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Abstract

The exponential growth of biological data has created unprecedented opportunities
for machine learning to advance our understanding of complex biological systems.
However, traditional machine learning approaches often treat biological data as
collections of independent features, ignoring the rich structural relationships that
characterize biological systems across all scales of organization. This dissertation
develops theory and methods for structure-aware machine learning, demonstrating
how incorporating structural knowledge into deep learning models can improve both
theoretical understanding and practical performance.

We begin by studying centrality measures under network growth, proving that
closeness, harmonic centrality, and betweenness satisfy rank semi-monotonicity
when an edge is added to an undirected network. We then address the “curse of
dimensionality”, proving that the success of deep learning stems from its ability
to exploit compositional sparsity, a hierarchical property inherent to all efficiently
Turing-computable functions. Moving from theory to practice, we demonstrate that
structural knowledge can be encoded directly into training objectives. We introduce
a hierarchical cross-entropy loss that embeds the cell ontology into the learning
process, improving out-of-distribution generalization by 12-15% for atlas-scale
single-cell annotation. Evaluated on over 6 million cells across diverse architectures,
this approach recovers roughly half of the performance drop observed when models
are applied to newly released studies. Finally, we address the practical bottlenecks
of training on large-scale datasets by developing a high-throughput data loading
solution that uses quasi-random sampling to enable efficient training on disk-resident
datasets comprising hundreds of millions of cells.
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Introduction

Machine learning succeeds when it captures the structural priors of the domain it
models [1, 2]. Spatial locality enables convolutional neural networks to excel at
image processing [3], translational equivariance underlies their robustness [4], and
homophily drives graph neural networks success on social networks [5, 6].

The deep learning revolution of the past decade can be largely understood through
this lens. Transformers dominate natural language processing not simply due to scale,
but because self-attention mechanisms naturally capture the compositional and con-
textual structure of language [7]. Protein structure prediction achieved breakthrough
accuracy with AlphaFold by incorporating geometric and physical constraints di-
rectly into the architecture [8, 9], exploiting the fact that protein folding is governed
by physical forces that respect spatial symmetries. In each case, the decisive factor
was not merely to apply more compute or data, but to design architectures whose
inductive biases align with the underlying structure of the problem domain.

Yet biological systems exhibit fundamentally richer patterns than those captured
by current architectures. Beyond spatial locality and homophily, biological orga-
nization manifests compositional hierarchies and symmetries that span molecular,
cellular, and tissue scales [10, 11]; sparsity in regulatory networks where genes
interact with only a small fraction of other genes [12, 13]; temporal dynamics that
govern development and disease progression [14]; and explicit taxonomic structures
refined through decades of experimental research [15]. These structural regularities
remain often unexploited in today’s models, despite being documented, formalized,
and made computationally accessible through community ontologies and knowledge
bases. This thesis develops theory and tools that enable machine learning to harness
these structural inductive biases, with the ultimate goal of building predictive models
that can reason about biological complexity.



2 Introduction

The Limitations of the Foundation Model Paradigm

Large-scale neural networks pre-trained on massive datasets, known as foundation
models, have recently transformed multiple domains from natural language process-
ing to computer vision. This paradigm promises a similar revolution in biology:
train a single large model on all available biological data, then adapt it to specific
prediction tasks through fine-tuning. The appeal is compelling, as biological data,
particularly single-cell omics, is now being produced at unprecedented scale. Single-
cell RNA sequencing technologies have become sufficiently affordable that datasets
now routinely contain millions of cells [16, 17]. The Tahoe-100M dataset profiles
over 100 million cells across 379 drug perturbations and 50 cancer cell lines [18],
while CELLxGENE hosts over 93 million cells spanning diverse tissues and condi-
tions. This scale has motivated the development of numerous foundation models for
single-cell transcriptomics, including scBERT [19], Geneformer [20], scGPT [21],
UCE [22], scFoundation [23] and CellFM [24], among others.

However, a growing body of evidence reveals that these foundation models
consistently fail to generalize to out-of-distribution settings and are frequently out-
performed by simple linear baselines. Multiple independent benchmarking studies
have now documented this phenomenon. Ahlmann-Eltze et al. [25] compared five
foundation models (scGPT, scFoundation, UCE, scBERT, and Geneformer) against
simple baselines for predicting transcriptional responses to genetic perturbations.
Strikingly, none of the deep learning approaches outperformed a simple additive
model for combinatorial perturbations, nor did they exceed the baseline of predicting
the mean response for unseen gene perturbations. Kedzierska et al. [26] performed
zero-shot evaluation of Geneformer and scGPT, finding substantial limitations in
their ability to generalize without fine-tuning. Bendidi et al. [27] introduced a biolog-
ically motivated evaluation framework comparing transcriptomics foundation models
to classical techniques, concluding that scVI [28] and even simple PCA consistently
outperform transformer-based foundation models on perturbation analysis tasks.
Wu et al. [29] developed PerturBench, a comprehensive benchmarking platform,
revealing that simple models frequently outperform complex architectures and that
many published models suffer from mode collapse or posterior collapse.

The failure modes are systematic and reveals that foundation models trained on
observational and perturbational single-cell data struggle with causal inference tasks
such as perturbation prediction. They often fail to capture biologically meaningful
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relationships that simpler, task-specific methods recover naturally. When evaluated
on structural integrity, that is, whether the learned latent space preserves known
biological relationships, transformer models lag behind methods that explicitly model
gene-gene covariance structures [27]. These findings suggest that current foundation
models, largely adapted from architectures developed for language (transformers) or
computer vision (convolutional networks), do not adequately capture the structure of
biological systems.

The Limitations of the Scaling Hypothesis

The foundation model paradigm implicitly relies on scaling laws, which predict
that model performance improves predictably as model size, data, and compute
increase [30, 31]. However, recent empirical studies reveal important limitations to
this scaling paradigm. First, scaling laws exhibit task-dependent behavior: while next-
token prediction loss follows predictable power laws, downstream task performance
shows inconsistent scaling patterns, with some capabilities emerging unpredictably
and others plateauing [32]. Second, practical constraints increasingly limit continued
scaling: high-quality human-generated text data is projected to be exhausted within
years [33], while training models on synthetic data introduces risks of model collapse
when models are iteratively trained on their own outputs [34].

More fundamentally, scaling does not address the structure mismatch problem.
A larger model trained on more data will better memorize patterns present in the
training distribution, but this does not guarantee generalization to out-of-distribution
settings that require reasoning about causal mechanisms or physical constraints.
In biology, this limitation is particularly acute. Predicting cellular responses to
novel drug combinations requires understanding pathway interactions and feedback
mechanisms. This structure cannot be simply learned from observational correlations
but must be explicitly represented and reasoned about. This suggests that progress in
biological machine learning requires not merely larger models, but models whose
architectures and training objectives are designed to exploit biological structure.



4 Introduction

Toward Structure-Aware Models for Biology

If foundation models adapted from other domains prove insufficient, what princi-
ples should guide the design of models for biological prediction tasks? This thesis
argues that the answer lies in explicitly modeling the structural regularities that
characterize biological systems. Rather than treating biological data as unstruc-
tured high-dimensional vectors and hoping that scale will recover relevant patterns,
we should build architectures and training procedures that directly encode known
biological principles.

This approach departs from the foundation model paradigm in different ways.
First, rather than pursuing domain-general architectures, we should develop task-
specific inductive biases that exploit biological structure. Second, rather than relying
solely on data-driven learning, we should incorporate decades of accumulated bio-
logical knowledge through ontologies, pathway databases, and physical constraints.
Third, rather than treating all prediction errors as equivalent, we should design loss
functions that respect the semantic relationships among biological entities, recogniz-
ing, for instance, that confusing two proteins in the same complex is less severe than
confusing proteins from unrelated pathways.

This dissertation develops structure-aware approaches across different levels
of abstraction, moving from axioms about (biological) networks, to the class of
functions that can be learned, to concrete learning objectives and scalable training
pipelines. Taken together, these levels form a coherent programme for building ma-
chine learning systems whose inductive biases are aligned with biological structure.

Chapter 1 is devoted to network analysis. Centrality measures have long served
as tools for ranking nodes in biological networks, from gene regulatory graphs to
protein-protein interaction networks, and are widely used to prioritize drug targets
or essential genes. Yet most centralities were designed with social or technological
networks in mind. By studying how centrality behaves under network growth,
in particular under edge additions, we derive axioms such as semi-monotonicity
and basin dominance that capture desirable stability properties when networks
evolve. This analysis provides guidance for designing or selecting centrality-based
inductive biases in biological settings, where new interactions are routinely added as
knowledge accumulates or when networks evolve through developmental, disease,
or evolutionary processes.
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Beyond descriptive analysis, modern biological research increasingly demands
predictive models capable of mapping high-dimensional molecular data to functional
outcomes. Classical statistical learning theory predicts that such tasks should be
intractable due to the exponential growth in sample and parameter complexity with
increasing data dimensionality. Yet, deep neural networks routinely achieve strong
generalization in these settings, defying classical expectations. Chapter 2 addresses
this apparent paradox by examining a different aspect of structure—not the topology
of a given graph, but the internal organization of the functions we aim to learn.
Building on recent work on compositional sparsity, we show that all efficiently
Turing-computable functions admit a hierarchical decomposition into low-arity
constituents. This result explains why architectures that mirror known biological
modularity, from signaling pathways to regulatory circuits, can approximate complex
cellular input-output maps without incurring the curse of dimensionality, and it
frames such architectures as explicit inductive biases on the space of admissible
hypotheses. The analysis also sheds light on contemporary architectural choices
more broadly, from convolutional networks to transformer models, and connects to
phenomena such as Chain-of-Thought reasoning in large language models.

Chapter 3 shifts focus from the properties of functions to the properties of their
output spaces. Canonical machine learning tasks treat output classes as independent
and equidistant, but biological systems exhibit rich hierarchical organization encoded
in ontologies developed over decades. Standard cross-entropy loss ignores this
structure, forcing models to make artificial choices between related labels. We
introduce a hierarchical cross-entropy loss that incorporates ontological structure
directly into the training objective, focussing on automated cell type annotation in
single-cell RNA sequencing data. Empirical results demonstrate that encoding known
biological relationships significantly improves generalization to newly released
studies, addressing the practical challenge of annotating data from newly generated
experiments.

Finally, Chapter 4 addresses the practical constraints that arise when training
deep learning models at the scale of contemporary biological datasets. Single-cell
atlases now contain over 100 million cells, but efficient training typically requires
loading entire datasets into memory. Alternative approaches either drastically in-
crease storage requirements through format conversion or achieve prohibitively
low throughput through random disk access. The chapter introduces scDataset, a
framework that implements quasi-random sampling through block sampling and
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batched fetching strategies. Block sampling reduces random disk reads by accessing
contiguous chunks, while batched fetching amortizes latency and enables in-memory
reshuffling for minibatch diversity. Benchmarks demonstrate up to 129-fold speed
improvements while maintaining sampling diversity comparable to true random
shuffling.



Chapter 1

Axiomatization of Network Centrality
Measures

The content of this chapter is largely based on the research originally presented
in [35, 36].

Networks provide the mathematical language for representing relationships in
complex systems, offering a powerful framework for modeling everything from the
intricate web of protein-protein interactions that govern cellular processes [37, 38]
to the vast social networks that shape the flow of information and influence in human
societies [39, 40]. Understanding which actors, be they proteins, people, or corpo-
rations, occupy the most “important” positions in these networks is of compelling
interest across scientific domains. In epidemiology, identifying central individuals
can guide strategies for disease control. In molecular biology, pinpointing central
proteins can highlight key targets for drug therapies. In social science, understanding
the locus of power can reveal the dynamics of influence and organization [41].

Network science formalizes the analysis of these relational architectures, and
the concept of centrality has emerged as the primary tool for translating a node’s
structural position into a quantitative measure of its importance. However, the notion
of “importance” is not monolithic; it is a multifaceted concept that has evolved
through a series of conceptual shifts, each representing a different understanding of
what constitutes a valuable connection. Next, we sketch a brief history that provides
the essential context for the questions at the heart of this chapter.
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1.1 History of Centrality

The most intuitive and direct measure of importance is degree centrality, which
simply counts the number of connections a node possesses. Rooted in the early
work of sociometry [42], this measure captures the idea of activity or immediate
connectivity. A person with many friends or a protein that interacts with many
other proteins is, in this local sense, highly engaged and potentially important.
While simple, degree centrality has proven to be a surprisingly powerful predictor
in many domains, such as correlating with gene essentiality in protein interaction
networks [43, 44].

Yet for all its utility, degree centrality provides only a local perspective. The
systematic effort to quantify importance by considering a node’s role in mediating
connections across the entire network began in the mid-20th century with early work
in social network analysis. The first major conceptual leap was to look beyond
immediate connections and consider a node’s position within the global topology of
the entire network. This shift, pioneered by Alex Bavelas [45, 46] and formalized by
Linton Freeman [47], focused on the role of shortest paths, or geodesics, in mediating
network processes.

Closeness Centrality Introduced by Bavelas in the context of communication net-
works, closeness centrality redefines importance as efficiency. A node is considered
central not because of its number of connections, but because of its ability to reach
(or being reached by) all other nodes in the network quickly. It is calculated as the
reciprocal of the sum of shortest path distances to all other nodes. A node with high
closeness has high “access” to the rest of the network, making it an efficient hub for
information dissemination [45, 46]. As with degree centrality, closeness has been
used to identify essential genes in regulatory networks [48].

Betweenness Centrality Freeman’s seminal paper provided a comprehensive
framework that introduced betweenness centrality. This measure captures the notion
of brokerage or control. A node is important if it lies on a high proportion of the
shortest paths connecting other pairs of nodes. Such nodes act as gatekeepers or
intermediaries, potentially controlling the flow of information, resources, or influence
throughout the network. Freeman’s work was pivotal because it established that
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centrality was not a single property but a class of concepts—degree (local activity),
closeness (global reachability), and betweenness (intermediary role)—each capturing
a distinct facet of structural importance [47]. In biological contexts, betweenness has
been used to highlights bottleneck proteins whose disruption can fragment interaction
networks [49, 48].

The next conceptual shift moved beyond the restrictive focus on shortest paths to
a more holistic view where influence or status could flow along all possible paths.
This approach treats influence as a kind of signal that propagates through the network,
decaying with distance.

Katz index Developed by sociologist Leo Katz in 1953, this measure was one of
the first to formalize this idea. It defines a node’s centrality as a weighted sum of all
paths ending at that node and introduces an attenuation factor, α , which ensures that
longer paths contribute less to the final score. This innovation was not only necessary
for the mathematical convergence of the infinite sum of paths but also intuitively
realistic: an endorsement from a close neighbor is more valuable than one from a
distant acquaintance. Katz index thus provides a more nuanced measure of influence
that accounts for the multiplicity of connection pathways [50].

Finally, one can define importance recursively: a node’s status is a function of the
status of the nodes to which it is connected. This captures the social and economic
reality that a connection’s value is not intrinsic but is derived from the importance of
the entity it connects to.

Eigenvector Centrality Pioneered by Phillip Bonacich, eigenvector centrality
formalizes this recursive intuition directly. It posits that a node’s centrality is pro-
portional to the sum of the centralities of its neighbors. The solution to this system
of linear equations is the principal eigenvector of the network’s adjacency matrix.
This measure elegantly captures the idea that receiving a link from a highly central
node contributes more to one’s own centrality than receiving a link from a peripheral
one [51].

PageRank Developed by Sergey Brin and Lawrence Page for ranking web pages,
PageRank is a highly influential and robust variant of eigenvector centrality. It builds
upon the same recursive foundation but introduces two modifications to handle the
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unique challenges of the web graph: a damping factor and a mechanism for handling
dangling nodes (pages with no outgoing links). This is often conceptualized through
the “random surfer” model, where a user randomly clicks on links but occasionally
“teleports” to a random page in the network [52]. These modifications ensure that the
resulting centrality score is unique, always positive, and can be computed efficiently
on massive, disconnected graphs, demonstrating how abstract centrality concepts
could be scaled to have profound commercial and societal impact.

1.2 Axiomatization

The proliferation of centrality measures has led to a rich but fragmented landscape,
where different measures often yield divergent rankings of node importance. This
diversity raises questions about the principles that should guide the choice and inter-
pretation of centrality measures. To address these questions, researchers have turned
to axiomatic approaches, seeking to identify the core properties that a centrality
measure should satisfy to be considered valid or useful in various contexts [53, 54].
These axiomatic frameworks typically focus on desirable properties, a fundamental
one being anonymity (or isomorphic invariance), which guarantees that centrality
depends only on a node’s position in the network structure rather than on arbitrary
node labels or identities [53]. By formalizing these intuitions, researchers aim to cre-
ate a more coherent understanding of centrality and its implications across different
domains.

While these axiomatic approaches provide a rigorous foundation for understand-
ing centrality in static networks, they leave open the question of what happens when
networks evolve. Real-world systems, particularly biological ones, are inherently
dynamic. Protein interactions form and dissolve [55, 56], gene regulatory relation-
ships evolve during development [57], and cellular networks rewire in response to
environmental perturbations [58]. Understanding how node importance changes
as networks evolve is important for modeling disease progression [59], predicting
therapeutic targets [60], and designing robust biological circuits [61]. In this chapter,
we address this question in the simplest case: when a network grows by the addition
of a single edge.

Intuitively, any reasonable measure of importance should satisfy two basic prop-
erties when a network grows by the addition of an edge. First, score monotonicity
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requires that the centrality scores of the two endpoints of the new edge should
increase. Gaining a new connection should not make one less important. Second,
rank monotonicity requires that the relative ranking of the endpoints should not
deteriorate; any node that was previously less central than an endpoint should remain
so. In the strict version of rank monotonicity, any ties in ranking are additionally
resolved in favor of the endpoints.

For directed networks, where an arc represents a one-way relationship like a
“follow” on social media or a citation, these properties generally hold. Gaining
a new incoming link is almost always beneficial to a node’s score and rank [54,
62]. However, undirected networks, which represent symmetric relationships like
friendships or physical protein interactions, present a far more complex and counter-
intuitive picture. While score monotonicity often holds for many measures, rank
monotonicity frequently fails: adding an undirected edge can actually reduce the
rank of one of its endpoints relative to other nodes in the network [63].

This “monotonicity paradox” has implications for interpreting centrality-based
analyses. In social network terms, while getting a new follower (directed relationship)
is always beneficial, getting a new friend (undirected relationship) might sometimes
be detrimental to one’s relative importance [63]. For biological networks, this
suggests that forming new protein interactions or regulatory connections may have
non-monotonic effects on a gene’s or protein’s importance.

A key unanswered question from Boldi et al. [63] is whether adding an edge can
decrease the rank of both endpoints simultaneously. In other words: when an edge
is added to an undirected network, does the importance of at least one of its two
endpoints increase?

This chapter provides a positive answer to this question by introducing semi-
monotonicity, a weaker condition than monotonicity in which we require that at
least one endpoint of the new edge in an undirected network enjoys monotonicity.
We demonstrate that several of the most important centralities, including closeness,
harmonic and betweenness, do satisfy rank semi-monotonicity.

The chapter is structured as follows. Section 1.3 defines score semi-monotonicity
and (strict) rank semi-monotonicity. Section 1.4 introduces δ -monotonicity and δ -
semi-monotonicity, linking these concepts to rank (semi-)monotonicity. Section 1.5
presents basin dominance, a stronger property that applies to most centralities dis-
cussed here. We then show in Section 1.6 that basin dominance holds also for
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distance-decay centralities satisfying a (discrete) convexity condition on their decay
function. The condition is necessary and sufficient, thus characterizing basin domi-
nance for those centralities. This leads to results for closeness, harmonic centrality,
and centralities with exponential or power-law decay. Finally, in Section 1.7 we
show that betweenness is basin dominant. Along the way, we show that, unlike
harmonic centrality, closeness and betweenness are not strictly semi-monotonic,
echoing similar results from the directed case. In Section 1.8, we end the chapter by
drawing some conclusions and interpretations of our results.

