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EXTINCTION RATES FOR NONRADIAL SOLUTIONS
TO THE STEFAN PROBLEM

GABRIELE FIORAVANTI, XAVIER ROS-OTON, AND CLARA TORRES-LATORRE

ABSTRACT. We consider the one-phase Stefan problem describing the evolution of
melting ice. On the one hand, we focus on understanding the evolution of the free
boundary near isolated singular points, and we establish for the first time upper
and (more surprisingly) lower estimates for its evolution. In 2D, these bounds
almost match the best known ones for radial solutions, but hold for all solutions
to the Stefan problem, with no extra assumption on the initial or boundary data.

On the other hand, as a consequence of our results, we also characterize the
global regularity of the free boundary, as follows: it can be written as a graph
{t = I'(z)}, where I' is C* (and not C?) near any singular points in the lower
strata X,,, m < n — 2. Moreover, I is not C! at singular points in X,,_;.

1. INTRODUCTION

The Stefan problem is probably the most classical and well-known free boundary
problem [LC31l [Ste91]. It describes phase transitions, such as ice melting into water,
and has been widely studied in the last 50 years [ACS96), [Caf77, [CE7S8| [CK10, [Fri68],
HS15, [HR19, Kim03), KNT8, [Koc98, [PSS07, Wei99).

After the transformation u(x,t) = fg 0, where € > 0 is the temperature function,
the one-phase Stefan problem becomes

U — Au = —Xqus03, © >0, u >0, (1.1)

see [Duv73l, [Figl8] for more details. The moving interphase that separates the solid
and liquid regions, d{u > 0}, is often called free boundary.

The best known general results for the structure and regularity of such interphase
may be summarized as follows:

e The free boundary splits into reqular points and singular points.

e The free boundary is C*° near any regular point [Caf77, [KN77, [KN7§].

e The set of singular points ¥ is closed, and it has parabolic Hausdorff di-
mension at most n — 1 [FRS24].

The proof of most of these results is based on blow-ups, i.e., considering limits
. u(wo +ra,te + 1)
lim
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2 G. FIORAVANTI, X. ROS-OTON, AND C. TORRES-LATORRE

at any free boundary point (z.,%,). It turns out that the blow-up at any singular
point is a (unique) non-negative, 2-homogeneous, quadratic polynomial p,_ ;. (),
and the singular set > can be partitioned into the sets

S = {(%0, o) € 8¢ dim({ps. s, = 0}) = m}, m € {0,1,....,.n —1}.

In case of the set X,,_1, a very fine description of the solution and the free boundary
near these points was recently established in [FRS24]. However, much less is known
about X, for m <n — 2, other than these sets have dimension at most m.

The only situation that has been quite well understood is the case of radial so-
lutions. In such situation, the existence of a radial solution u, with an isolated
singular point at (0,0), was proved in [HV97, [AHVO1, HR19]. For this solution, the
ice region {u = 0} is a melting ball {|z| < A(—t)}, for t > 0, satisfying

ANt) = VieVileetl/2 o if =2
At = Vi|logt| 7z if n>3.

Our goal in this paper is to establish for the first time melting rates for all solutions
of (1.1]). Notice that, even at isolated free boundary points in ¥, solutions are not
expected to be asymptotitcally radial, since the blow-up p, . is in general not
radial. Thus, it is not clear a priori whether all solutions behave like those in the
radial case or not.

1.1. The 2D case. Our best result is in dimension n = 2, where we establish that
at all singular points in >y the melting rates behave very much like the radial case.

Recall that in 2D there are only two types of singular points: those in ¥; (studied
in [FRS24]), and those in ¥y (covered by the following result).

Theorem 1.1. Let u(z,t) be any solution of (1.1) in Q; C R*T', and assume that
(0,0) is a singular free boundary point in .
Then, for any d > 0, in a neighborhood of the origin we have

[t < —CulePexp (Jlogla]|* )} € fu=0) € {1 < —crfof exp (| loglal|* )}

for some positive constants c1, C'.
In particular, for any 6 > 0 the free boundary near the origin satisfies

3 1_
o{u(-,—t) >0} C {01\/1_t6_|1°<‘§“2+5 < |z| < CyV/teostl? 5}
for some positive constants ¢y, CY.

The proofs of these upper and lower bounds for {u = 0} are completely different
and independent from each other. Indeed, while the upper bound uses strongly the
recent results in [FRS24] and was more or less expected, the lower bound requires
completely new ideas and does not use at all the techniques from [FRS24]. It is
based on constructing explicit barriers and Harnack-type inequalities together with
a delicate iterative method to show fine lower bounds for u; in parabolic cylinders
Q,, of size rj, =< 227"
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In both cases, an important starting point for these proofs is the regularity in
time of solutions to (1.1)), established by Caffarelli and Friedman in |[CF78| [CEF79].
More precisely, they proved that (in dimension n = 2) if (0,0) is a singular point

then u; < C’e*“"g’”'%ié in Q,, for any § > 0. Here, Q, := B, x (—r2,0) denotes a
parabolic cylinder. This regularity is almost-optimal, in view of the radial example
described above.

If we assume that a solution w has the same regularity in time as the radial
examples, then our proof yields that any such solution behaves exactly as the radial
one.

Proposition 1.2. Let u be as in Theorem|1.1], and assume in addition that

1
u < Ce s> yp ), (1.2)

for allr € (0,1). Then, for any time —t € (—3,0) we have

: 1
a{u(’ —t) > 0} C {cl\/ge—Cﬂlogﬂ? < |$| < C«l\/ge—cﬂlogt\?}
for some positive constants ¢y, C'.

It remains an open problem to decide whether (|1.2)) holds for all solutions of (|1.1))
in R? or not.

1.2. Higher dimensions. The techniques we develop in this paper work not only
in dimension 2 but also in arbitrary dimensions n > 3. In that case, the regularity
in time of Caffarelli-Friedman [CET8|, [CET9] yields that if (0,0) is a singular point

then u; < Cllog r|_%+(S in Q,, for any 6 > 0. Using this, we prove the following:

Theorem 1.3. Let u(z,t) be any solution of (1.1)) in dimension n > 3, and assume
that (0,0) is a singular free boundary point in .
Then, for any d > 0 the free boundary at any time —t € (—%, 0) satisfies

ou(-, —t) > 0} C {cl\/Ze_“Og”é < |z| < clmlogtrﬁ“}
for some positive constants ¢y, C'.
As before, if we assume in addition that
u < C logr|_£ in Q, (1.3)
for all r € (0,1), then for any time —¢t € (—3,0) we have

8{u(,—t) > 0} C {01\/E|10gt|—01 < |l'| < Cl\/z—f|logt|_ﬁ}

for some positive constants c;, C].
It remains an open problem to decide whether ([1.3]) holds for all solutions of (|1.1J)

or not.
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1.3. Global regularity of the free boundary. Concerning the intermediate strata
Y with 1 < m < n — 2, the possible behaviors of different solutions are expected
to be very diverse, and thus it does not seem possible to establish matching upper
and lower estimates like those in Theorem In such case, we prove (non-optimal)
extinction rates in Proposition and Corollary These new rates allow us to
establish for the first time the following global C! regularity of the free boundary:

Theorem 1.4. Let u(z,t) be any solution of (1.1)), and assume that (0,0) € 2, is
a singular free boundary point, m < n — 2.

Then, if U is a neighbourhood of (0,0) such that UNX, 1 = 0, the free boundary
d{u >0} C R" x R can be written as a C* graph {t =T(z)} in U.

In particular, the whole free boundary is an n-dimensional Ct manifold away from
the set X,_1.

