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1 Introduction

Gauge-fixing is an ubiquitous procedure in field theory, both classically and in the quantization
of gauge theories. In supersymmetric field theories, it is typically considered as the key tool
allowing to write down the off-shell number of degrees of freedom (d.o.f.) of the fields! involved
in the supermultiplet, in particular those of the Rarita-Schwinger (RS) spinor-vector [1] in
the flat case, and of the gravitino in supergravity — where, as we shall see, the most common
gauge choice is a gamma-tracelessness functional condition on the latter field. Another
possible gauge choice in this context relies on the transverse-longitudinal decomposition of
the field, where the longitudinal part — namely its divergence — is set to zero. The former
choice is usually preferred as an off-shell, i.e. kinematic, gauge-fixing in supersymmetric field
theories to get the physical d.o.f., as there is no natural way to obtain it as a consequence
of the dynamics, i.e. of the field equations derived from a Lagrangian. Furthermore, for the
standard Lagrangian of the RS field, the divergencelessness constraint follows as a consistency

! Obviously, one should care to distinguish off-shell d.o.f. from on-shell d.o.f.: the latter being, arguably,
the physical ones. It frequently happens that for some authors the spin of the field is meant as a proxy to
the physical — on-shell — d.o.f. (e.g. A, has spin 1, ergo, 2 d.o.f.), whereas for others the spin is meant to
identify the index structure of the field, and therefore refer to the off-shell degrees of freedom. In the latter
case, one further distinguishes the number of free components implied by the index structure from the implicit
gauge-invariant d.o.f. counted by quotienting out the relevant gauge symmetries (e.g. off-shell A, has a priori
4 free components, but only 3 when quotienting out the U(1) gauge symmetry).



condition from the field equations and the gamma-tracelessness constraint taken together
— see, e.g., [2, 3] for details on this point.

As is well-known, imposing gauge-fixing constraints amounts to restricting one’s attention
to a subspace of the initial field space of a theory, and therefore restricting the original
symmetry group to a subgroup preserving that subspace. The soundness of the motivations
behind these restrictions may vary: from mere matters of convenience, to more “foundational”
issues, such as locating within the initial field space the d.o.f. one feels are the relevant ones for
the purpose at hand. In any case, such motivations — often only tacit — must be made plain.

We here highlight an alternative to gauge-fixing, which turns out to be relevant for
the latter issue as it appears at the very foundation of supersymmetric field theory and
supergravity: the so-called dressing field method (DFM) is a systematic geometric approach
to the construction of gauge-invariant variables, first introduced in [4]. It is best understood
within the formalism of the bundle differential geometry of field space [5, 6] (see also [7]),
but has also a simple field-theoretic framing — see e.g. chapter 5 of [8]. The DFM has a
natural relational interpretation: gauge-invariance is achieved by extracting the physical
d.o.f. representing relations among field variables [6, 9].

It turns out that many instances of “gauge-fixing constraint”, when solved explicitly for
the “transformation parameter”, actually produce a dressing field. The corresponding “gauge-
fixed” field is actually a gauge-invariant dressed field — analogous to a Dirac dressing [10, 11]

— which means that it does not belong to the initial field space, and that the intended “gauge-
fixing” is therefore not a gauge-fixing in any mathematically meaningful sense. For more
on this key point, see [12].

As we show here, the above mentioned gamma-tracelessness and divergencelessness
“gauge-fixing constraints” of supersymmetry and supergravity fall in that category. One thus
produces, via the DFM, the RS spinor-vector and the gravitino as supersymmetry-invariant
dressed fields, naturally interpreted as carrying the relational d.o.f. of the theory. In the
latter, all fields are to be similarly dressed via the extracted dressing field. Those invariants
dressed fields satisfy a set of dressed field equations.

The paper is structured as follows: in section 2 we shortly review both the basics of
gauge field theory and the DFM of symmetry reduction, highlighting in what the latter differs
from gauge-fixing. Moreover, we present for the first time the case of perturbative dressing
(or linear dressing). In section 3 we discuss the case of the RS spinor-vector field, commonly
referred to as a spin-3/2 field, as a dressed object — actually, we will see that, after dressing,
it will contain both a spin-3/2 and a spin-1/2 fields, in terms of irreducible spin representations.
Subsequently, in section 4 we move on to supergravity, showing that the gravitino field is a
(perturbatively) dressed field. In both the RS and the gravitino cases we analyse two different
functional constraints to extract the dressing field: the gamma-tracelessness condition and
the divergencelessness condition. We discuss both the kinematic and the dynamics of the
(dressed) theories. We sum-up and conclude in section 5, while in appendix A we give our
proposal of a possible dressing superfield in the “geometric” (rheonomic [13]) approach to
supersymmetric field theories in superspace.



2 Symmetry reduction via dressing

In this section, after introducing the typical field content and the associated geometric
structure of classical gauge field theory, we briefly review the dressing field method of
symmetry reduction, stressing its difference from the gauge-fixing procedure.

2.1 Basics of gauge theory

The basic fields of a gauge theory based on a Lie group H with Lie algebra b, over the region
U C M of a n-dimensional manifold M, are the gauge potential — or connection — 1-form
A= A"= A%, dz" € Q1(U,h) and the matter fields ¢ € Q°(U, V), with V a representation
space via p : H — GL(V), and px : h — gl(V). Their minimal coupling is given by the
covariant derivative D¢ := d¢ + ps(A) ¢ € Q*TH(U,V). The field strength of A, i.e. the
curvature, is F' = dA + 1.[A, A] € Q*(U,b).

