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Abstract

The classical Mpemba effect is the counterintuitive phenomenon where hotter water freezes faster
than colder water due to the breakdown of Newton’s law of cooling after a sudden temperature
quench. The genuine nonequilibrium post-quench dynamics allows the system to evolve along
effective shortcuts absent in the quasi-static regime. When the time needed for preparing the (clas-
sical or quantum) system in the hotter initial state is included, we encounter so-called Pontus—
Mpemba effects. We here investigate multi-step Pontus—Mpemba protocols for open quantum
systems whose dynamics is governed by non-autonomous (aka time-inhomogeneous) Lindblad
master equations. In the limit of infinitely many steps, one arrives at continuous Pontus—Mpemba
protocols. We study the crossover between the quasi-static and the sudden-quench regime, show-
ing the presence of dynamically generated shortcuts achieved for time-dependent dissipation
rates. Considering a two-parameter family of time-dependent rates, the parameters allowing for
optimal speed-up conditions are determined. Time-dependent rates can also cause non-Markovian
behavior, highlighting the existence of rich dynamical regimes accessible beyond the Markovian
framework.

1. Introduction

Relaxation processes toward equilibrium are commonly described, at a phenomenological level, by
Newton’s law of cooling [1, 2]. In its simplest form, the temperature difference between a system and

its environment decays exponentially in time, with a rate determined by the thermal conductance and
the heat capacity. This description is valid when the evolution is sufficiently close to equilibrium and the
process is quasi-static, meaning that the instantaneous state of the system remains near the equilibrium
manifold throughout the evolution. Under these conditions, relaxation times are monotonically increas-
ing functions of the initial distance from equilibrium.

However, out-of-equilibrium dynamics can violate this simple picture. One of the most striking
manifestations is the Mpemba effect, originally observed in water freezing experiments [3]. Under cer-
tain conditions, a hotter sample can cool down faster than a colder one, rather than lagging behind it
as predicted by Newton’s law of cooling. In modern terms, the Mpemba effect corresponds to a non-
monotonic dependence of the relaxation time on the parameter variations during a sudden quench.
The relaxation speed depends on the geometrical properties of the system state space and on how the
initial state projects onto the slow modes of the dynamics. If the initial state has a smaller overlap
with the slowest decaying eigenmode, it may reach the steady state faster despite being initially farther
away [4, 5].

In recent years, these ideas have been extended beyond the thermal relaxation of classical systems
[6-19]. In particular, Mpemba effects have been investigated for closed quantum systems as well as for
open quantum systems in contact to external reservoirs, driving them toward equilibrium (thermal)
or nonequilibrium (current-carrying) steady states [20—43]. Importantly, experimental observations of
quantum Mpemba effects have been reported in trapped-ion systems [44—46]. In the standard quantum
Mpemba protocol, a sudden quench at time, say, t =0, takes the system abruptly from one dynamical
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generator to another, projecting the initial state onto the eigenmodes of the dynamics induced by the
final-state attractor. Depending on this projection, nontrivial relaxation behaviors may emerge.

While the standard Mpemba effect compares different initial states for the dynamics induced by the
same final-state attractor, a different protocol named ‘Pontus—Mpemba’ effect in tribute to an anecdote
narrated by Aristotle and related to the region of Pontus in Anatolia [47], considers a modified scenario
[48]. Instead of varying the initial condition, one modifies the relaxation protocol itself. In its simplest
formulation, one prepares both system copies in the same steady state of an initial generator. For the
first system copy, one performs the direct sudden-quench protocol to switch to the final-state paramet-
ers. For the second copy, one first performs a quench toward an auxiliary state (leading to the ‘heat-
ing up’ of the state) before a second quench is performed to switch once again to the final-state para-
meters. We note that a two-step temperature quench was introduced and discussed in [10] for thermal
baths. The Pontus—Mpemba protocol therefore includes the time cost for preparing the state in a proper
intermediate state [48] or, in the thermal case, for preheating up or precooling down the initial state
[10]. Under certain conditions, this two-step protocol reduces the total time required to reach a pre-
scribed proximity to the target state in comparison to the direct sudden-quench protocol. In that case,
the Pontus—Mpemba effect is realized.

The essential mechanism differs subtly from the original Mpemba scenario. Rather than exploiting
the spectral overlap of initial conditions with the slow modes of a fixed generator, the Pontus—Mpemba
protocol reshapes the trajectory in state space. The intermediate dynamics can steer the system toward
regions where the subsequent relaxation proceeds faster. In geometric terms, the protocol may shorten
the path to the attractor or move the system onto manifolds associated with larger decay rates. Recently,
the Pontus—Mpemba effect has been explored in different contexts from imaginary-time dynamics to
dynamical phase transitions [49-53].

In this paper, we show how this idea can be further generalized by considering not just a single
additional quench but a sequence of parameter variations. In the limit of infinitely many infinitesimal
quenches, the protocol becomes continuous, and the generator of the dynamics becomes explicitly time-
dependent. This continuous Pontus—Mpemba protocol interpolates between two limiting regimes, namely
the quasi-static limit where parameters vary slowly compared to the relaxation rate and the system fol-
lows the instantaneous steady state such that no speed-up is expected, and the sudden-quench Mpemba
limit, where parameters are changed abruptly. Studying a non-autonomous Lindblad master equation for
the dynamics of open quantum systems subject to time-dependent driving and dissipation [54-57], we
find nontrivial regimes in between these two limits, where a time-dependent modulation of the dissip-
ation rates generates extended regions in parameter space where the relaxation becomes faster than for
the sudden-quench protocol.

In fact, a natural and general framework for describing relaxation processes in open quantum sys-
tems is given by the Lindblad master equation [58-60] in its non-autonomous form [54-57]. If the sys-
tem parameters or the couplings to external environments become time-dependent, the generator of the
dynamics becomes explicitly time-dependent as well. Such dynamics describe continuous deformations
of the relaxation landscape. The attractor becomes a moving target in state space, and the system may
lag behind it depending on the rate of parameter variation. Time dependence also opens the possibil-
ity of entering a non-Markovian regime [61-65]. Within the time-local description, non-Markovianity
is associated with the breakdown of complete-positive divisibility of the dynamical map. Operationally,
this may correspond to temporary backflows of information from the environment to the system. In
the non-autonomous Lindblad equation picture, non-Markovian features arise if the decay rates change
sign during the evolution. Such behavior signals that the dynamics cannot be interpreted as memory-
less at all intermediate times. The interplay between time-dependent parameters and possible non-
Markovian effects provides a rich landscape for engineering relaxation pathways. In this paper, we intro-
duce and study continuous Pontus—Mpemba protocols in order to exploit the freedom offered by a non-
autonomous dynamics for reshaping the system trajectories. As we show below, such effects can system-
atically help to accelerate convergence toward a target state.

The framework described above bears a natural relation to quantum optimal control (QOC) theory
[66, 67]. In QOC, one seeks for protocols based on time-dependent Hamiltonians to minimize some
cost functional, such as the distance to a target state at a fixed final time or the total time required to
reach a prescribed accuracy. The continuous Pontus—Mpemba protocol and the theory of QOC are
therefore deeply connected. However, there are important conceptual differences. The traditional QOC
theory, eventually adapted to open systems [68—72], typically focuses on coherent control through
Hamiltonian engineering, whereas the Pontus—Mpemba framework emphasizes the importance of con-
trolled dissipation and relaxation rates. Here, the environment is not merely a source of decoherence but
an active resource for state preparation. Thus, the study of continuous Pontus—Mpemba effects sits at
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the intersection of out-of-equilibrium dynamics, open quantum systems, and QOC. It provides a physic-
ally transparent and experimentally accessible route to understanding how a time-dependent modulation
of dissipation rates can be harnessed to accelerate relaxation toward a given target state. Below, we con-
sider a specific class of time-dependent rates and, within this class, determine the parameters allowing
for optimal speed-up conditions.

