseases conferring permanent
recovery or immunity. Recurrent models, including Susceptible-Infected-Susceptible (SIS), or
Susceptible-Infected-Recovered-Susceptible (SIRS), allow individuals to return to previously
occupied compartments, thereby generating stationary or endemic states. While non-recurrent
models can be solved exactly on tree-like networks using dynamic-message-passing or belief
propagation, recurrent models pose significant computational challenges due to the exponential

growth of possible trajectories over time.

A central practical problem is that of epidemic reconstruction: given partial and possibly
noisy observations of a subset of individuals at scattered times, can one reconstruct the most
probable epidemic trajectory, or estimate the infection probability of unobserved individuals?
Within a Bayesian framework, this problem amounts to combining the stochastic epidemic
dynamics, which defines the prior distribution over trajectories, with an observation model that
specifies the likelihood of the observed data. The resulting posterior distribution encodes all
available information on the underlying epidemic process, but computing its marginals is in
general an intractable task due to the exponential growth of trajectories with time and system

size.

Exact inference can, in principle, be carried out using dynamic cavity equations or Belief
Propagation (BP), which provide locally consistent approximations to the full posterior on
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tree-like networks. However, the computational cost of these approaches scales exponentially
with the duration of the dynamics when recurrent processes are considered, limiting their

applicability to short time horizons or irreversible dynamics.

This part of the thesis introduces the Small-Coupling Dynamic Cavity (SCDC) method, a
polynomial time approximation scheme derived from a perturbative expansion of the dynamic
cavity equations in the weak-coupling regime. In close analogy with the Gaussian-Expansion
Cavity Method developed for continuous stochastic dynamics, SCDC performs a systematic
small-coupling expansion of the observation-reweighted dynamic cavity equations. At first
order, the expansion yields a closed set of self-consistent equations for two-time-dependent
cavity quantities: the probability of individual infection and the conjugate field encoding the
conditioning effect of observations. The latter reintroduces non-causal, backward-in-time
information flow, a hallmark of constrained dynamical systems. Unlike the continuous cases
presented in Part II, averages of response fields do not vanish in this setting, since the presence

of observations explicitly breaks causality.

The SCDC method thus provides a computationally efficient and physically interpretable
approximation to the full Bayesian inference problem. It retains the local structure and message-

passing nature of belief propagation while drastically reducing its complexity.

In what follows, we first introduce individual-based epidemic models on networks and
formalize the Bayesian inference problem. We then derive the SCDC equations for the SI
model and present their efficient algorithmic formulation. Finally, we assess the method’s
accuracy and generality by comparing it with belief propagation and Monte Carlo simulations

on both irreversible and recurrent epidemic models.

All chapters in this part are adapted from the article [93], in which the Small-Coupling
Dynamic Cavity method was developed and applied to epidemic inference and risk assessment
on contact networks. The data and code used for the analyses presented here are openly
available in [94].



Chapter 8

Markovian Compartmental Epidemic
Models

Mathematical models of epidemic spreading offer a principled way to describe how infections
propagate in a population and to reason about the effect of contact structure on the evolution of
an outbreak. Classical compartmental descriptions provide a macroscopic view based on the
fractions of individuals in each compartment under the assumption of homogeneous mixing.
Here we adopt an individual-based perspective that keeps the network of contacts explicit
and models the state of each agent at discrete times. This framework will serve as the prior

dynamical model in the next chapters.

8.1 Discrete-time individual-based dynamics

We consider a population of N individuals, indexed by i = 1,..., N, observed at discrete times
n=0,1,...,T (e.g. daily). The epidemiological state of individual i at time » is a random
variable

xeZ,

where 2" denotes the set of compartments relevant for the disease under study (for instance
2 ={8,1} in the ST and SIS models, 2" = {S,I,R} in SIR and SIRS. The configuration of
the population at time 7 is X" = {x! f’: 1» and the full trajectory of individual i over the temporal

windown=0,...,Tisx; = (x?, ...,x1). The trajectory of the whole population is x = {x;}?' ;.

Individuals interact on a contact network G that may vary with time. At each time step

n we define ﬂ,i’j‘- as the probability that an infectious individual j transmits the infection to a
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susceptible individual i during step n. We set li’j’- = 0 if no contact occurs from j to i during
step n. The temporal neighborhood of node i at time n is i" = {j : 4/; > 0}, and its degree is
k! =|9i"|.

We focus on Markovian dynamics, where the state of each individual at time n+ 1 depends
only on its own state and on the states of its neighbors at time n. The transition probability for

individual i is therefore
n (. n+l n
wi (xi ’x?»)_Cai) )

where x) . is the set of states of the neighbors of i at time n. The transition probability may
depend on time and on the node, allowing for full heterogeneity in the population and in the

contact structure. The transition probability of the whole population factorizes over nodes,

N
w () = T wi (e g x,) - (8.1)

i
i=1

Due to the Markov property, the probability of the configuration at time n + 1 follows from

that at time n through the master equation

Py =Y wr ) PR, (8.2)

EnG%N

where the initial distribution of states is assumed to factorize over nodes
0 MY 000
P(x’) = Hpi () (8.3)
i=1
It follows that the probability of a full trajectory x is

P(x) =P TTTTwi (et x,) - (8.4)

In what follows we focus on models with a single infectious state /, acting upon susceptible
individuals S through the contact network. An individual i in state S (i.e. x} = S) can become
infected only if some of its neighbors are in the infectious state at time n. The infection pressure
felt by i therefore increases both with the number of infected neighbors and with the magnitude

of the infection couplings Airj‘- along the corresponding links. It is therefore convenient to define
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the total infection pressure acting on i as

=) log(1-2;60;) = Y log(1—A}) e, @)

jeair jear

so that the probability that none of the infected neighbors of i transmits the infection during

step n (i.e. i remains susceptible) is given by

=TT (1-Afjder). (8.6)

jeair

In the simplest specifications, a susceptible individual remains susceptible with probability e,
while leaving the susceptible state with complementary probability 1 — e’ . Intrinsic transitions
among non-susceptible compartments are described by model-specific parameters that may

depend on the node and on time.

8.2 Examples and standard parameterizations

The general form above accommodates both irreversible and recurrent processes. Irreversible
models such as ST and SIR admit a partial order of compartments along each trajectory, while
recurrent models such as SIS or SIRS allow returns to previously visited compartments. Below
we list the single-node kernels in a compact form; in all cases ¢’ is defined by Eq. (8.5). For
completeness, we also include a small spontaneous infection probability & in the transition
from S to I (or E), so that the probability of remaining susceptible becomes eh?(l —¢/'). In
general, self-infections can model scenarios where the contact network is only partially known,
in such a way to avoid incompatibility between the inference model and observations arising
from unknown transmission channels; however, a small self-infection can also be useful to
heal pathological cases that can arise in the presence of noiseless observations (more details in

Appendix section E.2). We introduce for shortness of notation its complement ¢’ = 1 — g;'.

SI model 2 = {S,I}.

wi (T = S| 1) = B s e (8.7)
Wi = Ix 1) = 6xn1+5xns(l—ocet>—1—6xn5a”h. 8.8)

1
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SIR model 2" = {S,I,R}. Individuals recover from infection with probability . Once

recovered, they are immune and cannot be infected again.

Wi = S x5) = S sof el (8.9)
W = I = Sy (1= ) + S (1 —alet ) (8.10)
wi (T =R}, x5,) = B g + S 1. (8.11)

SIS model 2" = {S,I}. Individuals recover from infection with probability r. There is no
immunity, so that recovered individuals return to the susceptible state.
Wi = S| X)) = Ou 117 + Or 5O el (8.12)
WO = I ) = 8 (1= ) 4 B g (1 —afet)
= 1—8u 1! — 8o s’ (8.13)

SIRS model 2" = {S,I,R}. Individuals recover from infection with probability r?. Once

recovered, they acquire temporary immunity, which is lost with probability o;".

Wi = S xl) = 8 kO + By sorfel, (8.14)
WG = 11X, x5) = Sy (1= %) + 8 (1 . a,."eh?) : (8.15)
Wi (! = R}, xh,) = 8 g (1= 0f") + 8 1) (8.16)

In all the models above the transition from S to I depends on the states of the neighbors
through the infection pressure A4}, while all other transitions are intrinsic and depend only on
the state of the individual. This structure is common to many compartmental models, and it

will be exploited in the derivation of the inference algorithms in the next chapters.



Chapter 9
Bayesian reconstruction of epidemics

In this chapter we introduce the general Bayesian framework for the reconstruction of epidemics
from partial observations. We discuss the computational challenges arising in this context, and
we review existing approaches based on Monte Carlo sampling, mean-field approximations and
Belief Propagation. The limitations of these methods motivate the development of the novel
SCDC algorithm presented in chapter 10.

9.1 Bayesian formulation of the inference problem

We consider a population of N individuals interacting on a (possibly time-varying) contact
network, and we assume that the spreading of an infection is described by a discrete-time
Markovian compartmental model as in chapter 8. The probability of a full trajectory x is given

by Eq. (8.4),
T—-1 N

P(x) = po(x) [T TTwi (<t xs,) 9.1)

n=0i=1
where pg is the initial distribution of states, assumed to factorize over nodes as in Eq. (8.3), and

w? are the single-node transition probabilities.

We assume that partial observations on the state of some individuals are available at certain
times. This is the typical situation in real-world scenarios, where the state of only a fraction of
the population is known at a few discrete times, due to limited testing capacity. We denote by
0 = {0;} | the set of site independent observations, where O; = (0Y,...,07) is the vector
of observations for individual i. Each O can either be a compartment label in .2, if the state

of individual i has been observed at time n, or a special symbol 0 if the state is unknown. We
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assume that the tests can give false negatives and false positives, respectively with rates 1~

and . The likelihood contribution of an observation O? given the true state x” is defined as:

(I=n")(A=8u ) +n"6n,; if O} € Z°\{I},
P(O/Ix}) =4t (1=8up)+(1-n")8u,; ifO} =1, ©-2)
1 it 0! =0.

Note that for O} = 0, the factor is unity, reflecting that the absence of a test provides no
information about the state x!. The likelihood of the full set of observations &' given the

trajectory x factorizes over nodes and times,

N T
P(O)x) = H P(O"|x1). (9.3)

l:

In the following, we adopt a Bayesian formulation of the inference problem. Within
this framework, the epidemic dynamics plays the role of a generative model defining a prior
distribution over the space of all possible trajectories x, while the partial observations & provide
evidence that reweights the statistical weight of each trajectory according to its compatibility
with the observed data. The goal of the inference task is to estimate marginal probabilities of
infection or recovery from the posterior distribution conditioned on the available observations.
Using Bayes’ theorem, the posterior distribution over epidemic trajectories reads

P(O|x)P
Plalo) = M0 .40
N T—1
o [T D)P(O] Ix]) T wi (x|, x,) PO} 1), (9.4b)
i=1 n=0

where p(0) is a normalization constant independent of x. The posterior distribution Eq. (9.4b)
defines a high-dimensional graphical model with loops, whose structure is determined by
the contact network and by the temporal sequence of observations. The main computational

challenge in this context is to efficiently estimate marginal probabilities of the form

P(x} =x|0) =Y P(x\x},x} =x|0), (9.5)
x\x!

where the sum runs over all trajectories except for x}. Exact computation of Eq. (9.5) is
intractable in general, due to the exponential growth of the configuration space with N and
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T. In the next section we review existing approaches to approximate the posterior marginals

Eq. (9.5), highlighting their strengths and limitations.

9.2 Simple Mean-Field approximation

A first class of methods to approximate the posterior marginals Eq. (9.5) relies on mean-field
approximations, which replace the true posterior distribution with a simpler one factorized over
nodes and times. From Eq. (8.2), the marginal probability that individual i is in state x at time
n+ 1 can be written as

P! =x) =Y wi (xla, x5,) P(x"). (9.6)

The simplest mean-field approximation consists in replacing the full joint distribution P(x")
with the product of its one-site marginals, P(x") ~ [TY_, pmr(x?). This standard assumption in
statistical physics neglects all correlations between neighboring nodes, leading to a closed set

of recursion equations

PME (X} ZPMF ZW (o, x5:) TT pwme(). 9.7)
731 kealn

The Simple Mean-Field (SMF) equations Eq. (9.7) can be iterated forward in time from the
initial condition ppE(x; 9) to obtain an approximate evolution of the marginal probabilities.
Their intuitive content mirrors the transition equations of the stochastic process, yet the neglect
of correlations among neighbors leads to systematic errors, typically overestimating infection
levels. Improved approaches, such as the Dynamic Message Passing (DMP) equations [95, 96],
partially restore these correlations and are exact on tree-like networks. We will discuss them in

more detail in section 9.3.

As an illustration, consider the ST model, for which 2" = {S,/} and infection is transmitted
from individual k to i with probability A/} at time n. The SMF equations read

pye( ! =8) = pup(xf =S) of T] (1 - Apme( = 1)), (9.8)
kedin
PME (X, nt1 =I)=1—-pwr(x; =9) H (1 =ALpmr(xg =1)). (9.9)
kedin

For weak infection probabilities l < 1, one may expand the product in Eq. (9.8) to first
order. Defining the infection probablhty u! = pme(x! = I), the small-coupling approximation



9.3 Belief Propagation for epidemic trajectories 110

becomes
w1 — (1 -y of exp (— ) l{,ﬁ,u,?) : (9.10)
kedin
This expression allows each individual to update its infection probability locally, using only
information from its own state and from the infection probabilities of its contacts weighted
by the couplings A;. Such an update can be implemented in a distributed manner, without

requiring a central repository of information.

The SMF formulation in Eq. (9.7) does not account for the observations &'. To incorporate
the information provided by test results, one can reweight the probabilities at the observation
times according to the measured states. For simplicity, we consider here the case of hard
observations, assuming ideal tests with vanishing false-negative and false-positive rates (1~ =
n* = 0). Suppose that individual i is observed at time nops With outcome O;**. The SMF
equations Eq. (9.7) are run forward in time from n — nyp, assuming all individuals are initially

susceptible, and the observation is imposed as a constraint at npg:

if O?Obs =3 pMF(x? = S) =1, n e [l’l—l’lMF, nobs], (9.11)
if O?Obs =1: pMF(x? = I) = 1, n/ & [nobs — Al’ll, nobs]~ (912)
Here nyp represents the number of time steps prior to the observation considered in the forward
update, and Any the typical delay between infection and testing. This heuristic procedure
is straightforward and efficient, but it applies only to irreversible dynamics, such as SI and
SIR, where infection times are ordered and uniquely determined. In models with recurrent
dynamics, such as SIS and SIRS, backward propagation of observational information becomes
intrinsically ambiguous, as multiple infection and recovery events can be compatible with a

single observation.

9.3 Belief Propagation for epidemic trajectories

The posterior distribution Eq. (9.4b) defines a high-dimensional graphical model whose topol-
ogy mirrors the contact network and the temporal sequence of observations. This structure
closely resembles that of the trajectory distribution Eq. (2.20), with the difference that each
factor 1s now reweighted by the observation likelihood Eq. (9.2). On a tree-like contact network,
the posterior distribution Eq. (9.4b) can in principle be treated exactly using the dynamic
cavity method—also known as dynamic Belief Propagation (BP) [27, 97]. However, as dis-
cussed in section 2.3, the explicit time dependence of the dynamics introduces short loops
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between consecutive temporal layers, so the standard factor graph representation is no longer
loop-free. To apply the dynamic cavity method consistently, one must instead adopt the dual
graph representation, in which variable nodes encode pairs of trajectories on the edges of the
contact network, thus eliminating these redundant temporal loops. When the underlying contact
network is sparse and locally tree-like, the resulting dual factor graph is also locally tree-like,

allowing BP to compute the posterior marginals Eq. (9.5) exactly.

Applying the BP update rule Eq. (2.21) to the posterior factors in Eq. (9.4b) yields the

following recursion for the messages:

71
e j(xi,x5) o< po(x])P(O4lxi) Y HW?(X?+1|X?7X?7)_C§,~\]~) IT ceilxexi), (9.13)
X9i\j n=0 kedi\j

where P(O;|x;) = [11_, P(O7|x}) is the likelihood of the observations for node i given its
trajectory X;.

Despite their conceptual simplicity, the direct use of Eq. (9.13) is computationally pro-
hibitive. The sum over neighboring trajectories grows exponentially with 7', as each trajectory
x;. spans |2 |7 possible sequences. For irreversible processes such as SI or SIR, however, the
trajectory of each node can be fully characterized by a small number of transition times, which
reduces the complexity dramatically. In these cases, the BP recursion can be reformulated in
terms of messages over transition times, leading to an algorithm that scales linearly in 7'. In
contrast, for recurrent models (e.g., SIS or SIRS), multiple infection and recovery events can
occur within the same trajectory, and the number of possible paths still grows exponentially
with time, rendering exact BP intractable.

To illustrate this approach, let us focus again on the SI model, where each individual i
can switch from the susceptible to the infected state only once. The trajectory x; is therefore

uniquely determined by the infection time n;, defined as
n; =min{n | xj =1}.