These are subject to the action of the (infinite-dimensional) gauge group H of the
theory, that is the set of H-valued functions vy : U — H, x — y(z), with point-wise group
multiplication (yy’)(z) = y(x)Yy'(z), defined by the property that any given n € H, seen
as a “field” on U C M, is acted upon by any other y € H asn — vy 'y =: n¥. The
gauge group is then by definition

H = {y,n :U— H |n = yflny}. (2.1)
Its Lie algebra is thus
LieH := {)\, N U b | SN =[N, } (2.2)

where d)\\ denotes the action of A on X. The action of H (or LieH) defines the gauge
transformations

A A=y Ay +yTldy, ¢ = 6V i=p(v) e,

(2.3)
infinitesimally, 0 A = DX = dX 4+ ad(A)A, = — pe(A) @,

which imply F' +— FY =y~ !Fyand D¢+ (D¢)Y := do¥ +p«(AY)¢Y = p(y) ' D¢. Defining
the field space of the theory as ® = {A, ¢}, by (2.1)—(2.3) the action of the gauge group
H on  is a right action: (AM)Y = AT and (¢")Y = ¢"Y. E.g. for ¢, omitting p, one has indeed:
(@Y=m""o)Y =) ¢ = (v 'ny) v lo =y InTlo = (ny) "¢ =: ¢"Y. We denote the
H-gauge orbit of {A, ¢} as O?A, ¢y C ®. The action of H foliates ® into gauge orbits O
which, under adequate restrictions on either ® (excluding field configurations with stability
subgroups) or H (considering elements s.t.y = ep |pr), are isomorphic to H. See e.g. [14-19].
Under these conditions, the field space ® is a principal fiber bundle with structure group
H over the moduli space of orbits M := ®/H. We have & > M, with projection map
r({4,6}) = {[4], [¢]}.

The dynamics of a gauge field theory is given by a Lagrangian form L = L(A,¢) =
L(A, ¢)vol, € Q"(U,R), where vol,, is the volume form on U, which is typically required to
be quasi-H-invariant, meaning H-invariant up to boundary terms: L(AY,¢Y) = L(A, ¢) +
db(A, ¢;v), for vy € H, so that the field equations E(A, ¢) = 0 remain H-covariant.



Gauge-fixing. One often finds it convenient to make computations more manageable by
restricting to those variables {4, ¢} satisfying particular functional properties. When these
restrictions are imposed by exploiting the gauge freedom (2.3) of the field variables, we call
them “gauge-firing” conditions. The functional restrictions are chosen so as to define a “slice”
in ®, cutting across gauge orbits once, selecting a single representative in each.

A gauge-fixing is but a choice of local section of the field space bundle @, i.e. o : U C
M — ®. Concretely, it is specified by a gauge condition taking the form of an algebraic
and/or differential equation on the field variables using the gauge freedom (2.3) explicitly:
C(AY,¢Y) = 0. The gauge-fixing slice is the submanifold S := {(4,¢) € ®y,|C(AY,¢Y) =
0} C ®, and is the image of the local section o. There is no such global section, no
“good” gauge-fixing, unless ® is trivial, i.e. ® = M x H. Famously, the Gribov-Singer
obstruction (or Gribov ambiguity) is the statement that no global gauge-fixing exists for pure
H = SU(n)-gauge theories over compact regions of spacetime [14, 15, 19].

2.2 The dressing field method

We here provide the basics of the DFM. Consider a ‘H-gauge theory with Lagrangian L(A, ¢) €
Q"(U,R).

Kinematics. Suppose there is a subgroup K C H to which corresponds the gauge subgroup
K C H. Suppose also there is a group G s.t. either H D G O K, or G DO H. A K-dressing
field is a map u : M — G, i.e. G-valued field, defined by its K-gauge transformation:

u® =k tu, for k€ K. (2.4)
We denote the space of such G-valued K-dressing fields by Dr[G, K]. One calls K (or K) the
equivariance group of u, while G is its target group. Given the existence of a K-dressing field,
we have that for {A, ¢} as above, one may define the dressed fields

A :=u ' Au4uldu  and  ¢% = u"lo. (2.5)

These are K-invariant, as is clear from (2.3) — just replacing y — k € K — and (2.4). When
u is a H-dressing field, K = H, the dressed fields (2.5) are H-invariant. The corresponding
dressed curvature is F* = v ' Fu = dA" + 1/2[A%, AY], and satisfies the Bianchi identity
DA Fv = 0, where the dressed covariant derivative is D% = d + p«(A"), so that D%p" =
p(u) 1D = do" + p.(A%)¢". For the dressings {A%, ¢“} to make sense when G D H, one
must assume that representations of H extend to representations of G.

Observe that a pure gauge potential Ag, a.k.a. flat connection, is necessarily given
by a H-dressing field: Ay = udu~'. By w¥ = y~'u, Ay indeed H-transforms as a gauge
! with v € H: given the
transformation properties (2.1) of members of the gauge group, ydy~! does not H-transform

potential (2.3). A flat gauge potential is not expressible as ydy~

as a gauge potential.

Dynamics. Consider the Lagrangian form L = L(A,¢) of a H-gauge theory, satisfying
quasi-H-invariance. Suppose that there is a K-dressing field u with target group G C H.



