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continued fractions in Q. Thus, it is worth to study the definition of new algorithms for
p-adic continued fractions. The main condition that a new method needs to fulfill is the
convergence in Qp of the continued fractions. In this paper we study some
convergence conditions for continued fractions in Q. These results allow to define
many new families of continued fractions whose convergence is guaranteed. Then we
provide some new algorithms exploiting the new convergence condition and we
prove that one of them terminates in a finite number of steps when the input is
rational, as it happens for real continued fractions.

Abstract

1 Introduction

In 1940, Mahler [11] gave the first idea for introducing continued fractions in the field of
p-adic numbers Q. Starting from this, several authors studied the problem of defining an
algorithm for expanding elements of Q, in continued fractions. The most notable results
were provided by Browkin [4], Ruban [14] and Schneider [15] who defined different p-adic
continued fractions algorithms with the aim of obtaining the same good properties that
hold in the real case. However, all these algorithms fail in the attempt of characterizing
quadratic irrationals by periodic continued fractions, as in the case of R. The study of
the periodicity of these algorithms have been deepened by several authors. Schneider’s
algorithm is not periodic for all quadratic irrationals, but there is an effective criterion
to determine when this happens (see [8,16,17]). Ooto [13] proved that an analogue of
Lagrange’s Theorem does not hold for Ruban’s continued fractions and Capuano et al. [7]
gave an effective condition to check the periodicity. Moreover, Ruban’s and Schneider’s
algorithms provide finite or periodic expansion for rationals. Browkin’s algorithm is of par-
ticular interest since it always gives finite representations for rational numbers, but it is not
known if an analogue of the Lagrange’s Theorem holds. In [2, 3], the authors proved some
results about the periodicity of this algorithm and Capuano et al. [6] gave some necessary
and sufficient conditions for periodicity, but such conditions do not allow to prove that
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an analogue of Lagrange’s Theorem does not hold. From experimental results, it seems
very unlikely that Browkin’s algorithm provides periodic expansion for any quadratic irra-
tional. For this reason, in 2000, Browkin himself defined a new algorithm [5] and it has
been proved in [1] that also this second algorithm produces a finite continued fraction for
rational numbers. Browkin’s second algorithm works better on quadratic irrationals, but
also in this case they do not always present periodic expansions in continued fractions.
The periodicity of this algorithm has been investigated in [12]. Further studies on p-adic
continued fractions can be found in [9,10,18,19]. Thus, it is worth to study the definition
of new algorithms for p-adic continued fractions.

In this paper, we give a sufficient condition on the partial quotients of a p-adic continued
fractions in order to achieve the convergence in Q. In particular, we study a condition
that allows to extend the idea of Browkin in [5], giving space to several possible new
definitions of p-adic continued fractions. Exploiting this condition, we then propose a new
p-adic continued fraction algorithm that is a natural generalization of the construction
performed in [5] for the second algorithm of Browkin. Moreover, we also prove that this
new algorithm terminates in a finite number of steps on each o € Q.

2 Preliminaries

Let us denote with v,,(-) and | - | 5, respectively, the p-adic valuation and the p-adic absolute
value over Q, where p is an odd prime. The Euclidean norm will be denoted as usual by
| - |. We denote a continued fraction of a value o with the usual notation as

1
a:b0+—1:[b0,b1,b2,...].
by + ——
1
by + —

Moreover, we call ‘g—:, for all n € N, the convergents of the continued fraction, that may
be defined recursively by using the well-known formulas

A() = b(), BO = 1)
A1 =biby+ 1, Bi = by,
A, =b,A_1+A,_oforn>2, B,=b,B, 1+ B, ;forn>2.

The first important requirement when designing an algorithm for p-adic continued frac-
tions is that all the expansions converge to a p-adic number, that is
Ap
lim — =a €Q,.
n—+oo By, Qp

The first algorithm proposed by Browkin in [4] works as follows. Starting from an input
ao € Q, then the partial quotients of the p-adic continued fraction are evaluated by

by = s(ay) n>0 (1)