The infection time n; can take 7 + 2 values, corresponding to infection at times O, 1,...,7, or
remaining susceptible throughout the observation window (n; = 7'+ 1). The state of individual
i at time n follows directly from n;:

n S, n<n,
=9, (9.14)
, nh-~=n;.
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In the SI process, an infected node j transmits the infection to a neighbor i after a random

transmission delay s;j, drawn from a geometric distribution w;;(s) with parameter A;;,
@ij(s) = Aij(1 =), s=0,1,2,... 9.15)

Hence, the infection time of node i is determined by the minimum infection time of the

neighbors plus their corresponding transmission delays:
ni=1+ min{nk + sik}- (9.16)
kedi

The joint distribution of infection times n = {n;} given the initial condition x° can then be

written as a sum over all the possible transmission delays s = {s;;}i;

P(n|x°) ;P ﬁa( ){1+mm{nk+s,k}D (9.17a)

i=1

= ZH@U Sij H <n,~, (1— 5x?,1) {1 +?éiar§{nk +s,~k}]> , (9.17b)

s i£j

where the prefactor (1 — 6,0 ;) ensures that initially infected individuals have n; = 0. For
shortness of notation, we denote by y; the local factor enforcing Eq. (9.16):

Vi(ni, {ni, sik freai) = 6 (nlw (1=8,,) [1 +min{m +Sik}} ) : (9.18)
and by y;; the pairwise factor associated with the transmission delay s;;:
Vij(sij,8ji) = 0;(si;) @ji(s i) (9.19)

Conditioning on the available observations &, the posterior distribution of infection times
reads

N
P(n|0) <Y TT wijlsijysi)[Twilni {ne,sicteeas) [ P(OFmi), (9.20)
i=1

s (i,j)€E (i,n,00)e0
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where P(O?|n;) is the likelihood of observing O7 at time n given the infection time n;, obtained
from Eq. (9.2):

1-nM)0O(m—n)+n"0O(n—n;), O'=S,
N0 —n)+(1-n")0(n—n), Of=L

1

(9.21)

As for the trajectory-based posterior, the infection time formulation Eq. (9.20) defines
a graphical model with many short loops, whose structure follows the contact network and
observation times. By adopting the dual factor graph representation of Fig. 2.4(d), one can
again eliminate these loops and apply BP to compute the posterior marginals P(n;| &) exactly
on tree-like networks, or approximately on sparse loopy ones. We get rid of the delays s;;
defining n;; = nj +s;; and nj; = n; +s;; as the transmission times from j to i and from i to j,

respectively. The posterior distribution can thus be factorized as

N
P(n|0) o< Y [T wilni {nateeor) T @ij(nisnj,nij,ni), (9.22)

n;j i=1 (i,J)EE

where the sum runs over all transmission times n;; = {n;;}; jcg- This defines a dual factor
graph that is locally tree-like if the contact network is sparse and tree-like. Applying BP to
this representation yields an efficient algorithm for computing the posterior marginals P(n;|0’)
exactly on trees and approximately on sparse networks. Each BP update scales as O(T|E|),
where |E| is the number of edges in the contact network [98].

Despite its accuracy, the BP approach presents important practical limitations. First, its
computational complexity, although linear in T for irreversible dynamics, becomes prohibitive
for recurrent models such as SIS or SIRS, where each node can undergo multiple infection
and recovery events. In these cases, the number of possible trajectories grows exponentially
with time, and BP can only be applied through uncontrolled approximations. These limitations
motivate the development of alternative methods that retain the interpretability and Bayesian
consistency of BP while ensuring tractable computational complexity for both recurrent and
non-recurrent epidemic models. The SCDC method, introduced in chapter 10, represents a
concrete realization of this idea.



Chapter 10

The Small-Coupling Dynamic Cavity
Method

This chapter introduces a dynamic cavity approximation to overcome the high computational
cost of Belief Propagation in recurrent dynamic models. The proposed method uses a small-
coupling expansion to derive a closed system of equations for single-time marginals, achieving
a uniform computational complexity that is linear in the time horizon. We derive the method
using the SI model and benchmark its performance against Belief Propagation and Monte
Carlo sampling. Finally, we explore its application to inference in recurrent models and discuss
practical implications. All numerical results presented in this chapter were obtained using the
open source SmallCouplingDynamicCavity. j1 package [94], which implements the SCDC
algorithm and the transfer matrix solvers described below.

10.1 Dynamic cavity for the SI model

In order to illustrate the derivation of the SCDC method, we focus on the SI model. As recalled

in section 9.3, the observation reweighted dynamic cavity equations read

l\](-xlvxj) pl( ’xl Z HW n+1|x“ j?xal\]) H Ek\i(xkuxi)7 (101)

l\J Xpijn k€di\j

where the tilde reminds that we will soon introduce an equivalent trajectory-field representation.

The main challenge in solving these equations is the exponential growth of the number of



10.1 Dynamic cavity for the SI model 115

possible trajectories with the time horizon 7. To obtain a tractable approximation, we expand

in the edge couplings, assuming small infection probabilities.

Introducing the couplings Ji; = log(1— l{}), the product of single-step transitions can be

written as
s (= 1
e\ = I:Iw (g ],xal\j) (10.2a)
T—1
= I_I |:(xln eXp(s:l"_ Z Jlr]l{ SXZJ) (6xf’+l.xf’ - x]'H»l I) +6x{1+1 I:|, (10.2b)
n=0 kedi\ j b b Y

where we introduced the auxiliary field 5! = J” Oy "I that isolates the contribution of neighbor j
along the edge j — i. The dynamic cavity equatlon can thus be rewritten in terms of the pair
(x;,8;) as

& (xi,5) =11 i) P(Oix) Y &S I (i), (10.3)
’\J X9i\j kedi\j

with the shorthand Jy; - x; = (J2. 8.0 ,...,J% 8.7 ;). The normalization constant Zi\ j can be
neglected, as one can always re-normalize the messages at the end of the iterations.

To perform the small-coupling expansion it is convenient to pass to Fourier space with

respect to §;. We define the Fourier transform of the cavity messages as

c(x,h) = / (nl_] C;Sﬂ s ) &(x,s), (10.4)

where h = (izo, e ,itT) are the conjugate variables to the fields s. Applying the inverse transform

to Eq. (10.3) and recalling the Fourier representation of the delta function, we obtain

) 0 O P 1| A7 oc
Ci\j(xiyhi) = bi (xl>Z (0 |x >€Sl' /dhkck\, xk,hk)e lk (10.5)
i\j ke&z\j X

where the local and pair actions are
sloc _ Z log[ of (81 0 =8 ;) + ()8 (10.6)

t_j Z( a1 T+ S TR, (10.7)
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The Fourier transformed equations mirror the structure of the continuous-time dynamic cavity,
with the response fields replaced here by the conjugate variables h. This analogy allows us to
apply the same small-coupling expansion strategy used in section 4.2 to obtain a closed system
for single-time marginals. A complementary derivation based on a path integral representation
is reported in Appendix E.1.

An equivalent equation is obtained for the single-node marginals

~ 0 O P i|Xi oc ~ ~ int
eiox ) = POV PO 5t TT 5 [ by o e (108)

kedi Xk

10.2 Small-Coupling Dynamic Cavity Equations

Following the same steps as in section 4.2, we expand the interaction term to first order in the
coupling strengths JZ Before proceeding, we fix the normalization constants Z; ; and Z; in
Egs. (10.5) and (10.8) by imposing

Z/dizici\j(xi,iti) =1, Z/dizici(xi,iz,-) =1. (10.9)
Xi Xi

This choice ensures that messages and marginals are properly normalized quasi-probability
distributions on the joint space of trajectories and conjugate variables. Consequently, for any

function f(x;, h;) we set
<f(xiaili)>i\j :Z/dilici\j(xiaili)f(’ﬁj‘i)» (10.10)
X

with an analogous definition for (-);. By inverse Fourier transforming the normalization, one

finds that this is equivalent to fixing s; = 0 in Eq. (10.3), namely
Z/dftici\j(xi,ili) =Y &\ (x:,0) =1, (10.11)
X Xi

which corresponds to treating the missing neighbor j as susceptible at all times in the cavity
graph.

Within the small-coupling approximation, removing node j from the cavity graph implies
that j exerts no infection pressure on i. In contrast, the original dynamic cavity method
of section 9.3 conditions on the actual trajectory of j and updates edge messages in a self-

consistent manner, which can become exponentially costly in the time horizon T for recurrent
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dynamics. Choosing a normalization independent of the trajectory of j is convenient for
developing an approximation that does not explicitly track the joint trajectories of i and j. A
drawback is that certain observed trajectories of i can only be reconciled with the model by
introducing a nonzero self-infection probability. Appendix E.2 discusses this issue on a simple

example and shows how a small self-infection resolves the inconsistency.

Expanding to first order in Jl-”j the cavity equations Eq. (10.5) gives

pl Oi X loc =1 n/tn
CZ\J(xl,h ) ~ ( ) \5 ’ )eS1 kI;[\ 1—|— ZOSX?JJki<lhk>k\i
Z; €di\j n=
+1Z i (B i ] (10.12)

Introduce the cavity infection probability and the average conjugate field

,LLK]- - i = ch\] x;,0 5x§’,17 (10.13)

n . n dc j(xi,8:)
Af; =GR, :Z\QT , (10.14)

S,‘=0

where we used the inverse transform to express the averages in terms of ¢;\ ;. The quantity ,ul.’ij is
the probability that i is infected at time 7 in the cavity where j is fixed susceptible. The quantity
[le.”\j measures the sensitivity of the trajectory probability of i to an infinitesimal increase of the
field 57, which raises the infection pressure from j. It can be positive or negative since it is a
response function. Direct calculations show that fI vanishes in the absence of observations,
while it becomes nonzero when observations are present. We will see in section 10.2.2 that [1

propagates information backward in time and is essential for inference.

Re exponentiating Eq. (10.12) yields a compact form for the cavity message in terms of a

decoupled effective action

e )~ PO PO o (5 ), (10.15)
Zij
T-1
St (xihi) = Y {log S +1)0 (8v1 0 — 8rvr ) + 8(H)S i
n:() 1 ke 1 ) 1 ’
+ ) (5xl,n,,J;§,.pLg\i+iiz?J;}<ug\i)}. (10.16)

kedi\j
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This effective action describes a single node i under an effective time-dependent infection
pressure from its neighbors in the cavity graph.

The SCDC closure assumes that cavity messages are parametrized by the one-time quantities

A . . . . . . ff .
,ui’ij and /.Ll.”\j. Evaluating their expectations with the effective action S?\j gives

0
n pl' P 0 xl
W = (B i = X B (x; zﬁf\( i) exp (St x1) ) (10.17)
X 1
0,0
N n pi Xl- P i|Xi
gt = i, =Y ( z%\(j | )exp<sf<]( )) (10.18)
X 1
with
l\] Z {log[ n Zkeal\J lk:uk\l<6 H—l l 5n+l 1)+6xn+1 ]
+ ) 5)41,111’5!1?\,-}, (10.19)
kedi\j
N T-1
Sf{j(x)— Z{log[ ! (81, n—éx;,+17,)]+ ) (J{,‘(u,?\iJer?JJ,?iﬂ,?\i)}. (10.20)
n=0 k€di\j

The constant Z;, ; enforces normalization. Single-node marginals follow analogously:

(x?) P(Oilx))

W = (B )i = Y8 P exp (81 () (1021
] ’ X 2 ? i
0/,0
A o p; (x;) P(Oilx;) ;
anl = (- 1h;?+1>,.:; S lexp(S,“(x,)), (10.22)
with
T—-1 ):
Sfl (x;) = Z {log[ o e~ lk“k\l(ax;’“,x? _6x?+1,1)+5x;’+1,1]
n=0
+) 3xlr,z,1J,’§iﬂ,?\i}, (10.23)
kedi
. T-1
Si(xi) =Y {log[ ! (Ot 6xn+1,]+ Y ( kug\i+5x;t,,J,;',.ﬁ,’;\,.)}. (10.24)
n=0 kedi

The SCDC equations Egs. (10.17), (10.18), (10.21) and (10.22) form a closed system
of 4NT equations for the 4NT unknowns [,Ll.’{j, ﬂ:{] pit and 1. They provide a non-causal
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generalization of the mean-field equations of section 9.2, where the additional order parameter
[ captures the effect of observations propagating backward in time. A computational bottleneck
is the explicit sum over trajectories of node i, which involves 27 terms in the SI model. A naive
full update would thus cost O(|E| T 2T). In the next section we reduce this to O(|E| T) by using

a transfer matrix formulation.

10.2.1 Efficient implementation via transfer matrices

The sums in Egs. (10.17), (10.18), (10.21) and (10.22) can be carried out efficiently with a

transfer matrix approach. The normalization constant 2}, ; can be written as

_ Zp? HMl\J ZH 0T|x ) (10.25a)
Xi
Y A6 T X M PO D) (10.25b)
40 n=0 n+1 X
where
o M’\jv” Mi\jﬂ
MV — ( fian f{]n (10.26a)
Mg M,

_ (“f’ e ip(og)s) (1 apetin i) <0"!S>) (10.26b)

0 ):keaz\/ ‘]kt'uk\zP(On |I)

n+1 __

Here M,y P\J7 i the contribution to the path weight when x7 = x and x; ™" = y. The normalization

can be computed in O(T') operations by iterating forward. The same matrices yield

n L i
Hi ;= 7, P—\>{1( )Pn&( I), (10.27)
A L N i\ A
=z VS)M" o1 (8) =iy (1)), (10.28)

with forward and backward messages

Pl =Y pt () ’)’ v x,,l, (10.29)
xn 1
P (x7) = ZM’)Jjﬂp;wa"“), (1030)

1

+1
X
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initialized with p'} A o) = pY(x?) and py A% J (x) = P(OF|xT). 1t is worth noting that the
normalization constant can be expressed as

%= Zp‘\’ ) i (), (1031)

for any time n. An equivalent transfer matrix formulation holds for the single-node marginals,
where the sum runs over all neighbors di.

\] i\j

The messages p_3, summarize the contribution of the past up to time n, while p,’ sum-
marize the contribution of the future from n to T. Hence a complete update of ‘ui\j and ‘ui\j
over all edges and times costs O(|E|T). From Eq. (10.28) one reads that ,al.”\j is zero whenever
the backward in time cavity messages at time n + 1 are uniform. As shown in sections 10.2.2
and 10.3.1, this occurs when there are no observations at later times, yielding a purely forward

reduction of the SCDC equations.

Generalization to other models The SCDC equations can be straightforwardly adapted
to other recurrent models. The main changes concern the single-step transition probabilities,

which modify the transfer matrices M i\j:" For instance, in the SIS model one has

Yieon j n n 2 kedi\ j ik n
o\ alte=redN KR PO S <1—OC €di\j ik k\z> oS
Ml\m:( i€ (071S) P(0]15) (10.32)

r?eZkeai\jJﬁﬂZ\;P(OﬂI) (1—r)e Yieai\j ’“”"\’P(O”U)
For the SIR and the SIRS models, the state space of each node is larger, and the transfer
matrices become 3 x 3. The computational cost remains O(|E|T), as it depends on the number

of edges and time steps, but not on the size of the state space. The transfer matrices for the SIR

and SIRS models are, respectively,

AVELEE AV R WAV EL
Mgs™ Mg ™ Mg

M = M}%]" M,%J" M,%J” (10.33a)
i\j.n i\j,n i\Jj,n
MR.S! MRI] MRR]
g Prls) (1-gi,)PO1S) 0
- 0 (1= PO rigi POl | (10.33b)

0 P(O7|R)
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and
L ([srens (1-g1,) P(O31S) 0
MET=1 0 (=g PO g PO | (16.54)
o/ P(O}|R) 0 (1—-07")P(Of[R)

where we introduced the shorthand notations

gl = o eRkeoi ik, (10.35)
gh = ebeolifily, (10.36)

As long as further compartments are included with transitions being parametrized by
individual-based rates, generalization of the above construction follows straightforwardly
(e.g., Susceptible-Exposed-Infected-Recovered (SEIR) and Susceptible-Exposed-Infected-
Recovered-Susceptible (SEIRS) models).

10.2.2 Effect of the response function

The additional order parameter (1 is the distinctive feature of SCDC. It captures the impact
of observations that propagate backward in time and is therefore essential for inference. To
illustrate its role, we consider a uniform SI model with /ll-’} = A and o' = o on a contact graph
built by randomly adding edges to a K-regular tree. When an observation is made at time
Nobs ON node i, the outgoing fields ,ﬂl.’ij become nonzero for all n < nypg and start propagating
through the network. As shown in Figure 10.1, these fields carry a signed signal: if a node is
observed infected, the response tends to be small and negative as it flows backward in time from
the observed node; if a node is observed susceptible, the response is positive and often close to
one. The magnitude increases as one moves backward from the observation time, reflecting the
accumulation of explanatory pathways, and it is strongly filtered by the network structure, so
that some directions are less favored than others. This nontrivial anisotropy reflects the central

role of topology in shaping the backpropagation of information.

A complementary, probabilistic view of the role of the response fields is obtained by

monitoring the temporal behavior of the normalized time-forward and time-backward messages,
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Fig. 10.1 Backward propagation of response fields induced by observations. Panel a-left: contact
graph obtained by randomly adding links to a tree; the epidemic source is shown in yellow. Panel
a-right: inference performance of SCDC with one observation on node 12 at time nq,s = 25 (top)
and two observations on nodes 12 and 8 at the same time (bottom). The panels report the posterior
probability of being infected as a function of time (vertical axis) for all nodes in a single epidemic
outbreak generated by a uniform SI model with A = 0.19. The same parameter is used for inference.
Observed states are marked by colored dots (green = S, red = I). Black vertical lines indicate the ground
truth infection intervals. Panel b: spatio-temporal propagation of the cavity response fields from a single
observed node (top row) and two observed nodes (bottom row). For each edge (i, j) the line thickness is
proportional to | ﬂi’ij + ﬁ;’\i » while the color encodes the value of the sum [t ; + [17, ; (see legend). Time
flows from left to right. Node states are indicated by colored dots (green = §, red = I), while observed
nodes are circled in black.
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Fig. 10.2 Time evolution of forward and backward cavity messages. Normalized backward (top row)
and forward (bottom row) cavity messages ﬁ,l,\d (x} =1) and ,ﬂ{l (x! =1) on selected edges of a small
tree. The outbreak is generated by a uniform SI model with A = 0.1. The left panel shows the graph; the
observed node is red, the others are blue. The observed node becomes infected at » = 10. Left column:
observation x = S at no,s = 8. Right column: observation x = I at ngps = 12.

