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This work presents the derivation of pointing profiles for a satellite mission requiring continuous observations
of a ground path. The study is directly applied to the INvestigation of Convective Updrafts (INCUS) mission, a
three-satellite constellation designed to investigate tropical convective storms through time-differenced radar
observations. A sequence of pitch, roll, and yaw rotations was investigated to align each spacecraft with the
reference ground path, while accounting for mission-specific requirements and constraints. A pointing strategy
with fixed pitch and time-varying roll was examined to achieve ground-path pointing. A subsequent yaw
rotation was then studied to ensure correct cross-track alignment of the radar footprints. A numerical search-
strategy was performed to derive the time difference between observations and the pointing profiles, while an
additional analytical formulation was also developed to address the footprint alignment problem. The effects
of in-track spacecraft knowledge position errors on both the pointing profiles and cross-track alignment of the
footprints were also investigated. Moreover, the effects of variations in orbital inclination and altitude on the
pointing profiles have been addressed.

Satellite constellation

1. Introduction in which the degree of freedom about the pointing axis is constrained

by selecting among various criteria, such as minimizing the rotation

Many Earth-observing space missions are required to continuously
point their payloads or instruments towards specific locations on Earth
for extended periods of time. This requirement translates into orienting
the spacecraft so that an axis of interest — such as an antenna boresight
— is directed towards the desired location on Earth. Several studies
have addressed the problem of ground-target tracking for various
applications. A general method for autonomous tracking is presented
in [1], where the spacecraft is commanded to point a body-fixed
axis to a specific location on Earth, while minimizing the amplitude

angle with respect to a given reference frame, minimizing the deviation
angle between two specified vectors, minimizing angular velocity, or
satisfying additional payload constraints. Among other applications,
satellite attitude maneuvering has been investigated to enable specific
scanning modes in spaceborne synthetic aperture radar systems. In [5],
an attitude maneuver scheme was proposed to achieve sliding spotlight
mode, in which the antenna boresight is directed towards a designated
virtual rotation center to enable azimuth beam steering and improve

of the desired angular velocity. A similar problem is tackled in [2],
where a spacecraft is required to point a spaceborne camera towards a
fixed point on ground for real-time video monitoring. Both the staring
attitude and angular velocity are derived, with the former characterized
by a zero-yaw angle throughout the entire process to ensure minimal
image distortion. A sunlight-reflection staring mode is discussed in [3],
in which the spacecraft is controlled to reflect sunlight towards a
designated ground location when the required geometric conditions are
satisfied. A general derivation of the staring attitude is presented in [4],
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azimuth resolution. In [6], an attitude maneuvering strategy was an-
alyzed to image multiple closely spaced targets in both staring and
sliding spotlight modes, while minimizing retargeting time between
consecutive target observations. In a similar vein, a general real-time
attitude guidance planner for consecutive target observation with near-
optimal retargeting time minimization was presented in [7]. Aside from
the different applications, the common pointing mode among the cited
studies involves staring at a single or a few consecutive fixed ground
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targets for a certain period. To the best of the authors’ knowledge,
no relevant studies have been found addressing spacecraft attitude
maneuvers aimed at tracking a continuous ground path. Falling within
the latter category, the present study investigates ground-path pointing
through attitude maneuvering, with direct application to the INCUS
mission.

The Investigation of Convective Updrafts (INCUS) is a NASA Earth
Venture Mission aimed at enhancing our understanding of how trop-
ical convective storms form [8]. INCUS’s core interest is the vertical
transport of water and air in convective storms, known as convective
mass flux (CMF). CMF plays a crucial role in weather and climate
systems, and a global quantitative assessment of its impact on several
atmospheric phenomena is pivotal to the atmospheric science commu-
nity. Estimates of CMF can be obtained from time-differenced radar
reflectivity measurements acquired by microwave radars [9]. Based
on this notion, the INCUS mission employs a constellation of three
spacecraft to perform measurements of time-differenced radar reflec-
tivity from Low Earth Orbit (LEO). The three spacecraft are deployed
in the same orbit, with time separations of 30 s between the first and
the second, and 120 s between the first and the third. Each of the
three spacecraft is equipped with a Dynamic Atmospheric Radar (DAR),
with one of the three also carrying a Dynamic Microwave Radiometer
(DMR). Each DAR can generate seven sequentially activated, partially
overlapping beams near nadir, whose 3 dB footprints are required to
overlap by 2/3 in the cross-track direction (i.e., the 4th beam in the
sequence is the central beam, with beams 2 and 6 at the edges of the
swath, following the numbering identifiers shown in Fig. 1), resulting
in a total swath width of approximately 9km [10]. Given the near
vertical viewing geometry and accounting for the DAR range resolution
of approximately 120 m, each of the 7 beams on each of the 3 spacecraft
produces near-vertical sections of the troposphere (typically referred
to as ‘curtain plots’) as it moves along its trajectory. The resulting
observation from each spacecraft is a 3-D depiction of condensate
in the storms. These are then compared across the 3 spacecrafts to
observe the movement of condensate inside a storm (in essence pro-
ducing 3 consecutive 3-D frames of the evolving storm within 120 s).
Therefore, the INCUS constellation will be able to make systematic
in-cloud observations of weather systems at the timescale required to
capture their nonlinear dynamic [11], and with the necessary spatial
resolution. To enable continuous time-differenced observations of the
same three-dimensional atmospheric regions, the three spacecraft must
be oriented towards a common Earth-fixed reference path. In addition,
DAR’s footprints must be properly arranged around this reference path
to achieve the desired overlap and swath width. As described in the fol-
lowing sections, ground-path pointing is achieved through a sequence
of pitch and roll rotations, while a yaw rotation is applied to align
the footprints. A numerical search strategy was applied to derive the
pointing profiles and the time difference between observations. In the
present study we assume each spacecraft is capable of directly tracking
a series of aimpoints uplinked from ground stations, while it lacks the
ability to generate the yaw profile onboard (which must therefore be
computed on ground and uplinked to the spacecraft). Motivated by
this, an analytical formulation was explored to derive a general law
for the yaw, given the aimpoint locations and the spacecraft’s attitude
and position. It is shown that the footprint alignment problem can
be formulated as a boundary value problem; however, it does not
admit a simple closed-form solution. When the yaw profile is computed
on ground, it is generated using predicted spacecraft positions rather
than the actual positions. As a result, potential knowledge errors on
the spacecraft positions may affect the cross-track placement of the
footprints, since the yaw rotation will only correctly position them if
the actual spacecraft positions match the propagated ones. To assess the
impact of such knowledge errors on the footprint cross-track placement,
perturbations were introduced into the simulated spacecraft positions.

The article is organized as follows. Section 2 provides a more in-
depth description of the pointing problem and the mission constraints
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and requirements. Section 3 presents the numerical search strategy used
to achieve the pointing of the ground path, while Section 4 outlines
the numerical approach to achieve the alignment of radar footprints.
The analytical formulation for the footprint-alignment problem, as
well as the technical obstacles encountered in obtaining a closed-
form solution, are discussed in Appendix A. Appendix B describes the
equations required to define the local osculating-sphere approximation
of the Earth’s ellipsoid, which was adopted to locate the footprints on
the Earth’s surface. Section 5 presents the simulation of the pointing
profiles for a single spacecraft in the constellation, as well as their
variations under changes in orbital altitude or inclination. The effects
of in-track knowledge position errors on both single-satellite and multi-
satellite observations are also discussed in Section 5. Final remarks are
provided in Section 6.