1
U4l = Gy

where s : Q, — Q is defined by
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+0o0

for a p-adic number o = )" a,p" € Qy, withr € Zand a, € {—p;l, ey ’%1}. In this
n=—r

algorithm, the function s plays the same role of the floor function in the classical algorithm

of continued fractions in R. Ruban’s algorithm [14] employs the same function s, with the
only difference that the representatives are taken in {0, ..., p — 1}. More than 20 years
later, Browkin defines another algorithm in [5], where starting from ag € Q,, the partial
quotients by, for n > 0, are evaluated by

by = s(ay) if n even
b, = t(ay) if # odd and v, (cr,, — ()
by = t(ay,) — sign(t(ay,)) if n odd and vy (e, — (o)) #

0

2)
0
W1 = Gl

+00
where t : Q, — Q is another function defined for any p-adic valuea = )~ a,p" as
n=—r

1
to) = Z anpn)

n=-—r

with » € Z and a, € {—1%1, e ’%1}. In the following we will refer to (1) and (2)
respectively as Browkin I and Browkin II.

The convergence in (Q, of the continued fractions generated by Browkin I is based on
the following lemma.

Lemma 1 [4, Lemma 1] Let an infinite sequence by, by, . .. € Z[%] such that v, (b,) < 0,
for all n > 1. Then the continued fraction [by, by, . . ] is convergent to a p-adic number.

In fact, the partial quotients b,, arising from Browkin I, for n > 1, all have negative
valuations.

For what concerns Browkin I, the p-adic convergence relies on the following lemma.

Lemma 2 [5, Lemma 1] Let an infinite sequence by, by, . . . € Z[}%] such that, foralln € N,

Vp(bZn) =0

Vp (b2n+1) <0

3)

Then the continued fraction [by, by, . . .] is convergent to a p-adic number.

Remark 3 The proofs of Lemmas 1 and 2 exploit the strict decrease of the sequence of
valuations v,(B,,By+1). Moreover, requiring the sequence v,(B, B, 1) strictly decreasing
is equivalent to ask that v,(B,4+1) < vp(B,—1) for all # > 1. Thus, the divergence of the
sequence of valuations implies the convergence of the correspondent p-adic continued
fraction. Indeed, in this way we have that

. An+1 An .
nlggo v <Bn+1 - B_n = nlgr;o —Vp(BuBpt1) = +00,
and
@ — ﬂ — @ — ﬂ — ‘ﬂ =pvp(Ban+l),
Bm Bn p Brz+1 Bn p BanJrl p
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proving that {‘%} N is a Cauchy sequence and therefore convergent in Q,,.
" Jne

3 Convergence of p-adic continued fractions

The reduction of the number of partial quotients having negative valuations shows better
properties in terms of the periods of quadratic irrationals, as pointed out in [5]. Therefore a
promising approach for the definition of a new algorithm should be a further modification
of Browkin II: we may define a “3-steps”-algorithm that generates the partial quotients
such that, foralln € N,

Vp(b3n+1) <0
Vp(b3nt2) =0 (4)
Vp(b3ni3) = 0.
Such a construction turns out to be more complex than the previous two algorithms
defined by Browkin. In the following example we show that a sequence having these
constraints does not converge without a stronger hypothesis. In particular, for every

prime p, we may construct a suitable continued fraction that does not converge to any
p-adic number.

Example 4 Let p be an odd prime. We are going to show that there exists a sequence
bo, by, ... € Qp with, forall m e N,

Vp(b3n+1) <0
Vp(b3n+2) =0
Vp(b3n+3) =0,

such that the sequence v,(B,,B,41) does not diverge to —oo. Let us define b; = }9. The
first denominators of the convergents are

By =1,
1
Blzblz_;
p
by +
By = byB1 + By = Zp 4
bsby+1)+b
BgzbsBﬁBl:w,

Their valuations are

vp(B1) = vp(}?) — -1
vp(B2) = vp<b2;p) =-1,
<(b3b2 +1) + bsp

),
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Let us choose suitable b, and b3 such that bsbo+1 = p (for example, by = 2and b3 = 1%1).
Then

b3p +
Vp(BS):Vp< PP

) =vplbs+1) = 0.
At this point, for a generic n € N for which
Vp(B"o'nJrl) =-1, Vp(BBnJrZ) =-1, Vp(BBnJrB) >0,
we are going to show that there exists a choice for the partial quotients such that

Vp(B3(nt1)+1) = —L Vp(Baur1)+2) = =1L Vp(B3ur1)4+3) = 0.

