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EXTINCTION RATES FOR NONRADIAL SOLUTIONS
TO THE STEFAN PROBLEM

GABRIELE FIORAVANTI, XAVIER ROS-OTON, AND CLARA TORRES-LATORRE

Abstract. We consider the one-phase Stefan problem describing the evolution of
melting ice. On the one hand, we focus on understanding the evolution of the free
boundary near isolated singular points, and we establish for the first time upper
and (more surprisingly) lower estimates for its evolution. In 2D, these bounds
almost match the best known ones for radial solutions, but hold for all solutions
to the Stefan problem, with no extra assumption on the initial or boundary data.

On the other hand, as a consequence of our results, we also characterize the
global regularity of the free boundary, as follows: it can be written as a graph
{t = Γ(x)}, where Γ is C1 (and not C2) near any singular points in the lower
strata Σm, m ≤ n− 2. Moreover, Γ is not C1 at singular points in Σn−1.

1. Introduction

The Stefan problem is probably the most classical and well-known free boundary
problem [LC31, Ste91]. It describes phase transitions, such as ice melting into water,
and has been widely studied in the last 50 years [ACS96, Caf77, CF78, CK10, Fri68,
HS15, HR19, Kim03, KN78, Koc98, PSS07, Wei99].

After the transformation u(x, t) =
� t

0
θ, where θ ≥ 0 is the temperature function,

the one-phase Stefan problem becomes

ut −∆u = −χ{u>0}, u ≥ 0, ut ≥ 0, (1.1)

see [Duv73, Fig18] for more details. The moving interphase that separates the solid
and liquid regions, ∂{u > 0}, is often called free boundary.
The best known general results for the structure and regularity of such interphase

may be summarized as follows:

• The free boundary splits into regular points and singular points.
• The free boundary is C∞ near any regular point [Caf77, KN77, KN78].
• The set of singular points Σ is closed, and it has parabolic Hausdorff di-
mension at most n− 1 [FRS24].

The proof of most of these results is based on blow-ups, i.e., considering limits

lim
r↓0

u(x◦ + rx, t◦ + r2t)

r2

2020 Mathematics Subject Classification. 35R35, 35B65, 80A22, 35K55.
Key words and phrases. Stefan problem, free boundary, boundary regularity, singular set.

1



2 G. FIORAVANTI, X. ROS-OTON, AND C. TORRES-LATORRE

at any free boundary point (x◦, t◦). It turns out that the blow-up at any singular
point is a (unique) non-negative, 2-homogeneous, quadratic polynomial px◦,t◦(x),
and the singular set Σ can be partitioned into the sets

Σm :=
{
(x◦, t◦) ∈ Σ : dim({px◦,t◦ = 0}) = m

}
, m ∈ {0, 1, ..., n− 1}.

In case of the set Σn−1, a very fine description of the solution and the free boundary
near these points was recently established in [FRS24]. However, much less is known
about Σm for m ≤ n− 2, other than these sets have dimension at most m.
The only situation that has been quite well understood is the case of radial so-

lutions. In such situation, the existence of a radial solution u, with an isolated
singular point at (0, 0), was proved in [HV97, AHV01, HR19]. For this solution, the
ice region {u = 0} is a melting ball {|x| ≤ λ(−t)}, for t > 0, satisfying

λ(t) ≍
√
t e−

√
| log t|/2 if n = 2

λ(t) ≍
√
t | log t|−

1
n−2 if n ≥ 3.

Our goal in this paper is to establish for the first time melting rates for all solutions
of (1.1). Notice that, even at isolated free boundary points in Σ0, solutions are not
expected to be asymptotitcally radial, since the blow-up px◦,t◦ is in general not
radial. Thus, it is not clear a priori whether all solutions behave like those in the
radial case or not.

1.1. The 2D case. Our best result is in dimension n = 2, where we establish that
at all singular points in Σ0 the melting rates behave very much like the radial case.
Recall that in 2D there are only two types of singular points: those in Σ1 (studied

in [FRS24]), and those in Σ0 (covered by the following result).

Theorem 1.1. Let u(x, t) be any solution of (1.1) in Q1 ⊂ R2+1, and assume that
(0, 0) is a singular free boundary point in Σ0.

Then, for any δ > 0, in a neighborhood of the origin we have{
t < −C1|x|2 exp

(∣∣ log |x|∣∣ 12+δ)} ⊂ {u = 0} ⊂
{
t < −c1|x|2 exp

(∣∣ log |x|∣∣ 12−δ)}
for some positive constants c1, C1.
In particular, for any δ > 0 the free boundary near the origin satisfies

∂{u(·,−t) > 0} ⊂
{
c1
√
t e−| log t|

1
2+δ

< |x| < C1

√
t e−| log t|

1
2−δ
}

for some positive constants c1, C1.

The proofs of these upper and lower bounds for {u = 0} are completely different
and independent from each other. Indeed, while the upper bound uses strongly the
recent results in [FRS24] and was more or less expected, the lower bound requires
completely new ideas and does not use at all the techniques from [FRS24]. It is
based on constructing explicit barriers and Harnack-type inequalities together with
a delicate iterative method to show fine lower bounds for ut in parabolic cylinders
Qrk of size rk ≍ 22

−k
.
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In both cases, an important starting point for these proofs is the regularity in
time of solutions to (1.1), established by Caffarelli and Friedman in [CF78, CF79].

More precisely, they proved that (in dimension n = 2) if (0, 0) is a singular point

then ut ≤ Ce−| log r|
1
2−δ

in Qr, for any δ > 0. Here, Qr := Br × (−r2, 0) denotes a
parabolic cylinder. This regularity is almost-optimal, in view of the radial example
described above.

If we assume that a solution u has the same regularity in time as the radial
examples, then our proof yields that any such solution behaves exactly as the radial
one.

Proposition 1.2. Let u be as in Theorem 1.1, and assume in addition that

ut ≤ Ce−C| log r|
1
2 in Qr (1.2)

for all r ∈ (0, 1). Then, for any time −t ∈ (−1
2
, 0) we have

∂{u(·,−t) > 0} ⊂
{
c1
√
t e−C1| log t|

1
2 < |x| < C1

√
t e−c1| log t|

1
2

}
for some positive constants c1, C1.

It remains an open problem to decide whether (1.2) holds for all solutions of (1.1)
in R2 or not.

1.2. Higher dimensions. The techniques we develop in this paper work not only
in dimension 2 but also in arbitrary dimensions n ≥ 3. In that case, the regularity
in time of Caffarelli-Friedman [CF78, CF79] yields that if (0, 0) is a singular point

then ut ≤ C| log r|−
2

n−2
+δ in Qr, for any δ > 0. Using this, we prove the following:

Theorem 1.3. Let u(x, t) be any solution of (1.1) in dimension n ≥ 3, and assume
that (0, 0) is a singular free boundary point in Σ0.

Then, for any δ > 0 the free boundary at any time −t ∈ (−1
2
, 0) satisfies

∂{u(·,−t) > 0} ⊂
{
c1
√
t e−| log t|δ < |x| < C1

√
t | log t|−

1
n−2

+δ
}

for some positive constants c1, C1.

As before, if we assume in addition that

ut ≤ C| log r|−
2

n−2 in Qr (1.3)

for all r ∈ (0, 1), then for any time −t ∈ (−1
2
, 0) we have

∂{u(·,−t) > 0} ⊂
{
c1
√
t | log t|−C1 < |x| < C1

√
t | log t|−

1
n−2

}
for some positive constants c1, C1.
It remains an open problem to decide whether (1.3) holds for all solutions of (1.1)

or not.
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1.3. Global regularity of the free boundary. Concerning the intermediate strata
Σm with 1 ≤ m ≤ n − 2, the possible behaviors of different solutions are expected
to be very diverse, and thus it does not seem possible to establish matching upper
and lower estimates like those in Theorem 1.1. In such case, we prove (non-optimal)
extinction rates in Proposition 6.1 and Corollary 6.5. These new rates allow us to
establish for the first time the following global C1 regularity of the free boundary:

Theorem 1.4. Let u(x, t) be any solution of (1.1), and assume that (0, 0) ∈ Σm is
a singular free boundary point, m ≤ n− 2.
Then, if U is a neighbourhood of (0, 0) such that U ∩Σn−1 = ∅, the free boundary

∂{u > 0} ⊂ Rn × R can be written as a C1 graph {t = Γ(x)} in U .
In particular, the whole free boundary is an n-dimensional C1 manifold away from

the set Σn−1.

Notice that the free boundary ∂{u > 0} was proved to be locally Lipschitz (as a
graph {t = Γ(x)}) by Caffarelli in [Caf78]. Moreover, it is easy to see that (in any
dimension n ≥ 1) such a function Γ is not C1 at any point in Σn−1; see e.g. [FRS24].

Here, we prove for the first time that Γ is actually C1 at all singular points in Σm

with m ≤ n− 2, and therefore the free boundary is C1 everywhere except at Σn−1.
Notice also that, in view of the extinction rates we prove in this paper, Γ is not C2

at any singular point.
With this in mind, we propose the following.

Conjecture 1.5. Let u be a solution of (1.1). Then, for any α ∈ (0, 1), the free
boundary is locally C1,α away from the set Σn−1.

1.4. Organization of the paper. This paper is organized as follows.
We begin in Section 2 by introducing our setting and developing some technical

tools such as estimates for the heat equation and the parabolic obstacle problem.
Then, in Section 3 we derive an improved rate of convergence to the blow-up, The-
orem 3.1.

