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Abstract

For coupling a transonic high-pressure turbine vane with a rotating detonation combustor,
several integration approaches have been considered. Endwall diffusion in the vane
row can facilitate coupling by enabling a higher turbine inlet Mach number operating
range. Nonetheless, the introduction of diffusive axisymmetric endwalls may promote flow
separation and enlarged secondary flows, leading to an overall reduction in turbine stage
efficiency. To address this, the present study introduces a shape optimization framework
based on computational fluid dynamics for designing diffusive non-axisymmetric endwalls
in a transonic vane downstream of a rotating detonation combustor. The reference geometry
is a transonic vane with diffusive axisymmetric endwalls, previously analyzed in numerical
studies. Both hub and shroud endwalls are parameterized using 20 design variables, and a
random sampling approach generates 1000 distinct geometrical configurations. Each design
undergoes geometry generation, meshing, and steady Reynolds-averaged Navier–Stokes
computation under transonic conditions using a three-dimensional commercial solver.
Aerodynamic performances are assessed, and a genetic aggregation method is employed
to construct a response surface. A gradient-based optimization algorithm identifies the
optimal non-axisymmetric endwall configuration, which is then simulated. Comparative
analysis shows that the optimized non-axisymmetric endwall significantly mitigates hub
and shroud vortex effects, enhancing aerodynamic efficiency and supporting integration
within turbine systems equipped with rotating detonation combustors.

Keywords: pressure gain combustion; rotating detonation engine; computational fluid
dynamics; shape optimization; non-axisymmetric endwalls

1. Introduction
Pressure gain combustion technologies offer significant power density and fuel burn

improvement potential for gas turbines. In particular, rotating detonation combustors
stand out given their annular chamber configuration and the lack of moving parts [1,2].
In these systems, detonative combustion raises the stagnation properties of the medium,
theoretically leading to cycle efficiency enhancements, especially at low overall pressure
ratios [3]. However, the high-frequency (1–10 kHz) circumferential motion of the detona-
tion wave produces an inherently unsteady flow field with strong temporal and spatial
oscillations [4,5].
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The sensitivity of the combustor outflow to the geometry and to the boundary
conditions [6,7] has led to a wide range of detonation modes and flow regimes over the
operating envelope. This has motivated various integration approaches for coupling a
rotating detonation combustor with a high-pressure turbine stage within a gas turbine sys-
tem. The first is direct coupling with a supersonic turbine stage [8–10], avoiding pressure
losses caused by the deceleration of the flow. However, strong shock reflections degrade
aerodynamic performance, and advanced cooling schemes must fit within the limited
supersonic vane space. Alternatively, a transition duct can partially decelerate the flow to
suit a transonic vane [11], but it cannot reduce the Mach number to the typical inlet value
(∼0.15) without causing significant losses. Therefore, axisymmetric diffusive endwalls
upstream of the vane leading edge are necessary to further reduce the contraction ratio
(increasing the inlet Mach number), thus ensuring the proper aerodynamic starting of the
vane [12,13].

However, highly diffusive endwalls enlarge the cascade’s secondary flows, as shown
by several numerical studies [14–17]. Considering the rotating detonation combustor
exhaust unsteadiness, these secondary flows oscillate strongly. A previous numerical study
proposed an innovative flow control system to suppress their motion [16]. Despite the
effectiveness of this technique in reducing their size, the hub and shroud passage vortices
remain enlarged and significantly larger than those in traditional transonic high-pressure
vanes with straight axisymmetric endwalls. As a result, non-axisymmetric endwall (NAE)
contouring is explored to improve vane aerodynamic performance and reduce the size of
secondary flows.

The non-axisymmetric endwall concept in turbomachinery originated from the
need to reduce coolant supply pressure near the cavity of a high-pressure turbine stage.
Rose et al. [18] proposed a non-axisymmetric endwall design for the vane hub to reduce
pressure non-uniformities close to the cavity, creating “wavy” hub endwalls using axial
curves with circumferential extrusion. Numerical simulations showed a 70% reduction in
pressure non-uniformities, allowing for a lower coolant inlet pressure level. Their research
extended to the Durham linear cascade through numerical and experimental studies [19],
confirming improved flow guidance and reduced pressure non-uniformities. Further
tests [20] showed a significant reduction in passage vortex size versus flat endwalls. Bren-
nan et al. [20,21] applied non-axisymmetric endwalls to the hubs and shrouds of the Trent
500 turbine stages and used steady and unsteady simulations validated by experiments.
Reduced secondary flows were observed at vane and blade outlets, with tests at varying
speeds demonstrating non-axisymmetric endwall benefits over a wide operational range.

Later, Praisner et al. [22] applied hub non-axisymmetric endwalls to a Pratt and
Whitney high-lift airfoil using gradient-based optimization, achieving a 25% loss reduction.
Turgut et al. [23] created eight hub non-axisymmetric endwall profiles for a high-pressure
turbine stage using a three-term Fourier series to generate sinusoidal shapes at different
axial locations, reporting a 3.21% total pressure loss reduction under steady conditions for
the best profile. Another numerical and experimental study on non-axisymmetric endwalls
for both the hub and shroud of a vane showed total pressure loss reductions of 27% and
37%, respectively [24]. Moreover, the vane became aft-loaded, while the benefits were
linked to the convex leading-edge region. A different optimization process on hub and
shroud non-axisymmetric endwalls reduced vane total pressure losses by 3.79% [25], but no
overall stage improvement occurred as the vane outlet flow angle was not included in the
objective function.