1.3 Score and Rank Semi–Monotonicity

Although the chapter focuses on undirected graphs, we occasionally reference di-
rected graphs for comparison; the following definitions about graphs are standard
(see, for instance, [64]). A directed graph is a pair G = (VG,AG) where VG is a set
of nodes and AG ⊆VG×VG is a set of ordered pairs, called arcs; we will denote the
existence of an arc from x to y with the notation x→ y. An undirected graph is a
directed graph such that x→ y iff y→ x; when this happens, we say that there is an
edge between x and y, denoted by the notation x−− y, or, equivalently, we say that x
and y are adjacent.

We use G+ x→ y for the directed graph G with the added arc x→ y, and
G+ x−− y for the undirected graph G with the added edge x−− y.

A (simple) path of length k from x to y in an undirected graph G is a sequence
of distinct vertices x0, x1, . . . , xk such that x0 = x, xk = y, and xi−1 −− xi for every
1≤ i≤ k. The distance dG(x,y) between x and y in G is the length of a shortest path
from x to y in G; if there is no such path, we set dG(x,y) = ∞. When G is clear from
the context, we abbreviate to dxy.

A centrality measure is a function c : VG→ R, assigning real values, which we
also refer to as scores, to all the vertices of a graph G, where vertices with larger
scores should be interpreted as having a greater structural importance in the network.
We assume all centrality measures to be invariant under isomorphism.

We start by recalling the definition of score and rank monotonicity on undirected
graphs, which were introduced in [63] as a natural extension of score and rank
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monotonicity on directed graphs [62, 65]. Score monotonicity requires that both
endpoints see their scores increase when an edge is added. Formally:

Definition 1.1 (Score monotonicity). Given an undirected graph G, a centrality c is
said to be score monotone on G if for every pair of distinct,1 non-adjacent vertices x
and y we have that

c(x)< c′(x) and c(y)< c′(y),

where c′ is the value of the centrality on the graph G+ x−− y.

Note that, in general, we will give definitions of properties for a centrality c on a
graph G, and we will say that the same property holds on a set of graphs if it is true
on all the graphs from the set.

An increase in score does not guarantee that the relative positions of the end-
points and other nodes remain stable. This observation motivates the definition of
rank monotonicity [62, 63], which ensures that nodes previously outranked by the
endpoints continue to be so after adding the edge.2 Formally, we can consider two
versions of rank monotonicity:

Definition 1.2 (Rank monotonicity). Given an undirected graph G, a centrality c is
said to be rank monotone on G if for every pair of distinct, non-adjacent vertices x
and y the following two statements hold:

• for all vertices z ̸= x,y:

c(z)< c(x) implies c′(z)< c′(x) and

c(z) = c(x) implies c′(z)≤ c′(x),

1It is unfortunate that the assumption x ̸= y was not stated explicitly in the definition of score
monotonicity given in [54], although being part of Sabidussi’s original definition [53]; the same
restriction is necessary for strict rank monotonicity [62]. Indeed, adding loops cannot change the
value of any centrality depending on shortest paths, so no such centrality could be score monotone
or strictly rank monotone without the assumption x ̸= y. On the other hand, the results in [62, 65]
show that spectral centralities satisfy a stronger definition of strict rank monotonicity that includes
the possibility of adding loops.

2The original definition of rank monotonicity for directed graphs was given in [66].
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• for all vertices z ̸= x,y:

c(z)< c(y) implies c′(z)< c′(y) and

c(z) = c(y) implies c′(z)≤ c′(y).

where c′ is the value of the centrality on the graph G+ x−− y.

A strict (in fact, simpler) version of the previous definition can be introduced,
requiring that adding the new edge breaks all ties in favor of the two endpoints of
the new edge itself:

Definition 1.3 (Strict rank monotonicity). Given an undirected graph G, a centrality
c is said to be strictly rank monotone on G if for every pair of distinct, non-adjacent
vertices x and y the following two statements hold:

• for all vertices z ̸= x,y: c(z)≤ c(x) implies c′(z)< c′(x),

• for all vertices z ̸= x,y: c(z)≤ c(y) implies c′(z)< c′(y).

where c′ is the value of the centrality on the graph G+ x−− y.

Semi-monotonicity is a weaker condition than monotonicity, originating from
the observation that in undirected networks some centrality measures do not satisfy
score or rank monotonicity. Indeed, adding an edge to a graph can reduce the score
or the rank of one of the two endpoints of the edge [63]. Thus, we just require that
adding a new edge increases the score of at least one of the two endpoints:

Definition 1.4 (Score semi-monotonicity). Given an undirected graph G, a centrality
c is said to be score semi-monotone on G if for every pair of distinct, non-adjacent
vertices x and y we have that

c(x)< c′(x) or c(y)< c′(y).

where c′ is the value of the centrality on the graph G+ x−− y.

Similarly, rank semi-monotonicity means that adding a new edge increases the
rank of at least one of the two endpoints, and as before comes in two versions:
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Definition 1.5 (Rank semi-monotonicity). Given an undirected graph G, a centrality
c is said to be rank semi-monotone on G if for every pair of distinct, non-adjacent
vertices x and y at least one of the following two statements holds:

• for all vertices z ̸= x,y:

c(z)< c(x) implies c′(z)< c′(x) and

c(z) = c(x) implies c′(z)≤ c′(x),

• for all vertices z ̸= x,y:

c(z)< c(y) implies c′(z)< c′(y) and

c(z) = c(y) implies c′(z)≤ c′(y).

where c′ is the value of the centrality on the graph G+ x−− y.

Again, the strict version is simpler:

Definition 1.6 (Strict rank semi-monotonicity). Given an undirected graph G, a
centrality c is said to be strictly rank semi-monotone on G if for every pair of distinct,
non-adjacent vertices x and y at least one of the following two statements holds:

• for all vertices z ̸= x,y: c(z)≤ c(x) implies c′(z)< c′(x),

• for all vertices z ̸= x,y: c(z)≤ c(y) implies c′(z)< c′(y).

where c′ is the value of the centrality on the graph G+ x−− y.

1.4 δ–Monotonicity and δ–Semi–Monotonicity

When proving rank monotonicity of a centrality measure, working purely on order
relationship on the whole graph can be tricky: it is often easier to prove a stronger but
more amenable property that provides a sufficient condition for rank monotonicity
based on value differences, rather than on order: indeed, the authors of [62] used such
a property to prove rank monotonicity for closeness centrality, harmonic centrality,
PageRank, and Katz index, without explicitly naming it.
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This observation motivates us to introduce the concepts of δ -monotonicity and
δ -semi-monotonicity, and to show that they indeed provide a sufficient condition for,
respectively, rank monotonicity and rank semi-monotonicity. The idea underlying
δ -monotonicity is that the score increase of the target of a new arc should be at least
as large as the score increase of all other vertices. This approach formalizes the idea
underlying the proofs of [62] and factors out the common structure of the proofs of
rank semi-monotonicity in the rest of the chapter.

We start with the definition of δ -monotonicity for directed graphs:

Definition 1.7 (δ -monotonicity (directed)). Given a directed graph G, a centrality c
is said to be δ -monotone on G if for every pair of distinct vertices x and y such that
x ̸→ y the following holds:

c′(z)− c(z)≤ c′(y)− c(y) for every z ̸= y.

where c′ is the value of the centrality on the graph G+ x→ y. It is said to be strictly
δ -monotone if the inequality is strict.

The undirected version of δ -monotonicity follows the same pattern of the mono-
tonicity properties of the previous section:

Definition 1.8 (δ -monotonicity (undirected)). Given an undirected graph G, a cen-
trality c is said to be δ -monotone on G if for every pair of distinct, non-adjacent
vertices x and y the following holds:

c′(z)− c(z)≤ c′(x)− c(x) for every z ̸= x,y and

c′(z)− c(z)≤ c′(y)− c(y) for every z ̸= x,y.

where c′ is the value of the centrality on the graph G+ x−− y. It is said to be strictly
δ -monotone if the inequalities are strict.

Finally, only for undirected graphs we define δ -semi-monotonicity, whose defini-
tion parallels the weakening of monotonicity we discussed in the previous section:

Definition 1.9 (δ -semi-monotonicity). Given an undirected graph G, a centrality c is
said to be δ -semi-monotone on G if for every pair of distinct, non-adjacent vertices x
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and y the following holds:

c′(z)− c(z)≤ c′(x)− c(x) for every z ̸= x,y or

c′(z)− c(z)≤ c′(y)− c(y) for every z ̸= x,y.

where c′ is the value of the centrality on the graph G+ x−− y. It is said to be strictly
δ -semi-monotone if the inequalities are strict.

We now prove that δ -monotonicity implies rank monotonicity, and δ -semi-
monotonicity implies rank semi-monotonicity. This is intuitive, as the score increase
of the target of a new arc (or of the endpoints of a new edge, in the undirected case) is
at least as large as the increase in score of all other vertices, so its order relationship
with other vertices can only improve.

Theorem 1.10. If a centrality measure is (strictly) δ -monotone on a (directed or
undirected) graph then it is (strictly) rank monotone on the same graph.

Proof. We prove this result for a directed graph: a similar proof can be obtained for
the undirected case. By the definition of δ -monotonicity, we know that when adding
an arc x→ y to G, the inequality

c′(z)− c(z)≤ c′(y)− c(y)

holds for every z ̸= y, the inequality being strict in the strict case. Adding this
inequality to the left-hand sides of the implication appearing in the definition of rank
monotonicity, we obtain

c(z)< c(y) implies c′(z)< c′(y) for every z ̸= y,

c(z) = c(y) implies c′(z)≤ c′(y) for every z ̸= y.

The proof for the strict case is analogous.

Theorem 1.11. If a centrality measure is (strictly) δ -semi-monotone on a graph then
it is (strictly) rank semi-monotone on the same graph.

The proof can be straightforwardly derived as for Theorem 1.10 using the appro-
priate hypotheses and definitions.
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1.5 Basin Dominance

Finally, we introduce an even stronger property than δ -semi-monotonicity, basin
dominance: this property is related to the notion of distance in a graph, and it will
be instrumental in the proofs of rank semi-monotonicity for centralities based on
shortest paths in the next sections.

We start with the notion of basin, formalizing the idea that given two vertices
x, y in an undirected graph we can classify the vertices of the graph depending
on whether they are closer to x or to y, with possibly an overlap for the vertices
that are equidistant from x and y. This concept appeared implicitly in some recent
works [67, 68] where graph distances are used to determine winners of pairwise
comparisons, in a graph-as-an-election fashion. In particular, between two candidate
vertices x and y of a graph, voters give their preference to the one whom they are
strictly closer to. In fact, we can trace the notion back at least to [69, Property 2.2]
(albeit in [69, 67, 68] equidistant vertices are not considered).

Definition 1.12 (Basin). Given an undirected graph G with vertex set VG and two
vertices x and y, we define the basin of x (with respect to y) Bxy and the basin of y
(with respect to x) Byx as

Bxy ={u ∈VG | dux ≤ duy }
Byx ={u ∈VG | duy ≤ dux }

Figure 1.1 shows an example of a graph with the basins of two vertices; the
vertices that are equidistant from x and y are included in both basins. We note a few
useful facts:

• if x is not adjacent to y, adding the edge x−− y to the graph leaves the basins
unchanged; moreover, the shortest paths between x and the vertices in its basin
Bxy do not change (the same is true for y);

• if z is equidistant from x and y and they are non-adjacent, the shortest paths
between z and other vertices do not change because of the addition of the edge
x−− y; as a consequence, the score of z will remain the same after the addition
of x−− y in any centrality depending only on shortest paths;
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Fig. 1.1 An undirected graph G, with Bxy (the basin of x w.r.t. y) shown in dark grey and Byx

(the basin of y w.r.t. x) in light grey. Note that z is equidistant from x and y, and thus it is
included in both basins.

• let u be a vertex in the basin of x; then, a shortest path between u and x passes
exclusively through vertices in the basin of x; the same holds symmetrically
for a shortest path between v ∈ Byx and y; moreover, a shortest path between
u and y passes first exclusively through the basin of x, and then exclusively
through the basin of y; again, everything holds symmetrically for a shortest
path between v ∈ Byx and x;

• shortest paths between arbitrary vertices can zig-zag between basins multiple
times (see Figure 1.2);

• if x −− y, the difference of the sum of distances from x and from y is the
opposite of the difference of the sizes of their basins [69]:

∑
z

dzx−∑
z

dzy =
∣∣Byx

∣∣− ∣∣Bxy
∣∣.

Given the notion of basin, we can define the basin dominance property, which
requires that the increase in score of x and y is at least as large as (or larger than, in
the strict case) the increase in score of all other vertices in their corresponding basin:

Definition 1.13 (Basin dominance). A centrality c is said to be basin dominant on
an undirected graph G if for every pair of distinct, non-adjacent vertices x and y we
have that

c′(u)− c(u)≤ c′(x)− c(x) for every u ∈ Bxy \{x} and

c′(v)− c(v)≤ c′(y)− c(y) for every v ∈ Byx \{y}.
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Fig. 1.2 A family of graphs where the shortest path between i and j can change basin k+1
times, for k ≥ 2. Bxy is shown in dark grey and Byx is shown in light grey. Each squiggly line
with label ℓ represents a path of length ℓ between its two endpoints. Tuning the parameter
h we can make the shortest path between i and j change basin k+ 1 times even after the
addition of the edge x −− y. For example, choosing h = k− 1 we get di j = d′i j = k + 1
(where d′uv is the distance between u and v after the addition of the edge x−− y); moreover,
dix+dx j = diy+dy j = d′ix+1+d′y j = 2k+1. On the other hand, choosing h = 0, the shortest
path between i and j after the addition of the edge x−− y will pass through x and y.
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where c′ is the value of the centrality on the graph G+ x −− y. It is strictly basin
dominant if both inequalities are strict.

At first glance, this property might seem weaker than δ -semi-monotonicity, as it
requires a larger increase only for a subset of the vertices. However, it is immediate
to notice that either x or y has the largest increase, and with respect to that vertex
c will be δ -semi-monotone. Combining this observation with the results of the
previous section we have that:

Theorem 1.14. If a centrality measure is (strictly) basin dominant on a graph then
it is (strictly) δ -semi-monotone. Hence, if a centrality measure is (strictly) basin
dominant on a graph then it is (strictly) rank semi-monotone on the same graph.

As it will become apparent in the following section, basins will enable us to
reason about the score increase of a vertex in a more geometric way.

1.6 Distance–Decay Centralities

Conventions. In this section, and in the following ones, we will often be in a
situation where x and y are distinct, non-adjacent vertices of an undirected graph G:
we will then uniformly use c for the value of a centrality on G, and c′ for the value
of the same centrality on the graph G′ = G+ x−− y. Analogously, we will denote
distances in G with duv and in G′ with d′uv. More in general, we will use the prime
symbol on quantities and functions related to G′.

Our first goal, now, is to prove that a large class of centrality measures are
basin dominant, and thus δ -semi-monotone (hence, rank semi-monotone). In fact,
we will be able to characterize basin dominance in terms of a discrete convexity
condition. As a bonus, we will obtain indirectly that closeness centrality is rank
semi-monotone.3

A geometric centrality [54] is a centrality measure that depends only on distances
between vertices. A special class of geometric centralities is the following:

Definition 1.15 (Distance-decay centrality). A distance-decay centrality is a central-
ity measure c for which there exists a nonincreasing decay function α : N\{0}→ R

3Some of these results were previously and independently obtained in [70].
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such that4

c(v) = ∑
u̸=v

duv<∞

α(duv).

The idea that the influence of a vertex on the centrality of another is computed
additively on some nonincreasing function of its distance is very natural and it
appeared several times in the literature ([71–76], just to cite a few), but there is no
standard definition. We took the name and definition used from [72], where it is
declined as “distance-decay closeness”, but given that closeness does not satisfy the
definition (see Section 1.6.1), we prefer to use “distance-decay centrality”.5

To state our results, we need to recall the definition of the discrete derivative
operator ∆ [77], which given a function f : N→ R returns the function N→ R
defined by

(∆ f )(i) = f (i+1)− f (i).

The operator can be iterated, and we denote with ∆k the k-th iteration of the operator.
As in the case of the standard derivative, ∆ f ≤ 0 if and only if f is nonincreasing6.

While the operator is normally defined for functions with domain N, we will use
it for functions with domain N\{0} to avoid shifting the input of decay functions.
For instance, the condition on the decay function is just that ∆α ≤ 0. Observe that
when adding an edge x−− y all distances decrease, so no score can decrease. Thus,
the condition of the derivative of α being nonnegative is fairly natural; otherwise,
adding a new edge might decrease the score of some vertex—a quite counterintuitive
behavior.

By the same considerations, if we further require that (∆α)(1)< 0 we have the
following result:

Theorem 1.16. A distance-decay centrality measure c is score monotone on con-
nected undirected graphs iff the first derivative of its decay function α is negative at
1, that is, iff α satisfies (∆α)(1)< 0.

4In the directed case we have a positive and a negative (distance-decay) centrality, the latter being
usually that of interest, depending on whether we use dvu or duv in the definition.

5The reader should not confuse the term distance-decay centrality with decay centrality [74, 73],
a measure that became popular in the economic literature. Note that, in Section 1.6.3, we will identify
decay centrality as a special case of distance-decay centrality exhibiting exponential decay.

6For a function f : N \ {0} → R, we write f ≤ 0 ( f ≥ 0, respectively) if f (x) ≤ 0 ( f (x) ≥ 0,
respectively) holds for every x ∈ N\{0}.
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Proof. For the right-to-left implication, we have α(1)> α(2)≥ α(k) for all k ≥ 2.
Thus, when adding the edge x−− y to the graph, for all z ̸= x,y we have α

(
d′xz
)
≥

α(dxz), and α
(
d′xy
)
> α(dxy). For the reverse, assume by contradiction α(1) = α(2)

and consider the graph x−− u−− y: when adding an edge x−− y we have c′(x) =
2α(1) = α(1)+α(2) = c(x).

The reader could be puzzled by the fact that a condition at a single point is
equivalent to score monotonicity. However, the gap between α(1) and α(2) has
a special role because when adding an edge x −− y there is exactly one distance
that turns into 1, that is, dxy. Since in the graph x −− u−− y that distance is 2, the
gap between α(1) and α(2) must be larger than zero for score monotonicity to
happen. On the other hand, since all other coefficients are smaller than or equal to
α(2) by definition, the nonzero gap between α(1) and α(2) induces a nonzero gap
between α(1) and all other coefficients, which makes the condition sufficient. We
will observe a similar phenomenon with strictness in basin dominance.

Interestingly, the second derivative gives us further insights into the inner work-
ings of the centrality. As in the continuous case, a convex function f is a function
such that ∆2 f ≥ 0. Convexity gives us information about what happens when a
distance changes because of the addition of an edge.

Indeed, since (∆2 f )(i) = f (i+2)−2 f (i+1)+ f (i), we have that ∆2 f ≥ 0 if and
only if

f (i)− f (i+1)≥ f (i+1)− f (i+2) for every i, (1.1)

that is, shortening a distance from i+2 to i+1 provides an increase in score that
is not larger than the one given by a distance shortening from i+ 1 to i. We can
generalize this fact by making the shortened distances more far apart, and the gap in
the shortenings different:

Lemma 1.17. If f : N\{0}→ R is convex, then for every i≤ j, k ≥ 0, and 0≤ ℓ≤
j− i we have

f (i+ k)− f ( j+ k− ℓ)≤ f (i)− f ( j).