The present framework is also conceptually related to the theory of shortcuts to adiabaticity (STA),
where the goal is to reproduce the outcome of an adiabatic transformation in a finite, and typically
short, time by suitably engineering the system dynamics. Both approaches share a common object-
ive, bypassing the limitations of quasi-static evolution by designing time-dependent protocols that
steer the system efficiently toward a desired target state. This analogy suggests that tools and ideas
developed in the STA framework may provide useful insights for optimizing dissipative state-preparation
protocols [70, 73-76].

The remainder of this paper is structured as follows. In section 2, we introduce the model for an
open two-level system studied in this work and discuss the non-autonomous Lindblad equation frame-
work for Markovian and non-Markovian dynamics. While we mainly focus on the simplest two-level
case, the concepts can be directly generalized to arbitrary Hilbert space dimension. In section 3, we sum-
marize different out-of-equilibrium protocols and how they can be realized. Next, section 4 is dedicated
to analyzing numerical results for different parameter regimes, leading to a classification of continuous
Pontus—Mpemba effects. In particular, we demonstrate that a finite quench time interval £, with — 0
for the standard Mpemba case and f — oo for the quasi-static case, can help to accelerate the relaxation
speed toward the target state. Finally, in section 5, we offer concluding remarks.

2. Model and time-dependent Lindblad master equation

As simple and experimentally accessible model, we here investigate the dynamics of an open two-level
quantum system (a spin-1) in an effective magnetic field. The coherent system dynamics is governed by
the Hamiltonian

H(t)=h(t) o, (1)

with a time-dependent field h(t) = (hy(t), (), h.(t)). The standard Pauli matrices are collected in the
vector o = (o—x,a},, crz). To account for dissipation and decoherence induced by an external environ-
ment, the dynamics of the system density matrix p(¢) is described by a non-autonomous (aka time-
inhomogeneous or time-local) Lindblad master equation [59] (we put /i = 1 throughout),

dZ—(tt) =L[p)] =—i[H(t),p(t)] + ;” (1) (L)\ () p (1) LE (1) — % {L§ (t) L (t) ,p(t)}) .

where {-,-} is the anticommutator. The first term on the right-hand-side of equation (2) is the
Liouvillian and describes the unitary evolution due to the system Hamiltonian. The second term is the
Lindbladian and encodes the dissipative non-unitary dynamics in terms of a set of Lindblad jump oper-
ators Ly () with associated transition rates v, (). The superoperator £(¢) is the generator of the system
dynamics, i.e., p(t) = A0y [p(0)] with A g) = Teli £6)% where T denotes time ordering. In general, for
a d-dimensional system Hilbert space (with d =2 in our case), if the jump operators form an orthonor-
mal basis set of d> — 1 traceless operators satisfying

Tr[Ly (1)) =0, Tr [L§ (L, (t)} = 6y, 3)

the Lindblad equation assumes its canonical form. Every Lindblad equation of non-canonical form can
be reduced to its unique canonical form by a unitary transformation.

The non-autonomous Lindblad equation (2) allows for time-dependent parameters characterizing
the unitary and the dissipative time evolution, allowing also for time-dependent jump operators [54,
55]. If all rates satisfy yx(#) > 0 at arbitrary times, the composition law A, ;) = A, 1) A 1) holds for
arbitrary times t, > t; > fy > 0. Even for the non-autonomous case described by equation (2), the time
evolution is then completely positive and trace preserving (CPT). The composition law thus implies that
the time evolution can be broken into infinitesimal memoryless steps, and thus represents Markovian
dynamics. However, since the instantaneous generator £(t) changes with time, the system evolves along a
time-varying state trajectory which depends on the previous history. In this sense, equation (2) describes
a system which retains memory of the previous time evolution [56, 57]. On the other hand, if at least
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one of the rates 7, (#) becomes negative, either at all times or for finite time intervals, equation (2) is
referred to as pseudo-Lindblad equation. The above composition law then breaks down, and the time
evolution cannot be interpreted as a sequence of memoryless steps anymore. In this case, one may
encounter transient backflow of information and/or coherence from the environment into the system.
Such phenomena are the hallmark of non-Markovian behavior [61-65]. We note that the breakdown of
the composition law does not automatically imply that the total map A, violates the CPT property. The
resulting dynamics may still be CPT for all initial states, as expressed by the Fujiwara—Algoet conditions
[77]. Even when complete positivity is violated, however, the map may remain positive, i.e., it preserves
the positivity of all density operators of the system, although it would fail to do so when extended to a
larger Hilbert space. Alternatively, the map may fail to be positive on the entire state space but remain
positive (and therefore physically meaningful) on a restricted subset of initial states. See, e.g., [56, 57] for
a specification of the general conditions for two-level systems. We note that pseudo-Lindblad equations
have been applied to study non-Markovian Mpemba effects in [33].

For a two-level system, the state evolution under equation (2) can be intuitively understood by a
geometric representation using the Bloch vector [78]. To that end, one expresses p(t) as

p(0) =3 [+x(0) o], @

with the 2 X 2 identity matrix I and the Bloch vector r(t) = (r«(t),r,(),r.(t)) subject to the condition
|r(£)| < 1. Pure states correspond to the surface of the Bloch unit ball, |r| = 1, while mixed states belong
to its inner part, |r| < 1. The state | 1), corresponds to the Bloch vector r = (0,0, 1), i.e., the north pole
of the Bloch ball. Similarly, | ]}, is equivalent to r = (0,0, —1), i.e., the south pole. In this paper, we only
study pseudo-Lindblad equations which satisfy positivity for the initial states under consideration. This
condition implies that the Bloch vector satisfies |r(#)| < 1 for all times [56, 57].

We next note that different measures for the degree of non-Markovianity for the system dynamics
governed by equation (2) have been proposed [57, 79, 80]. One such measure is based on the unique-
ness of the canonical form of the Lindblad equation. For each dissipation channel, one defines the
function

Fal) = — /0 dsmin 0,73 (). (5)

The total amount of non-Markovianity then follows by summing equation (5) over all dissipation
channels [57],

P—1

F) =) Fa). (6)
A=1

Note that to compute F (), access to the full system dynamics is not needed: knowing the time-
dependent rates 7y, (t) is sufficient. Clearly, if we always have v, (t) > 0, one finds F(t) = 0, signaling
the absence of non-Markovianity. However, one obtains F(#) > 0 if at least one of the rates becomes
negative in some time interval. Below, we consider these measures for t — co. Related experimentally
accessible signatures for non-Markovianity are based on the increase of the trace distance [81] or on the
dynamics of entanglement quantifiers [79]. However, for at least two dissipative channels, these alternat-
ive measures may not reliably witness non-Markovianity anymore.