2. Problem formulation

The INCUS mission consists of a constellation of three smallsats,
named INCUS 1, INCUS 2 and INCUS 3, flying on the same inertial
orbital plane. According to the mission plan, the three spacecraft are
to be released by the same launch vehicle on a common circular orbit.
The entire system is expected to operate anywhere between 450 km and
580 km, with a range of possible inclinations being acceptable. For this
analysis, we assume a mean altitude of 500 km and inclination of 38
degrees . The first spacecraft (INCUS 1) is notionally 30 s ahead of the
second spacecraft (INCUS 2) and 120 s ahead of the third one (INCUS
3). This configuration derives from the scientific requirement that the
constellation must observe the same 3-D profiles of radar reflectivity
with a nominal time separation of 30, 90 and 120 s between each
observation.

2.1. Ground-path pointing

To achieve time-differenced observations of the same 3-D reflectiv-
ity profiles, the three spacecraft are commanded to follow a common
path on Earth. Since the spacecraft are released on the same inertial
plane with an in-track time offset, their ground tracks shift relative to
one another due to Earth’s rotation. As a result, off-nadir pointing is
required to align them with a common reference path. In particular,
the reference path is defined as the ground track traced by a virtual
spacecraft positioned 60 s behind INCUS 1, and thus 30 s behind
INCUS 2 and 60 s ahead of INCUS 3. This choice minimizes the
maximum off-nadir angle among the three spacecraft, and thus the
parallax error among time-differenced observations of 3-D reflectivity
profiles. Ideally, the nominal time separation between observations can
be achieved by pointing each spacecraft to the intersection between the
parallel passing through the subsatellite point and the reference ground
path. However, the pointing strategy is subject to other scientific and
instrumental constraints:

1. In order to minimize the parallax error among time-differenced
observations of 3-D reflectivity profiles, it is required for the
off-nadir angle of each spacecraft to be smaller than 5°;

. In order to avoid strong surface clutter in the signal from specu-
lar returns from bodies of water, it is desirable to point at least
one full beamwidth away from geodetic nadir.

For these reasons, each spacecraft is commanded to maintain a fixed
forward pointing of 2.5° followed by a roll rotation to point to the
common reference ground path. Consequently, the time separation
between observations will differ from the in-track time separation
between spacecraft [12]. The in-track time separation would then be
adjusted such that the pointed spacecraft achieve the desired —60, —30,
or +60 second observation time offset relative to the reference ground
path.
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Fig. 1. Instantaneous 3 dB footprint pattern. The figure shows the time instant when only feed 1 is active. The other footprints (with dashed contours) serve as
an illustration of the instantaneous footprint pattern if all the feeds were activated simultaneously.

2.2. Footprint pattern

The Dynamic Atmospheric Radar (DAR) employed on each space-
craft consists of seven antenna feeds arranged to have adjacent 3 dB
footprints overlapped by 2/3 across track. Fig. 1 provides a schematic
representation of the instantaneous 3 dB footprint pattern of the DAR.
Each feed is activated in sequence, one at a time, generating a beam
whose boresight is assumed to be fixed relative to a spacecraft body-
fixed reference frame. Denoting this frame as F& £ {OZ, e® }, where OB
is a fixed point on the spacecraft and e a basis of axes rigidly attached
to it, the boresight of each beam is defined by assigning the fixed angles
v, and v, relative to FEB. By choice, these two angles are set to zero
for beam 4, which means that the latter is aligned with the z-axis of
FB.

Achieving the ideal footprint pattern shown in Fig. 1 is not straight-
forward, as the realization of the intended cross-track overlap depends
on the spacecraft’s orientation. Therefore, in addition to pitch and
roll rotations required to point each spacecraft towards the reference
ground path, an additional rotation is performed to yaw the spacecraft
and ensure the footprints are aligned. The description and solution to
this issue will be discussed in Section 4.

2.3. Knowledge position errors

According to INCUS operations [13], each spacecraft has three
ground contacts per day, which can be used to downlink the spacecraft
position or uplink the pointing profiles. The pointing profiles, when
generated on ground, would require the most recent spacecraft position
to ensure accuracy. In particular, the pointing profiles would be gener-
ated using the downlinked spacecraft position from a given contact to
generate the pointing profiles to uplink on the next contact. Given the
asymmetry between contacts, the maximum time between contacts can
be as large as 19 h, without accounting for potential missed contacts. A
conservative approach would be then to consider the pointing profiles
valid for two days. During this time, the spacecraft position is affected
by knowledge errors that can be as large as 2 km and mostly affect
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the in-track direction. Indeed, a +2 km error has been identified as
a substantial along-track positional uncertainty over a two-day period
under off-nominal conditions.

As the pitch, roll, and yaw profiles would be generated based
on propagated spacecraft positions, any displacement of the latter
introduce pointing errors. Specifically, if the pitch and roll profiles
remain the same but are applied to spacecraft positions different from
those used for their generation, then the spacecraft may no longer
point towards the reference ground path. To overcome this issue, the
spacecraft is commanded to track specific aimpoints uplinked from
the ground station, instead of pitch and roll profiles. In the case of
knowledge position errors, the spacecraft will still point towards the
desired location, but with variations of the pitch and roll angles. On the
other hand, the yaw profile is still generated on ground and uplinked
during a convenient contact opportunity, as the spacecraft is assumed
to lack the capability to generate it in real-time. The presence of
knowledge errors on the propagated spacecraft positions may cause
additional errors in the cross-track position of the footprints. These
aspects are discussed in Section 5.

3. Ground-path pointing

The pointing strategy of INCUS consists in selecting and orienting
a fixed axis of interest on the spacecraft (e.g., a boresight direction)
towards the reference ground path. Without loss of generality, let the
body-fixed axis e? be the pointing direction. As shown in Fig. 1, this
axis represents the z-axis of the body-fixed frame F®, and coincides
with the boresight of beam 4. The objective is to orient frame F? so
that the designated pointing axis intersects the reference ground path.
The orientation of F? is described relative to a Local-Vertical Local-
Horizontal frame FL & {OB,eL}, whose axes are defined as follows:

L a L L

ex —ey xez

el 2 T X Vi

7 1
[era % v10] ™

L A l.IB

e =2 —

z r
IB
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Fig. 2. Illustration of the ground-path pointing problem. The light blue dashed
line represents the Earth-fixed ground path, while O denotes the aimpoint
observed on the path at a given time instant. OF is a point fixed with the
spacecraft, while O' denotes the center of the Earth.

where r,, and v, , are the position and velocity of the spacecraft at
time 7, and r, , = ||r, ,||. Note that 08 has been set equal to the center
of mass of the spacecraft, which is assumed to be a body-fixed point.
The orientation of F2 is described by a Y-X-Z sequence of rotations
that superimposes frame FL onto frame F5. As illustrated in Fig. 2,
the first rotation is about axis eyL by angle 9, named the pitch angle.
Note that by the definition given for axis ef, positive pitch angles result
in the DAR pointing backward. Consequently, forward-pointing of the
DAR is achieved with negative pitch angles. This first rotation generates
a reference frame F’ 2 {OB e } The second rotation is about axis e,
by angle ¢, named the roll angle, which generates a second reference
frame F” 2 {OB,e” } Lastly, the third rotation occurs about axis e/z’
by angle v, named the yaw angle. As far as ground-path pointing is
concerned, only the pitch and roll angles § and ¢ need to be defined.
The goal of the pointing problem can be summarized as finding the
pitch and roll angles such that the pointing vector r ., parallel to ef s
aims at the reference ground path. Since the pitch angle 0 is fixed due
to mission constraints, the problem reduces to the computation of the
roll angle ¢.