Moreover, if i < j, k > 0, and
(
∆2 f

)
(i)> 0 (i.e., f is strictly convex at i), then the

inequality is strict.
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Proof. By telescoping,

f (i)− f ( j) =

= f (i)− f (i+1)+ f (i+1)− f (i+2)+ f (i+2)−·· ·− f ( j−1)+ f ( j−1)− f ( j)

≥ f (i+ k)− f (i+ k+1)+ f (i+ k+1)− f (i+ k+2)−·· ·− f ( j+ k)

= f (i+ k)− f ( j+ k)≥ f (i+ k)− f ( j+ k− ℓ),

where the second inequality is strict if f is strictly convex at i, as

f (i)− f (i+1)> f (i+1)− f (i+2)≥ ·· · ≥ f (i+ k)− f (i+ k−1).

We remark that if α is strictly convex at 1, that is,
(
∆2α

)
(1)> 0, we have that

α(1)−α(2)> α(2)−α(3)≥ 0 by definition, so (∆α)(1) = α(2)−α(1)< 0; we
just proved that

Theorem 1.18. If the decay function α of a distance-decay centrality is strictly
convex at 1, that is,

(
∆2α

)
(1)> 0, then c is score monotone on connected undirected

graphs.

This is not all: convexity will give us results about basin dominance, and thus
about rank monotonicity. This happens because Lemma 1.17, when read in the
context of a decay function, tells us that when adding an arc from x to y, if some
distance shortens from j to i, then it provides an increase in score that is at least the
one given by a distance shortening from j+ k to j+ k− ℓ, and in fact more in the
strict case. Thus, x will benefit of a new edge x−− y more than any other vertex in
the basin of x with respect to y, and analogously for y.

Using this observation, we can prove the following result:

Theorem 1.19. If the decay function α of a distance-decay centrality c is convex, then
c is basin dominant on connected undirected graphs. Thus, it is δ -semi-monotone and
rank semi-monotone. If it is furthermore strictly convex at 1, that is,

(
∆2α

)
(1)> 0,

then c is strictly basin dominant. Thus, it is strictly δ -semi-monotone and strictly
rank semi-monotone.

Proof. Let c be a distance-decay centrality, and let x and y be two distinct non-
adjacent vertices. We have to prove that c′(u)− c(u)≤ c′(x)− c(x) for every vertex
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u ∈ Bxy (or <, if
(
∆2α

)
(1)> 0); we have that

c′(u)− c(u) = ∑
z ̸=u

α
(
d′uz
)
−∑

z ̸=u
α(duz) = ∑

z ̸=u

(
α
(
d′uz
)
−α(duz

))
.

We now consider each term of the summation, assuming without loss of generality
that c′(u)−c(u)> 0 (the case c′(u) = c(u) yields obviously the result we want, using
Theorem 1.18 in the strict case).

If d′uz = duz then α
(
d′uz
)
−α(duz

)
= 0≤ α

(
d′xz
)
−α(dxz

)
(because adding a new

edge cannot make the distance increase, and α is nonincreasing).

If instead d′uz < duz, then d′uz = d′ux + d′xz > d′xz. Moreover, duz ≤ dux + dxz and
dux = d′ux, so subtracting duz ≤ dux +dxz from d′uz = d′ux +d′xz we obtain

d′uz−duz ≥ d′xz−dxz.

We now note that by the convexity of α , we can apply Lemma 1.17 with i = d′xz,
j = dxz, k = d′uz− i and ℓ= j+ k−duz, obtaining

α
(
d′uz
)
−α(duz)≤ α

(
d′xz
)
−α(dxz),

where the inequality is strict if
(
∆2α

)
(1)> 0 and z = y.

Hence, by combining the two cases we have

c′(u)− c(u) = ∑
z ̸=u,x

(
α
(
d′uz
)
−α(duz)

)
+α

(
d′ux
)
−α(dux)

≤ ∑
z ̸=x,u

(
α
(
d′xz
)
−α(dxz)

)
+α

(
d′xu
)
−α(dxu)

= c′(x)− c(x),

where, once again, inequality is strict if
(
∆2α

)
(1)> 0, as it is strict when z = y.

We can also prove the converse of Theorem 1.19, showing that basin dominance
and convexity conditions are tightly coupled:

Theorem 1.20. If a distance-decay centrality c is basin dominant, then its decay
function is convex. If it is strictly basin dominant, its decay function is further strictly
convex at 1, that is,

(
∆2α

)
(1)> 0.



26 Axiomatization of Network Centrality Measures

u x y

z

. . .

i i−2

k

u x y

Fig. 1.3 Graphs used in the proof of Theorem 1.20: the one on the right is used for the case
i = 1, whereas the left one covers i≥ 2. Note that, when i = 2, the vertices labeled with y
and z on the left graph collapse to the same vertex. Each squiggly line with label ℓ represents
a path of length ℓ between its two endpoints.

Proof. By contradiction, assume that for some i ≥ 1 we have α(i)−α(i+ 1) <
α(i+1)−α(i+2). For the case i≥ 2, consider the graph on the left in Figure 1.3.
We have that after the addition of the edge x−− y, the variation of the centrality of x
is of the form tx + k · (α(i)−α(i+1)), whereas the variation of the centrality of u is
of the form tu + k · (α(i+1)−α(i+2)). For k sufficiently large, the latter is greater
than the former.

For the case i = 1, assume again by contradiction α(1)−α(2)< α(2)−α(3)
and consider the graph on the right in Figure 1.3. We have

c(x) = 2α(1)+α(2) c′(x) = 3α(1)

c(u) = α(1)+α(2)+α(3) c′(u) = α(1)+2α(2)

so c′(x)− c(x) = α(1)−α(2)< α(2)−α(3) = c′(u)− c(u).

The last statement is easily proved using the same argument we just used for
i = 1, but assuming by contradiction α(1)−α(2) = α(2)−α(3) and concluding
c′(x)− c(x) = c′(u)− c(u) as a consequence.

In the next few sections, we will apply our characterization of basin dominance
to a few geometric centrality measures.
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1.6.1 Closeness Centrality

Closeness centrality [45, 46] is one of the oldest centrality measures in the literature.
It was shown to be score monotone but not rank monotone on connected undirected
networks [63]. Moreover, in the latter work it was left as an open problem whether
closeness was (in our terminology) rank semi-monotone or not. In the rest of this
section, we will solve this open problem by showing that closeness is in fact rank
semi-monotone, but not in a strict way.

Recall that the peripherality of a vertex x is the sum of the distances between v
and all the other vertices of G:

p(v) = ∑
u

duv.

As usual, in the directed case there is a positive and a negative peripherality, but we
will be concerned with the connected, undirected case only, for which the two notions
coincide. The closeness centrality of v is just the reciprocal of its peripherality:

C(v) =
1

p(v)
.

To prove rank semi-monotonicity for closeness, we will have to pass through the
centrality defined by negated peripherality. This is because

−p(v)<−p(u) ⇐⇒ C(v)<C(u),

so negated peripherality is (strictly) semi-rank monotone if and only if closeness is.

Lemma 1.21. Negated peripherality is basin dominant on connected undirected
graphs. Thus, it is δ -semi-monotone and rank semi-monotone on the same graphs.

Proof. By Theorem 1.19, since negated peripherality is a distance-decay centrality
with decay function α(i) =−i, which satisfies ∆2α = 0.

We thus obtain

Theorem 1.22. Closeness centrality is rank semi-monotone on connected undirected
graphs.
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u x y
...
...

k

Fig. 1.4 A graph showing that closeness centrality is not basin dominant. For all k ≥ 3, the
closeness centrality of u increases more than that of x when we add the edge x−− y.

Note that, maybe counterintuitively, closeness centrality is not basin dominant.
An erroneous statement to this effect appears in [78, Lemma 1], but the counterex-
ample in Figure 1.4 shows that this is not the case, as

C′(u)−C(u) =
1

k+5
− 1

k+6
>

1
2k+3

− 1
2k+4

=C′(x)−C(x)

for all k ≥ 3. The main statement of [78, Theorem 3], however, is correct: closeness
is rank semi-monotone, as we have just stated.

The lack of basin dominance is part of the counterintuitive behavior of closeness:
it is not strictly rank monotone, not even on directed graphs [63]; it is not score
monotone, either, on directed graphs unless the graph is strongly connected [54].

The problem lies in the reciprocation used to make closeness increase when
peripherality decreases: because of reciprocation, when we add an edge x −− y
the distances that are shortened by a certain amount d have the same influence on
peripherality, but the effect on scores will depend on the original score of the vertex.
In the example, u has a greater centrality than x, and thus benefits more than x by the
reduction of 1 of peripherality.

Harmonic centrality (see the next section) solves this problem by reciprocating
distances instead of the whole sum.

We conclude this section by showing that:

Theorem 1.23. Closeness centrality is not strictly rank semi-monotone on (an infinite
family of) connected undirected graphs.

Proof. Consider the graphs in Figure 1.5, where u ∈ Bxy. This is an infinite family
of graphs with a parameter k which controls the sizes of the two stars around vertices
w and y. Computing the peripheralities of u, x and y before and after the addition of
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...

y x

u

w
...

k k+4

Fig. 1.5 A counterexample to strict rank semi-monotonicity for closeness centrality. For
all k ≥ 10, u and x have the same score before and after the addition of the edge x −− y.
Moreover, u has the same score of y (or smaller) before the addition, but a higher score after
the addition, breaking strict rank semi-monotonicity.

x−− y, we obtain

p(u) = 2 · (k+4)+4 · k+13 p′(u) = 2 · (k+4)+3 · k+12

p(x) = 3 · (k+4)+3 · k+9 p′(x) = 3 · (k+4)+2 · k+8

p(y) = 4 · (k+4)+ k+15 p′(y) = 4 · (k+4)+ k+12.

For all k ≥ 10, we have that

p(x) = p(u), p′(x) = p′(u), p(y)≤ p(u), p′(y)> p′(u),

showing that closeness is not semi-monotone at y (because y used to be at least
as central as u, but it is less central after the addition of the edge) and not strictly
rank semi-monotone at x (it is always as central as x, before and after adding the
edge).

Note how the counterexample shows a graph where y has a smaller basin than
x but a greater score, losing rank after the addition of the edge (see the last fact
we reported about basins in Section 1.5). Moreover, note that the degree of y can
become arbitrarily large, while the degree of x and u are fixed. Nevertheless, x and u
have a greater score than y in G′ for k ≥ 10, notwithstanding its degree.

We will see that harmonic centrality behaves very differently for the graph in
Figure 1.5, yet showing some counterintuitive results.
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1.6.2 Harmonic Centrality

Harmonic centrality [71] solves the issue of unreachable vertices in closeness cen-
trality. In particular, if we assume ∞−1 = 0, we can define it as

h(v) = ∑
u ̸=v

1
duv

,

so that unreachable vertices have no impact on the summation and, thus, on the
final centrality score of the node. On undirected graphs, it is score monotone but
not rank monotone, as shown in [63], where the same counterexample disproving
rank monotonicity for closeness centrality also shows that harmonic centrality fails
at satisfying this axiom. We can however leverage our results on distance-decay
centralities to prove strict basin dominance:

Theorem 1.24. Harmonic centrality is strictly basin dominant on connected undi-
rected graphs. Thus, it is strictly δ -semi-monotone and strictly rank semi-monotone
on the same graphs.

Proof. By Theorem 1.19, as harmonic centrality is a distance-decay centrality with
decay function α(i) = 1/i, which is strictly convex, as 1/i−1/(i+1)> 1/(i+1)−
1/(i+2). The rest follows by Theorem 1.14.

The stronger result we can give for harmonic centrality should be compared
to the fact that on strongly connected graphs harmonic centrality is strictly rank
monotone, whereas closeness centrality is just rank monotone [63]. Following the
example in Figure 1.5, we can show different behaviors for harmonic centrality as k
varies. Computing the harmonic centrality of u, x and y before and after the addition
of x−− y as a function of k, we have:

h(u) =
1
2
· (k+4)+

1
4
· k+ 13

3
h′(u) =

1
2
· (k+4)+

1
3
· k+ 9

2

h(x) =
1
3
· (k+4)+

1
3
· k+6 h′(x) =

1
3
· (k+4)+

1
2
· k+ 13

2

h(y) =
1
4
· (k+4)+ k+4 h′(y) =

1
4
· (k+4)+ k+

29
6
.

Note that for such a graph, the increase in score of y is a constant, while the increase in
score of x and u is a function of k. For k≥ 2, we have that h′(y)−h(y)≤ h′(x)−h(x).
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In particular, for k = 4, h(y) = h(x) hence h′(y) < h′(x), even if the size of the
neighborhood of y is larger than that of x. For k ≥ 5, h′(y)> h′(x) even if y increase
its score less than x. Finally, for k ≥ 8, h′(y)> h′(u). This example shows how the
behavior of harmonic centrality can be quite tricky to predict.

1.6.3 Further Distance–Decay Centralities

As we already mentioned, other decay functions have been considered, for example
exponential decay, where α(i) = ξ i for some 0 < ξ < 1 [74, 73]. One can also
consider power-law decay, where α(i) = 1/ik for some k > 0 (note that the case
k = 1 is harmonic centrality). Armed with our results, we can easily prove the
following theorem:

Theorem 1.25. Distance-decay centralities with exponential decay or power-law
decay are score monotone, strictly basin dominant, strictly δ -semi-monotone, and
strictly rank semi-monotone.

Proof. By Theorem 1.18 and Theorem 1.19, as

ξ
i−ξ

i+1 > ξ
(
ξ

i−ξ
i+1)= ξ

i+1−ξ
i+2

and

1
ik
− 1

(i+1)k =
(i+1)k− ik

ik(i+1)k =

((
i+1

i

)k

−1

)
1

(i+1)k

>

((
i+2
i+1

)k

−1

)
1

(i+2)k =
(i+2)k− (i+1)k

(i+1)k(i+2)k =
1

(i+1)k −
1

(i+2)k ,

so in both cases the decay function is strictly convex everywhere.

1.7 Betweenness Centrality

Betweenness centrality [79, 80] tries to capture the idea that a vertex is central if it
lies on many shortest paths between other vertices. It does not focus on the length of
shortest paths but on how many of them involve a given node, trying to estimate the
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amount of flow passing through nodes in a network. For this reason, betweenness is
not a geometric measure.

Formally, if we call σi j the number of shortest paths between two vertices i and
j and σi j(v) the number of such paths passing through a vertex v, then we can define
the betweenness centrality of v as

b(v) = ∑
i, j ̸=v
σi j>0

σi j(v)
σi j

.

A few variants of this definition appear in the literature:

• Contrarily to Anthonisse’s original definition [79], which was stated on di-
rected graphs in the form above, Freeman’s later definition [80] was stated
on undirected graphs using unordered pairs, and indeed his summations have
the condition i < j. The form above, however, is the one usually found in
current literature. With respect to Freeman’s definition, however, the value is
doubled; this difference is irrelevant as far as score and rank monotonicity are
concerned.

• Some authors exclude explicitly the case i = j, others do not. Since σii = 1
and σii(v) = 0 for all v ̸= i, the resulting value does not change, and we will
thus assume i ̸= j in our proofs.

• Some authors give the definition without the condition σi j > 0, in which case
the definition applies only to (strongly) connected graphs. In the undirected
case, however, the resulting definition is equivalent to defining the centrality
on each connected component separately, so we will consider the connected
case only, and drop the condition σi j > 0 in the proofs.

As in the previous sections, we denote with σ and σ ′ the number of shortest paths
before and after the addition of an edge x−− y, and with b and b′ the betweenness
centrality before and after the addition of the edge.

We know from [63] that betweenness is neither rank nor score monotone.
Nonetheless, we can show that the betweenness of two vertices can never decrease
after we link them with a new edge: this result was also proved in [81, Theorem 5.2],
although with a slightly weaker statement; we thus provide a full proof here for the
sake of completeness:
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Lemma 1.26. The following property holds when adding the edge x−− y:

σ ′i j(x)

σ ′i j
−

σi j(x)
σi j

≥ 0 for all i, j ̸= x.

As a consequence, b′(x)≥ b(x). The same statements are true for y.

Proof. Given vertices i, j ̸= x, let us call px (px̄, respectively) the number of shortest
paths between i and j passing (not passing, resp.) through x in G. As usual, let
us refer to the same quantities in G′ with p′x (p′x̄, resp.). We have to show that the
following holds:

σ ′i j(x)

σ ′i j
−

σi j(x)
σi j

=
p′x

p′x + p′x̄
−

px

px + px̄
≥ 0.

Summing over all i, j ̸= x proves the second part of the statement.

We consider two cases:

• if d′i j < di j, all shortest paths in G′ between i and j pass through the edge
x−− y (hence, through x). Thus, we obtain:

1−
px

px + px̄
≥ 0,

which is clearly true.

• if d′i j = di j, then all shortest paths between i and j in G are still shortest paths
in G′, but there may be some new ones passing through x, so p′x̄ = px̄ and
p′x ≥ px. Letting α = p′x− px ≥ 0, we obtain:

px +α

px +α + px̄
−

px

px + px̄
=

p2
x + px px̄ +α px +α px̄− (p2

x +α px + px px̄)

(px +α + px̄)(px + px̄)
=

=
α px̄

(px +α + px̄)(px + px̄)
≥ 0,

which is again true, concluding the proof.
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x

yu

Fig. 1.6 Simple counterexample for score semi-monotonicity and strict rank semi-
monotonicity for betweenness centrality. The dashed edge is the x −− y edge that we
add to G, obtaining G′. The betweenness score of vertices x, y and u is 0 both in G and G′.
This is true regardless of the size k of the clique (in the picture, k = 4).

Incidentally, observe that we can always tell if the betweenness centrality of
a vertex is zero without actually computing it. In fact, denoting with NG(v) the
neighborhood of v in G, that is, the set of vertices z such that v−− z, we have:

Lemma 1.27. Let G be a connected undirected graph and v a vertex of G. Then
b(v) = 0 iff v is simplicial, that is, iff the subgraph induced by NG(v) is a clique.

Proof. If b(v)= 0 no shortest paths are passing through v: but then any two neighbors
of v must be adjacent, or otherwise they would have distance 2, and there would be
a path through v of length 2. Conversely, suppose that v is simplicial and consider
vertices i, j ̸= v. A shortest path between i and j cannot involve v, otherwise it would
touch two neighbors of v, say i′, j′, and we might shorten it by skipping v.

An immediate consequence is the following result:

Theorem 1.28. Betweenness centrality is neither score semi-monotone, nor strictly
rank semi-monotone on (an infinite family of) connected undirected graphs.

Proof. Consider the family of graphs shown in Figure 1.6, in which we have a
clique connected to three vertices u, x and y (the unnamed nodes form a clique of
arbitrary size k, in the picture we show the case k = 4). Since they all have the same
neighborhood, and that neighborhood is a clique, their betweenness is zero. But
when we add the edge x−− y this property is still true, so their betweenness remains
zero.

We now prove a sufficient condition for the betweenness of x and y to remain
unchanged when adding the edge x−− y:
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Lemma 1.29. Let x and y be two distinct non-adjacent vertices of G. If NG(x)\{x}=
NG(y)\{y} then b′(x) = b(x) and b′(y) = b(y).

Proof. Assume by contradiction, without loss of generality (see Lemma 1.26), that
b′(x) > b(x). Then, there must be at least one pair of distinct vertices i, j with a
shortest path linking them passing through both x and y via the new edge x −− y.
Thus, di j ≥ d′i j = diu +2+dy j for some neighbor u of x. However, at the same time
di j ≤ diu +1+dy j because u is also a neighbor of y, leading to a contradiction.

Note that we remove x and y from their neighborhoods to avoid that loops prevent
the application of the lemma.

