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Ting Zhang1, Graeme Smith2,3,4, John A. Smolin5, Lu Liu1, Xu-Jie Peng1, Qi Zhao 6, Davide Girolami 7,
Xiongfeng Ma 8, Xiao Yuan 9,10 & He Lu 1,11

Entanglement and coherence are fundamental properties of quantum systems, promising to power
near-future quantum technologies, such as quantum computation, quantum communication, and
quantum metrology. Yet, their quantification, rather than mere detection, generally requires
reconstructing the spectrum of quantum states, i.e., experimentally challenging measurement sets
that increase exponentially with the system size. Here, we demonstrate quantitative bounds to
operationally useful entanglement and coherence that are universally valid, analytically computable,
and experimentally friendly. Specifically, our main theoretical results are lower and upper bounds to
the coherent information and the relative entropy of coherence in terms of local and global purities of
quantum states. To validate our proposal, we experimentally implement two purity detectionmethods
in an optical system: shadowestimationwith randommeasurements and collectivemeasurements on
pairs of state copies. The experiment shows that both the coherent information and the relative
entropy of coherenceof pure andmixedunknownquantumstates canbeboundedbypurity functions.
Our research offers an efficient means of verifying large-scale quantum information processing.

Entanglement is a fundamental trait of many-body quantum systems
and a key resource for quantum information processing1–5. Recently,
theoretical methods to characterize quantum superpositions have been
generalized to evaluate quantum coherence in single systems6 and
explore its uses for quantum technologies7–15. Quantification of such
resources provides insights on the true computational power of
quantum devices16–20, and many important measures are defined in
terms of the von Neumann entropy SðρÞ ¼ �Trðρ log ρÞ. Besides, the
von Neumann entropy has been found widespread applications in
quantum date compression21, quantum thermodynamics22, capacity
bounds for quantum channels23 and many-body physics, from the
characterization of topological matter24–26, to dynamics out of
equilibrium27, to the understanding of tensor network methods28 (see
ref. 29 for a review). However, the quantification of von Neumann
entropy is hard both theoretically and experimentally, as it necessitates
knowledge of the full spectrum of the system state ρ. Clever methods
that enable witness entanglement and coherence employ randomized
measurements30–33 and collective detections on many copies of

quantum states to extract spectrum polynomials, e.g., the state purity
Trðρ2Þ34–39. Yet, these protocols cannot be easily applied to quantify
entanglement and coherence: there are no measures of quantum
resources that can be expressed in terms of directly observable (poly-
nomial) quantities.

In this letter, we address this challenge by proposing an efficient
approach to identify quantitative bounds to entanglement and coherence of
unknown quantum states in terms of purity functions, in contrast to other
protocols based on local measurements40,41. We focus on the coherent
information and relative entropy of coherence, which are both defined in
terms of the von Neumann entropy and are information measures with
compelling operational interpretations. The coherent information is related
to the distillable entanglement and the capacity of quantum channels with
applications in quantum communication, one-way entanglement distilla-
tion, quantum state merging, and quantum many-body physics30,42–47. The
relative entropy of coherence lower bounds the distillable coherence and
plays an important role in quantum thermodynamics, quantummetrology,
quantum computing, quantum random number generation and quantum
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phase transitions6,48,49. We prove analytical upper and lower bounds on the
coherent information and relative entropy of coherence of arbitrary finite-
dimensional quantumstates in termsof their local and global purities,which
aremeasurablewithout spectrumreconstruction50. Then,we experimentally
demonstrate our proposal in an optical system by implementing the ran-
domized measurements scheme on four-qubit states, and collective mea-
surements on two copies of two-qubit states. The experiment results
confirm that operationally useful entanglement and coherence of unknown
quantum states can be quantified without spectrum reconstruction.

Results
Our studyhas twomainmerits. First, it discovers simple analytical functions
that quantify, rather than only witness, key quantum resources in arbitrary
systems of finite dimension. Second, it shows an experimental comparison
between the well-established interference-based method for non-
tomographic exploration of quantum properties51–54, and the recently
introduced “shadow estimation” techniques55–58. Together, our study pro-
vides a theoretically universal and practically efficient means to benchmark
features of unknown quantum systems.