Kim et al. [26] used response surface optimization to design non-axisymmetric end-
walls at the hub or shroud of a high-pressure vane, achieving 8.5% total pressure loss
reduction. Snedden et al. [27] studied non-axisymmetric endwalls on the vane hub of the

https://doi.org/10.3390/ijtpp11030035

https://doi.org/10.3390/ijtpp11030035


Int. J. Turbomach. Propuls. Power 2026, 11, 35 3 of 22

one-and-a-half axial Durham turbine stage, concluding that it improved blade and stage effi-
ciency and reduced secondary flow losses. Dickels et al. [28] applied hub non-axisymmetric
endwalls on a linear high-lift airfoil, reporting 7.8% loss reduction from numerical simula-
tions and experiments. Rheman et al. [29,30] used three-dimensional shape optimization
with artificial neural networks for the hubs and shrouds of high-pressure vane, blade hub,
and combined cases, achieving a 0.18% performance improvement and reduced vane and
blade passage vortices. A case where solely non-axisymmetric endwall shroud optimization
on the high-pressure vane was performed [31] yielded a 10.67% loss reduction. Finally,
Burigana et al. [32] optimized non-axisymmetric endwalls on a blade hub with 3500 design
of experiments (DOE) samples, achieving 0.3% stage efficiency gain.

In general, the application of non-axisymmetric endwalls on the turbine stages is
an effective technique to reduce the size of hub and shroud passage vortices, leading
to improved stage performance. The placement of a convex region accelerates the flow
(decreasing pressure), whereas a concave region decelerates the flow (increasing pres-
sure). Thus, the proper combination of convex and concave zones within the high-pressure
vane passage can balance the pressure difference of the low-momentum fluid between
the endwall suction side and pressure side, resulting in less intense secondary flows. Un-
der this prism, the non-axisymmetric endwall technique is applied to the high-pressure
vane with diffusive axisymmetric endwalls designed for coupling with a rotating detona-
tion combustor [16]. This vane resulted from a prior numerical-based shape optimization
process, which used the transonic CT3 vane with straight axisymmetric endwalls as the
baseline case [33–35]. The current analysis uses the point-displacement method [22] to
parameterize the hub and shroud surfaces of the vane. Then, a large design of experiments
is created and evaluated through steady simulations. Finally, response surface optimization
is employed to find the optimum design in terms of the kinetic loss coefficient, whose per-
formance is thoroughly described and compared with the baseline axisymmetric endwall
case and the best design of experiments sample.

To the authors’ knowledge, this is the first study to optimize non-axisymmetric hub
and shroud endwalls specifically for a transonic high-pressure turbine vane with highly
diffusive endwalls intended for coupling with a rotating detonation combustor, providing a
practically relevant design route for turbine designers to recover aerodynamic performance
under this unconventional inlet environment.

2. Design Methodology
2.1. Optimization Strategy

The methodology that is adopted to implement the non-axisymmetric endwall concept
on the high-pressure vane with diffusive axisymmetric endwalls includes shape optimiza-
tion techniques. In Figure 1, the flow chart of the optimization strategy is displayed.
The design strategy is split into three steps. First, the generation of geometries (Section 2.2)
is conducted (A. Geometries in Figure 1). The axisymmetric endwalls are the baseline
case, whose hub and shroud endwalls are parameterized with the help of b-spline curves.
With the help of a random sampling method (namely a Sobol sequence), a design of experi-
ments populated by a large pool of samples characterized by different non-axisymmetric
endwall shapes is created. This part of the design process is thoroughly described in
Section 2.3.

Once the geometries are generated, the performance of all samples must be assessed
(B. Solver in Figure 1). Therefore, steady simulations are conducted. Each sample is first
meshed, and appropriate boundary conditions are applied to the fluid domain to ensure
the achievement of a transonic regime. These steps are included in Section 2.4. After the
numerical assessment of every geometry, the sample evaluation is followed in Section 2.5.
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Different metrics that specify the aerodynamic performance of the design of experiments
vanes are introduced.

Figure 1. Flow chart of the design optimization process of diffusive non-axisymmetric endwalls for
the high-pressure vane.

Finally, the design methodology is enclosed with the optimization part (C. Optimiza-
tion in Figure 1) found in Section 3. After collecting all the evaluation data of the samples,
an interpolation method is used to create a response surface that describes the relationship
between the geometric parameters and the vane performance results. Then, a single-
objective optimization of the response surface is conducted targeting the minimization of
losses through the cascade. For that purpose, a gradient-based algorithm is used. Once the
algorithm gives the prediction, the design is applied on the high-pressure vane, the meshed
flow volume is created with the appropriate boundary conditions and its aerodynamic
performance is numerical assessed. In the end, Section 4 presents a comparative study of
the benefits provided by the final geometry, while Section 5 draws some conclusions from
this research activity.

2.2. Geometry Generation

The baseline case of this analysis is the high-pressure vane with diffusive axisymmetric
endwalls [16], which is displayed in Figure 2. Its major geometrical features are listed
in Table 1 also. In this case, the inlet-to-outlet span ratio (SR) is 0.34, which results in
significant diffusion in the meridional direction. The application of non-axisymmetric
endwalls takes place on both hub and shroud. In Figure 3a, the blade-to-blade view
of the cascade is shown. The vane passage is split into 4 axial (Z-axis) splines. Each
spline is constructed with the help of 11 fit points. However, the first three and last
three fit points are fixed in space, preserving tangency of the curve for the inlet and
outlet flat endwalls. Upstream and downstream of the parameterized vane along the
circumferential axis (X-axis), the parameterized pattern is identically repeated. The fit
points are periodically duplicated to different azimuthal locations to ensure the proper
repetition of the non-axisymmetric endwall shape. It is very important to ensure that the
non-axisymmetric endwalls and the vane airfoil have the same spatial periodicity in the
azimuthal direction [32]. Moreover, this approach allows for constructing smooth periodic
surfaces in the azimuthal direction (X-axis), avoiding any presence of sharp edges at the
locations of repetitions. In parallel, the parameterization is portrayed in meridional view
of Figure 3b as well. The exact same parameterization occurs for both hub and shroud.
The fit points have only one degree of freedom in radial direction (Y-axis). To construct
a sample, first the variable fit points of hub are placed in the appropriate radial position.
Then, the corresponding shroud fit points are mirrored by the hub fit points with respect to
the mid-span of the cascade. Thus, a sample can be reconstructed with 20 fit points in total.
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Table 1. Geometrical features of high-pressure vane with diffusive endwalls.