Section 4 is devoted to proving an almost positivity property for the heat equation,
and in Section 5 we construct self-similar solutions tailored to our domains. Finally,
in Section 6 we prove our main results.
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Alta Matematica”) research group GNAMPA and is supported by the GNAMPA-
INDAM project PDE ellittiche che degenerano su varieta’ di dimensione bassa e
frontiere libere molto sottili, E5324001950001.
X.R.-O. was supported by the EU under the ERC Consolidator Grant No

101123223 (SSNSD), the AEI project PID2021-125021NAI00 funded by
MICIU/AEI/10.13039/501100011033 and by FEDER (Spain), the AEI-DFG project
PCI2024-155066-2, the AGAUR Grant 2021 SGR 00087 (Catalunya), the AEI Grant
RED2022-134784-T funded by MCIN/AEI/10.13039/501100011033 (Spain), and the
AEI Maria de Maeztu Program for Centers and Units of Excellence in R&D
CEX2020001084-M.
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2. Preliminaries

2.1. Setting. Throughout the paper, the spatial dimension will be n ≥ 2. Given
x ∈ Rn, we will sometimes denote x = (x̄, ȳ) ∈ Rm × Rn−m, with m clear from the
context.

Br(x) will denote the ball of radius r of Rn, centered at x, and when x is the
origin we will simply write Br. Moreover, Qr(x, t) will denote the parabolic cylinder
Br(x)× (t− r2, t), and when (x, t) is the origin we will just write Qr.
We will use the notation ∂p to denote the parabolic boundary of a set, that is, for

a given set E ∈ Rn+1, we denote by ∂pE the set of points (x0, t0) in ∂E such that
for every ε > 0, Qε(x0, t0) ̸⊂ E.
We define the parabolic distance in Rn+1 as

dp ((x, t), (y, s)) :=
√

|x− y|2 + |t− s|. (2.1)

2.2. Estimates for the heat equation. We will use the interior parabolic Harnack
inequality:

Theorem 2.1. Let u be a nonnegative solution to

ut −∆u = 0 in Q1.

Then, for all −1 < t1 < t2 ≤ 0,

sup
B1/2

u(·, t1) ≤ C inf
B1/2

u(·, t2),

where C depends only on t1, t2, and the dimension.

We will also need the following quantitative version of the maximum principle.

Lemma 2.2. Let u be a solution to{
ut −∆u = 0 in Q1

u = g on ∂pQ1,

and assume that g ≥ 0 on ∂pQ1, and that

|{g ≥ 1} ∩ ∂pQ1| ≥ c0

for some c0 ∈ (0, 1). Then,
u(0, 0) ≥ θ,

where θ > 0 depends only on c0 and the dimension.

Proof. By truncating g, we may assume without loss of generality that 0 ≤ g ≤ 1.
Now, note that there exists cn > 0 such that |∂pQ1 ∩ {t > −cnc0}| ≤ c0

3
. Hence,

|{g ≥ 1} ∩ ∂pQ1 ∩ {t < −cnc0}| ≥
2c0
3
.
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Then, we can write

u(0, 0) =

�
B1×{−1}

gdωi +

�
∂B1×(−1,0)

gdωl

≥ ωi

(
{g ≥ 1} ∩ (B1 × {−1})

)
+ ωl

(
{g ≥ 1} ∩ (∂B1 × (−1,−cnc0)

)
,

where ωi, ωl is the caloric measure with base point the origin, supported on the
initial and the lateral data.

Now, if |{g ≥ 1} ∩ (∂B1 × (−1,−cnc0)| ≥ c0
3
, we use [FS83, Theorem 3.1] to

conclude that

u(0, 0) ≥ ωl

(
{g ≥ 1} ∩ (∂B1 × (−1,−cnc0)

)
≥ c′|{g ≥ 1} ∩ (∂B1 × (−1,−cnc0)| ≥

c′c0
3

> 0.

On the other hand, we would have |{g(·,−1) ≥ 1} ∩ B1| ≥ c0
3
. In this case, we use

separation of variables to write

u(x, t) =
∑
n≥1

cne
−λn(1+t)ϕn(|x|),

where {ϕn} is the orthornormal base of L2(B1) formed by the eigenfunctions of the
Laplacian. Then, since ϕ1 is radially decreasing, the minimum possible value of the
following integral happens when {g(·,−1) ≥ 1} = B1 \Br∗(c0), and thus

c1 =

�
B1

g(x,−1)ϕ1(x)dx ≥
�
{g(·,−1)≥1}∩B1

ϕ̃1(|x|)

≥
� 1

r∗(c0)

ϕ̃1(r)|∂B1|rn−1dr =: a(c0) > 0,

where ϕ̃1(r) := ϕ1(re) for any e ∈ ∂B1. Therefore, ∥u(·,−1
2
)∥L2(B1) ≥ a(c0)e

−λ1/2,
and since, by the maximum principle, 0 ≤ u ≤ 1,

sup
Br×{− 1

2
}
u ≥

∥u(·,−1
2
)∥L2(Br)

|Br|1/2
≥

∥u(·,−1
2
)∥L2(B1) − ∥u(·,−1

2
)∥L2(B1\Br)

|B1|1/2

≥ a(c0)e
−λ1/2 − (|B1| − |Br|)1/2

|B1|1/2
≥ a(c0)e

−λ1/2

2|B1|1/2
=: b(c0) > 0,

choosing r ∈ (0, 1) appropriately close to 1, only depending on c0 and the dimension.
Finally, by the interior Harnack (Theorem 2.1),

u(0, 0) ≥ c sup
Br×{− 1

2
}
u ≥ cb(c0) > 0,

as we wanted to see. □
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2.3. The parabolic obstacle problem. The regularity properties of solutions to
(1.1) have been established in the works of Caffarelli, and we summarize them in
the following theorem.

Theorem 2.3 ([Caf77], [CF79]). Let u be a solution to (1.1) and suppose that
(0, 0) ∈ ∂{u > 0}. Then,

(i) u ∈ C1,1
x (Q1/2)∩C1

t (Q1/2) and there exists C > 0 depending only on n such
that

∥D2u∥L∞(Q1/2) + ∥ut∥L∞(Q1/2) ≤ C∥u(·, 0)∥L∞(B1)

(ii) Σ is relatively closed in ∂{u > 0}.
(iii) There exist ε0 > 0 and C depending only on n and ∥u∥L∞ such that

D2u ≥ −C| log r|−ε0 in Qr, (2.2)

for every r ∈ (0, 1
2
).

(iv) For every

γ ∈ (0, 1
2
) and 0 < ε <

2

n− 2

there exists C depending only on n, ε, γ, and ∥u∥L∞ such that

ut ≤ Cωn(r) in Qr, (2.3)

for all r ∈ (0, 1
2
), where

ωn(r) :=

{
2−| log r|γ if n = 2

| log r|−ε if n ≥ 3.
(2.4)

Next, we give the definition of regular and singular points on the free boundary
∂{u > 0}. Let u be a solution to (1.1), (x0, t0) ∈ ∂{u > 0} and define

ux0,t0,r(x, t) := r−2u(x0 + rx, t0 + r2t),

which is also a solution to (1.1).

• (x0, t0) is a regular point if there exists e ∈ Sn−1 such that

ux0,t0,r →
1

2
(max 0, e · x)2, as r → 0+,

• (x0, t0) is a singular point if

ux0,t0,r → p2,x0,t0 ∈ P , as r → 0+,

where

P :=
{
p(x) =

1

2
Ax · x : A ∈ Rn,n, A ≥ 0, tr(A) = 1

}
.

When (x0, t0) = (0, 0) we simply write p2 = p2,x0,t0 .
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The convergence in both cases is locally uniformly in compact sets of Rn × R, and
using the regularity estimates given by Theorem 2.3 the convergence also holds in
C1

loc.
By the uniqueness of blow-ups at singular points (see [Bla06]), one has that every

free boundary point is either regular or singular. Furthermore, the set of regular
points is relatively open in ∂{u > 0} and it is a C∞ manifold of dimension n − 1.
This last result was proved in [Caf77, KN77].

Finally, we define the singular set and the singular strata as follows:

Σ :=
{
(x, t) ∈ ∂{u > 0} : (x, t) is singular

}
,

Σm :=
{
(x, t) ∈ Σ : dim({p2,x,t = 0}) = m

}
Σt :=

{
x : (x, t) ∈ Σ

}
,

Σt
m :=

{
x : (x, t) ∈ Σm

}
,

for m = 0, . . . , n− 1.

2.4. The second blow-up. In this section, we state the characterization of the sec-
ond blow-up, as established in [FRS24], where the authors prove some monotonicity
formulae that enable them to derive this result for our equation.

First, we recall some definitions. Let G : Rn × (−∞, 0) → R be the Gaussian
kernel for the heat operator, that is

G(x, t) :=
1

(−4πt)n/2
exp

(
|x|2

4t

)
.

For every w : Rn × (−1, 1) → R and r ∈ (0, 1) let us define

D(r, w) := 2r2
�
{t=−r2}

|∇w|2G,

H(r, w) :=

�
{t=−r2}

w2G,

ϕ(r, w) :=
D(r, w)

H(r, w)
.

Let ξ ∈ C∞
c (B1/2) let be a spatial cut-off function such that ξ ≡ 1 in B1/4 and

ξ ≥ 0. Then, we have the following bounds relating H and the norms of u− p2.