We are now going to show that betweenness centrality is rank semi-monotone on
connected undirected graphs. In fact, we show that it even enjoys basin dominance,
which is rather surprising given that basin dominance depends on the length of
shortest paths, while betweenness depends on the fraction of shortest paths passing
through a vertex. Moreover, it is rather hard to find interesting axioms satisfied by
betweenness [54].

We start by proving a technical lemma that relates certain products of numbers
of shortest paths. There are several cases to consider, but the most interesting one is
depicted in Figure 1.7. Consider a situation where i is strictly closer to x than to y,
and j is strictly closer to y than to x. Moreover, fix some (arbitrary) subset of vertices
α in the basin of x that we need to go through, and some subset of vertices µ in the
basin of x that we need to avoid. The dotted line represents a (generic) path from7 i
to j satisfying these traversal conditions and passing through x, whereas the dashed
line represents a (generic) shortest path from i to j passing through x.

The key observation is that when we add the edge x−− y, the only part of shortest
paths going from i to j and passing through x that can change is the part from x to
j (regardless of whether we are looking at the paths of dotted or dashed type). So
the number of dashed/dotted paths in G or G′, given that they are all nonzero, is the
product of the number of the paths from i to x by the number of the paths from x
to j, and only the second factor changes when we add the edge x−− y. Moreover,
this second factor is the same for both counts. Thus, if we multiply the counts of the
dashed and dotted paths, as long as one count is taken in G and the other is taken in

7Note that paths are sequences of vertices, so they have a direction also in an undirected graph.
Of course, any path from i to j can be reversed in an undirected graph, obtaining a path from j to i.
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i x jα µ

Fig. 1.7 A graph showing the main case of Lemma 1.30.

G′ the product is the same—we’re just pairing the paths from i to x and from x to j
in different ways, or, with a slogan, we can “move the prime”:

Lemma 1.30. Let G be a connected undirected graph, x,y ∈VG two non-adjacent
vertices and i, j ∈VG two vertices. Let also α,µ ⊆ Bxy \{x} be two subsets of the
basin of x not containing x. Call px (px̄, respectively) the number of shortest paths
from i to j in G passing through x (not passing through x, resp.). Let also p

αµ̄x be
the number of paths from i to j passing through all the vertices of α and then through
x, but never passing through any of the vertices of µ before reaching x, and p

αµ̄ x̄ the
number of paths from i to j passing through all the vertices of α but never passing
through x or any of the vertices of µ . Define similarly p′x, p′x̄ p′

αµ̄x, and p′
αµ̄ x̄ for the

paths satisfying the same conditions, but in G′. Then, the following properties hold:

(1.) p′
αµ̄x px = p

αµ̄x p′x

(2.) p′
αµ̄ x̄ px̄ = p

αµ̄ x̄ p′x̄

(3.) p′
αµ̄ x̄ px ≤ p

αµ̄ x̄ p′x

(4.) p′
αµ̄x px̄ ≥ p

αµ̄x p′x̄

Proof. We can assume w.l.o.g. that i∈VG\Byx and j ∈VG\Bxy, otherwise everything
holds trivially because the new edge x−− y does not create new shortest paths from i
to j, hence all the counts of shortest paths from i to j in G and in G′ are the same.

We now prove separately each of the four statements.

(1.) If px = 0 then p
αµ̄x = 0, so the statement holds, and the same happens for

p′x = 0, so we can assume px, p′x ̸= 0, and in particular di j = dix+dx j, d′i j = d′ix+d′x j,
and d′ix = dix, as shortest paths between i and x are not affected by the new edge.

Thus, p
αµ̄x ̸= 0 iff there is a path in G from i to x of length dix that passes through

α but not through µ , but since d′ix = dix this is true iff there is a path in G′ from i to x
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of length d′ix that passes through α but not through µ , that is, iff p′
αµ̄x ̸= 0. Thus, we

can also assume p
αµ̄x, p′

αµ̄x ̸= 0.

Now let s be the number of shortest paths in G from i to x , and sαµ̄ the number
of such paths that pass through vertices of α and do not pass through any of the
vertices of µ (see Figure 1.7): these values do not change in G′ because the new
edge x−− y can only shorten the paths from x to j. Let also t and t ′ be the number
of shortest paths from x to j in G and G′, respectively. Then,

p′
αµ̄x px = sαµ̄t ′st = sαµ̄tst ′ = p

αµ̄x p′x.

(2.) For the shortest paths not passing through x, there are two possibilities:

• If d′i j = di j then p′
αµ̄ x̄ = p

αµ̄ x̄ and p′x̄ = px̄, since all the shortest paths in G
are also shortest in G′, and more are possibly added but they all pass through
x.

• If d′i j < di j then p′
αµ̄ x̄ = 0 = p′x̄, because in G′ all the shortest paths between i

and j must pass through x.

In both cases, the equality holds.

(3.) When we add x−− y, we have two possibilities:

• If d′i j = di j then p′
αµ̄ x̄ = p

αµ̄ x̄ and px ≤ p′x;

• If d′i j < di j then p′
αµ̄ x̄ = 0.

In both cases, the inequality holds.

(4.) Multipying (1.) and (2.) we have p′
αµ̄x px p′

αµ̄ x̄ px̄ = p
αµ̄x p′x p

αµ̄ x̄ p′x̄, and divid-
ing by (3.) we obtain the statement.

We are now ready to prove basin dominance for betweenness centrality: the
proof goes through a case-by-case analysis of the contribution of each summand to
the difference in centrality, with the main case being covered by Lemma 1.30:

Theorem 1.31. Betweenness centrality is basin dominant on connected undirected
graphs. Thus, betweenness centrality is δ -semi-monotone and rank semi-monotone
on connected undirected graphs.
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Proof. Let us call ∆u = b′(u)−b(u) the score difference for a vertex u and for every
pair of distinct vertices i ̸= j, let also

∆u(i, j) =
σ ′i j(u)

σ ′i j
−

σi j(u)
σi j

.

Obviously
∆u = ∑

i, j ̸=u
∆u(i, j).

We want to show that ∆u ≤ ∆x for every u ∈ Bxy. For vertices u being equidistant
from x and y, everything holds trivially because the new edge x−− y does not create
any shortest path between i and j passing through u. Then, we can restrict our
attention to the case where u is strictly closer to x than to y, that is, u ∈VG \Byx.

The two summations giving ∆u and ∆x happen on a different set of pairs of
indices, and we treat the common and non-common pairs separately.

The easiest case is that of pairs i, j that appear in the summation of ∆x but not in
the summation of ∆u, because we know from Lemma 1.26 that those summands are
non-negative.

Then we consider the pairs i, j that appear in the summation of ∆u but not in the
summation of ∆x, that is, those where either i or j are equal to x; without loss of
generality let us assume j = x. We want to show that in this case, instead, we have

∆u(i,x) =
σ ′ix(u)

σ ′ix
− σix(u)

σix
≤ 0.

When i ∈ Bxy, the new x−− y edge does not create any new shortest path between
i and x, so ∆u(i,x) = 0. Conversely, when i ̸∈ Bxy new shortest paths cannot pass
through u (remember that u ∈ Bxy); thus,

• if dix = d′ix then σix ≤ σ ′ix and σix(u) = σ ′ix(u);

• if dix > d′ix then σ ′ix(u) = 0.

We are now left with the pairs i, j that appear in both summations, that is, i, j ̸= u
and i, j ̸= x. In this case, we want to prove a term-by-term bound, that is:

∆u(i, j) =
σ ′i j(u)

σ ′i j
−

σi j(u)
σi j

≤
σ ′i j(x)

σ ′i j
−

σi j(x)
σi j

= ∆x(i, j). (1.2)
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Note that if i and j belong to the same basin the edge x −− y does not create any
new shortest path between i and j, so (1.2) holds because both sides are zero; this
includes the case in which i and j are in the intersection of the basins, so we can
assume, without loss of generality, that i ∈VG \Byx and j ∈VG \Bxy.

The case ∆u(i, j)≤ 0 is trivial because of Lemma 1.26; we now analyze the case
∆u(i, j)> 0.

Since i,u ∈VG \Byx and j ∈VG \Bxy, we can state two facts:

• all shortest paths in G and G′ from i to j passing through x and y must pass
through x before y;

• all shortest path in G and G′ from i to j passing through u and x must pass
through u before x.

As mentioned in Section 1.5, a shortest path between i and y passes exclusively
through vertices in the basin of x and then exclusively through vertices in the basin
of y, until it reaches y. Moreover, a shortest path between j and y passes exclusively
through vertices in the basin of y. Combining these two facts is enough to show that
the first statement holds.

The second one, instead, can be proven by contradiction: if u is after x in a
shortest path from i to j, then u is necessarily between x and y. This means that
d′i j < di j since we might shorten the path from x to y passing through u by taking
x−− y. Hence σ ′i j(u) = 0 and thus ∆u(i, j)< 0—a contradiction.

We now define a few counters of shortest paths from i to j in G satisfying certain
conditions:

• px: passing through x;

• px̄: not passing through x;

• pux: passing through u and then through x;

• pūx: passing through x but not through u;

• pux̄ passing through u but not through x;

• pūx̄ passing through neither.
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The same notations are used for G′, but we use p′ instead of p.

With these notations, we can write the single terms appearing in (1.2) as follows:

σi j(u) = pux + pux̄ σ
′
i j(u) = p′ux + p′ux̄ σi j = px + px̄

σi j(x) = pux + pūx σ
′
i j(x) = p′ux + p′ūx σ

′
i j = p′x + p′x̄

which makes us able to rewrite (1.2) as

p′ux + p′ux̄
σ ′i j

−
pux + pux̄

σi j
≤

p′ux + p′ūx
σ ′i j

−
pux + pūx

σi j
,

which is equivalent to

p′ux̄− p′ūx
σ ′i j

≤
pux̄− pūx

σi j
.

Multiplying both sides by σ ′i jσi j, we obtain

p′ux̄ ·σi j− p′ūx ·σi j ≤ pux̄ ·σ
′
i j− pūx ·σ

′
i j.

Now, it is enough to show that the two following inequalities hold:

p′ux̄ ·
(

px + px̄

)
≤ pux̄ ·

(
p′x + p′x̄

)
p′ūx ·

(
px + px̄

)
≥ pūx ·

(
p′x + p′x̄

)
,

for which, in turn, it is sufficient to show that the following four statements hold:

p′ux̄ px ≤ pux̄ p′x p′ux̄ px̄ = pux̄ p′x̄
p′ūx px = pūx p′x p′ūx px̄ ≥ pūx p′x̄.

The latter are immediate by Lemma 1.30 if we set appropriately α and µ to ∅ or
{u}.
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1.8 Conclusions

This chapter answers positively some questions raised in [62, 63, 54] about closeness,
harmonic centrality and betweenness. Table 1.1 puts the positive results about rank
semi-monotonicity of this chapter in context with the positive results of the directed
case. It is interesting to note that rank semi-monotonicity is in fact the only property
of this kind that is true for betweenness. All the results are consequences of a stronger
result of a similar type about basin dominance.

undirected directed [62, 54]
score rank score rank

Closeness monotone [63] semi-monotone monotone monotone
Harmonic centrality monotone [63] strictly semi-mon. monotone strictly monotone
Betweenness not semi-monotone semi-monotone not monotone not monotone

Table 1.1 Summary of the results about semi-monotonicity obtained in this chapter (in
boldface) corresponding to negative results about monotonicity in [63]. All results are about
(strongly) connected graphs, except for the monotonicity property of harmonic centrality on
directed graphs, which is true on all graphs.

We also proved results about basin dominance, score monotonicity, and rank
semi-monotonicity for distance-decay centralities whose decay function is convex;
this result enabled us to prove rank semi-monotonicity for other centralities defined
in the literature. In particular, we characterised score monotonicity in terms of a
simple condition on the first discrete derivative of the decay function, and showed
that discrete convexity of the decay function is necessary and sufficient for basin
dominance. As a consequence, several families of distance-based centralities, such
as exponential decay centralities and power-law decay centralities, turn out to be
basin dominant, δ -semi-monotone, and hence rank semi-monotone.

Our negative results are about strictness of rank semi-monotonicity, in particular
of closeness and betweenness, and lack of score semi-monotonicity for betweenness.
For all the negative results we exhibit an infinite family of counterexamples.

The notion of basin dominance proved to be the key idea in all proofs of semi-
monotonicity. It provides a geometric way to control how score increments are
distributed after the addition of an edge: under basin dominance, both endpoints of
the new edge gain more than any other vertex in their respective basins, which in turn
implies δ -semi-monotonicity and rank semi-monotonicity. It would be interesting
to investigate whether basin dominance applies to other geometric measures, or
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even other centrality measures based on shortest paths, as in that case one gets
immediately rank semi-monotonicity.

Beyond their combinatorial interest, these results also have implications for
the use of centrality in biological network analysis. Centrality measures are rou-
tinely used to prioritise genes, proteins, or pathways in protein-protein interaction
networks, regulatory networks, metabolic networks, and disease-gene association
graphs, where highly central nodes are more likely to be essential, to play key regula-
tory roles, or to be attractive drug targets [43, 44, 48, 49, 59–61, 58, 82–84]. In this
setting, centrality effectively plays the role of an inductive bias: scores determine
which nodes are treated as more plausible candidates for follow-up experiments, for
inclusion in disease modules, or for in silico drug-repurposing pipelines based on
network proximity or diffusion [59, 60, 58, 85]. From this perspective, the axioms
studied in this chapter constrain the behaviour we are willing to accept from such
priors as the underlying networks evolve. When a new interaction is added, at least
one endpoint must improve relative to others, and within each endpoint’s basin, no
other vertex gains more than that endpoint. These minimal stability conditions are
particularly valuable for noisy, incomplete biological networks subject to sampling
biases, where centrality rankings are sensitive to missing data [83, 84, 86].

In drug discovery and therapeutic target prioritization, centrality measures rank
candidate drug targets in protein-protein interaction networks, where highly central
proteins are prioritized for experimental validation [60, 84]. However, these networks
are notoriously incomplete: current estimates suggest that experimentally validated
protein interactions represent only ∼10% of the true interactome [82, 87, 88]. As
new high-throughput screens incrementally add edges to these networks, target
rankings can shift dramatically [84]. In network-based drug repurposing, methods
compute proximity between disease modules and drug targets using centrality-
weighted propagation or shortest-path distances [89–91]. When underlying networks
are updated, proximity scores can change non-monotonically, potentially invalidating
predictions. Our axioms provide theoretical grounding for identifying repurposing
methods robust to network updates.
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1.9 Future Works

Proving or disproving score and (strict) rank semi-monotonicity for other measures
remains an open problem. Of particular interest are spectral measures, such as PageR-
ank and other feedback centralities, which were shown not to be rank monotone in
undirected graphs [63]. The primary difficulty in analyzing spectral measures stems
from their algebraic, rather than combinatorial, definition. Unlike the path-based
centralities examined in this chapter, the centrality vector of spectral measures is
defined as the principal eigenvector of a matrix derived from the graph’s adjacency
matrix. When an edge is added to an undirected graph, the adjacency matrix under-
goes a rank-two symmetric update. Consequently, determining whether PageRank
or Katz index satisfies semi-monotonicity will likely require techniques from matrix
perturbation theory, specifically analyzing how the principal eigenvector changes in
response to such low-rank updates.

Spectral centralities have demonstrated substantial utility in biological appli-
cations. PageRank has been applied to gene regulatory networks for identifying
regulatory elements [48, 92], protein-protein interaction networks for disease-gene
associations [83], and cancer gene identification through pathway analysis [93]. Es-
tablishing semi-monotonicity properties would provide theoretical guarantees about
their behavior as biological networks evolve.

Graph neural networks and biological inductive biases. Understanding the
semi-monotonicity and stability properties of centrality measures has direct impli-
cations for the design of graph neural networks (GNNs) applied to biological data.
Recent work has revealed connections between graph neural networks and spectral
centralities: GNNs can be interpreted as discrete dynamical systems whose behavior
relates to spectral properties of the underlying graph [94, 95]. The message-passing
operations in GNN architectures conceptually mirror the iterative update schemes
that define spectral centralities, with both frameworks capturing how information
propagates through network structure. Moreover, spectral centralities correspond
naturally to random walk processes on graphs, providing theoretical foundations for
understanding information propagation in graph convolutional networks [96]. Re-
cent work has further emphasized these connections by interpreting neural networks
themselves as relational graphs, revealing structural relationships between network
architecture and graph-theoretic properties [97].
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Several models explicitly incorporated personalized PageRank as a propagation
scheme [98, 99], separating feature transformation from diffusion to aggregate
information from large, adjustable neighborhoods. If centrality measures used
in propagation schemes satisfy semi-monotonicity, resulting GNNs could inherit
stability guarantees: node representations would change predictably under edge
additions, preventing unstable reranking when new interactions are discovered.

Recent GNN-based perturbation prediction models exemplify these considera-
tions. GEARS (Graph-Enhanced gene Activation and Repression Simulator) predicts
transcriptional responses to genetic perturbations by learning over Gene Ontology-
derived knowledge graphs [100]. PDGrapher predicts combinatorial therapeutic
targets by solving an inverse problem: given diseased and treated cell states, it iden-
tifies perturbagens to achieve desired phenotypic transitions using protein-protein
interaction or gene regulatory networks as causal graph proxies [101]. Both models
use GNN message passing over biological networks that are continuously refined:
Gene Ontology annotations update quarterly, and pathway databases see hundreds
of additions per release. As these knowledge graphs evolve, understanding which
graph properties ensure prediction stability becomes crucial. While these models
don’t explicitly use centrality measures as features, the information propagation
mechanisms they employ are governed by the graph’s structural properties, making
semi-monotonicity results potentially relevant for understanding their robustness.
Establishing formal connections between centrality semi-monotonicity and GNN
stability could guide architecture design for biological applications. When biological
knowledge graphs are incomplete or noisy, architectures leveraging propagation
schemes with proven stability properties may yield more reliable predictions for
drug discovery and therapeutic target identification.



Chapter 2

Compositional Sparsity of Learnable
Functions

The content of this chapter is largely based on the research originally presented
in [102].

Chapter 1 developed the mathematical foundations for understanding how cen-
trality measures behave when networks change, proving that measures like closeness,
harmonic centrality, and betweenness satisfy rank semi-monotonicity. However,
centrality measures represent just one facet of network analysis, addressing the
fundamentally descriptive challenge of characterizing the importance of network
components.

The biological scientific goals extend far beyond description to prediction: Can
we predict protein function from network topology? Can we identify disease-causing
mutations? Can we design therapeutic interventions? These challenges require
learning complex functions that map high-dimensional biological data to meaningful
biological outcomes.

Centrality measures are highly sensitive to the sampling biases and missing
edges that pervade molecular interaction data, limiting their reliability for biological
inference [84]. On the other hand, AI-driven models, which can adapt to new data
and capture non-linear relationships across genome-scale networks, offer a viable
path from description to prediction [103, 104].
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Historically, many attempts to build intelligent systems relied on logical or
rule-based approaches [105, 106]. In contrast, the rise of deep neural networks
from around 2012 onward ushered in learning-based architectures that surpass
traditional algorithms in numerous domains. For several years, the focus has been
on pushing performance boundaries, achieving remarkable success across domains
ranging from computer vision [107, 108], to playing strategic games (AlphaGo [109],
AlphaZero [110]), to natural language processing and complex reasoning [111–117].
In biological applications, deep networks have revolutionized our ability to predict
protein folding and interactions [8, 9, 118–120], and promise to revolutionize biology
with the help of single-cell omics [104]. Although these models continue to break
benchmark after benchmark, their development often outpaces the theory needed to
explain or predict their performance.