Notice that the free boundary 0{u > 0} was proved to be locally Lipschitz (as a
graph {t = I'(x)}) by Caffarelli in [Caf7§]. Moreover, it is easy to see that (in any
dimension n > 1) such a function I is not C' at any point in ¥,,_;; see e.g. [FRS24].

Here, we prove for the first time that I" is actually C* at all singular points in 3,,
with m < n — 2, and therefore the free boundary is C* everywhere except at 3,_;.
Notice also that, in view of the extinction rates we prove in this paper, I' is not C?
at any singular point.

With this in mind, we propose the following.

Conjecture 1.5. Let u be a solution of (L.1)). Then, for any o € (0,1), the free
boundary is locally C** away from the set ¥,_;.

1.4. Organization of the paper. This paper is organized as follows.

We begin in Section [2| by introducing our setting and developing some technical
tools such as estimates for the heat equation and the parabolic obstacle problem.
Then, in Section [3| we derive an improved rate of convergence to the blow-up, The-
orem [B.1]

Section []is devoted to proving an almost positivity property for the heat equation,
and in Section [5| we construct self-similar solutions tailored to our domains. Finally,
in Section [6] we prove our main results.
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2. PRELIMINARIES
2.1. Setting. Throughout the paper, the spatial dimension will be n > 2. Given
x € R", we will sometimes denote x = (z,y) € R™ x R"™  with m clear from the
context.

B,.(z) will denote the ball of radius r of R™, centered at x, and when z is the
origin we will simply write B,.. Moreover, Q,(x,t) will denote the parabolic cylinder
B.(z) x (t —r2,t), and when (x,t) is the origin we will just write @, .

We will use the notation d, to denote the parabolic boundary of a set, that is, for
a given set F € R we denote by 9,F the set of points (xg,ty) in OF such that
for every € > 0, Q.(xo,t0) ¢ E.

We define the parabolic distance in R**! as

dp ((2,1), (4, 5)) = V]o =y + |t = s]. (2.1)

2.2. Estimates for the heat equation. We will use the interior parabolic Harnack
inequality:

Theorem 2.1. Let u be a nonnegative solution to
u— Au=0 in Q.
Then, for all —1 < t; <ty <0,

supu(-,t;) < Cinf u(-, ta),
Bi)a Byja

where C depends only on tq, t3, and the dimension.
We will also need the following quantitative version of the maximum principle.

Lemma 2.2. Let u be a solution to
u—Au = 0 in
u = g on 0,Q,
and assume that g > 0 on 0,Q)1, and that

{g = 1} N3Qu1[ = co
for some ¢q € (0,1). Then,
u(0,0) = 6,

where 8 > 0 depends only on ¢y and the dimension.

Proof. By truncating g, we may assume without loss of generality that 0 < g < 1.
Now, note that there exists ¢, > 0 such that |0,Q1 N {t > —c,co}| < %. Hence,

2c
‘{g > 1} male N {t < _CnCOH > ?0-
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Then, we can write

u(0,0) :/ gdw; —i—/ gdw,
le{—l} 8Bl><(—].,0)
> wi({g > 1N (B x {—1})) + wl({g >1}N (0B x (-1, —cnco)),

where w;,w; is the caloric measure with base point the origin, supported on the
initial and the lateral data.

Now, if [{g > 1} N (0B x (=1, —cpco)| > 2, we use [FS83, Theorem 3.1] to
conclude that

u(0,0) > wi({g > 1} N (9B1 x (=1, —cucp))

dco

> d|{g > 13N (0B; X (—1, —cnco)| = > 0.

On the other hand, we would have [{g(-,—1) > 1} N By| > <. In this case, we use

co
3
separation of variables to write
= 3 e 0, o],

n>1

where {¢,} is the orthornormal base of L?*(B;) formed by the eigenfunctions of the
Laplacian. Then, since ¢ is radially decreasing, the minimum possible value of the
following integral happens when {g(-,—1) > 1} = By \ B, (), and thus

o= [ gle Dot B (ko))
B {9(-,—=1)>1}NB1
1
> / ggl(r)|c9Bl|r”_1dr =:a(cy) > 0,
(co)

where ¢, (r) := ¢y (re) for any e € dB;. Therefore, ||u(-, — Dz = alco)e ™/,
and since, by the maximum principle, 0 < u < 1,

sup  u > lu(-, =)z Nul, =)z = lul =) 2o,
Box{o1) = |B,|1/2 = | By|1/2
/2 . 1/2 —A1/2
a(co)e (|Bi] = [B:]) > afco)e =:b(cp) >0
= ARG EERE Vo

choosing r € (0, 1) appropriately close to 1, only depending on ¢y and the dimension.
Finally, by the interior Harnack (Theorem ,

u(0,0) > ¢ sup u > cb(co) >0,
BTx{fé

as we wanted to see. O
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2.3. The parabolic obstacle problem. The regularity properties of solutions to
(1.1) have been established in the works of Caffarelli, and we summarize them in
the following theorem.

Theorem 2.3 ([Caf77], [CET9]). Let u be a solution to (1.1) and suppose that
(0,0) € 0{u > 0}. Then,

(i) u € Cp (Q1y2) NCHQy2) and there exists C > 0 depending only on n such
that

D%l Loo(@y ) + el ooy ) < Cllul:, 0) | oo (sy)
(i) X is relatively closed in O{u > 0}.
(iii) There ezist £9 > 0 and C' depending only on n and ||u||p~ such that
D*u > —Cllogr|™™ in Q,, (2.2)
for every r € (0,3).
(iv) For every

v€(0,3) and 0<5<n_

there exists C' depending only on n, €, 7, and ||u||p~ such that

ur < Cwy(r) in Q, (2.3)
for all r € (0, %), where
o—llogr|™ s —9
wp(r) == B z-fn (2.4)
|logr|~® ifn > 3.

Next, we give the definition of regular and singular points on the free boundary
0{u > 0}. Let u be a solution to (1.1)), (zo,ty) € O{u > 0} and define

U o, (T, 1) 1= 77 2u(x0 + T2, t0 + 171),

which is also a solution to (|L.1J).

e (x0,t0) is a reqular point if there exists e € S"~! such that

U to.r — Q(max 0,e-z)%, asr— 0",

o (z0,t0) is a singular point if
Usg o = P2woto € Py as T — 07,
where

P = {p(x) = %Ax-x tAeR™ A>0,tr(A) = 1}'

When (g, %) = (0,0) we simply write ps = Do 4.1,
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The convergence in both cases is locally uniformly in compact sets of R” x R, and
using the regularity estimates given by Theorem the convergence also holds in
Cl%)c'

By the uniqueness of blow-ups at singular points (see [Bla06]), one has that every
free boundary point is either regular or singular. Furthermore, the set of regular
points is relatively open in d{u > 0} and it is a C'* manifold of dimension n — 1.
This last result was proved in [Caf77, [KN77].

Finally, we define the singular set and the singular strata as follows:

Y = {(z,t) € 0{u> 0} : (z,t) is singular},

Sm = {(z,t) € B dim({p2pe = 0}) = m}

o= Ax (1) EZ},

Nto= {z:(z,t) € S},
form=0,...,n—1.

2.4. The second blow-up. In this section, we state the characterization of the sec-
ond blow-up, as established in [FRS24], where the authors prove some monotonicity
formulae that enable them to derive this result for our equation.

First, we recall some definitions. Let G : R" x (—00,0) — R be the Gaussian
kernel for the heat operator, that is

1 |z|?
G(:L’,t) = Wexp (Z) .