Lemma 2.4 ([FRS24], Corollary 6.2, Lemma 6.3). Let u be a solution to (1.1),
(0, 0) ∈ Σ. Then, there exists C > 1 depending only on n and ∥u∥L∞ such that for
all r ∈ (0, 1

2
),

∥u− p2∥L∞(Qr) ≤ C∥u− p2∥L2(Q2r), (2.5)

C−1H(r, ξ(u− p2))
1/2 ≤ ∥u− p2∥L2(Qr) ≤ CH(r, ξ(u− p2))

1/2. (2.6)

Moreover, we have a characterization of the second blow-ups.
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Proposition 2.5 ([FRS24], Lemma 5.8, Corollary 5.9, Proposition 6.7). Let u be a
solution to (1.1), (0, 0) ∈ Σ, w := u− p2, m = dim({p2 = 0}). Then, the following
limit exists

lim
r→0+

ϕ(r, wξ) := λ∗.

Set

w̃r :=
w(r·, r2·)
H(r, ξw)1/2

.

Then, for every rk → 0+, there exists a subsequence rkl such that

w̃rkl
→ q, ∇w̃rkl

⇀ ∇q in L2
loc(Rn × (−∞, 0]),

where q ̸≡ 0 is λ∗-homogeneous. Moreover, we have that

(a) If m ∈ {0, . . . , n− 2} then λ∗ = 2 and, in some coordinates,

p2(x) =
1

2

n∑
i=m+1

µix
2
i , q(x, t) = At+ ν

n∑
i=m+1

x2
i −

m∑
i=1

νix
2
i ,

where µi > 0, A ≥ 0, ν ≥ 0,
∑n

i=m+1 µi = 1, and

A− 2(n−m)ν + 2
m∑
i=1

νi = 0,

which means that qt −∆q = 0. Moreover, there exist constants 0 < c1 ≤ c2
such that

c1 ≤ ∥q∥L2(Q1) ≤ c2.

(b) If m = n− 1 then λ∗ ∈ [2+α0, 3] for some constant α0 = α0(n) ∈ (0, 1] and
q solves the parabolic thin obstacle problem.

3. Expansion of solutions at singular points

The goal of this section is to show an expansion of solutions at singular points, by
using the semiconvexity of the solutions and a compactness argument (see [FS19]
for the elliptic case).

Theorem 3.1. Let u be a solution to (1.1) such that (0, 0) ∈ Σ. Let γ ∈ (0, 1
2
) and

0 < ε < 2
n−2

. Then, there exists a constant C > 0 depending only on n, γ, ε, and
∥u∥L∞, such that

|u(x, t)− p2(x)| ≤ C(|x|2 + |t|)σ
(√

|x|2 + |t|
)

in Q1/2,

where σ : R+ → R+ is defined by

σ(r) =


rα0 if (0, 0) ∈ Σn−1,

| log r|−ε0 if (0, 0) ∈ Σm, for m ∈ {1, . . . , n− 2},
2−| log r|γ if (0, 0) ∈ Σ0 and n = 2

| log r|−ε if (0, 0) ∈ Σ0 and n ≥ 3,
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where α0 ∈ (0, 1] is the constant as in Proposition 2.5 (b), ε0 > 0 is a small constant
given by (2.2).

Proof. By using (2.5), it is enough to prove that for every r ∈ (0, 1/2) it holds

∥u(r·, r2·)− p2(r·)∥L2(Q2) ≤ Cr2σ(r). (3.1)

Case 1. Let (0, 0) ∈ Σn−1. By using (2.6) and [FRS24, Lemma 5.6(b)], we obtain
that

∥u(r·, r2·)− p2(r·)∥L2(Q2) ≤ CH(2r, ξ(u− p2))
1/2

≤ Crλ∗(H(1, ξ(u− p2))
1/2 + 1)1/2 ≤ Crλ∗ ,

where λ∗ := limr→0+ ϕ(r, wξ) and the constant C > 0 depends only on n and ∥u∥L∞ .
By using Proposition 2.5, it follows that the frequency λ∗ ≥ 2 + α0 and (3.1) holds
true in the case Σn−1.

Case 2. Let us suppose now that (0, 0) ∈ Σm for m ∈ {1, . . . , n − 2}. We define
L0 := {x : p2(x) = 0}, and have that

ar := ∥r−2u(r·, r2·)− p2(·)∥L2(Q2) = o(1), (3.2)

by the blow-up convergence. By contradiction, let us suppose that there exists rk ↓ 0
and a constant M > 1 to be chosen later such that

ark ≥ M | log rk|−ε0 . (3.3)

By using (2.2) and (2.3), we have that{
∂t
(
r−2u(r·, r2·)− p2(·)

)
= ∂tu(r·, r2·) ≤ Cωn(r) ≤ C| log r|−ε0 ,

∂ee
(
r−2u(r·, r2·)− p2(·)

)
= ∂eeu(r·, r2·) ≥ −C| log r|−ε0 ,

(3.4)

for every e ∈ L0 ∩ Sn−1.
Next, by using (2.6) and (3.3) we get that there exists C2 > 0 depending only on

n and ∥u∥L∞ , such that

H(rk, ξ(u− p2))
1/2 ≥ C2arkr

2
k ≥ C2Mr2k| log rk|−ε0 . (3.5)

Let us define

w̃rk :=
u(rk·, r2k·)− p2(rk·)
H(rk, ξ(u− p2))1/2

. (3.6)

By applying Proposition 2.5, it follows that, up to a subsequence,

w̃rk → q in L2(Q1),

where q is a parabolic 2-homogeneous polynomial satisfying

D2q|
L⊥
0

≥ 0, qt ≥ 0, ∂tq −∆q = 0, 0 < c̄1 ≤ ∥q∥L2(Q1) ≤ c̄2. (3.7)

Moreover, by using (3.4) and (3.5), we get that

∂eew̃rk =
r2k∂eeu(rk·, r2k·)

H(rk, ξ(u− p2))1/2
≥ − Cr2k| log rk|−ε0

H(rk, ξ(u− p2))1/2
≥ −C

C2M
,
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for every e ∈ L0 ∩ Sn−1, and analogously

∂tw̃rk ≤ C

C2M
.

Taking the limit in the previous two inequalities we get{
∂eeq ≥ − C

C2M
, ∀e ∈ L0 ∩ Sn−1, in Q1,

∂tq ≤ C
C2M

, in Q1.
(3.8)

Now, we claim that there exists a constant C1 > 0 such that one of the following
holds:

(a) there exists ẽ ∈ L0 ∩ Sn−1 such that min
Q1

∂ẽẽq ≤ −C1,

(b) max
Q1

qt ≥ C1.
(3.9)

By contradiction, let us suppose that there exists a sequence q(j) satisfying (3.7) and

q
(j)
t ≤ 1

j
, ∂ẽẽq

(j) ≥ −1

j
, ∀ẽ ∈ L0 ∩ Sn−1.

Since q(j) belongs to a finite dimensional space and ∥q(j)∥L2(Q1) ≤ c̄2, by compactness,
up to a subsequence, there exists a limiting parabolic 2-homogeneous polynomial
q(∞) satisfying

q
(∞)
t ≤ 0, ∂ẽẽq

(∞) ≥ 0, ∀ẽ ∈ L0 ∩ Sn−1,

D2q
(∞)
|
L⊥
0

≥ 0, q
(∞)
t −∆q(∞) = 0, ∥q(∞)∥L2(Q1) ≥ c̄1,

which is a contradiction, so the claim is true. Then, by choosing M big enough in
(3.8) we get a contradiction with (3.9) and (3.1) holds true for m = 1, . . . , n− 2.

Case 3. Finally, let us suppose that (0, 0) ∈ Σ0 and define ar as in (3.2). By
contradiction, let us suppose that

ark ≥ Mωn(rk)

for a sequence rk ↓ 0 and a constant M > 1 to be chosen later, where ωn is given
by (2.4).

By (2.3) it follows that

∂t
(
r−2u(r·, r2·)− p2(·)

)
= ut(r·, r2·) ≤ Cωn(r),

Defining w̃rk as in (3.6) and by using the same computations as in Case 2, we get
that

∂tw̃rk ≤ C

C2M
.

This inequality, combined with Proposition 2.5, allows us to conclude that w̃rk → q
in L2(Q1) where q is a parabolic 2-homogeneous polynomial satisfying

0 ≤ qt ≤
C

C2M
, D2q ≥ 0, ∂tq −∆q = 0, 0 < c̄1 ≤ ∥q∥L2(Q1) ≤ c̄2.
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From this point on, arguing as in Case 2 with minor differences, we get a contra-
diction and our statement follows in the case Σ0. □

As an immediate consequence of the expansion theorem, we obtain the following
regularity characterization of the spatial part of the singular set, which improves
the result proved in [LM15], by showing an explicit modulus of continuity.

Corollary 3.2. Let u be any solution to (1.1), α0 > 0 be the constant from Propo-
sition 2.5 (b) and ε0 > 0 as in (2.2). Then the following holds true.

(a) Σt
n−1 is locally contained in a C1,α0

x manifold of dimension (n− 1).
(b) If m ∈ {1, . . . , n − 2}, Σt

m is locally contained in a C1,logε0
x manifold of

dimension m.
(c) πx(Σn−1∩Q1/2) is locally contained in a C1,α0

x manifold of dimension (n−1).
(d) If m ∈ {1, . . . , n−2}, πx(Σm∩Q1/2) is locally contained in a C1,logε0

x manifold
of dimension m.

Proof. We prove statements (a) and (b) together. Let us fix t0 ∈ (−1/4, 0] and define
St0
λm

:= {x ∈ Σt0 : λ∗ ≥ λm}, where λm = 2 if m ∈ {1, . . . , n − 2} and λm = 2 + α0

if m = n− 1.
By [FRS24, Lemma 7.4], we have that the map

Σ ∋ (x0, t0) → ϕ
(
0+, ξ

(
u(x0 + r·, t0 + r2·)− p2,x0,t0

))
(3.10)

is upper semicontinuous. Consequently, the map

Σt0 ∋ x0 → ϕ
(
0+, ξ

(
u(x0 + r·, t0 + r2·)− p2,x0,t0

))
is also upper semicontinuous. This implies that St0

λm
is closed, so K := St0

λm
∩ B1/4

is compact. Moreover, by Proposition 2.5 we get Σt0
m ∩B1/4 ⊂ K.