C Cax. NVanes RMid. SpIn SR α2,metal CR

75.7 mm 51.67 mm 43 369.85 mm 17.2 mm 0.34 73 deg 1.24

Figure 2. Meridional view (a), blade-to-blade view (b), iso-view 1 (c) and iso-view 2 (d) of the
high-pressure vane with diffusive endwalls.

Figure 3. Parameterization of non-axisymmetric endwalls for the high-pressure vane shown in
blade-to-blade view (a) and meridional view (b).

In Figure 4, a random sample is shown for its blade-to-blade view (a) and its merid-
ional view (b). It is evident that the non-axisymmetric endwall configuration preserves the
diffusivity characteristic, as shown in Figure 4a. Therefore, the un-starting phenomenon
will be absent for that case and the inlet Mach number will remain high. It is demonstrated
that the parameterized non-axisymmetric endwall shape inside of the central vane’s pas-
sage (0.018 − 0.57 X/C) is identically repeated for the next and previous vane passages
respecting the spatial periodicity of the cascade, while it is easy to observe the mirror
effect of shroud and hub axial splines in Figure 4b. In addition, the inlet area remains
unchanged. Nonetheless, the non-axisymmetric endwall concept affects the throat area
of the cascade. In order to ensure that the contraction ratio will not significantly vary for
the design of experiments, the radial displacement of the fit points is restricted to ±7.5%
of the corresponding axial span of the vane. Considering that a movement of a fit point
occurs both in hub and shroud, the span variation for every axial location is permitted in
range ±15%. It is worth mentioning that these limits are in accordance with the evidence
presented in the literature [36].
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Figure 4. Random sample of non-axisymmetric endwalls for the high-pressure vane shown in
blade-to-blade view (a) and meridional view (b).

2.3. Design of Experiments

Once the parameterization and the limits of the design of experiments are properly
defined, its sampling process follows. The 4 axial stations along the vane pitch, each
defined with 5 variable control points at both hub and shroud, result in a total of 20 design
variables, as shown in Figure 3. These 20 variables constitute the input parameter space of
the design of experiments (DOE). A space-filling random sampling method is then applied
to these variables to generate 1000 unique design samples, each corresponding to a different
combination of the input parameters. The DOE size of 1000 samples is selected considering
the relatively high dimensionality of the design space (20 variables) and based on common
practice reported in the literature, where comparable or smaller DOE sizes are typically
adopted for similar optimization problems under computational constraints.

Thus, it is essential to carefully select this space-filling random sampling method to
ensure consistent coverage of the design space. In statistics, the effective random sampling
methods are characterized as low-discrepancy models. The metric called “discrepancy”
quantifies the uniformity of the design points within the design space. In particular, the star
discrepancy D∗ is the maximum discrepancy value of a dataset and represents how well the
design points are scattered in the design space. Methods with low values of D∗ distribute
the design points more uniformly in the design space without placing points very close or
very far away from each other. More information regarding the discrepancy methods and
assessments can be found in the works of Niederreiter [37] and Dalal et al. [38].

For the current analysis, three random sampling methods are compared, namely
Sobol sequence, Halton sequence, and Latin hypercube. In Table 2, a parametric analysis
of these three methods is given. It is evident that, for the needs of the current analysis,
the Sobol sequence method provides the lowest discrepancy, ensuring a proper and uniform
distribution of the design points in the multi-dimensional design space. Furthermore,
Figure 5a gives a representation of the average percentage span variation of the vane for
each sample. Since the cascade has diffusive endwalls and the NAE configuration imposes
random displacement of the span, the average span percentage displacement along the
vane’s passage is necessary to be computed according to Equation (1). As a matter of fact,
for every pitch-wise station (θi) of the parameterization, the span distribution along the
axis (Sp(Z, θi)) is compared with the nominal span distribution of axisymmetric endwall
design (SpAE(Z)). Moreover, Figure 5b gives a graphical representation of the design of
experiments limits in the meridional view of the high-pressure vane.
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Table 2. Star discrepancy values for Sobol sequence, Halton sequence, and Latin hypercube for a
design of experiments of 20 design parameters for 1000 samples.

(D∗)Sobol
Sequence (D∗)Halton

Sequence (D∗)Latin
Hypercube

0.0455 0.0496 0.0681

∆Sp =
1
4

4

∑
i=1

∫ ZTE

0

Sp(Z, θi)− SpAE(Z)
SpAE(Z)

dZ (1)

Figure 5. Percentage change of average span of the design of experiments non-axisymmetric end-
wall samples with respect to the axisymmetric endwall case (a) and geometrical variation of non-
axisymmetric endwalls for the design of experiments presented in the meridional view (b).

2.4. Numerical Approach

Once the non-axisymmetric endwall samples for the design of experiments are prop-
erly designed, the numerical solving process follows (B in Figure 1). In Figure 6, the meshed
volume domain of a random sample is given. The colors in Figure 6 correspond to the
boundary conditions reported in Table 3. The boundary conditions are identical to those
used for the vane with diffusive endwalls designed in [16], as well as the nominal condi-
tions of CT3 vane [33–35] targeting the transonic regime of the cascade. Since no detailed
information was available about inlet turbulence level and length scale, values of TuIn = 5%
and ScIn = 0.001 m, which approximately correspond to 2.3% of the axial chord of the
CT3 vane, were selected as representative of the test case. It must be underlined that
the inlet length of the domain is chosen to allow for 5% growth of boundary layer with
respect to the inlet span, ensuring that a developed flow will reach the cascade [14,15].
Moreover, the outlet sampling location is set at 0.3 of axial chord downstream of the trailing
edge. The fine-meshed volume includes this location as well. As illustrated in Figure 6a,
a large outlet plenum with free–slip walls is placed downstream of the cascade domain.
The change in non-axisymmetric endwalls significantly varies the secondary flow develop-
ment. Thus, the plenum ensures proper mixing of these vortical structures before reaching
the outlet boundary and imposing difficulties on the calculations. In Figure 6d, it can be
observed that inflation of 15 prismatic layers is placed on the walls of the domain, ensuring
that y+ will remain below unity, properly resolving the boundary layer.
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Figure 6. Iso-view of random non-axisymmetric endwall sample’s domain (a), iso-view of meshed
volume (b), blade-to-blade view of meshed volume (c) and detailed view of leading-edge mesh (d).