We here include three dissipative channels, corresponding to excitation, relaxation, and pure dephas-
ing along the z-direction. The associated Lindblad jump operators are assumed to be time-independent,
but the transition rates +, (#) are time-dependent. Specifically,

{L)\} = {0‘+, o—, UZ} ’ {’YA (t)} = {’er (t) y V- (t) ) Vz (t)} ’ (7)

with o4 = (Ux + iay) /2. This set of jump operators satisfies the canonical conditions (3). For a two-level
system, the Lindblad equation (2) is equivalent to an affine linear differential equation for the Bloch
vector,

i(t) = A1) () +b(1), (8)
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with the drift matrix A(¢) and the forcing vector b(¢). In terms of the rates ) (#) and the field h(t), we
find

—xds g, —h, hy 0
A (t) =2 hz _# Yz _hx ’ b (t) = 0 . (9)
—h, i - V=

In fact, for time-dependent parameters, equation (8) admits the closed solution

(=20 [r0)+ [a=79-56)]. (10)

where r(0) encodes the initial state and the time-dependent fundamental matrix is defined as

2 (1) = Texp (/OtdsA(s)>. (1)

Despite the existence of the analytical solution (10), except for few special cases [82], it is in general
more convenient to numerically solve equation (8). If all parameters are time-independent, the analyt-
ical solution (10) reduces to

t
r(t) = e {r(O) +/ dse A ~b] , (12)
0
and the steady state (aka attractor) reached at t — oo follows as
Iy = _Ail 'b7 (13)

assuming that A is invertible. In general, the steady state is not necessarily an equilibrium state since
detailed balance can be violated. The system dynamics for our model follows from the combination of
four different effects, originating from h and the three rates . In particular, (i) the field h produces a
coherent (Larmor) spin precession of the Bloch vector around the h-axis, preserving the purity of the
state, (ii) 7, squeezes the Bloch vector along the z-axis by damping the transverse components, and (iii)
the rates v cause an irreversible motion of the Bloch vector toward the (north) south pole of the Bloch
ball.

Finally, let us introduce the trace distance Dt to quantify the Hilbert space distance between two
states p; and p,,

1
DT(Pl;Pz):ETﬂPl—PzL (14)

where |[A| = VATA. In the Bloch ball representation for d =2, this expression can be easily expressed in
terms of the corresponding Bloch vectors,

1
DT(P1»02)=E|1‘1—1‘2|, (15)

where |---| is the ordinary Euclidean norm. Under Markovian Lindblad evolution, including the time-
dependent variant in equation (2), the trace distance between p(t) and pg is a monotonically decaying
function of time. However, in the non-Markovian regime, due to the backflow of information between
the system and the environment, contractivity of the trace distance is not guaranteed anymore [81, 83].

3. Continuous Pontus—Mpemba protocol

By engineering coherent and dissipative processes, one can devise effective protocols for quantum state
preparation, in particular by shaping the control parameters in time to steer the system toward a desired
target state. State preparation can here be understood as guiding the system along a controlled trajectory
toward the desired final state. In the following, we consider different protocols for quantum state prepar-
ation based on the non-autonomous Lindblad equation (2), taking advantage of the quantum Mpemba
effect for open systems to speed up the dynamics toward the target state. We first review the standard
one-step quantum Mpemba effect and the two-step Pontus—Mpemba effect. We then generalize it to a
multi-step version that allows to further reduce relaxation times [48], eventually leading to a continuous
Pontus—Mpemba protocol. For clarity, we here focus on the case d =2, i.e., an open two-level system,
but the generalization to d > 2 is in principle straightforward.
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3.1. Standard quantum Mpemba protocol

The single-quench quantum Mpemba protocol, which we will refer to as ‘direct’ dynamics from now on,
consists of two stages. First, at time ¢ =0, one initializes the system in a ‘starting’ (S) state p(0) = ps,
corresponding to the steady state of the Lindblad equation for given time-independent parameters hg
and 7 s, such that the corresponding Bloch vector satisfies Ag-rs+ bg = 0. Second, at time t =07, one
performs a sudden quench of the parameters to the time-independent values hy and 7, ¢ characterizing
the “final’ (F) steady state pr = p(f — 00). Under the post-quench dynamics, the Bloch vector r(#) relaxes
from r(0) = rs toward the steady state corresponding to r(f — 00) = rg, where Ap-rp+br=0.

The efficiency of the protocol is quantified by monitoring the time-dependent monotonically
decreasing trace distance Dr(p(t), pr) = 3|r(t) — rg|. In order to extract a relaxation time 7 from the
time-dependent trace distance, which then allows for comparing different protocols, we impose a finite
but small dimensionless cutoff € >0 such that Dr(p(t), pr) < € for all + > 7. This step is needed since
the final state is reached only in the limit + — co. The parameter € serves as effective cutoff for the trace
distance which reflects the finite precision of the numerical solution of equation (2), setting a threshold
below which differences between density matrices are indistinguishable for a given numerical accuracy
level. On the experimental side, € corresponds to the finite resolution in quantum state tomography,
which arises from systematic errors in state preparation and measurement and typically scales oc N1,
where N is the number of measured system copies [84—87]. Consequently, trace distances smaller than
€ are operationally irrelevant and cannot be used to reliably distinguish states, neither numerically nor
experimentally. States within this e-ball are thus regarded as effectively indistinguishable. In this paper,
we set € = 107%,

3.2. Two-step Pontus—Mpemba protocol

One of the simplest non-autonomous generalization of the standard quantum Mpemba protocol
described above is realized by adding a further intermediate (I) stage, where a second quench is per-
formed at some finite time t;. We refer to this protocol as two-step Pontus—Mpemba effect, a refinement
and generalization of the quantum Mpemba effect which explicitly accounts for the preparation cost of
the initial states [48].

Rather than comparing relaxation times for two arbitrarily chosen initial conditions, the Pontus—
Mpemba framework consists of a two-step protocol, where the ‘direct’” dynamics is compared with the
dynamics of an identical copy of the system. This second copy starts from the same initial state S with
density matrix p(0) = ps, but it is then deliberately driven away along a different direction, toward an
auxiliary state A. At some intermediate state I, the system is coupled to the same environment as the
first copy and will then relax toward the same final state E Perhaps counterintuitively, such protocols
can often lead to a significantly shorter total preparation time for the second system copy than for the
first copy which takes the direct route. Formally, the Pontus—Mpemba protocol consists of three stages.
(i) At time t =0, we initialize both system copies in the state S. (ii) At time t =07, the parameters for
the first system copy are suddenly quenched to time-independent values hy and ~y, g, driving it directly
toward the final state E For the second system copy, we instead perform a first sudden quench of the
parameters to fixed values hy and vy, o which drive the system toward an ‘auxiliary’ (A) state ps. The
Bloch vector then evolves continuously toward the steady state solution satisfying A, - ry + by = 0. (iii)
Before reaching the state A, the second system undergoes a second quench to the final parameters hg
and ) r at time t = t;, where the second system copy has reached the intermediate state p;. The system
then evolves toward the F state. For the second copy, this protocol is described by the non-autonomous
Lindblad equation (2) with the parameters being piecewise constant functions of time,

hy 0<t<y A 0<t<y
hr t>4 INF t>1

The relaxation time 7 for the second system copy can then be extracted in the same way as for the
direct protocol by demanding Dr(p(t), pr) < € for all t > 7, with the small cutoff e. We note that the
trace distance Dr(p(t), pr) now consists of a first part (for 0 < t < #1), which generally is not a mono-
tonic function of time, and a second part (for ¢ > #;) describing monotonic relaxation toward F. (The
trace distance is monotonic only when computed with respect to the final steady state of the Lindblad
equation. Therefore, during the first time interval where the system is exposed to the A attractor, only
Dr(p(t),pa) is monotonic.) We now label by psg(t) the density matrix trajectory for the first copy, and
by psi(t) for the second copy. Clearly, we have psg(0) = psir(0) = ps, psie(t) = pr1, and psg(f = 00) =
psie(t = 00) = pr. The same relations hold for the corresponding Bloch vectors rgp and rgyg.