The first rotation of § about ef generates the intermediate reference
frame F’. This frame is fully determined since frame F! is defined
from the orbit and the value of 6 is specified. Since the pointing vector
rp. is determined through the rotation of the unknown roll angle ¢
about e/, vectors r .. and e/ must be orthogonal. Since the ground
path is known as an interpolated function of a time series of Earth-fixed
positions, the determination of the pointing vector can be formalized
as the root-finding problem:

(2)

where r,.(r) represents the ground path positions as a function of
time. Finding the time instant 7* for which the previous equation holds

€ - [rlG(T) - rIB] =0
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allows the computation of the pointing vector:

r r 3

Br =T ~Yrp
being r,,. & r,,(z*) the position of the observed point OT on the
reference ground path at time r. It is important to emphasize that two
different time variables are being used. One is a time variable, denoted
as t, related to the orbit propagation of the actual INCUS spacecraft.
The other is a time variable, denoted as r, which describes the motion
of the virtual spacecraft and its ground track positions. The pointing
vector r,,, found at each time instant f, points to a unique point
O characterized by a specific time 7*(¢). Since this time represents
the moment when the virtual spacecraft passed through the location
identified by O, the time difference between observations is simply
computed as:

At @

Lastly, the roll angle is computed using geometric relationships be-
tween the axes of frames F’ and F”. The axes of F" are defined based
on the known axes of F’ and the pointing vector r ;. as follows:

_ *
vbs_t_T ®

"o

e =e
x x
" oA I /"
e =e e
y z X X (5)
el & _rBT
"
BT

Noting that €/, lies in both the plane defined by e and el and the plane
defined by e’y’ and e//, the pitch and roll angles are given by:

6 = atan2 (e, - e)f,eiZ ~ef) 6)
¢ = atan2 (e’z . e;’,e; . e’z’> ()]

Although Eq. (6) is clearly not needed at this stage (since the pitch
angle ¢ is fixed) it will be of use for deriving the new pitch angles
when knowledge errors on the spacecraft positions are considered (as
described at the beginning of Section 5).

4. Footprint alignment

The measurement technique of INCUS requires the DAR of each
spacecraft to observe a common ground path, with the swath charac-
terized by footprints overlapping by 2/3 across track (Fig. 1). Although
the antenna feeds are mounted to generate the intended footprint
pattern, the actual footprint disposition around the reference ground
path may differ. The actual footprint disposition primarily depends on
the attitude of the spacecraft. Although pitch and roll rotations allow
for tracking of the reference ground path, they do not account for the
cross-track placement of the footprints relative to it and also introduce
distortions on the footprint pattern. Fig. 3 illustrates the problem from
an Earth-fixed perspective. As shown in the figure, footprint 6 is not
aligned correctly after the pitch and roll rotations, as the footprint
should be placed on the right track of the three-footprint-wide reference
swath (in light blue). In general, the imprinted footprint at a particular
time does not have the correct cross-track placement relative to the
reference swath. The correction for the footprint misalignment can be
achieved through a third attitude rotation. After defining the pitch
and roll angles to achieve the ground-path pointing, the third degree
of freedom around e/ can be exploited to bring each footprint on
the correct track (Fig. 3). Since by choice e’z’ is defined as parallel
to the pointing vector r .., the rotation leaves the direction of the
latter unchanged, while altering the boresight direction associated with
the imprinted footprint, and thus its location relative to the reference
ground path. The yaw angle y needed to achieve this correction
is derived through a numerical search strategy from an Earth-fixed
perspective. An additional analytical formulation of the problem was
undertaken to find a closed-form solution for the yaw rotation. The
analysis was conducted from an inertial perspective, which enables
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Fig. 3. Illustration of the footprint misalignment. The Earth-fixed reference
swath is depicted in light blue, while the light blue dashed line in the middle
represents the reference ground path. Imprinted footprint 6, taken here as
an example, is depicted in black. Point O represents the aimpoint, while
OF is the center of the imprinted footprint. Note that the positions of the
spacecraft and the footprint are here referenced to the center of curvature of
the surface, O€, rather than the Earth’s center O’ (see discussion in Section 4.1
and Appendix B). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

the description of the footprint misalignment relative to the reference
ground path as a displacement resulting from Earth’s rotation. Although
a closed-form solution is not readily attainable, the approach may be of
interest and is detailed in Appendix A. The next section describes the
numerical search from an Earth-fixed perspective, as it offers a more
intuitive and broadly applicable solution.

4.1. Footprint position

To quantify the cross-track placement of the footprint, it is first
necessary to compute its location. This location is computed as the in-
tersection between the boresight direction (given by u, . =r,./r,,) of
the beam associated with the footprint and the Earth’s surface. The first
step is to define the Earth’s surface. By modeling the Earth as a WGS84
ellipsoid, the surface in the vicinity of the observed point OT can be
approximated as an osculating sphere (see Appendix B). Knowing the
Earth-centered Earth-fixed (ECEF) coordinates of the position vector
r,,, the surface normal at O can be determined through (B.2). From
the surface normal, the radius of curvature R_ and the position of the
center of curvature relative to the Earth’s center, r , can subsequently
be obtained through Egs. (B.5) and (B.6). Once the surface has been
defined, the second step is to convert the boresight direction from
its known coordinate representation in the spacecraft’s body frame to
ECEF coordinates. Given that the spacecraft is considered oriented as
frame F” prior to the yaw rotation, the coordinate transformation is
obtained through the direction cosine matrix from frame F” to the
ECEF frame at the time of observation.

The location of the footprint relative to the center of curvature
(i-e., r.) is determined through trigonometric considerations applied
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to the triangle formed by vectors rp, rp. and r,
Given that the spacecraft’s position vector r., = r., +r,, and the
boresight direction u,, are known, and assuming that the magnitude
of r . is equal to the radius of curvature R based on a locally spherical
Earth assumption, it is possible to use the laws of sines to write:

cp» Shown in Fig. 3.

sin (7[—)1F) sinnB

(8

rCB r

CF
where 7, is the unknown interior angle between r
is th.e knf)wn interior angle between r 5 and r .. By solving (8) for 7.,
the interior angle between Tep and ropis computed as Ne = 7=(Np+ng).

By using basic trigonometry, the magnitude of r ;. can be computed as:

pp and ro ., and 7,

rCB - rCF COSI’]C

cos

)

"pr =
Knowing both the direction and magnitude of r
sition can.be computed.as Top = Teptr
expressed in ECEF coordinates.

g the footprint po-

BF where all vectors are

4.2. Footprint cross-track angle

Once the position of the footprint is known, its cross-track angle
relative to the reference ground path can be computed. The first step
is to define a reference frame along the ground path that defines the
along-track and cross-track directions. To this end, both positions and
velocities of the ground path are required. Given that the reference
ground path is assumed to be a known time series of ECEF positions,
its velocity can be estimated numerically. A reference frame F¢ £
{0%,e%} can be defined for each position O as:

G A G G
e —eyxez

e
ll” XV[G

G A
e’ =
y

o, vl uo

G A
e =,

being u, the unit surface normal at 0% and Vi the earth-fixed velocity
of the reference ground path, expressed in ECEF coordinates. The cross-
track angle is measured at the point on the reference ground path where
the footprint is perpendicular. By interpolating the along-track unit
vector e¢ along the ground path, this condition can be formulated as
the root-finding problem:

el ef(r)=0

1)

£ r.p/rcp and 7 is the time variable related to the virtual
spacecraft propagation. The interpolated axes of frame e¥ are then
evaluated at the root, from which the cross-track angle ¢ can be
computed as:

-ef)

4.3. Footprint relocation

where e’ £

e = atan2 (ef -efef a2)

The position of the footprint is modified via a yaw rotation so
that its cross-track angle relative to the reference ground path matches
the desired value e,. The desired cross-track angle ¢, is computed by
assigning an ideal orientation and beam configuration to the virtual
spacecraft. In particular, the virtual spacecraft is assumed to have its
z-axis pointed at the geodetic nadir, with its x-axis aligned with the
ground track earth-fixed velocity at its subsatellite point. The beam
configuration of the virtual spacecraft shares the same y, angles (il-
lustrated in Fig. 1) as the actual INCUS spacecraft, but the angles y , in
the forward-aft direction are set to zero. The cross-track angles of the
footprints generated by the virtual spacecraft set the reference for the
relocation algorithm. The algorithm consists of the following iterative
procedure, illustrated in Fig. 4:
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- (0)

Fig. 4. Footprint’s relocation strategy. ¢ represents the cross-track angle prior to the yaw rotation, while ¢ and ¢® correspond to the values resulting from

the tentative yaw rotations y‘" and y®, respectively.