Let us define

γm(r) :=

{
rα0 if m = n− 1

| log r|−ε0 if m ∈ {1, . . . , n− 2}

For x0 ∈ K, set

Px0(x, t) := p2,x0,t0(x− x0).

We claim that K, f ≡ 0 and {Px0}x0∈K satisfy the assumptions of the Whitney’s
extension Theorem (see [FS19, Lemma 3.10]), that is,
(i) Px0(x0) = 0,
(ii) there exists a constant C > 0, depending only on n and ∥u∥L∞ , such that

|DkPx0(x)−DkPx(x)| ≤ C|x− x0|2−kγm(|x− x0|),

for all x, x0 ∈ K and k ∈ {0, 1, 2}.
The condition (i) is trivially verified.
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Next, given x, x0 ∈ K, set |x− x0| := r ≤ 1/2 and for simplicity of notation take
x0 = 0 and t0 = 0. Noticing that Q1 ⊂ Q2(x/r), it follows that

∥(P0 − Px)(r·)∥L2(Q1) ≤
≤ ∥u(r·, r2·)− P0(r·)∥L2(Q1) + ∥u(r·, r2·)− Px(r·)∥L2(Q1)

= ∥u(r·, r2·)− p2(r·)∥L2(Q1) + ∥u(r·, r2·)− p2,x,0(r · −x)∥L2(Q1)

≤ ∥u(r·, r2·)− p2(r·)∥L2(Q1) + ∥u(r·, r2·)− p2,x,0(r · −x)∥L2(Q2(x/r))

≤ ∥u(r·, r2·)− p2(r·)∥L2(Q1) + ∥u(x+ r·, r2·)− p2,x,0(r·)∥L2(Q2)

≤ Cr2γm(r),

where in the last inequality we have used (3.1). Since the space of time-independent
2-homogeneous polynomials is finite dimensional, the norms ∥ ·∥L2(Q1) and ∥ ·∥Ck(B1)

are equivalent. Then, the property (ii) is also satisfied and by applying the Whit-
ney’s extension Theorem (see [FS19, Lemma 3.10]) we get that there exists a function
F ∈ C2,γm(Rn) such that

F (x) = Px0(x) + |x− x0|2γm(|x− x0|), ∀x, x0 ∈ K.

In addition, we have that

Σt0
m ∩B1/4 ⊂ K ⊂ {∇F = 0}.

Hence, given x0 ∈ Σt0
m ∩B1/4, it follows that ∇F (x0) = 0 and

dimker(D2F (x0)) = dim({p2,x0,t0 = 0}) = m.

Then, up to a change of coordinates, we have that |D2
(x1,...,xn−m)F (x0)| ≠ 0. Hence,

by applying the Implicit Function Theorem,
⋂n−m

i=1 {∂xi
F = 0} is a m-dimensional

manifold of class C1,γm which contains Σt0
m ∩ B1/4, and this concludes the proof of

statements (a) and (b).

Next, we prove (c) and (d). Let us define Sλm = {(x, t) ∈ Σ : λ∗ ≥ λm}. By the
upper semicontinuity of (3.10), we have that Sλm is closed, so K := πx(Σλm ∩Q1/4)

is a compact set and by using Proposition 2.5, πx(Σm ∩Q1/4) ⊂ K.
For x0 ∈ K, there exists t0 ∈ (−1/16, 0] such that (x0, t0) ∈ Σ. Defining

Px0 := p2,x0,t0(x− x0),

we claim that K, f ≡ 0 and {Px0}x0∈K satisfy the assumptions (i) and (ii) of the
Whitney’s extension Theorem.

The first condition is verified by definition.
Given x, x0 ∈ K, set r := |x − x0| ≤ 1/2. By definition there exist t, t0 such

that (x, t), (x0, t0) ∈ Σ. Without loss of generality, assume that (x0, t0) = (0, 0) and
t ≤ 0. Set cr := O(r2γm(r)). By using Theorem 3.1, we get

u(r·, 0) = p2(r·) + cr, in B3,

u(x+ r·, t) = p2,x,t(r·) + cr, in B3.
(3.11)
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Noticing that r = |x| and |x+ ry| ≤ 4r, for every y ∈ B3, (3.11) implies that

u(x+ ry, 0) = p2(x+ ry) +O
(
|x+ ry|2γm(|x+ ry|)

)
= p2(x+ ry) + cr, for y ∈ B3.

In addition, since ut ≥ 0 and t ≤ 0, we have that

0 ≤ u(x+ ry, 0)− u(x+ ry, t) = p2(x+ ry)− p2,x,t(ry) + cr

for y ∈ B3.
Now, we observe that

p2(x)− p2,x,t(0) ≥ 0,

p2(0)− p2,x,t(−x) ≤ 0,

so there exists a point x̄ belongs to the segment connecting 0 and −x/r ∈ B1 such
that p2(x+ rx̄)− p2,x,t(rx̄) = 0.
Since

∆(p2(x+ r·)− p2,x,t(r·)) = 0,

by applying the Harnack inequality to p2(x+r·)−p2,x,t(r·)+cr (which is nonnegative),
we obtain

∥p2(x+ r·)− p2,x,t(r·) + cr∥L∞(B2) ≤ C inf
B3

(p2(x+ r·)− p2,x,t(r·) + cr) ≤ Ccr,

which implies

∥P0(r·)− Px(r·)∥L∞(B1) ≤ ∥P0(r·)− Px(r·)∥L∞(B2(−x/r))

= ∥P0(x+ r·)− Px(x+ r·)∥L∞(B2) ≤ (C + 1)cr.

Hence, the assumptions of the Whitney’s extension theorem are satisfied, allowing
us to conclude as for statements (a) and (b). □

4. A parabolic almost positivity property

The goal of this section is to prove an almost positivity property for solutions to
the heat equation in our domains of interest.

Definition 4.1. Let η > 0 and m ∈ {0, . . . , n − 2}, and recall that for x ∈ Rn, we
write x̄ = (x1, . . . , xm), ȳ = (xm+1, . . . , xn). Then, we denote

Dη,m :=
{
|ȳ| > η|t|1/2

}
∩ {|ȳ| > η|x̄|} .

Notice that when m = 0 we simply have ȳ = x and hence Dη,0 :=
{
|x| > η|t|1/2

}
.
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Figure 4.1. The complement of Dη,1 with n = 2. The orange surface
is {|y| = η|t|1/2}, and the blue one is {|y| = η|x|}∪{|y| ≤ η|x|, t = 0}.

The main result of this Section is the following.

Proposition 4.2. Let η ∈ (0, 1
4
), and Dη,m as in Definition 4.1. There is a constant

ν > 0 such that the following holds.
Let u satisfy 

ut −∆u = 0 in Dη,m ∩Q1

u ≥ −ν in Dη,m ∩Q1

u ≥ 1 on
{
|ȳ| = 1

2

}
∩Q1

u ≥ 0 on ∂Dη,m ∩Q1.

Then,
u ≥ 0 in Dη,m ∩Q1/2.

The constant ν depends only on n (and not on η).

Our approach to establish this result is in the spirit of De Silva and Savin in their
proofs of boundary Harnack inequalities [DS20, DS22].

Actually, in order to provide a result that can be later reused in different settings,
we distill the conditions used in the proof in the following characterization.

Definition 4.3. Let Ω ⊂ Rn×R be an open set where the Dirichlet problem for the
heat equation is well posed. Denote Ωr = {x ∈ Ω : dp(x, ∂Ω) ≥ r}, where dp is the
parabolic distance (2.1). We say Ω is parabolically accessible if there exist δ0, c0 > 0,
and N ∈ N, such that, for every δ ∈ (0, δ0),
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(i) For every (x0, t0) ∈ Ωδ/2 ∩Q1−δ, there exist (xi, ti) ∈ Ω, with i = 1, . . . , N ,
such that (xN , tN) ∈ Ωδ, and for all i = 0, . . . , N , ti+1 ≤ ti,

Q2ri(xi, ti) ⊂ Ω, and |xi − xi+1| ≤ ri,

where ri =
√
ti+1 − ti.

(ii) For every (x0, t0) ∈ Ω ∩Q1−2δ,∣∣∂pQ2δ(x0, t0) ∩ (Ωδ ∪ Ωc)
∣∣ ≥ c0|∂pQ2δ|.

We start with a quantitative propagation of positivity property.

Lemma 4.4. Let Ω be parabolically accessible in the sense of Definition 4.3. Then,
there exist µ, δ > 0 such that the following holds.
Let u satisfy 

ut −∆u = 0 in Ω ∩Q1

u ≥ −µ in Ω ∩Q1

u ≥ 1 in Ωδ ∩Q1

u ≥ 0 on ∂Ω ∩Q1.

Then, {
u ≥ −µ2 in Ω ∩Q1/2

u ≥ µ in Ωδ/2 ∩Q1/2.

The constants µ and δ depend only on the constants in Definition 4.3 and n.

Proof. First, let µ ∈ (0, 1) to be chosen later. We will prove that for small enough
δ ∈ (0, δ0), we have u ≥ −µ2 in Ω ∩Q1/2.

For this, let (x0, t0) ∈ Ω ∩Q1−2δ. Let v be the solution to{
vt −∆v = 0 in Q2δ(x0, t0)

v = −u− on ∂pQ2δ(x0, t0).