6
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As a function of the relative position between ps, p1, pr, and psg(#1), three different types of Pontus—
Mpemba effect can be realized. The ensuing classification is as follows [48].

e Weak type-A. This case is realized if Dy (p1, pr) < Dr(pse(#1), pr). The A attractor thus drives the sys-
tem closer to F in a faster manner than under the direct protocol. Once the second system copy is
switched to the F attractor, it is already closer to F than the first system copy. We note that, in prin-
ciple, the system may reach the target state exactly at a finite time %, i.e., p(#*) = pg, if the time-
dependent dynamics steers the trajectory through pr while relaxing toward the auxiliary steady state.
One should then choose t; = t*, such that Dr(pse(#1), pr) = 0, in order to minimize the relaxation
time. However, achieving exact finite-time arrival generally requires fine-tuning of control parameters
and is thus not expected to be robust.

e Weak type-B. This situation corresponds to Dr (psr(t1), pr) < Dr(p1,r) < Dr(ps, pr). Even though at
time f = #1, the second system copy is further away from the final state than the first system copy,
the attractor A allows the system to approach F from a more convenient direction. This type of
Pontus—Mpembea effect is characterized by the presence of a crossing point (similar to the one expec-
ted under the standard Mpemba effect) between Dt (pse(1), pr) and Dr (psie(t), pr) at some crossing
time t. > t.

e Strong: The third type of Pontus—Mpembea effect is realized if the attractor A drives the second sys-
tem copy further away from both states S and F. Nonetheless, even though the overall trajectory is
longer, it requires a shorter time for reaching F. This case is defined by the condition Dr(ps, pr) <
Dr(p1, pr)- Tt is the least intuitive and most difficult type to realize. Similar to the weak type-B effect,
also the strong Pontus—Mpemba effect is characterized by a crossing point between the trace distance
curves of both system copies.

An example illustrating all three Pontus—Mpemba types in an open two-level system is shown in
figure 1, with identically chosen states S, A, and F for all three cases. The different types follow by
choosing different intermediate times #. The red curve in figure 1 shows the time dependence of the
trace distance Dr(p(t), pr) for the first system copy (direct protocol). The trajectory for the second sys-
tem copy (two-step protocol) instead starts by evolving under the A attractor, see the yellow curve in
figure 1(a) for t < 1, followed by the corresponding blue, green, and black curve for later times ¢ > 1,
with the respective choice for #;. If # is chosen such that the yellow curve stays below the red curve for
t < t, we have the weak type-A Pontus—Mpemba effect, t; = t;,,, where the blue curve shows the dynam-
ics for ¢t > 1;,,. If the yellow curve is above the red curve at #; = t;,,, but still below the initial value of
the trace distance, we encounter the weak type-B Pontus—Mpemba effect, see the green curve for t > 1 .
Finally, the black curve represents a strong Pontus—Mpemba effect, #; = #;,, where the yellow curve moves
above its initial value. In figures 1(b)—(d), the Bloch vector trajectories are shown within the Bloch
ball for the three types in panel (a). Note that the two-step trajectory (yellow plus blue, green or black
curves) can be longer than the direct trajectory (red) despite of the fact that it leads to faster relaxation
toward E

The Pontus—Mpemba effect can be intuitively visualized with the help of a ‘velocity field’ v(r,¢), see
figures 1(b)—(d). In the Bloch ball representation of the two-level system, the velocity field follows from
the time derivative of the Bloch vector, #(¢) = v(r(t),1), see equation (8). For arbitrary time ¢ and any
point r within the Bloch ball,

v(r,t)=A(t) - r+b(s). (17)

At each point, the velocity field is tangential to the trajectory r(¢) of the Bloch vector evolving under
equation (2). It can be generalized to any system dimension d [48]. Its magnitude v = |v| allows one to
visualize and identify regions in the hyperspace of all possible system states where the state evolves at
low vs high speed. For the first system copy (direct protocol), the velocity field is static and fixed by the
state F by means of Ar and bg. For any initial state S, the Bloch vector r(¢) then evolves along the tra-
jectory S — F. For the second copy (two-step protocol), r(¢) evolves under the velocity field fixed by Ax
and by for t < #;, and under the velocity field of the F attractor at later times. While the direct protocol
forces the system to evolve in the velocity field of F, in the two-step protocol, one can wisely choose

the auxiliary state A to effectively circumvent low-velocity regions before switching back to the envir-
onment corresponding to the final state F. For example, let us consider the cases in figure 1, where the
velocity field of the direct protocol is slow around the r,—axis but faster elsewhere. By choosing A such
that the system is pushed away from the r,—axis, one can speed up its evolution toward E. Following
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DT 0.2

Figure 1. Two-step Pontus—Mpemba effects in open two-level systems described by equation (2). (a) Trace distance Dr (p(t), pr)
vs time t, comparing the direct (first system copy) quench protocol to two-step Pontus—Mpemba (second system copy) proto-
cols. We use |hs| = 1 as energy unit. For both system copies, the initial state S is chosen as steady state, see equation (13), for

hs = (0,0.998,0.062) and (v+,7—,7:)s = (0,0.2,0), while the final state F is fixed by hr = (0, —0.966,0.258) and the same
rates, (Y4,v—,7z)r = (0,0.2,0). For the second system copy, the auxiliary state A is chosen as steady state for hy = (0,2,2)

and (v4,v—,v:)a = (1,0,0). The trace distance for the first system copy is shown as red curve. The yellow curve shows the time
dependence of Dr(p(t), pr) for the second system copy under the attractor A, where blue, green, and black curves correspond

to different choices for the intermediate time #1. The weak type-A Pontus—-Mpemba effect is realized for 1 = #,, with the blue
curve showing Dr(p(t), pr) for t > 1. The weak type-B effect with #; = #,, corresponds to the green curve for ¢ > ;. Finally,

the strong Pontus—Mpemba effect is achieved for t; = #;, with the black curve for t > #;. All trajectories reach the same final state
F for t — oo. (b) Bloch ball representation of the system dynamics. The red curve represents the direct S — F trajectory of the
Bloch vector, and the yellow curve shows the S — A trajectory for the second system copy. The blue curve connects I,,4 — F,
corresponding to the blue curve in panel (a), realizing a weak type-A effect. In panels (b)—(d) the velocity field amplitude for the
direct protocol is displayed on a color scale using a regular grid within the Bloch ball. The color bar is shown in panel (c). (¢)
Same as in (b) but for the green trajectory in (a), realizing the weak type-B effect. (d) Same as in (b) but for the black trajectory
in (a), realizing the strong Pontus—Mpemba effect.

such guidelines, it is possible to engineer optimal strategies for reducing the relaxation time, see, e.g.,
[10, 52] for an optimization procedure in the thermal Pontus—Mpemba effect. The two-step Pontus—
Mpemba protocol is the simplest speed-up protocol based on the non-autonomous Lindblad equation
and provides a rule of thumb for fast state preparation based on an analysis of the velocity field land-
scape. Indeed, based on the available dissipation channels and for a given target state, one can study
the dissipation modes and the corresponding dissipation timescales (which follow from the Lindbladian
eigenmodes), which in turn determine the directions (in the space of all possible system states) along
which the state dynamics is fast. The auxiliary quench used for the second system copy can then be
chosen in order to push the system away from the initial state to more favorable routes.