1. A tentative yaw angle y is applied. The boresight direction of
the footprint is rotated around e/ by y (see Fig. 5):

ug =T (y.e) ug, 13
where:
T(9,u) = E + W sin 9 + 21 sin’ g 14

is the general Rodriguez formula for the rotation dyadic [14,
Section 2.1], in which 9 and u are the angle and axis of ro-
tation, while E is the 3 x 3 identity dyadic and u the 3 x 3
skew-symmetric dyadic of u.

2. The new geocentric position of the footprint, r(.,., is computed
following the procedure described in Section 4.1, through which
r¢, is found knowing the spacecraft position, r,, the rotated
boresight direction of the footprint, uS,, and the radius of the
osculating sphere, R, at point or.

3. The cross-track angle e associated with the new position of
the footprint is evaluated through Eq. (12) after solving the
root-finding problem (11).

4. Steps 1 to 3 are repeated until the condition ¢ = ¢, is met.

d

5. Results

The methodology described in Sections 3 and 4 is applied to the
nominal INCUS orbital configuration (Table 1) to generate the space-
craft pointing profiles (Section 5.1). INCUS 1, 2, and 3 share the
same orbit as the virtual spacecraft, but they are spaced relative to it
by an in-track time separation of +60, +30 and —60 s, respectively.
Although the pointing geometry relative to the common reference
ground path — and therefore the pointing profiles — varies among
the spacecraft because of their different in-track time separation, the
attitude strategy used to generate these profiles is identical for all
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Table 1
Orbital elements.

Epoch June 1st 2026
Semi-major axis 6878 km
Inclination 38 deg
Eccentricity 0

Argument of perigee 0 deg
Longitude of node 0 deg

of them. For this reason, the simulation will focus on one particular
spacecraft of the constellation. Since the off-nadir angles increase as
the in-track time separation increases, INCUS 1 was selected as a case
study, as it exhibits the largest absolute in-track time separation relative
to the virtual spacecraft, together with INCUS 3. In what follows, the
virtual spacecraft is set as pointed at its geodetic nadir, with its x-axis
aligned with the ground track earth-fixed velocity at its subsatellite
point. INCUS 1 is commanded to point towards the ground track of the
virtual spacecraft through a sequential pitch and roll rotations. Since
the pitch is set equal to —2.5° (forward pointing), only the roll profile
is presented. The time difference between observations associated with
this pointing strategy is also presented.

The radar employed by INCUS 1 generates seven sequentially ac-
tivated beams. The boresight associated with each beam is considered
fixed relative to the body-fixed frame F%, with orientation described by
a pair of angles v, and y,, as illustrated in Fig. 1. The values for y , and
Y., are provided in Table 2. The same y,, angles are considered for the
beam configuration of the virtual spacecraft, but with angles y , set to
zero. The yaw profile associated with the beam configuration of Table
2 is presented for INCUS 1. The effectiveness of the yaw rotation is then
evaluated in terms of cross-track distance of the footprints relative to
the reference ground path.

Additional simulations are presented in Section 5.2 to assess how
knowledge errors on the spacecraft position affect the pointing profiles
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Fig. 5. Illustration of the footprint relocation through a yaw rotation.

Table 2
Angles describing the orientation of each beam’s boresight relative to body
frame FB. The beams numbering denotes the order of activation.

7, [degl Ve [degl
Beam 1 -1.2 —-0.2333
Beam 2 -1 0.35
Beam 3 -0.6 -0.1167
Beam 4 0 0
Beam 5 0.6 0.1167
Beam 6 1 -0.35
Beam 7 1.2 0.2333

and the cross-track distance of the footprints. Following the consid-
erations in Section 2.3, the spacecraft is pointed towards the same
aimpoints derived for the nominal case, but its position at the time of
observation is modified to simulate the knowledge position error. This
results in a variation of the pointing vector r,, along with frames FL
and F”. The pitch and roll angles corresponding to the new spacecraft’s
position and attitude are then simulated. The yaw profile is kept the
same as in the nominal case, but it is now referenced to the z-axis
of the new F” frame. As this modifies the cross-track placement of
the footprints relative to the reference ground path, the cross-track
distances are simulated again for the new spacecraft’s position and
attitude. The spacecraft’s position error is introduced by rotating the
spacecraft’s position vector r, , around the instantaneous direction of
the orbital angular momentum. The rotation angle is computed as
I/r,p, being I the arc displacement associated with the knowledge
position error. First, the pointing profiles are simulated for / = 2km,
which is representative of a significant along-track knowledge position
error in off-nominal scenarios. Then, a sensitivity analysis for /
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-2,-1.9,...,2km is carried out to evaluate the cross-track errors of
the footprints, relative to their desired value, for different position
errors on the spacecraft position. An additional sensitivity analysis was
conducted for multi-satellite observations to assess the relative cross-
track distance between footprints imprinted by different spacecraft
of the constellation under different combinations of the knowledge
position error. Finally, Section 5.3 illustrates the effects of variations in
the orbital average altitude and inclination on the pointing profiles and
provides a verification of the 2/3 footprint-overlap requirement under
these variations.

The simulation is run for a single orbital period, with a time step of
20 ms corresponding to the sequential activation of the antenna feeds.
The orbit and the ground track were simulated using the Python library
Skyfield [15], which implements the SGP4 model for the orbit and the
WGS84 model for the Earth. The code was implemented in Python.

5.1. Nominal case

This section presents the results corresponding to the orbital param-
eters in Table 1, the beam configuration in Table 2, and considering a
fixed-pitch pointing strategy. A representation of the pointing strategy
from a ground track perspective is provided in Fig. 6. The figure shows
the subsatellite point of INCUS 1 (red dot) when the argument of
latitude u is equal to 45°. For a fixed forward pitch pointing of 2.5°,
INCUS 1 intercepts the ground track of the virtual spacecraft at point
OT. Given the time of observation of INCUS 1, the subsatellite point
of the virtual spacecraft after 60 s (i.e., the in-track time separation)
is represented for reference by a hollow circle. As this point and O”
are observed at different times from the virtual spacecraft, a direct
implication is that the pointing strategy changes the difference between
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Fig. 6. Ground track of the virtual spacecraft (in blue) and INCUS 1 (in black).
The observed point is O7, while the red point represents the subsatellite point
of INCUS 1 when its argument of latitude is 45°. The hollow blue circle
represents the point on the reference ground path where the time difference
between observations is equal to 60 s. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

the observation time of INCUS 1 and the observation time of the virtual
spacecraft. Fig. 7 shows the time difference between observations, as
defined in (4). The time difference is negative because INCUS 1 is
ahead of the virtual spacecraft, meaning that a given point is observed
earlier from INCUS 1. As shown in the figure, the pointing strategy
increases the time difference between observations by approximately
6.5 s compared to the nominal in-track time separation. The variation
of At , along the orbit is caused by effects of a non-zero osculating
eccentricity, which introduces a variation at the orbital frequency, and
the change in the geocentric radial distance of the observed points due
to the Earth’s oblateness, which leads to a more significant variation at
twice the orbital frequency.

