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Wave energy conversion systems have a massive potential in securing a reliable renewable energy mix.
In their development, a crucial role is that of optimal control (OC) algorithms. Such systems are able
to maximize the wave energy converter (WEC) power extraction, while respecting the corresponding of
technological constraints. State-of-the-art OC techniques, such as Model Predictive Control (MPC), rely on
mathematical models of the device to control, in a predictive fashion, the WEC system, thus maximizing
the power production. Nonetheless, to date, control algorithms are usually developed and assessed on the
basis of free floating WEC models, i.e. which neglect the mooring system influence. As a matter of fact, the
anchorage introduces nonlinear dynamics in the device motion. Consequently, to test the idealized potential
of a control strategy, such system is commonly neglected. Moorings are a fundamental WEC component, and
have the potential to influence significantly the associated system dynamics. Neglecting this element can lead
to deceptive results, either in terms of device theoretical productivity, and control strategy effectiveness. This
paper proposes a systematic procedure to include, in the model used to synthesized such OC strategies, a linear
representative model of the mooring system, presenting its benefits by discussing the consequent MPC loop
development and corresponding performance assessment. Such procedure consists in retrieving an estimate
of the frequency response of the moored system, using properly designed input conditions, and identifying
the associated input-output linear system. A main objective of this study is, hence, to assess the difference
between an MPC strategy designed and synthesized, with and without the proposed mooring control-oriented
representation, always using as simulation system a high-fidelity numerical model for performance evaluation,
which incorporates a full account of the mooring effects.

1. Introduction device to reduce the associated production costs [3]. The devices in
charge of extracting power from wave motion, called wave energy
Given the current worldwide emission situation, research is pushing

its efforts towards finding alternative, CO, clean energy sources. Since

converters (WECs), are commonly composed of a floating body (hull)
anchored to the seabed by means of an mooring system. The waves

renewable energies (such as solar, wave, and wind, among others),
can be an interesting alternative compared to traditional, carbon-based
power production systems, their harvesting technologies are under
constant investigation and improvement. Among them, wave energy
is a promising field, due to the continuous availability of its primary
energy source and the considerable wave power potential [1].
Nevertheless, in contrast with wind and solar technologies, wave
energy has not yet achieved economic viability, and research is pushing
towards different alternatives to achieve commercialization stage [2].
One of the main open points regards the convergence to a standard
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activate the hull motion and an electro-mechanical device, called power
take-off (PTO) system, converts the mechanical energy into electrical,
to then be injected into the grid.

Nonetheless, independently from the specific device nature, a cru-
cial aspect in wave energy conversion regards the implementation of
optimal control strategies, in charge of maximizing the device en-
ergy extraction from the wave resource, while respecting physical
constraints to avoid system damage [4]. In this context, model-based
control techniques constitute one of the most promising alternatives
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[5-8]. Such algorithms use a WEC model to compute the optimal
theoretical motion/control law in a predictive fashion. Nevertheless, a
main issue in computing such an optimal controller regards the non-
causal nature of the optimization problem [9]. Since the optimality
of the solution heavily depends on future wave excitation force val-
ues, which are not known in advance, suitable forecasting strategies
must be employed to restore the underlying problem causality [10].
Additionally, to compensate the inability of physical sensors (i.e. hull
pressure probes) to measure wave force in a moving object, auxiliary
state observers are required to estimate such a signal [11].

Since the vast majority of WEC systems are located at a certain
distance from shore [12], a vital component (previously mentioned
within this section), which guarantees the proper functioning of such
devices, is the mooring system, which is responsible of solving the
station-keeping problem. Although the mooring system is generally
analyzed only within so-called survivability conditions [13], its influ-
ence and relevance should not be considered only with respect to its
withstanding (and survivability) features [14-16], but also in relation
to the device operating conditions and, therefore, included within
control design procedures. Given that optimal WEC control design
involves the adoption of a suitable model able to effectively describe
the device dynamics in a control-oriented fashion, if such a model
does not represent consistently the WEC behavior, the optimality of
the associated computed control solution can be compromised. The
vast majority of design/assessment results presented within state-of-
the-art WEC control strategies is carried out under the assumption,
both in control-oriented modeling and in simulation (performance
evaluation) stage, of negligible mooring effects [6,7]. This assumption,
ostensibly adopted given the inherent complexity behind mooring mod-
els [17], can be significantly restrictive, since the mooring system can
influence heavily the associated system dynamics and, consequently,
any productivity analysis may return misleading power production
results [14].

In the light of these considerations, this paper proposes a data-based
modeling procedure for moored WEC systems, leveraging input/output
data from a high-fidelity mooring solver. In particular, the latter is
based upon the well-established solver OrcaFlex (OF) [18], where
a moored heaving point absorber is considered (see Section 2.1 for
further detail). Based on the model computed following the proposed
methodology, which is first validated against the high-fidelity solver
accordingly, a detailed account of the design and synthesis of an
energy-maximizing model predictive controller (MPC) is presented,
and effectively applied within the OF WEC solver. We show that the
proposed data-based modeling methodology is able to capture the
mooring dynamics in such a way that the control solution is effectively
informed of the dynamics introduced by the anchorage in the overall
system response, providing a convenient solution for the design and
synthesis of realistic WEC MPC. Given the inherent non-causality of
the WEC problem (see the discussion provided within this section),
we design a corresponding wave excitation estimator and forecaster, to
provide instantaneous and future values of the wave input, respectively.
To further emphasize the importance of incorporating representative
WEC models within effective control, aware of the inherent mooring
dynamics, we present a detailed analysis on the influence of mooring
systems in final performance assessment. To achieve this, we design a
controller following the methodology employed by the vast majority
of the state-of-the-art WEC control studies, i.e. we synthesize a MPC
law using a model which does not provide a representative account
of the underlying mooring dynamics, providing a comparison with the
procedure proposed within this paper.