Then, u ≥ v in Q2δ(x0, t0), and in particular at (x0, t0).
By construction, v ≥ −µ on ∂pQ2δ(x0, t0). Moreover, condition (ii) in Defini-

tion 4.3 implies that

|∂pQ2δ(x0, t0) ∩ (Ωδ ∪ Ωc)| ≥ c0|∂pQ2δ|,
and hence

|{v ≥ 0} ∩ ∂pQ2δ(x0, t0)| ≥ c0|∂pQ2δ|,
and by Lemma 2.2, v(x0, t0) ≥ −(1− θ)µ, with θ ∈ (0, 1).
Repeating this argument, we obtain that u ≥ −(1 − θ)kµ in Q1−2kδ, and then

choosing k such that (1− θ)k ≤ µ and δ such that kδ ≤ 1
4
, the conclusion follows.

Now we use a parabolic Harnack chain to prove the second inequality. Let
(x0, t0) ∈ Ωδ/2 ∩ Q1/2. Then, there exist (xi, ti) ∈ Ω, with i = 1, . . . , N , such
that

Q2
√
ti−ti+1

(xi, ti) ⊂ Ω and |xi − xi+1| ≤
√

ti − ti+1.

Then, by the parabolic Harnack inequality (Theorem 2.1), applied to u+ µ,

u(xi, ti) + µ ≥ c
(
u(xi+1, ti+1) + µ

)
,
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with a uniform dimensional constant, and it follows that

u(x0, t0) + µ ≥ cN
(
u(xN , tN) + µ

)
≥ cN(1 + µ),

because (xN , tN) ∈ Ωδ. Choosing µ = cN/2 completes the proof. □

Then, we iterate the previous lemma.

Proposition 4.5. Let Ω be parabolically accessible in the sense of Definition 4.3.
Then, there exist µ, δ > 0 such that the following holds.
Let u satisfy 

ut −∆u = 0 in Ω ∩Q1

u ≥ −µ in Ω ∩Q1

u ≥ 1 in Ωδ ∩Q1

u ≥ 0 on ∂Ω ∩Q1.

Then,

u ≥ 0 in Ω ∩Q1/2.

The constants µ and δ depend only on the constants in Definition 4.3 and n.

Proof. First, iterating Lemma 4.4 gives u ≥ µk in Ω2−kδ ∩ Q2−k for all k ≥ 1. In
particular, since

∪k≥1(Ω2−kδ ∩Q2−k) ⊃ {(x, 0) : x ∈ B1−δ, dist(x, ∂Ω ∩ {t = 0}) > 2δ|x|},
we deduce u(·, 0) ≥ 0 in

{(x, 0) : x ∈ B1−δ, dist(x, ∂Ω ∩ {t = 0}) > 2δ|x|}.
Now (taking δ/2 instead of δ), we can repeat the argument for

u

(
x0 +

x

2
, t0 +

t

4

)
,

for all (x0, t0) ∈ ∂Ω ∩Q1/2, and therefore we find u ≥ 0 in Ω ∩Q1/2. □

Then we check that our sets of interest are parabolically accessible.

Lemma 4.6. Let η ∈ (0, 1
4
) and Dη,m as in Definition 4.1.

Then, Dη,m is parabolically accesible in the sense of Definition 4.3, with constants
depending only on the dimension (and not on η).

Proof. We will verify Definition 4.3 with N = 4, δ0 = 1
2
, and a dimensional c0 > 0

to be chosen later.
Step 1. We start with a geometric observation: for any p = (x̄0, ȳ0, t0) ∈ Dη,m,

dp(p, ∂Dη,m) ≤ min{|ȳ0| − η|t0|1/2, |ȳ0| − η|x̄0|} ≤ (1 + η) dp(p, ∂Dη,m).

Indeed, the first inequality follows from dp being a distance. For the second one,
first note that since p ∈ Dη,m,

dp(p, ∂Dη,m) = min
{
dp(p, {|ȳ| = η|t|1/2}), dp(p, {|ȳ| = η|x̄|})

}
.
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Now, let s :=
|ȳ0| − η|t0|1/2

1 + η
. Then,

dp(p, {|ȳ| = η|t|1/2}) ≥ inf
{
|ȳ0| − η|t|1/2, for t ∈

[
t0 − s2, t0 + s2

]}
= |ȳ0| − η

√
|t0 − s2|

≥ |ȳ0| − η
√
|t0| − ηs =

|ȳ0| − η|t0|1/2

1 + η
.

On the other hand,

dp(p, {|ȳ| = η|x̄|}) = |ȳ0| − η|x̄0|√
1 + η2

≥ |ȳ0| − η|x̄0|
1 + η

.

Step 2. We will now check condition (i) in Definition 4.3. Let δ ∈ (0, 1
2
), assume

without loss of generality that ȳ0 = (ρ, 0, · · · , 0), and define

(x̄i, ȳi, ti) :=

(
x̄0, ρ+

δ

4
i, 0, . . . , 0, t0 −

δ2

16
i

)
.

Then, ri =
δ
4
for all i, dp((x̄0, ȳ0, t0), Dη,m) ≥ δ

2
by assumption,

dp((xi, ti), Dη,m) ≥
1

1 + η
min

{
ρ+

δ

4
i− η

√
|t0|+

δ2

16
i, ρ+

δ

4
i− η|x̄0|

}

≥ 1

1 + η
min

{
ρ− η

√
|t0|+

δ

4
(1− η)i,

δ

2
+

δ

4
i

}
≥ 1

1 + η
min

{
δ

2
+

δ

4
(1− η),

3δ

4

}
≥ 11δ

20

for all i ≥ 1, and finally

dp((x4, t4), Dη,m) ≥
1

1 + η
min

{
δ

2
+ δ(1− η),

δ

2
+ δ

}
≥ δ.

Step 3. Finally, we check condition (ii). Given (x̄0, ȳ0, t0) ∈ Q1−2δ \Dη,m, assume as
before that ȳ0 = (ρ, 0, . . . , 0).
Let E = B2δ((x̄0, ȳ0))∩

{
ȳ(1) ≥ ρ+ 7δ

4

}
, where ȳ(1) represents the first coordinate

of ȳ. Then, E × {t0 − 4δ2} ⊂ ∂pQ2δ(x0, t0), and |E| = c0|∂pQ2δ| for a dimensional
c0 > 0. Moreover,

dp(E × {t0 − 4δ2}, Dη,m) ≥
1

1 + η
min

{
ρ+

7δ

4
− η
√

|t0|+ 4δ2, ρ+
7δ

4
− η|x̄0|

}
>

1

1 + η
min

{
ρ− η

√
|t0|+

7δ

4
− 2ηδ,

7δ

4

}
> δ.

Thus, we have checked that our domain is parabolically accessible in the sense of
Definition 4.3. □

Finally, thanks to the interior Harnack, we can give the:
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Proof of Proposition 4.2. We divide the proof into two steps:
Step 1. We show that, for every δ ∈ (0, 1

2
), there exists Nδ ∈ N (not depending on

η) such that, for every point (x̄0, ȳ0, t0) in

Ωδ :=
{
(x̄, ȳ, t) ∈ Dη,m ∩Q2/3 | dp((x̄, ȳ, t), ∂Dη,m) > δ

}
,

there exists a Harnack chain (x̄i, ȳi, ti), i = 0, . . . , N ≤ Nδ, satisfying

Q2
√
ti−ti+1

(x̄i, ȳi, ti) ⊂ Dη,m, |x̄i − x̄i+1|2 + |ȳi − ȳi+1|2 ≤ |ti − ti+1|,
and

|ȳN | ∈
[
3

8
,
2

3

]
, tN ∈ [−0.99, 0].

To prove it, assume first without loss of generality that ȳ0 = (ρ, 0, . . . , 0), and
that ρ < 3

8
, otherwise it suffices to take N = 0.

Now, we will take
x̄i+1 := x̄i,

ȳi+1 :=

(
|yi|+

1

2
dp((x̄i, ȳi, ti), Dη,m), 0, . . . , 0

)
,

ti+1 = ti −
1

4
dp((x̄i, ȳi, ti), Dη,m)

2.

By the computations in the proof of Lemma 4.6 (Step 2),

dp((x̄i+1, ȳi+1, ti+1), Dη,m) ≥ 1.1 dp((x̄i, ȳi, ti), Dη,m).

Moreover, since dp((x̄, ȳ, t), Dη,m) ≤ |ȳ| (cf. Lemma 4.6, Step 1),

|ȳi+1| ≤ 1.5|ȳi|.

Then, we can define Nδ as the minimum positive integer such that 1.1Nδδ > 3
8
,

and then choose some N ≤ Nδ such that |ȳN | ∈ [3
8
, 9
16
].

Finally, we estimate

|tN | = |t0|+
N∑
i=1

|ti−ti−1| = |t0|+
N∑
i=1

|ȳi− ȳi−1|2 ≤ |t0|+ |ȳN − ȳ0|2 ≤
2

3
+

81

256
< 0.99.

Step 2. We finish the proof combining the interior Harnack with Proposition 4.5.
First, by Theorem 2.1 applied to u+ ν,

u+ ν ≥ c1 > 0 in

{
3

8
≤ |ȳ| ≤ 2

3
, −0.99 ≤ t ≤ 0

}
∩Q1.

Then, using the interior Harnack repeatedly on the Harnack chain constructed in
Step 2, we deduce that u+ ν ≥ cNδc1 in Ωδ.