ﬁl_\>{1 (xF) = pl_\>£, (x1)/ Zi’,, and ﬁ,’,}i (x) = p,;}i (x1)/ Z,i\i, where the normalization factors are
2= Y Y ahM (10.37)
—n P11\ x;z—lx?v :
O are(s Iy
zt= Y o @MY, (10.38)

x;’,xfﬂ e{S,I}

Consider a homogeneous SI realization on a small tree, shown in Figure 10.2 (left), where the
root is infected at n = 10. An observation at time nq,s modifies both families of messages on
all directed edges. If the root is observed susceptible, the time-backward message exiting the
root is identically zero at all earlier times; moving away from the observed node the backward
probability becomes nonzero (and typically increases with the graph distance) but decreases as
one goes further back in time. If the root is observed infected, the backward message exhibits
an instantaneous jump to one at the observation time and then decays when going backward.
Moving away from the root, the backward messages tend to increase at earlier times, consistent
with the fact that neighbors might have caused the infection of the observed node. In the
absence of information, normalized time-backward messages relax to 0.5 at later times. The
normalized time-forward messages display a complementary pattern: they increase with time
to account for the observed cascade; they drop when a node is observed susceptible and recover
afterward due to the forward spread, while for an infected observation they approach one after
a short delay.
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10.3 Benchmarking on the SI model

10.3.1 Time-forward dynamics

The apparent breaking of causality in the SCDC equations originates from the presence of
observations at later times, which induce a backward propagation of information through the
conjugate fields fi. In the absence of observations, all ,Cll.”\j vanish identically, and the dynamics
reduces to a causal, time-forward evolution of the standard mean-field type.

This reduction can be proven inductively by showing that the response fields I vanish
whenever no observations are present. If p(O”|x}') = 1 for all i, n, the backward messages at
the final time T are uniform, p; i\ v (g Ty = 1. From Eq. (10.28), this implies =1 =0. The

i\j
backward messages at the preceding time step are then

pd L () ZM’WTI— (10.39)

where we used that the columns of the transfer matrix sum to one in the absence of observations
and with I = 0. Assuming now that the backward messages are uniform at time n + 1, one has
,LLI\J = 0 from Eq. (10.28), which in turn implies that the backward messages at time » are also
uniform:

Pl ()= Y MY =1 (10.40)
n+l Xi X

By induction, [Li’ij = 0 for all n in the absence of observations, and backward messages remain

uniform at all times.

It follows that, without observations, the SCDC equations for the cavity infection probabili-

ties reduce to

n LY 1 i\Jj n—1n 4 i\ jn—1
M = D@f\ 7 P=n(l) = Z ’}le—m—l(xi )Mx;;fl./l ) (10.41)
\J,n— 1 i\Jj — i\jn—
=My T o Y ])Mxlﬁf‘l’,]- (10.42)
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For the ST model, this gives

i\Jj

P_n_1(S) n—1 Yeconi i M
i =po T2 L (g teRkediie B ) (10.43)
A= My e ( : )

=1—(1—pf; )Oci"_lexp< Y i ) (10.44)

kedi\j

and similarly for the single-node marginals:

pr=1—(1-p" o' lexp(z(;Jl’}( l,uk\l ) (10.45)

kedi

Numerically, one can verify that in the absence of observations, the SCDC algorithm in
Eqgs. (10.25b) and (10.27) to (10.30) converges to the same results obtained by iterating
Egs. (10.44) and (10.45) forward in time from the initial conditions ,u\ =p;(x ( =1).

For small infection probabilities A, Eqs. (10.44) and (10.45) can be linearized to yield

lj’

pi e = (=g e [T (=2, (10.46)
kedi\j

i = (1= Dot [T (0= A ), (10.47)
kedi

which represent a natural cavity generalization of the SMF equations in Eq. (9.9). The SMF
equatlons are recovered by replacing the cavity marginals f,; \ ! with the single-node marginals
[T in Eq. (10.47). The cavity formulation yields improved accuracy, particularly on sparse
networks, as it partially accounts for local correlations by removing direct feedback between

neighboring nodes.

Figure 10.3 illustrates the quality of the approximation obtained from Egs. (10.44) and (10.45)
for purely time-forward SI dynamics in the absence of observations. Simulations were per-
formed on standard classes of static graphs, including regular trees, RRGs, and proximity
random graphs (see section 10.3.2 for details). Results from SCDC are compared with those
from the BP algorithm (section 9.3) and the SMF equations (section 9.2). For reference, aver-
ages over 10* Monte Carlo realizations of the exact time-forward SI dynamics are also shown.
All mean-field-based approaches tend to overestimate the number of infected individuals, as
correlations between neighboring nodes are neglected. BP, which is exact on trees, closely
reproduces Monte Carlo results and remains highly accurate on sparse graphs. Both SCDC

and SMF overestimate infection prevalence, though SCDC systematically provides a more
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Fig. 10.3 Time-forward epidemic dynamics on different contact networks. Time-forward dynamics
obtained from SCDC, SMF, BP, and Monte Carlo simulations (10* realizations). Each panel shows the
fraction of infected individuals as a function of time for four different static contact graphs. From left to
right: regular tree with degree K =4 and N = 485; RRG with N = 500 and K = 4; RRG with N = 500
and K = 15; proximity graph with N = 500. The infection probability A is reported in each panel. The
initial infection probability is y* = 5/N, and €" = 0.

accurate description. Performance is comparable on dense random graphs but deteriorates on
spatially structured networks such as proximity graphs, where short loops can create additional

correlations. In all tested cases, SCDC consistently outperforms SMF.

A detailed analysis of the role of A is reported in Fig. E.1 of Appendix E.3. For small A,
SCDC yields significantly better estimates of the infected fraction than SMF across all graph
ensembles. For larger A, SMF performs slightly better on random regular and proximity graphs,
though the difference remains marginal. Overall, the time-forward reduction of SCDC provides
a robust and accurate alternative to SMF, with a computational cost that scales as O(|E|T)

instead of O(NT), representing a modest increase for sparse graphs.

10.3.2 Epidemic inference and risk assessment

We examine a standard epidemic risk assessment scenario in which, given a contact network
and a small number of observations collected at the final time step of a stochastic epidemic
realization, the task is to infer the posterior infection probability of each unobserved individual.
Epidemic outbreaks following the SI dynamics are simulated using the EpiGen Python package
[99] on both synthetic and empirical contact networks. A random subset of individuals is
observed at the last time 7', and the inferred probabilities are compared with the ground truth
states to evaluate inference accuracy. For each method, the classification performance is

quantified through the Receiver Operating Characteristic (ROC) curve, which plots the true
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positive rate versus the false positive rate. The area under the ROC curve (AUC) provides a

quantitative measure of the probability of correctly identifying infected individuals.

Inference with the SCDC method is performed using its efficient transfer matrix formulation,
and its accuracy is benchmarked against the SMF method described in section 9.2 and the BP
algorithm presented in section 9.3. For both BP and SCDC, the individual infection probabilities
at the final time are obtained from the corresponding single-node marginals once the iterative
message-passing updates have converged, i.e., when the error on the cavity marginals falls
below a prescribed tolerance threshold. In some instances, neither BP nor SCDC reaches
convergence within a reasonable number of iterations (typically a few thousand in the analyzed
epidemic instances). Such non-convergence is often related to the presence of strong loop
correlations and long-range dependencies in the contact network. In these cases, the node
marginals are estimated by averaging the messages over a sufficiently long sequence of updates
(typically hundreds of iterations). A systematic analysis of the convergence properties of both
algorithms and their impact on inference accuracy is reported later in this section. For reference,
the SMF approach used here corresponds to the inference method proposed in [97], where the
information provided by observations of susceptible or infected individuals is incorporated as

external constraints on the forward equations.

Figure 10.4 summarizes the results obtained for various network ensembles. The top panels
report results for synthetic contact structures. The first two panels correspond to static random
graphs: Watts-Strogatz networks [100] and soft random geometric (or proximity) graphs [101].
In the Watts-Strogatz model, edges of an initially regular ring lattice are randomly rewired with
probability p.w, producing small-world networks characterized by short average path lengths
and high clustering. In proximity graphs, individuals are uniformly distributed in the unit
square and connected with probability decaying exponentially with their Euclidean distance
[, up to a cutoff /i 4x. Both ensembles display a strong local structure with short loops and
clustering. The last two panels of the top row correspond to more realistic contact structures
generated by agent-based models, namely OpenABM-Covid19 [102] and Covasim [103]. These
models simulate daily interactions within households, workplaces, schools, and community
environments, producing temporally varying weighted contact networks that mimic real social
mixing patterns. In our analysis, we only use the static contact layers aggregated over a few
weeks, on which the ST dynamics is simulated. For each link (i, j), a weight wj; represents
the cumulative contact duration between i and j on day n, and the corresponding infection
probability is computed as li’} =1- exp(—yw?j), with ¥ denoting the per contact infection rate.
Across all synthetic settings, when a limited number of observations is available at the final
time, the SCDC method consistently outperforms SMF and attains accuracy comparable to BP.
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Fig. 10.4 Inference performance on SI model across synthetic and real networks. Inference
performances for SMF, BP, and SCDC on synthetic (top row: proximity, Watts-Strogatz, OpenABM,
Covasim) and real-world (bottom row: office and school) contact networks. Violin plots display the
distribution of AUC values over 100 epidemic realizations; black markers indicate mean AUCs with
standard errors. Simulation parameters: proximity (N = 600, T = 28, A = 0.08), Watts-Strogatz
(N =600, T =25, A =0.16), OpenABM (N = 2000, T = 21, y = 0.026), Covasim (N = 1000, T = 24,
y=0.038), office (N =219, T = 12 or 24, y = 6x10~*), school (N =328, T = 18 or 36, y = 7x 107).

The same inference protocol is applied to two empirical contact networks collected via
RFID sensors and made available in Ref. [104]: a high-school network (Thiers13) and an office
network (InVS15). Both datasets record face-to-face interactions over multiple days with a
20-second temporal resolution. For computational tractability, contact events are aggregated
into coarse-grained temporal windows of duration 7,,, ranging from 3 hours to 24 hours,
yielding total time horizons T between 12 and 36 steps. Within each window 7, the number
of contacts c?j between individuals i and j is used to define an effective infection probability
Aj=1-(1- y)c?f, where 7y quantifies the infectiousness of a single contact. The results
obtained for these real-world datasets, shown in the bottom row of Figure 10.4, confirm that
SCDC achieves performance nearly indistinguishable from BP and systematically superior to

the SMF heuristic, across all considered network structures and temporal resolutions.

Effect of the infection probability and number of observations

To further characterize the inference performance, we studied how accuracy varies with the

infection probability A and the fraction of observed individuals. Figure 10.5a reports the AUC
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Fig. 10.5 Effect of infection probability and observation rate on inference accuracy. AUC compari-
son of SCDC, BP, and SMF on soft random geometric graphs. Results are averaged over 100 random
networks (N = 300, T = 15, Inax = 1/ 1.8/N). Shaded regions represent standard errors, while purple
markers indicate the fraction of non-observed susceptible individuals at the final time.

as a function of A for epidemics simulated on soft random geometric graphs with N = 300 nodes
and cutoff distance [y.x = \/m . Each curve is averaged over 100 epidemic realizations
with two initially infected nodes and an observation fraction of 30% at the final time. The
infection probability A is varied between 0.02 and 0.5. Remarkably, the SCDC algorithm
achieves accuracy comparable to BP even at relatively large A values, despite its derivation
being based on a small-coupling approximation. Throughout the entire range, both SCDC and
BP outperform SMF.

Figure 10.5b shows the dependence of the AUC on the fraction of observed individuals
for the same network ensemble and fixed A = 0.15. For small fractions of observed nodes,
SCDC exhibits accuracy nearly identical to BP and clearly superior to SMF. As the observation
fraction increases, all methods tend to converge toward similar performances. The convergence
frequencies of BP and SCDC under varying A and observation fractions are summarized in
Tables 10.1 and 10.2. While BP converges more often, the two methods maintain comparable
accuracy even when SCDC convergence is partial. Notably, the convergence behavior of SCDC
is non-monotonic with respect to the fraction of observed individuals. Convergence is high at
low observation fractions, where the scarcity of constraints simplifies the search for a solution
(despite lower inference quality), and at high fractions, where the system is rigidly constrained.
A minimum occurs at intermediate regimes: here, the inference is most challenging due to the
high degeneracy of possible dynamical paths compatible with the observations. Conversely, BP
exhibits a constant convergence rate across all fractions, suggesting that the approximations
inherent to SCDC result in a loss of stability precisely when the multiplicity of explanatory
trajectories is maximal.
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Table 10.1 Convergence rates of BP and SCDC as a function of the infection probability A. Same setting
as in Fig. 10.5a.

A ‘ 0.02 003 005 0.07 0.1 0.15 023 034 0.5
BP 1.0 098 10 068 048 020 0.12 0.06 0.0
SCDC | 0.7 05 048 020 0.16 0.16 0.16 0.08 0.06

Table 10.2 Convergence rates of BP and SCDC as a function of the fraction of observed nodes. Same
setting as in Fig. 10.5b.

Frac. obs. ‘ 0.05 0.15 025 035 045 055 0.65 0.75 0.85 0.95
BP 08 08 08 08 08 08 08 08 08 038

SCDC 08 04 022 028 026 022 038 044 04 05

In some epidemic instances, BP and SCDC fail to converge within a few thousand iterations.
This behavior is typically associated with pronounced loop structures or strong long-range
correlations. In these cases, the marginals are obtained by averaging the iterative updates
over hundreds of steps. Importantly, the convergence tests reported in Tables 10.1 and 10.2
correspond to the same epidemic realizations used in Fig. 10.5a and Fig. 10.5b. Although BP
generally exhibits higher convergence rates, the overall inference accuracy of SCDC remains

comparable, even in settings where convergence is only partial.

10.3.3 Epidemic reconstruction of recurrent models

The results presented so far have focused on irreversible epidemic dynamics, where individuals
can only transition from susceptible to infected and never recover. We now turn to recurrent
epidemic processes, where recovery and loss of immunity allow for reinfections, thus intro-
ducing new challenges for Bayesian inference due to the presence of cyclic trajectories and
long-range temporal correlations. In this context, we test the capability of the SCDC frame-
work to reconstruct dynamic states under recurrent dynamics, and compare its performance
to that of the Matrix-Product Belief Propagation (MPBP) method [105]. MPBP is a powerful
approximation of the full BP scheme, based on the ansatz that the cavity messages can be
parametrized as a product of matrices, with one matrix associated with each time step. While
this representation is theoretically exact in the limit of infinite matrix dimensions, algorithmic
tractability is achieved via singular value decomposition. This technique is used to truncate
the matrices to a fixed bond dimension M, effectively compressing the representation while

retaining the most significant temporal correlations.
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Fig. 10.6 Posterior infection probabilities in SIRS epidemics. Posterior infection probabilities for
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At n =10, 75% of nodes are observed and marked with colored dots (green = S, red = I, black = R).
Black bars mark the true infection intervals, with nodes ordered by their first infection time.

Inference on the SIRS model. We start by analyzing a single realization of an SIRS process
on an ER random graph with N = 100 and average degree K = 3. Each node can transition from
the infected to the recovered state with probability r, and from recovered back to susceptible
with probability 6. We set A = 0.4 and r = ¢ = 0.15 uniformly across all nodes and times.
Figure 10.6 displays the posterior infection probabilities y;' inferred by SCDC as a function of
time, superimposed on the true infection intervals. The correspondence between the inferred
probabilities and the ground-truth trajectories is remarkably accurate, even for nodes that were
not directly observed or for time intervals far from the observations. Several reinfection events
are correctly identified, indicating that the SCDC fields fi successfully propagate information
backward in time, updating the probabilities of past events in a consistent way with the observed
data.

To quantitatively assess performance, we compared SCDC and MPBP on the same class
of SIRS processes. As a measure of inference accuracy, we considered the fraction of correct

Maximum-a-Posteriori (MAP) predictions, defined as

1 N T
= 57 1 Y 8 (argmaxges, gy (), X7 (10.48)
i=1n=1

where c;(x}) is the inferred marginal probability for node i at time n, X" is the ground truth,
and & denotes the Kronecker symbol. Figure 10.7 reports fMAP as a function of A, averaged
over 50 network realizations and epidemic outbreaks. At small A, all algorithms achieve nearly
perfect reconstruction, as the slower spread makes the epidemic easier to infer. As A increases,

inference becomes harder, yet SCDC maintains a performance comparable to MPBP with bond
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Fig. 10.7 Comparison between SCDC and MPBP on SIRS epidemics. Fraction of correct MAP
predictions for SCDC and MPBP (bond dimensions M = 1,2,3,4) on ERGs (N = 100, K = 2.5). The
SIRS dynamics has A, r = 6 = 0.15, T = 20, with two initially infected nodes and 75% of nodes
observed at n = 10. Results are averaged over 50 instances; shaded ribbons indicate standard errors.

dimension M = 2. Furthermore, the improvement of MPBP saturates for M > 3, suggesting
that higher bond dimensions do not yield additional benefits in this setting.

From a computational standpoint, SCDC is considerably more efficient: while the MPBP
complexity scales as O(S®|E|TM?®) for a model with S states, SCDC only requires O(S?|E|T)
operations. Although MPBP may achieve higher accuracy for very large M, the simplicity and
interpretability of SCDC make it an appealing alternative. The fields i and fi retain a clear
physical meaning as infection probabilities and response terms, offering valuable insight into

how information propagates across space and time.