In summary, the main contributions of this study are as follows:

» To provide a simple methodology for data-based control-oriented
modeling for moored WEC systems, able to incorporate the moor-
ing dynamics swiftly.

+ Validate this methodology against the numerical high-fidelity
environment, i.e. against the full nonlinear moored WEC model.
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+ Synthesize a MPC strategy based on the proposed methodology
and assess and compare its performance, employing, as control-
oriented model, both that stemming from the proposed data-based
approach, and that pursued by the state-of-the-art (i.e. models
which does not incorporate an account of mooring effects within
the WEC response operator).

The remainder of this paper is structured as follows. Section 1.1
provides an account of the main notation used throughout this paper.
Section 2 describes the WEC heaving point absorber considered, and the
main modeling preliminaries employed within the WEC field. Section 3
presents the proposed data-based modeling approach for moored WEC
systems, while Section 4 provides a full account of the MPC loop,
including optimization, and wave estimation and prediction algorithms.
Finally, Section 5 details and discusses the obtained results while, in
Section 6, the main conclusions of this study are encompassed.

1.1. Notation

Standard notation is used throughout this paper, with any excep-
tions listed within this section. The set of non-negative real numbers
is denoted as R*. Given a function f, its Laplace transform (provided
it exists) is denoted with capital letters, i.e. as F(s), s € C. With some
abuse of notation, its associated Fourier transform is simply denoted
in terms of the restriction of F(s) to s = jw, i.e. F(jw), ® € R. Given a
matrix A € C™" its transpose is denoted as AT € C"*". The notation N y
is reserved for the set of natural numbers up to y, i.e. N, = {1,2,....y} C
N. Without exceptions, the dependence on the variable 7 is used to
denote a continuous-time signal/system, e.g. a continuous signal f(7),
while the letter k is reserved for discrete-time elements, e.g. a sampled
signal f(k). The symbol 1, € R” denotes a column-vector with all its
entries equal to one. The notation I, is used for the identity element
of the space C"™". Finally, given a one-dimensional discrete-time signal
d(k), its ‘projection’ D,/ € R/~ from sample i until j is defined as

D/ =[dtk+i) dk+i+1) dk+i+ )| €h)

2. Device setup and modeling preliminaries

This section presents the case study adopted within this study, and
summarizes the primary strategies employed in linear, control-oriented,
modeling of wave energy extraction systems. The reader can refer
to [19,20] for further detail regarding the assumptions considered in
linear WEC modeling.

2.1. Device setup

The device considered for this study is a spherical heaving point
absorber WEC, schematically represented in Fig. 1. Such a system
comprises a floating sphere in which the vertical axis, z, is the energy
extraction degree of freedom (DoF). Therefore, the vertical motion
along the z-axis is responsible for energy extraction.

The point absorber is a spherical floating unit with the center of
gravity located in the geometric center and, according to the free-
floating condition, on the waterline (often referred to as still water
level (SWL)). The chosen benchmark WEC system is hence designed
considering a well-studied concept, featuring an ideal PTO, consistent
with the literature in optimal WEC control (see [21]). In particular,
the designed control action is directly applied on the vertical axis
of the sphere, with mechanical energy conversion being the primary
control objective (see Section 4.1). The mooring system is formed by
a symmetrical pattern of four semi-taut mooring lines. The bottom
catenary sections are used to prevent the synthetic section damage by
avoiding the clash of the latter with the seabed, while the upper one
avoids the synthetic line to work in the splash zone, which can be
harmful for a synthetic-made line. Sub-surfaces buoys are adopted to
ensure the proper working of the line (see Fig. 1). The main properties
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Fig. 1. OF representation of the point absorber. Global axes expressed according to
the OF global frame of reference.

of the system are summarized in Table 1. Given the nature of the system
under investigation, i.e. a heaving device, the properties are expressed
with respect to the system response on heave. In addition, the main
features of the solver are given in Table 1.

2.2. Modeling preliminaries: Time-domain equations

Following Newton’s second law, the dynamic equation of the point
absorber vertical displacement z(f) can be written as:

mz(t) = fp(t) + £,(O) + [, (0) + () + u(®). @

In Eq. (2), t € R is the time, m € R* represents the mass of the device,
fn : R = R is the hydrostatic force exerted on the hull, f, : Rt - R
stands for radiation effects, f,, : Rt — R indicates the wave excitation
force effect imposed by the incoming wave field, f,, : Rt — R is the
mooring force acting on the hull, and u : R* — R is the control force
applied by the PTO.

Within linear conditions, the radiation force f, can be modeled as
a convolution term via the so-called Cummins’ equation [22], i.e.

£o(t) = —m 5(1) — / k.(0)z(t — T)dr, 3)
R

where m, € R* is the added mass at infinite frequency [23], the
term k.(f) € R is the radiation force impulse response function. To
solve Cummins’ equation, the integral term is virtually always char-
acterized, in a non-parametric form, via Boundary Elements Method
(BEM) software, such as e.g. OrcaWave [18].

Remark 1. A critical aspect of any BEM software is that it provides
a finite set of datapoints (either in the time- or frequency-domain)
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Table 1

Orcaflex solver main parameters (see [24] for further detail).
Property Symbol Value
Device
Sphere radius - 4 [m]
Mass m 137120 [kg]
Hydrostatic stiffness ky, 504000 [N/m]
Water depth wy 55 [m]
Water density P 1025 kg/m®
Mooring
Anchor radius Pa 100 [m]
Mooring angle » g [rad]
Catenary s. length - 5 [m]
Catenary size - 0.05 [m]
Catenary elasticity modulus - 252000 [kN]
Catenary weight per [m] (off-water) - 54.5 [kg/m]
Polyester s. length - 100 [m]
Polyester diameter - 0.1 [m]
Polyester elasticity modulus - 10000 [kN]
Polyester density - 8.5 [kg/m?]
Buoy NB - 1000 [kg]

characterizing k., and not an analytical (i.e. closed-form) description
for Eq. (3). As it is more accurately described in Section 2.3, the
non-parametric nature of k, leads to the consideration that system
identification routines are required to effectively compute a parametric
WEC model.