Fig. 8 illustrates the time series of the roll angle required to point
towards the reference ground path. As shown, the roll time series is
well approximated by a cosine function with orbital frequency and with
amplitude of approximately 2.2°. Maximum roll values occur near the
equator, where the shift between the ground tracks is the greatest. Zero
roll angles occur slightly before the argument of latitude of INCUS 1
reaches 90° and 270°. Specifically, zero roll values occur when INCUS
1, considered as tilted solely by the fixed-pitch angle relative to frame
FZL, has pointing vector r pr intersecting the reference ground path. For
a given orbit and in-track time separation, the argument of latitude of
INCUS 1 where this occurs depends on the value of the fixed-pitch angle
and the Earth model used to define the reference ground path. Indeed,
the argument of latitude at the zero-roll crossing has been observed to
change when a spherical Earth model is used instead of the WGS84
ellipsoid to define the reference ground path.

The time series of the yaw angle is illustrated in Fig. 9. The unfil-
tered time series (in blue) exhibits high-frequency oscillations, which
reflect small unsmooth variations of the yaw angle when moving from
one footprint to another. In fact, these oscillations result from the
footprint arrangement on ground and the corresponding change in
geometry when passing from one to another. The distortions in the
footprint pattern introduced by the roll angle are the main source of
these perturbations, as they are more evident where the roll values are
higher. There is also an additional effect caused by the non-planarity
of the reference ground path, but it does not appear to be significant.
While the unfiltered time series represents the yaw values that achieve

588

Acta Astronautica 240 (2026) 581-599

the correct footprint alignment, its high-frequency variations are unde-
sirable for the spacecraft. For this reason, since the oscillations repeat
after the same beam is activated, they are smoothed out by performing
a moving average with a number of samples that is an integer multiple
of the number of beams. In the presented simulation, a Savitzky-Golay
filter with 70 samples has been used. The averaged time series is
shown in orange, and almost completely overlaps with the fitted cosine
function. Similar to the roll profile, the yaw profile exhibits orbital
periodicity with an amplitude of about 2.53°. Maximum yaw angles are
observed near the equator, where footprints exhibit the largest out-of-
track velocity components relative to the inertial subsatellite trajectory
of the virtual spacecraft (see Appendix A and Fig. 19). Zero yaw values
are expected when INCUS 1 points near the highest and lowest latitudes
of the reference ground path, as in this case the footprint velocity
would have zero out-of-track component. Additional variability on the
location of the zero-yaw crossing is introduced by the values set for the
reference cross-track angles ¢, and by the pitch and roll angles, as the
initial uncorrected position of the footprint influence the entity of the
yaw rotation.

Fig. 10 illustrates the footprints’ cross-track distance after the yaw
rotation, and the corresponding desired reference values. Small differ-
ences are observed between the cross-track positions of the footprints
imprinted from INCUS 1 (solid green curve) and the reference ones
(solid blue curve). Note that this error is caused by the yaw-averaging
operation shown in Fig. 9, as the cross-track distance of the footprints
matches the desired reference values when the unaveraged yaw (dotted
green curve) is applied. The cross-track distances exhibit overall vari-
ations over time, which are a direct consequence of altitude variations
(Fig. 11) resulting from both the orbit and the Earth’s ellipsoidal model.
The dashed orange curve represents the cross-track distance of the
footprints in the case of a +2km knowledge error on the spacecraft’s
position and is discussed in Section 5.2. By comparing the different
subplots in Fig. 10, it can be observed that adjacent footprints exhibit
a cross-track angular distance of approximately 1km. Given that the
footprint radius associated with the nominal INCUS configuration is
about 3km, the 2/3 overlap requirement is satisfied. On the other hand,
the desired footprint overlap is not achieved when the corrective yaw
rotation is not performed, as illustrated in Fig. 12. In the absence of yaw
correction, the footprints are correctly placed only twice along the orbit
(that is when the red and green curves intersect). This occurs when the
yaw angle in Fig. 9 is zero.

5.2. Effects of knowledge position errors

Fig. 13 illustrates the new pitch profile associated with a forward
in-track variation of the spacecraft’s position of 2km. The pitch angle,
initially set to a fixed value of —2.5°, now exhibits variability along the
orbit and shows smaller values overall. The smaller values result from
moving the spacecraft position forward, which reduces the forward
pitch required to point to the same aimpoint. The variability, on
the other hand, is caused by changes in altitude, as can be seen by
comparison with Fig. 11. Although the variation in pitch angle is not
negligible, its absolute minimum value remains sufficiently large to
prevent the occurrence of strong clutter returns that may happen when
pointing nadir. Fig. 14 shows the comparison between the original roll
angle and its profile in the case of a +2km position error. The roll
profile is marginally affected by the introduction of the in-track position
error, as the two profiles are almost coincident.

As pointed out earlier, Fig. 10 shows the cross-track distance of
the footprints in the case of a +2km in-track knowledge error on
the spacecraft’s positions (in orange). Small differences with respect
to the reference cross-track angles (solid blue curve) are observed
when a +2km position error is considered (dashed orange curve).
Fig. 15 shows the maximum and mean of the absolute values of this
difference for position errors ranging from —2km to +2km. It can be
observed that the mean of the absolute error decreases for footprints



P. Martire et al.

Acta Astronautica 240 (2026) 581-599

—66.40 A

—66.45 1

—66.50

At-abs [S]

—66.55

—66.60

—66.65

1000 2000

3000 4000 5000

Time t [s]

Fig. 7. Time difference between observations. The red dots highlight the time difference at specific arguments of latitude of INCUS 1.
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Fig. 8. Roll time series (in blue) and its cosine fit (green dashed). The top of the figure shows the parameters of the cosine function. The red dots highlight the

values of the roll angle at specific arguments of latitude of INCUS 1.

2, 5, 6 and 7 moving from negative to positive knowledge position
errors, indicating that the presence of positive position errors brings
these footprints closer, on average, to the desired cross-track distance
values. For footprints 1 and 3, a decrease is followed by an increase
while moving from negative to positive knowledge position errors.
Overall, it can be observed that the maximum absolute error among
the footprints occurs for footprint 6, with a magnitude of approximately
15 m occuring for a knowledge position error of —2 km. The impact of
this error on the scientific retrievals is negligible.

While Fig. 15 illustrates the impact of knowledge position errors
on the footprints’ cross-track distance relative to the desired values for
INCUS 1, it does not account for the relative error between footprints
when considering multi-satellite observations. Specifically, it is of in-
terest to analyze the relative error in the cross-track distance at the
same coordinate along the common reference ground path between a
footprint imprinted by a spacecraft of the constellation and the same
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footprint (i.e, with the same label number) imprinted by another space-
craft. In visual and practical terms, this error is computed by generating
the dashed orange curves in Fig. 10 for a given spacecraft and for
different knowledge position errors, and then computing the difference
with the corresponding curves generated for another spacecraft and
for different knowledge position errors. It is important to recall that
the orange curves generated for a given knowledge position error are
affected not only by the knowledge position error itself but also by yaw
averaging. Because two different spacecraft of the constellation might
introduce different yaw-averaging-induced errors, these combine with
those induced by the knowledge position error in the multi-satellite
error analysis.