Exploiting the quasi-invariance of L, we may define the dressed Lagrangian as the Lagrangian
expressed in terms of the dressed fields (2.5):

L(A", ¢") = L(A, &) + db(A, ¢ w). (2.6)

If L is strictly H-invariant, i.e. such that b = 0, it can be rewritten as L(A, ¢) = L(AY, ¢").
In both cases, the field equations E(A", ¢*) = 0 for the dressed field have the same functional
expression as E(A,¢) = 0.

Residual gauge symmetry. If K is a normal subgroup of H, K < H, then H/K =: J
is a Lie group. Correspondingly, £ <’H and J = H /K is a subgroup of H. The dressed
fields (2.5) may then exhibit well-defined residual [J-gauge transformations. In particular,

lum for n € J, the dressed fields are J-gauge

if the K-dressing field transforms as u" =n~
variables, satisfying (2.3) under the replacement y — mn. Therefore, L(A", ¢") is a J-theory.
If L is H-invariant, so that it can be rewritten as L(A, ¢) = L(AY, ¢"), meaning that it is

not a H-theory but a J-theory.

Field-dependent dressing fields. A central idea within the DFM, is that a dressing field
should be extracted from the field content of the theory, rather than introduced in an ad
hoc way. These field-dependent dressing fields are functionals on ®:

u : & — Dr[G,K],

(2.7)
{A, ¢} = u=ulA,4]

The original field variables {4, ¢} encode physical d.o.f. in a redundant way, mixing them
with non-physical pure gauge modes. The dressed fields {A“[A7¢], qb“[A"ﬂ} can be understood
as a reshuffling of the d.o.f. of the original fields that eliminates (part or all of) the pure
gauge modes. If u is a H-dressing field, the H-invariant dressed fields faithfully represent
the physical d.o.f. embedded in the initial set of variables {4, ¢}.

It should be stressed that, for field-dependent dressing fields (2.7), the DFM has a natural
relational interpretation: the fields {A“[A"ﬁ], ¢”[A’¢]} represent the gauge-invariant physical
relations among d.o.f. embedded in {4, ¢}, either among d.o.f. of A and ¢ themselves —
considering “self-dressings”, A" or ¢“l¢) — or between d.o.f. of A and ¢ — considering
e.g. AU or ¢4l See [9] which makes the case for relationality as the conceptual core
of general-relativistic gauge field theory, and [6] for the extension of the DFM to general-
relativistic theories, with diffeomorphisms Diff (M) as symmetry, and the associated relational

interpretation.

Dressing vs gauge-fixing. Is is clear that u ¢ KC, as seen from comparing the definitions (2.1)
of the gauge group and that (2.4) of a dressing field. Therefore, in spite of the formal analogy
with (2.3), the dressed fields (2.5) are not gauge transformations. In particular, A* is no
more a gauge potential, being K-invariant. Also, in case G D H, the dressed potential is
g-valued, A% € Q(U,g), not h-valued like A, and F* € Q?(U, g). This happens e.g. in the
case of the gauge treatment of gravity — via Cartan geometry, see e.g. [20] for a recent
review. The dressed fields { A%, ¢"} are not a point in the gauge K-orbit (’)f{CA oy C (’)?A ) of
{A, ¢}. Therefore, {A", ¢*} must not be confused with a gauge-fixing of {4, ¢}, i.e. with a



point on a gauge-fixing slice §. Contrary to the action of H or any of its subgroups, and
thus contrary to gauge-fixing ® — S§ C @, the dressing operation is not a mapping from
field space ® to itself, but a mapping from field space to another mathematical space: the
space of dressed fields, denoted ®“.

Yet, there is a relation between gauge-fixing and dressing which is as follows. Consider
a complete symmetry reduction via a H-dressing field; then ®“ can be understood as a
coordinatisation of the moduli space M — or a local region Y C M over which the field-
dependent dressing field u : ®; — Dr[G, H] is defined. In such a case, there is a one-to-one
mapping (P )" <> U C M, {A", 9"} < {[A],[#]}, i.e. a coordinate chart. A gauge-fixing
section over the same region, o : U — & C Py, provides a one-to-one mapping U <> S. There
is thus an isomorphism of spaces (®;)" ~ & C . Still, (Py)" # S as mathematical spaces.
Remark that while performing the dressing procedure allows to work with the physical d.o.f.
in a coordinatisation of the moduli space, the latter is not accessible in any way to direct
computations through gauge-fixing. Furthermore, as stressed above, the DFM has a relational
interpretation that gauge-fixing cannot have. We thus observe that, due to their formal
similarity, a manifestly relational reformulation L(A", ¢*) of a theory may be unfortunately
conflated with a gauge-fixed version. For a more exhaustive treatment of the differences
between dressing and gauge-fixing we refer the reader to [12].