Table 3. Boundary conditions of cascade with non-axisymmetric endwalls.

Boundary Conditions
Type Properties
Inlet Pt = 161,600 [Pa] & Tt = 440 [K]

Outlet P = 83,289 [Pa]
Periodic -

Free-Slip Wall Adiabatic
No-Slip Wall Adiabatic

After meshing every sample of the design of experiments, the steady three-dimensional
calculations are performed for each case. The fully 2nd-order accurate density-based im-
plicit commercial solver ANSYS™ FLUENT™ [39] version 2023R2 is used. The turbulence
closure problem is treated with the help of k–ω SST turbulence model [40]. The hybrid
mesh of each sample is around 2.4 · 106 elements. A grid-dependence analysis, as sug-
gested by Roache et al. [41], is performed. For this purpose, two additional grids are
tested with respect to the nominal (medium) one labeled as “M”: a coarse grid (C) with
≈1.7 · 106 elements and a fine grid (F) with ≈3.1 · 106 elements. In Table 4, the results of the
grid-dependence analysis are presented. The properties of vane inlet mass flow rate, vane
inlet mass-weighted Mach number, and vane outlet mass-weighted total pressure are sam-
pled for the three different grids. The GCI reduces from coarse–medium to medium–fine,
while the asymptotic range of convergence is almost unity for all three properties. Thus, it
is concluded that the numerical setup leads to grid-independent results.

Table 4. Grid dependence analysis of non-axisymmetric endwall high-pressure vane domain.

Property Grid Refinement
Ratio GCI

Asymptotic
Range of

Convergence

(ṁ) Vane
Inlet

C–M
M–F

1.4
1.3

0.33%
0.18%

0.998
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Table 4. Cont.

Property Grid Refinement
Ratio GCI

Asymptotic
Range of

Convergence

(Ma) Vane
Inlet

C–M
M–F

1.4
1.3

0.63%
0.38%

0.997

(Pt) Vane
Outlet

C–M
M–F

1.4
1.3

0.16%
0.19%

0.999

2.5. Vane Performance Evaluation

Once each sample’s geometry is properly defined, meshed, and solved using a
Reynolds-averaged Navier–Stokes solver, performance is subsequently evaluated. First of
all, the peculiarity of the vane with diffusive endwalls lies in its low contraction ratio (asso-
ciated with a high inlet Mach number), as defined in Equation (2). In spite of preserving
the same inlet area (Ain) for all samples, the variation in endwall shape along the cascade
alters the throat area (A∗) of the samples, which is calculated based on mass conservation.

CR =
Ain
A∗ (2)

Concerning the aerodynamic performance of the vanes, the kinetic loss coefficient
(Equation (3)) uncovers the effectiveness of the vane to accelerate the incoming flow.
Moreover, the outlet flow angle coefficient indicates how much the outflow angle deviates
from the prescribed outlet metal angle of the vane (Equation (4)). In other words, this
metric assesses the effectiveness of flow guidance through the cascade.

ζv = 1 − (u2)
2

(u2, is.)2 = 1 −
1 − ( P2

Pt, 2
)

γ−1
γ

1 − ( P2
Pt, 1

)
γ−1

γ

(3)

ζαo = 1 − α2

α2, metal
(4)

The evaluation of the generated total pressure losses (ζPt ) through the cascade is usu-
ally expressed by Equation (5). In addition, another estimate is associated with the available
outlet kinetic energy through the total pressure loss coefficient (Y), as shown in Equation (6).
It would be useful to identify the different contributions of losses. Thus, the loss breakdown
analysis (Equation (7)) is carried out using the loss correlations proposed by Aungier [42].
The contributions of the profile losses (Yp), the secondary losses (Ys), the trailing-edge losses
(Yte), and the shock losses (Ysh) are included for the case of a high-pressure vane. Since the
span of the diffusive axisymmetric endwall and non-axisymmetric endwall cases varies
along the cascade, the secondary flow coefficient (Ys) cannot be estimated using empirical
models as the commonly used secondary loss correlation [42] requires a constant vane span.
Therefore, the contribution of losses due to secondary flows is determined by subtracting
the known coefficients of other loss mechanisms from the computed total pressure loss co-
efficient. The formulas of the employed coefficients are presented in Appendix A, whereas
additional details concerning the derivation of the correlations and their corresponding
expressions are provided in the work of Aungier [42].

ζPt =
Pt, in − Pt

Pt, in
(5)
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Y =
Pt, 1 − Pt, 2

Pt, 2 − P2
(6)

Y = Yp + Ys + Yte + Ysh (7)

Finally, the normalized outlet standard deviation of static pressure (Equation (8))
is used to assess the non-uniformity of vane outlet flow field (2) before reaching the
possible subsequent turbine blade row [14,15]. In fact, diffusive endwalls promote enhanced
secondary flows, so the outflow non-uniformities are significant. Also, the highly unsteady
inflow from the rotating detonation combustor may induce blade-forcing phenomena in
the subsequent blade row, so it is essential to quantify pressure fluctuations through the
σ̂(P2) parameter.

σ̂(P2) =
σ(P2)

Pt, in
(8)

3. Optimization Results
After all the design of experiments samples are generated, meshed, solved through

three-dimensional simulations, and appropriately evaluated, the optimization strategy
follows (C in Figure 1). The applied methodology is adopted based on the outcome of a pre-
ceding optimization of the high-pressure vane with axisymmetric diffusive endwalls [16],
which is the baseline case for this non-axisymmetric endwall design process (Figure 2 and
Table 1). The analysis is a single-objective optimization focusing on the minimization of the
kinetic loss coefficient (ζv of Equation (3)). The deviation coefficient (ζαo of Equation (4))
is not included as an objective function since it is treated as a secondary performance
indicator rather than a primary design target in the present formulation. The whole process
is conducted with the help of ANSYS DesignXplorer version 2023R2 tool [43]. After col-
lecting all the results of the design of experiments, the construction of the response surface
occurs. The genetic aggregation method is used to interpolate and construct a response
surface. The response surface is a function that receives as inputs the geometrical values
of the design points (ri) and returns the analyzed properties retrieved by the simulations
(CR, ζv, ζαo , Y, σ̂(P), etc.). It is an iterative process that is initialized by already defined
interpolation methods (full second-order polynomials, non-parametric regression, Kriging,
and moving least squares). Then, the processes of selection, crossover and mutation are
followed. The genetic aggregation method continues for 12 iteration, while a stopping
criterion with respect to the goodness of fit evaluation is integrated.