Continuing with the description of the forces in (2), the hydrostatic
restoring force f, can be modeled as a linear term

Sn@) = —kpz(D), (€3]

where k;, € R* is the hydrostatic restoring coefficient.

Finally, as previously discussed within Section 1, there is an intrinsic
difficulty in deriving closed-form analytical expressions for the mooring
force f, compatible with control/estimation applications, i.e. which
can provide a parsimonious balance between analytical/computational
complexity and mooring model fidelity [17]. Furthermore, the nature of
f,, intrinsically depends on the specific mooring configuration, hence
complicating the issue of finding a generalized (tractable) expression
for mooring dynamics.

Remark 2. We note that, as previously pointed out in the WEC control
literature (see [25]), the inclusion of nonlinear hydrodynamic effects
can also be effectively relevant for devices under controlled conditions.
Nonetheless, the study presented within this paper is focused on the
effect of mooring dynamics in the overall controller performance,
which is completely disregarded in virtually all of WEC control liter-
ature available [21]. To that end, and in an effort to distinguish, ie.
isolate to the maximum extent possible, the effect of mooring systems
in control synthesis and assessment from other potential sources of
nonlinearity (such as those studied in [25]), linear potential flow
conditions have been considered for simulation purposes, consistent
with the vast majority of the optimal control related literature [21]. We
note, however, that the data-based approach proposed within this paper
can be effectively used in a more complex hydrodynamic scenario, by
adjusting the high-fidelity model, which effectively produces the data
for identification, accordingly.

2.3. Modeling preliminaries: Frequency-domain analysis

As discussed explicitly within Remark 1, BEM software are vastly
employed to characterize WECs motion frequency response [23]. The
vast majority of available BEM software operates in the frequency-
domain, ie. these provide a steady-state description of the device
dynamics (in particular, a set of datapoints characterizing k, in (3)) in a
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finite set of frequency points, often specified as a user-defined input to
the software. As such, we provide, in this section, a frequency-domain
analysis of Eq. (2), which is later explicitly used for control-oriented
modeling purposes.

Throughout this section, and as virtually always adopted within the
WEC literature (see the discussion provided in Section 1), we assume
that f,, = 0, V. It is hence possible to link the Fourier transform of the
vertical (heave) velocity z = v and the Fourier transform of the total
input force ¢ = f, +u, in terms of a complex mapping H, : C - C,

V(jo) = Hy(jw)Z(jw). (5)

In particular, the map H(jw) can be written in terms of a direct
application of the Fourier transform to (2):

-1
Hy(jw) = <K,(ja;) +joM+ f—:}) . (6)

Given that an analytical form for K,(jw) is not available (see
Remark 1), classical system identification techniques [26] are com-
monly used to compute a linear time-invariant (LTI) model from the
frequency-response map H,(j) in Eq. (6). This map, nonetheless, does
not take into account an internal representation of the mooring effects,
but simply those related to the hydrodynamic behavior of the WEC
system. Leveraging the frequency-domain representation in (6), we
propose, within Section 3, a data-based modeling procedure for WEC
devices including mooring dynamics, which is compatible with optimal
control procedures (as explicitly demonstrated within Section 4).

3. Data-based modeling of moored WEC systems

As discussed within Section 2.1, the device under investigation is
station-kept by means of a symmetrical, spread, semi-taut mooring
system. The high-fidelity model, also adopted as control target (simula-
tion) system, is built in OF [24]. The software computes the interaction
between a floating body and its mooring system, by numerically solving
the convolution integral of the impulse response function in (3).

Within this section, and aiming to explicitly include the mooring
influence within the overall WEC dynamics, we propose a data-based
approach for control-oriented modeling of WEC moored systems. In
particular, an input/output (I/0) identification approach is pursued,
where a set of sufficiently exciting (see e.g. [27]) inputs is applied
within the high-fidelity benchmark model in OF, and used to col-
lect representative output data of the WEC device, comprising the
corresponding influence of the mooring system.

Given that the wave excitation force f,, acting on heave ‘shares’
the same input channel as the mooring force (see Eq. (2), we define a
set of 1/0 pairs ( fw/’ v;), j €N N where each fw, denotes a so-called
multisine signal

N; .
fwJ = 2 Y cos(w;t + ¢;), ¢; = %, @

i=1 i
i.e. each f w, is represented in terms of a periodic function with N; € N
harmonics of a fundamental frequency »; € R, Vi € Ny, and an
associated input amplitude y; € R. The particular expression used
within (7) to describe the set of phases {¢;} stems directly from the
so-called Schroeder phases (see e.g. [28]).

Remark 3. Note that this type of signal can excite a specific frequency
band, with a user-defined spectrum (e.g. flat, as in the case of (7) -
see also Fig. 3), keeping an almost constant instantaneous amplitude
in time, by virtue of a suitable selection of the set of phases. We
further clarify that the limits associated with the exciting frequency
band are intrinsically linked to the nature (i.e. dynamics), and operating
conditions, of the moored WEC system to be approximated.
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Having computed each associated I/O pair (with fw/ as in (7)),
the so-called empirical transfer function estimate (ETFE) H ;(jo) can
be computed for each ( fwj, v;), Le.