Perturbative dressing. It may be that one is interested in invariance at first order,
i.e. under the infinitesimal gauge transformations (2.3). In this case, one may look for an
infinitesimal LieK-dressing field

v:M—g, st dHvusx -\ for e Liek, (2.8)

where in the defining transformation law, one is to neglect higher order terms, polynomials
in A and v. Then one may define the perturbatively dressed fields ¢* := ¢ + 6, ¢, where
b = {A, ¢} and 6, mimics the functional expression of the infinitesimal gauge transformation
S (2.3) with the substitution A\ — v.2 Explicitly,

AY = A+ 6,A oY =@ + 6,0

(2.9)
= A+ D, =6~ p.(v) 6.
We may show that the above are K-invariant at first order, writing
NPY = 02 + 85,0h = 0rp +8-2d = 0r¢ — Orp = 0, (2.10)

where one is to neglect higher order terms, bilinear in A and v, that we might see as arising
in the above computation from the term written, in the suggestive but unsound notation,
“5,0\¢”. For the gauge potential and matter field we have, respectively, using directly (2.9)

neglect

0AY = 60 A+ 6,Dv = D)+ D((S)\U) + [5)\_4, U] =D+ D(*)\) +M =0,
02" = 0r¢ — O (p(V) @) = —pu(X) ¢ — ps(92v) @ — ps(v) Ir
= —p«(A) @ — pi(=A) & — p(V)pct=A) & B

2Notice that 8, is in no sense a differential, and does not stand on its own as a notation.



For a quasi-invariant Lagrangian, s.t. 0\L(A, ¢) = dB(A, ¢; \), one may write the pertur-
batively dressed version

L(AY,¢") := L(A, ¢) + dB(A, ¢;v). (2.11)

The field equations E(AY,¢") = 0 are thus K-invariant at first order (in both A and v).
Naturally, (2.9)—(2.11) may be obtained as linearisations of (2.5)—(2.6).

The above DFM framework applies to graded Lie groups (supergroups), hence to super-
symmetric gauge field theories and supergravity. It indeed appears at the very foundation of
the latter topic, as we show in the next sections where we consider the case of the so-called
Rarita-Schwinger field and gravitino 1-form field.

3 Supersymmetry and dressing: the case of the Rarita-Schwinger field

We will now show that two of the most common gauge-fixing choices used as foundational
tools to achieve the desired number of off-shell d.o.f. in supersymmetric field theory are
actually dressings. We will start from the case of the so-called Rarita-Schwinger (RS) field
in supersymmetric field theories, considered to be a spinor-vector ¢%,, component of a
spinor-valued 1-form field ¢ = v, dz# € Q1 (U,S), with U C M a 4-dimensional manifold and
S a (Dirac) spinor representation for the Lorentz group SO(1,3).% For the sake of simplicity,
we will focus on the N' = 1 case. However, our discussion applies to higher-dimensional,
N-extended supersymmetric theories as well.

Before proceeding with this analysis, let us clarify, following the lines of [2, 3|, some

aspects concerning RS fields and Lagrangian(s).

Spinor-tensor Rarita-Schwinger field in supersymmetric theories.

The spinor-tensors intruduced by Rarita and Schwinger in the original work [1] are of
the kind ¢* |, =¥ (4,..4) and are commonly said to describe spin-(l 4 1/2) spinor-tensor
fields on U C R*®. They fulfill a (massive) Dirac equation (@ + m)y® , .
P .= v#0,, with v# the Dirac gamma-matrices in n = 4 spacetime dimensions, together with

= 0, where

the Lorentz-irreducibility condition v#1¢“ = 0 — a.k.a. gamma-traceless condition. If

Bty
the RS spinor is a solution of those equations with m # 0, then it also necessarily satisfies
i =0, 0", = 0. The case [ = 1 correspond to the simplest RS spinor-vector
field ¥~ ,,
does not hold; this is the field we will be interested in.

Both the Dirac and the gamma-traceless conditions are on-shell constraints (field equa-

which is typically said to carry spin 3/2, for which the condition ! py =0

tions) of the family of Lagrangians introduced by Rarita and Schwinger. However, in the
context of supersymmetric field theories and, in particular, of supergravity, the Lagrangian
referred to as RS term is the (massless) theory

Lrs(¥) =Y Ay Ady  —  Lrs(®) = ™ 7,757,000 , (3.1)

3Given a basis of S, {eq}, we have v, = ¥,
spinor index «. We assume the Majorana reality condition 1) = ¢4° = *C' — with C the charge conjugation
matrix s.t. C* = —C — so that v and v are not independent fields.

eo. For notational convenience we will frequently omit the



where 7 := 7, dz# is the gamma-matrix 1-form, and whose field equations read
VyYANdp =0 —  e"P75v,0,0, = 0. (3.2)

Observe that, in fact, such a theory does not coincide with the Lagrangian and field equations
originally proposed by Rarita and Schwinger. In particular, the massless limit of the above
equations does not correspond to (3.2) and the variation of (3.1) does not imply the gamma-
traceless condition. The Lagrangian (3.1) is quasi-invariant under the gauge transformation

Yt =Y +de — Y=, =P+ 0ue,

3.3
infinitesimally, 0.9 = de — dethy = Ot (33)

where € = €(x) is a spin-1/2 Majorana parameter, more precisely an element of the Abelian
(additive) gauge group

£ = {(—:, U —-TM| e =¢ }, (3.4)

where T°* ¢ T4 is the supertranslation subgroup of the (N = 1) super-Poincaré group
sISO(1,3) := SO(1,3) x T** [21, 22], and the boundary term is simply db(y; €) = d(e A
Vv A dip).t

Let us observe that the field ¢%,, commonly said to contain a spin-3/2 and a spin-1/2 part,
actually involves, in terms of irreducible spin representations, a spin-3/2 component and two
spin-1/2 parts: (19 0)®12=32®12& 1/2 (see e.g. [23]). The spin-1/2 fields appearing into
this (non-local) irreducible decomposition correspond to the gamma-trace and the divergence
of ¥%,. In fact, the decomposition — most commonly mentioned in the supersymmetry
literature — in terms of a spin-3/2 and a spin-1/2 field only, i.e.