Now,

v(x̄, ȳ, t) := ν−1/2u

(
2

3
x̄,

2

3
ȳ,

4

9
t

)
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satisfies 
vt −∆v = 0 in Dη,m

v ≥ −
√
ν in Dη,m ∩Q1

v ≥ ν−1/2(cNδc1 − ν) in Ω3δ/2 ∩Q1

v = 0 on ∂Dη,m ∩Q1,

and finally choosing δ, and then ν small enough, we can apply Proposition 4.5 to
obtain v ≥ 0 in Dη,m∩Q1/2. The result follows by a standard covering argument. □

5. Self-similar solutions

In this section we will construct self-similar solutions to the heat equation in the
complement of parabolic cones, and estimate their growth rates. To do so, we follow
the construction in [Tor24, Section A.4] (see also [FRS24, Lemma 5.8]).

Proposition 5.1. Let m ∈ {0, . . . , n− 2}. There exists η0 ∈ (0, 1
4
), depending only

on n and m, such that for every η ∈ (0, η0), there exists a unique positive solution
to

∂tφη −∆φη = 0 in Dη,m

such that

φη(λx, λ
2t) = λ2εφη(x, t) for all λ > 0,

for some ε > 0, and φη(en,−1) = 1. Here Dη,m is as in Definition 4.1.
Moreover, ∥φη∥L∞(Q1) ≤ C∗, φη ≥ c∗ on {|ȳ| = 1

2
} ∩Q1, and

(a) If m = n− 2, we have ε ≤ C∗| log η|−1.

(b) If m < n− 2, we have ε ≤ C∗η
n−m−2.

The constants c∗ and C∗ are positive, and they depend only on m and n (not on η).

We recall the Gaussian log-Sobolev inequality, that will be needed in the proof.

Lemma 5.2. Let f ∈ H1(Rn;µ), where µ is the Gaussian measure,

dµ = (4π)−n/2e−|x|2/4dx.

Then, �
f 2 log f 2dµ ≤

�
|∇f |2dµ+

(�
f 2dµ

)
log

(�
f 2dµ

)
.

Now we will prove our characterization of self-similar solutions.

Proof of Proposition 5.1. The proof is divided into four steps. First, we construct φη.
Then, we estimate ε. In the third step, we estimate ∥φη∥L∞(Q1), and in the last one
we show that φη ≥ c > 0 on {|ȳ| = 1

2
}.

Step 1. We construct φη. We can write

φη(x, t) = cε|t|εϕ(x/|t|1/2).
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Then, ϕ solves the following eigenvalue problem for the Ornstein-Uhlenbeck operator
(see [FRS24, Lemma 5.8]):{

LOUϕ+ εϕ = 0 in Rn \ {|ȳ| ≤ ηmax{1, |x|}}
ϕ = 0 on ∂ {|ȳ| ≤ ηmax{1, |x|}} ,

where

LOUϕ(x) := ∆ϕ(x)− x

2
· ∇ϕ(x) = e|x|

2/4 div(e−|x|2/4∇ϕ).

Since ϕ is positive, it is the first eigenfunction for LOU in this domain, and therefore
by the Rayleigh quotient characterization,

ε = inf
u∈C0,1

c (Rn\{|ȳ|≤ηmax{1,|x|}}), ∥u∥
L2
w
=1
(4π)−n/2

�
|∇u|2e−|x|2/4,

where

∥u∥2L2
w
:= (4π)−n/2

�
u2e−|x|2/4,

and the infimum is attained by a unique function ϕη ∈ L2
w by standard arguments.

To obtain the desired normalization, we choose cε = ϕη(en)
−1.

Step 2. Then, we estimate precisely ε using a competitor. Let fη,2, fη,k : [0,∞) → R
be defined as 

fη,2(r) = 1 +
log r

| log η|
,

fη,k(r) =
rk−2 − ηk−2

rk−2(1− ηk−2)
,

with k ≥ 3. Then, let u be defined on {|ȳ| > ηmax{1, |x|}} as

u := fη,n−m (min{1, |ȳ|}) fη,n−m

(
|ȳ|
|x|

)
.

Then,

ε ≤
(�

u2e−|x|2/4
)−1 �

|∇u|2e−|x|2/4.

First, since η < 1
4
,

fη,2

(
1

2

)
> f1/4,2

(
1

2

)
=

1

2
,

and if k ≥ 3,

fη,k

(
1

2

)
> f1/4,k

(
1

2

)
=

22−k − 42−k

22−k(1− 42−k)
=

1− 22−k

1− 42−k
>

1

2
.

Then, it follows that if |ȳ| ≥ 1 and 2|ȳ| ≥ |x|, u > 1
2
. Hence,�

u2e−|x|2/4 >
1

2

�
{2|ȳ|≥|x|}∩{|ȳ|≥1}

e−|x|2/4 = c(n,m) > 0.
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Now, to control the gradient, we compute

|∇u| ≤ f ′
η,n−m (min{1, |ȳ|}) |∇|ȳ||χ{|ȳ|≤1}fη,n−m

(
|ȳ|
|x|

)
+ f ′

η,n−m

(
|ȳ|
|x|

) ∣∣∣∣∇|ȳ|
|x|

∣∣∣∣ fη,n−m (min{1, |ȳ|})

≤ f ′
η,n−m (|ȳ|)χB1(ȳ) + f ′

η,n−m

(
|ȳ|
|x|

)
|x̄|
|x|2

≤ f ′
η,n−m (|ȳ|)χB1(ȳ) +

1

|x|
f ′
η,n−m

(
|ȳ|
|x|

)
.

Then, since u is defined on {|ȳ| > ηmax{1, |x|}},�
|∇u|2e−|x|2/4 ≤

�
{η<|ȳ|<1}

f ′
η,n−m (|ȳ|)2 e−|x|2/4 +

�
{|ȳ|>η|x|}

f ′
η,n−m

(
|ȳ|
|x|

)2
e−|x|2/4

|x|
.

On the one hand,�
{η<|ȳ|<1}

f ′
η,n−m (|ȳ|)2 e−|x|2/4 =

�
e−|x̄|2/4dx̄

�
{η<|ȳ|<1}

f ′
η,n−m (|ȳ|)2 e−|ȳ|2/4dȳ

≲
� 1

η

f ′
η,n−m(r)

2rn−m−1dr,

and thus if m = n− 2,�
{η<|ȳ|<1}

f ′
η,2 (|ȳ|)

2 e−|x|2/4 ≲
� 1

η

r

(r log η)2
dr ≲ | log η|−1,

and if m < n− 2,�
{η<|ȳ|<1}

f ′
η,n−m (|ȳ|)2 e−|x|2/4 ≲

� 1

η

(
ηn−m−2

rn−m−1

)2

rn−m−1dr ≲ ηn−m−2.

On the other hand,�
{|ȳ|>η|x|}

f ′
η,n−m

(
|ȳ|
|x|

)2
e−|x|2/4

|x|
=

�
∂B1∩{|ȳ|>η}

f ′
η,n−m (|ȳ|)2

� ∞

0

e−ρ2/4

ρ
ρn−1dρ

≲
�
∂B1∩{|ȳ|>η}

f ′
η,n−m (|ȳ|)2

=

� 1

η

f ′
η,n−m(r)

2 |∂B1 ∩ {|ȳ| = r}| dr

=

� 1

η

f ′
η,n−m(r)

2
∣∣∣{|x̄| = √

1− r2, |ȳ| = r}
∣∣∣ dr

≲
� 1

η

f ′
η,n−m(r)

2rn−m−1dr,
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and we can proceed as with the first term. Summing up, if m = n− 2,�
|∇u|2e−|x|2/4 ≲ | log η|−1,

and if m < n− 2, �
|∇u|2e−|x|2/4 ≲ ηn−m−2,

which combined with �
u2e−|x|2/4 ≥ c(n,m) > 0

yields the desired result.
Step 3. Then, we prove that ∥φη∥L∞(Q1) ≤ C, independently of η.
Recall that in Step 1 we defined φη = c−1

ε ϕη. The upper bound comes from an
application of the interior Harnack and the Gaussian log-Sobolev inequality. First,
note that t2 ≤ 1 + t2 log t2, and then

(4π)−n/2

�
(ϕ2

η − 1)+e
−|x|2/4 ≤ (4π)−n/2

�
ϕ2
η log+

(
ϕ2
η

)
e−|x|2/4.

Now, by the Gaussian log-Sobolev inequality (Lemma 5.2) applied to ϕηχ{ϕη>1},

(4π)−n/2

�
(ϕ2

η − 1)+e
−|x|2/4 ≤ (4π)−n/2

�
|∇ϕη|2e−|x|2/4 = ε.

Now, let

A1 = B1 ∩
{
|ȳ| ≥ 1

2
max {1, |x|}

}
.

Then,

(4π)−n/2

�
A1

ϕ2
ηe

−|x|2/4 = 1− (4π)−n/2

�
Rn\A1

ϕ2
ηe

−|x|2/4

= (4π)−n/2

�
Rn

e−|x|2/4 − (4π)−n/2

�
Rn\A1

ϕ2
ηe

−|x|2/4

≥ (4π)−n/2

�
A1

e−|x|2/4 − (4π)−n/2

�
Rn\A1

(ϕ2
η − 1)+e

−|x|2/4

≥ (4π)−n/2

�
A1

e−|x|2/4 − ε ≥ a− ε ≥ a

2
,

provided that η0 (and then ε) is small enough. Then,

sup
A1

ϕη ≥

(�
A1

ϕ2
ηe

−|x|2/4�
A1

e−|x|2/4

)1/2

≥ 1√
2
.