3.3. Continuous Pontus—Mpemba protocol

The two-step Pontus—Mpemba protocol can be generalized in a natural manner to an n-step protocol
by performing n+ 1 consecutive quenches, each driving the system by means of different auxiliary states
A,. Ultimately, the system is again driven to the final state F. In the limit n — oo, requiring that the sys-
tem parameters leading to the attractor A, form smoothly varying curves in time and approach F for
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n — 00, one obtains a ‘continuous’ Pontus—Mpemba protocol. We here analyze the continuous Pontus—
Mpemba effect for systems described by the non-autonomous Lindblad equation (2), where the sequence
{A,} is generated by the continuous time-dependent field, h(t), and dissipation, 7, (), parameters. For
simplicity, we still assume time-independent jump operators. We require h(0) = hg and h(t — oo) = hp,
as well as 5 (0) = vx,s and y»(t — 00) = 7y p. The instantaneous steady state,

e () = —A"' (1) -b (1), (18)

then becomes a moving attractor which takes the role of A, in the n-step protocol. If parameters are
varied slowly as compared to the system’s relaxation rate (which is determined by the spectral gap of

the time-dependent Lindblad superoperator), the system approximately follows the instantaneous steady
state (18). This principle enables adiabatic dissipative state preparation, where the final target state is
reached by smoothly deforming the steady state of the dynamics [73, 88, 89]. Clearly, the adiabatic dis-
sipative state preparation imposes an intrinsic lower bound on the total preparation time. Since the sys-
tem is constrained to follow the instantaneous steady state of the dynamics, the evolution time cannot
be shorter than the time required for the steady state (the attractor of the Lindblad dynamics) itself

to move from the initial state to the final target state. The adiabatic protocol trades robustness and
smoothness for speed: the target state is reached without nonequilibrium transients, but only after a
finite deformation time during which the attractor continuously interpolates between the initial and final
steady states. This bound is absent in quench-based or multi-step protocols, where the attractor is dis-
placed instantaneously and the system relaxes toward the target by following an arbitrary nonequilibrium
dynamics.

The continuous Pontus—Mpemba protocol allows one to investigate the intermediate regime between
the adiabatic and the sudden-quench (two-step) regime, searching for the optimal characteristic time
scale  on which h(t) and 7, () should switch between the values corresponding to S and F. The adia-
batic (quasi-static) regime is reached for f — oo, and the sudden-quench protocol is realized for £ — 0.

4. Dynamical shortcuts

We now study the continuous Pontus—Mpemba protocol by investigating the behavior of the relaxation
time 7 (which is obtained by monitoring the trace distance) for a specific time-dependent profile of the
dissipation rates ~, (t). The results below show that the optimal time scale 7 is located in between the
quasi-static and the sudden-quench regimes. For the optimal choice of 7, the relaxation time T becomes
minimal and relaxation to F proceeds at maximum speed. This effect is due to dynamical shortcuts akin
to those in standard Mpemba protocols [4, 23]. However, the shortcuts discussed here become available
only during the system’s time evolution for finite values of £ In particular, they disappear both in the
sudden-quench (direct) Mpemba protocol as well as in the quasi-static limit.

Even for constant jump operators, the general non-autonomous Lindblad equation (2) allows for an
arbitrary time dependence of the Hamiltonian parameters and the dissipation rates. While this gener-
ality is useful from a conceptual standpoint, it leads to a high-dimensional control space that is diffi-
cult to explore systematically. To reduce the number of free parameters while retaining sufficient flex-
ibility to engineer nontrivial nonequilibrium protocols, we restrict our attention to a specific class of
time-dependent rates. In particular, we consider a time-independent Hamiltonian (i.e., a static field
h = hg = hp), while the time-dependent dissipation rates are modelled by an exponential decay together
with an oscillatory modulation. For each dissipative channel A € {+,—,z}, we assume the same decay
rate x and oscillation frequency w, resulting in

Ya(t>0) =y r+ (Va5 — Vap) e cos (wi), (19)

with the modulation amplitudes |yx s — 7 |- Note that x determines the time scale 7~ %1 discussed
above. The parametrization (19) captures several physically relevant features. The exponential envelope
ensures that all rates converge to the proper final values at long times, thereby guaranteeing the exist-
ence of a well-defined steady state F. The oscillatory component allows for the selective enhancement or
suppression of certain relaxation channels during the early stages of the dynamics.

The time-dependent rates (19) can assume negative values at intermediate time intervals, thus allow-
ing for non-Markovian behavior. Integrating over equation (19), the measure of non-Markovianity in
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equation (5) is given by

N

Fa Z]:)\(t—> OO) = —Z |:’7)\7Ft//\+

n=1

t\=tan, A
’
e " sin (wty) , (20)

t&:tZH—l)\

(’YA,S - %\,F) w
K2 4 w?

where t,_; x and t, ) (with t,_; x < £, ») are solutions of

Y\ F

—, (21)
NS — IA\F

e "cos(wt) = —

with n=1,2,...,N) labeling the set of temporal intervals with ~,(#) < 0. The upper bound is given by

w YA,S — VAF 1
Ny = | —log 2220 )~ 22
\= g () 2, 22)

with the floor function |-]. The onset of the non-Markovian regime for a given dissipation channel is
characterized by the conditions Ny =1 and #; y =t x. This implies the transition curve, wy (k) = K/,
which separates the Markovian from the non-Markovian regime. Here, oy € Ry is the only solution of
the implicit equation

e~ A [ —arctan(ay)]

_ IN,S — V\F (23)
V1+a3 YAF
Consequently, non-Markovian behavior with F =}, F\ > 0 occurs for
w>m}fn{fi/a>\}. (24)
In particular, for w =0, only Markovian behavior is possible.
Below we compare the direct (sudden-quench quantum Mpemba) protocol with the continuous
Pontus—Mpemba protocol. For this purpose, we define a ‘gain function’ as
Tdir
G(rw)=——"———1, (25)
( ) Term (5, W)

where 7y;, is the relaxation time for the direct protocol and 7cpy the relaxation time for the continuous
Pontus—Mpemba protocol with given s and w. The gain function vanishes if both approaches predict
the same relaxation time, while G < 0 if the direct protocol is faster. If the continuous Pontus—Mpemba
effect brings an advantage, we have G > 0. If 7 > 0 holds in addition, we have a non-Markovian con-
tinuous Pontus—Mpemba effect. For x — 0, the time evolution is quasi-static, and the evolution speed
cannot exceed the speed at which the rates (and thus the attractor) evolve. In this limit, we have

Teem(k — 0,w) — 0o and therefore G — —1, i.e., the quasi-static protocol is always slower than the dir-
ect protocol. On the other hand, for the sudden-quench limit x — oo, we have by definition 7.pp — Tair
and thus G=0. By tuning x in between these two limits, we explore a crossover regime which may allow
for transient nonequilibrium effects causing G > 0, resulting in a speed-up with respect to the sudden-
quench protocol. In figures 2 and 3, we present representative examples highlighting the emergence of
such nontrivial transient behavior and possible speed-ups.