Quantification of coherent information
For quantum states ρAB 2 HdA

�HdB
, the coherent information is defined

by

IðAiBÞ ¼ SðρBÞ � SðρABÞ; ð1Þ

where A and B are subsystems and ρB ¼ TrAðρABÞ is the reduced density
matrix on subsystem B. A positive value of IðAiBÞ signals operationally
useful entanglement between subsystems A and B46.

Measuring IðAiBÞ requires knowledge of the eigenvalues of the density
matrices. We propose a method to obtain upper and lower bounds on the
von Neumann entropy in terms of the global and marginal purity of the
state. Given the spectral decomposition of a d-dimensional quantum state,

i.e., ρ ¼Pd
i¼1 λi;ρ∣ψi

�
ψi

�
∣;
P

iλi;ρ ¼ 1; hψijψji ¼ δij; λ1;ρ ≥ λ2;ρ ≥ . . . λd;ρ,

we determine the extreme values of the state entropy SðρÞ ¼
�Pd

i¼1 λi;ρ log λi;ρ at fixed purity PðρÞ :¼
Pd

i¼1 λ
2
i;ρ, where the logarithm

is written in base 259. The spectrum fλMi;ρg that maximizes S(ρ) is

λM1;ρ ¼ 1
d þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d�1
d PðρÞ � 1

d

� �q
; λM2;ρ ¼ � � � ¼ λMd;ρ ¼

1�λM1;ρ
d�1 : The spectrum

fλmi;ρg that minimizes S(ρ) is given by λm1;ρ ¼ λm2;ρ ¼
� � � ¼ λmkρ�1;ρ ¼

1�αρ
kρ�1 ; λ

m
kρ ;ρ

¼ αρ; λ
m
kρþ1;ρ ¼ � � � ¼ λmd;ρ ¼ 0, where αρ ¼

1=kρ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 1=kρÞðPðρÞ � 1=kρÞ

q
and kρ is the integer such that

1
kρ
≤PðρÞ< 1

kρ�1.We can immediately use these results to bound the coherent

information as follows (see Supplementary Note 1 for details).
Result 1—Given a quantum state ρAB, its coherent information IðAiBÞ

is bounded as follows:

leðρABÞ≤ IðAiBÞ≤ ueðρABÞ ð2Þ

where

leðρABÞ ¼ ðλmkρB ;ρB � 1Þ log λm1;ρB � λmkρB ;ρB
log λmkρB ;ρB

þ ð1� λM1;ρABÞ log
ð1�λM1;ρAB Þ
ðd�1Þ þ λM1;ρAB log λ

M
1;ρAB

;

ueðρABÞ ¼ ð1� λmkρAB ;ρAB
Þ log λm1;ρAB þ λmkρAB ;ρAB

log λmkρAB ;ρAB

� ð1� λM1;ρB Þ log
ð1�λM1;ρB Þ
ðdB�1Þ � λM1;ρB log λ

M
1;ρB

:

ð3Þ

The lower and upper bounds is tight for pure states (PðρABÞ ¼ 1) with
PðρBÞ ¼ 1

dB
and the difference ϵe ¼ PðρBÞ � 1=dB certifies the tightness of

ue(ρ) and le(ρ).

Quantification of quantum coherence
In a way similar to how non-factorizable superpositions of multipartite
states, e.g.

P
ici∣ii . . . ii, yield entanglement, the quantumness of a system

can be identified with the degree of coherence of its state ∣ψ
� ¼P

ici∣ii;
P

ijcij2 ¼ 1; in a reference basis f∣iig. One natural way to quantify
the coherence of a state in a reference basis f∣1i; ∣2i; . . . ; ∣dig of a d-
dimensional Hilbert spaceHd is by measuring how far it is from the set of
incoherent states I 60,61. The choice of distance function is, in principle,
arbitrary. Yet, an important operational interpretation is enjoyed by the
relative entropy of coherence60

CREðρÞ ¼ min
σ2I

SðρjjσÞ ¼ SðρdÞ � SðρÞ; ð4Þ

where ρd ¼
P

i∣ii ih ∣ρ∣ii ih ∣ is the state after dephasing in the reference basis.
The the asymptotic limit of infinite system preparations, CREðρÞ represents
the maximal rate of extraction of maximally coherent qubit states
1=2
P

i;j¼0;1∣ii j
�
∣ from ρ by incoherent operations. Like the coherent

information, this quantity is bounded by the purity function (see Supple-
mentary Note 1 for details).