In Figure 7, a three-dimensional representation of the response surface is displayed.
The kinetic loss coefficient (ζv) is shown with respect to the design parameters r4 and r8.
In particular, r4 is the first variable fit point of 0.018 X/C axial spline in Figure 3, which is
the first axial spline downstream of the leading edge in the pitch-wise direction (X-axis).
For the same spline, r8 is the fifth variable fit point. In parallel, the surface is colored
with the values of deviation coefficient (ζαo ). Since the design parameters are 20, it is
impossible to visualize the response surface for the kinetic loss coefficient for all the design
parameters. This is the reason why the representation with only two design parameters
is selected. The response surface representation of Figure 7 can be extended to all the
combinations of the 20 design parameters of the design of experiments. The quality of the
response surface interpolation by genetic aggregation is given in Figure 8. In this diagram,
the non-dimensional observed values by the design of experiments for all the samples
regarding the kinetic loss coefficient, deviation coefficient, and contraction ratio are placed
in the x-axis, whereas the y-axis represents the predicted values by the response surface for
the corresponding properties. In parallel, the coefficient of determination (R2) is computed
for the three aforementioned properties. It is evident that the R2 does not drop below 99.7%
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for the three cases, denoting the successful interpolation and construction of the response
surface by the genetic aggregation method.

Figure 7. 3D representation of response surface for r4 and r8 design parameters with respect to the
kinetic loss coefficient (ζv) colored with values of deviation coefficient (ζαo ).

Figure 8. Quality of response surface interpolation measured for kinetic loss coefficient (ζv),
deviation coefficient (ζαo ) and contraction ratio (CR) of non-axisymmetric endwall design of
experiments samples.

Once the response surface is constructed and its quality is evaluated, the optimization
of the response surface is followed. For that purpose, the non-linear programming by
quadratic Lagrangian (NLPQL) method is used. It is a gradient-based single-objective
optimizer based on quasi-Newton methods. It is an iterative process that stops when
the two subsequent predictions of the objective function (ζv) do not change more than
0.0001%. Once the optimizer provides a candidate, the elected sample is designed, meshed,
and solved in order to validate the prediction. If the validation is worse than the best
sample of the design of experiments, the sample is added to it and the optimization process
(C in Figure 1) repeats. If the optimized validation shows improvement, the final design of
non-axisymmetric endwalls is created. More information regarding the response surface
construction and optimization can be found in [43].

4. Turbine Vane Analysis
In Figure 9, the results of the design of experiments are presented. The x-axis is the

deviation coefficient (ζαo of Equation (4)), while the y-axis is the kinetic loss coefficient (ζv of
Equation (3)). Its minimization constitutes the single-objective function of the optimization
process. Moreover, in Figure 9a, the samples are colored with the contraction ratio (CR of
Equation (2)), whereas, in Figure 9b, the cases are colored with the non-dimensional outlet
standard deviation of pressure (σ̂(P2) of Equation (8)). In addition, for both graphs, different
symbols highlight the baseline axisymmetric endwalls (AEs), the non-axisymmetric endwall
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samples of the design of experiments (DOE NAEs), the sample of design of experiments
with minimum combination of kinetic loss coefficient and deviation flow angle coefficient
(DOE NAE), and the optimized sample (Opt. NAE). First of all, the success rate of the design
of experiments process regarding design, meshing, and solving cases reaches 99.8% since
only two cases fail during the process. Moreover, the candidate predicted by the NLPQL
method showed a validated performance improvement over the best design of experiments
sample, thereby eliminating the need for the optimizer to initiate an additional optimization
round. In terms of kinetic loss coefficient, 7.4% of the design of experiments samples show
improvement with respect to the baseline axisymmetric case, while the percentage for the
deviation coefficient reaches 37.7%. Moreover, the optimized case shows an improvement of
23.43%, achieving the goal of the design process. The results of the optimization process are
displayed in Table 5. In general, the optimized case accomplishes substantial improvement
for all the assessment parameters except the minor better performance of σ̂(P2). It must
be reported that, for all the cases, the Reynolds number based on the chord of the vane is
approximately 1 · 106, reaching an outlet Mach number of approximately 0.93.

Figure 9. Non-axisymmetric endwall design of experiments and optimization results shown with
respect to the contraction ratio (CR) (a) and non-dimensional outlet standard deviation of pressure
(σ̂(P2)) (b).

Table 5. Performance comparison of axisymmetric endwalls (AEs), best by DOE non-axisymmetric
endwalls (DOE NAEs) and optimized non-axisymmetric endwalls (Opt. NAEs).

Case Main CR ζv % Y % ζαo % σ̂(P2) %

AE 0.57 1.24 8.7 14.07 2.1 3.65

DOE NAE 0.51 1.33 7.8 12.32 0.11 2.8

Opt. NAE 0.57 1.23 6.7 10.45 1 3.56

Net improvement - - 2 3.62 1.1 0.09

In Figure 9a, it is visible that an increased contraction ratio reduces the deviation
coefficient, which is in accordance with the preceding optimization results of the high-
pressure vane with axisymmetric diffusive endwalls [16]. A larger contraction ratio leads
to a lower inlet Mach number for the cascade. Thus, the vane is able to turn the flow more
efficiently since the receiving inlet velocity is lower. Regarding the kinetic loss coefficient,
no clear regression with respect to the contraction ratio can be derived. In addition,
non-axisymmetric endwalls do not exhibit major variations in non-dimensional outlet
standard deviation of pressure, as shown in Figure 9b. However, a small improvement
in pressure reduction regarding non-uniformities at the outlet is achieved. In conclusion,
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the optimized case of non-axisymmetric endwalls achieves reduced total pressure losses
through the cascade, better guides the flow, and does not trigger significant outlet pressure
non-uniformities regarding the blade-forcing phenomena for the possible subsequent
blade row.