The cross-track errors of the footprints among multi-satellite ob-
servations were simulated for the combinations INCUS 1 — INCUS 2,
INCUS 1 — INCUS 3, and INCUS 2 — INCUS 3. The maximum and mean
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Fig. 10. Cross-track angular distance of the footprints relative to the reference ground path. Footprint 4 is omitted, as its center is designed to lie on the reference
ground path. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

absolute cross-track errors for different combinations of knowledge po-
sition errors were then analyzed for each multi-satellite configuration.
Fig. 16 shows the results for the INCUS 1 — INCUS 2 multi-satellite
configuration, which was found to exhibit the largest error. As shown
in Fig. 16, the largest maximum absolute error (top figure) and the
largest mean absolute error (bottom figure) occur for footprint 6 for
the knowledge position error combination (+2km, —2km), with values
of approximately 8 m and 3.5 m, respectively. Lower values, both in the
maximum absolute error and in the mean absolute error, are observed
for the other footprints, with the largest values occurring for the two
knowledge position error combinations (—2km, +2km) and (+2km,
—2km). Given the magnitude of these errors, their impact on the
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scientific retrievals is negligible and does not affect the accuracy of the
time-differenced radar observations.

5.3. Effects of dltitude and inclination variations on roll and yaw profiles

The roll and yaw profiles derived for the nominal orbit configura-
tion are subject to variations when different inclinations or altitudes are
considered. This section illustrates how the roll and yaw profiles change
when considering a range of inclinations from 28° to 48° or altitudes
from 450 km to 580 km, which are feasible for the INCUS constellation.
As shown in Figs. 8 and 9, both the roll and yaw profiles are well
approximated by a cosine function with specific amplitude and orbital
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Fig. 11. Altitude of the virtual spacecraft. The red dots highlight the altitude at specific arguments of latitude of the virtual spacecraft.
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Fig. 12. Cross-track angular distance of the footprints relative to the reference ground path. Footprint 4 is omitted, as its center is designed to lie on the reference
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frequency. The amplitude of the roll and yaw profiles varies as the
inclination or the average altitude of the orbit changes. The variation
in the amplitude of the pointing profiles is analyzed for INCUS 1, taken
here once again as an illustrative example.

Fig. 17(a) depicts the change in amplitude for the roll and yaw
profiles as the average altitude varies from 450 to 580 km. While the
semi-major axis is adjusted to achieve the altitude variation, the other
orbital elements are kept the same as in Table 1. As shown, the roll
amplitude decreases as the average altitude increases. Since the in-track
time separation is fixed, the relative shift between the ground tracks is
not affected by the increase in altitude. However, because of the greater
altitude, smaller roll angles are required to cover a comparable distance
on the ground. This explains the reduction in the roll amplitude as the
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average altitude increases. A second effect of the altitude increment
is the decrease in orbital velocity, which in turn modifies the angle
between the tangent to the reference ground path on the Earth and
the East direction. Recall that the reference ground path corresponds
to the ground track of the virtual spacecraft, which is also affected by
the increase in altitude. For the considered orbital configuration, the
variation of the reference ground path due to an increase in altitude
causes the uncorrected footprint (i.e., the one that would be imprinted
with zero yaw) to be placed, on average, farther from the desired cross-
track distance. Consequently, a larger yaw is required to place the
footprint correctly.

Fig. 17(b) depicts the change in amplitude for the roll and yaw
profiles as the inclination varies from 28° to 48°, while the other
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Fig. 14. Roll time series (in blue) and its profile in case of a forward in-track position error of 2km (orange dashed). The red dots highlight the roll angle at

specific arguments of latitude of INCUS 1.

orbital elements are kept the same as in Table 1. As shown, the roll
amplitude increases as the inclination increases. This effect is due to
a greater relative shift between the ground track of INCUS 1 and the
virtual spacecraft occurring during the 60 s in-track time separation. An
increase in yaw amplitude is also observed as the inclination increases.
This effect follows from considerations similar to those made for the
altitude case, as an increase in inclination modifies the angle between
the tangent to the reference ground path on the Earth and the East
direction.

Lastly, Fig. 18 shows the verification of the 2/3 footprint-overlap
requirements in the case of variations in average altitude (Fig. 18(a))
or inclination (Fig. 18(b)). For each orbit, characterized by a given
average altitude or inclination, the mean cross-track distance of each
footprint relative to the reference ground path was computed. The
mean footprint diameter (vertical red lines) was also calculated for each
orbit, based on the central beam of the virtual spacecraft, which by
design points towards its geodetic nadir. As can be visually observed,
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the 2/3-overlap requirement is always satisfied, since adjacent foot-
prints have their centers separated by one-third of the total footprint
diameter.

6. Conclusions

The present work describes the derivation of pointing profiles for a
mission requiring continuous observation of a ground path. The study
is specifically applied to the INCUS mission, which employs a constella-
tion of three satellites to enable the systematic investigation of tropical
convective storms. Mission-specific constraints and requirements were
considered during the derivation of the pointing profiles. In particular,
a fixed-pitch strategy was performed for ground-path pointing, while
yaw maneuvering has been explored to achieve cross-track alignment of
the footprints. A numerical search strategy was employed to derive both
the roll and yaw profiles, and an additional analytical formulation is
provided to address the footprint alignment problem. The methodology
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Fig. 15. Cross-track error of the footprints for different in-track knowledge position errors on the spacecraft positions. Footprint 4 is omitted, as its center is

designed to lie on the reference ground path.

was first applied to a single-satellite simulation to generate and analyze
the pointing profiles and verify the correct cross-track alignment of the
footprint. A single-satellite simulation was also carried out to illustrate
the variation in the amplitude of the pointing profiles with changes in
average altitude or inclination, as well as to verify the 2/3 footprint-
overlap requirement under these variations. The impact of spacecraft
position-knowledge errors on the pointing profiles was analyzed for
a single spacecraft, while their effect on the cross-track alignment of
the footprints was analyzed for both single-satellite and multi-satellite
observations.

Results from a single-orbit simulation of INCUS 1 show that both roll
and yaw profiles exhibit a cosine-like pattern with orbital periodicity.
An increase in the yaw amplitude was observed with increasing average
altitude or inclination. In contrast, the roll amplitude decreased with
increasing average altitude, while it increased with increasing inclina-
tion. For the considered range of average altitudes and inclinations, the
angular values of the pointing profiles remain smaller than 3°. Given
the symmetric orbital disposition of INCUS 1 and INCUS 3 relative to
the virtual spacecraft, with INCUS 2 being closer to it, comparable or
lower values of the pointing profiles are expected for the other two
spacecraft of the constellation. Given the small angular values of the
pointing profiles, the parallax error on time-differenced observations
of 3-D reflectivity profiles is expected to remain within acceptable
limits. The results also demonstrated that yaw rotation enables accurate
cross-track alignment of the footprints with the desired overlap.

The single-satellite analysis showed negligible errors in the cross-
track distances of the footprints relative to their desired values when
position-knowledge errors were considered. The multi-satellite analysis
showed that the relative error between multi-satellite observations
is also negligible, and therefore does not affect the accuracy of the
time-differenced radar measurements.