Result 2—The relative entropy of coherence CREðρÞ is bounded as
follows:

lcðρÞ≤CREðρÞ≤ ucðρÞ; ð5Þ

where

lcðρÞ ¼ ðλmkρd ;ρd � 1Þ log λm1;ρd � λmkρd ;ρd
log λmkρd ;ρd

þ ð1� λM1;ρÞ log
ð1�λM1;ρÞ
ðd�1Þ þ λM1;ρ log λ

M
1;ρ;

ucðρÞ ¼ ð1� λmkρ ;ρÞ log λ
m
1;ρ þ λmkρ;ρ log λ

m
kρ ;ρ

� ð1� λM1;ρd Þ log
ð1�λM1;ρd

Þ
ðd�1Þ � λM1;ρd log λ

M
1;ρd

:

ð6Þ

This inequality chain, like the one in Eq. (2), is tight for pure states
(PðρÞ ¼ 1)with a diagonalmatrix of ρd ¼ 1

d Id (PðρdÞ ¼ 1
d). The difference

ϵc ¼ PðρdÞ � 1=d certifies the tightness of uc(ρ) and lc(ρ). ϵe(ϵc)→0 indi-
cates the maximally entangled state (maximally coherent state), which is of
particular interest in quantum information science.

Detecting purity with shadow estimation
We first use shadow tomography 55,62,63 to detect the purity of the four-qubit
biased Greenberger-Horne-Zeilinger (GHZ) states in the form of

∣GHZθ

� ¼ cos θ∣HhHhi110220 þ sin θ∣VvVvi110220 ; ð7Þ

which are encoded on the polarization and path degrees of freedom (DOF)
of photons. As shown in Fig. 1a, the polarization-entangled photons are
generated from a periodically poled potassium titanyl phosphate (PPKTP)
crystal set at Sagnac interferometer. Then, we then sent two photons into
two beam displacers (BDs) as shown in Fig. 1b, which transmits the vertical
polarization and deviates from the horizontal polarization. Consequently,
the biased GHZ state ∣GHZθ

�
is obtained, where h (v) denotes the deviated

(transmitted) spatial mode.
We prepare eleven ρGHZθ

by setting θ 2 ½0; π2� with interval of π
20, and

then useM = 2 × 104 measurements in shadow estimation on each ρGHZθ
to

bound the coherent information IðAiBÞ of ρGHZθ
. We consider the bipar-

tition of ρGHZθ
with two subsystems A and B, where A∪B ¼ 1; 10; 2; 20f g

and A \ B ¼ +. Each subsystem contains ∣A∣ and ∣B∣ qubits, respectively.
We consider three cases of B = {1}, B ¼ f1; 10g and B ¼ f1; 10; 2g. The
unbiased estimator of puritiesPρGHZθ

andPρB
are constructed with fρ̂ðmÞ

GHZθ
g

by 55

P̂ðρGHZθ
Þ ¼ 1

MðM � 1Þ
X
m≠m0

Tr ρ̂ðmÞ
GHZθ

ρ̂ðm
0Þ

GHZθ

h i
ð8Þ
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and

P̂ðρBÞ ¼
1

MðM � 1Þ
X
m≠m0

Tr ρ̂ðmÞ
B ρ̂ðm

0Þ
B

h i
; ð9Þ

where ρ̂B¼
N

n2B3U
y
n∣bnihbn∣Un � I2. The results of P̂ðρGHZθ

Þ and P̂ðρBÞ
are shown in Fig. 2a. To indicate the accuracy of estimated purities, we
perform standard quantum tomography (SQT)64–66 on the prepared ρGHZθ

with 1.4 × 106measurements, and treat the reconstructed state as target state.
With the reconstructed ρGHZθ