We can write

a
Bsyt1 = ;1, with v,(a1) = 0,
a
Bsyi2 = ;2, with vy (az) = 0,
B3y 13 = as, with v,(a3) > 0.

We have two cases:

+ Inthe case that vy(a3 + a2) = 0, we choose b3, 14 = 1%. Therefore,

asz + ap
B34 = b3n1aB3ny3 + B3piy = ——.
Its valuation is
Vp(BSn+4) = Vp(ﬂS +ap) — Vp(p) =-1

so that we can write Bsj,1+4 = ‘;74, with v,(a4) = 0. Subsequently,

as b3nysas + azp
B35 = b3y15B3uta + B3ugz = b3n+5; +az = HT;
with v (b3,45) = 0, so that v,(B3,15) = —1. It means that B3, 5 = %, with vy(as) =

0. At the following step,

b3nteas + as
p

Notice that a4 and a5 are arbitrary elements that are nonzero modulo p and we can

B3yi6 = b3u16B3nts + Banra =

choose a suitable b3, 16 such that
bsy+eas + as = 0 mod p.

We obtain that p divides b3,1645 + a4 and so v,(B3u16) > 0. In this case we have
obtained that, starting from

Vp(B3n+1) = =1, Vp(B3py2) = —1, vp(B3py3) = 0,

then

VpBs+1)+1) = =L vpBspt+1)+2) = =L vp(B3pr1)+3) = 0.

66
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+ Let us examine also the case v,(a3 + a3) > 0. Here we choose b3, 14 = 1%' Since
vp(az) = 0 and v, (a3 + az) > 0, necessarily also v,(a3) = 0. The next denominator is

2a3 + as
B34 = b3nyaB3yi3 + B3y = ——.

Notice that since p divides a3 + a3 but does not divide as, it can not divide 2as + ay.

In this way v,(2a3 + a2) = 0 and

Vp(B3nta) = vp(2a3 + az) — vp(p) = —1.
Then we get

Vp(B3n+s5) = Vp(b3n+5B3p+a + B3pt3) = —1,

where v,(b3,,45) = 0, and so we can write

a
Bsyra = —4, with Vp(ﬂ4) =0,

NS

Bsyts = ;5, with v,(as) = 0.

At the next step we have

b3nteas + aa
V4

B3yi6 = b3y16B3uts + B3nta =
As before, we choose b3, such
bsyt+eas + as = 0 mod p.

In this way we get v,(B3,+6) > 0. Hence, also in this second case we have obtained
that

Vp(B3(nt1)+1) = — L Vp(B3ut1+2) = =1L vp(B3uy1)+3) = 0.

We have just constructed a sequence of denominators B, such that the sequence of
valuations vy (B;By+1) = vp(By) + vp(Bus1) can not diverge to —oo. In fact, in particular,
Vp(By) = —1forall n € N and the p-adic continued fraction is not convergent.

Starting from the observations of the last example, we would like to characterize the
strict decrease of the sequence v, (B,B, 1) in general. From Remark 3, it is sufficient to
investigate the condition v, (B, 11) < vp(B,—1) foralln > 1.

In the following, by, by, . . . are elements of Q, such that v,(b,) < 0 forall#n € N. In fact,
as we are going to see in the next results, Browkin’s hypothesis of b, € Z[ 117] forallm e N,

seen in Lemmas 1 and 2, is not needed.
Lemma5 Foralln > 1, if vy(Buy1) < vp(Bu—1), then
Vp(Bu+1) =< vp(Bn).
Proof Let us recall that
Vp(Bnt1) = Vp(bpt1Bn + By—1) = min{vy(by+1Bn), vp(Bu-1)}

with the equality for vy (b,11By) # vp(Bu—1).
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If vy (by1By) < vp(By—1), then
Vp(But1) = Vp(bus1Bn) = Vp(bu+1) + vp(By) < vp(By),
since v, (b,y41) < 0. Instead, if v, (b1-1B4) = vp(Bu-1),
Vp(Buy1) = min{vy(buy1By), vp(Bu—1)} = vp(Bu—1),

but it is a contradiction with the hypothesis of v,(B,+1) < v,(B,—1), hence this second
case can not occur. |

On the other hand it is also possible to prove the following equivalence.
Lemma 6 Foralln > 1, vy(Bui1) < vp(Bu—1) ifand only if
Vp(buy1By) < vp(Bu—1).
Proof 1fvy(Byi1) < vp(Bu—1) and vy (bu41By) > vp(B,—1), then

Vp(Bn+1) = min{vp(bn+an): Vp(Bn—l)} = Vp(Bn—l);

but this contradicts the hypothesis.
Conversely, if v, (b4-1B4) < vp(Bu—1), then

Vp(Bn+1) = Vp(bn+an) < Vp(Bn—l):
and the claim is proved. |

Using the results obtained above, we may prove the following theorem on the charac-
terization of the strict decrease of the sequence vy (BB 11).