_ Vo)
F,,Go)

hence directly providing an estimate of the frequency response as-
sociated with the moored WEC system, by explicit use of the data
generated within the corresponding high-fidelity OF model. In order to
compute a representative control-oriented model, the set of amplitudes
{v; };i’l is chosen so as to excite the system in its full operating range,
guaranteeing a complete description of the device dynamics before
effective parameterization.

To construct a low variance set, and hence provide a suitable
description of the moored WEC device to the system identification
procedure, the average ETFE can be straightforwardly computed:

(€))

Hj(.jw)

N/
AGo) =~ 3 H, (o) ©)
jj=1

Remark 4. Note that, in contrast to H,(jw) in Eq. (6), the average ETFE
H(jw) in (9) effectively includes information of the mooring dynamics,
via virtue of the proposed 1/0 characterization procedure, aided by the
use of a high-fidelity mooring solver OF to compute the corresponding
I/0 set.

With the definition of the average ETFE in (9), standard frequency-
domain system identification procedures can be directly considered (see
e.g [27]), to compute a parametric model of the moored WEC device
for optimal control purposes. In particular, such a procedure delivers a
representative state-space model of the WEC system

x(1) = Ax(t) + BE®),
X Qo) = Cyx(t), (10)
2(f) = C,x(t),

including the corresponding mooring influence within the /0 device
dynamics. The state-vector in (10) is such that &(f) € R”, while the
associated matrices have dimensions A € R™", { B,CT,CT} c R", where
n denotes the order (dimension) of the identified model. Note that, as
included within (10), the device position (which is simply z = f v) can
be also obtained straightforwardly, by inclusion of an additional output
matrix accordingly.

Given that the optimal control procedure, adopted within Sec-
tion 4 of this paper, is based upon a discrete-time representation of
the moored WEC model, a standard zero-order-hold procedure (see
e.g [29]) can be applied to X in (10), resulting in a equivalent discrete-
time state-space representation

xq(k + 1) = Ayx (k) + By, (k),
>, z(k) = Cypx4(k), an
z(k) = Cy,x,4(k),

where k = /T, € R is the discrete-time instant, with T, € R* the
sampling time.

To illustrate the results obtained via the proposed data-based mod-
eling procedure, Fig. 2 shows the frequency-response map which char-
acterizes the moored WEC system, identified from the average ETFE
in (9), and that associated with the original linear model, ie. that
corresponding with the BEM solver output, as computed in Eq. (6). To
compute the former, 10 multisine signals (ie. N; = 10) with a set of
input amplitudes {y i) ;g ) (see (7)) equally spaced between 20 [kN] and
250 [kN], are employed to compute the associated average ETFE (9),
while the frequency set in (7) is composed of 736 elements, uniformly
distributed from 0.6 [rad/s] to 6 [rad/s]. An example multisine signal,
with v; =20 [kN], is reported in Fig. 3, including both a time- (top)
and frequency-domain (bottom) representation.
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Fig. 2. Bode diagram of the model computed via the proposed mooring-informed
modeling procedure (dashed-black), i.e. the dynamic model obtained by leveraging
the average ETFE (9) (solid-gray), and that without considering the mooring system
(yellow).

Remark 5. From Fig. 2, the reader can observe that the identified
system dynamics for the moored WEC device fit significantly well the
target average ETFE computed from the high-fidelity OrcaFlex-based
response, which suggests that the mooring system has a predomi-
nantly linear response in the range excited within the identification
stage. As such, in principle, the overall mooring effect could also be
modeled by ‘adjusting’ the state-space representation in (10) with prop-
erly designed matrix corrections, ie. following a grey-box modeling
approach with a parametric representation composed of additional stiff-
ness/damping/mass terms to represent the mooring system. Notwith-
standing, and aiming to proposed procedure applicable to a large class
of WEC devices and associated mooring systems/configurations, which
might not be well-represented by a grey-box modeling approach, the
(black-box) method outlined within this paper does not assume any
parametric structure a-priori, being able to reflect mooring effects
accurately by a suitable definition of input/output tests to excite the
device in a given range of operating conditions, in a much more
generic fashion, providing a best linear representation of the moored
WEC. Furthermore, given the non-parametric nature of the proposed
approach, other relevant nonlinear effects can be effectively included
if required, by modifying the high-fidelity model accordingly (see the
discussion provided in Remark 2).

From Fig. 2, it is possible to note that the resonance peak char-
acterizing the moored WEC system differs with respect to that of the
free-floating device. This ‘shift’ is due to the effect of the mooring
system on the overall system response, stressing the fact that free-
floating WEC models fails to represent the dynamics of a realistically
moored device. Additionally, receding-horizon predictive strategies,
such as MPC for WEC devices (see Section 4), are particularly sensitive
to phase shift behaviors between the control-oriented model, and the
actual WEC system [30]. This large sensitivity stems from the fact
that, fundamentally, the MPC strategy aims at synchronizing wave
excitation force and device velocity, thus a significant shift in the
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control-oriented model can lead to sub-optimal control solutions for the
energy-maximizing problem.

4. Energy-maximizing control architecture

State-of-the-art WEC control algorithms aim at maximizing power
extraction while respecting a given set of physical constraints (such as
hull positions, velocities, and force/torque magnitudes) [31]. Among
these strategies, MPC [6] has gained importance throughout the years,
thanks to its inherent ability to optimize a given objective function
while respecting explicit boundary sets for the problem. In the case
of WEC control, the objective function is, effectively, absorbed wave
power, while any constraints are given by technological (physical)
limitations.