In Figure 10, the front and rear iso-views of the hub endwalls for the baseline axisym-
metric endwall case, the best non-axisymmetric endwall case by design of experiments
and the optimized non-axisymmetric endwall geometry are shown. Moreover, the hub
endwalls are colored with respect to the non-dimensional radius. In Figure 10b,c, it is
evident that, for the best by design of experiments non-axisymmetric endwall and opti-
mized non-axisymmetric endwall cases, convex regions are placed at the location of leading
edge. In particular, the leading-edge convex region is more intense for the optimized
non-axisymmetric endwall, while an additional convex region is added at the middle of the
entrance vane’s passage. Downstream, it is displayed that the optimized non-axisymmetric
endwall geometry exhibits a concave region close to the suction side, while a slight convex
region is observed close to the pressure side. This is more evident in Figure 10f. Further-
more, in the rear view (Figure 10e), a sudden “bump” can be identified in the aft region of
the suction side for the best non-axisymmetric endwall case obtained from the design of
experiments (DOE NAEs). This convex region is much milder for the case of optimized
non-axisymmetric endwalls.

Figure 10. Iso-view for axisymmetric endwalls (AEs), best non-axisymmetric endwalls (NAEs) by
DOE, and optimized non-axisymmetric endwalls: (a–c) front view; (d–f) rear view.

The Mach number contour at mid-span for the three cases is shown in Figure 11. It
is evident that a strong shock is generated at the suction side of design of experiments
non-axisymmetric endwalls. Nonetheless, this shock is moved downstream and is much
milder for the optimized geometry. The presence of this sudden acceleration is accounted
for by the presence of “bump” for the two non-axisymmetric endwall cases, as shown in
Figure 10. This downstream convex region close to the suction side of the trailing edge
contracts the flow field further, resulting in extra acceleration. However, the “bump” is
less intense for the optimized non-axisymmetric endwalls, thus alleviating the effect of a
strong shock.

The outlet pressure loss contours are presented in Figure 12. The axisymmetric endwall
case has strong hub and shroud passage vortex cores (which are identified by considering
the radial position of the highest pressure loss point) that are very close to the mid-span.
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Their span penetration heights are 42.23 % and 68.2 %, respectively. These cores are much
milder for the best by design of experiments non-axisymmetric endwall case and they
are moved closer to the related endwalls, leading to span penetration heights equal to
28.75 % for the hub passage vortex and 86.54 % for the shroud passage vortex. Nonetheless,
a strong hub corner vortex can be identified. Conversely, the optimized non-axisymmetric
endwall case exhibits a much milder hub corner vortex, which is located closer to the hub
endwalls. Similarly, the hub and shroud passage vortices are less intense and placed away
from the mid-span, attaining span penetration heights equal to 32.17 % for the hub passage
vortex and 78.23 % for the shroud passage vortex.

Figure 11. Mid-span contour Mach number for axisymmetric endwalls (AEs), best by DOE non-
axisymmetric endwalls (DOE NAEs) and optimized non-axisymmetric endwalls (Opt. NAEs).

Figure 12. Outlet contour of total pressure losses for axisymmetric endwalls (AEs), best by DOE
non-axisymmetric endwalls (DOE NAEs) and optimized non-axisymmetric endwalls (Opt. NAEs).

In Figure 13a, the isentropic Mach number distribution at mid-span for the three cases
is displayed. As reported in the literature, the vane is transformed to more aft-loaded
airfoil since the maximum acceleration occurs upstream for both the best by design of
experiments non-axisymmetric endwalls and the optimized non-axisymmetric endwalls
with respect to the axisymmetric endwall case. The best by design of experiments non-
axisymmetric endwall sample exhibits a strong peak of Mais., which is much milder
for the optimized non-axisymmetric endwalls. In Figure 13b, the radial distribution of
pitch-wise averaged total pressure losses for the three cases is shown. Both cases of non-
axisymmetric endwalls push the core of passage vortices towards the hub and shroud,
while the cores exhibit decreased losses. However, the passage vortex of best by design
of experiments non-axisymmetric endwalls generates significant total pressure losses.
In general, the optimized non-axisymmetric endwall case is an aft-loaded vane with mild
acceleration of the suction side, while the hub and shroud passage vortices are less intense
and closer to the related endwalls.

In addition, Figure 14 shows the radial distribution of pitch-wise averaged outlet
yaw angle. Both non-axisymmetric endwall cases achieve less under-turning close to the
mid-span region, confirming the deviation coefficient improvement shown in Figure 9.
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Moreover, they exhibit less over-turning close to the shroud region. However, the best
by design of experiments non-axisymmetric endwall case is characterized by excessive
over-turning close to the hub endwall, evidence of the strong corner vortex shown in
Figure 12. The absence of this intense rear bump for the optimized non-axisymmetric
endwall case (Figure 10f) effectively restricts the over-turning in that region.

Figure 13. Isentropic Mach number distribution at mid-span (a) and outlet total pressure loss
distribution (b) for axisymmetric endwalls (AEs), best by DOE non-axisymmetric endwalls (DOE
NAEs) and optimized non-axisymmetric endwalls (Opt. NAEs).

Figure 14. Outlet spanwise distribution of yaw angle for axisymmetric endwalls (AEs), best by DOE
non-axisymmetric endwalls (DOE NAEs) and optimized non-axisymmetric endwalls (Opt. NAEs).