Theorem 7 The following conditions are equivalent:
(i) Vp(bpy1By) < Vp(Bn—l):for alln > 1,
(i) vp(bubus1) <O, foralln > 1.

Proof i) = ii)

Let us suppose that v, (b,11B,) < vp(B,—1) foralln > 1.

If vy(bpy1) < O, then vy(buy1by) = vp(bus1) + vp(by) < 0 and the claim is proved.
Therefore, let us assume v,(b,, 1) = 0 and we prove that v,(b,) < 0. Since v(b,41) =0
and

Vp(bu+1Bn) < vp(Bp-1),
then v,,(B,) < vp(By—1). The latter means that:
1 (B) = Vp(BuBo—1 + By2) < vp(Bu1).
Moreover, let us recall that, in general,
Vp(By) = min{vy(b,By-1), vp(By—2)}.

Ifv,(By—2) < vp(buBy—1), then we would have v,,(B,,) > v,(B,,—2), which is a contradiction
with the characterization of i) given by Lemma 6. Then v,(B,—2) > v,(b,B,—1) and it
follows that v, (B;) = v,(b,B,—1). Hence,

Vp(Bn) = Vp(ann—l) = Vp(bn) + Vp(Bn—l) < Vp(Bn—l);
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where the last inequality implies v, (b,) < 0 and this concludes the proof.

ii) = i)

Conversely, let us suppose that v,(b,b,11) < 0 for all » > 1. We prove the claim by
induction on 7.

Base step

By hypothesis, we have that v,(b152) < 0 and v,(b2b3) < 0. Hence, forn = 1 and n = 2,
we have that:

Vp(b2B1) = vp(bab1) < 0 = v(1) = v(By),
Vp(b3Ba) = vy(b3baby + b3) = vy(b3baby) = vy(b3ba) + vp(b1)
< vp(b1) = vp(By).
Induction step

Let us suppose that the thesis is true until a step # > 2 and we show it for n + 1. From
Vp(buyabny1) < 0 we get that either v, (b,12) < 0 or v,(b,41) < O (or both).

+ Casevy(byi2) < O:
In this case, using inductive hypothesis and Lemma 5 we get that v,(B,11) < v,(By),
hence:

Vp(bn+2Bn+1) = Vp(but2) + vp(But1) < Vp(Buy1) < vp(By).
+ Case v,(b,11) < 0: where the last inequality implies In this case we have
bpt2Bui1 = buya (bus1By + By—1),
therefore
Vp (but2Bp+1) < Vp (bp1By + By—1).
The inductive hypothesis ensures that v, (b,4+1B,) < v,(Bs—1), so
Vp (bnt2Bu+1) < Vp (bu1Bn) = vp (bpt1) + vp (Bu) < vp(Bn)

and this concludes the proof. ]

We easily obtain the following corollary, fully characterizing the strict decrease of the
sequence of denominators.

Corollary 8 Thesequence {vy(B,By1)}nen isstrictly decreasingifand only if v, (bub, 1) <
0foralln e N.

In other words, we have proved that the definition of two consecutive partial quotients
with zero valuation makes us lose the strict decrease of the valuation. Moreover, the
sufficiency of this condition means that every possible definition in this range works.
It would be interesting to study some algorithms that satisfy this hypothesis, different
from Browkin I and Browkin II. For example, it is possible to define 2 negative partial
quotients every 3 steps or partial quotients that are not in Z[ 119]’ as long as the condition,
Vp(bubuy1) < Oforall m € N, is satisfied.
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4 Design of a new algorithm

In Example 4 we have showed that an algorithm generating the partial quotients as in
(4) never assures the p-adic convergence of the continued fraction. Moreover, we have
characterized the strict decrease of the sequence v, (B, By 1).