Now, φ̃ := |t|εϕ(x/|t|1/2) is a solution to the heat equation in Dη,m, and in par-
ticular in Q2 ∩ {|ȳ| ≥ 1

2
}. Now let

A√
2 := B√

2 ∩ {|ȳ| ≥ max {1, |x|}} .
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By the interior Harnack,

ϕη(en) ≥ inf
A√

2×{−1}
φ̃ ≥ c sup

A√
2×{−

√
2}
φ̃ ≥ 2ε/2c sup

A1

ϕη ≥
c

2
,

and hence the constant cε = ϕη(en)
−1 from Step 1 is uniformly bounded as η → 0+.

To end the argument, we just use that φη is a subsolution to the heat equation in
the full space, exactly as in [Tor24, Proposition 6.3]. Then, for every (x, t) ∈ Q1/2,

φη(x, t) ≤ C

�
cεϕη(y)e

− |x−y|2
4(1+t) dy ≤ C

�
cεϕη(y)e

−|x−y|2/4

≤ Ccε

(�
e−|x−y|2/6

)1/2(�
ϕ2
ηe

−|x−y|2/3
)1/2

≤ Ccε

(�
ϕ2
ηe

−|y|2/4
)

≤ C,

where we used that for all x ∈ B1/2,

−|x− y|2

3
≤ C − |y|2

4
.

Hence, by homogeneity, ∥φη∥L∞(Q1) ≤ 2εC.
Step 4. We finally show that φη ≥ c > 0 on {|ȳ| = 1

2
}, independently of η.

For the lower bound, we start observing that by symmetry, φη ≡ 1 on

E1 = {|x̄| = 0, |ȳ| = 1, t = −1},
and by homogeneity, φη ≡ 2ε/4 > 1 on

E√
2 = {|x̄| = 0, |ȳ| =

√
2, t = − 4

√
2}.

Now, φη is a solution to the heat equation in Q3/2 ∩ {|ȳ| > 3
8
}. Hence, by the

interior Harnack inequality,

inf
Q1∩{|ȳ|= 1

2
}
φη ≥ c sup

E√
2

φη > c,

as we wanted to prove. □

6. Extinction rate at singular points

6.1. Nondegeneracy. The expansion in Theorem 3.1 gives rise to an upper bound
on the contact set, that is, at small scales, we can ensure that u is positive away
from the zero set of the blow-up p2.

Proposition 6.1. Let u be a solution to (1.1) such that (0, 0) ∈ Σm. Then (after a
rotation), there exists C > 0 such that for all r ∈ (0, 1

2
],

{u > 0} ∩Qr ⊃ D
C
√

σ(r),m
,

where Dη,m is as in Definition 4.1, and σ(r) is as defined in Theorem 3.1.
In particular, we have

{u = 0} ∩Qr ⊂
{
|ȳ|2 < C1σ(r)|x|2

}
∪
{
t < −C−1

1 |ȳ|2/σ(r)
}
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for some constant C1.

Proof. From Theorem 3.1, we have that

u(x, t) ≥ p2(x)− C(|x|2 + |t|)σ(r) in Qr.

Now, by Proposition 2.5, we can write

p2(x) =
1

2

n∑
i=m+1

µix
2
i ≥ c|ȳ|2.

It follows that

u(x, t) ≥ c|ȳ|2 − Cσ(r)(|x|2 + |t|) in Qr,

and then

{u > 0} ∩Qr ⊃
{
c|ȳ|2 > Cσ(r)(|x|2 + |t|)

}
⊃

{
|ȳ| >

√
2Cσ(r)

c
|x|

}
∩

{
|ȳ| >

√
2Cσ(r)

c
|t|

}
.

The result follows by the definition of Dη,m. □

6.2. Regularity. Comparing the set where u is positive with self-similar domains,
we obtain a very precise lower bound for ut in terms of the homogeneous solutions
defined in Proposition 5.1.

Lemma 6.2. Let u be a solution to (1.1) such that (0, 0) ∈ Σm. Then, there exist
r0, c0, c > 0 such that

ut ≥ c0c
k · 2

−
k−1∑
j=0

2jεj
φk in Qrk ,

where rk := 21−2kr0, φk and εk are as defined in Proposition 5.1 with ηk = 2C
√

σ(2rk),
C comes from Proposition 6.1, and σ from Theorem 3.1.

Proof. Let r0 ∈ (0, 1
4
) small enough so that C

√
σ(2r0) < 1

8
. Let rk := 21−2kr0,

ηk := 2C
√

σ(2rk), and let φk and εk be as defined in Proposition 5.1. We will prove
that

ut ≥ ckφk in Qrk ,

where ck+1 = c(2r
2(εk−εk+1)
k+1 )ck.

First, note that φ0 is a solution to the heat equation in Dη0,m∩Qr0 . Then we can
write

∂p (Dη0,m ∩Qr0) = (∂Dη0,m ∩Qr0) ∪ (∂pQr0 ∩Dη0,m) =: I ∪ II.

Then, using Proposition 6.1 we have that on I, ut > 0 and φ0 ≡ 0, while on II,
ut and φ0 are continuous and positive. Since II is at a positive distance from the
boundary of {u > 0}, by compactness ut ≥ µ > 0 on II, and it follows that ut ≥ c0φ0

on II for some positive c0. Therefore, by the comparison principle, ut ≥ c0φ0 in
Qr0 .
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Now we proceed with an iteration scheme. Assume by induction hypothesis that
ut ≥ ckφk in Qrk . By Proposition 6.1 again, ut > 0 in Dηk+1,m ∩Q2rk+1

.
Let

v(x, t) := (1 + ν)c−1
k c−1

∗ (2rk+1)
−2εkut

(
2rk+1x, 4r

2
k+1t

)
− ν

φk+1

∥φk+1∥L∞(Q1)

,

where ν comes from Proposition 4.2, and c∗ is the one in Proposition 5.1. Then,
v ≥ −ν in Dηk+1,m ∩Q1, it is nonnegative on ∂Dηk+1,m, and

v ≥ (1 + ν)c−1
k c−1

∗ (2rk+1)
−2εkckφk

(
2rk+1x, 4r

2
k+1t

)
− ν ≥ 1 on

{
|ȳ| = 1

2

}
∩Q1.

Therefore, by Proposition 4.2, v ≥ 0 in Q1/2, and undoing the scaling

ut ≥
νc∗

(1 + ν)C∗
(2rk+1)

2(εk−εk+1)ckφk+1 in Qrk+1
,

with C∗ from Proposition 5.1 too.
Finally we compute

ck = c0

k−1∏
j=0

c(2rj)
2(εj−εj+1) = c0(4r0)

2(ε0−εk)ck
k−1∏
j=0

2−2j+1(εj−εj+1)

= c0(4r0)
2(ε0−εk)ck2

2kεk−ε0−
k−1∑
j=0

2jεj

≥ c02
−ε0(4r0)

2ε0ck2
−

k−1∑
j=0

2jεj
.

□

Now, using the information that we have on σ(r), and the dependence of εj on r,
we can simplify the bound in Lemma 6.2.

Lemma 6.3. Let u be a solution to (1.1) such that (0, 0) ∈ Σm. Then, there exist
r1, c1 > 0 such that for all r ∈ (0, r1),

ut ≥ c1τ(r) in

{
|ȳ|2 ≥ r2

16n

}
∩Qr,

where τ : R+ → R+ is defined by

τ(r) =


exp−| log r| 12+α if n = 2 and m = 0,

exp−| log r|α if n ≥ 3 and m = 0,

exp−C | log r|
log | log r| if n ≥ 3 and m = n− 2,

exp−| log r|1−θ if n ≥ 4 and m ∈ {1, . . . , n− 3},

(6.1)

for any α > 0 and some C, θ > 0.
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Proof. First, let r1 ≤ r0 from Lemma 6.2, small enough so that u > 0 in
Q2r1 ∩D1/(16

√
n),m (see Proposition 6.1). Now, for all r ∈ (0, r1), u > 0 (and hence

u and ut are solutions to the heat equation) in D1/(16
√
n),m ∩Q2r, and in particular

in {|ȳ|2 ≥ r2

32n
} ∩Q2r.

Then, by the interior Harnack,

inf

{
ut(x, t) : (x, t) ∈ Qr and |ȳ|2 ≥ r2

16n

}
≥ cut(

√
2ren,−2r2),

and hence it suffices to prove that

ut(
√
2ren,−2r2) ≥ cτ(r).

Now, given r ∈ [2−2k+1
r1, 2

−2kr1], by Lemma 6.2,

ut(
√
2ren,−2r2) ≥ c0c

k2
−

k−1∑
j=0

2jεj
φk(

√
2ren,−2r2) = c0c

k2
−

k−1∑
j=0

2jεj
(
√
2r)2εk ,

where φk and εk are as in Proposition 5.1 with ηk = 2C
√
σ(22−2kr1), and σ comes

from Theorem 3.1. Furthermore, since | log r| ≳ 2k, we can estimate ck ≳ | log r|−a

for some fixed a > 0, and then

ut(
√
2ren,−2r2) ≳ c0| log r|−a · 2

−
k−1∑
j=0

2jεj
(
√
2r)2εk .

We distinguish four cases:

• When n = 2 and m = 0, σ(t) = 2−| log t|γ for any γ ∈ (0, 1
2
). Then,

ηk = 2C · 2−
1
2
(|2k−2| log 2+| log r1|)γ ,

and hence, for sufficiently large k,

εk ≤
C∗

| log ηk|
≲ 2−kγ ≲ | log r|−γ,

and then
k−1∑
j=0

2jεj ≲ 2k(1−γ) ≲ | log r|1−γ.