wap(pv X) = pap + ’Yu on, (35)

is reducible. In this reducible spin decomposition, x* :=1/ny# %, is a spin-1/2 field — we
remind that n denotes the number of spacetime dimensions.
The field p®,, which is s.t. y#p, = 0, contains both a “longitudinal” (divergence-
L T
of ,, and p®! "
off-shell d.o.f., that is to a spin-3/2 and a spin-1/2 contribution. We will come back to these

free) and a “transverse” modes, p corresponding, respectively, to 8 and 4
points later, when discussing dressing in this context. Here, let us just recall that, in the
supersymmetry literature, it is commonly said that the spin-1/2 part of ¢ can be eliminated
by “gauge-fixing”, typically

YHhu =0, (3.6)

and that one is therefore left with a spin-3/2 field (12 off-shell d.o.f.). Actually, those 12
off-shell d.o.f. correspond to the ones carried by the residual spin-3/2 and spin-1/2 contributions
after “gauge-fixing”. Besides, as we shall see in a while, the condition (3.6) actually involves
a dressing procedure and the (commonly called) RS field v is therefore a dressed (super)field.

“We are using the notation € = de.



Before showing this explicitly, let us recall that, taking together (3.2) and (3.6), one also
obtains the transversality condition

M, = 0, (3.7)

which therefore follows only on-shell in the theory at hand. Hence, ¢ satisfies Ly = 0,
where 00 := 0#0,, and thus 1 describes (on-shell) a spin-3/2 massless particle propagating
in a Minkowski background.® Indeed, in the flat case, using [Ou, V) = 0 and the properties
of the gamma-matrices in four spacetime dimensions, it can be easily shown that the field
equation (3.2) implies @(y#1p,,) — 01, = 0, which, using the “gauge choice” (3.6), yields (3.7).
On the other hand, the field equations (3.2) together with the “gauge choice” (3.7), yield
the weaker constraint @(y*¢,) = 0.

3.1 Rarita-Schwinger gamma-trace dressing

The starting point of our analysis is the RS field ¢)®,, which carries, in principle, 16 d.o.f. and,
as we have recalled above, can be decomposed according with (1®0)® 12 =32alLq 1.
Nevertheless, to immediately see which is the dressing field in this context, in this section we
will consider the reducible gamma-trace decomposition (3.5). Under (3.3)—(3.5) we have

1
X = XS =X+ e,
, (3.8)
Pu > P = Pp— ﬁwﬂe + €.

Let us consider the gamma-tracelessness constraint (3.6) as a functional condition on the
variable ¢y} := 1, + J,u and solve it explicitly for the parameter u:

’Y%Z = 7u(¢,u + 6#“) =0,

3.9
= ulg] = =9 (") = —nd " x. 9

To assess if u is an element of the gauge group, and thus the gamma-trace constraint (3.6) a
genuine gauge-fixing, or if it is a dressing field, we have to ascertain its gauge transformation.
For (3.6) to be a gauge-fixing, v must be an element of £: i.e. it must be gauge-invariant,
u[Yh]€ := u[Yp€] = u[t)], because the gauge group & of supertranslation is Abelian (3.4). As
a functional of ¥, under (3.8), u gauge transforms as

ulth]® = uy) = —nd” xS = —ng”' (X + i@e) =—nd 'x—e=ul)—e,  (3.10)

which is, in fact, the Abelian (additive) version of a dressing field transformation (2.4).
Therefore, explicitly solving the gamma-trace constraint (3.6) does not result in a gauge-
fixing, but in a dressing. One thus has the corresponding gauge-invariant dressed field (2.5),

TPZ =1+ auu[@b] = 7/},u - nau@_1Xa (3.11)

SRemark that the gauge freedom (3.3) cannot be used again to fix also (3.7), as it has been used to fix (3.6).

The latter equation is obtained at the kinematic level (off-shell), it is a “gauge choice”, while (3.7) here is
obtained by exploiting also the field equations (3.2), and is therefore an on-shell result.



which, by construction, satisfies v#¢;; = 0. Applying the gamma-trace decomposition (3.5)
to ¢y, we find

X =x+ %ﬁuw] =X+ %(—n)ﬂﬁ_lx =0,

1 (3.12)
Pu = Pu— 5%@1&[1?] + Ouuly] = Uy

Observe that this dressing is non-local. The dressing field is given of the gamma-trace
component x, carrying 4 d.o.f.; the resulting dressed field ¥" = p* carries 12 physical off-shell
d.o.f. (16 —4 = 12, as x* = 0 by definition) and it still contains both a spin-3/2 (8 d.o.f.)
and a spin-1/2 (4 d.o.f.) component.

Notice that the 12 off-shell d.o.f. of the dressed RS field (3.11) are obtained in a gauge-
invariant way, without any restriction on the gauge group. Whereas, if one is claiming to
restrict to this 12 d.o.f. by imposing (3.6), one is in effect restricting to the field space,
to the subspace 1, — p, by (3.5), by restricting the gauge group to those elements s.t.
Pe = 0 by the first line of (3.8).