However, for the negative divergence of this sequence, we do not need it to be strictly
decreasing. So we may wonder in which cases it diverges although it is not strictly decreas-
ing.

What we are going to see here is that adding one additional constraint on the two partial
quotients having null valuation it is possible to avoid the growth of the valuation of the
denominators B,,. In this way we succeed to obtain the convergence of a p-adic continued
fraction with only one partial quotient with negative valuation each three steps, as defined
in (4).

Theorem 9 Let by, by, ... € Q) such that, for alln € N:

Vp(b3n+1) <0
Vp(b3n+2) =0
Vp(b3n+3) =0.

Ifvy(b3n43b3442 + 1) = 0 forall n € N, then,
Vp(BSn—Z) = Vp(B?m—l) = Vp(BSVz) > Vp(33n+1)'

Proof Let us prove the claim by induction on n.
Base step

vp(Bo) = vp(1) = 0,
vp(B1) = b1 <0,
Vp(B2) = vp(bab1 + 1) = vp(b2) + vp(b1) = vp(b1) = vp(B1),
Vvp(B3) = vp(b3By + B1) = vp((b3ba + 1)B1 + b3By)
= vp((b3ba + 1)B1) = vp(B1) = vp(Ba),
Vp(Ba) = vp(baB3 + Ba) = vp(bs) + vp(B3) < vp(B3)
Vp(B1) = vp(B2),

where we employed that v,,(b4) < 0 and v,(b3by 4 1) = 0.
Induction step
Let us suppose that:

Vp(B3n—2) = Vp(B3p—1) = vp(B3u) > vp(B3u+1)-
In fact, the valuation of B3, is:

Vp(B3ny1) = Vp(b3u11B3n + B3u—1) = Vp(b3ug1) + vp(B3u) < vp(B3y),
since, by induction hypothesis, v,(B3,) = v,(B3,-1) and v,(b3,41) < 0.

Recalling that v, (b3,14) < 0and vy (b3, 353,42 + 1) = 0, at the following steps we obtain:

Vp(B3n42) = Vp(b3u12B3ns1 + B3n) = Vp(b3ni2) + Vp(B3ny1)

= Vp(B3n+1) < Vp(B3p),
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Vp(B3n43) = Vp(b3,43B3ny2 + B3ni1)
= Vp((b3n13b3112 + 1)B3y11 + b3413B3y)
= Vp((b3143b3n12 + 1)B3y11) = Vp(B3ut1)
= Vp(B3nt2) < vp(Bsn),
Vp(B3nta) = Vp(b3nyaB3nss + Baut2) = Vp(b3uta) + vp(B3nt3)

< Vp(BSn+3) = Vp(BBn+1) = Vp(33n+2)'

Hence, we have obtained that
Vp(B3n+4) < Vp(BSn+3) = Vp(33n+2) = Vp(B?erl) < Vp(B?m);
and this proves the claim. ]

Theorem 9 easily leads to the following corollary, achieving the convergence of a p-adic
continued fraction generating the partial quotients as in (4).

Corollary 10 Let by, by, . .. as in Theorem 9. Then the continued fraction [by, by, .. .] is
convergent to a p-adic number.

Proof We know from Remark 3 that the continued fraction [bg, b1, .. .] converges to a
p-adic number if and only if

Jm vy (BpBpt1) = —oo.

Notice that, foralln € N,
Vp(B3nB3n+1) > Vp(B3u+1B3n+2),

since v (B3u+1) < Vp(B3x) and vp(B3,i1) = Vp(B3ut2). Then
Vp(B3n+1B3n+42) = Vp(B3n2B3143),

since all the three valuations are equal. Moreover,
Vp(B3nt2B3n43) > Vp(B3ny3B3uia),

since v (B3ut4) < Vp(B3ny3) and v,(B3u13) = vp(B3nt2). So, the sequence v, (B, By41) is
decreasing and divergent. O

5 Some new algorithms
Starting from Theorem 9 and Corollary 10, we propose some new algorithms. We use
three different functions. For

+0o0 p—l
a=Y ap'cQ, a,c {O,:tl,:l:Z,...,:I:T},

n=-—r
the first two functions are the same s and ¢ of Browkin I, that are

0 -1
s(a) = Z anp”, ta) = Z anp”,

n=-—r n=-—r

and then the third is:

-1
+1 ifaoe{+2,...,pT}U{—1}
1
ula) =4 _ i _r-2 _
1 lfaoe{ e 2}u{+1}
0 ifay=0.