, we calculate the corresponding purities that
are shown with black frames in Fig. 2a. The maximal error between purities
(Eq. (8) and Eq. (9)) estimated from classical shadows and SQT is
ϵ = 0.0132 ± 0.0109. The high accuracy (ϵ≪ 1) agrees well with the theo-
retical prediction that themeasurement cost of shadow tomography is in the
order of 2∣AB∣/ϵ2 33,while the SQTrequires (at least) anorder of 2∣AB∣rank(ρAB)/
ϵ2 measurements to reach the same accuracy67,68. According to Eq. (3), the
lower bound le and upper bound ue of IðAiBÞ can be calculated with the
estimated purities, and the results are shown with orange and blue dots in
Fig. 2b–d, respectively. We observe that le > 0 with θ ¼ 3π

20 ;
4π
20 ;

5π
20 and 6π

20,
which indicates the correspondingρGHZθ

admits distillable entanglement.To
investigate the tightness of lower and upper bounds of IðAiBÞ, we calculate
the IðAiBÞ with reconstructed ρGHZθ

instead of theoretical predictions as
IðAiBÞ is sensitive tonoise (See SupplementaryNote2 for analyzations).The
results of calculated IðAiBÞ) are shownwith greendots inFig. 2b–d, inwhich
we observe that IðAiBÞ) is well bounded by le and ue expect θ = 6π/20 in

Fig. 2b. Similar phenomenaare also observed inFig. 2a,where the estimation
of P̂ðρGHZθ;d

Þ (greenbars) are larger than the results fromSQT.Thereare two
main reasons attributed to these discrepancies. The first one is that the
randomized measurement and SQT are performed separately, i.e., they are
not obtained from the same copies of prepared ρGHZθ

. There are unavoidable
noises such as the slight drifts of the mounts holding BDs, which would
accordingly introduce errors in state preparation and detection. The second
one is that we use maximal likelihood estimation (MLE) in SQT to return a
physical state from collected data. MLE is a biased estimation that under-
estimates properties of unknown quantum state69, while the shadow
tomography we implemented is an unbiased estimation of purity55.

To boundCREðρGHZθ
Þ, we calculate the purity of the diagonalmatrix of

ρGHZ by P̂ðρGHZθ;d
Þ ¼P16

i¼1 d
2
i with di being the diagonal elements of

ρ̂GHZθ
¼PM

m¼1 ρ̂
ðmÞ
GHZθ

. The results of P̂ðρGHZθ;d
Þ are shown with green bars

in Fig. 2a. Thus, uc and lc are deduced with estimated P̂ðρGHZθ;d
Þ and

P̂ðρGHZθ
Þ according to Eq. (6). As CRE ≥ 0, we set lc = 0 whenever it takes

negative values.The results of the calculateduc and lc are shownwith red and
yellow triangles in Fig. 2e, in which one observes they tightly bound
CREðρGHZθ

Þ from SQT (cyan squares).

Detecting purity with collective measurements
The purity of a quantum state ρ can be indicated from two copies of ρ by
PðρÞ ¼ Trðρ2Þ ¼ TrðVρ� ρÞ with V being the swap operation on
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Fig. 1 | Schematic illustration of the experimental setup. aGeneration of the biased
polarization-entangled state cos θ∣HHi12 þ sin θ∣VVi12. b Setup to extend
cos θ∣HHi12 þ sin θ∣VVi12 into ∣GHZθi ¼ cos θ∣HhHhi110220 þ sin θ∣VvVvi110220 ,
and demonstrate the shadow estimation scheme. c Setup to prepare two-copy states
and implement the collective measurement scheme. Symbols used in a–c BD beam

displacer, PBS polarization beam splitter, SPD single-photon detector, DM dichroic
mirror, E-HWP electrically-rotated HWP, E-QWP electrically-rotated QWP,
D-HWP dual-wavelength HWP, TCSPC time-correlated single-photon counting
system. The abbreviation BSM represents Bell-state measurement.
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ρ⊗ ρ70–73. The purity from collective measurement has been demonstrated
to extract Renyi entropy for violation of entropic inequalities to witness
entanglement70. This Renyi quantity, while able to certify entanglement
as it is an entanglement witness74, does not quantify it. We consider the
case of two-qubit state in the form of ∣ψ2;θi ¼ ∣ψθi1∣ψθi2 with
∣ψθi1 ¼ ∣ψθi2 ¼ cos θ∣0i þ sin θ∣1i. Experimentally, ∣ψ2;θ