Finally, observe that the above gamma-trace dressing, obtained via the functional
constraint (yH)® 3 ¢,3“ =0, on a RS spinor-vector field 1%, is analogous to the “azial gauge”
for a vector gauge potential A, in QED: n#A, = 0, with n# a constant 4-vector — see
e.g. [24]. We indeed claim that as one solves explicitly (as above) the axial constraint,
one ends-up building a (non-local) dressing field u[A,n], which allows to write down the
U(1)-invariant (self-)dressed field A} := A, + 9 u[A, n].

3.2 Transverse dressing

Using the template of the previous section, we now consider another functional constraint (3.7).
Usually understood as a gauge-fixing, we show that when solved explicitly, it again yields
a dressing field. To better appreciate this, we perform the following (reducible, non-local)
decomposition for the RS spinor-vector field:

Py =1y + Uy =1y 4+ 0[O (0")] = 1y + Ik, (3.13)

where z/JE is the transverse component, and w{j := Oy is the longitudinal (“pure gauge”,
i.e. d-exact) component. The “pre-potential” of the latter, &, is a spin-1/2 field carrying 4
d.o.f. off-shell. Under (3.3) we have

T — TV€ _ T7
wlﬁ (wi)e wﬁ (3.14)
¢lt = (/IIZ}[J,) = d}# + 8N€7 thatis k — k=& + €.

Observe that LZJE is invariant under the gauge transformation (3.3). Now, we consider (3.7)
as a functional condition on the variable ¢, := 1, + 9,u and solve it explicitly for u, namely

a“wﬁ = 0" (Y + Opu) =0,

3.15
= ulg] = -0710%",) = -071(0"yy) = —. (349)

Now, as a functional of 1, under (3.14), u gauge transforms as
u[]€ == u[yp] = =k = —k — e = u[] — €, (3.16)
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which is the Abelian (additive) version of a dressing field transformation (2.4). Hence,
explicitly solving the divergencelessness condition (3.7) does not result in a gauge-fixing, but
in a dressing. The corresponding dressed field reads

1/1z =1+ Oyu = (Q/JE + Oyk) — Ok = E, (3.17)
and it is both gauge-invariant and divergence-free by construction. Applying the decom-
position (3.13) to 1, we find, indeed,

k'=rk+u=0,
T
(W) =y = V-
The dressing field is non-local, and given in terms of x, which carries 4 d.o.f.; the resulting
dressed field " = w;f carries 12 physical off-shell d.o.f. and still contains both a spin-3/2

(8 d.o.f.) and a spin-1/2 (4 d.o.f.) component. Indeed, observe that the dressed field is still
gamma-tracefull, v#¢5 # 0. The 12 physical off-shell d.o.f. are obtained, once again, in a

(3.18)

gauge-invariant way, without any restriction on the gauge group.

Finally, let us remark that the functional constraint (3.7) is entirely analogous to the
“Lorenz gauge” for a vector gauge potential A, in QED: 9#A,, = 0. See [12] for the proof that
solving explicitly (as above) the Lorenz constraint, one ends up building a (non-local) dressing
field u[A], which allows to write down the U/ (1)-invariant (self-)dressed field A}, := A, +0,u[A].

3.3 Dynamics of the dressed theory

According to the DFM framework (2.6), with either dressing fields, the Lagrangian 4-form
of the dressed theory is thus

Lrs(¥™) = " Aysy A dyp”
= Lrs(¢¥) + db();u) (3.19)
= Aysy Adp + d(u A ysy A dip).

In components, the dressed Lagrangian density is Lrg(¢") = e p"&ﬁ'yg)%@pw}j. The dressed
field equations are

VBYANdY =0 —  e"P75v,0,05 = 0. (3.20)

The Lagrangian (3.19) is now E-invariant, because 1" is a supersymmetry singlet (€-invariant).
Remark that the dressed field y" is a relational variable [9]: it represents the physical, invariant
relations among the (off-shell) d.o.f. of . The dressed field equations (3.20) are deterministic,
meaning that once the initial conditions are specified, they uniquely determine the evolution
of the relational d.o.f., represented by ¥".

Observe also that £-invariance is obtained at the cost of the locality of the theory, hinting
at the fact that the supersymmetry £ is what is called a substantial gauge symmetry. On the
contrary, an artificial symmetry is one that is eliminated without losing locality. See [25]
for a discussion of this crucial point.

Finally, we may notice that, if the dressing field u[y] is given by the gamma-trace
constraint (3.9), the dressed field equation (3.20) automatically implies 9#¢;; = 0. Wehereas,
if u[tp] is given by the divergenceless constraint (3.15), the dressed field equation (3.20) yields
the weaker condition @(y#4) = 0.

— 11 —



4 Supergravity: the gravitino as a dressed field

The minimal coupling with gravity, described by the (Lorentz) spin connection w®, €
Q' (U,s0(1,3)) and the soldering (vielbein) 1-form e* € Q(U,R?), is obtained via the
substitution
Oy — D, =0, + pe(wy),
1 ua T+ px(wp) (4.1)
7# = Ya€ 123]
with D,, is the SO(1, 3)-covariant derivative, and {74} the flat space gamma-matrices — 7,
in the previous section. For a spinor field A, we have the representation p, = /4740 =
1/8 [Yas veln®® so that DA := d\ 4+ 1/2w% vacA. Thus, the SO(1, 3)-invariant RS Lagrangian
in a gravitational background is then

Lrs(¥) =Y Ay ADYy  —  Lrs(¥) =™ 9,57 Dot - (4.2)

The complete spacetime Lagrangian describing both the dynamics of gravity (that is, of the
spin-2 graviton field) and of the RS field ¢ is given by

lexgra<wab7 ea7 ’(/}) = Rab /\ ec /\ edgabcd + 4/(/_} /\ 757 /\ Dw7 (43>

where R := dw® + w?. A w® is the Riemann (Lorentz) curvature 2-form and v := y,e® =
Yo%y dxt = v, dx# is the gamma-matrix 1-form.