Like images and text, biological data has features with thousands or even millions
of dimensions and classical statistical learning theory, grounded in the framework
of empirical risk minimization, provides sample complexity bounds that scale expo-
nentially with the ambient dimension of the input space [121, 122]. For a function
f : X d→Y in d dimensions, standard approximation results suggest that achieving
ε-accuracy requires O((1/ε)d) parameters or samples—an exponential dependence
known as the curse of dimensionality [123, 124].

Yet deep neural networks routinely violate these predictions. Modern architec-
tures with polynomially many parameters achieve excellent generalization perfor-
mance on high-dimensional tasks where classical theory predicts failure [125, 126].
The resolution, we argue, lies in recognizing that real-world functions are not ar-
bitrary mappings over high-dimensional spaces. Instead, they exhibit structural
regularity that can be exploited by appropriately designed architectures [1, 127]. The
most fundamental form of such regularity is compositional sparsity [128–132].

The compositional principle, that complex systems can be understood as hi-
erarchical arrangements of simpler components, represents one of the most per-
vasive organizing principles in nature [133, 134]. In physics, atoms compose
molecules, which compose materials, which exhibit emergent properties at macro-
scopic scales [135]. In biology, this principle manifests at every level: amino acids
fold into protein domains that combine to create functional enzymes [136]; regula-
tory motifs compose into circuits that govern developmental programs [137]; cellular
modules aggregate into tissues and organs with specialized functions [138].
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This hierarchical organization is not merely descriptive but reflects fundamen-
tal constraints on how complex systems can be efficiently constructed and under-
stood [133]. A protein with 1000 amino acids could, in principle, adopt 201000

possible sequences, yet evolution has discovered functional sequences that can be
understood through modular domain organization [139]. Similarly, gene regulatory
networks with thousands of components exhibit modular structure that enables both
robustness and evolvability [140].

Compositional structure also pervades human-designed systems. Software ar-
chitectures rely on modular design principles [141] and natural language exhibits
hierarchical organization from phonemes to morphemes to words to phrases [142].
This ubiquity suggests that compositional organization is not accidental but reflects
fundamental constraints on complexity and learnability.

In this chapter, we tie Turing-computability to compositional sparsity. We
prove that all efficiently Turing-computable functions exhibit compositional sparsity,
providing a possible explanation for why deep learning succeeds where classical
methods fail. Our framework offers new theoretical insights into the effectiveness of
hierarchical architectures and provides a unifying perspective on phenomena ranging
from the success of convolutional networks to the emergence of Chain-of-Thought
reasoning in large language models.

We begin by reviewing classical learning theory and the curse of dimensional-
ity in Section 2.1. Section 2.2 then introduces compositional sparsity as the key
to understanding why deep learning succeeds, formally defining this property and
proving that all efficiently Turing-computable functions exhibit compositional spar-
sity. We demonstrate how this can resolve the deep learning paradox by showing
that deep networks can approximate such functions with polynomial rather than
exponential complexity. In Section 2.3 we shift from representation to learning,
exploring the theoretical challenges of discovering compositional structure from
data and examining how modern architectures like convolutional neural networks
and transformers exploit sparsity through architectural biases. We conclude by
connecting our framework to contemporary phenomena in large language models,
particularly Chain-of-Thought reasoning, which we argue naturally exploits compo-
sitional sparsity by decomposing complex problems into learnable subcomponents.
Throughout, we highlight open questions that bridge theory and practice, pointing
toward future research directions in deep learning theory.
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2.1 Preliminaries

We briefly introduce statistical learning viewed through the lens of empirical risk
minimization following standard literature [143–145]. We also introduce the notion
of the curse of dimensionality, to which classical learners such as shallow networks
are subject.

In a supervised learning problem, an unknown probability measure µ in the space
of input-output pairs X ×Y gives rise to the target function fµ : X → Y assumed
to underlie an observable i.i.d. finite training set S = {(xi,yi)}m

i=1 with yi = fµ(xi).
It is the goal to approximate fµ using some f best, as measured by an expected risk
over the probability measure µ

R( f ) =
∫

ℓ( f (x),y)dµ(x,y) (2.1)

constructed from some per-instance loss ℓ. Since µ is commonly unknown, the
expected risk is approximated empirically via the observable training set,

Remp( f ) =
1
m

m

∑
i=1

ℓ( f (xi),yi). (2.2)

A low empirical risk does not necessarily imply that the approximation predicts
well on unseen data. However, the generalization performance of this empirical risk
minimization procedure can be bounded by taking the complexity of the hypothesis
class H , over which f is optimized, into account. The Rademacher complexity Rm

of H , defined on the independent Rademacher random variables σi,

Rm(H ) = Eσ

[
sup
f∈H

1
m

m

∑
i=1

σi f (xi)

]
(2.3)

probabilistically bounds the gap between the expected risk R( f ) and the empirical
risk Remp

R( f )≤Remp( f )+Rm(H f )+o(δ ) (2.4)

where the low-order error terms depend on the certainty of the guarantee 1−δ and
the training set size m.

From an approximation-theoretic perspective, the key challenge is that classical
learners such as kernel machines or shallow networks are affected by the curse
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of dimensionality. As the dimension d of a function f grows, these methods may
require an exponentially large number of parameters to approximate f arbitrarily
well [129].

Consequently, a central question arises: Which property of real-world target
functions ensures that a suitable deep neural network can approximate them without
requiring a number of parameters that grows exponentially with d? The crucial
insight is that deep networks can exploit suitable structural assumptions about the
target function—most notably, that it admits a decomposition which avoids the need
for an exponential number of parameters. As we will demonstrate in the following
section, this requirement turns out to be surprisingly mild encompassing a broad
class of functions. Thus, while traditional approaches suffer in high dimensions, deep
neural networks can circumvent an exponential blow-up in the number of parameters
by leveraging such structure [146].

2.2 Compositional Sparsity and Deep Learning

A central concept in our argument is that of efficient Turing-computability. Through-
out this chapter, we use this term to refer to functions in the complexity class FP,
that is, function problems solvable by a deterministic Turing machine in polynomial
time. While the decision problem class P involves single-bit yes/no answers, FP
encompasses functions whose outputs can be computed in polynomial time. For
real-valued functions, computability can be formalized in multiple ways (see Poggio
and Fraser [132] for a detailed discussion), but for the purposes of this chapter, we
equate “efficient Turing-computable functions” with those in FP.

Subsequently, we introduce the notion of compositionally sparse functions and
their relevance. We then state how this property helps deep neural networks to break
the curse of dimensionality. For an alternative set of proofs see [147].

2.2.1 Compositionally Sparse Functions

Definition 2.1 (Compositionally Sparse Function). A function f : X d→X is com-
positionally sparse if it can be represented as the composition of at most O(polyd)
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Fig. 2.1 A directed acyclic graph representing a compositionally sparse function. The green
diamonds denote the d = 5 input variables, the red dots constituent functions and the blue
square the final output. Each function depends on at most 3 = c≪ d variables.

constituent functions each of which is sparse, i.e., depends on at most a (small)
constant number of variables c.

A compositionally sparse function can be visually depicted as a directed acyclic
graph, in which the leaves represent inputs, the root denotes the output function, and
the internal nodes represent the constituent functions. The maximum in-degree of
the directed acyclic graph is equivalent to c. Figure 2.1 illustrates this definition
for a small toy example with total input dimension d = 5, and input dimension of
at most c = 3 for all constituent functions. Functions with constituents of bounded
dimensionality were earlier referred to as “hierarchically local compositional func-
tions” [129]. Interestingly, this property is not very restrictive and is satisfied by a
large class of functions, as the following theorem states.

Theorem 2.2 (Efficient Computability implies Compositional Sparsity, restated
from Poggio and Fraser [132]). Any function that is efficiently Turing-computable is
compositionally sparse.

We prove this conjecture from Poggio and Fraser [132]. The proof uses the fact
that efficiently Turing-computable functions may be translated into Boolean circuits
of a polynomial number of gates with a bounded number of input variables.
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2.2.2 Proof of Theorem 2.2

Theorem (Efficient Computability implies Compositional Sparsity). Any function
f ∈ FP is compositionally sparse.

Proof. Assume a function f ∈ FP, i.e., f is efficiently Turing-computable. By
definition, there exists a deterministic Turing machine that computes f in time
T (n) = O(poly(n)).

A deterministic Turing machine running in time T (n) can be converted into
a Boolean circuit with O(T (n) logT (n)) gates [148]. For T (n) = O(polyn), this
results in a circuit C of size O(polyn).

The circuit C may include gates with unbounded fan-in. To ensure compositional
sparsity, we transform C into an equivalent circuit with 2 inputs.

In particular:

• Any gate with k > 2 inputs can be replaced with a binary tree of ⌈log2(k)⌉-
depth and k−1 gates (see Figure 2.2 for an example visualization).

• Since k in the original circuit is bounded by O(T (n)) = O(poly(n)), trans-
forming C into a circuit with fan-in 2 increases the circuit size by at most a
polynomial factor. Thus, the final circuit has still polynomial size.

The final circuit is a Boolean circuit of O(poly(n)) gates with fan-in 2. Since
this circuit does not contain any cycles by construction, it can be translated into a
directed acyclic graph, where the Boolean inputs constitute the leaves, the gates
are the internal nodes, and the output is the root. The circuit therefore computes a
compositionally sparse function in the sense of Definition 2.1, which concludes the
proof.

2.2.3 Deep Learning under Compositional Sparsity

While compositionally sparse functions may be approximated by suitable deep
networks while avoiding the curse of dimensionality, this is generally not the case
for shallow networks.
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Theorem 2.3 (Poggio et al. [129], informal). Suppose f is a compositionally sparse
function of input dimension d with directed acyclic graph G f . Let the complexity of
a network be the number of its trainable parameters. Then

1. Shallow Networks with one hidden layer require complexity O(ε−d) to ap-
proximate f to an accuracy ε > 0, which is the best bound possible, whereas

2. Deep Networks mimicking G f require complexity O(dε−2) to approximate f
to an accuracy ε > 0.

Combining Theorem 2.2 on the compositional property of all efficiently com-
putable functions with Theorem 2.3 from above, yields the following corollary:

Corollary 2.4 (cf. Poggio and Fraser [132]). Any efficiently Turing-computable
function (Boolean or real-valued) may be approximated to an accuracy of ε > 0 with
a deep, sparse network of polynomial complexity in d and ε−1.

As such, deep neural networks are universal approximators for all practically
computable functions, capable of avoiding the curse of dimensionality. Observe that
the argument in the case of approximation only requires the in-degree of the function
nodes in the directed acyclic graph to be constrained, but does not further restrict the
function class from which the “node functions” are drawn.

Fig. 2.2 An AND gate with fan-in 12 decomposed in a tree of AND gates with fan-in 2.
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2.3 Learnability and Optimization of Compositionally
Sparse Functions

It is noteworthy, that the curse of dimensionality occurs not only in the context of
network complexity, i.e., a question related to approximation. It also extends to opti-
mization, namely, convergence rates and sample complexity. While compositional
sparsity explains why deep networks can represent efficiently computable functions
with polynomial complexity, it does not guarantee that such representations can be
learned efficiently from input-output pairs. This section explores the theoretical and
practical challenges of learning compositionally sparse functions and connects these
insights to modern training paradigms.

2.3.1 Theoretical Challenges

Learning general compositionally sparse functions from input-output examples
faces fundamental complexity barriers. A foundational result by Goldreich et al.
[149] demonstrates that, under standard cryptographic assumptions (specifically,
the existence of one-way functions), there exist families of Boolean circuits of
polynomial size that are not efficiently learnable in the distribution-free setting by
any polynomial-time algorithm, regardless of the representation used. This result is
representation-independent and applies directly to the class of functions computable
by polynomial-size Boolean circuits, which encompasses compositionally sparse
functions as defined in this work.

Theorem 2.5 (Goldreich et al. [149], informal). Assuming the existence of one-way
functions, there exists a polynomial p such that the class of Boolean circuits with
at most p(n) gates is not learnable in polynomial time by any polynomial-time
evaluable representation class.

This cryptographic hardness result implies that, without additional structural
assumptions or access to more than just input-output pairs, learning arbitrary com-
positionally sparse functions is infeasible in the worst case. In other words, even
though such functions can be efficiently represented and computed, their learnability
from examples alone is fundamentally limited by computational complexity barriers.
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However, this worst-case hardness does not preclude the efficient learnability
of many important subclasses of compositionally sparse functions. For example,
Mansour [150] showed that most sparse Boolean functions are easy to learn, and
further work has identified tractable subclasses such as staircase functions [151] or
sparse polynomials [152]. The key insight is that while compositional sparsity is
necessary for efficient representation, it is not sufficient for efficient learnability in
the absence of further assumptions or structural information. In practice, providing
partial supervision, architectural biases, or exploiting additional properties of the
constituent functions can make learning feasible.

Despite these theoretical barriers, deep neural networks that likely represent
compositionally sparse functions often achieve impressive performance on real-world
tasks with high-dimensional data. This empirical success suggests that, in practice,
the structure of real-world problems and the inductive biases of deep neural networks
frequently circumvent worst-case hardness. Some theoretical results support this
phenomenon: Bauer and Kohler [130], for example, show that in non-parametric
regression, the convergence rate of shallow networks diminishes exponentially with
the input dimension, whereas deep neural networks can achieve convergence rates
that depend only on the interaction order of the underlying compositional function,
not the ambient dimension. Further work [131, 153–155] demonstrates that deep
neural networks can overcome the curse of dimensionality and efficiently learn
compositional functions under suitable assumptions.

An interesting example of sparse Boolean functions is provided by staircase func-
tions, which are hierarchically structured Boolean functions over a high-dimensional
hypercube. Such functions can be learned in polynomial time using layer-wise
stochastic gradient descent on specialized deep neural networks [151]. The hierar-
chical structure enables gradient descent to progressively combine low-level features
into higher-level ones through network depth. Negahban and Shah [152] show that
functions representable as s-sparse Boolean polynomials over n variables can be
learned via L1-constrained convex optimization inspired by compressed sensing,
achieving O(s2n) sample complexity. Similarly, Boolean functions with Fourier
spectra concentrated on k non-zero coefficients (out of a predefined set P of poten-
tial basis elements) can be learned via L1-constrained regression with O(k log4 |P|)
samples [156].
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These results collectively highlight that, although the worst-case learnability
of compositionally sparse functions is computationally hard, many natural and
structured subclasses remain efficiently learnable. This dichotomy underscores the
importance of leveraging additional structure (whether through architectural design,
training paradigms, or supervision) to circumvent the limitations imposed by general
hardness results.

2.3.2 Implications for Architecture Design

Convolutional neural networks address compositional sparsity not because of trans-
lational invariance but because the filters are constrained to local patches, which
induces sparse Toeplitz weight matrices. This architectural bias, which is independent
of the convolutional property, ensures that the network computes a compositionally
sparse function. Recent work by Xu et al. [157] demonstrates that such sparsity
can be leveraged to obtain significantly tighter generalization bounds than those
derived from naive Rademacher complexity, for both sparse and dense networks.
This suggests that, in domains where convolutional neural networks excel, that is,
where the underlying function is well-approximated by a compositionally sparse
structure, deep sparse learners are essential for strong generalization. Notably, these
generalization results depend on the sparsity of the weight matrices, not on the
convolution per se.

In biological applications, compositional sparsity provides a natural explanation
for why architectures that mirror known modular structure often outperform generic
dense models, even when trained on the same data. Gene regulatory networks,
signaling cascades, and metabolic pathways are organized into modules where each
component interacts with a small subset of partners [158, 159], and where layers of
regulation compose into higher-level phenotypic effects [10, 160]. Empirical studies
have consistently demonstrated that biological networks exhibit sparse, hierarchical
connectivity patterns [161, 162] and that this modular organization directly influences
how perturbations propagate through regulatory circuits [163]. When we design
neural architectures that respect this organization, for instance by constraining
connectivity along curated pathway graphs [164] or by factorizing prediction tasks
into low-arity modules that correspond to known biological processes [100], we are
not merely regularizing the model. Rather, we are aligning its hypothesis class with
the compositional sparse structure that any efficiently computable cellular input-
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output map must satisfy. In this sense, architecture becomes an explicit encoding of
a biological inductive bias [165] that is justified both by empirical modularity and by
the theoretical results of this chapter.

On the optimization side, compositional sparsity also impacts the symmetry
properties of the network. Dense architectures, such as fully connected networks,
possess large symmetry groups: permutations of neurons or layers often leave
the function unchanged, resulting in highly degenerate loss landscapes with many
equivalent minima [166–169]. In contrast, compositionally sparse architectures,
including convolutional neural networks, have much smaller symmetry groups, as
their constrained connectivity restricts the set of permissible permutations. For
example, convolutional neural networks avoid permutation symmetries in weight
space by enforcing translational equivariance, which simplifies the optimization
landscape and can accelerate convergence. Recent works have begun to explore
general principles of learning in- and equivariances in deep neural networks [170]
and the interplay between sparsity, equivariance, and symmetry reduction [171],
suggesting that architectural biases that reduce or exploit symmetry can induce useful
structure and constraints on learning, thereby serving as a general mechanism for
improving learnability and optimization.

While the structural sparsity induced by convolutional neural networks has empir-
ically been shown to be an exceptional fit for vision tasks [172–174], it can generally
be challenging to impose the correct sparse structure a priori in architectures in-
tended for other domains. Considering the natural language domain, it is reasonable
to assume that the entities sharing a meaningful relationship in a sentence or text
may shift position and have variable relative pair-wise distances. The rigid sparse
structure of a convolutional neural network may therefore not be well-suited.
Transformers, on the other hand, may address this by dynamically learning to focus on
a still small, but flexible input-dependent subset of tokens via attention [7, 175, 176].
Song et al. [177] rigorously characterize how sparse attention mechanisms in trans-
formers approximate exact attention, revealing that attention patterns naturally ex-
hibit sparsity despite the architecture being dense by design. Recent empirical studies
have further shown that transformers often exhibit emergent compositional structure
across layers [178–180].
We posit that the key lies in the autoregressive training framework: by training mod-
els to predict each token conditioned on previously generated tokens, autoregressive
training encourages the incremental construction of complex outputs from simpler
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components. This process can naturally lead to the emergence of compositional
sparsity through learned intermediate representations.

2.3.3 Universality of Auto-Regressive Predictors and Chain-of-
Thought

A recent result by Malach [181] can be derived as a corollary of Theorem 2.2.
Malach’s theorem, obtained independently and in a somewhat different context,
establishes that autoregressive next-token predictors are universal learners for any
efficiently Turing computable function. Specifically, Malach [181] states:

Theorem 2.6 (Malach [181], informal). For any function f that is efficiently Turing-
computable, there exists a dataset D such that training a (linear) auto-regressive
next-token predictor on D results in a predictor that approximates f .

Because Boolean sparse functions are easy to learn [150, Theorem 4.9], it is easy
to show that our Theorem 2.2 implies the following statement (which is effectively
equivalent to Theorem 2.6):

Corollary 2.7 (informal). Any function f that is efficiently Turing-computable, can
be learned if training sets are available for each of the sparse constituent functions
in one of its decompositions.

Interestingly, decision trees [150, Theorem 5.10] are sparse Boolean functions
because they have small L1-norm. In a smoothed complexity setting where the input
distribution is drawn from the biased binary hypercube, and the bias of each variable
is randomly chosen, the class of log(n)-depth decision trees satisfies the general
staircase property. In turn, staircase functions with a small number of terms are
sparse, since they are a sum of parity functions of increasing degree.

Poggio and Fraser [132] argue that a dataset containing the step-by-step output
and therefore the intermediate results of constituent functions should suffice to learn
any compositionally sparse function conditioned on the learnability of its constituents.
The structure of natural language is commonly regarded to be sparse s.t. subsequent
tokens only depend on few prior tokens [182, 178]. This compositional structure
can be picked up by auto-regressive next-token predictors [183]. The vast corpora
of natural language [184, 185], on which modern-day large language models are
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trained on, are therefore natural candidates for such datasets, that contain not only
end-to-end examples of input-output pairs of functions, but also intermediate results.
This may explain complex reasoning observed in present-day large language models.