Nevertheless, as discussed within Section 1, the vast majority of
wave energy MPC strategies are based on device models which neglect
mooring systems. In general, WEC anchors have a negative effect in the
overall energy extraction performance [14], and not including these
within performance assessment can lead to misleading productivity
results. Additionally, if the control model is not representative of the
real moored system (i.e. the mooring system is neglected), the optimal
condition can significantly change and the optimality associated with
the control solution can be compromised, as demonstrated explicitly
within Section 5.

To lay the foundations for a comparative study between state-of-
the-art WEC MPC, and the proposed control-oriented mooring inclusion
approach, within this section, the elements employed for the imple-
mentation of the adopted control strategy are described in detail.
This comprises a detailed definition of the optimization process (cost
function and problem formulation), and wave excitation force estimator
with associated predictor.

Remark 6. The latter two components, i.e. wave excitation force
and predictor, are necessary to implement a full MPC control strategy
for wave energy converters, since f,, is, effectively, a non-measurable
quantity (see e.g [32] and the discussion provided in Section 1).

4.1. Cost function and optimization formulation

Defining the instantaneous WEC power P : R* — R as
P@®) = u(®)v(@), 12)

the objective function to be minimized, within standard receding-
horizon WEC control, becomes

J(u) =

Ten
/ ‘ (P() + ru(t)® + qz(t)*) dt, 13)
0

end
with {T,,;.r,q} C Rt, where T,,, represents the length of the receding-
window (see e.g. [6]). The terms ru(f)?> and ¢z()* are employed to (soft)
penalize the control action and the vertical displacement, respectively.
The r term, as it is more accurately specified within Remark 7, is also
necessary to guarantee objective function convexity.

For what concerns physical constraints, we assume the actuator
system has limitations on the control action magnitude and a maximum
admissible value for vertical buoy displacement (in order not to exceed
the actuator stroke in heave). Such constraints can be traduced into two
absolute value conditions, i.e.

1ZO] < Zppaxs (U] < gy, VEE [0, Ty, a4

with {Z,5 Umax} € RT. Additionally, we note that Eq. (13) can be
formulated in discrete-time domain as

L X
i =~ ,;)z(k)u(k) + FPu(k) + qz2(k), @5)

where N = ceil(T,,,/T,) € N.
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Fig. 3. Time-trace of one of the multisine signals used for the proposed data-based modeling procedure, and its associated frequency spectrum.

Given the objective function in (15), and the discrete-time equiv-
alent of the set of defined constraints in Eq. (14), the WEC MPC
optimization problem can be formulated as

min, J,; (W),

subject to:

WEC dynamics in (11), (16)
12U < Zpnas

[u(k)] < Uy, Yk €[0,N]CN.

Problem (16) can be also written in a standard quadratic pro-
gramming (QP) form, which can be solved using fast, commercially
available, solvers (see e.g. [33]). To write the optimization problem in
such a QP form, it is convenient to define some auxiliary structures.

In particular, let us define the so-called a-step matrix 33, € R?,
a €N, as

_ T
Ry = [CavBs  CapAaBa CaAS ' Byl an
and let the f-step observability matrix O, € R g eN, be
p-11"
Oy = [Cdv CivAg CanAy ] : (18)

Furthermore, we define the matrices ¥ € RN*IXN+1y ¢ RN+IXN and
A e RN+ as

- 0 _
0
0
Y= 0o 0}
|
Ry Ry Ry R 0
| | | I
[0 ] 19)
0
0
Y = ol
|
Ry Ry Ry Ry
| | | | ]
A:DNH

In addition, we note that, substituting the output matrix C,, with C,,
one can define ¥,,, Y,,,, and 4,,,, analogously to (19) for the case of
device displacement z.

Defining R = rly,; and Q = gly,, the standard QP form for

problem (16) is:

Uy  =argmin l(U({V YYHUY +FTUY,
vl 2

0 opt
. (20)
subject to:
AcanU({\] < b’
where
H="P+¥" +2R+2¥] OV,
F=(A+2¥] 04,,)x,(k) + (Y +2¥] 0Y,,)F",
]IN+1
-1
A = | TN+
con [{/pox ’
-y
L @1
Umax
b _ Umax
- Zmax - Aposx(k) - YposFMj:l()_l ’
| Z iax + Aposx(K) + Y F‘%‘l

Zmax = 1N+lzmax’
Umax = 1N+lumax'

Remark 7. The power term P(¢) in (12) introduces a non-convex
behavior in the cost function (13), as highlighted in [6]. This, in
turn, compromises the well-posedness of the associated QP problem.
To avoid such a scenario, a proper choice of the weights ¢ and r can
restore the positive-definiteness of the Hessian matrix associated with
H (i.e. the cost function convexity), and hence regularize the problem
(20) [61].

4.2. Wave force prediction

One of the most critical aspects within MPC applications in wave
energy is related with the wave excitation force signal. In fact, the
solution of problem (20) strongly depends on the future wave excitation
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force signal affecting the moored WEC system. Nevertheless, in prac-
tice, an exact forecast of such force is never available, thus inducing a
non-causal behavior in (20) (see e.g. [9]).

To circumvent this issue, forecasting strategies are employed to
predict the wave excitation force signal over the prediction horizon
N. Such predictors should ideally be computationally cheap, so as to
avoid compromising the real-time loop implementation. Furthermore,
these forecasting strategies must be internally stable, so as to guarantee
provision of bounded wave excitation force estimates.

Among state-of-the-art strategies [10], auto regressive (AR) models
have proven to be effective in accurately forecasting the short-time
behavior of ocean waves. An AR model defines, at a given discrete
instant k, the future value of the considered wave excitation force signal
as a linear combination of its previous measurements, i.e.

h
Fulk+1) =Y a,f, (k=) + (), (22)
i=0
where 4 € N is the model order, ¢; € R is the ith coefficient of the
model parameter vector a € R, and £(i) € R* is a white noise signal.