Inference on the SIS model. We next analyze the simpler recurrent case of the SIS model,
where recovered individuals immediately return to the susceptible state and can be reinfected
indefinitely. This model provides a convenient testbed for exploring how inference accuracy
depends on the competing effects of infection and recovery. Figure 10.8 shows the fraction
of correct MAP classifications for SCDC as a function of the infection probability A and the
recovery probability ¢, on soft random geometric graphs with N = 300 and cutoff distance
Imax = \/m . Epidemic realizations last for 7 = 15 steps, starting from two infected
individuals, and a fraction of 60% of the nodes is observed at n = 7. Each data point is averaged

over 30 independent networks and outbreak instances.
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Across most of the parameter space, the SCDC reconstruction remains robust, with high
fractions of correctly inferred states. Only in the upper-right region of the (A, o) plane—where
both infection and recovery are fast and reinfections occur frequently—the inference accuracy
deteriorates due to the highly entangled temporal structure of the dynamics. This regime is
intrinsically difficult for any trajectory-based inference approach, as the epidemic trajectories
fluctuate rapidly and the same individuals may switch state multiple times within the observation
window.

Overall, these results demonstrate that the SCDC framework extends naturally to recurrent
epidemic processes, maintaining a good balance between computational efficiency and predic-
tive accuracy. While MPBP may reach slightly higher accuracy at increased computational cost,
SCDC provides a principled, interpretable, and scalable approximation capable of handling
both irreversible and recurrent epidemic dynamics on large, heterogeneous networks.






Chapter 11
Conclusions and Outlook

This thesis has developed a coherent set of cavity-based approximations for stochastic dynamics
on sparse graphs, bridging continuous- and discrete-state variables within a unified framework.
On the side of continuous degrees of freedom, the Gaussian Expansion Cavity Method (GECaM)
was introduced as a message-passing formulation for linearly-coupled stochastic differential
equations, obtained by combining the dynamic cavity construction with a second-order small-
coupling expansion. At this order, the cavity messages are assumed to be Gaussian, leading
to closed self-consistent equations for local means, variances, and two-time response and
correlation functions. In the case of linear drift and additive noise, the method reproduces
the exact dynamics and provides an efficient numerical scheme for large sparse systems. The
GECaM equations for the response functions can be directly related to the spectral properties
of the interaction matrix, establishing a bridge between temporal relaxation and random-matrix
theory that underpins the analysis of stability. Beyond the Gaussian regime, a perturbative
closure around the second-order expansion was developed to incorporate weak nonlinearities
in the drift and in the noise covariance, which generate non-Gaussian fluctuations and noise-
induced correlations. These extensions allow one to describe noise-driven phase transitions
and slow relaxation phenomena such as ageing in the spherical two-spin model. Altogether,
GECaM emerges as a versatile framework to analyze non-equilibrium stochastic processes on

locally tree-like structures.

The same philosophy-retaining the cavity methods while organizing corrections in small
couplings—has been extended to interacting ecological communities. For sparse Generalized
Lotka-Volterra (GLV) systems, the cavity formulation produces effective single-species dy-
namics driven by self-consistent random fields and colored noise. This description captures

how finite connectivity and disorder reshape species abundance distributions and stability,
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producing rich regimes and non-Gaussian abundance statistics that were never observed in
dense mean-field limits. The analysis clarifies when and how sparse topology alone can induce
localized instabilities and collective transitions, and it offers a tractable route to quantify the
interplay of reciprocity, heterogeneity, and degree in determining community resilience.

For discrete dynamics, the Small-Coupling Dynamic Cavity (SCDC) method was introduced
as a cavity-based approximation tailored to Bayesian epidemic inference on networks. Starting
from an observation reweighted dynamic cavity formulation, a first-order expansion delivers
a closed system for one-time infection probabilities and their conjugate response fields. The
latter encode the non-causal flow of information induced by observations and vanish in their
absence, thereby smoothly reducing to a straightforward cavity generalization of standard
mean-field approximations. In practice, SCDC achieves a computational complexity that scales
linearly with the time horizon through a transfer matrix implementation. Its accuracy has been
systematically benchmarked against Belief Propagation (BP) and mean-field approximations
on the non-recurrent Susceptible-Infected (SI) model, where BP can be applied exactly. In this
setting, SCDC attains inference performances comparable to BP and consistently superior to
simple mean-field schemes. When extended to recurrent epidemic models such as Susceptible-
Infected-Susceptible (SIS) and Susceptible-Infected-Recovered-Susceptible (SIRS), where
the number of possible trajectories grows combinatorially and BP becomes computationally
intractable, SCDC remains applicable and exhibits excellent reconstruction accuracy, providing

a scalable approximation for inference in general recurrent dynamics.

Several limitations naturally delineate the frontier for future research. Although the present
formulation of GECaM has proven effective for the classes of systems investigated in this
thesis, the development of a non-perturbative closure appears indispensable to capture the
local effects of nonlinearities without introducing further approximations. A promising exten-
sion would combine the analytical Gaussian expansion with a numerical sampling of on-site
stochastic trajectories conditioned on incoming Gaussian cavity messages, in the spirit of recent
approaches proposed for random ecosystems [92]. From these samples, updated estimates of
cavity response and correlation functions could be obtained self-consistently. A major current
limitation of the method lies in the assumption of linear coupling between neighboring degrees
of freedom. In many relevant contexts, interactions cannot be reduced to a weighted sum of
neighboring variables, owing to the presence of non-linear activation functions—as in neural or
learning models—or higher-order interaction patterns, as in ecosystems and reaction networks.
Extending the path-integral formulation to encompass these more complex forms of coupling
would require a richer graphical representation and a more elaborate functional structure of
the cavity messages, potentially involving the introduction of auxiliary variables to retain

computational tractability.
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The main limitation of the SCDC method lies in the fact that its efficient transfer matrix
formulation is, at present, restricted to Markovian dynamics. Further investigation is required
to devise an algorithmic scheme capable of treating non-Markovian recurrent epidemic models,
where temporal correlations extend beyond a single time step. From a methodological perspec-
tive, an interesting direction for future work concerns the analysis of the second-order terms
neglected in the small-coupling expansion, and the development of an improved version of
the algorithm that consistently incorporates their contribution. Finally, the generality of the
SCDC framework suggests the possibility of extending it beyond epidemic processes to other
classes of dynamical models on networks, such as rumor spreading dynamics [19, 106, 107],

information diffusion, or opinion formation.

Beyond these methodological avenues, the broader message is that sparse structure is not a
mere complication to be averaged away, but a primary source of dynamical phenomena. By
combining local, graph-aware closures with principled expansions, the methods developed
here reconcile the descriptive power of message passing at finite connectivity with the limiting
consistency of dense mean-field theories. The resulting toolkit—-GECaM for continuous vari-
ables and SCDC for discrete-epidemic processes—offers a scalable and interpretable pathway
to analyze, infer, and ultimately control stochastic dynamics on networks, from ecological

stability to epidemiological forecasting.

In this sense, the thesis contributes both techniques and perspectives: techniques that
turn path-integral and cavity ideas into practical algorithms on large graphs; perspectives that
foreground the spectral and topological fingerprints of dynamics. Closing these gaps—non-
perturbative treatments of nonlinearities, rigorous convergence theory on loopy graphs, and
data assimilative extensions on time varying networks—promises a unified and predictive theory

of stochastic dynamics on complex sparse systems.
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Appendix A

Detailed derivations for the path-integral
techniques

A.1 MSRJD path-integral construction

This section collects the detailed calculations underlying the compact derivations in section 3.2.
We focus on the Ornstein-Uhlenbeck (OU) process as a guiding example, since its dynamics is

simple enough to allow exact evaluation of path integrals while still illustrating the key ideas.

A.1.1 Path integrals as limits of discrete products

In the physicists’ approach, a path integral is defined as the continuum limit of a product of
ordinary integrals over discretized time steps. Concretely, if time is discretized as t, = nA with
n=0,...,T and TA = t, a trajectory x(t) is represented by 7 + 1 integration variables. An
integral over all paths is then

T

/@[x]---:ili%rg)/dxn---, (A.1)
where the dots denote the weight functional defined by the stochastic dynamics. Functional
delta functions, such as 8[f(x(z))], are similarly defined as the limit of products of ordinary
delta functions enforcing the discretized constraints. This construction gives path integrals their
meaning without resorting to measure theory: they are limits of ordinary integrals over finely
discretized trajectories.
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A.1.2 Discrete-time MSRJD action

We start from the OU dynamics,

dx(t)
dt

=—Ax(t)+&(r), (&) =0, (§(n&())=2Té(r—1). (A2
In discrete time #,, = nA, the It6 discretization gives

X = X — AAX + AE", (A.3)

(n+1)A

where the integrated noise increments A" = [ "/~ &(t)dt are Gaussian with variance

n
((AE™)?) = 2T A. The noise probability weight is

T (Agn)z
P[AE] o< [ | exp [— } . (A4)
nll) 4TA
The dynamics imposes constraints
X X ALY — AE" =0, (A.5)

which are enforced via delta functions. The Martin-Siggia-Rose-Janssen-De Dominicis
(MSRIJD) path-integral representation of the average of an observable &'(x) is then

T-1
(6(x)) = / dx 6(x) [] 8 (¢ —x" + ALY — AE") (A.6a)
n=0
T—1
o / dxdxdAE PIAE] O (x) ] e 0" " +A2"=a8"), (A.6b)
n=0

where we made use of the Fourier representation §(y) o< [ d&e™ " with conjugate fields £".
Integrating over the Gaussian noise variables gives

T—-1 A n n m2 n
X)) o< xdx O(x e - e A4TA - J7a)
Vi dxdx O i (1 =X+ AAX") dAE" (8s”) i"AE (A
n=0
r-1 it xn-H n Ax" an\2
o / dxdz O(x) [ e W& —"+AA)—TAG) (A.7b)
n=0

o /dxdfcﬁ(x)e_zgol [iﬁn(xmrl_xn-Q—A)Lx”)—o—TA()en)z}, (AT0)
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where we used the Gaussian integral [ dy e oc ¢b*/(49) The discrete-time MSRID action
is therefore

Sxz) =Y [zx (2 — ¥ AR +AT(;€")2} . (A.8)

In the continuum limit A — O the sums A):Z;Ol become integrals féf dt, and the finite differences

(X! — x") /A converge to time derivatives x(¢), yielding the continuous-time action

S, 7] = /O i [i£(0) (5(0) + Ax(0)) + T (1) (A.9)

A.1.3 [Exact generating functional

To illustrate the power of the MSRIJD representation, consider the generating functional

Zly] = <efdt w(r>x<t>>, (A.10)

where y(¢) is an external source. Inserting this into the path integral Eq. (3.10), assuming

uniform initial conditions pg(x) o< 1, gives

Zly| = /@xx exp{ /dtzx (1) +Ax(t ))

—T/dt)?z(t)+/dt I//(t)x(t)}. (A.11)

By integrating by parts the term [ dt i£(¢)x(¢) and assuming boundary terms vanish, this can be

/@x X exp{/dtl.x —AX(r) —iy(t /dt } (A.12)

Since the exponent is linear in x(¢), we can integrate over x exactly. This is equivalent to

rewritten as

applying the Fourier representation of the delta functional in reverse:

/@ exp( T/dtx ) H) — ﬂ,x()—il//(t)]. (A.13)

The delta functional enforces the equation of motion for £(¢)

dx(t)
dt

= A%(t) +1iy(z), (A.14)
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Integrating this gives
2(t) = —i / dse™ =)y (s), (A.15)
t
from which we can solve the integral
T / A =T / di / dsy dsy 252y (51 wr(s,) (A.16)
t
o0 min(sy,52)
= T/ dsidsy e_’l(SI“Z)l//(sl)l//(sz)/ dt M (A.17)
r (= —Alsi—sa]
— o5 | _dsidne Y(s)y(s2). (A.18)
Substituting back, the generating functional becomes
r = ” —Als1—s2]
Zly| =exp ﬁ/ dsy / dsye P12y (s w(s) |, (A.19)
where the overall normalization is fixed by requiring Z[0] = 1.
A.1.4 Correlation functions
Correlation functions follow from functional derivatives of InZ[y]. In particular,
d / / 62
Ce(t,t') = (x(t)x(t")) = ————=——~InZ[y] . (A.20)
Sy (1)dy(r') y=0
Evaluating with the explicit form of Z[y] given by Eq. (A.19) yields
T /
C¥(r,d) = = e M A21
( Y ) 21 e Y ( )

which is the familiar exponentially decaying correlation of the OU process.

A.1.5 Response functions

To derive response functions, perturb the Stochastic Differential Equation (SDE) with a source

h(t):
dx(t)

dt

— () +E (1) +h(r).

(A.22)
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In the generating functional this contributes a term [ dzi%(z)h(t) into the exponent
Z[w:h] o< / DI exp (—T / dti2(t) +i / dth(t))?(t))
8 [fc(t) _AR() — iy/(t)} (A.232)
T {es) oo
o< exp {ﬁ / dsi / dsye 172y (s yi(s,)

+ / " dsie M y(s) / 1 dsze’lszh(sz)} (A.23b)

Differentiating with respect to A(¢") the average of x(z) gives the linear response function

n_ O B 52 -
RO = g 0| = srsu 2 . (A.24a)
S " s A1)
= 5h(t’)e /_wdse h(s) e O(t—t)e : (A.24b)

This is the expected causal response function of the OU process Eq. (3.19), which vanishes for
r<t.

Equivalently, the response function can be computed by making use of the response field
£(). By defining the generating functional with sources y(¢) and (¢) coupled to x(¢) and £(z),
respectively, we have Differentiating with respect to h(¢’) the average of x(¢) gives the linear

response function

Zlw, 9] = <e.fdt (w(r)x<z>+w<z>f<r))> (A252)
_ / D[] exp (—T / di2(1) + / dtlf/(t))?(t))
xS [)é(t) _AR() — iw(z)] (A.25b)

T {o'e} 0
o< exp [ﬁ/_ dsl/_ dsze*MS'*”'l//(sl)l//(sz)

—i/w dsj e l,l/(s1)/ ] dszelszli/(sz)} . (A.25¢)
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The response function is then Differentiating with respect to A(¢) the average of x(¢) gives the

linear response function

n_ 6 T & A
R(t,1') = Sh(t') (x(1)) o (x(1)ix(r')) = IWZ[W, 1 =0 (A.26a)
[l/:
:i%(ﬂ)(—i)e“ f mdse“lf/(s) o Ot —t')e =1, (A.26b)

A.1.6 Vanishing of response-field averages

We prove that all averages involving only response fields vanish identically in the MSRJID
formalism. We consider a general SDE of the form

2(t) = f(x(1)+E@O) +h(t),  (EN)E()) =2g(x(t))5(t —1'), (A.27)

where A(t) is an external field. After averaging over the Gaussian noise, the action takes the
form

S, 1] = /0 7t [i8(0) (£(0) — f (1)) — h()) + g(x(1)) ()] (A.28)

The path probability is normalized to one, independently of the external field A(r)
/ P[] Plx] = / Dx,fe S = 1. (A.29)

It follows that any functional derivative with respect to 4 must vanish, i.e.

(if(r1) -+ if(tn)) = 6h(tl)-6-n- Sh) /@[x,)e]e—s[x,ﬂ

5?1
~ Sh(t) - Ohlty) 1=0. (A3D)

(A.30)

h=0

A.2 Detailed derivations of DMFT

This appendix collects the detailed calculations underlying the compact derivations in sec-
tion 3.3. We focus on the fully-connected coupled OU process as a guiding example, since its
dynamics is simple enough to allow exact evaluation of path integrals while still illustrating the
key ideas.
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A.2.1 Disorder average

We write the couplings as
o

.
VN

where z;; are zero-mean, unit-variance Gaussian variables with correlation z;;z;; = y. For

m
Ty ="+ (A.32)

shortness of notation we define

A= / dt i (1)x; (1),

The average over the disorder of the interaction part is therefore

e ST = LizilijAij — o LizjAij I1 o v it idji) (A.33)
i<j
2
— oW LitjAij H o 5 (AL +27AA ji+AT) (A.34)
i<j
2
— oW Tt At Sy i (AT YA A i) (A.35)

Reinstating the time integrals gives the expression reported in the main text, Eq. (3.30).

A.2.2 Order parameters

To decouple the sites, we introduce the order parameters

B = 3 L o), P) = 3 L),
Clo.t') = Lwl0)ld), Rit.1') = 4 L w(0is(r),

Iwonnen
B(r,t') = Nzi‘,lxi(f)lxi(f/)-
and enforce their definitions via delta functionals. For example,
1 N
1= [ 718 [p) -y ¥ x)
i=1

o /@[u,ﬂ] exp {—i/a’tﬂ(t) (Va0 = L) } ,

i
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where [fL( ) is a conjugate field. For shortness of notation, we deﬁne the set of order parameters

A A A A

for all order parameters and substituting into Eq. (3.26) gives

Zly, ¥ :/@Ox g [T (2w] 8 [def. of w]) e —S1CLe, &y P+ i [ drifi(0)x;(0) (A.36)

wew

X e%detdt it [ ()i (1) () () 4y ()i (1) (1)1 ()] (A.37)

By using the properties of the delta functional

[ 21018176 -8l 0) = [ 21£1817(1) ~ Ols ),

we can rewrite the sums over i # j in terms of the order parameters. At leading order in N we
notice that } ;. fi; = X ; fij — Xi fii ~ Xi j fij» 80 that

Zly, 9] ~ / 7°x,8) [ (21w] 8 [def. of w]) e~ iv- 2! (A.38)
weWw
o N[ dt PO+ [drdd (Bl )t )+ YRt R( 1)) (A.39)

Introducing the conjugate fields and definining Q = W, W gives

Z[v, 0] ~ / P[Q]e NP2+ 5[0 / POx, 5] e STt ¥ (A.40)
Xelz,:ljdt[ D (1) +P(0)iki(1)]
w Iy Jdrdr! [C(ta i) (t)+ R )i ()i () +B(r.)iski(1) i ()] (A.41)
_/@ N(S°P[Q]+5"2[Q])
w Xt 10g [ 7Pl exp{—8i i, v, |0} (A.42)

where S°P-[Q] is the action enforcing the definitions of the order parameters and their conjugate
fields, $*"#[Q] is the action averaging over the disorder, and Sy [x, £, y, /] is the action for the
local effective theory, as defined in Eqgs. (3.37) to (3.39).
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A.2.3 Saddle-point equations

To leading order in N, the disorder-averaged generating functional Eq. (3.36) can be written as

0.p. avg R N
2y, 9] ~ / 710] e N (7101+574(0) (Zsslw.wl0l) (A43)

where Zé?fc M’ \% | Q] is the local effective partition function depending on the order parameters
and their conjugate fields

- 1 .

log Zff [, ¥ | 0] = 5 ). log Zi[vi, i | Q). (A44)
i=1

In the thermodynamic limit N — oo, the integral over Q is dominated by the saddle point

Q* minimizing the exponent. The saddle-point equations are obtained by setting to zero the

functional derivatives of the exponent with respect to each order parameter and conjugate field.