Recent empirical work by Lindsey et al. [186] provides direct evidence that
large language models, such as Claude 3.5 Haiku, internally perform genuine multi-
step reasoning in practice. For example, when prompted with Fact: the capital of
the state containing Dallas is, the model produces the correct answer “Austin” by
first inferring that Dallas is in Texas, and then that the capital of Texas is Austin.
Attribution graph analysis reveals that the model’s computation proceeds through
distinct intermediate representations corresponding to “Texas” and “capital,” rather
than relying solely on memorized shortcuts. This multi-hop reasoning is reflected in
the model’s internal feature activations and their interactions, supporting the view
that compositional sparsity and hierarchical reasoning are not only theoretically
motivated but also empirically realized in state-of-the-art models [186].

Chain-of-Thought is one of the most compelling phenomena discovered during
the recent study of large language models. In brief, it can be shown that eliciting
a series of intermediate reasoning steps significantly improves the ability of large
language models to perform complex reasoning [187]. The reasoning steps may
be hierarchically structured themselves to break up involved problems into simpler
subproblems [188, 189].

Conjecture 2.8 (Chain-of-Thought exploits Compositionally Sparse Functions).
Chain-of-Thought explicitly decomposes a compositionally sparse learning problem
into sparse subproblems, each one of which can be learned. As such, it overcomes
the complexity of one-shot learning.

The following sketch shows how Chain-of-Thought fits into the compositional
sparsity framework. Let fθ : Td → T be a token-to-token predictor, S[s : e] be the
subsequence operator on a token sequence S selecting all tokens from the s-th to
the e-th token (inclusive), and [·, . . . ] be the concatenation operator concatenating
sequences of tokens. Then, using Chain-of-Thought prediction can be understood as
repeatedly applying the same predictor to a changing sequence of inputs.

fθ ([. . . , fθ ([X [2 : d], fθ ([X [1 : d], fθ (X)])])]) (2.5)



2.3 Learnability and Optimization of Compositionally Sparse Functions 59

Fig. 2.3 Is Socrates mortal? Chain-of-Thought-style intermediate solving steps can simplify
this famous question to a sequence of general reasoning steps of less complexity than the
specific question at hand.

It is always possible to factor fθ (·) over a partition
⋃

i∈I Pi = Td , s.t.,

fθ (x) = gi,ϑi(x) with i ∈ I, x ∈ Pi (2.6)

and thus understand fθ (·) to implicitly be a decision tree assigning each input to the
leaf predictor gi,ϑi(x) of the input’s partition set (construction akin to Belcak and
Wattenhofer [190]). The plausibility of this idea is supported by, e.g., the work of
Gan et al. [183], who demonstrated that decision tree structures naturally emerge
in auto-regressive language models. In the framework of compositional sparsity,
each gi,ϑi constitutes a simpler function of (bounded) density c≪ d. As such, the
token-to-token predictor is faced with sparse, learnable functions gi,ϑi of limited
complexity and can solve the problem via repeated prediction. Note that decision
trees themselves are sparse [150], implying that the full function directed acyclic
graph is compositionally sparse. To directly predict the result in a single prediction
step, i.e., evaluating fθ on the input sequence X once, on the other hand constitutes a
dense problem and is therefore not (easily) learnable if at all.
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However, there remain open questions, e.g., how exactly the subfunctions are
represented, selected, and learned. Viewing this problem through the lens of composi-
tional sparsity may be helpful in identifying promising research directions. The work
of Cheung et al. [191] shows how a single model can represent several functions
using superposition and is thus possibly an answer to the question of representation.

2.3.4 Open Questions

Despite significant theoretical and empirical progress, several critical gaps remain
in our understanding of how compositional sparsity interacts with deep learning
in practice. We highlight below a set of open questions that, if addressed, could
unify the theory of compositional sparsity with the practical realities of modern deep
learning.

Which Functions Are Learnable? And by which deep neural networks? A
central challenge is to characterize the classes of compositional sparse functions,
represented as directed acyclic graphs, that can be efficiently inferred from data.
While compositional sparsity provides a powerful representational framework, it
remains unclear for which directed acyclic graph topologies the underlying structure
can be reliably discovered by learning algorithms. Notably, recent work suggests
that certain function classes, such as staircase functions, may not require a strictly
compositional structure, but rather an overlap in the subsets of variables they use.
Careful analysis of these cases, as discussed in the literature, may reveal subtler
forms of compositionality relevant for learnability.
Optimization in the compositional sparsity framework suggests that the directed
acyclic graph of the target function must be reflected in the deep neural network’s
computational graph as a subgraph implying that only certain architectures can
efficiently be optimized for certain target functions. This conjecture constitutes a
direct pathway to empirical study of the relationship shared by the graph topologies
of the target function and the network. Resulting insights could aid in delimiting the
scope of our proposition and competing frameworks of understanding deep neural
network optimization behavior.
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How Much Supervision Is Needed for Efficient Learning? Another open ques-
tion concerns the amount and type of supervision required to efficiently learn com-
positional functions. In practice, providing intermediate supervision, such as Chain-
of-Thought steps or explicit labels for subproblems, can dramatically reduce the
complexity of learning. However, it is not yet well understood how much and what
kind of intermediate supervision is necessary to avoid exponential scaling in sam-
ple or computational complexity. Determining the minimal supervision needed for
efficient learning remains an important direction, both for theory and practice.

Why Are Multiple Layers Essential in Transformers? The empirical success of
multilayer transformers in pretraining tasks suggests that predicting the next word in
natural language may, in general, require learning a compositionally sparse function
that cannot be represented by a single threshold layer. This observation raises further
questions about the depth and architectural requirements for capturing compositional
structure in practice, and about the specific mechanisms by which transformers
exploit or induce such sparsity.

Can SGD Alone Discover Compositional Structure? Recent work by Beneven-
tano et al. [192] shows that stochastic gradient descent (SGD) can naturally recover
the support of the target function at the input layer. This raises a fundamental ques-
tion: can deep networks, in practice, also discover the sparse constituent functions
that would appear in a compositional decomposition of the target function? Is the
implicit bias of SGD alone sufficient to induce this structure, or are additional biases,
such as explicit sparsity constraints (e.g., L1-regularization) or architectural priors,
necessary to reliably recover compositional sparsity across layers? Addressing these
questions is crucial for understanding the mechanisms by which deep networks learn
and represent compositional structure.

How Do Neural Networks Choose Among Multiple Decompositions? Beyond
these challenges, another subtle but important issue arises: a given function may
admit many distinct compositional sparse decompositions, each corresponding to a
different hierarchical arrangement of constituent functions. If a neural network learns
such a decomposition, which one does it select among the many possibilities? Are
certain decompositions favored due to architectural inductive biases, optimization
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dynamics, or properties of the data? What determines this preference, and can it
be controlled or predicted? Understanding the factors that bias the learning process
toward particular decompositions is important for both interpretability and control.

Addressing these open questions is essential for bridging the gap between the
theoretical foundations of compositional sparsity and the practical achievements of
deep learning. Progress in these areas will not only deepen our understanding of why
deep neural networks work so well, but may also guide the design of more efficient,
interpretable, and robust learning systems.

2.4 Conclusions

In this chapter, we established a formal connection between computational complex-
ity and the representational power of deep neural networks. We proved the conjecture
that all efficiently Turing-computable functions are compositionally sparse. This
class of functions can be decomposed into a polynomial number of constituent
functions, each depending on only a small, constant number of variables.

This theoretical finding provides a possible explanation for the empirical suc-
cess of deep learning on high-dimensional problems where classical methods fail.
While classical learning theory predicts an exponential “curse of dimensionality”,
deep networks can avoid this curse in approximation by exploiting the inherent
compositional sparsity of the target function. Consequently, deep, sparse networks
can approximate any efficiently computable function with polynomial, rather than
exponential, complexity.

However, the ability to represent a function efficiently is distinct from the ability
to learn it from data. We have seen that architectural biases, like the local connectivity
in convolutional neural networks, and training paradigms, such as the incremental
reasoning in Chain-of-Thought, provide powerful mechanisms for discovering this
implicit structure. In these cases, the learning algorithm is tasked with inferring a
hidden hierarchy from the data.

In biological applications, the challenge is to instantiate this principle in concrete
tasks. Predicting cellular responses to genetic or chemical perturbations, annotating
cell types in continuously updated atlases, or inferring latent trajectories from time-
resolved single-cell data all amount to learning complex functions under strong
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compositional and modular constraints. Recent work has demonstrated that models
incorporating explicit biological structure outperform generic approaches. The
GEARS model [100] combines deep learning with a knowledge graph of gene-gene
relationships to predict transcriptional responses to novel multi-gene perturbations,
achieving 40% higher precision than prior methods by explicitly modeling sparse
gene regulatory interactions. Similarly, PDGrapher [101] leverages graph neural
networks to map relationships among genes, proteins, and pathways, successfully
predicting therapeutic targets across 19 datasets and 11 cancer types by respecting
the modular organization of cellular signaling cascades.

Beyond perturbation prediction, compositional structure has proven essential for
single-cell analysis tasks. Pathway-guided neural networks [193] that constrain layer
connectivity to follow known signaling pathways achieve superior interpretability
while maintaining predictive performance in cell-type classification. The Com-
positional Perturbation Autoencoder (CPA) [194] explicitly models perturbation
effects as compositional, allowing accurate prediction of 97.6% of missing genetic
combinations in Perturb-seq experiments. Models such as SigPrimedNet [195] and
CellTICS [196] incorporate hierarchical biological pathways directly into network
architectures, demonstrating that aligning model structure with known biological
modularity improves both accuracy and biological interpretability. Gene regulatory
network inference methods like GRACE [197] and CEFCON [198] use graph neural
networks with explicit causal constraints to recover compositionally sparse regulatory
programs from single-cell data. The scapGNN framework [199] transforms sparse
single-cell profiles into gene-cell association networks to infer pathway activities,
while d-scIGM [200] builds deep generative models guided by hierarchical pathway
knowledge to enhance biological interpretability.

The results of this chapter suggest that architectures which expose compositional
constraints explicitly, whether by mirroring known pathway structure, by factoring
predictions across ontological hierarchies, or by decomposing dynamics into inter-
acting subsystems, should be able to approximate the underlying biological maps
with polynomial complexity. These empirical validations across diverse biological
tasks confirm that compositional sparsity is not merely a theoretical construct but a
practical design principle that, when properly instantiated, enables efficient learning
even in high-dimensional biological spaces.
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Throughout this chapter, we have focused on compositional sparsity as a property
of the function being learned, whether encoded through architectural constraints
like pathway-guided connectivity, or emerging through optimization dynamics in
transformers and autoregressive training. But many biological domains also exhibit
explicit compositional structure in their output taxonomies. Cell types form nested
hierarchies from broad lineages to specialized subtypes, diseases are classified
into increasingly specific categories, and proteins belong to families with shared
evolutionary origins. When such hierarchical relationships among labels are known
a priori, can we leverage this structure not through network architecture, but through
the learning objective itself?

The next chapter explores this complementary perspective, shifting from com-
positional structure in function space to hierarchical structure in label space. We
investigate how encoding known ontological relationships directly into the loss
function can improve generalization in single-cell type annotation, where the output
taxonomy naturally exhibits the compositional principles developed in this chapter.



Chapter 3

Hierarchical Cross-Entropy Loss for
Single-Cell Annotation

The content of this chapter is largely based on the research originally presented
in [201].

While the compositional sparsity framework provides a compelling explanation
for the representational efficiency of deep networks, it addresses only one side of the
learning problem. An equally potent source of prior knowledge often lies not in the
hidden computational mechanics of the function f , but in the explicit relationships
that govern its possible outcomes in the output space Y . This chapter pivots from the
properties of the function to the properties of its codomain, arguing that a vast and
frequently overlooked opportunity for improving machine learning models involves
directly modeling the known structure of the output space itself.

This perspective aligns with the established field of structured output predic-
tion [202–204]. In contrast to standard classification or regression, which typically
treats the output space Y as an unstructured set of independent labels or a simple
Euclidean space, structured prediction acknowledges that Y often possesses a rich
internal grammar, geometry, or topology. The learning task is consequently trans-
formed from merely selecting the most probable label to finding the highest-scoring
valid structure y ∈ Y given an input x. This often involves an inference step to
ensure that the predicted output is globally consistent with the constraints of the
output space. In many scientific domains, this structure is not a hidden property to
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be inferred but is instead the product of decades of cumulative scientific consensus,
explicitly encoded in knowledge bases and ontologies.

In canonical machine learning tasks, particularly in computer vision and natural
language processing, the output space is treated as a flat set of mutually exclusive
categories. The standard cross-entropy loss function embodies this assumption: it
treats all classes as equidistant and all misclassifications as equally erroneous. A
model trained on ImageNet learns to map an image to one of a thousand discrete
labels, with mistaking a cat for a dog penalized identically to mistaking a cat for a
truck [205, 107]. While this simplification suffices for many applications, it breaks
down in domains where labels possess rich, known relational structure.

Biology is a preeminent example where ignoring output structure proves most
detrimental. Biological ground truth is frequently complex, multi-leveled, and
governed by known relational principles. Consider cell biology, where a CD4+
T helper cell is a subtype of T cell, which is a lymphocyte, which is an immune
cell. Forcing a classifier to choose between “T cell” and “CD4+ T cell” as if
they were unrelated classes is fundamentally flawed. Similarly, protein function
prediction relies on the Gene Ontology (GO), where functional terms are organized in
a directed acyclic graph representing a multi-level hierarchy of biological processes,
molecular functions, and cellular components [206, 207]. In CRISPR-Cas9 screens,
perturbations of two genes in the same pathway often produce identical phenotypes,
yet a standard classifier would be incorrectly penalized for confusing them when
such confusion represents a biologically meaningful insight [208, 209]. The central
premise is that this domain knowledge should be a core component of the learning
process, encoded directly into the training objective.

To demonstrate this principle, we focus on automated cell type annotation in
single-cell RNA sequencing data. Section 3.1 briefly introduces the fundamentals of
single-cell RNA sequencing technology, including modern experimental workflows,
data characteristics, and preprocessing steps. Section 3.2 introduces the task of
cell type annotation and its hierarchical nature. Section 3.3 describes an out-of-
distribution (OOD) evaluation framework that reflects real-world usage scenarios.
Section 3.4 presents the hierarchical cross-entropy (HCE) loss function, which
incorporates ontological structure into model training. In Section 3.5 we reports
empirical results showing that HCE significantly improves annotation performance
across multiple model architectures in the OOD setting. Finally, Section 3.6 discusses
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the broader implications of structured output modeling in biology and potential
avenues for future research.

3.1 Single-Cell RNA Sequencing

Single-cell RNA sequencing (scRNA-seq) has revolutionized our ability to profile
gene expression at the resolution of individual cells, revealing cellular heterogene-
ity that is obscured by traditional bulk RNA sequencing [210, 211]. Unlike bulk
approaches that measure averaged expression across millions of cells, scRNA-seq
captures the complete transcriptome of thousands to millions of individual cells,
enabling the identification of rare cell types, the mapping of cellular differentiation
trajectories, and the discovery of cell-type-specific responses to perturbations [212].

Modern scRNA-seq workflows, particularly droplet-based platforms such as
10x Genomics, encapsulate individual cells within nanoliter-sized droplets along
with barcoded beads [213, 214]. Each bead carries unique molecular identifiers that
tag mRNA molecules from a single cell, allowing massively parallel sequencing of
thousands of cells in a single experiment. The resulting data takes the form of a
high-dimensional gene expression matrix, where rows represent genes (often 20,000+
protein-coding genes) and columns represent individual cells. However, scRNA-seq
data exhibits distinctive characteristics that distinguish it from bulk sequencing. First,
the data is inherently sparse: due to low capture efficiency and the stochastic nature
of gene expression, many genes appear as zero counts even when they are expressed
at low levels. Second, the data displays substantial technical noise from amplification
biases and library preparation artifacts. Third, biological variability across cells, even
those of the same nominal type, can be considerable, reflecting genuine differences
in cell state, cell cycle phase, and microenvironmental context [215].

To address these technical challenges, scRNA-seq data typically undergoes a
series of preprocessing steps before analysis. Size-factor normalization adjusts
for differences in sequencing depth across cells, ensuring that total counts are
comparable. Log-transformation with a pseudocount (e.g., log(x+ 1)) stabilizes
variance and makes the data more suitable for downstream statistical modeling.
Quality control procedures filter out low-quality cells with anomalously low gene
counts or high mitochondrial content, which can indicate cell damage or stress.
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These preprocessing steps are essential for making the data amenable to machine
learning models that assume inputs are on comparable scales [216–218].

3.2 Automated Cell Type Annotation

Cell type annotation is a core step in scRNA-seq pipelines. The quality of annotations
directly impacts downstream analyses, including mapping cellular diversity across
tissues and deciphering cell-type-specific regulatory mechanisms. Manual annotation
remains time-consuming and dependent on domain-specific expertise, but the rapid
adoption of scRNA-seq as a standard lab technique has created an urgent need for
automated, scalable solutions [210]. With repositories like the Human Cell Atlas
(HCA) [16] and CELLxGENE [17] now containing over 100 million cells, accurate
and robust annotation methods are a critical first step in translating these large-scale
datasets into actionable biological insights [219, 220].

Automated atlas-level cell type annotation can be framed as a supervised classifi-
cation problem, where models assign labels to individual cells based on gene expres-
sion profiles, using reference annotations provided by original studies [221–223].
A defining feature of this task is that cell types are organized within a hierarchical
ontology [224, 225], forming a multi-level taxonomy. For example, “leukocytes”
represent a broad category that contains “lymphocytes”, which in turn includes more
specific subtypes such as “B cells”. However, annotation practices vary substantially
between studies—some assign broad categories, while others distinguish fine-grained
subtypes. This inconsistency in label granularity introduces ambiguity into the train-
ing signal, as models must infer the appropriate level of resolution without explicit
guidance. More formally, the annotation task can be viewed as learning a function
f : X →Y , where X is the space of gene expression profiles and Y is a structured
label space defined by a directed acyclic graph (DAG). In this graph, each node
corresponds to a cell type and directed edges represent is_a subtype relationships.
This structure captures relationships across varying levels of annotation granularity
[226–228].

We use the cell ontology obtained from the Ontology Lookup Service (OLS)
at EMBL-EBI1 as the hierarchical scaffold for all analyses [225]. We restrict the

1https://www.ebi.ac.uk/ols/ontologies/cl

https://www.ebi.ac.uk/ols/ontologies/cl
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ontology to the 164 distinct cell types observed in the training set (see Section 3.3).
In CELLxGENE, which is the atlas used in our study, cell types are annotated by
the original data contributors and then harmonized by mapping each label to the
closest cell ontology term as specified by the portal’s data schema. While the cell
ontology offers a valuable scaffold for representing hierarchical relationships among
cell types, it is important to note that its structure is continuously being revised where
certain definitions and mappings between cell types remain under active refinement.

Because each cell type corresponds to a node in the DAG, we can further classify
them based on the type of node they represent. A node is defined as a leaf if it
has no children in the pruned ontology and as an internal node if it has at least one
child. We also distinguish between connected nodes, which has at least one parent or
child present in the curated training set, and isolated nodes, which has none of their
ancestors or descendants represented in the training data. These definitions were
used to assess how the hierarchical loss propagates information across the ontology
(e.g., Fig. 3.5).