We can now design the form of two new algorithms.
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Definition 11 (First new algorithm) On input «g = «, for n > 0, our first new algorithm
works as follows:

b, = s(ay) if # =0 mod 3
b, = t(ay) if » =1 mod 3 and v,(e,, — t(aty)) =0
by = t(ay) — sign(t(a,)) ifn =1 mod 3 and vy (e, — t(a,)) # 0
b, = u(ay) ifn=2mod 3

1
Untl = g

Definition 12 (Second new algorithm) On input og = «, for n > 0, our second new
algorithm works as follows:

b, = s(ay) if # =0 mod 3
b, = t(ay) if =1 mod 3 and v,(e,, — t(ay)) =0
b, = t(ay) — sign(t(a,)) ifn =1 mod 3 and vy (e, — t(ay,)) # 0

by, = s(ay) — uloy,) ifn =2 mod 3

1
Ol = Gy

Remark 13 The choice of the third function u is a little tricky. The function ¢ takes all the
negative powers, leaving out the constant term. The function # needs to act on a p-adic
number with zero valuation, but it has to leave apart another term with zero valuation,
otherwise the third partial quotient will not have null valuation. Clearly, the choice of this

function can be done in several ways. In fact, there are a lot of manners to separate the

constant term g € {—’%1, ceos 1%1} in two nonzero parts. Here we have presented two

proposals, but it would surely be interesting to analyze also other options different from

ours.

Both of the constructions in Definitions 11 and 12 produce a sequence of partial quo-
tients by, by, ... € Q, such that, forall » € N,

Vp(b3nt1) < O
Vp(b3p42) =0
Vp(b3n) = 0.
We are going to see that also the additional condition required by Theorem 9, i.e.
Vp(b3ng2b3ny3 +1) =0, forallnm e N,
is satisfied for both algorithm.
Proposition 14 Let a € Q. Then the partial quotients generated by the new algorithms
in Definitions 11 and 12 satisfy the conditions of Theorem 9.
Proof To prove the claim, we are left to show that
Vp(b3pq2b3,43 +1) =0, forallm e N

We prove it only for the second algorithm, the other proof is similar. First we notice that,
by construction,

Vp(b3n2b3543) = vp(b3ut2) + v(b3u13) = 0,
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so that v, (b3, 4203443 + 1) = min{vy,(b3,42b3413), vp(1)} = 0. Let us show that the case
Vp(b3ut2b3,43 + 1) > 0 can not occur. For all # € N,

1

L —mtaptap it
3,41 — Hozn41)

A3p+2 =

and

banyo = s(azug2) — ulazuy2) = a0 F 1,

1 _
—) = (ao — b3n42) ' = £1.
Q3,42 — b3nio

b3nt3 = s(azp43) = S(
Therefore, the condition vy (b3,42b3,43 + 1) = 0 is satisfied if and only if
bant2(ao — bany2) ' = (£1)(ao F 1) = —1 mod p

is not fulfilled. However, this would imply that ag = 0 mod p, but this cannot happen,
due to the constraints in the algorithm when using the function ¢. ]

Finally we prove that the second new algorithm succeed in obtaining the finiteness of
the expansion for rational numbers, as it happens for Browkin I and Browkin II. We state
it in the following theorem.

Theorem 15 If o € Q, then the second new algorithm (Definition 12) stops in a finite
number of steps.

Proof Let us consider o € Q. We are going to show that the algorithm from Definition
12 stops in a finite number of steps when the input is «. By construction we have,

vp(@sks1) < 0, vplozgya) = vplaziss) =0,
so that we can write

N3t

agp1 = 7 With(N3xq1, D3iy1) =1 p IN3ky1Dsprrs 121,
Dsg11p
Nsji2 .
o3k = Dy’ with (N3x42, D3k42) =1, p IN3ky2D3k42
+
Nspi3 .
o343 = Duss’ with (N3x43, D3x43) = 1, p [N3ky3D3p43.
+

Let us notice that for this algorithm, for all # € N, the partial quotients are such that
b3nia € {—’%1 +1...,-1,1,..., 1%1 — 1} and b3,,43 = #£1, so that
p—3
|b3p42| < T: |b3n43] = 1.