For every w : R" x (—=1,1) — R and r € (0, 1) let us define

D(r,w) := 27"2/ IVuw|*G,
{t=-r2}

H(r,w) := / WG,
fr=—r2}

o(r,w) = 52:’ Z; :

Let £ € C°(By)2) let be a spatial cut-off function such that £ = 1 in B4 and
¢ > 0. Then, we have the following bounds relating H and the norms of u — ps.

Lemma 2.4 ([FRS24], Corollary 6.2, Lemma 6.3). Let u be a solution to (L.1)),
(0,0) € 3. Then, there exists C > 1 depending only on n and ||u||p~ such that for
allr € (0,3),

|u — p2ll =@, < Cllu — pall22(Qa0) (2.5)

O H (r,€(u —p2))'? < lu = palli2iq,) < CH(r &(u— p2))'/2. (2.6)

Moreover, we have a characterization of the second blow-ups.
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Proposition 2.5 ([FRS24], Lemma 5.8, Corollary 5.9, Proposition 6.7). Let u be a
solution to (1.1)), (0,0) € ¥, w := u — pg, m = dim({py = 0}). Then, the following
limit exists

lim ¢(r, w) := \,.

r—0+

Set
- w(r, 1)
Wy 1= =
H(r, w)'/?
Then, for every r, — 0T, there exists a subsequence ry, such that

y ¢ Vi, — Vg in L} (R" x (—00,0]),

UN)T loc
where q # 0 is A.-homogeneous. Moreover, we have that
(a) If m €{0,...,n— 2} then A\, =2 and, in some coordinates,

pa(z) = % i pirs,  q(x,t) = At +v i ri — Zm:uiasf,
i=1

i=m+1 i=m+1
where 1; >0, A>0,v>0,%" =1, and

A—Z(n—m)v—i-QZVi:O,
i=1

which means that ¢ — Aq = 0. Moreover, there exist constants 0 < ¢; < ¢
such that

a1 < lgllzeqn) < co-

(b) If m = n—1 then A\, € 2+ vy, 3] for some constant ag = ap(n) € (0,1] and
q solves the parabolic thin obstacle problem.

3. EXPANSION OF SOLUTIONS AT SINGULAR POINTS

The goal of this section is to show an expansion of solutions at singular points, by
using the semiconvexity of the solutions and a compactness argument (see [FS19)
for the elliptic case).

Theorem 3.1. Let u be a solution to (1.1)) such that (0,0) € ¥. Let v € (0,3) and

2

0 <& < —=. Then, there exists a constant C' > 0 depending only on n, v, €, and

|u|| Lo, such that
u(z,t) = pa(z)] < C(lzl* + [tho (V> + [t]) in Qupe,

where o : Ry — R is defined by
rao if
o(r) = [ logr|™= if

( € Enfb
(

2~ logrl™ £ (
(

0)

0) € X, forme{l,...,n—2},
,0) € X andn =2
0)

|logr|=¢ if €3 andn > 3,
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where o € (0,1] is the constant as in Proposition[2.5 (b), g9 > 0 is a small constant

given by (2.2)).

Proof. By using ([2.5]), it is enough to prove that for every r € (0,1/2) it holds
[u(r, %) = pa(r)ll L2y < Crio(r). (3.1)

Case 1. Let (0,0) € 3,,_1. By using (2.6) and [FRS24, Lemma 5.6(b)], we obtain
that

-, 12:) = pa(r) | z2(@y) < CH(2r,€(u —p2))"?
< Or(H(Lg(u—p2)* + 1)V < O,
where A, := lim, o+ ¢(r, w¢) and the constant C' > 0 depends only on n and ||u|| L.

By using Proposition , it follows that the frequency A, > 2 + ap and (3.1)) holds
true in the case X,,_1.

Case 2. Let us suppose now that (0,0) € X, for m € {1,...,n — 2}. We define
Lo :={x : po(z) = 0}, and have that
ay = [[ru(r, %) = pa ()| r2(qa) = o(1), (3.2)

by the blow-up convergence. By contradiction, let us suppose that there exists r; | 0
and a constant M > 1 to be chosen later such that

. > M|logrg|~=. (3.3)
By using (2.2) and (2.3)), we have that
{@(T 2u(r-, r*) — pa(- )) dyu(r-,12) < Cuwy(r) < C|logr|~=,
666(7“ 2u(r-, r?) —pg(-)) = Duet(r,12:) > —C|log 1|,
for every e € Lo NS 1,

Next, by using (2.6) and (3.3)) we get that there exists Co > 0 depending only on
n and ||u||pe, such that

H(rg, &(u — p2))1/2 > CQO/T]C?"]% > C’QMr,ﬂ log 1| ~°. (3.5)

(3.4)

Let us define )

Wy, = :
" H(ry, §(u — pa))t/?
By applying Proposition it follows that, up to a subsequence,

wrk — q in L2(Q1)7
where ¢ is a parabolic 2-homogeneous polynomial satisfying

D2q‘Lé 2 07 qt Z 07 atq - Aq = 07 0< C1 S ||Q||L2(Q1) S Ca. (37)
Moreover, by using (3.4) and (3.5]), we get that
Doy, = —ectlriesti) o COrilogml ™ —C

H(re, §(u—p2))'? = H(re, §(u—p2))/? — CoM
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for every e € Ly N S™ !, and analogously

C
o C
Otn < G

Taking the limit in the previous two inequalities we get

{aeeq > — G, Ve€ LynS™, in Q,

atqg C'QLMa in Ql'

(3.8)

Now, we claim that there exists a constant C; > 0 such that one of the following
holds:

(a) there exists & € Lo N'S™ ! such that rrclgin 0zzq < —C1,
1
3.9
() maxg > C. 39
Q1
By contradiction, let us suppose that there exists a sequence ¢V satisfying (3.7) and
) 1 . 1
qt(j) <=, O U) > —=, VeeLonS"
J J

Since ¢') belongs to a finite dimensional space and ||¢"|| 12(Q1) < G2, by compactness,
up to a subsequence, there exists a limiting parabolic 2-homogeneous polynomial
¢\ satisfying

qgoo) <0, 0:¢" >0, VéeLynsS"",
D% >0, ¢ —A¢™) =0, [|¢"| 120y > @,
0

P

which is a contradiction, so the claim is true. Then, by choosing M big enough in

(13.8) we get a contradiction with (3.9) and (3.1)) holds true for m =1,...,n — 2.

Case 3. Finally, let us suppose that (0,0) € >, and define a, as in (3.2). By
contradiction, let us suppose that
ar, > Mw, (1)

for a sequence 7 | 0 and a constant M > 1 to be chosen later, where w, is given

by ([2.4).
By (2.3) it follows that

O (r~?u(r- 1) = pa()) = w(r,1%) < Cuy(r),
Defining w,, as in (3.6) and by using the same computations as in Case 2, we get
that
o, < ——.
= CoM
This inequality, combined with Proposition allows us to conclude that w,, — ¢
in L?*(Q,) where ¢ is a parabolic 2-homogeneous polynomial satisfying

C _ _
O S qi S 9 D2q Z 07 atq - Aq - 07 0 < S ||Q||L2(Q1) S Co.
CoM
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From this point on, arguing as in Case 2 with minor differences, we get a contra-
diction and our statement follows in the case . O

As an immediate consequence of the expansion theorem, we obtain the following
regularity characterization of the spatial part of the singular set, which improves
the result proved in [LM15], by showing an explicit modulus of continuity.

Corollary 3.2. Let u be any solution to (1.1]), ag > 0 be the constant from Propo-
sition [2.5 (b) and g9 > 0 as in ([2.2). Then the following holds true.
(a) Xt is locally contained in a C2* manifold of dimension (n —1).
() If m € {1,...,n — 2}, Xt s locally contained in a CH'°%° manifold of
dimension m.
(¢) mu(En-1NQ1/2) is locally contained in a Cp* manifold of dimension (n—1).
(d) Ifm € {1,...,n=2}, m,(X,,NQ12) is locally contained in a C1'°5™ manifold
of dimension m.