Remark 8. The wave surface elevation, and hence the associated wave
excitation force, is a stochastic process whose distribution changes
over time [34]. Consequently, assuming that the moored WEC oper-
ates in a large set of conditions, a forecasting strategy has to change
the corresponding wave model for every particular sea state, to ef-
fectively deliver accurate wave excitation forecasting values. Within
this viewpoint, training the AR model on a pre-defined data set may
result inaccurate, since wave conditions, which differ from the spectral
representation of the training set, may be imprecisely modeled.

Following the discussion provided in Remark 8, and to cope with
the non-stationary nature of the wave process, a recursive least squares
filter (RLS) [35] is employed within this study, to estimate, at each
time-step, the AR model parameters a. In particular, let the excitation
force m past values, evaluated at time k, be

T = £ fuk=1)

with f,i‘,_m‘k € R™ and m € N. To estimate the AR model parameters,
an approach similar to [36] is adopted, where a* € R" is the set of
parameters employed for prediction at time step k, A € R is the so-
called forgetting factor, and AF € R"™" is the set of past estimated
model parameters, defined as

fulk=m+ 1) (23)

Ak — [ak ak-1 ak—h+1] . 24)

Algorithm 1 describes the RLS filter employed to retrieve the AR model
parameters, while Algorithm 2 is the prediction computation in itself.

Algorithm 1 Recursive Least Squares

Initialization:

A =0;

while k > h do
e(k) = f k) —at pii L
r(k) — ),_lAk_lfk,_h_llk_l;
K(k) = r()/(fa" N Tr(k) + 1;
a*  =a* ! + K(k)e(k);
Ak = AR - K(or(k)T
k =k+1;

end while

~ k+1|k+p

Compute the prediction f,, with Algorithm 2.

The tuning parameters, for the process described immediately
above, are the forgetting factor 4 and the model order h4. The main
objective consists in minimizing the one-step prediction error between
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Algorithm 2 Iterative prediction routine
for j = 1:N do
fulke+ )= Ty aifuy(k+ j = i) + e(i);
Sk +) = [k +j).
end for

the real excitation force and the forecast. To do that, the selected
strategy is the following: Start with a plausible parameter for static AR
models (see e.g. [10]) and perform exhaustive parametric simulations
(varying 1) with a set of wave signals. Once 1 is fixed, the same
procedure is repeated varying h. Note that, it is important to avoid
choosing an excessively high order for the AR model, so as not to
compromise the real-time performance of the overall algorithm.

Remark 9. A necessary condition for the optimal control problem
requires the wave forecast to be bounded. However, it is often difficult
to constrain the RLS filter to provide a set of stable AR coefficients.
To cope with this issue, a white noise signal is included inside as part
of the set of wave excitation force data, according with the necessary
energy to ensure the required stability condition (see e.g. [37]).

4.3. Wave force estimation

The predictor adopted within this study, described in Section 4.2,
relies on the availability of measurements of the wave force f,, exciting
the moored WEC. Nevertheless, as it is well-known in the field, such
possibility is hindered by the physical limit to implement pressure
probes on the hull of a moving system [38]. A common alternative re-
sides in providing the predictor with an estimate of the wave excitation
force. Among state-of-the-art strategies [32], a steady-state Kalman-
Bucy filter, as in [39], is adopted within this study, as described in the
following.

Recalling Eq. (10), it is possible to approximately model the wave
excitation force as a harmonic oscillator. The correspondent autono-
mous dynamical system is

. &(t) = Sk(), 25
S = Ex(1),

with

"(u
s= [ 0 w?],

N -0p 0 (26)
E =k, 17

where n, € N is the number of selected frequency components, ¥ =
{w;’}fi‘i C R their corresponding set, S € R*»**» and k,, € R/0.
Using the representation in (25), it is possible to write an associated
‘augmented’ model:
X aug (1) = AgugX aug (1) + By gu(®),
2(1) = CrygX g (1, 27)
fw(t) = waaug(t)’

with x,,, (1) = [x(®)T k()] € R™?M, and where

A BE
Aaug:[o S:|’ Cw:[o E]’
(28)
B
Bayg = [0] ' Caug = €, 0]

Since the pair (4,,,, C,,,) is guaranteed to be observable, it is possible

to design a full-state observer

Xaug (D = AgugXaug (1) + Bygtt(t) + L0(1) = CpygXgg (1), (29)
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where the superscript {-} stands for the signal estimate, and L € R+
is a static feedback gain such that

1 15 145 (0) = X (D] = 0. (30)

Such gain L can be computed in terms of the solution of the follow-
ing [40] set of equations:

T -1 5T —
ApoPy— PBug R, Bl P+ 0, =0, an
L=R;'B] P,

g

: 2 2 — —
with Po € R 21Xt nm’ Qo - qobsﬂn+2nm’ Ra = Tobs> and {qobs’ robs} CR.

Remark 10. Though a simplified expression for the observer is pre-
sented in Eq. (27), for notation convenience, we note that the matrices
Q, and R, are related to process and measurement noise affecting the
moored WEC, respectively. As it is customary in the control/estimation
literature, Q, and R, are regarded as design parameters, used to modify
the internal dynamics of the observer via the computation of L in (31).

In addition, as stressed in [39], the choice of n,, is a critical param-
eter: the inclusion of non-representative frequencies, or the omission of
some fundamental components, can lead to poor estimation results. If
the estimator does not accurately describe the wave excitation signal,
the control algorithm solution does not satisfy optimal conditions.
Nevertheless, the use of an excessive number of harmonics may result
demanding for the device hardware, compromising the algorithm real-
time feasibility, so that a reasonable balance should be achieved at the
design/synthesis stage.