3.3 The Out-of-Distribution Setting

Many methods have been developed to perform automated cell type annotation,
ranging from logistic regression to deep learning architectures [28, 19, 229, 230].
Recent benchmarking studies have shown that deep learning models outperform
simpler methods as the number of cells in a dataset increases [226]. Importantly,
these evaluations were conducted using donor-partitioned training and test splits, a
design we refer to as the in-distribution (ID) setting (Fig. 3.1a). While useful for
controlled comparisons, such splits do not reflect how cell atlases evolve in practice,
where new studies are continually added and must be annotated upon release.

To better evaluate generalization to newly released studies, we consider an out-
of-distribution (OOD) setup in which models are tested on datasets not seen during
training (Fig. 3.1b). The dataset used in this study originates from the same filtered
subset of the CELLxGENE census (version 2023-05-15) [17] that was curated for
the scTab study [226]. This subset was constructed by applying strict inclusion
criteria to the full census: only primary human cells profiled with 10x Genomics
technologies were retained and the feature space was limited to 19,331 human
protein-coding genes. Cell types were required to appear in at least 5,000 cells
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drawn from a minimum of 30 donors. All gene expression profiles were size-factor
normalized to 10,000 counts per cell and log-transformed with a pseudocount of 1
(i.e., f (x) = log(x+1)). The resulting dataset included 22,189,056 cells annotated
with 164 distinct cell types, spanning 5,052 donors and 56 tissues. For the in-
distribution (ID) task, we adopted the same donor-partitioned data split used in
Fischer et al. [226]—that is, 15,240,192 cells for training, 3,500,032 for validation,
and 3,448,832 for testing.

We trained three methods with increasingly complex architectures (a linear
classifier, a multilayer perceptron (MLP), and TabNet [231]) on the training set
of 15.2 million cells (Fig. 3.1c). We then evaluate each method on 2.6 million
human cells from 21 studies newly added during the 2023-12-15 release of the
CELLxGENE census, spanning 470 donors, 16 tissues, and 80 of the original 164
cell types represented in the training set. Despite being evaluated on the same cell
types profiled with the same assays, macro F1-scores dropped by 24-32% for the
linear classifier, MLP, and TabNet when moving from the ID case (Fig. 3.1d) to the
OOD setting (Fig. 3.1e), underscoring the limitations of current modeling strategies
in generalizing across studies.

Classification performance are evaluated using the macro-averaged F1-score
(macro F1-score) which computes the unweighted average of the F1-scores across all
cell types. This metric ensures that each cell type contributes equally to the overall
score, regardless of class imbalance or prevalence in the dataset. For C cell types,
the macro-averaged F1-score is computed as

macro F1-score =
1
C

C

∑
i=1

2 ·precisioni · recalli
precisioni + recalli

(3.1)

where precisioni and recalli are defined for the i-th class as the following

precisioni =
TPi

TPi +FPi
, recalli =

TPi

TPi +FNi
. (3.2)

Here, the terms TPi, FPi, and FNi denote the number of true positives, false positives,
and false negatives for the i-th cell type, respectively. We followed the evaluation
framework introduced by Fischer et al. [226] in the scTab study, particularly because
of how the authors handled differences in the granularity of annotations that can
occur across different studies. Namely, a predicted label is considered correct if it
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Fig. 3.1 Evaluating model generalization in continuously updated single-cell atlases reveals
sharp out-of-distribution performance drops for the annotation task. a A curated subset
of the CELLxGENE census (May 2023 release) consisting of 22.2 million human cells
annotated with 164 curated cell types, spanning 5,052 donors, 56 tissues, and 249 studies.
All cells were profiled using 10x Genomics platforms. b Out-of-distribution (OOD) test set
comprised of 2.6 million newly added cells from 21 studies in the December 2023 release.
These cells span 470 donors and 16 tissues, and are annotated with 80 of the 164 original
training cell types. All cells are also profiled using 10x Genomics platforms. c We train three
models (linear classifier, multilayer perceptron (MLP), and TabNet) on a donor-partitioned
training set comprised of 15.2 million cells from the May 2023 CELLxGENE census. d
In-distribution (ID) test set comprised of 3.4 million cells from the May 2023 release of the
CELLxGENE census, held out by donor. The linear model, MLP, and TabNet achieve 80%,
82%, and 84% macro F1-scores, respectively. e All models exhibit substantial performance
drops out-of-distribution (OOD): macro F1-scores decrease to 55%, 57%, and 52% for the
linear model, MLP, and TabNet, respectively. The dashed red bars indicate the in-distribution
performances for comparison.

exactly matches the ground-truth label or if it corresponds to a descendant of the
ground-truth label in the cell ontology (i.e., the prediction is a more specific subtype).
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This accounts for the fact that some datasets provide coarse-grained annotations (e.g.,
“T cell”) while others include more detailed subtypes (e.g., “CD4-positive, α-β T
cell”). In such cases, predicting a valid subtype is treated as correct, as it remains
consistent with the original label. Any other prediction including a coarser label (i.e.,
a parent node) or an unrelated class is considered incorrect.

3.4 Hierarchical Cross-Entropy Loss

While there are methods that leverage ontological information for cell type an-
notation, they do not enforce hierarchical consistency as an integral part of their
predictive framework. For example, OnClass maps both transcriptomic profiles and
cell ontology structure into a joint embedding space, enabling both the annotation of
unseen cell types and the identification of marker genes [227]. However, it operates
primarily as a nearest-neighbor or embedding search algorithm and does not couple
hierarchical relationships to the learned probabilities for each cell. As a result, sibling
classes or intermediate states can still be misassigned if their embeddings overlap
in feature space. As another example, popV aggregates predictions from multiple
classifiers using ontology-based voting, producing robust consensus labels and un-
certainty estimates for ambiguous or outlier populations [222]. Yet, the ontology
is used only as a scaffold for post hoc reconciliation and not as a guide for model
optimization. This means that hierarchical constraints are not encoded in training
and possible conflicts or inconsistencies in the ensemble are resolved heuristically.
In contrast, SCimilarity focuses on metric learning for scalable, cross-study retrieval
of transcriptionally similar cells, using the ontology at training time to exclude
ambiguous annotation pairs when sampling triplets for a contrastive loss function
[232]. The learned representation supports high-quality search and transfer tasks but
is not directly optimized for hierarchical or taxonomic consistency when determining
class probabilities.

To address these shortcomings, we introduce a hierarchical cross-entropy (HCE)
loss that explicitly incorporates the structural relationships between cell types. With
the standard cross-entropy, the loss is computed directly from raw model predictions,
treating all cell types as independent classes. Let p = (p1, . . . , pC) denote the raw
predicted probabilities for C different cell types. The standard cross-entropy loss is
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given by

LCE =−
C

∑
i=1

1{label = i} log pi (3.3)

where 1{label = i} is an indicator function that equals 1 if the true class label is
the i-th cell type and 0 otherwise. The HCE adjusts these predictions to reflect
hierarchical dependencies encoded in the ontology’s directed acyclic graph (DAG).
The adjusted score si for the i-th cell type is computed as the sum of the predicted
probability for its label and the predicted probabilities of all its descendant subtypes

si = pi + ∑
j∈D(i)

p j (3.4)

where D(i) denotes the set of all descendants of cell type i in the DAG. This
adjustment ensures that the probability of a parent node reflects its entire subgraph.
The hierarchical loss is then

LHCE =−
C

∑
i=1

1{label = i} log si . (3.5)

This formulation directly parallels the evaluation framework where predictions are
considered correct if they match the ground-truth label or any of its descendants.
By aligning the training objective with the assessment criterion, HCE encourages
cell type classification models to distribute probability mass in a way that respects
biological hierarchy and annotation granularity.

Consider an ontology subgraph that is rooted at the node T cell which includes
subtype labels such as CD4+ T cell, CD8+ T cell, and γ-δ T cell. The HCE
enables classifications models to predict fine-grained subtypes when available, while
also deferring to parent categories when annotations are coarse or ambiguous. For
example, if some studies annotate cells as T cell while others use more specific labels
such as CD4+ T cell or CD8+ T cell, the adjusted score is computed as

sT cell = pT cell + pCD4+ + pCD8+ + pγ-δ + · · · (3.6)

This hierarchical setup allows the model to aggregate subtype information upward,
improving consistency across annotations with varying granularity (Fig. 3.2a).
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Fig. 3.2 Hierarchical cross-entropy (HCE) loss improves perfomances across architectures.
a The standard cross-entropy (CE) loss defines a probability distribution over a flat label
set, treating each cell type independently and requiring that probabilities sum to one across
the ontology. The hierarchical cross-entropy (HCE) loss modifies these predictions by
propagating probability mass up the directed acyclic graph (DAG) of the cell ontology:
parent nodes such as “T cell” accumulate mass from their more specific descendants, such as
“α-β T cell” and “γ-δ T cell”, encouraging biologically coherent predictions. b The HCE
loss improves macro F1-scores by 12-15% on out-of-distribution (OOD) evaluations across
the linear classifier, multilayer perceptron (MLP), and TabNet. c Per-cell type performance
changes induced by the HCE loss strategy for the MLP model, shown relative to standard
cross-entropy. Each dot represents the performance of an individual run (color coding
remains the same as in the legend). d Improvements from hierarchical cross-entropy loss for
the MLP model visualized directly on the cell ontology DAG consisting of all 164 cell types
seen in the training set. Node size reflects the number of cells of that type seen in training,
while color indicates the change in F1-score (green for improvement, red for decline). Grey
nodes correspond to cell types not observed in the OOD test set.
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We implemented the hierarchical cross-entropy loss using a reachability matrix
R ∈ {0,1}C×C, where element Ri j = 1 if the j-th class is reachable from the i-th
class (meaning j is either i itself or j is a descendant of i in the hierarchy), and
Ri j = 0 otherwise. The reachability relation encoded in this matrix is a partial order
and has the following mathematical properties:

• reflexive: every class is reachable from itself (diagonal elements are 1);

• antisymmetric: if class i can reach j and j can reach i, then i = j;

• transitive: if class i can reach j and j can reach k, then i can reach k.

Indeed, the reachability matrix represents the transitive closure of the inverted
adjacency matrix of the hierarchical DAG structure. Since the original DAG encodes
is_a relationships from child to parent, we invert the edge directions to enable
parent-to-descendant reachability, ensuring reflexivity by setting the diagonal to 1.
Each trained model outputs a raw probability distribution p = (p1, . . . , pC) over the
class labels. The adjusted scores are computed via matrix-vector multiplication:
s = Rp, which efficiently aggregates descendant probabilities for each class. We then
apply a log transformation with numerical stability log(s+ ε), where ε = 10−6. The
final loss uses a weighted negative log-likelihood as implemented in PyTorch, with
class weights computed following scikit-learn’s compute_class_weight approach:
wi = N/(C ·ni), where N is the total number of samples, C is the number of classes,
and ni is the count of samples for the class i. The complete loss for a single training
sample x with true label t is

LHCE(x) =−wt log(st + ε). (3.7)

This formulation maintains consistency with the models trained with the weighted
cross-entropy, while incorporating hierarchical structure through efficient matrix
operations.

3.5 Results

We evaluated three model architectures of increasing complexity: a linear classifier, a
multi-layer perceptron (MLP), and the TabNet transformer model. Each model takes
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as input the full set of 19,331 human protein-coding genes. To ensure a fair compari-
son across models and with prior work, we adopted the architecture configurations
and hyperparameters used in the scTab benchmarking study from Fischer et al. [226]
(see Tables 3.1-3.3). The models using cross-entropy (CE) versus hierarchical cross-
entropy (HCE) share identical architecture and hyperparameter settings; the loss term
is the only change that is different between them. Specifically, for the models with
CE, we used the best hyperparameters available according to the original scTab study.
For the models using the HCE loss, we did not perform additional hyperparameter
tuning and instead kept the (possibly suboptimal) hyperparameters used for the
models with CE. Note that, while recent efforts have explored large-scale foundation
models to learn transferable embeddings for single-cell data, such approaches have
not yet demonstrated clear advantages over simpler, task-specific approaches for cell
type annotation [26, 226]. We therefore focused on methods where we could easily
isolate and study the direct effects of implementing the hierarchical cross-entropy
strategy.

Table 3.1 Values of the hyperparameters used to run the linear classifier. During training,
the learning schedule was linear, the maximum learning rate was 0.0005, the optimizer was
AdamW, and the weight decay parameter was set to 0.01.

Parameter Value

batch_size 2048
learning_rate 0.0005
learning rate scheduler torch.optim.lr_scheduler.StepLR

gamma = 0.9
step_size = 1 epoch

optimizer AdamW
weight_decay 0.01
augment_training_data False

To assess changes in predictive performance induced by the ontology-aware
training strategy, we computed per-cell type differences in macro F1-score between
models trained with standard cross-entropy and hierarchical cross-entropy across
four independent training runs. For each cell type, a paired t-test was performed and
p-values were adjusted using the Holm-Bonferroni method to correct for multiple
hypothesis testing [233]. Statistically significant differences indicate cell types
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Table 3.2 Values of the hyperparameters used to run the multilayer perceptron (MLP).
This model had 8 hidden layers (n_hidden) each with 128 neurons (hidden_size). During
training, the learning schedule was linear, the maximum learning rate was 0.002, the optimizer
was AdamW, the hidden layer dropout was 0.1, and the weight decay parameter was set to
0.05.

Parameter Value

batch_size 2048
learning_rate 0.002
learning rate scheduler torch.optim.lr_scheduler.StepLR

gamma = 0.9
step_size = 1 epoch

optimizer AdamW
weight_decay 0.05
n_hidden 8
hidden_size 128
dropout 0.1
augment_training_data True

for which ontology-aware training produces consistent changes beyond random
variability.

The source code is available under the MIT license at https://github.com/microsoft/
hce-classification. Model checkpoints needed to reproduce the results can be found
at https://zenodo.org/records/17211022.

Applying the HCE loss improved out-of-distribution macro F1-scores by 12-15%
for the linear classifier, MLP, and TabNet, without modifying their architecture or
tuning any hyperparameters (Fig. 3.2b). These consistent gains demonstrate the
widespread benefits of hierarchy-aware training for cell type annotation tasks. The
HCE loss function enables the recovery of roughly half of the performance drop
observed when models are applied to new studies, underscoring the practical value of
aligning training objectives with ontology structure. To further assess the consistency
of this effect, we evaluated performance across each of the 21 held-out studies
individually (Fig. 3.3). Outside of just one study while using the linear model, all
HCE-trained models showed statistically significant improvements, highlighting the
robustness of this approach across diverse experimental settings.

https://github.com/microsoft/hce-classification
https://github.com/microsoft/hce-classification
https://zenodo.org/records/17211022


78 Hierarchical Cross-Entropy Loss for Single-Cell Annotation

Table 3.3 Values of the hyperparameters used to run TabNet presented in Fischer et al.
[226]. This model has three main components: (1) a feature transformer, which is a multi-
layer perceptron with batch normalization, (2) skip connections, and (3) a gated linear unit
nonlinearity. The feature transformer maps the input gene expression data into a latent space
of n_a+n_d dimensions, where the n_a = 64 portion is used to calculate attention masks and
the n_d = 128 is used for cell type annotation. During training, the learning schedule was
linear, the maximum learning rate was 0.005, the optimizer was AdamW, the feature attention
mask is obtained by applying the 1.5-entmax function, and the weight decay parameter was
set to 0.05.

Parameter Value

batch_size 2048
learning_rate 0.005
learning rate scheduler torch.optim.lr_scheduler.StepLR

gamma = 0.9
step_size = 1 epoch

optimizer AdamW
weight_decay 0.05
n_d 128
n_a 64
n_shared 3
n_independent 5
n_steps 1
lambda_sparse 10−5

mask_type entmax
virtual_batch_size 256
augment_training_data True
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Fig. 3.3 Performance gains from the hierarchical cross-entropy (HCE) loss across 21 out-of-
distribution test datasets for the linear classifier, multilayer perceptron (MLP), and TabNet.
Improvements are measured relative to the same models trained with standard cross-entropy
loss. Each dot represents the performance of an individual run (color coding remains the
same as in the legend).

To better understand where the improvements from hierarchical training arise,
we identified cell types that exhibited statistically significant changes in performance
between models trained with and without the HCE loss. In the MLP model, for
example, HCE led to improvements of up to 0.9 in F1-score for cell types such as
“glutamatergic neuron” and “CD14+ monocyte” (Fig. 3.2c). Examining these effects
in relation to the cell ontology, we found that the largest gains occurred for internal
nodes, particularly those embedded in densely connected regions of the DAG where
related types were annotated in the training data. In contrast, leaf nodes, especially
structurally isolated ones, showed more modest gains (Fig. 3.2d and Figs. 3.4 and
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3.5). This aligns with the intuition that the hierarchical loss is most effective when it
can propagate signal across nearby cell types. Similar trends were observed for the
linear and transformer-based models, highlighting the architecture-agnostic nature
of the effect (Fig. 3.6). Importantly, gains were largely unaffected by a cell type’s
rarity, the number of contributing studies or tissues, and the diversity of sequencing
technologies used, further underscoring the robustness of the approach (Fig. 3.7).
Finally, these gains extend to cells observed in new contexts, including across
diseases and tissues not seen in the training set where we also observe consistent
improvements (Figs. 3.8 and 3.9).

Fig. 3.4 Performance gains from the hierarchical cross-entropy loss in the multilayer per-
ceptron (MLP) as a function of the number of descendants of a given cell type in the cell
ontology directed acyclic graph (DAG) (in log scale).
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Fig. 3.5 Performance gains from the hierarchical cross-entropy loss in the multilayer percep-
tron (MLP) as a function of structural properties of the cell ontology directed acyclic graph
(DAG). a Performance gains from the hierarchical loss for the MLP model on connected
versus isolated nodes. b Performance gains from the hierarchical loss for the MLP model on
internal nodes versus leaves.

3.6 Discussion

Our results challenge the view that increasing model complexity is the primary
route to improved cell type annotation at atlas scale. Instead, we demonstrate that
aligning the training objective with biological structure through a hierarchical cross-
entropy loss consistently improves generalization across model classes, from linear
classifiers to transformers. This finding highlights that explicit incorporation of
domain knowledge into learning objectives can yield performance gains that rival or
exceed those achieved through architectural complexity alone.

Beyond architectural considerations, the hierarchical cross-entropy framework
suggests a strategy for building more effective training sets that extends beyond
the conventional approach of simply accumulating data. Rather than prioritizing
dataset size, efforts should focus on increasing connectivity among annotated cell
types, particularly in sparsely represented regions of the ontology. This connectivity-
driven approach amplifies the generalization capabilities of learning architectures by
enabling information propagation across hierarchical relationships, thereby allowing
models to learn from the structural properties of the label space itself. The practical
implication is that carefully curated smaller datasets with high ontological coverage
may prove more valuable than larger datasets with redundant or isolated annotations.
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Fig. 3.6 Per-cell type performance changes induced by the hierarchical cross-entropy (HCE)
loss strategy for the linear model and TabNet, shown relative to standard cross-entropy. Each
dot represents the performance of an individual run (color coding remains the same as in the
legend).
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Fig. 3.7 Performance gains from hierarchical training in the multilayer perceptron (MLP)
model as a function of several training-set properties. These include: a cell type rarity (in log
scale), b number of donors (in log scale), c number of tissues (in log scale), and d number of
sequencing technologies (in linear scale).
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Linear model MLP model

TabNet model

Fig. 3.8 Performance gains from the hierarchical cross-entropy (HCE) loss for different
diseases for the linear classifier, multilayer perceptron (MLP), and TabNet. Improvements are
measured relative to the same models trained with standard cross-entropy loss. Highlighted
in pink are novel diseases in the test set that were not seen in the training set. Each dot
represents the performance of an individual run (color coding remains the same as in the
legend).
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Linear model MLP model

TabNet model

Fig. 3.9 Performance gains from the hierarchical cross-entropy (HCE) loss for different
tissues for the linear classifier, multilayer perceptron (MLP), and TabNet. Improvements are
measured relative to the same models trained with standard cross-entropy loss. Highlighted
in pink are novel tissues in the test set that were not seen in the training set. Each dot
represents the performance of an individual run (color coding remains the same as in the
legend).
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This chapter also exemplifies how biological problems can inspire foundational
advances in machine learning methodology. As argued by Uhler, the unique chal-
lenges posed by biological data, including hierarchical organization, multi-scale
structure, and the availability of expert-curated knowledge bases, present oppor-
tunities to develop broadly applicable machine learning innovations [234]. The
hierarchical cross-entropy loss represents one such example: while motivated by
the specific problem of cell type annotation, it generalizes to any classification task
with a structured label space in the form of inclusion relationships, offering a simple
drop-in replacement for standard cross-entropy that brings domain knowledge into
model training. This broader applicability points to an increasingly important con-
sideration as models are trained on ever-growing single-cell atlases [235, 21, 232]:
the need to systematically incorporate biological priors into learning objectives.
While this study centers on cell type classification, hierarchically structured losses
extend naturally to other prediction tasks with well-defined ontological structures,
such as protein function annotation or disease phenotype prediction, representing a
promising direction for future work.