The functional derivatives with respect to the order parameters give

o
suy ST HS=0 = i) =—mP(),
S L
sp ST TS =00 = P = —mu(0),
(So'p' +Savg) -0 = ié*(t t/) — _G_ZB*(t t/)
5C(t,l»/) ) ? 2 ) 9
5R(t t,) (So.p. +Savg) _ 0, - ilé*(nﬂ) — —GzyR*(t/,l)a

2

A (0)
Y cop. avgy _ B n__2_ Y
8B(t,1) (87 +85%8) =0, = iB*(t,1") 3 C*(¢,1")
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The functional derivatives with respect to the conjugate fields give

5;(,) (S"'p' —~ 1ogzg‘§§) =0, = pr) =)0,

6135(t) (57 —togzift) =0, = PU() = (),
5@g,ﬂ) (57 —logZlt) =0, = C(1.1) = {x(Da))T,
(mg,m (o7 —logzift) =0. = Rt = G0,
Sy (7 leZE) =0, = B () = (i)

where (---)7 denotes averages with respect to the local effective process with generating
functional Z; evaluated at the saddle point Q*. The terms P*(¢) and B*(¢,t) are zero, since
they involve averages of the response field £(7) alone. Substituting back the saddle-point values
of the conjugate fields into the local effective action S [x,£,0,0 | Q] gives the effective action
reported in Eq. (3.45).



Appendix B

Detailed derivations for the
Gaussian-Expansion Cavity Method

B.1 Construction of the Gaussian-Expansion Cavity Method

This section provides detailed derivations for the Gaussian Expansion Cavity Method (GECaM)
introduced in Chapter 4.

B.1.1 Derivation of the MSRJD action

The generating functional for the coupled Ornstein-Uhlenbeck (OU) processes defined in
Eq. (4.1) is given by

ﬂf </@O Hejdt v (8)xi(t +I//,()1xl())5 Xi— Aixi + o ZJijxj+éi}> (B.1a)

jEdi
o / 2°x, 4] Hefdr[(w(z)a(r)%(r)ﬁ-(z))—va-(r)(x,-(z)—zixi(r))] <e—1‘dzi)ei<t>5i(r)>
i=1

i

N
<TTTI o~ J i) ijx; (1) (B.1b)

i=1 jedi

where we used the integral representation of the delta functional and introduced auxiliary

response fields £;(¢). The Gaussian average over the Gaussian white noise &;(7) has been
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denoted by (- --);. Using the properties of the Gaussian noise, we have

N
Zly, ] = /@0[&2] o [ (Wi (0)xi 1)+ W (1)2: () —i%i (1) (i (1) — A (1)) + T 33 (1)
i=1

% H o Jdni(Ri(e) i (1) +3(t )Jj;x,-(t))7 (B.2a)
(i,j)EE
_ / 7 [3_67)_2]6—21' S i) =Xy S beio i )4 [ dr LY (Wi(f)xz'(t)ﬂpi(l)ﬁi(t))’ (B.2b)

Where we have defined the local action SI°¢[x;, %] as
s, 8 = [ dr i60) () ~ A1) ~ T5:0)?], (B3)
and the interaction action S}‘}‘ [xi,Xi,xj,%;] as
S i, £, 8] = /dt (i (0o (1) + i85 (1) T i (1)) - (B.4)
The generating functional can therefore be written as
Zly, §] = / PO, £)e AT A EL (W OHO+9050)), (B.5)

where the total action S[x, £] is given by

N
She ] = Y St + Y S &, 8] (B.6)
=l (ij)€E

B.1.2 Small-coupling expansion of the dynamic cavity equations

The dynamic cavity equations for the coupled OU processes defined in Egs. (4.7) and (4.9) are
of limited practical use, as they involve functional distributions over the entire trajectories of
the cavity processes. To make them more tractable, we consider a perturbative expansion in

the coupling strength &, assuming & to be small. We expand the interaction term in the cavity
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measure ¢;\ ; at second order in o

A xi(0 — Sl x; % — X, XjXp X
ci\ jlxi, X = pO(Zl( ))e 8 b %] /@xk,xk] ST i i Ci\ilor, % (B.7a)
i\Jj kE&z\]
oc ~ 2
o oS i i) H <1 Sl};t—i— (Smt> 1. > (B.7b)
kedi\ j 2 k\i

where we defined the average over the cavity measure cy,; as («++) k\i- The averages of the

interaction terms can be computed explicitly:

mt / dt (18 (0) i (o (1) )y + (8 (1)) o i (1)) (B.8)
< >k\ [ dra (B )55 e 05+ ) i)
+2Jikal~Lxl-(t)x,~(t)(xk(t)ifk(t/»k\i). (B.9)

We identify the cavity mean i ;(7), (disconnected) correlation Cdf (¢,¢') and response Ry\;(t,')

functions as

Wi (1) = (e () i (B.10)
Ck\t( ) = <xk(t)xk( )>k\u (B.11)
Ry (1,1") = (o (0)ife (1)) s (B.12)

while the terms (if(t))r; and (it (¢)if(¢'))r; vanish due to causality, being averages of
response fields only. The cavity measure can therefore be written as

cnjlxn & ~ oS i kil H [1 +a / dtigi(t) ity i(7)
kedi\j

+ fara (50) R 0 )+ 25 i )| @13

It is convenient to re-exponentiate the expression after having computed the averages. Noticing

that
2

et 5 (02)-097) o 1 — () + “7<x2> +0()

[
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in the exponentiation process an additional second-order term appears and can be taken into

account by using the (connected) cavity correlation function
/ d ! /
Caj(1,1) :Ci\cj<t7l ) =l () (1)
The cavity measure can therefore be written as
R 1
cijlxi &l = e
i\Jj
o2 ’ 2ia . INea (4] EON / !
- [dtd A (S 1% (1)iC) (¢, (1) 4218 (1) iRy (2, xi
x o T Jdidl Yo j (TR (0)iC; i (1,0 )iy () 4218 (1) Ty TRy i (.4 ) i (¢ ))’ (B.14)

=S [xi Rl 0t [ drifi(t) Yieon j ikt i (1)

where Z;, ; 1s a normalization constant, obtained by imposing unitary integral of the cavity

measure. The cavity measure is therefore Gaussian, with an effective action

S§e i &i] = /O 7 ar liﬁi(t) (x,-(r)+z,-x,~(r)+a Y Jl-kuk\i(t)) +Tf?<t>]

kedi\j
a? (i /  n 2 Nea (] SN / !
+7/ drdt’ Y [lxi(t)‘]ikck\i(tat Jiki(t') + 2% (¢) JuJkiRpei (2,17 xi (t )]-
0 kedi\ j
(B.15)

B.1.3 Gaussian ansatz for the cavity measures

The Gaussian ansatz Eq. (4.18) for the cavity measures c; ; is motivated by the small-coupling
expansion derived above, which shows that the cavity measures are approximately Gaussian
for weak couplings. If we plug the Gaussian ansatz into the dynamic cavity equations Eq. (4.7),
we can use the properties of Gaussian integrals to derive self-consistent equations for the cavity

means, correlations and response functions

ci\j[Xi] o e Sl IT / dXy Ck\i[Xk]e_S}’[:t[x"’Xk} (B.16a)
kedi\j
— e*%Xi [G}OC:| 71XIT H /ka e_%(Xk_Mk\i)G;\li(Xk_Mk\i)TefxiJikXI;r (B.16b)
kedi\ j
-1
o e—%Xi [ngc} XIT"'%Zke&i\jXi-’ika\iJ;lZXiT"'Zke&i\jXi-’ilej\i‘ (B.16¢)

Comparing the last expression with the Gaussian ansatz we obtain an identity for the exponents.
Since the identity must hold for all X;, we can match the coefficients of the quadratic and linear
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terms to obtain self-consistent equations for the cavity covariance and mean:

G =16 = ¥ JaGuidi. (B.17)
kedi\j
G M, ;= ) JuM);. (B.18)
kedi\j

Substituting Eq. (B.17) into Eq. (B.18) and rearranging we obtain

[G}OC]_IGi\jzl + Y 14GpJi G (B.19)
kedi\j
[G}OC]_IMX].: ) JikMkT\,-+ ) Jika\iJ;II;M;{j' (B.20)
kedi\j kedi\j

B.1.4 GECaM equations with non-vanishing response-field averages

The GECaM equations Egs. (B.17) and (B.18) can be generalized to the case where the averages
of the response fields do not vanish, i.e. (i;(z)) # 0. This situation can arise when the system
is locally constrained, i.e. when causality is broken. In this case, the cavity measures can still
be assumed to be Gaussian, but with non-zero means for both the state and response fields. The
propagator G; ; now includes non-zero blocks for the response-response correlations, and the
cavity mean M, ; has non-zero components for the response fields

Ci; Ri
Gi\j - <R"<J B\j) ’ Mi\j - <I'li\j Pi\f) ’ (B.21)
1\J l

where B;, ; is the response-response correlation matrix and P; ; is the mean of the response

fields. Since the Pi\ I 1s non-zero, the responses are taken as connected, i.e.

= i, n = (8 )i (B.22)
= R Y BRG = R — PP (B.23)
iy = W nj — B P (B.24)

With these definitions, the GECaM equations can be obtained by plugging the Gaussian ansatz
into the dynamic cavity equations and matching the coefficients of the quadratic and linear
terms, as done in section B.1.3. The resulting equations are the same as Eqs. (B.17) and (B.18),

but with the generalized definitions of the propagator and mean.
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By expanding the matrix products in Egs. (B.17) and (B.18), we obtain a set of cavity
equations for the responses and correlations

(RP) 'Ry ; =I+2TABy j+A* Y JuduRp Ry j+A° Y, J3Cn By,  (B.25)

kedi\ j kedi\j
(R)'Cij =2ATR} ;+ A% Y JiCiR.;+A° Y JudiiRiCaj (B.26)
kedi\ j kedi\ j
-
(RE)T] Bayj =& ¥ JudoRLBoy A Y SiBuiRn, ®.27)
kedi\ j kedi\j

and for the means

(R%OC)_lllXj:A Y JikIJkT\,-JrAZ Y JikaiRk\i#iT\j

kedi\j kedi\j
+2TAP ;+A* Y JiCu Py (B.28)
kedi\j

T
(B ] P =8 ¥ AP0 ¥ B m], 8 Y SR] P (B29
kedi\j kedi\j kedi\j
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In the continuous-time limit A — 0, the equations reduce to

dug ;(t)
% = —Aipa () + Y ikt (1) + /dSJszk\z(f $)Jkildiy (5)
kedi\ j ke&l\]
+2TP, (1) / dsJ3.Cpi(t,5)Pa j(5) (B.30)
keat\j
dFy (1)
2 AR = X S0 = Y [ dsiiBu ()i )
kedi\j kedi\j
Y [ dstudiRa (5.0 (B.31)
keal\]
aRl’\j(t,t/) o )LR d
8—t =N i\j(tat) SJkRk\l(t S)Jkl l\](s t)
keat\j
/ dsT3Cei(1,5)By j(5,1') + 8(1,1') (B.32)
kEal\]
8C,-\j(t,t/) o )LC d
— = A ,-\j(t,t) TRy i(2,8)TkiC (s, t)—|—2DR,\j(t t)
keal\j
/dsR,\J (t',s) lka\l(t s) (B.33)
keaz\J
dB;\ j(t,t) )
T :)LiBi\j(tat) keal\J/dSJlkale\z(s l) l\j(s l)
/ dsT2Be(t,5)Ry (5,1) (B.34)
keaz\J

We can ascertain that if By, ; and By, ; vanish, the general GECaM equations reduce to the
ones reported in the main text. In addition to that, P ; and B; ; vanish consequently, and
therefore the assumption is self-consistently verified.
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B.1.5 Equilibrium GECaM equations

We consider the Time-Translationally Invariant (TTI) GECaM equations Eqgs. (4.43) and (4.44)

Ry j(T) = —AiRp j(T)+ ), Jikai/O duRp;(u)Ry j(T—u)+6(7), (B.35)

kedi\j
Cl-\j(f) = _lici\j(f) —|—k ;\ .Jikjki/() duRk\i(u)Cl-\j(‘C — u)
€oi\J
+2TR, (~1) / duC ()R (u— 1), (B.36)
k€81\]

where we have changed integration variable to u = T — s in the integral terms.

If the interaction matrix J is symmetric, i.e. J;; = Jj; for every i, j, the system satisfies
detailed balance and it eventually reaches equilibrium after a sufficiently long time. Within this

regime, applying the Fluctuation-Dissipation Theorem (FDT)

TR (t

“(r)0(1), (B.37)

we obtain an equation for the equilibrium correlations only,

C1.(1) (1~ 20(~ 1)) = ~ACE(2) ’k/ duCE? (1)C (7~ u)
keaz\J
,k/ duC ()G (u—). (B.38)
keal\]
Integrating by parts the last term
|| duCE )l u— 1) = =1 (=)~ () 0)
/ duc,jgl G (u—1). (B.39)

The equilibrium correlations decay to zero at infinite time differences C, o ( )Cl\ (e0) = 0. The

first integral can be split into two parts

(o] T (o]
/ du:/ du—I—/ du,
0 0 T
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so that the last term exactly cancels out with the integral in Eq. (B.39). The cavity equilibrium
correlations are therefore obtained by solving the set of equations

eq e le &
sgn(7)C;(7) = —AC (1) + Y 7" (Ck\l C;(0 / duCkgl (T u))
kedi\j

(B.40)

The full equilibrium correlations are obtained from the cavity ones as

sgn(7)C (1) = —A4,C (1) T+ ) ’k( v / duCeq CH(t u)). (B.41)

kedi

Numerical solution A numerical solution of Eq. (B.40) can be found by discretizing time with
atimestep A, ie. t =nA, n=0,...,T with T =t¢/A. Within this discretization the equilibrium
correlation function becomes a time vector with 7'+ 1 components Ce\q = Cf\qj(t = nA). Then
a discretized version of Eq. Eq. (B.40) is

J?
eqn+1 _ cen ik ~eq,n ~eq,0
Cz\] (1—).A) i\j —|—Akz\ %Ck\z Cl\J
€0 i\Jj

e Jm+l e ,m eq,n—m
z (CHaaaei Toving (B.42)
keal\] m=0

eq,0

= (1= G A=l ¥ G
kedi\j

cean—m

A Z l\j Z Jl%( (Cet\] Jm+1 _legl,m> ] (B.43)
kedi\j

while for the full correlation we obtain

C_eq,O
) 1 } l
" = (1-28) "+ A== Y JCET
kedi\j
Z ] Ceq ;m+1 _Ceqm (B 44)
oh k\i AV :
kedi\j

1Ceqn m

_AZ




B.2 Non-Hermitian random matrices 165

B.2 Non-Hermitian random matrices

In what follows we will adopt the method proposed in [56] adapting it to our dynamical setting.
To maintain generality, we consider complex-valued coupling matrices z € CVN. From a
dynamical point of view, this is equivalent to duplicating the system introducing an auxiliary
degree of freedom y; € C for each node of the graph. The duplicated system evolves according
to the system of SDEs

dx,

Z‘]ljy] _Zyl )"'gi(t) (B.45)

dy ’ Z 1)+ 2" () + Gi(r) (B.46)

where z € C is a complex-valued parameter, corresponding to the eigenvalue of the coupling
matrix. The variables &; and {; are complex Gaussian noise terms with mean and covariance
given by

(Git)) = (Gi(1)) =0 (B.47)
(&1 (& (")) = (& (1) & (")) =2T 66 (t —1'). (B.48)

The MSRIJD functional integral formalism can now be applied, performing an integration

over complex-valued trajectories using the complex Dirac delta function
8@ (x) = 8(Rex) 8 (Imx) o / dRds* e =5 ¥ (B.49)

where didx* = d(Rex)d(Imx) = dx* and the integral is taken over the whole complex plane.