Lastly, the single-satellite simulation showed that the time interval
between observations varies due to the pointing strategy; therefore,
a modification of the in-track time separation between spacecraft is
required to achieve the nominal time separations between observations
of the same location on the ground.
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Appendix A

This section provides an analytical formulation of the footprint
alignment described in Section 4 from an inertial perspective. The
approach is illustrated in Fig. 19. Let us consider that, at a given time
t,, one of the INCUS spacecraft is observing a specific point OT on
the reference ground path and imprinting a footprint at OF. Since OT
lies on the ground track of the virtual spacecraft, let us assume that
the virtual spacecraft is positioned at the Zenith of OT at time t, (to
simplify the description, we also assume a spherical Earth such that
the geocentric and geodetic Zenith coincide). Starting from time ¢,
the virtual spacecraft will move along its orbit, while the imprinted
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Fig. 16. Maximum and mean absolute cross-track multi-satellite observation error for different combinations of knowledge position errors.

footprint will move due to Earth’s rotation. From this standpoint,
the motion of the virtual spacecraft and the footprint can be treated
separately. During this motion, it is of interest to find the time 7,
at which the geocentric position of the footprint is perpendicular to
the earth-fixed velocity (i.e., Vi) direction defined at the subsatellite
point of the virtual spacecraft. This approach is equivalent to find
the point on the reference ground path at which the position of the
footprint is perpendicular (as described in Section 4.2, but from an
earth-fixed perspective). For comparison, the cross-track angle ¢ in Fig.
19 is equivalent to angle ¢© in Fig. 4. Notice that both represent the
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cross-track angle relative to the reference ground path prior to the yaw
rotation.

As discussed in the following, the problem can be formalized as a
system of ordinary differential equations describing the motion of the
footprint relative to the inertial subsatellite trajectory of the virtual
spacecraft. Both the initial and final positions of the footprint are
subject to geometric constraints. At time 7 , the geocentric position
must be perpendicular to the ground path, having the desired cross-
track angle. At time 7, the position must satisfy the equation of a cone,
since the spacecraft can relocate the footprint only through a rotation
about the yaw axis.
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Fig. 17. Variation in the roll and yaw amplitudes as a function of average altitude (a) and inclination (b). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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Fig. 18. Verification of the 2/3 footprint-overlap requirement in the case of altitude (a) or inclination (b) variations. The red dashed vertical lines represent the
mean footprint diameter for each considered orbit.

A.1. Footprint position defined as:
T TH
S s e xe;
x T " "
“ef x el ’
Given the knowledge of the footprint’s geocentric position (Sec- el 2T yoT” (A.2)
y 4 x
tion 4.1), the first step consists in locating the footprint relative to the s YIF
N . . . . e, = —
inertial subsatellite trajectory of the virtual spacecraft (Fig. A.20). For z rE

i T A T oT\ § i i . . o1s .
this reason, a reference frame F! = {O e } is defined at each time 1 By introducing the auxiliary unit vector:

as:
T A T T
e, e Xe (A.3)

T A T T

e, =e Xxe,

=

the along-track angle relative to F' is computed as:

T
el XV
Ta _z7NT ) ,
o e vl A a=aan2 (el -el.el el (A.4)
Z
r
el & 1T while the cross-track angle relative to FT is given by:
z
-
IT
B = atan2 (e:’ . ein,ef, . e?”) (A.5)

where v, is the absolute velocity of the virtual spacecraft’s subsatellite

point. The inertial coordinates of r . and v, at t, can be derived

T T
I _ TIEE I _ mIEEge o I E o I
as 'ryp, = T’o r,p and Viry, = T,U Vip + 0% X "ira,
T!E is the rotation matrix from ECEF to ECI coordinates at t,» while

A.2. Equati ti

. where quations of motions
As the footprint motion is dictated by the Earth’s rotation, point OF

will move, in general, in both the along-track and cross-track directions

the subsatellite point in ECEF coordinates. As shown in Fig. A.20, the (see Fig. A.21). This motion can be described by the time derivatives of

0
Eyp r and £ v4, are the geocentric position and earth-fixed velocity of

footprint’s position vector r,, can be described through a sequence of ~ the along-track and cross-track Euler angles (namely « and f) defined
Euler angles in the along-track and cross-track directions. To this end, a in (A.4) and (A.5). The Euler angles rates can be related to the Earth’s
second reference frame FT" & { OF e\ is derived from FT through angular velocity ®® by considering a general Y-X-Z rotation sequence

. | N . that superimposes frame FT onto frame F¥. It follows that:
a Y-X sequence of rotations. Given that e]  is aligned with r, ., and

noting that both e/ and e!” are orthogonal to e?”, the axes of FT" are of

_ oo T o paT” o oo F
=de, + pe, +rne; (A.6)

595



P. Martire et al.

Vit t,

Fig. 19. Cross-track placement of the footprint from an inertial perspective.
The black dashed line represents the inertial subsatellite trajectory of the
virtual spacecraft, while the light blue dashed line indicates the virtual
spacecraft’s ground track at time 7,. The imprinted footprint at time 7 is
depicted as a circle with a black contour, while its position at 7, is shown as
a circle with a green contour. The white dots with a black contour represent
the subsatellite point of the virtual spacecraft and the position of the footprint
at 1, respectively. The white dots with a green contour represent the same
points at time #,. Vectors v T and v, F., Tepresent, respectively, the absolute
velocity of the virtual spacecraft’s subsatellite point and the footprint at time
1, Vector ViTJ. represents the earth-fixed velocity of the virtual spacecraft’s
subsatellite point at time ¢,. (For interpretation of the references to color in

this figure legend, the reader is referred to the web version of this article.)

where &, f and # are the three unknown Euler angle rates. At the same
time, the Earth’s angular velocity can be expressed in the FF frame as:

E _F_ E.F _ F_E.,F _ F_E.F
= a)xex+ a)yey+ e,

® (A.7)

By performing the cross product of x e for Egs. (A.6) and (A.7) and
equating the results, we obtain:

s oepaT" _ a1 _F_EF _F, E.F
@ cos fe; ﬁey ="w/e wce, (A.8)

Since frame FF is obtained by rotating frame FT” about eI’ by angle 7,

then ef’ = cosy ez/,+sin nel” and ef = —sing ez"+cos n e;, . Substituting
these equations into (A.8) results in:
1 (F E F E )
= '’ cosn+ " @, sin A9
cosp \ @y cosn \ sing (A.9)
ﬂ=wa cosn—wa siny (A.10)

Similarly, the equation for # can be found by performing of - ef' for
Egs. (A.6) and (A.7) and equating the results:

(A11)

—dsinﬁ+1‘1:FcozE

596

Acta Astronautica 240 (2026) 581-599

The substitution of & from Eq. (A.9) in the latter yields:

F_E

n = tan p (wa cosn + Fa)f sin n) + o, (A12)

Egs. (A.9), (A.10), and (A.12) form a system of coupled ODEs that
describe the time evolution of the Euler angles «, # and #. These
equations can be written in matrix form as:

& singy cosn wa
! cos f} cos f§ F E
/? =] cosy —sing 0] "y (A.13)
n tanfsing tanfcosy 1 F“’zE

It must be noted that of has constant components relative to FF, as
it defines the inertially fixed axis of rotation about which FF rotates
with constant angular velocity. The integration of Eq. (A.13) yields the
time evolution of the Euler angles, and thus the motion of the footprint
relative to FT.

The inertial subsatellite trajectory of the virtual spacecraft is ap-
proximated as a locally uniform circular motion from ¢, to ¢,, dictated
by the absolute velocity v,,., . Assuming a spherical Earth model, the
validity of this approximationodepends on the orbital motion during the
period ¢, —t,. Although ¢, is not known, it can be estimated to be on
the order of magnitude of , ~ a, Jo" (where o' is defined next). By

expressing the absolute velocity of 0T asv,,. =Tv,,. el +o” xr,, and
cross-multiplying it by r,,., we obtain:
r..Xv
o = 1T ‘ T (A.14)
T

From which it follows that the along-track motion of O is equal to:

a () =o' (t—1,) (A.15)

Having described both the inertial subsatellite trajectory of the virtual
spacecraft and the inertial motion of the footprint, the next step is to
define the geometrical constraints at ¢, and ¢, that result in the desired
cross-track placement of the footprint at 7,.