Since v, (b3441) < 0, we can write

c
b3pt1 = 3;;'1, with v,(c3p41) =0, [ > L

The partial quotients b3, are generated by the function ¢ and it has been shown in [1]
that

1
lesny1l < pl (1 - _l> .
p
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For the sake of simplicity, we also write c3xyo = b3y and c3xy3 = bsgis, so that the
coeflicients ¢, always have zero valuation.

Exploiting g+ = ﬁ, we get

Niiy1(Nsg — c3xDsg) = p'DagDsjy 1,
Nty 2(N3ky1 — e3k11D3k41) = P' D3y 1D3ira,

N3i13(N3g 42 — c3x2D3k42) = DakyoDsis.

Since (|[Ny|, p|Dy|) = 1 for all m € N, then

IN3k+1] = |1D3kl, IN3ky2l = |D3gs1l [N3ky3l = [Dagsals

and
IN3k — e3xDsk|  IN3k| + leseDarl 1 1
[D3gt1l = ; < 7 = —INsk| + — [Dskl,
p p p p
IN3it1 — e3kr1D3p11] 1 1
|Daital = —= 7 < INskp1l +{ 1= = ) [D3gqal,
p p p

p—3
[D3k43] = IN3ky2 — c3k42D3042] < IN3kyal + (T) [D3g 2l

By using the formulas above we may write

p—1
IN3k43| + |1D3gq3] < |D3gy1l + T|D3k+2|

p—1{(1 -1
< D31l + =—— | 7 INzks1l + ——IDsx41
2 \p p

I+1 1)
p—1 pT+p —p+1
= IN3kt1l + 2 D311

I+1 !
p +p—p+1 1 1
] | = INsk| + D3kl
2p p p

I+1 ! I+1

pPT+p—-p+1 2T —p+1

= ( ol ) IN3«| + <—21 |Dail-
p 2p

p—1
< [Dag| +

= o

We have that 2p'*t1 — p + 1 < 2p%, since p? > p' for every [ > 1 and consequently we
also have p/*1 + p! — p+ 1 < 2p?.. Thus, we obtain, for all k € N, that

IN3k43] + 1D3kg3| < [N3g| + |[D3gl.

Since the sequence {|N3,| + | D3, |} en is a strictly decreasing sequence of natural numbers
it must be finite and hence « has a finite continued fraction. O

We conclude this section with an example of the continued fraction expansion of a
rational number obtained using this algorithm.

Example 16 Let us consider p = 7 and let us compute the continued fraction of ¢y =

1
— € Q5. Its expansion is

a0:—3—p+3p2+~~-,
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so that by = s(ag) = —3 and
1 5 1

= = =—-_-3-3p-3p*—....
" oo — by 14 p N ©
Then the second partial quotient is b; = (1) = —% and the following complete quotient
is
! 2
ay = =2
2 o1 — b1

Using the third function we get by = u(ap) = 1 and then
a3 =1 =s(a3) = bs.

1
Hence, the finite continued fraction for —c € Q7 using the algorithm of Definition 12 is

1 1
——=|-3-511|.
=[]

6 Generalization to n steps

The aim of this section is to generalize Theorem 9 to a generic n-step algorithm. On this
purpose, we also need several additional conditions on the valuations, thus we introduce
the following notation for a family of sequences. Let n, m € N, with m > 2, we define the
family of sequences LI,(,',q ) as

uo —1 g - b, Ut — bm+nu(") + =1
m 4 m 4 m m m ‘
Lemma 17 For every n > 2, the partial denominators B, can be obtained as:
B, =U{" "B + uy" ?By.
Proof Let us prove the claim by induction on #. For n = 2 and n = 3 it holds since:

By = byBy + By = U By + U{'By,
B3 = b3By + By = (b3by + 1)B1 + b3By = u2(2)31 + u?()l)B()

Now let us suppose that the claim holds at the steps #n and n + 1, that is:

B, = Uy VB + Uy By,
But1 = UY"By + Uy By,

We are going to show that it is true also for B,4». In fact:

Byt2 = bpy2But1 + By
= buya(Uy"By + Uy VBo) + (Uy" "By + 13" Bo)
= (sl + US" By + (bl + U)o
— u™VB, + U B,

It follows that the thesis is true for all # > 2. O
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Remark 18 Notice that Lemma 17 holds also starting from a generic step k. It means that
forallk e Nand n > 2,

B = U, Bryr + U

k+2 k+3 B

and the proof is similar to the case kK = 0 seen in Lemma 17.