In figure 2(a), we show Dy (p(¢),pr) as a function of time for the direct protocol (red curve) and
two non-autonomous cases. Under the direct protocol, the trace distance reaches the cutoff value ¢ at
the time 72 160. The blue curve, obtained for x = 0.2, exhibits a continuous Pontus—Mpemba effect
with 7/ 60, resulting in the gain G~ 1.66. By further decreasing «, one eventually destroys the continu-
ous Pontus—Mpemba effect, as shown by the green curve for x = 0.035, where we obtain 7~ 200 and
thus G <0.

Thanks to the explicit time dependence of the rates it becomes possible to dynamically reshape the
relaxation trajectory in state space. For the direct protocol, as shown, e.g., in figure 2(b), the Bloch vec-
tor r(#) typically follows a damped spiral-type path toward the steady state dictated by the dissipative
structure of the Lindbladian and by the field. By appropriately tuning the time dependence of the rates,
however, one can effectively ‘cut across’ this spiral motion, thereby shortening the geometric path taken
by r(t) inside the Bloch ball, see figures 2(c) and (d). The system is then steered along a shorter traject-
ory toward the target state, with the possibility of reducing the overall relaxation time. This mechanism
provides a second design principle for speed-up. The first principle (discussed above) relies on driving
the system into state space regions where the velocity field has a large amplitude. The second principle
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Figure 2. Continuous Pontus—Mpemba protocol for an open two-level system described by equation (2) with the time-dependent
rates (19). (a) Trace distance Dr (p(t), pr) vs time ¢ for the direct protocol and for the continuous Pontus—Mpemba protocol.

We use |hs| = 1 as energy unit. In both cases, the initial state S is the steady state (13) corresponding to hs = (0.707,0.707,0)
and (v4,v—,7:)s = (0.5,0.1,0), while the final state F is determined by hy = hs and (v4,v—,7:)r = (0.01,0.05,0). The trace
distance for the direct protocol S — R is shown as red curve. The green (blue) curve corresponds to the trace distance between

S and F for a trajectory described by the time-dependent parameters in equation (19) with w =0 and k =0.035 (k =0.2). In

all cases, the state F is reached for t — 0o, and the system dynamics is Markovian (since w = 0). The dashed line indicates the
cutoff e = 10™* for the trace distance. (b) Bloch ball representation of the system dynamics. The red curve represents the direct
sudden-quench curve S — F for r(¢), corresponding to the red curve in (a). Only the portion of the Bloch ball with |r| < 0.25 is
shown. The velocity field amplitude for the F attractor is shown using color scales on a regular grid inside the Bloch ball; the color
bar is shown in (c). (c) Same as (b) but for the blue curve in (a), realizing the continuous Pontus—Mpemba effect. The shown
velocity field corresponds to the attractor S for the initial state. (d) Same as (c) but for the green curve in (a). Here the continuous
Pontus—Mpemba effect does not take place.

instead exploits the possibility of reshaping the trajectory itself, thereby reducing its length by dynam-
ically redirecting the flow in state space. The combined action of these two effects, i.e., accessing high-
velocity regions and shortening the relaxation trajectory, can allow the system to reach the target state
faster than under the direct protocol. We refer to these trajectories as ‘dynamical shortcuts’ since their
presence cannot be forecasted by just looking at the velocity field for the final state only. Instead, such
shortcuts depend on the history of the system and are thus dynamically generated. However, this advant-
age is not guaranteed to exist for arbitrary driving parameters (x,w). In particular, if x is too small,
the evolution approaches the quasi-static regime, where the system adiabatically follows the instant-
aneous attractor. In this limit, the geometric shortening mechanism becomes ineffective and the time
gained by this mechanism will progressively diminish (leading to G — —1) even though the path length
is reduced.Therefore a speed-up emerges only in an intermediate-x regime.

Before investigating whether this effect requires fine tuning of the parameters (x,w), which would
limit its experimental relevance, or whether it instead persists over a broad parameter region, we present
in figure 3 two additional examples for the time evolution of the trace distance. Similar to the two-step
Pontus—Mpemba protocol, also the continuous Pontus—Mpemba effect can be realized with or without
a crossing point between the direct and the non-autonomous trace distance curves. The example in
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Figure 3. Comparison between direct and continuous Pontus—Mpemba protocols for open Markovian two-state systems.

(a) Trace distance D (p(t), pr) vs time t. For both protocols, the initial state S is the steady state (13) corresponding to hg =
(0.183,0.183,—0.966) and (vy+,v—,7:)s = (0.5,0.1,0), while the final state F is determined by hr = hg and (v4,v—,v;)r =
(0.1,0.5,0). The trace distance for the direct protocol S — R is shown as red curve; the dashed line is the cutoff €. The blue curve
shows the trace distance between S and F for the time-dependent rates in equation (19) with £ = 0.6 and w = 0.2. Both proto-
cols reach the same final state F for t — oo. Clearly, the continuous Pontus—Mpemba effect is realized, and a crossing of the trace
distance curves takes place at t = 13. (b) Same as (a) but for kK = 0.4 and w = 0.45. The inconclusive regime is observed.

figure 2(a), comparing the red and blue curves, shows a case without crossing point. In figure 3(a), we
show a case exhibiting a crossing point. In general, since D7 (ppm(#), pr) is not necessarily a mono-
tonic function of time for the non-autonomous Lindblad equation (2), we may distinguish two general
cases by comparing the initial decay rates of the trace distance between the time-dependent (continuous
Pontus—Mpemba) and the direct (S — R) protocol. In particular, if

d d
EtDT (pepm (0), pp) < d7DT (pse(0), pr), (26)

such that the trace distance initially decreases faster for the continuous Pontus—Mpemba protocol, the
engineered protocol exhibits an initial acceleration toward the target state. The continuous Pontus—
Mpemba effect then could take place if the two trace distance curves cross an even number of times.
Conversely, if

d d
&DT (pepm (0), pr) > &DT (pse (0), pF), (27)

the relaxation is initially faster for the direct-quench case. In this case, an odd number of crossing points
is required to have the continuous Pontus—Mpemba effect. Similarly to the notation adopted for the two-
step Pontus—Mpemba effect, we refer to those two cases as weak and strong continuous Pontus—Mpemba
effects, respectively.

We next observe that oscillations in the trace distance curves are suppressed on time scales of order
t~ k! since the rate modulation progressively attenuates toward 7, r. However, if during this transi-
ent window, the trace distance reaches the prescribed cutoff € before the oscillations are damped out, the
comparison between both protocols becomes ambiguous. In this situation, the crossing of the threshold
may occur during an oscillatory excursion, making it impossible to unambiguously determine which
protocol provides a genuinely faster relaxation. We refer to this scenario as the inconclusive regime,
where the presence of transient oscillations prevents a clear identification of a speed-up with respect to
the direct-quench protocol. An example for this case is shown in figure 3(b).