The infinitesimal transformation (3.3) is not a symmetry of the coupled theory (4.3),
one must covariantise it in order to maintain Lorentz covariance, that is

0 = De  — 0.0, = Dye. (4.4)
One also needs to specify the following infinitesimal E-transformations of e® and w%:°

de* =i gy,

o . 4.5
5.0 — i (Dbl — 2 Dl < e, (4.5)

Under the &-transformations (4.4)—(4.5), the Lagrangian (4.3) is quasi-invariant. The field
equations are

E(w) = 2(De® — i/ath) Ay1p) A e%egpea = 0,
E(e) = 2R™ A €“egpeq + 40 A v57aD1p = 0, (4.6)
E()) = 8v57a DY A € 4 47570 A (De® —ifop Ay2h) = 0.

We remind that the supersymmetry algebra closes on-shell, that is, on the field equations.
In the supergravity literature, to get the right count of off-shell d.o.f. (namely, 12
for the gravitino), one usually “gauge-fixes” v by requiring the condition y*%, = 0, i.e.
one restricts attention to a subspace ®, of the field space ® of the theory. Naturally, this
means one must correspondingly restricts the supersymmetry gauge group £ to the subgroup
& = {e € £| e = 0} preserving ®,. In the next section, we show that solving the functional
constraint associated with this “gauge-choice” results in a perturbative dressing.

6See, e.g., [13] and [26] for heuristic explanations.
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4.1 Gamma-trace dressing in supergravity

We thus consider the gamma-tracelessness constraint (3.6) as a functional condition on the
variable ¢}/ := ¢, + 8,9 and solve it explicitly for the linear parameter v:

’Y“w}j =" + Dyv) =0,

4.7
S ol = D7 (M) = —nd o

One checks that v[v)] satisfies (2.8), neglecting higher order terms. Indeed, given 0. x = %lﬁa,
we have

neglect

Sl = —n (0. x) —ndBTIN ~ e (4.8)

One therefore builds the perturbatively dressed gravitino field

YU =+ Dol = —nDD 'y, (4.9)

which is by construction gamma-traceless, v#¢;) = 0, and E-invariant at first order, 6.9" ~ 0.
This means that what is commonly referred to as the gravitino field is, in fact, a (self-)dressed,
non-local field, carrying 12 (relational) d.o.f. off-shell (8 coming from its transverse spin-3/2
component and 4 from the spin-1/2 divergence field).

4.2 Covariant transverse dressing

We now solve the functional constraint (3.7) on the variable 1, := 1, + 8,7 for v:

DY = D*(yp,, + D) = 0,

L o] = —OL (D). (4.10)

One easily checks that

Sool] = -0 (DH5:(,)) — O(OZB7T, e, (4.11)

again neglecting higher order terms. We can then build the perturbatively dressed, non-local
gravitino field,

¢Y := 1+ Du[y] = ¢ — DO (D"py)), (4.12)

which is by construction divergence-free, D#4;; = 0, and E-invariant at first order, 69" ~ 0.
Remark that 1 = 9T, namely it is transverse and carries 12 d.o.f. off-shell, as it can be
easily checked by considering the covariant version of (3.13), i.e. v = T + ¥ = T +
D01 (D¥ ).

4.3 Dressed supergravity theory and its dynamics

In both the aforementioned cases, the perturbatively dressed vielbein and spin connection
1-forms read, respectively,

(€")” = e + o]y,

o o 4.13
(W)Y 1= w® 4 (D[awb]'yc -2 D[“wc'yb}) v[y] ef. (4.13)

,13,



According to the DFM (2.11), with either dressing fields, the Lagrangian 4-form of the
dressed theory is thus

Lsugra(wva 61)7 wv) = Lsugra(w7 €, (ZS) + d/B(w7 €, 1/}7 U)' (414>

is £-invariant at first order because 1, w" and eV are supersymmetry singlet (€-invariant) at
first order. Remark that these perturbatively dressed fields are relational variables [9]: they
represents the physical, invariant relations among the (off-shell) d.o.f. of w, e and .

The dressed field equations are

E(w") =2[D"(e)" = i/2p” Ay Y] A (e)) €apea = 0,
E(e”) = 2(R™)" A () eabed + 40" N 574D 9" = 0, (4.15)
E(WY) = 8757 D"¢" A ()" + 4y57a0" A [DV(e)” — if2)” Ay*p¥] = 0.

The dressed field equations (4.15) are deterministic, they uniquely determine the evolution
of the relational d.o.f. of the theory.

5 Conclusion

We have identified instances of the DFM in elementary, yet foundational, models of super-
symmetric field theories, showing that popular gauge-fixing conditions, once explicitly solved,
end-up producing dressing (super)fields. This entails that one may build the Rarita-Schwinger
spinor-vector field and the gravitino as (non-local) supersymmetry-invariant relational field
variables, with the expected number of off-shell degrees of freedom. It appears that several
gauge-fixings in the literature turn out to be instances of dressings (i.e. naturally construed
as such).