E
is encoded in

the polarization DOF and the setup to generate ∣ψ2;θi as shown in Fig. 1c.
We first post-select the component ∣Hi1∣Hi2 using two polarizing beam
splitters (PBSs). By applying a HWP that transforms ∣Hi to cos θ∣Hi þ
sin θ∣Vi individually on photon 1 and photon 2, ∣ψ2;θi is obtained.
The copy of ∣ψ2;θi is encoded in the path DOF, i.e., ∣ψθ

�
10 ¼

∣ψθ

�
20 ¼ cos θ∣hi þ sin θ∣vi.
The swapoperation onV on ρ⊗ ρ can be implemented by performing

Bell-state measurement (BSM) between each qubit and its corresponding
copy36,75,76. In our case, the BSM is performed between the polarization-
encoded qubit 1(2) and the path-encoded qubit 10ð20Þ77, respectively. The
outcome probability of the two BSMs on ρ12 � ρ1020 is denoted by
pij ¼ Tr½ðΠi � ΠjÞρψ2;θ

� ρψ2;θ
�, whereΠ1 ¼ ∣Ψþ� Ψþ�

∣,Π2 ¼ ∣Ψ�i Ψ�h ∣,
Π3 ¼ ∣Φþ� Φþ�

∣, and Π4 ¼ ∣Φ�i Φ�h ∣ are projectors onto Bell states

∣Ψ±
� ¼ ð∣Hvi± ∣VhiÞ= ffiffiffi

2
p

and ∣Φ±
� ¼ ð∣Hhi± ∣VviÞ= ffiffiffi

2
p

. The purity of
ρψ2;θ

and the subsystem purity of ρψ2;θ;B
with B = {2} are then obtained by

Pðρψ2;θ
Þ ¼ 1� 2ðp12 þ p32 þ p42 þ p21 þ p23 þ p24Þ; ð10Þ

and

Pðρψ2;θ;B
Þ ¼ 1� 2ðp12 þ p22 þ p32 þ p42Þ: ð11Þ

Similarly, the purity of the diagonal matrix of ρψ2;θ
can be obtained by

Pðρψ2;θ;d
Þ ¼ 1� 2p33 þ 2p44 � p11: ð12Þ

The results of Pðρψ2;θ
Þ, Pðρψ2;θ;B

Þ and Pðρψ2;θ;d
Þ are shown in Fig. 3a, with

θ 2 ½0; π2� with interval of π
20. The lower bound le and upper bound ue of

IðAiBÞ are calculated according to Eq. (3) and shown in Fig. 3b.We observe
ue < 0 for all ρψ2;θ

, which indicates the prepared ρψ2;θ
is less useful for

entanglement distillation. Similarly, the lower bound lc and upper bound uc
ofCREðρψ2;θ

Þ can be calculated according to Eq. (6). The results are shown in
Fig. 3c. Note that lc is much closer to uc compared to the case in Fig. 2e. This
is because the bounds lc and uc are functions of the leading order term
(purity) inTaylor expansion of the vonNeumann entropy about pure states,
so that lc and uc are tight for pure states. Experimentally, the prepared ρ12
and ρ1020 are quite close to the ideal formof ∣ψ2;θi, while ρGHZθ

ismuchmore

noisy. The high accuracy of lc and uc is also confirmed by CREðρ12Þ with
reconstructed ρ12 from SQT, which is shown with cyan dots in Fig. 3c.