The dynamical partition function of the system after discretization of time is

AS </d[_727272]2HeXp [_ ()’C\?)* (xlr'H_] —X?—AZJ:J))’}—FAZ}J? _Aéln)

J

. <(x?+1 AR ) s <y?>*—<A5f")*)

! ((y?“) — oy +Azfﬂ- ()" —az(el)" - <Acf">”)] > (B.50)
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where we have introduced [d[x,%,y,3]* =TIT;, [ (dx?)2 (d)?l’.’)2 (dy;’)2 (d A?)z. For notational
convenience, we set A = 1 below. The average over the complex Gaussian noise can be

performed by applying the identity

<eX£T ~AZi 5 AL *Aif> _ e E ey (B.51)

Y

where L ittt = = ((AED) AENY = 2T 88y = Ly} it = ((AL!)* ALY are the noise covari-
ance matrices. The dynamical partition function can be factorized as

Z«/ x,%,y.9] Hexp{Z[ @) (! = + o)
2 (@) = ) 2 007 — 27191 }
Tleso{ T (60" T} 001 () =217, = 08" 53]}

<Jj
xHexp{Z[ ) Ot =yt =)+ 9 () <y?>*—z<x?>*)—2T|ﬁ?!2}}
xHexp{Z[ ) T} xf’ff}(ﬁj) + 91 i (x ) +(xf’)*fu)7’ﬂ} (B.52)
<j

It turns out that, in order to properly consider a dynamic cavity ansatz, the trajectories x;,
X;, y; and y; have to be grouped together into a single variable #; = (x;,%;,y;,¥;). We can write
the dynamical partition function as a quadratic form

s wr Gt ey G
Z o / AW e " " e VA" (B.53)
i

i<j

where we have introduced [D#? =], [D#;? = [ D[x,%,y,9]* and the matrices

G:!' H
—1 0,i
%.,i = ( et Ga'l >, (B.54)

- [0 =]y
/u—<];i 0) - (B.55)
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whose elements are the matrices

~1
Gl=| mil ) (B.56)
Ry,; —2DI
0 zI
H= <. (B.57)
zZI 0
< 0 Jjl
I R (B.58)
J,'j]l 0
The cavity messages are
o e T [ane,mye AR HIA @59
k€di\ j

We assume once again that the cavity messages have a Gaussian functional form, that is
—wg
Ci\j (Wt) < @ i\j "1 , (B60)

where the cavity propagator is given by

G?ix G?iY

. i i

gi\j o < GY)J( GY; ) (S12)
i\j i\J

and Gﬁ? is the usual propagator between variables A; and B;, with A and B being either

X=(x,x)orY = (y,y)

R AB AB
GAB _ <ajbi>i\ j (a; bi>i\j . Ci\j Ri\j B.61
g = . L = sa) : (B.61)
b (R.\ ) 0
i\Jj
Integrating out the variables %, we obtain

Al — G IW— G iV~ Fa W]
cij (W) =<e Y%V I1 /d%ze iV NIl =S wly (B.62a)
kedi\ j
e*%‘%}l W[T+Zkeai\j Wz‘gjikgk\i/ki%T : (B.62b)

o<
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from which we get the extended GECaM matrix equation

g l=91-Y s (B.63)

i\Jj = 0,i
kedi\j

To compute the spectral density, we only need the equations for the response functions.

Conveniently expressed in matrix form and in the Laplace space, these equations are

Rij=z+nl= Y JaRudu, (B.64)
kedi\j
where we have introduced the matrices,
R RYY
_ i i
AV ARV
0 z
z= B.66
(%) ®:6)
and redefined for convenience the coupling matrix J; ; as follows
~ 0 A;
Jij= e B.67
(% V) o

Equation (B.64) is equivalent to Eq. (64) in [55]. We can therefore compute the spectral

distribution of J as
(B.68)

. YX .
ps(z) = %1310 ORI (2 A).



Appendix C

Detailed derivations for the Perturbative
Closure

C.1 The Dyson equations

This section provides a compact derivation of the Dyson equations used in section 5.1, together
with the identification of the self-energy components and their diagrammatic meaning within
the MSRJD formalism.

Let S[X] = S°[X] + &SP[X] be the action with quadratic Gaussian part
1 -1
SOIX] = -X[G°] X'

where X = (x,if) and all time products are understood as convolutions, e.g. [AB](,¢') =
[dsA(t,s)B(s,t’). We have assumed for simplicity that the Gaussian measure has zero mean;
the non-zero mean case is discussed at the end of this section. The Gaussian propagator G is
the two-point function of the unperturbed theory,

, . CO ’/ RO 7/
G1.1) = (X(OX()) = (Roﬁztf}) o >> ,

The full two-point function is instead evaluated with the full action S,

G(l,t/) _ <X<I)X(II)T> _ (R(;r(z;t;?) R(gt’)) ,
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where (-)? and (-) denote averages with respect to the Gaussian and full measures respectively.
The perturbation action SP[X] is composed of two terms, one from the non-linearities in the

drift f(x), and one from the non-thermal noise covariance g(x),
SUX] =~ [ dsit(s)f(x(s)) ~ [ dglx(s)) (i5(5))".

At first order in &, the perturbation SP produces two types of contributions: one from the
nonlinear drift, proportional to (f(x))°, and one from the multiplicative noise, proportional to
(g(x))°. We start with the response function, whose first-order correction reads, in diagrammatic

form,
(=) (= (K X)) =KX ] e
—e¢-- — ¢ .4—@-—- . (C.1b)

The first term is the bare response function R°(z,#'), while the second term contains the self-
energy contribution X% (z,¢') = §(¢t — ') {(f'(x(¢)))°. The correlation function is instead given

(=)= =) (= (K X) =) - ==K X) ] e
:,_,_£<,‘_O n O.,. +2.<.©.,.>, (C.2b)

where the self-energy contributions are X8 .. and 7 (¢,#') = 26 (t — ') (g(x(¢)))°. Collecting

these results, we can write the first-order corrections to the response and correlation functions

SR(1,') = / ds, ROt 5)(f' (x(5)))°R(s, '), (C3)
5C() = [[ds[Re,5) (f (x(6)))°C5:) + o) (x(5))) PR )
+2R%(1,5) (g(x(5)))°RO(', 5) |. (C4)

These contributions correspond respectively to tadpole insertions on the (x,i%) and (£,£) lines,
whose values are weighted by the local averages (f'(x))? and (g(x))°. At this order, the
self-energy is local in time and renormalizes only the coefficients of the linear dynamics,

corresponding to the Hartree-Fock approximation discussed in section 5.1. We can write the
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first-order corrections in a compact form as
G=G"+¢G2GY, (C.5)

where the first-order self-energy is

O A S R U S ST N
Zl(”’>‘<gR<r’,r> 250,[,))—6@ ’)(<f’<x<r>>>0 z<g<x<r>>>°> (0

At second order in €, we have to consider two types of contributions: the insertion of two
tadpoles, and the insertion of a two-point loop. The latter contributions are non-local in time,
and give rise to memory kernels in the Dyson equations. If we limit ourselves to the non-local

contributions, we can write the second-order corrections to the response as

<_ <_<+:><>2 _->°% fQQ* , C.7)

while the contributions to the correlation function are

<_ ( _+:><>2 _>0% .<_®_>. 1 <QO T OQ>
. QQ e QQ . (C.8)

It is clear from the diagrams that these contributions can be factorized in terms of tadpole

diagrams. These contributions can be written in a compact form as

2
G=G"+eG%2Ma0 + %GOZ(I)GOZ(I)GO. (C.9)

By summing the series to all orders in €, we obtain the Dyson equation

2
G =G%+eG (NGO + %G02<1>G02<1>G0 o= (Go _ 2<1>) , (C.10)

which is exact if we limit ourselves to the local self-energy (). This corresponds to the
Hartree-Fock approximation discussed in section 5.1. To go beyond this approximation, we

need to include the non-local self-energy contributions arising at second order in €. For example,



C.2 The Bouchaud-Mézard model 172

at second order in the response function we have, among other contributions,

<__<__<__>0%.<--@<-*, (C.11)

<__<:><__>°%.4--{ e (C.12)

These contributions give rise to memory kernels in the Dyson equations, and can be resummed

to all orders in € using the same procedure as before. The full Dyson equation is then
G =G"+G"zG, (C.13)

where the self-energy X now contains both local and non-local contributions.

C.2 The Bouchaud-Mézard model

In this appendix we derive in detail the Gaussian perturbative closure for the Bouchaud-Mézard
(BM) dynamics Eq. (5.47) on random regular graphs, discuss the renormalization of the
multiplicative noise amplitude, and compute the critical integral determining the noise-driven
transition. Finally, we show how the adiabatic approximation used in [66] emerges as a limiting

case of GECaM under homogeneous conditions.

C.2.1 Renormalization of the noise amplitude

We consider the BM dynamics on a Random Regular Graph (RRG) with connectivity K.
Since the model is invariant under the scaling x; — otx;, we can set (x;(z)) = 1 without loss of

generality and define fluctuations &x;(r) = x;(r) — 1.

The cavity measure can be written as

e 16X, o exp { — 89, [6%,) — eS?[6X] } (C.14)
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where S?\j[SX | =6X; [G?\ ]718X/ is the Gaussian part and §X; = (8x;,if;). The perturbation

action originates from the multiplicative noise and reads

2 . 2 .
s [Xi] = _% Ot" ds (1+8x,(s))? (i%i(s))” = —% Otf ds (i£:(s))’
2 I . . 2_6_2 Iy 2 . 2
c /0 ds 6x;(s) (i%(s)) > ds 6x; (s) (ifi(s))". (C.15)

These three terms correspond respectively to the following diagrammatic vertices:

o2 (U2 N
5 ds(vci(s)) = > (C.16)
—o? /0 tfds3x,-(s)(i)€i(s))2: — (C.17)
o2 [if 2 a2
-5/, ds 8x; (s) (ifi(s)) —/)< (C.18)

The response function remains unperturbed at the Hartree-Fock level, R;\ ;(z,t') = R?\j(t, '),
since there is no drift nonlinearity. The correlation function instead receives a local renormal-
ization from the last vertex, while the second vertex contributes only at higher non-local orders.

The first-order correction to the correlation function is

=== (= (oK) =) = == (o X

(C.19a)
— e—o —28 (23 —Q— >e (Clgb)

which reads explicitly
Ca(1:) 2 €O (1) + €07 [ dsRoj(1,)R (0',5)C0(5.9). (C.20)

The tadpole corrections can be resummed to all orders by substituting C?\j(s,s) with its

perturbed counterpart C; ;(s,s) in the above equation, yielding at stationarity

Co (1) = Gy (1) +e0”(1+43 ) / duRp j(u)R j(u—1), (C.21)
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where ¢t . = C;\ ;(0) is the equal time correlation. This result can be interpreted as a renormal-
i\j i\j

ization of the noise amplitude,
r 2 2 st
(Gi\ j) =0 (1+43,), (C.22)

which increases with the amplitude of fluctuations. We notice that, since the unperturbed
Gaussian process was noiseless (T = 0), the unperturbed correlation function is vanishing,

C?\j(f) = 0, and the entire correlation function is generated by the multiplicative noise

Coj(1)=¢ (Gir\j>2/;o duRy j(u)Rp j(u—1). (C.23)
The equal time correlation function is then obtained from the integral of the correlation
spectrum,
q,; =€ <Gir\j)2/0w doR; j(0)R; ;(— ). (C.24)
Defining the integral .
= [ doR ()R, (-o) (25
we find ,
a0\ =€ (Gir\j> In;=e(1+4},)0% I, (C.26)

which define a recursive geometric equation for q?{j. Solving for q?{j and substituing into the

renormalized noise amplitude Eq. (C.22), we obtain

r 2 o’
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C.2.2 Critical integral computation

On a K-regular graph, all cavity quantities are identical, and A = KJ. The loop integral becomes

© dwio+KJ—+/(io+KJ)2—4(K —1)J2

w 2T 2(K —1)J?
—iw+KJ—/(—iw+KJ)2—4(K—1)J?
X 2K—1))2 (C.28a)
2 1 V1—u2
- C.28b
vk — IJ/ du \/ B (C-286)
ﬁ
_.A d(io)
T Jom l+1w+\/l+1w) —4(K—1)J?
! (C.28¢)

A—iw+ /(A —iw)? —4(K —1)J2

We define [ = —(2i/7) [5,,dzF (z) with F(z) = f(z) f(—z) and

F@) = Atzt /(42— 4K - 1)

The function F'(z) has two symmetric branch cuts B+ = [+A —A, £A +A] withA =2/K —1J.

The contour is closed in the left half plane with a detour around %_ (see Fig. C.1). All
large radius and infinitesimal arcs vanish, while the two integrals along the lips of Z%_ add
because the square root changes sign across the cut. In particular, defining y3 and 74 as the
upper and lower lips of Z_ respectively, we have

)L+A

dzF(z) = / (C.29)
7’3 A=A 7L+x+1\/A2 (A+x)?A— x-l—\/ (A —x)*
A A
azF ()= [ (C30)
" A+A 7L—l—x iWA2—(A+x)* A —x+1/(A —x)*
where we used the parametrization z = —xe'” for the first integral and z = —xe ™" for the

second one.
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Fig. C.1 Integration contour for the complex-plane calculation. Contour used for the computation of
Eq. (C.28c¢). The paths y; and Y, are circular arcs of radius R — oo, while ¥, ¥, and ¥, are circular
arcs of radius € — 0. It can be shown that all of them vanish in the proper limit.

The final expression is

4 [—A+A A2 _ p)
1= _2/ x G (C31)
A% Jp-a  A—x++/(A—x)2—A2
Introducing u = (A +x)/A € [—1,1], we obtain
2 1 1 —u?
[=Ix=—— / du = (C.32)
nvK—-1J

- \/I%—u-l-\/(\/%—u)z—l

In the fully connected limit (J — J/K, K — oo) the integral reduces to I, = 1/(2J), and
therefore
ct=2J(K—-1). (C.33)

C.2.3 Adiabatic approximation of GECaM

The approximation method proposed in [66, 108, 109] is based on the combination of two
assumptions: (1) the “local field” }’ ;cy; x; acting on i is assumed to change much more slowly

than x; (adiabatic assumption); (2) the neighbouring variables x; for j € di are assumed to
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be independent, so that the local field satisfies the Central Limit Theorem and converges
to a Gaussian distribution (independence assumption). In this Section, we show that this
approximation naturally follows from the GECaM approximation under specific conditions. To
simplify the calculations, we will only consider the case of a RRG with degree K.

Employing as usual the Gaussian ansatz in Eq. (4.18), the local marginal of node i with a

perturbation action S¥[X;] can be written as follows
aiXi) o OIS T [ o BOUMGIM) Xl (34

We also assume that all couplings are the same, i.e. J; = J, and introduce a local field
KH; =} jc9;X;. The previous expression becomes

cilXi] o< e 3XiGy X ST [Xi] H/@ e —5(Xk—My)G K\ H(Xi— Mk\t) o XX

kedi
x / P[H}|8 (KH,-— Y X j> (C.35)
JjEIi
o o 3XiGo X[ ~SPIX] H/@ Je ~3 (%Mo) G (XM o XIX{
kedi
/@ o 1Hi(KHi=Lye0iXe) " (C.35b)
oc ¢~ 1XiGo X] =87 [Xi}/@[Hiyﬁi]e—Kiﬁ,‘HlT
/@ Je 3 (X M) Gy (Xe—Mey) '+ (i1 TX0)X] _ (C.35¢)

ke&z

Performing the Gaussian integral and introducing M; = } xc9; My; and G; = Y49, Gy We get
ci[Xi] o< —1XiGy X[ -SP[Xi] / 9H;, 1) o~ KiAH] +(iH-1TX; )M
x 3 (IH=ITX)Gi(f1-I7X,) (C.36)
The integral in H is also Gaussian and it can be done to obtain

Xj] o< / P[H;|e XG0 X —KXiTH] ~§)[Xi] ,—3 (KH~M)G ' (KH~M)" — (C37)
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The local marginal can be written in a conditional form, which reminds of the previously
discussed adiabatic assumption,

cilXi) = [ ZIRelXi|H]p[H] (C.38)

X[ ] = ﬁ o~ 3XiGy I X] KX ~S7[X] (C.39)
1 .

p[H] = Z_He—;(KHi—Mi)Gi '(KHi—Mi)T, (C.40)

where the partition functions are

!

Zx[H] = [ [xiJe P00 XTI (C41)
2(T+1) -1/2
Ty = ((27:) detG,-) . (C.42)
In the case of a random regular graph with homogeneous coupling constants, there is no

distinction between nodes in the thermodynamic limit, therefore we drop all the corresponding

indices. It follows that the contributions from the neighbors are the same

M; = Z Mk\i = KMcay, Gi= Z Gk\i = KGecay, (C.43)
kedi kedi

therefore H = (hy,hy) is a local field with Gaussian statistics, with mean (H) = M_,, and
variance (H?) — (H)? = Geay /K.

The first two moments of x can be computed as
(x(1)) = / P[X]e[X]x(1) (C.44a)

:/@[H]p[H]/@[X] x(1) o~ 3XGy ' XT—KXJHT —SP[X] (C.44b)
1

Zx[H]

1 o
o amamaH), (40
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and
w0) = [ 21X1eX2(0) (Casa)

2 Iy T T_¢p
:/@[H]p[H]/_@[X] x*(1) o~ 3XGy ' X —KXIHT —$P[X] (C.45b)
1 52

Zx[H]
1
(KJ)? <ZX[H] 5h§(f)ZX[H]>H.