Theorem 19 Let us consider r € NT and bo, by, ... € Qp such that, for all n € N:

Vp(brn-i-l) <0
Vpbruti) =0, Yie (2,...,r}.

Moreover let us suppose that, for alln € N,

vp(L[r(:l)H) =O0foralli € {2,...,r — 1} and forr > 3,
vp(LI,(}?JrS) =0forallie{2,...,r — 2} and forr > 4.

Then we have, for all n € N,
Vp(Bm+1) = Vp(Brn+2) == Vp(BrrH—r) > Vp(Brn+r+1)'

Proof Let us prove the claim by induction on #.
Base step
We prove the thesis for # = 0. The valuation of the first denominator is:

Vp(B1) = vp(b1) < 0.

By Lemma 17, fori e {2,...,r},
vp(Bi) = vp(Uy Y By + U Bo) = v, (U "V B1) = vp(b2B1) = vp(By).

At the following step, since v,(b,11) < 0, we get:
Vp(Br+1) = Vp(br+lBr +B,.1) = Vp(br+1) + Vp(Br) < Vp(Br)'

Hence, the claim is true for n = 0.
Induction step
Let us suppose that the thesis holds for a generic # € N, that is:

Vp(Brn+1) = Vp(Brn+2) == Vp(Bm+r) > Vp(Brn+r+1)‘

We want to prove the claim for n + 1.
Here we use Remark 18 with k = r(n + 1). Now, fori € {2,...,r},

(i-1) (i-2)
Vp(Br(n+1)+i) = Vp(urzn_,_l)_,_QBr(nJrl)Jrl + Ur2n+1)+3Br(n+1))

(i-1)
= Vp(urzn+l)+23r(”+1)+1)

i—1
= VP(U;Ezn+)1)+2) + Vp(Br(n+1)+1) = Vp(Br(n+1)+l)-

At the following step, since v, (by(,+2)+1) < 0, then:

VoBrn42)+1) = Vp(Br(n+2)+1Br(n+2) + Br(nt2)—1)

= Vp(br(n42)+1Br(n+2)) < Vp(Br(ns2))-

The induction is then complete and the claim holds for all # € N. O
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Corollary 20 Let r € Nt and b, by, . .. as in Theorem 19. Then the continued fraction
[bo, by, . . .] is convergent to a p-adic number.

Proof Using Remark 3, the continued fraction [bg, b1, . . .] converges in Q, if and only if
nEToo Vp(Ban+1) = —0oQ.

By Theorem 19 we have that, forall n € N,
Vp(Brn+lBrn+2) == Vp(Brn+r—lBrn+r) > Vp(Brn-i-rBrn—i-r—i-l);

so that the sequence v, (B, B4 1) is decreasing and divergent to —oo. O

By Corollary 20, we obtain the convergence of a p-adic continued fractions algorithm
generating the partial quotients as

Vb (brn—‘rl) <0

Vp(brn+2) =0
Vp(brn+3) =0 (5)

Vp (brnyr) = 0.

With a construction similar to the one made in Example 4, it can be proved that the
conditions of Theorem 19 are necessary for the p-adic convergence.

7 Conclusions

In this paper we have analyzed the convergence of p-adic continued fractions in order to
give a better understanding for the design of an algorithm that enjoys some properties sim-
ilar to those holding for classical continued fractions in R. At the present moment such an
algorithm does not exist, because an analogue of Lagrange’s Theorem has not been proved
yet. In Theorem 7, we have characterized the strict decrease of the valuations v, (BB 1),
used by Browkin in [4] and [5]. This characterization guarantees the p-adic convergence
of all the algorithms generating partial quotients such that v,(b,) + v,(b,41) < 0 for all
n € N. Outside from this hypothesis, we have also obtained some effective conditions for
the convergence of a p-adic continued fractions with only one negative partial quotient
each r steps. In particular, Browkin’s continued fractions in [4] and [5] are respectively the
cases when r = 1and r = 2. For the case r = 3 we have proposed some actual algorithms,
proving that one of them terminates in a finite number of steps when processing a rational
number.
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