All in all, for small r,

ut(
√
2ren,−2r2) ≳ c0| log r|−a2−C| log r|1−γ

(
√
2r)C| log r|−γ

,

that is,

log ut(
√
2ren,−2r2) ≥ −C + log c0 − a log | log r| − C log 2 · | log r|1−γ

− C| log
√
2r| · | log r|−γ

≥ −C| log r|1−γ ≥ −| log r|1−γ′
,

for all γ′ < γ, provided that r is small enough.
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• When n ≥ 3 and m = 0, σ(t) = | log t|−δ for any δ ∈ (0, 2
n−2

)1. Then,

ηk = 2C · (|2k − 2| log 2 + | log r1|)−δ/2,

and hence, for sufficiently large k,

εk ≤ C∗η
n−2
k ≲ 2−kδ(n−2)/2 =: 2−k(1−α) ≲ | log r|−(1−α),

where α ∈ (0, 1) is arbitrarily small, and then by the same reasoning as
before

log ut(
√
2ren,−2r2) ≥ −| log r|α′

for all α′ > α.
• When n ≥ 3 and m = n− 2, σ(t) = | log t|−δ0 , for some δ0 > 02. Then,

ηk = 2C · (|2k − 2| log 2 + | log r1|)−δ0/2,

and hence, for sufficiently large k,

εk ≤
C∗

| log ηk|
≲

1

k
≲

1

log | log r|
,

and then
k−1∑
j=0

2jεj ≲
2k

k
≲

| log r|
log | log r|

.

Combining the estimates, for small enough r,

ut(
√
2ren,−2r2) ≳ c0| log r|−a2−C

| log r|
log | log r| (

√
2r)

C
log | log r| ,

and thus

log ut(
√
2ren,−2r2) ≥ log c0 − a log | log r| − C

| log r|
log | log r|

− C
| log

√
2r|

log | log r|

≥ −C
| log r|

log | log r|
.

• When n ≥ 4 and m ∈ {1, . . . , n − 3}, σ(t) = | log t|−δ0 and ηk ≲ 2−kδ0/2.
Now,

εk ≤ C∗η
n−m−2
k ≲ 2−kδ0(n−m−2)/2 =: 2−kθ ≤ | log r|−θ,

and then
log ut(

√
2ren,−2r2) ≥ −| log r|1−θ′

for all θ′ < θ.

□

1We change the notation to δ to avoid shadowing the variables εk, already in use.
2This δ0 corresponds to ε0 in (2.2).
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We can translate the lower bound on ut to an upper bound on ∇u
ut

up to the free
boundary.

Proposition 6.4. Let u be a solution to (1.1) such that (0, 0) ∈ Σm. Then, there
exist r1, C1 > 0 such that for all r ∈ (0, r1),∥∥∥∥∇u

ut

∥∥∥∥
L∞(Qr)

≤ C1
r

τ(2r)
,

where τ(r) is as in (6.1).

Proof. First, note that the statement is equivalent to proving

C1ut ±
τ(2r)

r
ui ≥ 0 in {u > 0} ∩Qr

for all spatial derivatives ui. Note also that by the convergence of u to the blow-up
p2,

u ≤ p2(x) +
r2

24n
≤ |ȳ|2

2
+

r2

24n
in Q2r,

and

|∇u| ≤ |∇p2|+ r ≤
n∑

i=m+1

µi|xi|+ r ≤ |ȳ|+ r in Q2r

Now, let (x0, t0) ∈ Qr, and define

v := C1ut ±
τ(2r)

r
ui + 9n

τ(2r)

r2

(
|x− x0|2 + t0 − t

2n+ 1
− u

)
,

which is a solution to the heat equation in {u > 0}. Then,

v(x0, t0) ≥ inf
∂p({u>0}∩Qr(x0,t0))

v,

and it suffices to check that v ≥ 0 on the parabolic boundary of {u > 0}∩Qr(x0, t0).
We distinguish three regions:

• On ∂{u > 0}, u = |∇u| = 0, and then

v =
τ(2r)

r2
9n(|x− x0|2 + t0 − t)

2n+ 1
≥ 0.

• On ∂pQr(x0, t0) ∩
{
|ȳ|2 ≤ r2

4n

}
,

v ≥ τ(2r)

(
−
√

1

4n
− 1 + 9n

(
1

2n+ 1
− 1

8n
− 1

24n

))

≥ τ(2r)

(
−
√

1

4n
− 1 + 9n

1

6n

)
≥ 0.
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• On ∂pQr(x0, t0) ∩
{
|ȳ|2 ≥ r2

4n

}
⊂
{
|ȳ|2 ≥ (2r)2

16n

}
∩ Q2r, ut ≥ c1τ(2r) by

Lemma 6.3, and then

v ≥ C1c1τ(2r) + τ(2r)

(
−2− 1 + 9n

(
1

2n+ 1
− 2− 1

24n

))
≥ C1c1τ(2r) + τ(2r)(−3 + 3− 18n− 1) ≥ 0,

choosing C1 = 19nc−1
1 .

□

Finally, from the estimation we can deduce free boundary regularity.

Corollary 6.5. Let u be a solution to (1.1) such that (0, 0) ∈ Σm. Then, there exist
r1, c1 > 0 such that

{u = 0} ∩Qr1 ⊃
{
|x| ≤ c1

√
|t| τ(|t|)

}
,

where τ(r) is as in (6.1).

Proof. Let r ∈ (0, r1) with r1 from Proposition 6.4. Let (x, t) ∈ Qr such that
u(x, t) > 0. Then, we can write

0 < u(x, t) =

� 1

0

(
∂

∂λ
u(λx, λt)

)
dλ =

� 1

0

(tut + x · ∇u)(λx, λt)dλ.

Then,

0 <

� 1

0

(tut + |x||∇u|)(λx, λt)dλ,

and in particular tut(λ◦x, λ◦t)+ |x||∇u(λ◦x, λ◦t)| > 0 at some point (λ◦x, λ◦t) ∈ Qr.
Then, by Proposition 6.4,

t > −|x| |∇u(λ◦x, λ◦t)|
ut(λ◦x, λ◦t)

≥ −C1
r|x|
τ(2r)

,

and hence we have proved that

{u = 0} ∩Qr ⊃
{
t ≤ −C1

r

τ(2r)
|x|
}

for all r ∈ (0, r1). In particular, u = 0 in

{|x| ≤ C−1
1 τ(2r)r, t = −r2},

that is,

{u = 0} ∩Qr1 ⊃
{
|x| ≤ C−1

1

√
|t|τ(2

√
|t|)
}
.

To conclude, note that we can replace τ(2
√
|t|) by τ(|t|) by adjusting the constants

in the definition of τ . □
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6.3. Proof of the main results. Our main results: Theorems 1.1, 1.3, and 1.4,
and Proposition 1.2, follow from the regularity and nondegeneracy estimates in this
Section. We provide their proofs for completeness.

Proof of Theorem 1.1. It follows from combining Proposition 6.1 and Corollary 6.5.
□

The proof of Proposition 1.2 is based on the same strategy, but making adjust-
ments to leverage the improved estimate on ut.

Proof of Proposition 1.2. Recall that n = 2 and (0, 0) ∈ Σ0. Now, using that

ut ≤ Ce−C| log r|
1
2 , following the proof of Theorem 3.1 gives

|u(x, t)− p2(x)| ≤ C(|x|2 + |t|)σ̃(
√
|x|2 + |t|) in Q1/2,

where σ̃(r) = Ce−C| log r|1/2 . Then, an analogous computation to the proof of Propo-
sition 6.1 gives that

∂{u(·,−t) > 0} ⊂
{
|x| < C1

√
t e−c1| log t|

1
2

}
.

Moreover, we can replace σ by σ̃ in Lemma 6.2, and hence replace τ(r) by
τ̃(r) = exp−C| log r|1/2, and then Corollary 6.5 gives

∂{u(·,−t) > 0} ⊂
{
c1
√
t e−C1| log t|

1
2 < |x|

}
.

□

The proof of Theorem 1.3 is again straightforward.

Proof of Theorem 1.3. It follows from combining Proposition 6.1 and Corollary 6.5.
□

Finally, Theorem 1.4 follows from combining the classical results for regular points
in [Caf77, KN77, KN78] with our results on extinction rates for singular points.

Proof of Theorem 1.4. Let (x0, t0) ∈ U . If (x0, t0) is a regular point, then ∂{u > 0}
is locally a C∞ graph around (x0, t0).

Otherwise, (x0, t0) ∈ Σm for some m ∈ {0, . . . , n − 2}. Now, by Proposition 6.4,
there exists r0 > 0 such that∥∥∥∥∇u

ut

∥∥∥∥
L∞(Qr(x,t))

≤ C1
r

τ(2r)
≤ C

√
r,

for all r ∈ (0, r0).
This implies that, for any λ > 0 and r ∈ (0, r0),

{u(x, t) = λ} ∩Qr = {t = Γλ(x), x ∈ Br(x0)},

where Γλ : Br(x0) → R is a Lipschitz function with Lipschitz constant C
√
r.
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Taking the limit λ ↓ 0, we conclude that the free boundary is a C
√
r-Lipschitz

graph in Qr(x0, t0). Moreover, if we let r ↓ 0, we deduce that ∂{u > 0} has a
horizontal tangent plane at (x0, t0).

Finally, once we know the tangent plane is well defined at every free bound-
ary point in U , note that the normal vector ν(x,t) is continuous in the regular set,
ν(x,t) ≡ en+1 on the singular set, and, for every singular point (x0, t0),

|ν(x,t) − en+1| ≤ C
√
r in Qr(x0, t0),

which together gives that ∂{u > 0} is locally a C1 graph. □
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