In Figure 15, the front and rear views of the hub secondary flows are displayed with the
help of vorticity magnitude iso-surfaces (|ωζ | ≥ 2 · 104 1/s). The convex regions close to the
leading edge for the non-axisymmetric endwall cases reduce the size of horseshoe vortices,
as visible in Figure 15b,c. As a consequence, when the pressure side and suction side
horseshoe vortices merge and form the hub passage vortex, its size is significantly smaller
compared to the axisymmetric endwall case (see Figure 15a). Moreover, the concave regions
close to the suction side for the non-axisymmetric endwall cases increase the pressure close
to that zone. Thus, the hub passage vortex does not impinge on the suction side as in the
axisymmetric endwall case. Therefore, the vortex is not further accelerated, restricting
its intensity and size. On the other hand, the downstream “bump” close to the suction
side of the trailing edge reported for the design of experiments non-axisymmetric endwall
generates an intense hub corner vortex, as shown in Figure 15e. Nonetheless, the optimizer
successfully detects this effect and the elected geometry reduces this convex region (as
shown in Figure 10f), leading to a much milder hub corner vortex.

The non-dimensional pressure at the hub surface for the three cases is displayed in
Figure 16. Starting from the inlet of the cascades, the axisymmetric endwall case shows
a highly irregular hub endwall pressure distribution. The best by design of experiments
non-axisymmetric endwall case demonstrates some improvement. However, regions of
low pressure are still accompanied by adjacent high-pressure zones. A low-pressure ring
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surrounds the leading-edge region, followed by a pressure increase near the leading-edge
stagnation point. In contrast, the optimized non-axisymmetric endwall case exhibits a
uniform pressure rise from the inlet to the leading-edge stagnation point. A more uniform
inlet pressure distribution results in less intense horseshoe vortex legs, leading to a weaker
passage vortex.

Figure 15. Iso-view of vorticity magnitude iso-surfaces for axisymmetric endwalls (AEs), best by DOE
non-axisymmetric endwalls (DOE NAEs) and optimized non-axisymmetric endwalls (Opt. NAEs)
(iso-surfaces of |ωζ | ≥ 2 · 104 1/s): (a–c) front view; (d–f) rear view.

Figure 16. Blade-to-blade view of non-dimensional static pressure distribution at hub walls for
axisymmetric endwalls (AEs), best by DOE non-axisymmetric endwalls (DOE NAEs) and optimized
non-axisymmetric endwalls (Opt. NAEs).

In the aft part of the vanes, downstream of the suction side crest, the baseline geometry
presents a strong circumferential pressure difference between the pressure side and suction
side, which can be identified by the highly warped pressure iso-lines in that region. This
pressure imbalance promotes the motion of the passage vortex from the pressure side to
the suction side, contributing to the overall growth and radial penetration of the secondary
flows [44]. Contrarily, the best design of experiments and optimized designs exhibit a
more uniform circumferential pressure distribution, with pressure iso-lines parallel to the
mid-pitch flow turning line, thereby minimizing the motion of the passage vortex towards
the suction side. For the same location, it is evident that the expansion of low-momentum
flow near the endwalls occurs much more smoothly in the non-axisymmetric endwall
cases compared to the baseline axisymmetric endwall case. For all these reasons, the non-
axisymmetric endwall application results in less intense secondary flows, reducing total
pressure losses and improving flow guidance.
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Finally, the loss budget breakdown analysis for the three cases is reported in Table 6.
The profile losses are elevated for the non-axisymmetric endwall cases. Since the airfoil
profile is not optimized for the non-axisymmetric endwall configuration but for the axisym-
metric endwall case, it is clear that the contribution of losses by the airfoil shape is higher.
For the trailing-edge losses, the three cases exhibit similar results. However, the shock losses
are higher for the non-axisymmetric endwall cases, especially for the design of experiments
non-axisymmetric endwalls. These results are in accordance with the remarks derived
from the Mach number contour of mid-span (Figure 11) and the mid-span isentropic Mach
number distribution (Figure 13a). The non-axisymmetric endwall cases augment the losses
due to the presence of shock. However, the optimizer successfully subtracts these losses
by alleviating the intensity of the shock. Finally, both non-axisymmetric endwall cases
substantially reduce the contribution of secondary flow losses. The baseline axisymmetric
endwall case reaches almost 8 % of Ys, whereas the optimized non-axisymmetric endwalls
do not exceed the limit of 3 %.

Table 6. Loss budget breakdown analysis for axisymmetric endwalls (AEs), best by DOE non-
axisymmetric endwalls (DOE NAEs) and optimized non-axisymmetric endwalls (Opt. NAEs),
including profile losses Yp, trailing-edge losses YTE, shock losses Ysh and secondary flow losses Ys (d).

Case Y % Yp % Yte % Ysh % Ys %

AE 14.08 5.48 0.72 0.13 7.75

DOE NAE 12.32 7.74 0.82 1.91 1.86

Opt. NAE 10.46 6.36 0.71 0.58 2.80

Net improvement 3.62 −0.38 0.01 −0.45 4.95

5. Conclusions
This research work describes the shape-based numerical design optimization of diffu-

sive non-axisymmetric endwalls for a high-pressure turbine vane. The non-axisymmetric
endwall concept has been demonstrated to effectively reduce the cascade’s secondary flows,
achieving more uniform outflow. Thus, this advanced technique is applied to the peculiar
case of a high-pressure vane with diffusive endwalls, which can potentially be placed
downstream of a rotating detonation combustor.

The baseline case of this study is the high-pressure vane with diffusive axisymmetric
endwalls derived by a previously performed numerical work. The point-displacement
parameterization of both hub and shroud endwalls is chosen, including 20 fit points that can
move only in the radial direction. With the help of Sobol sequences, 1000 cases are generated.
All the samples pass the design, mesh and numerical setup processes. Reynolds-averaged
Navier–Stokes calculations are conducted in each case, and aerodynamic sample evaluation
is followed. In the end, a response surface is constructed using genetic aggregation, while
the non-linear programming by quadratic Lagrangian method, with the minimization of
the kinetic loss coefficient as the single objective, identifies the optimum case.