Proof. We prove statements (a) and (b) together. Let us fix g € (—1/4, 0] and define
SP i={z e X\ > Ay}, where A, =2ifm e {1,...,n— 2} and A, = 2+ g
ifm=n-—1.

By |[FRS24, Lemma 7.4], we have that the map

=) (IL"[), to) — ¢(O+, f(u(l‘o + T, to + 7"2') — p27x07t0)) (310)
is upper semicontinuous. Consequently, the map
I ¢(0+7 £(u(ac0 +rto+ 7“2') - p2,mo,t0))

is also upper semicontinuous. This implies that Sf\il is closed, so K := Sf\‘in N Bya

is compact. Moreover, by Proposition we get % N B /2 C K.
Let us define

reo ifm=n-—1
V() = {

|logr|~= ifme{l,...,n—2}
For zy € K, set
Paﬁo(x7 t) = D2,x0,t0 (.T - IO)'

We claim that K, f = 0 and {P,,}.,,ex satisfy the assumptions of the Whitney’s
extension Theorem (see [FS19, Lemma 3.10]), that is,

(Z) Pwo(fﬂo) =0,
(1) there exists a constant C' > 0, depending only on n and ||u||z~, such that

| DX Py () — D Py()] < Cla — wo* (|2 — wol),

for all z, 79 € K and k € {0,1,2}.
The condition (4) is trivially verified.
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Next, given z, ¢ € K, set |z — x| :=r < 1/2 and for simplicity of notation take
xo = 0 and tg = 0. Noticing that 1 C Q2(z/r), it follows that

— Py(r )l r2qu) + llulr,r?-) = Po(r)| r2(qy)
(r)llzzny + llu(r,17%) = pawo(r - —2)| r2(qn)

) = pa(r) ez + lu(r, 7)) = paso(r - —2)|| L2(Qa(a/m)
(1) (

) = pa(r)lL2@n) + lw(@ + 7,72 = Dazo(r) || z2(0w)

where in the last inequality we have used (3.1]). Since the space of time-independent
2-homogeneous polynomials is finite dimensional, the norms || - || z2(q,) and || - [[c#(py)
are equivalent. Then, the property (ii) is also satisfied and by applying the Whit-
ney’s extension Theorem (see [FS19, Lemma 3.10]) we get that there exists a function
F € C%7(R™) such that
F(z) = Py (2) + |2 — 20)* V(|2 — 20]), Vz,70 € K.
In addition, we have that
Ef%ﬂBl/zl C K C {VF = O}
Hence, given zy € X! N By 4, it follows that VF (zy) = 0 and
dim ker(D?*F(z¢)) = dim({p2.s,.4, = 0}) = m.

yF'(z0)| # 0. Hence,
by applying the Implicit Function Theorem, (;—,"{0,,F = 0} is a m-dimensional
manifold of class C*™ which contains ¥ N B; /4, and this concludes the proof of
statements (a) and (b).

Next, we prove (c¢) and (d). Let us define Sy, = {(x,t) € X : A\, > \,,}. By the
upper semicontinuity of (3.10), we have that S, is closed, so K := m,(2y,, N Q1/4)

is a compact set and by using Proposition , To(Xm N Q1) C K.
For zy € K, there exists ty € (—1/16, 0] such that (zo,tg) € . Defining

Then, up to a change of coordinates, we have that |D%x1

s fn—m

Pxo = P2,x0,t0 (CE - IO)?

we claim that K, f = 0 and {P,, }z,ex satisfy the assumptions (i) and (ii) of the
Whitney’s extension Theorem.

The first condition is verified by definition.

Given x,xy € K, set r := |r — x9| < 1/2. By definition there exist ¢ty such
that (z,t), (xg,t0) € X. Without loss of generality, assume that (xq,%) = (0,0) and
t <0. Set ¢, := O(r*y,,(r)). By using Theorem [3.1} we get

u(r,0) = pa(r-) +¢., in Bs,

3.11
w(x 4+ r,t) =pogs(r-) + ¢, in Bs. ( )
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Noticing that r = |x| and |z + ry| < 4r, for every y € Bs, implies that
u(@ + 71y, 0) = pa(2 + 1Y) + O (lo + ry[ym (|2 + ryl))
=pa(x +ry) + ¢, forye Bs.
In addition, since u; > 0 and ¢ < 0, we have that
0 <u(z+ry,0)—ulz+ry,t)=p(r+ry) —po.(ry) + ¢

for y € Bs.
Now, we observe that

P2(x) — P2z (0) >0,
pQ(O) - p2,x,t(_$) S 07

so there exists a point Z belongs to the segment connecting 0 and —x/r € By such
that po(x + %) — pa i (rz) = 0.
Since

A(pa(x +17) = pogu(r-)) =0,

by applying the Harnack inequality to pa(x+7-)—pa s ¢(7r)+c, (which is nonnegative),
we obtain

[p2(@ +7) = Doz () + erllpoe(my) < Cif (pa( +7) = Pags(r) +¢r) < Cer,
3

which implies

[ Po(r) — Pu(r)|[zee(m) < [Po(re) — Pe(r) 2o (Bo(—a/r)
= [[Po(x 4+ 1) = Pp(x + 1) || 1oo(By) < (C 4 1)

Hence, the assumptions of the Whitney’s extension theorem are satisfied, allowing
us to conclude as for statements (a) and (b). d

4. A PARABOLIC ALMOST POSITIVITY PROPERTY

The goal of this section is to prove an almost positivity property for solutions to
the heat equation in our domains of interest.

Definition 4.1. Let n > 0 and m € {0,...,n — 2}, and recall that for x € R", we
write T = (21, ..., Zm), ¥ = (Tms1,--.,Tn). Then, we denote

Dy = {17] > nlt]"*} 0 {lg| > nlz[}.

Notice that when m = 0 we simply have § = z and hence D, ¢ := {|z| > n|t|'/?}.
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FIGURE 4.1. The complement of D, ; with n = 2. The orange surface
is {|y| = 77|t|1/2}, and the blue one is {|y| = n|z|} U{ly| < n|z|,t = 0}.

The main result of this Section is the following.

Proposition 4.2. Letn € (0, %), and D, ,, as in Definition . There is a constant
v > 0 such that the following holds.
Let u satisfy

w—Au = 0 in D, NG
u > —v oin Dy, NG
u > 1 on {lyg=3}n
u > on 0Dy, N Q.

Then,
u Z 0 in DW:m N Ql/g.
The constant v depends only on n (and not on n).

Our approach to establish this result is in the spirit of De Silva and Savin in their
proofs of boundary Harnack inequalities [DS20] [DS22].

Actually, in order to provide a result that can be later reused in different settings,
we distill the conditions used in the proof in the following characterization.

Definition 4.3. Let 2 C R" x R be an open set where the Dirichlet problem for the
heat equation is well posed. Denote Q, = {x € Q : d,(z,0Q) > r}, where d,, is the
parabolic distance (2.1)). We say € is parabolically accessible if there exist &y, ¢y > 0,
and N € N, such that, for every ¢ € (0,d),
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(i) For every (xo,to) € Q572 N Q1—s, there exist (x;,¢;) € Q, withi=1,..., N,
such that (zy,ty) € Qs, and for all i =0,..., N, t;11 < t;,
Qor, (x5, t;) CQ, and |z, — x4 <13,
where r; = \/t;11 — 1.
(ii) For every (zo,tp) € QN Q1-2s,
|0,Qa5(z0, t0) N (s U Q)| = ¢|0,Qas.