Remark 11. Since the optimization problem (20) requires the state
information x(k), the wave force estimator is also employed to obtain
a state estimate x(k). Such quantity can be retrieved straightforwardly,
given that the observer provides an estimate of the augmented state,
namely ¥,,, (k).

5. Results

This section presents a detailed account of the main results of the
paper, providing a thorough evaluation of the performance associ-
ated with the optimal WEC controller, described within Section 4, for
different simulation scenarios. We note that, for the totality of the
simulation cases, the dynamics associated with the WEC system are
always resolved' via the high-fidelity model in OF, as described within
Section 2.1. The simulation environment considers a 3-DoF scenario, in
which the device is free to move on in heave, surge, and pitch DoFs. In
particular, and in reference to Fig. 1, the WEC is allowed to translate
on the x— and z—axes, and to rotate around the x — z-plane orthogonal
axis. Note that the term ‘high-fidelity’ is used, within this paper, to refer
to a dynamical representation able to include an accurate account of
mooring effects on the WEC system (which are the core topic of this
study) via a dynamic lumped-mass solver (OrcaFlex).

In particular, to evaluate the performance of the proposed MPC
strategy, three different assessment configurations are considered:

(S-1) Ideal scenario: In this evaluation case, the high-fidelity OF sim-
ulation model does not include the mooring dynamics, i.e. the
device is free to move without mooring action. Furthermore, the
MPC strategy is based on the unmoored model accordingly, as
computed in Section 2. This case is ideal (unrealistic), in the
sense that: a) the WEC does not feature a mooring system (and
hence performance tends to be overestimated - see [14]), and
(b) the controller uses an exact description of the BEM model
employed by OrcaFlex, i.e. it incorporates an exact description of
the (unmoored) WEC dynamics.

1 Simulations are carried out a on target PC with AMD Ryzen 9 3900X
12-Core, 3.79 [GHz] Processor.
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Table 2
Chracteristics associated with the considered wave sea states.
Waves
D T, [s] H, [m]
W, 6.4 2.1
W, 46 1.5
w, 3.9 0.9
w, 3.4 0.9
-90 T
-100
)
— -110
(]
el
=)
=
& -120
-
-130
Model with mooring
Model without mooring
-140 .
107! 10°

Frequency [rad/s]

Fig. 4. Location each tested sea state with respect to their energetic periods (pins),
with respect to unmoored and (identified) moored device dynamics.

(S-2) Nominal scenario: In this case, the high-fidelity OF simulation
model does include the mooring dynamics, but the control archi-
tecture is based on a model of the unmoored dynamics. This case
is hence termed ‘nominal’, since this would be the exact scenario
if one would attempt to apply/replicate the vast majority of the
WEC controllers (and associated performances) available within
the literature, to a moored WEC device.

(S-3) Proposed scenario: This case evaluates the overall strategy pro-
posed within this study, i.e. the high-fidelity OF simulation model
does include the mooring dynamics, and the control architecture
employs the representative data-based model computed as in
Section 3.

As input for all the scenarios described above, four different wave
characterizations are chosen, with parameters are reported in Table 2,
where each stochastic description is defined in terms of a JONSWAP
spectrum (see [41]), with a fixed peak-enhancement factor of 3.3.
The wave parameters in Table 2 are adopted from the Pantelleria site
scatter data set [42], representing a realistic set of operating conditions.
We further note that the choice of waves is performed to excite the
system in different operating conditions, so as to provide representative
performance results for a moored WEC. In particular, Fig. 4 shows
the frequency associated with each defined energetic period, along-
side the frequency response map for both the unmoored (BEM), and
representative (as computed in Section 3) moored WEC models.

5.1. Model validation

Both to quantify the underlying mooring effects present on the case
study, and validate the modeling strategy proposed in Section 3, we
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Fig. 5. Time-domain displacement both for the high-fidelity OF model (yellow), and
the data-based model in (11) (black).
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Fig. 6. Normlized cross-correlation between displacement as computed via the
high-fidelity OF model and the data-based model in (11).

briefly present, in this section, a performance analysis of the identi-
fied model, also including a comparison with the standard modeling
approach considered within the literature, i.e. without considering
mooring dynamics (as in Section 2.3).

To achieve this, the identified system (11) response has been com-
pared with that produced by the high-fidelity model (in OF), which
effectively includes a full account of the nonlinear dynamics associated
with the anchored device. To provide a fair validation/comparison, the
two systems are excited with the same wave elevation input signal,
corresponding to W, in Table 2.

Such tests demonstrates that system (11) effectively represent the
heaving point absorber motion response, showing good responses both
in terms of lag conditions, as it can be seen from the cross correlation
function of the two signals in Fig. 6, and in terms of the signal match-
ing, which can be observed in Fig. 5. For the sake of completeness,
Fig. 7 comprises the same validation test, under identical conditions,
carried out with a system model which does not feature a mooring
representation. As expected, a discrepancy between the two motions
arise in the results, illustrating the effects that neglecting mooring
forces can have on the system representation.

5.2. Control performance

To provide a fair comparison, the control parameters are kept
constant throughout all the scenarios. The values for r and g,,, are
chosen to guarantee convexity of the associated QP form while weight-
ing sufficiently the power term in the cost function (see Remark 7).
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Fig. 7. Time-domain displacement both for the high-fidelity OF model (yellow), and
the model computed following Section 2.3 (black), which does not feature a mooring
representation.

Table 3
Control system tuning parameters.

Control Parameters

T; 0.1 [s]

N 100

Uppax 1-10° [N]
Ziax 1 [m]

r 4.1077
Gpos 1-107
F {0.98,1.36,1.61,1.84} [rad/s]
Kpo 1-10%

Dobs 1107
Tobs 0.1

h 100

yl 1073

The elements of the set & (see Section 4.3) are chosen in terms of
the combination of all the sea state energetic periods 7, (as listed in
Table 2). The observer and AR model order parameters are chosen
in simulation, to guarantee satisfactory performance in terms of wave
(and state) estimation and excitation force prediction. Such tuning
choices are reported in Table 3.