The combination of concave and convex regions at the cascade endwalls can balance
the pressure fluctuation of the low-momentum fluid in these regions. In fact, the optimum
non-axisymmetric endwall case is characterized by a convex region close to the leading
edge, while a similar zone is observed in the middle of the vane’s entrance. In addition,
a concave zone is placed close to the rear part of the suction side of the vane. A remark-
able 23.43% kinetic loss coefficient reduction is achieved, while both the outlet pressure
uniformities and flow guidance are improved as well. The non-axisymmetric endwall
airfoils exhibit aft-loaded vane characteristics, confirming the findings reported in the
literature. Additionally, a convex region near the rear portion of the suction side of the
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non-axisymmetric endwall airfoil further contracts the flow field, thereby increasing com-
pressibility losses. Nevertheless, the contribution of secondary flows to the total pressure
losses is significantly reduced.

Both hub and shroud passage vortices are less intense, resulting in higher-quality
flow for the subsequent blade row. The non-axisymmetric endwall application effectively
redirected secondary flows closer to the endwalls, reducing their impact near the outlet
mid-span region. While diffusive endwalls are necessary for starting the vane, they were
previously associated with enlarged hub and shroud passage vortices that significantly
degrade overall stage performance. This new technique, however, overcomes that limitation
and can be adopted for innovative transonic vanes potentially placed downstream of a
rotating detonation combustor.

For turbine designers, these results demonstrate that non-axisymmetric endwall shap-
ing is not only an original enabler for transonic vane architectures that are compatible
with rotating detonation combustors but also a practical means to mitigate secondary flow
penalties and deliver a more uniform higher-quality outflow for the downstream blade row.
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Nomenclature

Roman Symbols
C Chord [m]
Nvanes Number of Vanes [−]

DR Half Span [m]
D∗ Star Discrepancy [−]

D Discrepancy [−]

GCI Grid Convergence Index [−]

ṁ Mass Flow Rate [kg/s]
Ma Mach Number [−]

Pt Total Pressure [Pa]
Tt Total Temperature [K]
CR Contraction Ratio [−]

A Area [m2]

A Area [m2]

ptc Pitch [m]
o Throat [m]
t2 Trailing-Edge Thickness [m]
u Velocity [m/s]
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Sc Turbulent Length Scale [m]
Sp Span [m]
SR Span Ratio [−]

Tu Turbulence Level [−]

Y Total Pressure Loss Coefficient [m/s]
Ycl Clearance Loss Coefficient [−]

Yex Supersonic Expansion Loss Coefficient [−]

Ylw Lashing Wire Loss Coefficient [−]

Yp Profile Loss Coefficient [−]

Ys Secondary Flow Loss Coefficient [−]

Yte Trailing-Edge Loss Coefficient [−]

Ysh Shock Loss Coefficient [−]

r Design Parameter [−]

R2 Coefficient of Determination [−]

R Radius [m]
Greek Symbols
∆Sp Span Variation [−]

γ Specific Heat Ratio [−]

α Yaw Angle [deg]
β Pitch Angle [deg]
ζv Kinetic Loss Coefficient [−]

ζPt Total Pressure Losses [−]

ζαo Deviation Angle Coefficient [−]

σ̂(P) Normalized Outlet Standard Deviation of Static Pressure [−]

ωζ Vorticity Magnitude [s−1]

Superscripts
Is. Isentropic
ax. Axial
In Inlet
Out Outlet
metal Metal Angle
Mid Mid-Span

Abbreviations
The following abbreviations are used in this manuscript:

AE Axisymmetric Endwall
CR Contraction Ratio
DOE Design of Experiments
DOE NAE Best Sample from Design of Experiments
FP Fit Point
NAE Non-Axisymmetric Endwall
Opt. NAE Optimized Sample
NLPQL Non-Linear Programming by Quadratic Lagrangian
SR Span Ratio

Appendix A
The total pressure loss coefficient evaluation is based on empirical performance corre-

lations for axial-flow turbine blade and vane rows, as proposed by Aungier [42]. In this
framework, the total pressure loss coefficient is expressed as the sum of the individual loss
sources within the turbine stage, as shown in Equation (A1). For the present case, which
focuses solely on the vane performance analysis, the contributions of losses due to leakage,
supersonic expansion, and lashing wire are neglected, i.e., Ycl = Yex = Ylw = 0. The profile
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loss coefficient (Yp) represents the losses caused by the boundary layers developing along
the endwalls and airfoil surfaces, as well as those induced by the incidence at the cascade
inlet. The secondary flow loss coefficient (Ys) accounts for the losses generated by the influ-
ence of centrifugal forces within the passage flow. The trailing-edge term (Yte) corresponds
to the losses associated with the cascade wake, whereas the shock loss coefficient (Ysh)
reflects the compressibility effects occurring through the passage.

Most of the coefficients are calculated using the correlations proposed by Aungier [42],
as shown in Table A1. The contribution of secondary losses (Ys) cannot be determined
using these correlations because the vane span varies along the axis, which violates the
correlation’s assumption of constant span. Since the total pressure loss coefficient (Y) of
the cascade is calculated according to Equation (6) using numerical results, the remaining
unknown coefficient representing the secondary flows is derived from Equation (A2). Fur-
ther details regarding the derivation, definitions of the additional parameters, and relations
required to compute each loss coefficient are provided in [42].

Y = Yp + Ys + Yte + Ycl + Yex + Ysh + Ylw (A1)

Ys = Y − (Yp + Yte + Ysh) (A2)

Table A1. Total pressure loss coefficients of a vane.

Profile Losses
Yp = KmodKincKMKMKPKRE A

A = [Yp1 + Ξ(Yp2 − Yp1)](5 · tmax / c)Ξ − ∆Yte
Ξ = α2, metal / α2

Trailing-Edge Losses
Yte = 2 ∆Pt/(ρu2)

∆Pt =
1
2 ρu2[ptc · sinβg/(ptc · sinβg − t2)− 1]2

βg = arcsin(o / ptc)

Shock Losses

Ysh =
√

Ỹ2
sh / (1 + Ỹ2

sh)

Ỹsh = 0.8 · X2
1 + X2

2
X1 = 0, if Ma1 ≤ 0.4

X1 = Ma1 − 0.4, if Ma1 > 0.4
X2 = 0, if Ma1 ≤ Ma2

X2 = Ma1 / Ma2 − 1, if Ma1 > Ma2
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