(C.45¢)

Linear dynamics with additive noise

We now focus on the simplest case of a linear dynamics with additive noise (S = 0), where
A = KJ is the drift coefficient and T is the noise coefficient (temperature). The partition
function is easily obtained as a Gaussian integral

Zx[H] = /@[X]egxq;‘XTKXJHT o eKTZ(JTH)GO(JTH)T’ (C.46)

where Gy is the free particle propagator
Ce(t,t") Re(t,t
Go(l‘,l/) ( f( 9 ) f( ) ) ) , (C.17)

with Cy(¢,1") = T /A exp(—A|t — | ) being the free particle correlation function and R¢(z,1") =
O(t — ') exp(—A(r — ")) the free particle response function. It follows that the partition
function can be written as

zX[H]c><exp{(K2J)2 / dr / ar’ (hz(t)Cf(t,t')hz(t')—|—2h2(t)Rf(t,t')h1(t'))}, (C.48)

from which the first and second moments of x follow

(x(1)) = —KLJ < le[H] 5 hf( t)Zx H] >H (C.49a)
—-3 [t (€0 a0+ 2Re(e, ) (1)) (C.49b)
—_KJ / dt’ (Cr(t,Yifleay(¢')) 11 + Relt,1' Y heay (1)) (C.49¢)

=—KJ / dt'Re(t,t") teay (1) (C.49d)
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1 1 52
(x2(1)) = KT <ZX[H] 572 (t)ZX[H]>H (C.50a)
2
= Ci(t,1) (Ki)z <l / dr’ (2cf(z,t’)h2(z’)+2Rf(t,r’)h1(z'))] > (C.50b)
H

— Ci(t.1) / di'dt"” (4Ce(t,1")Ce(t,1") (ha (o ("))
—|—4Rf(l‘, )Rf(t,l‘ )(h](l‘/)h] (l‘ )>H+2Cf(t,t/)Rf(t,f”><h2(t/)]’l](t”)>H
+2Rs(t,1")Ce(2,1") (h1 () ha (1) )11 (C.50c)

t t//
= Cy(t,1) + (KJ) /dt dar” <Rf t,t")Re(t,t )M

Ry (' 1"
+Rf(tatl)cf(l‘,l/)%) , (C.50d)

where C (¢/,¢") = K(h1(¢')h1(¢"))q is the cavity disconnected correlation. In summary, in

the stationary state,

Z (KJ) /dr/ ds(Rf )Ccav(K %) 4 Ry(e )Cf(s)W). (C.51)

It can be shown that the “adiabatic and independent” approximation of [66] corresponds
to approximating the cavity quantities by the full quantities at zero time differences, i.e
Ceav(s — T) = C(0) = s? and Reay(s — T) ~ R(0) = 0, so that we obtain

T
= SEKJ / dte / dse ™™ (C.52a)
T 2
=—4+ == C.52b
T2 (5 ) , (C52)
and, since A = KJ, we get the relation
T
2
- C.53
2= JR=T) (C.53)

which can be obtained using the approximation in [66].
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Bouchaud-Mézard model

We apply the previous approximation to the BM model, in which case A = KJ and T =0 in

the Gaussian part of the action. The interacting part of the action is non-Gaussian

SPX] = —%oz / e (1) (i5(r))? = —%62 (XalXT>2, (C.54)
and it has to be computed perturbatively. In order to properly perturb the system, we have
to rescale the variables as usual, defining X = (1 + 6x,i£). The field KH; = ¥ ;c5; 6X; has
now a different average. The site label will be dropped in the rest of the calculation. The
field H = (h; — 1,hy) is a Gaussian random variable with mean (H) = M_,, and variance
(A?) — (H)? = Geay/K, where Mcay = (Ueay — 1,0). In summary the distribution of §X is

c[6X] = /@ c[6X ] p[H] (€.55)
C[SX[A] = Lo 1XG; 6XT KX -7(5 (C.56)
5x[H]
DI = b (A KOG (A-Ftew) (C.57)
H

where the partition functions are

Zsx[H / P[6Xe —16XGy ' X T —KSXIH T —5P[5X] (C.58)

2(T+1) -1/2
Ziy= ((2%) dethaV) . (C.59)

In terms of the field 0X, the interacting part of the action can be written as
SP[5X] = ——a /dt 1+ 0()% :——/dtq)

/ g9 (1)~ % / (s (C.60)
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The partition function Zgy [H] can be computed perturbatively. At first order in 62

— 'S 2 ~
Zex[F = [ 2[5X]e 10Xy oXT -k (1+% [ ad*

2

+02/dz¢>2(r)¢(r)+%/d¢¢>2(z)¢2(r)> (C.61a)
B o2 1 52 , 1 53
{1+ T/ sy~ o | SR

o’ 1 54 0 -

NI / dat 57;5@)5%%@)}25)‘[1{] (C.o1b)
02, o 02 )0

= {1—|—7T1—G T2—|—7T3}ZSX[H], (C.61¢)

where T, T and T3 are operators acting on the Gaussian single-particle partition function
ng[ﬁ] = /@[5X]e—§5XG016XT—K6XJHT — o SH] (C.62)
SR = — (k9)? [ dn [ dnha(n)Re(n 1) (1), (C.63)

where we have used C¢(¢,¢) = 0 for the BM model. The operators act on it as

720, [ = (KJ)? / di / dnRe(t,)ha(t) / diaRe(t2,1)ha (12) Zg [F]

=Ty [H] 23y [H] (C.64)
TngX[I:I] = (KJ)3/dl‘/dZ‘]Rf(l‘l,t)/jlz(l‘l)/dl‘zRf(l‘z,t)ilz(tz)
x / disRe(t,13) s (13) 20 (A1) = T [A)Z0 [F] (C.65)

13235 [A] = (KJ)“/dt/dthf(tl,t)ﬁz(tl)/dtzRf(tz,t)ﬁz(tz)

X /dt3711(t3)Rf(t,t3)/dt4Rf(t,t4)7z1(t4)ZgX[H]

= T3 [H] 23 [H], (C.66)
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where we have used R¢(z,7) = 0 in the Itd case. In summary,

2 2
Zsx ] ~ Z [A] (1 n %Tl A — o2 T[A] + %n [ﬁ]) (C.67a)
s o~ SUA+ G Ti [ 0> T )+ & T3 (C.67b)
— o—SIH]. (C.67¢)

It is now possible to compute the first and second moments of the field ¢. We neglect

contributions in the local self-consistent field beyond second order. The mean is

1 1 I -
(0(1)) = %7 <ZSX—[H~]WZSX[H]>}~1 (C.68a)

= —(KJ) (/ di'Re(t,1") (1))
_262/dt1Rf(t,l1)/dtzRf(tz,tl)/dt3Rf(t1,f3)<f~12(f2)ill(f3>>ﬁ (C.68b)

Reay (13,1
= ZGZ(KJ)/dthf(t,tl)/dtzRf(tz,tl)/dt3Rf(t1,t3)w =0 (C.68¢)

due to causality (R¢(¢,') = Reav(t,¢") = 0 if ¢/ > t). Computing the second moment is more

complicated. We use that

1 18 N
<¢(t)2> - (KJ)? <Z§X[H] 671%(Z)Z6X[H]>H (C.69a)
! 8 ) & .
N (KJ)2 < (5/712(1‘)S[H]) >H o <5;l%(t)S[H]>ﬁ ) (C.69b)
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where the first average is given by
& wren)’ S
(~—S[H]> = (KJ)4{/dt1 /dlzRf(t,tl)Rf(t,t2)<h1(l‘])h](fg))ﬁ
Ohy(t) i
—|—262/dt1 /dl‘zRf(l‘,tz)/dt3Rf(t,t3)

Re(t113) o (1) (1) | (C.700)
Ccav (tlat2)

= (KJ)* {/dtl/dtzRf(t,l1>Rf(l,t2) e

)

Reay(t2,1
+262/dt1/dtzRf(t7t2>/dt3Rf(t7t3>Rf(t17t3)%}

(C.70b)
and the second one is
A 2.2 2 2
<%S[H]>ﬁ— (KJ)’G / anf(e,m) (1+(KJ) / di> / disRi(ir,12)
Rf(tl,13)(711(12)7ll(f3)>ﬁ> (C.71a)
= (KJ)zcz/dt]R%(t,t])<1+<KJ)2/dt2/dt3Rf(t1,t2)
CCaV ’
Re(t1,13) %) . (C.71b)
In summary, at stationarity,
= () — (x)* = (07 (C.72a)
2 (T 2 (7 * Ceav(s —7)
=0 /0 dtR; (7)+ (KJ) /o dTRf(T)/O dst(s)T
oo oo min (7,s) Ccav(T _ 9)
20k 1\2 2
+ oK) /0 d‘L’/O ds/o dORY(O)Ri(T — 0)Re(s — 0) = —=2
* T s RCaV - 9
+262(KJ)? /O dTR(7) /O dsRi(T—s) /O deRf(e)%. (C.72b)

Making the choice of response and correlation functions that corresponds to the adiabatic
and independent approximation of [66], i.e setting Ceay(s — T) ~ C(0) = s and Reay (s — T) ~
R(0) = 0, we obtain

2 2 2
2= 4 (1 +6—) SE (C.73)
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This formula leads to a wrong prediction of the critical point 62 = 2KJ(K — 1). This is due
to the fact we neglected relevant higher-order contributions in the loop expansion generated
by the noise term. Performing the resummation of all terms of the geometric series expansion

containing chained one-loop diagrams only, the previous relation becomes
2 2\ 2 2
2 c c s
=(1+— — e I+—= -1 C.74
s < +2KJ+(2KJ) + )( +K) (C.74a)

2\ 1 2

o S
=(1—-—— 1+—= 1] -1 C.74b
( 2KJ) ( +K) ’ ( )

from which we get the same prediction 62> = 2J(K — 1) already obtained in [66].



Appendix D

Detailed derivations for Complex
Ecosystems

D.1 Small-Coupling Expansion of the Cavity Equations

The small-coupling expansion provides a systematic approximation scheme to derive closed
equations for local observables from the dynamic cavity formalism. In the weak-coupling
regime, interactions between neighboring nodes can be treated perturbatively up to second
order in the coupling strengths, leading to an effective single-species process driven by self-
consistent Gaussian fields. In this section, we present the detailed steps of this derivation. First,
in section D.1.1, we construct the MSRJID generating functional without assuming x;(¢) > 0,
and we obtain the corresponding effective cavity process. Then, in section D.1.2, we derive

explicitly the closed fixed-point equations governing the stationary properties of the system.

D.1.1 Correct derivation of the effective cavity process

The derivation presented here follows the general approach introduced in chapter 4, but avoids
assuming that x;(¢) > 0 at all times, thereby providing a correct formulation of the MSRJD
generating functional. We show that the resulting effective cavity process coincides with the

one obtained through the simplified derivation in section 7.2.
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The dynamical generating functional of the generalized Lotka-Volterra system can be
written as usual through the MSRIJD path integral

N
Zly.y) = [ 2l [Tt HOBO-H0 080 st
— = i=1
N PR
Hefdz(q/[(t)x,-(t)lelli(t)lXi(f))’ (D.1)

where we used the Fourier representation of the functional delta. We introduce auxiliary
variables fi(t) = 1 — x;(t) + ¥ jcg;iJijx;(t), enforced via Dirac delta functionals expressed
through their Fourier representations. The generating functional becomes

N ~
Zly,y] = / Pl 5, £, f) [Je ABOGO-5OAO) OO~ (1-5(0)]
i=1
N
HH ol dt fit)ijx; (e He[dz Wi ()i (£)+ W ()i l()), (D2)
i=1jedi i=1

which can be written in the compact form

Zly.y] = / Pk, f. flex ( ZSI"C D S%;*‘>, (D.3)
with local and interaction actions

sF:3/mmenm—mmﬁm)+ﬁm(mw—m—mm+wm»ﬂ, (D.4)
st = =i [ dr (30,0 + ifi (o)) ). (D.5)

The factorized structure of the generating functional defines a graphical model over contin-
uous trajectories, with edges corresponding to interaction terms. Applying the dynamic cavity

formalism yields the recursion relations for the cavity marginals:

Po(si(0)) 5o

Ci\j [XHF] ..
i\Jj keat\j

/ DX Fil e il X, Fi] € (D.6)
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where we have introduced, for shortness of notation, the vectors X; = (x;,%;) and F; = (f;, ﬁ

Once the messages have converged, the full marginal of node i can be reconstructed as

Xi 0 oc
[XHF] # Sl H /@ XkaFk] Ck\l[XkaFk]e kl (D7)
i\Jj kedi

The normalization factors Z; ; and Z; are fixed by imposing proper normalization of the cavity
distributions.

To derive a tractable expression for the effective single-site dynamics, we perform a second-
order expansion in the coupling parameters J;; of the cavity recursion in Eq. (D.6), following the
Gaussian-expansion method of chapter 4. Expanding to second order and neglecting averages
involving only response fields, which vanish identically in the MSRJD formalism, we find

_ Polxl0) g
i\Jj kedi\ j

/ drdt’ T Fi(0) (o (O Fi (1) o i)
- % / drdt’ i fi(t)T5 (5 ()xi(t)) p i fi(t) + . } . (D.8)

e, X0 B ~ 1 [ a0

Re-exponentiating the terms inside the product yields the approximate Gaussian form
o(x;(0
ci[Xi, Fi] = p—(Z’( D exp (-s). (D.9)
i\J

where the effective single-site action reads

ﬁ_{/mb, 51(6) = xi(0./(0)) +Fi0) (£i(6) = (1=x(0) + (1)
+ Z Jik b i (1) + Z Jik-]ki/dt/Rk\i<t7t/)xi(t/))

kedi\ j kedi\j

-l-/dtdt’iﬁ(t) ) J,%CCk\i(t,t’)iﬁ-(t’). (D.10)

kedi\j
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Here, the quantities

pa () = (xi(1))a s (D.11)
Ci\j(t’t/) = <xi<t)xi(t/)>i\j _“i\j<t)ui\j(t/)> (D.12)

O (xi(t))i\j

Ri\j(t,t/) = (Xi(t)iii(t/»i\j = T(l’) (D.13)

h=0
represent, respectively, the mean, response, and correlation functions of the neighboring cavity

processes.

Reversing the steps of the path-integral construction and changing variables x; — x; ; in
order to make explicit the cavity dependence of the variable, the effective stochastic dynamics

for node i on the cavity graph where node j is removed reads

dx; j(t)
0\1'] = xp (0 [1=xp (0 + Y Tkt i (£) +ha (1)
4 kEDi\j
i\j
t
+ ) Jikai/O dt' R i(2,2") x5 (1) +ma (1) | (D.14)

kedi\j

where the effective noise 7; ;(¢) is Gaussian with zero mean and covariance

<ni\j(t)ni\j(t/)>i\j = Z Jiszk\i(t,t’). (D.15)
kedi\j

An analogous expression holds for the full dynamics of node i:

dx;(t)
dt

t
=m0>1—m@%+21Lu4v@%%Z:LuaAcMRﬂmﬁ®m0®+nx0, (D.16)
kedi kedi

with Gaussian noise satisfying

mimi(t))i= Y J3Coi(t,1). (D.17)
kedi

The stochastic process derived above is thus fully equivalent to the heuristic derivation
reported in section 7.2, confirming the internal consistency of the Gaussian-expansion and its

validity even when the positivity of x;(7) is not explicitly enforced.
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D.1.2 Derivation of the fixed point cavity equations

We provide here a detailed derivation of the cavity fixed point equations Egs. (7.31) to (7.33).

We start by assuming that the dynamics relaxes to a time-independent state, such that

lim x;(¢) = x7. (D.18)
t—veo
An analogous assumption is made for the cavity effective processes,

Consequently, the mean cavity abundance and the two-point correlation function become

stationary,
Yim (1) = i = (G0 (D.20)
. N K% * 2\ % % \2
dim Coj0,0') = gy = (05,0 — (7, (D.21)

where <>f\j denotes the average over the stationary cavity process. Under this assumption, the
cavity response function becomes time-translationally invariant and depends only on the time

difference 7 = r —1’. We define its time integral,

1= [ dTR: () (D22)

which represents the integrated response (or susceptibility) of the cavity process.

At the fixed point, both xl*\j and the effective field §l?<j become static random variables. The
variable xl.*\j depends functionally on §i*j, which is Gaussian distributed with zero mean and
variance

2 2 _y2
<(§z*\,> >i*\j = Z Jiqu\i :Zi\j' (D.23)
kedi\j

Since x;\j is constant in time, the fixed point abundances satisfy Eq. (7.14) with vanishing

time derivative, i.e.

OZX?\J. 1—xf\j—}— Z Jiku,j\i+ Z JikaiXI:\ix;\j—i_é;ij_'_hi\j . (D.24)
kedi\j kedi\j
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These equations admit two possible solutions: one corresponding to extinction, x?\j =0, and

the other to a non-vanishing equilibrium abundance,

N 1+ Zkeai\j Jik.u]:\,' + gl?ij + hi\j
X\ . =
oY U= Yoeon jJinlkid\;

; (D.25)

which is physically admissible only if the right-hand side is positive. The fixed-point solution
can thus be written as

U+ Yreonj ks + 673 +ho 1+ Eeanj Jukty; + 65 +ha
X () = — e TR T (ST P T (e

1= Ykeaij TindkiZ; 1= Yokeaij Tk ;

We now introduce the short-hand notations

L+ Yreai j JikMp ;
Apj= 5 v (D.27)
i\Jj
Coj=1= Y JaduZi\- (D.28)
kedi\j
Since &* . is Gaussian with mean zero and variance X2 ., we set £ . = —Y.\ . s, where s is a
i\ j i\J i\ j i\j

standard normal variable with zero mean and unit variance. In this way, the fixed point can be

expressed as a function of s only:

€ (s) = i (A =) +hiy o (Zi\j(Ai\j —s)+ hi\j) _
i\Jj T
i\j

(D.29)
L

The random variable xl.*\j has moments /,Ll.*\j, ql.*\j, and susceptibility xl.*\j, which are obtained
self-consistently by averaging over the Gaussian variable s. The mean reads

2
dse /% |
(5)

o= O . = [ ———x% .
Hi\j < l\]>l\1 i =0 NG

_ Ly
Fi\j i\ j

A o0
O(Th,) /_ _ Ds(An; =) +0(-Ty) /A ~ Ds (Ai\j—s>] , (D.30)
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while the variance is

>
N dse/% 2
- (,ui\j)z = Var (xi\j(s>)

* * N2\ %
qi\j = <(x,'\j) >i\j i /=0

hij=
2
Ry

T2
L

A j

®(F,-\j)/ DS(Ai\j—S)ZJr@(—Fi\j)/AA DS(Ai\j—S)2] —(u7;)% (D31

- i\j

where Ds = dse s'/2 /v/2m. The susceptibility is obtained by differentiating the average
fixed-point abundance with respect to a constant external field £;, ;:

oo

An
oTyy) [ 'Ds +O(-Ti)) /A s
i\ j

|
L

Ay,

X = . (D.32)

=

We observe that these integrals can be written in terms of the error function erf(x) =
fo ds ¢=5"2/+/T. Defining ¢ (x) = e~/ /\/27 as the standard normal density and ®(x) = [1 +
erf(x/+/2)]/2 its cumulative distribution function, the integrals can be expressed as moments

of truncated normal distributions. In particular,

/_AOODS:CID(A), /;Ds:op(—A),
/iDss:(p(A), /AooDss:(p(A),
/iDssz — ®(A)— Ap(A), /;DSSZ — ®(—A) +Ag(A),

from which, substituting into Egs. (D.30) to (D.32), we recover Eqgs. (7.31) to (7.36).