We start with a quantitative propagation of positivity property.

Lemma 4.4. Let Q be parabolically accessible in the sense of Definition[4.3. Then,
there exist pu,d > 0 such that the following holds.
Let u satisfy

uy—Au = 0 in QNG
u > —pu o QNQ,
u > 1 m Qs N Qy
u > 0  on 00NQ;.

Then,
{ u > —p* in QN Qs
U > in Qs N Q1.
The constants u and 6 depend only on the constants in Definition [{.3 and n.

Proof. First, let u € (0,1) to be chosen later. We will prove that for small enough
6 € (0,0p), we have u > —p% in QN Q2.

For this, let (xo,tp) € QN Q1_25. Let v be the solution to

vu—Av = 0 in  Qas(zo,to)
v = —u~ on 0,Qa(xo,to).

Then, u > v in Q5(x0,to), and in particular at (zo, to).

By construction, v > —u on 0,(Q25(x0,tp). Moreover, condition (ii) in Defini-
tion [4.3| implies that

|0pQ26 (20, t0) N (€25 U Q)| = c0|0pQas,
and hence
[{v >0} N 0,Q25(0,t0)| = col0pQasl,
and by Lemma [2.2] v(zo,t9) > —(1 — 0)u, with 6 € (0, 1).
Repeating this argument, we obtain that u > —(1 — 6)*u in Q;_os, and then
choosing k such that (1 — 0)* < p and § such that kd < i, the conclusion follows.

Now we use a parabolic Harnack chain to prove the second inequality. Let
(wo,t0) € Qs2 N Q1/2. Then, there exist (x;,t;) € Q, with ¢ = 1,..., N, such

that
ng(l’l,Q) c Q) and |SL’1 — l’i+1| < \/t; — ti+1.
Then, by the parabolic Harnack inequality (Theorem , applied to u + p,

w(ai, t;) + p > c(u(@ipr, tiyr) + 1),
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with a uniform dimensional constant, and it follows that
u(zxo, to) + p > cN(u(xN,tN) + ,u) > N1+ p),
because (zy,ty) € 5. Choosing 1 = ¢V /2 completes the proof. O
Then, we iterate the previous lemma.

Proposition 4.5. Let Q be parabolically accessible in the sense of Definition [{.3,
Then, there exist p,d > 0 such that the following holds.
Let u satisfy

u—Au = 0 in QNG
u > —p oim Q2N
u > 1 in QsNQr
u > 0 on 00NQ.

Then,
The constants u and 6 depend only on the constants in Definition[4.5 and n.

Proof. First, iterating Lemma gives u > pF in Qg-rs N Qy—r for all k > 1. In
particular, since

Uik>1(Q9-k5 N Qo) D {(z,0) : z € By_g, dist(z, 02N {t =0}) > 2J|z|},
we deduce u(-,0) > 0 in
{(z,0) : x € By_g, dist(xz,0Q N {t = 0}) > 25|z|}.

Now (taking 6/2 instead of §), we can repeat the argument for

x t
u $0+§,t0+1 5

for all (zo,%9) € 02N Q1/2, and therefore we find u > 0 in QN Q1 ». O
Then we check that our sets of interest are parabolically accessible.

Lemma 4.6. Let n € (0,1) and Dy, as in Definition .
Then, Dy, is parabolically accesible in the sense of Definition [4.3, with constants
depending only on the dimension (and not onn).

Proof. We will verify Definition with N =4, 6y = %, and a dimensional ¢y > 0
to be chosen later.
Step 1. We start with a geometric observation: for any p = (Zo, %o, t0) € Dym.,

dy(p, ODyyn) < min{|go| — nltol "2, 50| — nlTol} < (1 +1) dy(p, ODym).

Indeed, the first inequality follows from d, being a distance. For the second one,
first note that since p € D, n,

dy(p, 0Dy ) = min {dy(p, {|5] = nlt|"?}). dp(p. {l5] = nlz[})} -
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= t 1/2
Now, let s := M. Then

1+n
do(p, {|g] = nlt|"?}) > inf {|g0| — n|t|"/?, for t € [to — 5°, to + 5°| }
= [Fo| = nV/|to — 5%

Y

_ 50| — nlto|'””
> — tol —ms = ———-——.
> ol = /ol = ms = 220
On the other hand,

_ - |90 — nlZo| |50 — nlTo|
dp(p, {9] = nlz[}) = > :
Step 2. We will now check condition (i) in Definition 4.3, Let 6 € (0, %), assume
without loss of generality that g9 = (p,0,---,0), and define

(%4, Uir i) T +5'0 0,t —52'
Ty Yi, Ui) == | Xo, -4, U,..., U, - v
Y 0; P 1 7" 16

Then, r; = % for all 7, d,((Zo, Yo, t0), Dypm) > g by assumption,

I J. / 62 J . _
dp (@i, i), Dpm) = mmlﬂ {P+ L |to| + IR 77|950|}

>—i—mn — |ﬂ+éu—)ié+$
1 56 36) _ 110

> mind 24+ 21—y, 215220

—1+nmm{2+4( m’4}—20

for all 4 > 1, and finally
1 . |6 J
dp(($4;t4)7Dn,m> > mmln 5"‘(5(1-7]), 54‘(5 Z(S

Step 3. Finally, we check condition (ii). Given (Zo, ¥o,to) € Q1-25 \ Dym, assume as
before that go = (p,0,...,0).

Let E = Bos((Zo,90)) N {7 > p+ 2}, where yV) represents the first coordinate
of y. Then, E x {tx — 46*} C 9,Qas(0, o), and |E| = ¢0|0,Qas| for a dimensional
co > 0. Moreover,

1 76 76
dp(E x {to — 46°}, Dym) > mmin {P+ A [to| + 46, p+ T 77|~”?o|}

1 70 70
——— mi — t — —2nd, — 0.
>1+nmm{p v [tol + n,4}>

Thus, we have checked that our domain is parabolically accessible in the sense of
Definition 4.3 d

Finally, thanks to the interior Harnack, we can give the:
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Proof of Proposition[{. We divide the proof into two steps:
Step 1. We show that, for every § € (0, %), there exists Ns € N (not depending on
n) such that, for every point (Zo, 9o, to) in

Q5 = {(:fag? t) € D'r],m N QQ/S | d ((j)gat>7aDn,m) > 5} P

there exists a Harnack chain (z;,7;,t;), 71 =0,..., N < Ny, satisfying

Qa2vi=t: (i, Yir ti) C Dy |Ti — Tim|* + 10 — Gin|” < |t — tial,
and

3 2
|gN’ € |:§7§:| ; tN € [_09970]

To prove it, assume first without loss of generality that 7o = (p,0,...,0), and
that p < g othervvlse it suffices to take N = 0.
Now, We Wlll take

Tip1 = Ty,

_ 1 o

Yi+1 = (’yzl _'_§dp(($iayi7ti>7D77,m)707"'70) 9
1 o

tiy1 = t;— de«xiayi;ti)an,m)Q-

By the computations in the proof of Lemma (Step 2),
dp((Zit1, Ui, tig1), D) > 1.1dp((Z4, G4y i), Diym)-
Moreover, since d,((Z, ¥, ), Dym) < |7 (cf. Lemma , Step 1),
|Giv1| < 1.5[7l.

Then, we can define N; as the minimum positive integer such that 1.1%5§ > %
and then choose some N < Nj such that |yn| € [2, 3.