A.3. Final constraint

During the inertial motion of the footprint and the virtual space-
craft, it is of interest to identify the time ¢, at which the geocentric
position of the footprint is perpendicular to the ground track direction
at ryr, (Fig. A.21). This condition is described by the following
geometrical constraint:

el (o) xefa, . f,) = sineuf (a]) (A.16)

where uf
e the cross-track angle relative to it. The unit vector ef* is described by
a rotation of el about axis ef by an angle o, thus:

- 4 Vi /1IV4p |l describes the local ground track direction and

T.T

e:*(ar) = sin aTeZ +cosa’ e, (A17)

Similarly, ef is described by a first rotation of el about axis ! by an
angle «, followed by a second rotation about ez/ by an angle g, thus:

ef(tx, p) = sina cos ﬁez —sin ﬂe; + cos a cos ﬂeg (A.18)
The cross-product between (A.17) and (A.18) yields:
cosal sin g
ez*(aT) xef(a,p) =[] |sin (a —a”) cos g (A.19)
—sinal sin g

.
1A [T  oF oT
where [e7] £ [ex el ez]

The velocity vector v, which describes the local direction of
the ground track, can be expressed as a function of «” by using the
following relation:

Vir (@) = (0" —of) xr,; (a”)

(A.20)
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Tirt,

0
Iirt,

Fig. A.20. Footprint angular position relative to the inertial subsatellite trajectory of the virtual spacecraft (black dashed line) at time 7. Footprint 6 is taken as
an example of the imprinted footprint at time 7. Angles @, and B, define the angular position of the footprint relative to frame F” at the time of observation 7.

It

Fig. A.21. Inertial subsatellite trajectory of the virtual spacecraft and inertial motion of footprint 6 from time ¢, to 1,.
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which relates the earth-fixed velocity of point O to its absolute veloc-
ity. By expressing a) and o® in FT coordinates and substituting (A.17)
into r,.(a”) =r, €l T (aT), Eq. (A.20) rewrites as:

e T T.T _T, E.T T E.T T E.T
vip (@) = (oel = Tofel ~Tofel ~Tafel)

X Frr (sin aTeZ + cos aTezT) (A.21)
Performing the cross products in (A.21) yields:
cosal (wT - wa)
Vor (") = Fir [eT] of cosa” —TwE sina” (A.22)
—sina” (a)T - Ta)yE)
The substitution of (A.19) and (A.22) into (A.16) yields:
cos ale sin ;) cos az; (a)T - Ta)f)
r .
sin <a, a,Tl ) cos f; | = sin e—1T Ta)E cos aT Tsz sin a’71-
inal si v;T(“rT)‘ T _ Ty
—sina, sinf, 1 —sina] ( )
(A.23)
The final constraint is now expressed as a function of af, a, and

By,» which are the angles at time 7, resulting from the 1ntegrat’110n of
(A 13) and (A.15). Note that the problem can be interpreted in two
ways, depending on whether ¢ is treated as an unknown or as a given
parameter. For instance, if the objective were to determine the value of
€ at a given time 1, then (A.13) and (A.15) can be used, given the initial
position of the footprint ¢, and p, , to compute the angles o:,Tl , @, and
ﬁtl , which can be then substituted into (A.23) to determine the vafue of
e. However, the objective of the present analysis is more complex, as we
aim for the footprint’s geocentric position at ¢, to be both perpendicular
and to form a specific angle ¢ relative to the reference ground track.
This condition may be satisfied at an unknown time ¢, and for an
unknown starting position of the footprint at ¢,.

A.4. Initial constraint

The geocentric position of the footprint at time ¢, can be modified
to achieve the desired cross-track placement at ¢,. However, this relo-
cation can occur only through a yaw rotation about axis e/ (see Fig.
5) due to attitude constraints. Therefore, the footprint posmon must
satisfy the following cone equation:

¢ pc ) _ _ ¢ pc\ _
Upr [rIF (aro’ 10) l‘13]— Trp <“x0’ zo) Trp

where y is the fixed angle between the unit ground track pointing vector
u,. and the footprint’s boresight, r,, is the spacecraft’s position at ¢,
and r, . is the geocentric position of the footprint Vector r, . can be

cosy (A.24)

IF
expressed, by means of (A.18), as r 1F=Tp® Z ﬂ‘ , Where a,‘;] and
p; represent the new angular position of the footprmt att,.

The solution to this problem can be summarized as determining the
angles afO and ﬂfo that satisfy the constraint Eq. (A.24), and for which

angles af, s and f, —obtained from the integration of Eq. (A.13)
and from Eq. (A.15) for a certain final time tl—fulfill the cross-track
placement constraint given by (A.23) with the desired angle ¢,. The
primary obstacle in obtaining a closed-form solution is that the system
of ODEs (A.13) is nonlinear and involves three coupled variables (a,
p, y), making it inherently difficult to solve analytically. Even if an
analytical solution were available, it would need to be substituted into
the nonlinear system of Egs. (A.23), which must then be solved for a‘;]
and f; . At the same time, a and f; must satisfy the initial constraint
given (1Jy (A.24). The comblned nonlinearity in both the ODE system
and the constraints makes it highly complex to derive a closed-form
solution. Although a closed-form solution is not readily attainable —
thereby motivating the use of the search strategy described in Section 4
— the presented formulation can be further investigated in future work
to obtain an analytical solution.
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Appendix B

This section provides the equations needed to define the osculating
sphere that best approximates the WGS84 Earth surface at any given
point. First, the surface of the WGS84-ellipsoid can be defined by the
following implicit function:

EX24E2 Ep

E,E_E X+ "y
F(X A ) a—2+b_2_1 (B.l)
where Er = [Ex, E Ez]T are the ECEF coordinates of a point on the

ellipsoid, while a = 6378.137 km is the semi-major axis and b = a(1-f) is
the semi-minor axis. The reciprocal flattening for the WGS84-ellipsoid
is defined as 1/f = 298.257223563 [16][Section 5.2.6]. The normal £n
to the WGS84-ellipsoid in ECEF coordinates is computed by taking the
gradient of F:

E E e, 17

En=VF(Ex,Eytz )=2[_x - _Z] (B.2)
a? a2 b2

from which the unit normal vector is defined as £u, = £n/||"n||. The

geodetic latitude follows directly from (B.2) and is computed as the
arcsine of the scalar product between the unit normal and the axis
aligned with the ellipsoid’s semi-minor axis, that is ¢ = arcsin (2 £z/8?).
The local osculating sphere at a given point on the ellipsoid is
defined by introducing the meridian radius of curvature, R, , and the
radius of curvature in the prime vertical, R N [16][Section 4.1.2]:

a(l —e?)
R (o)== ————— 2 (B.3)
M (1 = e2 sin® )3/2
a
Ry(p)= ———— (B.4)
N (1 — €2 sin’ )1/2
where e = 1/2f — f2 is the eccentricity. The mean radius of cur-

vature of the osculating sphere can be computed as the geometric
mean [16][Section 4.1.2]:

Ro(@) =1/R,(@)R(¥)

Lastly, knowing the ECEF position of a point, £r, the unit normal at
that point, Eun, and the mean radius of curvature, R, the position
of the center of curvature O relative to the Earth’s center O! can be
determined as:

(B.5)

E

rer = ReFu, = Fr (B.6)
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