In figure 4, we show color-scale plots for the dependence of the gain function G(k,w) in
equation (25) on k and 6 for a pure decay of the time-dependent rates, i.e., for w=0. Here the angle
0 refers to the angle between the field h (which is kept constant before and after the quench) and the
z-axis. As expected, in the quasi-static limit £ — 0, the continuous Pontus—Mpemba protocol gives
G — —1 (red region). In the opposite limit x — oo, the protocol reduces to the direct sudden-quench
case, yielding G — 0 (white region). However, for intermediate values of k, extended regions with G >0
emerge (blue), indicating a genuine speed-up that does not require a fine tuning of parameters. In
figure 4(a), a single broad G > 0 region appears if h is approximately perpendicular to the z-axis. For
the parameters chosen in figure 4(b), the structure is richer. Apart from a narrow region around the
perpendicular configuration, an additional wider region of positive gain develops for smaller values of
0. Importantly, varying the field direction modifies only the unitary dynamics, leaving the dissipative
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Figure 4. Color-scale plots of the gain function G(k,w) in equation (25) for w =0, where G > 0 indicates a speed-up under to
the continuous Pontus—Mpemba protocol with respect to the direct sudden-quench protocol. Note that the dynamics is then
always Markovian. (a) G in the 0 plane, where 6 is the angle between hy = hs = (sin6, 0, cos0) and the z-axis. The initial state
S is determined by (v4,v—,7:)s = (0.75,0.75,0.75), and the final state F corresponds to (y+,v—,7:)r = (0.05,0.1,0.15). (b)
Same as (a) but for (v4,v—,7v2)s = (0.5,0.1,0) and (y+,y—,~.)r = (0.1,0.5,0).
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Figure 5. Color-scale plots for the gain function G(x,w) in equation (25) for w > 0 in equation (19). Dashed lines separate
Markovian (below) and non-Markovian (above) regimes, see equation (24). Gray areas correspond to the inconclusive regime.
(a) G in the k—w plane for h = hr = hg = (1,0, 0) perpendicular to the z-axis. All other parameters are as in figure 4(a). (b)
Same as (a) but for h = (0,0, 1) parallel to the z-axis. (Again, other parameters are as in figure 4(a).)

channels unchanged. This separation provides a particularly clean experimental handle: by tuning the
field orientation, one can probe the relaxation process without altering the structure of the environment-
induced dissipation. As a consequence, the emergence of regions with positive gain under such variations
offers a direct and experimentally accessible signature for continuous Pontus—Mpemba effects. However,
it is important to stress that varying the angle 6 non-trivially shifts both the initial steady state S and the
final target state F. As a consequence, changes in 6 simultaneously affect the geometry of the relaxation
trajectory r(t) and the relative positioning of the attractors in state space.

Although at fixed 6, no critical value of x exists above which the continuous Pontus—Mpemba effect
is automatically triggered, the effect can nevertheless be induced by changing the oscillation frequency
w in equation (19). In figure 5, we show the gain G as color-scale plot in the x—w plane for the para-
meters in figure 4(a). In figures 5(a) and (b), we consider fields h which are perpendicular (¢ = 7) and
parallel (§# =0) to the z-axis, respectively. In both cases, the regions of positive gain are robust against
variations of w, persisting over extended frequency intervals. Moreover, additional gain regions, which
are absent for w =0, can emerge for w > 0. This demonstrates that the oscillatory component of the
modulation provides an additional control knob which is capable of activating the continuous Pontus—
Mpemba effect even in parameter regimes where it would otherwise be absent.

Next we note that by increasing w, the dynamics can enter a non-Markovian regime, as signaled
by the breakdown of CP-divisibility and a non-zero value of the measure of non-Markovianity F. The
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Figure 6. Color-scale plots of the gain function G for two different families of time-dependent rates beyond equation (19). In
both panels, we consider a constant Hamiltonian with h = hr = hg = (1,0, 0). The rates (y+,v—,7:)s = (0.75,0.75,0.75)

and (v4,v—,7v:)r = (0.05,0.1,0.15) determine the initial and final states, respectively, as in figure 4(a). (a) Two-step Pontus—
Mpemba protocol [48], with the time-dependent rates in equation (28) parametrized by X and #;. We show the gain function G
in the X—#; plane. For X = 0, the standard one-step quantum Mpemba protocol follows, resulting in G = 0. The dashed vertical
line separates Markovian (right) and non-Markovian (left) regimes, see equation (29). (b) G in the xk—p plane for the shifted
hyperbolic tangent interpolation family of time-dependent rates in equation (30) parameterized by x and p. Here the dynamics is
always Markovian.
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corresponding transition line has been specified in equation (24). Although we do not observe a direct
systematic correlation between the emergence of the continuous Pontus—Mpemba effect and the onset
of non-Markovianity, this regime is of conceptual and practical interest. First, in the non-Markovian
regime, the instantaneous generator may correspond to a transient attractor that formally lies outside the
Bloch ball. While such an attractor is not a physical state per se, this additional flexibility can enhance
the ability to reshape trajectories in state space, thereby increasing the range of protocols capable of
exhibiting a continuous Pontus—Mpemba effect. In this sense, non-Markovianity may broaden the con-
trollable landscape of relaxation paths. Second, from an experimental perspective, the absence of a strict
link between the continuous Pontus—Mpemba effect and (non-)Markovianity suggests that this effect is
observable in a wider class of open quantum systems, including those not accurately described by time-
local Markovian Lindblad equations. This enlarges the set of candidate platforms where such relaxation
speed-ups might be realized and detected.

Finally, in order to assess the robustness of the observed relaxation speed-up with respect to chan-
ging the time dependence of the rates, we consider additional families of time-dependent protocols bey-
ond equation (19). In particular, we study (i) the two-step protocol [48] and (ii) a shifted hyperbolic
tangent interpolation. The corresponding results for the gain function are shown in figure 6. For the
two-step protocol, we assume that the time-dependent rates are given by

ME>0) =700t —1)+rO(t—1), Ya="r+X(Vas—TAF), (28)

where #; sets the duration of the intermediate stage before the final quench. The auxiliary state A is
determined by the rates v, a, which are here (for simplicity) parametrized by a single parameter X.
Clearly, for X =0, we recover the direct (one-step) quantum Mpemba protocol at ¢ = 0. For the case
Ya,s > YaF corresponding to figure 6(a), we have vy p < vaa < Ya,s for 0 < X < 1, while for X <0, one
finds yx,a < . From equation (24), we then see that for X < —yx r/(ya,s — Va,F)> One enters a non-
Markovian regime where the non-Markovianity measure for each channel is given by

Fr=tYaa (29)

The separation between the Markovian and non-Markovian regimes is indicated by a vertical dashed line
in figure 6(a). A comparison between the two-step Pontus—Mpemba and the direct quantum Mpemba
protocol is now performed in terms of the gain function (25) by replacing 7cppm (%, w) with the relaxa-
tion time To;pMm (X, #1) obtained under the two-step protocol. In figure 6(a), we show a color-scale plot
for the resulting gain function G(X,#). An extended region with G > 0 emerges at intermediate values of
the control parameters (X, ), which is dominated by sharply peaked islands centered around fine-tuned
parameter values. On such peaks, G can reach higher values than for the continuous Pontus—Mpemba
case in figure 5. However, when moving away from the optimal parameter values realizing a peak, G
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quickly drops down to tiny values. For this specific example, we conclude that the two-step Pontus—
Mpemba protocol can be effective in speeding up the relaxation process. However, compared to the con-
tinuous Pontus—Mpemba protocol, it lacks robustness in the sense that it requires a precise fine tuning
of parameters. Next we consider a shifted hyperbolic tangent interpolation for the time dependence of
the rates,

1 —tanh [k (t — u))
1+ tanh (kp)

Y (t>0)=vr+ (Ya.s — VAF) , (30)
where the rate x again corresponds to the inverse time scale governing the crossover between the ini-
tial and final states. In particular, large values of « imply a sharp quench-like behavior, while small x
amounts to a slow quasi-static time evolution. The parameter ;1 determines the time around which the
transition between the initial and the final state is centered. For equation (30), non-Markovian effect
are not possible since the time-dependent rates are always confined between their initial and final val-
ues. In figure 6(b), we show a color-scale plot for the resulting gain function G(k, ), defined as in
equation (25) by replacing 7.pm(k,w) with the relaxation time 7cpy(%, pt). Similar to what we reported
for the time-dependent rates in equation (19), see, e.g., figure 5, we obtain an extended region of pos-
itive gain, G > 0, which does not require any fine tuning of control parameters. In conclusion, we find
that the relaxation speed-up under continuous Pontus—Mpemba protocols is found for qualitatively dif-
ferent families governing the time dependence of the rates.