Finally, we estimate

al al 2 81

tnl = [tol + > [ti—tisa] = [tol+ Y |Ti—Fial® < |tol +|Jn — ¥ —+— <0.99.
[tn] = [to| ZZl| 1| = [tol ;Iy Yi1|” < [tol +yn yo|_3 256
Step 2. We finish the proof combining the interior Harnack with Proposition [4.5]

First, by Theorem [2.1] applied to u + v,

. 3 2
Then, using the interior Harnack repeatedly on the Harnack chain constructed in
Step 2, we deduce that u 4+ v > ¢™¢; in Q.
Now,
2 2 4

,9,t) = v P Sz, Sy, ~t
v(T,9,t) = v U<3 3y9>
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satisfies
v—Av = 0 in Dym,
Vo> —\/; in Dn’m N Ql
v > v V%(Noep —v) in Q3572 N Q1
v = 0 on 0D, NQ1,

and finally choosing ¢, and then v small enough, we can apply Proposition to
obtain v > 0in D,,,NQ1/2. The result follows by a standard covering argument. [

5. SELF-SIMILAR SOLUTIONS

In this section we will construct self-similar solutions to the heat equation in the
complement of parabolic cones, and estimate their growth rates. To do so, we follow
the construction in [Tor24, Section A.4] (see also [FRS24, Lemma 5.8]).

Proposition 5.1. Let m € {0,...,n —2}. There exists no € (0, 1), depending only
on n and m, such that for every n € (0,19), there exists a unique positive solution
to

at(pn — Ag@n = O m Dr],m
such that
on(Az, N*t) = X\* ¢, (z,t)  forall X >0,

for some € >0, and ¢, (e,, —1) = 1. Here D, is as in Definition[{.1]
Moreover, ||yllre(@.) < Ck, ©n = ¢x on {|y] =1} NQ1, and

() If m =n — 2, we have ¢ < C,|logn|~".
(b) If m < n — 2, we have ¢ < Cyn™ ™2

The constants ¢, and C, are positive, and they depend only on m and n (not on n).
We recall the Gaussian log-Sobolev inequality, that will be needed in the proof.
Lemma 5.2. Let f € HY(R™; ), where p is the Gaussian measure,
dp = (4m) 2 1P/ 44y,

[ o< [195Pd+ ( / fzdu) log ( / f2du) |

Now we will prove our characterization of self-similar solutions.

Then,

Proof of Proposition |5.1 The proofis divided into four steps. First, we construct ¢,).
Then, we estimate €. In the third step, we estimate ||,/ z(g,), and in the last one
we show that ¢, > ¢ >0 on {|y| = 3}.
Step 1. We construct ¢,. We can write

oz, t) = c€|t|e¢(x/|t|1/2).
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Then, ¢ solves the following eigenvalue problem for the Ornstein-Uhlenbeck operator
(see [FRS24, Lemma 5.8]):

{EOU¢+5¢ = 0 in R"\{|y] <nmax{l,|z|}}
¢ = 0 on O{|y| <nmax{l,|z|}},
where

Loud() = Ao(x) = 5 - Vola) = e/ div(e /7).

Since ¢ is positive, it is the first eigenfunction for Loy in this domain, and therefore
by the Rayleigh quotient characterization,

- e (47T)n/2/ |vu|2€*\x|2/47
ueC (®RM\{lg|<n max{1,j2[}}), [lul 2 =1

where
Julfzy i= (am) 2 [t

and the infimum is attained by a unique function ¢, € L? by standard arguments.
To obtain the desired normalization, we choose ¢. = ¢,(e,) "

Step 2. Then, we estimate precisely ¢ using a competitor. Let f, o, f,x : [0,00) = R

be defined as
logr

|log 7|’

kaZ _ nk72

)
with k£ > 3. Then, let u be defined on {|g| > nmax{1, |z|}} as

W= Fyn (i {1, [51}) Fomm (M) |

i

-1
e < (/ u26_|w2/4) /|VU|26_|x2/4.
1 1 1
—_ > —_ —_— -
o (3)> (1) -
and if £ > 3,
1 1 2k _ g2k g2k
Sk (2) Srya (2) 02-K(1 — 427Ky~ 1—42F 7 2
Then, it follows that if |y| > 1 and 2|y| > |z|, u > 1. Hence,

/u26_|x2/4 > l/ e 1P = ¢(n,m) > 0.
2 J 2151220 {lg1>1}

foa(r) =

Then,

. . 1
First, since n < 7,
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Now, to control the gradient, we compute

, . B _ ]
Vul < £ (min{L, 711 (V171 Xqs1<0) Fomm ('—')

||
, Iyl)‘ 7]
S () 12
" || ||

foin—m (min{1, |7]})

< Fp e (17 X5, @) + Ly (M) Izl

x| ) |x]?

j o)y L |9
< By (9D X0, + T2 (m) ,

Then, since u is defined on {|y| > nmax{1, |z|}},

_ 2 _|zl2/4
—|z|? _ —|z|? |y| [ | ‘ /
[lwapetris [ et [ g () S
f<lgl<1} {g1>nlal} ) |zl

On the one hand,

_ _1,2 _1_:2 _ _ - -
/ f”lin—m(|y|) eIzl = /6 2| /4dx/ ff?n_m (|y|)26 7] /4dy
{n<lgl<1} {n<lgl<1}

1
S [ Sl
n

and thus if m =n — 2,

1
2 T
fro (g e /45/ ———dr < |logn| ™!,
/{n<|y|<1} 2 , (rlogn)?

and if m <n — 2,

1 n—m—2\ 2
L N e
{n<lgl<1} , \T
On the other hand,

N2 o-lal?/a 0o y—p?/4
y e _ e e
[ () o L el [T
{|gl>nlz|} 7] || oB1N{|7]>n} 0 p
< / £ (1)
0B11{|y|>n}

1
_ / £ (2108 A {Jg] = )| dr
n

1
— [ el (ol = VT2, Jgl =} ar
n

1
«S / f7/77n7m(7“)27"n7m71d7”,
n



EXTINCTION RATES FOR NONRADIAL SOLUTIONS TO THE STEFAN PROBLEM 23
and we can proceed as with the first term. Summing up, if m =n — 2,
[ 19upe = S g,
and if m <n — 2,
[ 1vape e g g,

which combined with

we P > e(n,m) > 0

yields the desired result.
Step 3. Then, we prove that ||y r~(g,) < C, independently of 7.

Recall that in Step 1 we defined ¢, = ¢-'¢,. The upper bound comes from an
application of the interior Harnack and the Gaussian log-Sobolev inequality. First,
note that t? < 1+ t?logt?, and then

-n —|z|? -n _lzl2
(47) ”/(cbi — 1) el < (47) /2/¢?710g+ (¢2)e /4,
Now, by the Gaussian log-Sobolev inequality (Lemma applied to ¢, x(s,>1}

(a2 [ (68— 1) 2 < am) 2 [ Vg e

Now, let
1
Ay =B N {|y| > §max{1, |x|}} :
Then,
-n —x2 —-n _932
4wy [ e =1 gy [ gt
Ay R™\ Ay

_ (47T)—n/2/ €—|a:|2/4 . (47T)—n/2/ ¢26—|m|2/4
Rn R”\Al K

> (m) 2 [ eI [ (g e
Aq Rn\A1

> (47r)”/2/A el e >0 —e> %
1

provided that 1y (and then ¢) is small enough. Then,

2 _lz‘2/4 1/2
fAl ¢We 1
su > | == > —.
Alpgbn - < [y, e7lal?/ ) T V2

Now, @ := [t|*¢(z/|t|*/?) is a solution to the heat equation in D, ,,, and in par-
ticular in Q> N {|y| > 3}. Now let

Az =Bsz0 {ly] > max {1, |z|}}.
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By the interior Harnack,
¢plen) > inf G>c  sup @ >27%csupg, > E,
V3

and hence the constant c. = ¢,(e,) " from Step 1 is uniformly bounded as n — 07.
To end the argument, we just use that ¢, is a subsolution to the heat equation in
the full space, exactly as in [Tor24, Proposition 6.3]. Then, for every (z,t) € Q12,

on(x,t) < C/cgqﬁn(y)e_lf(lit)dy < C’/cs¢n(y)e—|x—y|2/4

) 1/2 , 1/2 ,
S CCe </ e—\m—y| /6> </ Q%ff\x_yl /3> S CCs (/ Qb%e_‘y' /4> S Oa

where we used that for all z € By,
|z — yl? lyl?
N o L1y
3 - 4
Hence, by homogeneity, |||~ < 2°C.