Discussion
We demonstrated universal and computable theoretical bounds to oper-
ationally meaningful measures of entanglement and coherence in terms of

purity functionals. Then, we experimentally extracted these bounds by
implementing two purity detection methods: shadow estimation and col-
lectivemeasurements. The experiment showed that quantum resources can
be estimated, rather than just witnessed, with a precision that does not scale
with the rank of the state (guaranteed by theory33,55,67,68), conversely to state
tomography. The scalability of the measurement network makes purity
detection employable in testing the successful preparation of quantum
superpositions in large computational registers, certifying that a complex
device has run a truly quantum computation. The proposed bounds are
sufficiently tight for practically useful quantum states, i.e., the high-fidelity
GHZ-like states or maximally coherent states, which are important entan-
glement and coherence resources that are widely used in quantum infor-
mation protocols. The bounds Eqs. (2) and (5) represent the leading order
term in Taylor’s expansion of the von Neumann entropy. Thus, tightened
bounds for noisy states can be extracted by evaluating the higher-order
terms Trðρ3Þ;Trðρ4Þ; . . . ;TrðρdÞ, which can be efficiently detected with
hybrid shadow estimation78,79. In particular, the bounds become strict when
we include moments of the system dimension. It would be interesting for
future work to study the tightness of the bounds for the intermediate cases.
Another unexplored direction is that one can extend the method proposed
here to determine directly measurable bounds to the total correlations in
multipartite systems {Ai}. For instance, consider the quantum analog of the
multi-information between random variables80,81

I ðρA1 ;...;An
Þ ¼ minN

i
σAi

S ρA1 ;...;An
jj
O
i

σAi

 !
: ð13Þ

It is easy to verify that the product of the state marginals
N

iρAi
solves the

minimization, I ðρA1 ;...;An
Þ ¼PiSðρAi

Þ � SðρA1;...;An
Þ. Quantitative bounds

to the total system correlations in terms of purities are given by a straight-
forward generalization of Eq. (2).

Our work has important and wide practical applications in various
fields in quantum computation, communication, quantum thermo-
dynamics, quantummany-body physics, etc. The proposed method has an
immediate application in benchmarking current and near-term quantum
technologies and serves as a basic and useful tool for analyzing and opti-
mizing practical implementations of quantum information protocols.

Methods
Biased polarization-entangled photon source
Weuse a continuous-wave laser operating at a centralwavelength of 405nm
with a full width at half maximum (FWHM) of 0.012 nm as our pump light
source. The pump light passes throughaPBS followedby anHWPset atθ/2,
which transforms the polarization of the pump light into
cos θ∣Hip þ sin θ∣Vip. The pump light passes PBS that transmits the
component of ∣Hi and reflects the component of ∣Vi. Then, the PPKTP
crystal is coherently pumped from anticlockwise and clockwise directions,
respectively, and the generated photons are superposed on the PBS, leading
to the outcome state of cos θ∣HVi12 þ sin θ∣VHi12. An HWP set at 45° is
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Fig. 3 | Experimental results of quantification of IðAiBÞ and CRE of ρψ2;θ
by

collective measurements. a The estimated purities of Pðρψ2;θ
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applied on photon 2, which leads to a biased polarization-entangled state in
form of cos θ∣HHi12 þ sin θ∣VVi12. To enhance collective efficiency, we
employ lens L1with a focal length of 200mmand lens L2with a focal length
of 250 mm. The two photons pass through narrowband filters (NBFs) with
an FWHM of 3 nm and then are coupled into single-mode fibers.

Shadow tomography
In shadow tomography, local random unitary operations Un∈Cl2 are
individually applied on each qubit of an N-qubit state ρ, where Cl2 is the
single-qubit Clifford group. Then the rotated state ismeasured on the Pauli-
Z basis, producing a bit string ∣bi ¼ ∣b1b2 � � � bN

�
; bn 2 f0; 1g. The classical

shadow of a single experimental run is constructed by
ρ̂¼NN

n¼13U
y
n∣bn

�
bn
�

∣Un � I2 with I2 being identitymatrix. By repeating
the measurementM times, one has a collection of classical shadows fρ̂ðmÞg
which is further exploited for the estimation of various properties of the
underlying state ρ30,33. The random unitary operations Un∈Cl2 on the
polarization and path DOF are implemented with a combination of
electrical-controlled half waveplate and quarter waveplate57, and the pro-
jectivemeasurements on thePauli-Z basis are sequentially performedon the
polarization and path DOF (See Supplementary Note 2 for more details).

Data availability
The data that support the findings of this study have been deposited in the
Zenodo database with the identifier https://zenodo.org/records/11386676.

Code availability
The code supporting the findings of this study has been deposited in the
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