5. Discussion and conclusions

In this work, we have investigated the possibility of accelerating quantum state preparation in an open
quantum system through a non-autonomous Lindblad equation by modulating the generators of the
unitary and dissipative dynamics. Moving beyond the quasi-static regime, where the evolution adiabat-
ically follows a slowly varying attractor, and the sudden-quench limit, where parameters are abruptly
switched, we have shown that in the intermediate crossover regime, the interplay between coherent evol-
ution and dissipation gives rise to a nontrivial dynamical reshaping of the relaxation trajectories. Within
this framework, we have analyzed a continuous version of the Pontus—-Mpemba protocol, where an infin-
ite sequence of infinitesimal quenches generates a continuous driving with time-dependent Hamiltonian
as well as dissipation parameters. For the example of an open two-level quantum system, we have iden-
tified parameter regions where a genuine speed-up occurs. In particular, we showed the existence of
extended regions characterized by a shorter relaxation time as compared to both the quasi-static and
sudden-quench protocols. These regions are robust in the sense that they represent broad regions with
stable acceleration gain in the phase diagram, such that fine tuning of parameters is not necessary.

Geometrically, the mechanism underlying the speed-up can be interpreted in two complementary
ways. First, one can steer the system toward regions in state space that are characterized by faster relax-
ation rates, thereby reducing the projection of the initial state onto eigenstates corresponding to slow
modes. Second, the explicit time dependence of the rates allows one to reshape the state trajectory itself.
In this way, one effectively shortens the path toward the target state by ‘cutting across’ the relaxation
path followed by the system trajectory under a sudden-quench protocol. The combined action of these
mechanisms can yield a net reduction in the time required to reach a prescribed accuracy for the tar-
get state. In this paper, we have focused on cases where the time dependence is introduced via the dis-
sipation rates of the Lindblad generator. However, the intermediate state can also by reached via time-
dependent Hamiltonians, thus realizing unitary control protocols. In this way, it is possible to dynamic-
ally engineer the instantaneous unitary transformations proposed, e.g., in [5, 21, 27] in order to achieve
an exponential speed-up.

While we have studied a two-level system, we expect that that our general conclusions are valid also
for open quantum many-body systems. In systems with many degrees of freedom, the spectrum of the
Lindbladian typically becomes dense, potentially leading to a manifold of slow relaxation modes with
comparable decay rates such that suppressing only the projection onto the slowest mode may not pro-
duce a significant speed-up. In order to address this issue, we emphasize that the continuous Pontus—
Mpemba effect relies on two main ingredients, namely (i) the identification of fast relaxation regions
as illustrated in figure 1, and (ii) the dynamical trajectory reshaping mechanism shown in figure 2. The
denseness of the spectrum of the Lindbladian for a many-body system may influence the first mechan-
ism, while the second mechanism should not be significantly affected. In addition, even for the standard
quantum Mpemba effect, robustness is achieved for a many-body system by suppressing the projection
onto the manifold of slow modes (and not just the single slowest mode) while searching for velocity-field
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regions with high relaxation speed. Indeed, quantum Mpemba effects have been numerically found in
systems with many degrees of freedom. For example, [10] has studied a two-dimensional Ising model on
an L x L square lattice with L =70, while in [49], both Mpemba and Pontus—Mpemba effects have been
reported for the mean-field Gross-Neveu model.

We have also clarified the role of non-autonomous and potentially non-Markovian dynamics. While
the breakdown of CPT-divisibility is not a necessary condition for the emergence of the continuous
Pontus—Mpemba effect, entering a non-Markovian regime expands the range of accessible protocols by
increasing the flexibility concerning the instantaneous attractor. The lack of a direct correlation between
non-Markovian features (i.e., negative rates) and relaxation speed-up indicates that non-Markovianity
is neither a necessary nor a sufficient condition for the continuous Pontus—Mpemba effect. Rather, the
speed-up originates from the interplay between the time-dependent attractor and the geometry of the
dynamical trajectories. Our results highlight that relaxation times can be engineered through a controlled
time-dependent modulation of dissipation rates, representing a complementary approach to state prepar-
ation when compared to QOC protocols relying on engineered unitary dynamics.

From an experimental perspective, the protocols considered here are compatible with platforms
where dissipation rates and effective Hamiltonian parameters can be tuned dynamically. Examples
include superconducting qubits with engineered reservoirs [90-92], trapped ions with controlled dis-
sipation channels [93, 94], cold atoms in optical lattices coupled to tailored environments [95, 96], and
spin systems [97].

Our paper naturally opens several interesting questions. A first direction for future research concerns
robustness, i.e., to what extent will the parameter regions showing acceleration persist for imperfect
control over the dissipation channels? A second issue is about optimality, i.e., how should one design
the time-dependence of the rates, the Hamiltonian, and, eventually, of the jump operators, in order to
achieve the highest possible speed-up in a given system? A third question concerns scalability and how
these mechanisms generalize to open systems with many degrees of freedom [98—103], possibly exhibit-
ing topological order [104-109] and/or featuring strong particle interactions [110—-114]. We leave these
questions for future research.

We emphasize that our work studies a restricted family of time-dependent rates, where the time
dependence of the rates between their initial and final values is determined by two parameters (w and
k). It is natural to ask whether truly optimal control strategies could further enhance the reported relax-
ation speed-up. In principle, this problem can be formulated within the framework of QOC, where the
dissipative rates and Hamiltonian parameters are treated as control functions and the objective is to
minimize the time required to reach the target state, see, e.g., [10] for the classical problem of a four-
state system under the effect of a time-dependent bath temperature. Recent advances in QOC have
shown that machine-learning techniques, such as reinforcement learning and neural-network-based
optimization, can be used to discover nontrivial time-dependent control protocols for low-dimensional
systems [115-117]. However, our setting presents several challenges to such an endeavour. In particular,
the requirement of physicality of the dynamics imposes nontrivial constraints, such as complete posit-
ivity or positivity conditions that are generally nonlocal in time. To avoid those complications, we have
here pursued a complementary approach based on a physically motivated family of protocols, leaving the
exploration of systematic (say, machine-learning-based) optimization protocols to future research.

In conclusion, the continuous Pontus—Mpemba protocol provides a paradigm in which the topics of
nonequilibrium dynamics, geometry of state space, and controlled dissipation meet. It applies to both
classical and quantum systems. Within the quantum domain, this framework can allow for accelerated
state preparation protocols, including options for fast real-time manipulation of open quantum systems.
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