Step 4. We finally show that ¢, > ¢ > 0 on {|y| = 1}, independently of 7.
For the lower bound, we start observing that by symmetry, ¢, =1 on

E,={|z| =0,y =1,t = -1},
and by homogeneity, ¢, = 2¢/4 > 1 on
By ={l7| =0,]3l = v2,t = —V2}.

Now, ¢, is a solution to the heat equation in Q32 N {|y| > 2}. Hence, by the
interior Harnack inequality,

inf ¢, > csupyp, > c,
Qin{lgl=3} E s

as we wanted to prove. O

6. EXTINCTION RATE AT SINGULAR POINTS

6.1. Nondegeneracy. The expansion in Theorem gives rise to an upper bound
on the contact set, that is, at small scales, we can ensure that u is positive away
from the zero set of the blow-up ps.

Proposition 6.1. Let u be a solution to (1.1)) such that (0,0) € 3,,,. Then (after a
rotation), there exists C' > 0 such that for all r € (0, %],

{u>0}nQ.>D,

o(r),m’
where Dy, ., 15 as in Deﬁm’tion and o(r) is as defined in Theorem .

In particular, we have

{u=0}nQ, C{lgf < Cro(r)z?} U {t < =C7(gl*/o(r)}
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for some constant C}.
Proof. From Theorem [3.1], we have that
u(@,t) = pa(z) = C(lz* + [t])o(r) in Q.
Now, by Proposition [2.5, we can write

1 & _
par) =5 Y mai > gl

i=m+1
It follows that

u(w,t) > clgl* — Co(r)(Jo® + [t]) in Q,
and then

{u>0tNQ, > {clyf > Colr)(|z]> + |t])}

> {rm > QCZ“M} a {Lm > QCZ(%}.

The result follows by the definition of D, ,,. O

6.2. Regularity. Comparing the set where u is positive with self-similar domains,
we obtain a very precise lower bound for u; in terms of the homogeneous solutions
defined in Proposition [5.1]

Lemma 6.2. Let u be a solution to (1.1) such that (0,0) € X,,. Then, there exist
ro, Co, ¢ > 0 such that
7ki1 2

u > ol -2 0 Tpp i Q,
where ry, == 2"2"r,, o and g, are as defined in Proposition with n, = ZC'M,
C' comes from Proposition[0.1], and o from Theorem[3.1].
Proof. Let 7 € (0,3) small enough so that C'v/o(2rg) < &. Let 7, := 21-2" .
i := 2C\/0(2ry), and let ¢y and € be as defined in Proposition We will prove
that

Uy 2 CrPk n Qr}m

2(ep—¢
where ¢, = C(Q’Fkg_lf '““))ck.

First, note that ¢ is a solution to the heat equation in D, ,, NQ,,. Then we can
write

Oy (Dno,m N Qro) = (aDno,m N Qro) U (apQro N Dno,m) = TUII

Then, using Proposition [6.1) we have that on I, u; > 0 and ¢y = 0, while on I,
uy and (g are continuous and positive. Since I is at a positive distance from the
boundary of {u > 0}, by compactness u; > > 0on I, and it follows that u; > cypo
on I for some positive c¢g. Therefore, by the comparison principle, u; > copqg in

Q-
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Now we proceed with an iteration scheme. Assume by induction hypothesis that

up > cpp in @y, . By Proposition again, u, > 0in Dy, N Qo -

Let
v(z,t) = (1+ V)Clzlcll(z'f’kﬂ)i%kut (27’k+1x,47’i+1t) - V“SO gDl|€|+1 @)
k11l Loo(Qy

where v comes from Proposition 4.2 and ¢, is the one in Proposition [5.1, Then,

v > —vin Dy, m N @1, it is nonnegative on dD,, | ., and

1
v> (L4 v)e, ¢ (2r) ravor (2reaz, 4riyt) —v >1 on {|§| = 5} NQ1.

Therefore, by Proposition [£.2, v > 0 in @12, and undoing the scaling
ve,
(14 v)C,

with C, from Proposition [5.1] too.
Finally we compute

2(ep—e¢ :
w > (2rp1)* S = oy in Qs

k—1 k—1
. _ Coitl (e o
cr = Co HC(2Tj)2(€J 1) = o (drg ) HE0mER) ok H 9~ (Ee41)

Jj=0 Jj=0

. kil )

2fer—ep— 27¢g;

— 60(47“0)2(60_6’“)Ck2 =
k—1

— 3 27g;
> o270 (4rg)20ck2 o

g

Now, using the information that we have on o(r), and the dependence of ¢; on 7,
we can simplify the bound in Lemma [6.2

Lemma 6.3. Let u be a solution to (1.1) such that (0,0) € X,,. Then, there exist
r1,¢1 > 0 such that for all v € (0,11),

. r?
u > er(r) in {Iy|2 > ﬁ} NQy,

where 7 : R, — Ry s defined by
exp—|log7‘|%+o‘ if n=2 and m =0,

exp —| log r|® if n>3 and m=0,

= 6.1
m(r) exp —C’lolgl‘oigr‘ if n>3 and m=n-—2, (6.1)

exp—|logr|'*™" if n>4 and me{l,...,n— 3},

for any a > 0 and some C,0 > 0.
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Proof. First, let r1 < ry from Lemma small enough so that v > 0 in
Q2r, N D1y j16ym)m (see Proposition . Now, for all 7 € (0,71), u > 0 (and hence
u and w,; are solutions to the heat equation) in D, J(16y/m),m [ Q2r, and in particular
. _ 2
mn {‘yP 2 %} N Q2

Then, by the interior Harnack,

2
r

inf {ut(x,t) (z,t) € Q, and |y]* > 6n

} > cuy(V2re,, —2r?),

and hence it suffices to prove that
ut(\@ren, —2r%) > c7(r).
Now, given r € [272""" 7, 272",], by Lemma 7

k—1 k—1
— > 20y — 3 20g;
u(V2re,, —2r?) > cock2 =0 Jgok(ﬂren, —2r?) = ¢oc2 =0 ](\/57“)25’“,

where @;, and ¢ are as in Proposition with 7, = 2C\/0(22-2"r1), and o comes
from Theorem . Furthermore, since |logr| > 2%, we can estimate ¢* > |logr|~®

for some fixed a > 0, and then

kil o
€j
(

ut(\/éren, —2r%) 2 collogr| ™ - 9 =0 \/57")25’“.