Remark 12. As per the sign convention adopted from the early begin-
ning of this paper, i.e. Eq. (2), a negative value in power absorption
(and consequently energy) indicates that energy is effectively being
extracted from waves.

In Fig. 8, the difference in terms of energy production under the
three different scenarios can be clearly appreciated. The ideal setup (S-
1) proves to be the most power-productive configuration. As previously
discussed within this section, this result can be easily justified by the
fact that: (a) the unmoored system has inherent capabilities to absorb
more mechanical energy from the wave resource (since it is effectively
free to move), and (b) the model used to synthesize the controller
coincides with that emulated by the OF solver in unmoored conditions.
Nevertheless, such scenario cannot be considered as a benchmark to
evaluate the other two strategies, since it does not represent a realistic
operating condition. As a matter of fact, the results associated with (S-
1) are intended to assess the impact that anchoring the device has on
the total productivity (and constraint handling) with an ideal controller
(i.e. with exact knowledge of the unmoored system dynamics) . For
what concerns the moored WEC device, ie. in realistic conditions,
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Fig. 9. Energy production for W,.

the proposed control strategy shows higher productivity results than
the nominal configuration. This demonstrates that a inclusion of the
mooring dynamics within the control synthesis procedure, via the
representative modeling technique proposed in Section 3 of this paper,
represents more accurately the real process, and hence the final control
performance is enhanced with such fundamental information. For the
sake of completeness, the energy extraction results for the remaining
sea states are reported in Figs. 9, 10, and 11, respectively. Note that,
as can be appreciated from Fig. 10, S-1 and S-3 configurations show
similar productivity results for W;. In particular, as it can be seen
in Fig. 4, the peak period (alternatively peak frequency) associated
with W; lies precisely on the resonance peak of the unmoored system.
The corresponding identified model for the moored WEC, which has
been proved to be effective in describing the associated motion (see
the validation results in Section 5.1), has a similar behavior in the
neighborhood of the unmoored resonance peak. This implies that,
under the discussed scenario, the productivity of the device featuring
the mooring system is similar to the ‘free-floating’ system, reason for

10
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Fig. 11. Energy production for W,.

which the energy production linked to S-1 and S-3 are similar in the
case of Wj.

In parallel, the MPC strategy is expected to keep the imposed con-
straints on the vertical displacement z and the control action magnitude
u. Fig. 12 demonstrates that the controller solution, as computed in
the totality of the evaluated scenarios, is consistently able to manage
the position constraint, independently from its energy-maximizing per-
formance. Same applies for the control limitations, which are equally
respected in all the scenarios, as per Fig. 13.

5.3. Estimation and prediction performance

An additional key aspect regards the wave estimate quality, which
naturally affects the performance of the synthesized MPC solution.
Fig. 14 shows the wave force estimation performance for the three
different scenarios, for sea state W, and W,. As expected, the S-1
strategy estimates adequately the wave excitation force signal in both
the simulation cases, while the nominal (S-2) does not properly track
the actual excitation force, since the model defined in the observer
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does not describe effectively the real system. As highlighted in problem
(20), the solution explicitly depends on the current (and future) value
of the wave excitation. If such signal is not estimated precisely, the
obtained MPC solution is, naturally, distant from the optimal control
action. In contrast, the other two estimators (i.e. those synthesized
according to S-2 and S-3) manage to represent more accurately the real
device dynamics, thus providing better wave excitation force estimates
at every control step.

For what concerns the future value of the wave excitation force pro-
vided to the solver, an example of the performance of the proposed RLS
in (1) is given in Fig. 15. In particular, this figure reports the one-step-
ahead prediction error obtained over time with the filter parameters
estimate, with reference to the proposed strategy (S-3), evaluated in
W-1 sea state conditions. The RLS filter converges as the simulation
advances, meaning that the prediction accuracy increases over time, as
expected from the RLS implementation.

Remark 13. It must be stressed that the AR model in (22) is obtained
with estimated values of the wave excitation force. Consequently, it is
reasonable to deduce that the one-step-ahead prediction error is lower
for a more precise wave estimation algorithm, as in the case of S-1 or
S-3, and increases when the estimation algorithm is not able to provide
reliable estimates of the input wave signal, as in S-2.

6. Conclusions

Given the importance of model-based optimal control strategies in
wave energy conversion systems, the paper proposes to investigate
the effects of neglecting the mooring modeling stage in the control-
oriented model design, with special attention to energy production
performance and constraint fulfillment. The paper introduces the WEC
device and its mooring system model, the practical implementation
of the optimization problem for the MPC control algorithm, the aux-
iliary estimator, and predictor systems. Furthermore, in an effort to
incorporate the mooring dynamics within optimal control synthesis, a
data-based control-oriented modeling procedure is proposed, able to
provide representative models for moored WEC systems.

Within performance assessment, three different scenarios are tested
(S-1, S-2, and S-3). The results show that the power production in
the nominal scenario (S-2) is lower in all sea states analyzed, with
respect to the ideal case (S-1), despite the fact they share the same
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control-oriented model. To reduce the gap between ideal and nominal
scenarios, passing through the proposed mooring-informed modeling
stage shows to be an efficient procedure, demonstrated by the im-
provements on every sea state tested, in terms of energy harvesting
efficiency. Furthermore, the imposed constraints on the point absorber
vertical displacement and control action are consistently fulfilled, in
spite of the actual energy-maximizing performance of the computed
control solution.
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