D.2 Implementation details for the Population Dynamics

algorithm

The population dynamics algorithm employed throughout this chapter is implemented in the
open-source Julia package RandomLotkaVolterraCavity. j1 [48]. Its structure follows the
procedure outlined in section 7.3.1, with additional numerical optimizations introduced to

improve stability and convergence.
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A key modification concerns the way population elements are updated at each iteration.
Instead of replacing a single randomly-chosen element after every update, as in the standard
population dynamics scheme, we proceed by generating a random permutation of the population
indices at the beginning of each iteration (or sweep). The algorithm then sequentially updates
each element according to this shuffled order, ensuring that every population member is updated
exactly once per sweep while minimizing correlations arising from a fixed update sequence.
For each element in the shuffled population, the triplet (1€, ¢, x€) is updated according to the
self-consistent functions .7, .%#,, and .%, defined in section 7.3.1.

The update is performed softly by introducing a damping factor d € (0, 1), which mixes the

newly computed values with the previous ones:

U d s 4+ (1 —d) ‘uC,OM, (D.33)
¢€ —d gt 4 (1 . d) qC,Old, (D.34)
X¢ 4 d x4+ (1 —d) Xc,old' (D.35)

This under-relaxation procedure suppresses oscillations and improves numerical stability,
although it typically slows down the convergence rate. In all the analyses presented in this
work, the damping factor was chosen in the range d € [0.2,0.6], depending on the convergence

properties of the system.

After completing a full sweep over the shuffled population, convergence is checked by
comparing the average values of U, g, and y before and after the sweep. If the relative variation
of these averages falls below a fixed threshold, the algorithm is stopped and convergence is
assumed. In our simulations, the tolerance threshold was set between 10~ and 1078, depending

on the parameter regime.

In principle, one should also verify the convergence of higher-order cumulants to ensure that
the full population distribution has reached stationarity. However, this requirement substantially
increases computational time. In practice, we found that monitoring the first moments provides

reliable convergence for all parameter ranges explored in this chapter.

D.3 Phase diagrams for random regular graphs

This section details the numerical procedures employed to construct the stability phase diagrams
presented in section 7.5. We first describe the algorithm used to identify critical points from

population dynamics data, and then present the phase diagrams for the specific values of
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connectivity K and interaction symmetry Y discussed in the Fig. 7.3, explaining how the critical

boundaries were derived via interpolation of the numerical results.

D.3.1 Numerical determination of critical points

The phase boundaries were determined by performing systematic parameter sweeps. For the
topological transition (¢ = 0), we fixed the connectivity K and varied the interaction mean m.
For the general phase diagrams (¢ > 0), we fixed ¢ and scanned m around the critical region.
For each parameter set, we computed the distribution of the stationary moments (L, q, ) with

the Population Dynamics (PopDyn) algorithm, saving their average and standard deviation.

To identify the critical transition points m., we implemented an automated algorithm
designed to separate the signal from the numerical noise floor. The procedure is illustrated in
Figs. D.1 to D.3, and consists of the following steps:

1. Baseline Characterization: We define a baseline region using the first points of the
scanned m-values, assumed to lie deep within the stable phase where the order parameter
(e.g., the cavity variance ¢) should theoretically vanish. We compute the mean Epyge[¢]
and standard deviation stdp,s [g] of the observable ¢ within this window to estimate the

numerical noise floor.

2. Noise Thresholds: We define a detection threshold T, = Epase[q] + 3 stdpase[q], corre-
sponding to a 3-std deviation from the baseline noise. A similar threshold 7; is defined

for the internal spread (standard deviation) of the population distribution.

3. Transition Detection: Scanning through the parameter space, a point m; is flagged as a
candidate transition if either of the following conditions is met for a persistence of 10

consecutive steps:

* Signal Shift: The lower bound of the distribution departs from the baseline, E[g](m;) —
std[g|(m;) > T,, where E|q|(m;) and std|q|(m) are respectively the average and stan-
dard deviation of g among the population.

* Variance Explosion: The standard deviation of ¢ among the population exceeds the
baseline fluctuation threshold, std|g](m;) > T;.

4. Interpolation and Error Estimation: Once the transition interval [m;_;,m;] is identified,
we approximate the behavior of ¢ linearly between these points. The critical value m, is

defined as the exact point where this linear interpolation intersects the detection threshold
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T. To estimate the uncertainty dm,, we combine the grid resolution Am = m; —m;_; with
the error propagated from the baseline noise. This definition ensures that sharp transitions
have small errors dominated by the grid size, while slow, continuous transitions have

larger uncertainties, reflecting the sensitivity of the critical point to numerical noise.

This methodology adapts naturally to the different physical regimes of the system. In the
topological case (o = 0), the transition is sharp: the cavity variance g exhibits a sudden jump
from zero to a finite value. Our algorithm detects this discontinuity immediately, as shown in
Fig. D.1.

Conversely, for the disorder-driven SE to ME transition (o > 0), the change is slow and
continuous. As illustrated in Fig. D.2 (for K = 10,y = —1), the distribution of cavity variances
spreads slowly from a delta function at zero to a broadened distribution. Here, the algorithm
identifies the first value of m where the population statistics deviate sufficiently from the

baseline, with the propagated error capturing the smoothness of the crossover.

Finally, the nature of the instability is classified by monitoring the mean abundance u. If
U remains finite across the transition, it is classified as a transition to the Multiple Equilibria
(ME) phase (Fig. D.2). If instead u diverges, it is classified as a transition to the Unbounded
Growth (UG) phase, as shown in Fig. D.3. This fully automated procedure ensures that the
phase diagrams are derived without manual bias.

D.3.2 Phase boundaries interpolation

The stability phase diagrams presented in Fig. 7.3 and expanded here in Fig. D.4 were con-
structed by mapping the critical boundaries in the (m, o) plane for fixed connectivity (K = 3, 10)
and interaction symmetry (y = —1,—0.8,—-0.5,—-0.2,0,1).

For each configuration (K,y), we performed a series of parameter sweeps to locate the
discrete transition points (m,, o) separating the Single Equilibrium (SE), Multiple Equilibria
(ME), and Unbounded Growth (UG) phases. Depending on the local slope of the boundary, we
either fixed o and scanned m (for horizontal-like boundaries) or fixed m and scanned ¢ (for

vertical-like boundaries).

To obtain continuous phase boundaries from these discrete datasets, we performed a
parametric interpolation using the Julia package Dierckx. j1. Specifically, we fitted a smooth
parametric B-spline of order k = 3 to the sequence of detected critical coordinates {(mgi), Gc(i))} i
This procedure ensures a robust reconstruction of the stability limits, smoothing out small

numerical fluctuations while preserving the global topology of the phase diagram.
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Fig. D.1 Numerical determination of the topological phase transition (o = 0). Each row corresponds
to a different connectivity K. The columns display the population averages of the mean abundance m
(left), the cavity variance @ (center), and the susceptibility @ (right). The errors represent the standard
deviation of the population distribution. In the central column (g), the blue horizontal line indicates the
baseline noise floor (mean = std), while the vertical red line marks the detected critical point m, (with

its estimated error width). Note the sharp discontinuity in g characteristic of the topological transition.
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Fig. D.2 Detection of the Single Equilibrium (SE) to Multiple Equilibria (ME) transition. Parame-
ters: K =10,y = —1. Each row corresponds to a different disorder strength 6. The columns display

the population averages of the mean abundance (u) (left), the cavity variance (g) (center), and the
susceptibility m (right). The errors represent the standard deviation of the population distribution. In
the central column (g), the blue horizontal line indicates the baseline noise floor (mean =+ std), while
the vertical red line marks the detected critical point m, (with its estimated error width). The transition
is identified by the departure of the cavity variance ¢ from zero, while the mean abundance y remains
finite. Unlike the topological case, the order parameter grows continuously from zero, resulting in larger
uncertainties for m, as the distribution slowly broadens.
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Fig. D.3 Detection of the Single Equilibrium (SE) to Unbounded Growth (UG) transition. Parame-
ters: K =10,y = —1. Each row corresponds to a different disorder strength 6. The columns display

the population averages of the mean abundance (u) (left), the cavity variance (g) (center), and the
susceptibility @ (right). The errors represent the standard deviation of the population distribution. In
the central column (g), the blue horizontal line indicates the baseline noise floor (mean =+ std), while
the vertical red line marks the detected critical point m, (with its estimated error width). The critical
point is associated with the divergence of the mean abundance u. The vertical red line marks where
the automated algorithm detects the instability, signaling the loss of linear stability and the onset of

unbounded population growth.
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Fig. D.4 Interpolated stability phase diagrams. The grid displays the individual stability boundaries
computed for different network configurations. Top and Middle Rows (K = 10): Phase diagrams for
Y= —1.0,—0.8,—0.5 (top) and y = —0.2,0.0, 1.0 (middle). Bottom Row (K = 3): Phase diagrams for
Y= —1.0,0.0,1.0. In each panel, the symbols represent the discrete critical points determined via the
automated algorithm, while the lines represent the smooth parametric B-spline interpolation of order
k = 3. The regions correspond to Single Equilibrium (SE), Multiple Equilibria (ME), and Unbounded
Growth (UG) phases.



Appendix E

Detailed derivations for the
Small-Coupling Dynamic Cavity Method

E.1 Path-integral formulation

This section presents an alternative derivation of the Small-Coupling Dynamic Cavity (SCDC)
equations based on a path-integral representation of the epidemic dynamics. The approach
closely follows the steps outlined in section 4.2 for continuous-state-space dynamics, adapted
here to the discrete compartmental setting. We focus on the Susceptible-Infected (SI) model
for clarity, but the derivation can be extended to other compartmental models with minor

modifications.

E.1.1 Generating functional

As for the continuous case, we define the generating functional of the dynamics as

N T
Zly] = <exp (Z Y ¥y W(x)éx;ax) > (E.1)

i=1n=0xe %

where the average is over all possible trajectories of the system, reweighted by their posterior
probability Eq. (9.4b). Posterior averages of the epidemic trajectories can then be computed by
differentiation of the generating functional, e.g.

(E.2)

1= Gy
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Explicitly, we have

N
¥l= L[ of )Y %
X i=1
r IRAEN
T wi (et g, o ) P(OF )= V00, (E.3a)
n

<11 Z%ﬂ,xw?(xlx?,z’éi)} P(O|af)e= ¥ 0, (E.3b)

Substituting the infection transition probabilities from Egs. (8.7) and (8.8), we can rewrite the

generating functional for the SI model as

T
x Y 5/1
Zly] = Zle ) [T PO /a’h{x,m ol
nO

n=0

+ 5x;’+171 (1 - (Sx;l,s(xl-neh?> :| o (h:l — Z Jikész) ) (E4)

kedi

where we introduced the infection pressure variable /! defined in Eq. (8.5) and we used the
shorthand notation Jy = log(1 — A;) for the infection couplings. The delta function enforcing

the definition of A} can be expressed in Fourier form as

dh —1hh

()= [ 5 ¢ (E.5)

Substituting this expression into the generating functional, we obtain

ZHp, H OV

/d hn hn { n+1 - 5xﬂ+1 1>6x;77Salﬂeh? + 6x;7+1 I:| e*ih; <hi 7Zk€8i\]ik6xz,l> (E6)

“Z/thpl HP Oy B ¥ T (it

kedi

X H[ i = 8t VOSB! 1) + 8,1 ,8(B)] (E.7)
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We can extend the generating function to include source fields ¥ coupled to the conjugate

i 1h”> > (E.8)

so that posterior averages of the conjugate variables can be computed as

variables h as

HMz

2w, ¥] = <exp(§izw 6t

i=1n=0xc 2

i _ OZIY, V]

(ki) = 5 (E.9)

y=0.y=0

The generating functional with the additional source fields is factorized over nodes and edges

of the contact network

I i’ Z/d&ﬁeS}"c H S;‘J“eZiVIZn O(Zx‘l/z( ). e x+1/7[."ii;?), (E.10)
x i=1

(i,j)€E

where the local and pair actions are
—1 .
sloc — Z log [5(;1;? )0 (8,101 0 — 8 ;) + ()8 01 (E.11)

(g Z ( IJk,thernlJlkh") (E.12)

E.1.2 Cavity equations

We can apply the cavity method to the generating functional above, following the same steps
outlined section 2.3. The main difference is that now, thanks to the introduction of the conjugate
variables fz?, there is no need to introduce the dual factor graph to decouple the interactions
among neighboring nodes. The cavity equations for posterior marginals of the epidemic

trajectories can be expressed as

A or oc
¢ j(xi hi) = PEEP(OF ) [1X / dhyep i (xp, hy) S5 (E.13)
Zy\; kGal\] Xy
. 0(x0) p(OT N
cilxi i) = 11 % )pz(. )y [1X / dhycii(xe, i) K (E.14)
! kedi Xk

which are analogous to Eqgs. (10.5) and (10.8).
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E.2 Example of normalization issue for leaves of the contact

graph

The small-coupling expansion requires assuming the normalization Eq. (10.11), which sums
over all the possible trajectories of node i assuming s; = 0 at every time. The method thus
considers all the trajectories in which the cavity node j is always susceptible, and therefore
cannot infect node i. In particular, there are situations, such as the one considered in the
example below, in which the normalization vanishes, meaning that it is not possible to explain
an observed trajectory within the standard SI model. While this could seem pathological, it is
worth stressing that the assumption made is necessary to obtain a message-passing algorithm
that is independent of the trajectory of node j, a crucial condition to perform the expansion
on which the present method is based. It is however possible to ensure that every trajectory
of a node i remains feasible, the normalization constant being finite, by slightly modifying
the epidemic model introducing a small self-infection probability. In addition to fixing the
normalization issue, a small value of self-infection probability does not deteriorate the predictive

power of the method.

To better illustrate this problem, we consider a leaf node i and its unique neighbor j. In the
cavity graph corresponding to the message c; (i, s;), node i will appear as an isolated node.
As a consequence, it is expected that the approximation behind the SCDC equations cannot
explain, within the cavity graph, an infection actually transmitted from node j to node i. Indeed,

because of the absence of further neighbors, the normalization term reads, after integration of

the conjugate field h;,
T-1
Z,-\j = Zpo(x9)p(0i|xi) H [0‘;1(5xﬂ+1,x4 - 5x'.l+1.1) + 5x’.'“ 1] ’ (E.15)
X n=0 ! ! ! / l 7

showing that an infection can only be explained by a self-infection event. When € = 0 (i.e.
o' = 1, no self-infections possible), the cavity message admits trajectories for which node
i is always susceptible or infected. When a perfect observation (i.e. N = n~ = 0) implies
an infection event at some n # 0, the normalization vanishes, indicating an inconsistency in
the model. This is prevented by the existence of a finite self-infection probability. Since it
is recommended to operate in the limit of a vanishing self-infection, in the present case it is

possible to analytically verify the limiting behavior for the cavity messages ,ul.”\j and ﬁl"\J

As an example, we suppose that the leaf i is observed to be susceptible at time ng and then
is observed to be infected at time n; > ng. We consider a uniform self-infection probability
&' =€ (o = o0 = 1 —¢) for any time n and any node 7, and a uniform prior probability
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Po (x? = S) =1—-7 po (x? =1 ) = 7. The forward messages are
(1—p)a™ ifn<ny,
PV (8) = ' (E.16)
0 if n > ny,
Y+(1—a)(1-pXigal ifn<ng,
P =S (1-a) (1YY} ol ifns<n<n, (E.17)
(I-o)(1=-pX,ia  ifn>n,
and the backward messages
(1—a)ars=yr "ol it n < ng,
Pl () ={ (1—a)yr "o if ng < n <ny, (E.18)
1 ifn>n;
0 ifn <nyg,
pl ()={" (E.19)
1 ifn> ng.
The normalization factor, taking into account the observations, is given by
}’l[—l
Z=0-a)(1-7 ) d, (E.20)
lzns
so that the cavity marginal is given by
0 ifn< ng,
(I—a)(1-n) i o
n= > <
M= oy S SIS (521
1 if n>ny.

In the limit of vanishing self-infection € — 0 (@ — 1), the cavity marginal takes the simple
expression

0 if n <ng,

= S g < n <y, (E22)
1 ifn > ny,
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which gives a reasonable probability profile for the node i to be infected in the absence of node
i. It is worth stressing that this is not the full marginal m, which also depends on the messages
coming from j to i. The cavity field instead diverges for times n between the two observation

times

1 if n <ng,
Hyj=9q —o ifng<n<ny, (E.23)

0 if n>ny,

which is a clear consequence of having a vanishing normalization factor in the limit of zero
self-infection. The divergence of the cavity field is thus the very non-physical effect of the
inconsistency already discussed. In practice, in order to avoid divergences triggered by some
peculiar combinations of observations, we then implement the algorithm using a cutoff fi. <0
on the values of f1; ;, such that the update rule Eq. (10.28) is implemented as follows

o esmy (e ()= ()
Hiyg = max Ho ™ R o N o)+ ol (1) ol (7
P (S) Pl (S) + pLin (1) patl (1)

(E.24)

E.3 Time-forward dynamics
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Fig. E.1 Time-forward dynamics for varying infection probability. Forward dynamics with varying
A. Fraction of infected individuals against epidemic time, with four different static contact graphs. From
top to bottom: regular tree with degree K = 4 and N = 485, RRG with N = 500 and degree K = 4,
RRG with N =500 and K = 15, proximity graph with N = 500. Comparison is shown between SCDC,
Individual-Based Mean-Field (IBMF), Belief Propagation (BP) and Monte Carlo simulations (with 10*
samples). All the links have the same infection probability A, whose value is reported inside each panel.
Six different values of A are used. In all cases, the probability of each individual being infected at time
n=0is set to po(x?) = 5/N, and the self-infection € is set to 0 for every node i.
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