Remark that both the dressings here implemented in supergravity are infinitesimal. One
may then be interested in working out the finite version, in a suitable space. The latter can be
either directly spacetime or, as appears more natural in the context of supergravity, superspace
M"INN 7 spanned by bosonic and Grassmannian coordinates {zH 0%}, A particularly well-
adapted approach to supergravity — and, in general, to supersymmetric field theories — in
superspace is the so-called rheonomic approach [13, 27, 28|, which can be seen as based on the
supersymmetric extension of the Cartan geometric framework for gravity. For a comprehensive
review of the rheonomic approach we refer the reader to [29-31], and for its formal and
explicit connection with Cartan supergeometry to [20]. In [13] it was further observed that
the supersymmetry transformations on spacetime can be interpreted as spanning the algebra
of spacetime diffeomorphisms supplemented by super-Poincaré gauge transformations with
field-dependent parameters — that is, local supersymmetry transformations are not gauge
supersymmetry transformations. This is clearer in superspace, where local supersymmetry
transformations are seen as (infinitesimal) superdiffeomorphisms along the 6-directions of
superspace. In appendix A we suggest a dressing superfield within the rheonomic approach
to supergravity in superspace.

The results presented in this paper may be also relevant in the context of “unconventional
supersymmetry” [32] and its connections with supergravity [33, 34]. This aspect, together

"We denote the number of spinorial dimensions by N, which, in n = 4 spacetime dimensions, is N = 2"/% = 4.
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with the implications of the presence of the dressing fields u/v in the boundary term of
the dressed Lagrangian theory — especially in relation with the “boundary problem” in
supergravity in the geometric approach, see [35, 36] — will be analysed elsewhere.
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A Dressing superfield in superspace

In this section we provide a candidate for a possible dressing superfield within the rheonomic
approach [13] to supergravity in superspace, considering the extension of the functional
constraint (3.6) to superfields in superspace. The latter, in fact, is the gauge-choice commonly
adopted in the supergravity literature when dealing with the gravitino field to get 12 d.o.f.
off-shell. The gravitino superfield 1-form reads

Y (x,0) :¢a,u('r70) dxu+¢aﬂ(x79) dQ/Ba (A1)

where ¥ ¢, (z,0) and 1 “(x, 0) are the superfield components, constituting an infinite tower
of fields at different order in the f-expansion. The infinitesimal transformation under
(even) superdiffeomorphisms of M** of 1) ®(x,6) is written in terms of the Lie derivative
lxv = d(1x)+ix (dip) along an even vector superfield X. For N' = 1 on-shell supersymmetry,
it reduces to the simple expression

Ux1) = De =: 6.1), (A.2)

where ¢ = €% = e%(x,0) = x* = XM, + Xﬂqbaﬁ is the local supersymmetry (su-
per)parameter.
Let us now propose the following “gamma-trace decomposition” of the super 1-form

$(x,0):

Y (x,0) = [ u(2,0) + (1) X7 (2, 0)] da” + [p 5(x,0) + (1) 5 X" (2, 6)] 467

(A.3)
= 0%, (z,0) dz" + 0% 4(2,0)dO° + (1) * 5[ x*(w,0) dx* + x " (,0) dO” ],

with (y#)%4 pﬁﬂ(x, 0) = 0and (v,)% pf . (z,0) = 0, and where x ?(z, #) is a spin-1/2 superfield,
while x#(x,0) is a 4-vector (spin-1) superfield. Together, they form a set of 8 superfields.
They are defined as

Xa(xv 9) =

x!(x,0) =

(7" %597 (. 0),

(PYM) aﬁ wﬂa('x’ 0)7

(A4)

Z =3~
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where n = 2"/2 is the number of spinorial dimensions. In fact, we have

(V) a0 ul2,0) = (7)o () @ 5 x P (2, 0) = nx“(=,0),

5 a 5 N (A.5)
(’YV) aw 5(3776) = (’VV) o (Vﬂ) 5XH(‘7;70) = NXV(xve)’
where we have used the gamma-matrix formula
(71/)501 (’V,u) a/g = Nuv 5aa = Nuv * N. (A6)

Considering the gamma-tracelessness constraint y - ¢ := (y#) g VP, (x,0) =0 (where Z =
{a, p}) on the 1-form superfield ¢* in (A.1) as a functional condition on the (super)variable
Y¥ =1 4 8,1 and solving it explicitly for the linear superparameter v, we get

v’ =7-(¢+ Dv) =0,

A7
= o] =-D'(v-¥). A

One checks that v[y)] is actually a dressing superfield in superspace. Indeed, it satisfies (2.8),
neglecting higher order terms:

Sl = P (v 0.4) = —. (A.8)

Finally, we build the perturbatively dressed gravitino 1-form superfield (dressed superfield)

YU =+ Dol = — DD~ (v 4), (A.9)

which is by construction gamma-traceless, v - ¢ = 0, and &-invariant at first order, 6.y = 0.
This is a perturbative (self-)superdressing in superspace, where the dressing superfield is
given in terms of the eight superfields (A.4).

Following the rheonomic approach, restricting ourselves to spacetime, s.t.

(@, 0)lp=ar=0 = [p*u(x) + (vu) * 5 X ()] d*, (A.10)
we recover the results of section 4.1 for the dressed supergravity theory.
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any medium, provided the original author(s) and source are credited.
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