We distinguish four cases:
e When n =2 and m =0, o(t) = 271¢"" for any v € (0,1). Then,

—Ll(ok— ki
Ng = 20 -2 2(|2 2|log 2+|log r1]) ,

and hence, for sufficiently large k,

C
e S o S 27 < [log |77,

|log ni.| ™~
and then
k-1
Zngj < 2K < log |t
§=0

All in all, for small r,
w(V2re,, —21%) = co|log r| @2 Cllos 7 (/2 )Cllegr ™Y
that is,
log us(V2re,, —2r?) > —C + log ¢y — alog |logr| — C'log2 - |logr|*™7
— C|logV2r]| - |logr|™"
> —C|log [ > —~[logr[™7,

for all v < ~y, provided that r is small enough.
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e When n >3 and m =0, o(t) = | logt|~ for any ¢ € (0, %)H Then,
e = 20 - (|28 — 2|1log 2 + |log r|) /2,
and hence, for sufficiently large £,
en < O*T/]TCL_2 SJ 2—k6(n—2)/2 — 2—k(1—a) 5 “Og?“|_(1_a),

where o € (0,1) is arbitrarily small, and then by the same reasoning as
before

log us(V2re,, —2r?) > —|logr|®
for all &/ > a.
e When n >3 and m =n — 2, o(t) = |logt|=%, for some dy > (| Then,
Me = 2C - (|28 — 2| 1log 2 + | log 1 ])~%/2,
and hence, for sufficiently large k,
1
log |log r|’

* <l <
Y k Y
and then

k
Yo, < 2o Horl
= 7™~k ™~ log|logr|

Combining the estimates, for small enough r,

| log 7|
u(V2re,, —2r2) = ol log r|_“2_cm(\/§r)ﬁ,

and thus
1
log Ut(\@ré’n, —2r%) > logcy — alog|logr| — C’&
log | log 7|
| 2
_ ollog V2r|
log |log 7|
| log 7|
- log |log r|
e Whenn >4 and m € {1,...,n — 3}, o(t) = Hogt’—% and n, < 9—kdo/2
Now,
e < C*n’?—m—2 5 2—k50(n—m—2)/2 —- 2—k0 < |1Og7‘|_0,
and then
log ut(\@ren, —2r?) > —|log r|1_9/
for all ¢’ < 6.

I'We change the notation to & to avoid shadowing the variables e, already in use.

2This 8y corresponds to &¢ in (12.2).
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Vu

We can translate the lower bound on u; to an upper bound on . up to the free

boundary.

Proposition 6.4. Let u be a solution to (1.1)) such that (0,0) € %,,. Then, there
exist r1,Cy > 0 such that for all r € (0,ry),

vu

Uy

L>(Qr)
where T(r) is as in (6.1)).
Proof. First, note that the statement is equivalent to proving

Crus + T(2r)

w; >0 in{u>0}NQ,

for all spatial derivatives u;. Note also that by the convergence of u to the blow-up
D2,

ot
< < T
u pz(:r)+2 ~ <t o Qe
and
Vul < [Vpo| +7 < > gl +7 < |gl+r in Qs
i=m+1
Now, let (zo,ty) € Q,, and define
2 2 — x>+t — 1
V= Clut:i: T( T)Ui—i‘gnT( T) |(L’ x0| th —-ul,
r r2 2n + 1

which is a solution to the heat equation in {u > 0}. Then,

v(xg, tg) > inf v,
(w0, %) = 3y ({u>011Qr (z0.t0))

and it suffices to check that v > 0 on the parabolic boundary of {u > 0} NQ, (o, to).
We distinguish three regions:
e On 9{u > 0}, u = |Vu| =0, and then
— 2 —
Y 7(2r) In(jx — xo|* +to — ) -

0.
72 2n+1 -
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o On 9,Qu(zo,to) N {I2 = 5} < {192 = %21 1 Qs w2 err(2) by
Lemma[6.3] and then
1 1
v > CreiT(2r) + 7(2r) (—2 —14+9n (Qn 1 2 — %>>
> Ciat(2r)+7(2r)(-34+3—-18n—1) >0,

choosing C; = 19nc; .

Finally, from the estimation we can deduce free boundary regularity.

Corollary 6.5. Let u be a solution to (1.1) such that (0,0) € X,,,. Then, there exist
ri,cp > 0 such that

{u=0}NQn, > {Jzl <tV (It }

where T(r) is as in (6.1)).

Proof. Let v € (0,r1) with ry from Proposition [6.4 Let (z,t) € Q, such that
u(z,t) > 0. Then, we can write

1 1
0 <u(x,t)= / (%u()\az, )\t)) d\ = / (tuy + - Vu)(Ax, Adt)dA.
0 0
Then,
1
0< / (tug + ||| Vu])(Az, Adt)dA,
0

and in particular tu,(Aox, Aot) + ||| Vu(Aox, Aot)| > 0 at some point (Aox, A\ot) € Q..
Then, by Proposition |6.4

|Vu(Aoz, Aot)] ||
t>—|z|————= > -C
>l e = Ty
and hence we have proved that
r
{u=0}NQ, D { < 017'(27“)|x|}

for all r € (0,r1). In particular, u = 0 in
{lof < T (@r)r, t = =%,
that is,

{u=0}nQ,, > {la] < VIV }

To conclude, note that we can replace 7(24/[t|) by 7(|t|) by adjusting the constants
in the definition of 7. i
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6.3. Proof of the main results. Our main results: Theorems [T, and [1.4]
and Proposition [I.2] follow from the regularity and nondegeneracy estimates in this
Section. We provide their proofs for completeness.

Proof of Theorem[1.1]. Tt follows from combining Proposition [6.1] and Corollary [6.5]
]

The proof of Proposition [1.2] is based on the same strategy, but making adjust-
ments to leverage the improved estimate on ;.

Proof of Proposition[1.9 Recall that n = 2 anci0,0) € Yo. Now, using that

1
uy, < Ce=Cllerl2 following the proof of Theorem

[u(z, ) — pa(z)] < C(lzf* + [tha (V|22 +[t]) in Qup,

gives

where (r) = Ce~Clloer"/?, Then, an analogous computation to the proof of Propo-
&
sition [6.1] gives that

8{u(, _t> > 0} C {‘g}| < Cl\/%e—c1|logt|%} '

Moreover, we can replace ¢ by ¢ in Lemma , and hence replace 7(r) by
7(r) = exp —C|logr|*/2, and then Corollary [6.5] gives

Oful(-,—t) > 0} C {cl\/iefclllogfl% <lal}.

The proof of Theorem [1.3]is again straightforward.
Proof of Theorem[1.5. Tt follows from combining Proposition [6.1] and Corollary [6.5]
U

Finally, Theorem follows from combining the classical results for regular points
in [Caf77, [KN7T7, [KN78|] with our results on extinction rates for singular points.

Proof of Theorem[1.4. Let (xo,to) € U. If (x0,1o) is a regular point, then 0{u > 0}
is locally a C*° graph around (zg, o).

Otherwise, (z9,%) € X, for some m € {0,...,n — 2}. Now, by Proposition [6.4]
there exists rg > 0 such that
Vu

Uy

T
<0

<G <OV

Lo (Qr ()

for all r € (0, 7).
This implies that, for any A > 0 and r € (0, ro),

{u(z,t) =A}NQ, ={t =T\(x), v € B.(x0)},
where 'y : B,(z9) — R is a Lipschitz function with Lipschitz constant C'y/r.
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Taking the limit A | 0, we conclude that the free boundary is a C'/r-Lipschitz
graph in Q,(zo,tp). Moreover, if we let r | 0, we deduce that O{u > 0} has a
horizontal tangent plane at (zo, ).

Finally, once we know the tangent plane is well defined at every free bound-
ary point in U, note that the normal vector v, is continuous in the regular set,
V(wt) = €nt1 oD the singular set, and, for every singular point (zo, ),

|V(33,t) — eny1| < Cyvr in Qr(z0,t0),
which together gives that 9{u > 0} is locally a C* graph. O
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