Chapter 4

Fast Quasi-Random Data Loading for
Large-Scale On-Disk Datasets

The content of this chapter is largely based on the research originally presented
in [236].

Previous chapters have been devoted to theoretical aspects of machine learning
and its applications in biology. In this chapter, we shift our focus to a practical
challenge that arises when training deep learning models on large-scale datasets.
Motivated by the recent surge of large-scale single-cell omics datasets [16–18], we
develop a novel data loading framework to overcome the slow random data access
patterns that hinder efficient training on disk-resident data. As with the hierarchical
cross-entropy loss, along the way we realize the broad applicability of the techniques
of this chapter, which can be used in any context where large datasets are stored on
disk.

We introduce scDataset1, a PyTorch IterableDataset designed for efficient and
scalable training on large single-cell omics datasets. scDataset operates directly on
one or more AnnData files, without format conversion or full in-memory loading,
and implements a quasi-random sampling strategy that combines block sampling
with batched fetching. Block sampling reduces the number of random disk reads
by accessing contiguous chunks, while batched fetching amortizes I/O latency and
enables in-memory reshuffling for minibatch diversity. While scDataset was devel-

1The source code and documentation for scDataset are publicly available on GitHub at
https://github.com/scDataset/scDataset.
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oped to address the limitations of AnnData in deep learning applications, its design
is broadly applicable to any large-scale dataset stored on disk.

The remainder of this chapter proceeds as follows. Section 4.1 elaborates on
the computational challenges posed by large-scale single-cell datasets and the lim-
itations of existing data formats for deep learning workflows. Section 4.2 reviews
current solutions, analyzing their trade-offs in terms of performance, storage require-
ments, and ecosystem compatibility. Section 4.3 details the design of scDataset,
including its block sampling and batched fetching strategies that enable efficient
quasi-random data access. Finally, in Section 4.4 we present comprehensive bench-
marks demonstrating the performance advantages of scDataset over existing data
loading solutions.

4.1 Motivation

The advent of single-cell omics has transformed molecular biology by enabling
the high-throughput measurement of gene expression, chromatin accessibility, and
protein abundance at the resolution of individual cells. Among these, single-cell
transcriptomics has emerged as the most widely adopted modality, providing genome-
wide snapshots of gene expression that reveal cellular identity, state, and function.
These technologies have driven major discoveries across cancer biology [237],
neurodevelopment [238], and immunology [239], uncovering rare cell types, lineage
hierarchies, and dynamic transcriptional programs [240, 241, 16].

As the scale and accessibility of single-cell experiments continue to grow, public
datasets have expanded rapidly. As of October 2024, CELLxGENE Discover hosts
over 1,550 datasets and more than 93 million unique cells, spanning a wide range
of tissues, diseases, and experimental conditions [17]. This resource is primarily
observational, capturing the natural diversity of cell states across biological contexts.
More recently, the Tahoe-100M dataset marked a new milestone for interventional
single-cell datasets, combining both scale and experimental richness: it profiles over
100 million cells across 379 drug perturbations, 50 cancer cell lines, and multiple
dosages, totaling almost 60,000 perturbation contexts [18]. Together, these large-
scale resources provide a foundation for modeling cell states and biological responses
at unprecedented resolution.
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To extract structure from these datasets, the field is increasingly turning to deep
learning models that can learn expressive representations of cellular states from raw
omics data. Recent efforts have focused on building biological foundation models—
large, pre-trained architectures designed to generalize across tissues, conditions,
and experimental settings [242]. Models such as GeneFormer [20] and scGPT [21]
leverage transformer-based architectures to capture gene-gene dependencies, and
can be fine-tuned for tasks such as cell type classification, batch correction, and
perturbation prediction. This direction has created strong demand for scalable
infrastructure to support model training on datasets containing hundreds of millions
of cells, with the long-term goal of building in silico “virtual cells” that simulate
cellular behavior across modalities and contexts [104].

The AnnData format has become the community standard for storing single-
cell omics data, offering efficient handling of sparse matrices, metadata, and an-
notations [243]. However, its integration with deep learning workflows remains
underdeveloped. Standard training algorithms such as stochastic gradient descent
(SGD) require diverse, randomly sampled minibatches to ensure stable convergence
and generalization [244, 245]. Ensuring this diversity at hundred-million-cell scale
typically requires loading the full dataset into memory, which is infeasible for most
practitioners. Alternative strategies, such as converting to dense formats or relying
on random disk access, suffer from inflated storage costs or low throughput. For
instance, AnnLoader, an experimental PyTorch data loader developed by the An-
nData team to enable on-disk sampling, achieves only 20 samples/second on the
Tahoe-100M dataset, requiring more than 58 days for a single training epoch.

From the perspective of this thesis, efficient data loading is not an isolated systems
problem, but an enabling technology for structure-aware models. The ontological
loss functions, graph-based architectures, and compositional designs advocated in
the previous chapters become practically useful only if they can be trained on the full
scale of modern single-cell resources, such as CELLxGENE or Tahoe-100M, without
resorting to aggressive subsampling or lossy format conversions. Moreover, data
loading strategies themselves encode implicit inductive biases: streaming data plate
by plate without shuffling, for instance, encourages models to exploit plate- or batch-
specific correlations rather than biological structure, while quasi-random sampling
restores the stochastic gradients required for robust optimization. scDataset removes
a systems bottleneck that would otherwise prevent the systematic exploration and
deployment of biologically motivated inductive biases at atlas scale.
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4.2 Current Solutions

The popularity of the AnnData format stems from its flexible support for sparse
matrices, rich metadata, and seamless integration with the Python data science
ecosystem [246]. While AnnData supports on-disk access via backing modes, most
deep learning tools, including frameworks like scvi-tools [247], often require loading
the entire dataset into memory. As modern single-cell atlases span hundreds of
millions of cells and multiple terabytes of storage, this is increasingly infeasible. The
only native option, AnnLoader, preserves format compatibility but suffers from slow
throughput and lacks multiprocessing support, making it impractical for large-scale
use.

In response, various groups have developed custom data loading pipelines tai-
lored for deep learning. These typically convert AnnData to alternative formats,
introducing new technical and interoperability challenges. For example, Gene-
Former [20] converts data to HuggingFace Datasets, while scTab [248] transforms
AnnData into Parquet files for use with NVIDIA Merlin. These conversions often
require densifying sparse matrices, significantly increasing storage requirements.
Other groups have developed custom storage infrastructures, such as the Zarr-based
backend in SCimilarity [249] or the LaminDB-based backend in scDataloader [250],
or adopted entirely new formats like TileDB’s SOMA in CZ CELLxGENE [17].
A notable tailored solution is BioNeMo-SCDL, developed by NVIDIA to support
large-scale single-cell training [251]. It introduces a custom format and leverages
NumPy memory mapping for efficient loading of the X matrix. However, it still
requires conversion from AnnData and does not natively handle the full metadata
stack, limiting compatibility with the broader analysis ecosystem.

In summary, while AnnData remains central to the field and does support on-disk
access in principle, no efficient, standard solution exists for deep learning workflows.
Existing alternatives either sacrifice compatibility and flexibility or fall short on
performance. Our work addresses this gap by introducing a faster and more flexible
solution that operates directly on AnnData files, eliminating format conversion and
enabling scalable model training on modern single-cell datasets.
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4.3 Method

scDataset is designed to enable efficient, randomized data loading from large-scale
datasets. It serves as a flexible and extensible interface that connects diverse data
backends, such as AnnData and HuggingFace Datasets, to PyTorch’s DataLoader.
The core technical innovations of scDataset are its block sampling and batched
fetching strategies, which together balance I/O efficiency with minibatch diversity. To
accommodate a wide range of data sources and workflows, scDataset is implemented
as a PyTorch IterableDataset with a modular architecture. The design centers on four
user-configurable functions that govern data retrieval and transformation, enabling
seamless integration with arbitrary data backends (see Figure 4.1).

NVIDIA BioNeMo-SCDL

DataLoader

scDataset
Block sampling

Batched fetching

AnnData

fetch_callback
fetch_transform
batch_callback
batch_transform

Fig. 4.1 scDataset bridges diverse data backends with PyTorch’s DataLoader through a
modular interface. Data retrieval is managed by a configurable fetch_callback, followed
by preprocessing with fetch_transform (e.g., sparse-to-dense conversion). Batches are
selected using batch_callback and further processed with batch_transform before being
yielded to the training pipeline.

In the following sections, we first discuss the rationale for adopting an iterable-
style dataset over the traditional map-style paradigm in PyTorch, and then describe
the block sampling and batched fetching strategies in detail.

4.3.1 Map-style vs Iterable-style PyTorch Datasets

PyTorch supports two primary paradigms for dataset implementation: map-style and
iterable-style datasets.
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Map-style datasets implement the __getitem__ method, allowing retrieval
of individual samples by index. Batching is managed by the DataLoader, which
assembles minibatches by collecting samples one at a time and merging them via
a collate_fn. This approach is efficient when the dataset resides in memory, as
random access is fast. However, for on-disk datasets, this results in a large number
of random I/O operations per minibatch—a significant bottleneck, especially on hard
disk drives (HDDs). For instance, SCimilarity employs a map-style dataset, which
constrains disk throughput [249].

An exception is the experimental AnnLoader and its underlying AnnCollection
dataset, which extend __getitem__ to accept both single indices and batches of
indices. By providing a batch_sampler to the DataLoader’s sampler argument,
minibatches can be retrieved in a single call, reducing I/O overhead. While this
approach deviates from standard PyTorch API usage, it does improve throughput by
minimizing disk accesses.

Iterable-style datasets, in contrast, require implementation of the __iter__
method, returning an iterator over samples. This paradigm offers maximal flexibility,
enabling custom sampling and loading strategies. However, it precludes the use
of standard PyTorch samplers, which rely on map-style indexing, and necessitates
careful handling of multiprocessing within the iterable implementation.

Given the limitations of map-style datasets for large, on-disk single-cell data,
we adopt an iterable-style dataset for scDataset. This design empowers us to im-
plement efficient sampling strategies optimized for disk-based access patterns. Our
implementation natively supports reading from single or multiple AnnData files
without format conversions and integrates custom multiprocessing logic aligned with
PyTorch’s DataLoader specifications.

4.3.2 Block Sampling

Training deep learning models relies on stochastic gradient descent (SGD), where
the diversity of each minibatch is crucial for unbiased updates and robust con-
vergence [244]. Achieving this diversity via random sampling is straightforward
in-memory, but becomes challenging when datasets are too large to fit in memory
and must be accessed from disk.
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Disk drives, particularly HDDs, are optimized for reading large contiguous
chunks of data, but are inefficient when required to perform frequent, small, non-
sequential reads. While solid-state drives (SSDs) mitigate this limitation to some
extent, contiguous access remains significantly faster than random access.

To reconcile the need for random sampling with the realities of disk I/O, we
introduce a block sampling strategy (see Algorithm 1). Instead of sampling each data
point independently, we randomly select contiguous blocks of size b (e.g., 8 cells)
from the dataset. For a minibatch size m (e.g., m = 256) and block size b = 8, only
m/b = 32 random disk reads are required per minibatch, each retrieving a contiguous
chunk of b samples. These blocks are then assembled to form the final minibatch.

The choice of block size b governs the trade-off between I/O efficiency and
minibatch diversity. Larger blocks improve throughput by reducing the number of
random disk operations, but may group together cells with correlated metadata (e.g.,
from the same tissue or batch), potentially reducing diversity. Conversely, smaller
blocks enhance randomness but increase I/O overhead. This parameter can be tuned
based on dataset properties and hardware capabilities.

Algorithm 1: Block Sampling
Input :Dataset size n, block size b, minibatch size m

(where n is a multiple of b and m for simplicity)
Output :Sequence of minibatches M0,M1, . . .

1 Generate full index array: I = [0,1, . . . ,n−1];
2 Split I into k = n

b blocks [B0,B1, . . . ,Bk−1], where
Bi = [i ·b, . . . ,(i+1) ·b−1];

3 Shuffle block order:
[Bσ(0), . . . ,Bσ(k−1)]← RandomPermutation([B0, . . . ,Bk−1]);

4 Concatenate shuffled blocks: Ishuffled← Bσ(0)∥ . . .∥Bσ(k−1);
5 Split Ishuffled into minibatches [M0, . . . ,M n

m−1] of size m;
6 for each Mi do
7 Load data: Mi← ReadFromDisk(Mi);
8 yield Mi;

4.3.3 Batched Fetching

While block sampling reduces the number of random disk reads, further improve-
ments in throughput and randomness can be achieved through batched fetching. In
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this approach, multiple blocks are prefetched into memory in a single I/O operation,
forming a buffer that is subsequently reshuffled to construct diverse minibatches.

Batched fetching amortizes the latency of disk access across larger data transfers,
which is particularly beneficial on high-latency storage devices. After fetching a
batch of blocks, the samples are randomly permuted in memory before being yielded
as minibatches, ensuring that each minibatch contains a diverse set of cells.

The detailed procedure for batched fetching is presented in Algorithm 2. This al-
gorithm outlines how scDataset preloads blocks, reshuffles their contents, and yields
randomized minibatches, balancing I/O efficiency with quasi-random sampling.

Algorithm 2: Block Sampling with Batched Fetching
Input :Dataset size n, block size b, minibatch size m, fetch factor f

(where n is a multiple of b and m · f for simplicity)
Output :Sequence of minibatches M0,M1, . . .

1 Generate full index array: I = [0,1, . . . ,n−1];
2 Split I into k = n

b blocks [B0,B1, . . . ,Bk−1], where
Bi = [i ·b, . . . ,(i+1) ·b−1];

3 Shuffle block order:
[Bσ(0), . . . ,Bσ(k−1)]← RandomPermutation([B0, . . . ,Bk−1]);

4 Concatenate shuffled blocks: Ishuffled← Bσ(0)∥ . . .∥Bσ(k−1);
5 Split Ishuffled into batches [F0, . . . ,F n

m· f −1] of size m · f ;

6 for each Fi do
7 Load data: Fi← ReadFromDisk(Fi);
8 Shuffle Fi in memory;
9 Split Fi into minibatches M0, . . . ,M j;

10 for each M j do
11 yield M j;

4.4 Benchmarks

We benchmarked scDataset on the Tahoe-100M dataset [18], which is available in
three formats: AnnData (14 files of approximately 7 million cells each), HuggingFace
Datasets, and BioNeMo. The AnnData files (downloadable from the official GitHub2)

2https://github.com/ArcInstitute/arc-virtual-cell-atlas

https://github.com/ArcInstitute/arc-virtual-cell-atlas
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occupy 314GB on disk. The HuggingFace version3 requires 1.9TB, and the BioNeMo
format, generated using the official conversion script4, occupies 1.1TB, with peak
storage usage of 2.2TB during conversion.

For the HuggingFace dataset, a custom script was used to load the X matrix. The
BioNeMo dataset stores only the X matrix, so handling metadata requires additional
custom logic. When applied to AnnData, scDataset yields batches as AnnData
objects, preserving all original metadata. In contrast, when used with HuggingFace
or BioNeMo, scDataset currently returns only the X matrix, as metadata must be
managed separately.

All experiments were conducted on an NVIDIA DGX Station with 256GB RAM,
an Intel Xeon E5-2698 v4 CPU, and 5TB of SSD storage. Unless otherwise specified,
a fixed batch size of 64 was used for all benchmarks.

4.4.1 Data Loading Throughput

We evaluated data loading speed by measuring single-core throughput (samples
per second). Each data loader was warmed up for 30 seconds, followed by 120
seconds of measurement per condition. We benchmarked scDataset using seven
block sizes (1, 2, 4, 8, 16, 32, 64) and seven fetch factors (1, 2, 4, 8, 16, 32, 64)
on the AnnData, HuggingFace, and BioNeMo datasets. For AnnData, AnnLoader
served as a baseline.

The performance of scDataset depends not only on the sampling strategy but
also on how efficiently the storage backend serves data requests. While scDataset
delivers requests in an optimal format for batch retrieval, the actual data access
pattern, whether batched or as individual queries, is determined by the backend
implementation. As a result, improvements from increasing the fetch factor are
observed only when the backend supports efficient batched reads. Notably, very
large fetch factors can slightly degrade throughput due to the increased computational
overhead of in-memory shuffling of large buffers.

Results are presented in Figure 4.2 (AnnData), Figure 4.3 (HuggingFace), and
Figure 4.4 (BioNeMo). As expected, scDataset with block size 1 and fetch factor

3https://huggingface.co/datasets/tahoebio/Tahoe-100M
4https://nvidia.github.io/bionemo-framework/API_reference/bionemo/scdl/

scripts/convert_h5ad_to_scdl/

https://huggingface.co/datasets/tahoebio/Tahoe-100M
https://nvidia.github.io/bionemo-framework/API_reference/bionemo/scdl/scripts/convert_h5ad_to_scdl/
https://nvidia.github.io/bionemo-framework/API_reference/bionemo/scdl/scripts/convert_h5ad_to_scdl/
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1 matches the baseline performance. On AnnData, increasing both block size and
fetch factor yields up to a 48× speed-up over AnnLoader (block size 64, fetch factor
64). For HuggingFace and BioNeMo, throughput improves with larger block sizes,
reaching up to 27× and 18× speed-ups, respectively, at block size 64.

Fig. 4.2 Data loading throughput for scDataset on the AnnData dataset as a function of block
size and fetch factor. Throughput (samples/sec) increases substantially with larger block
sizes and higher fetch factors, demonstrating that both parameters synergistically improve
I/O efficiency. At the largest tested values, scDataset achieves over 48× higher throughput
compared to the baseline.

4.4.2 Minibatch Diversity

We assessed sampling quality by measuring plate label entropy within minibatches.
In the Tahoe-100M dataset, each of the 14 AnnData files corresponds to a unique
plate label, and because the dataset is concatenated without prior shuffling, adjacent
cells share the same label.

We evaluated scDataset using the same seven block sizes and fetch factors as
in the throughput benchmarks. Since minibatch diversity is determined solely by
the sampling strategy, this analysis was performed once, independent of backend.
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Fig. 4.3 Data loading throughput for scDataset on the HuggingFace dataset as a function
of block size and fetch factor. Throughput increases with larger block sizes, but remains
unaffected by the fetch factor. At the largest block size, scDataset achieves a 27× speed-up
over the baseline.
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Fig. 4.4 Data loading throughput for scDataset on the BioNeMo dataset as a function of block
size and fetch factor. Throughput increases with larger block sizes, but remains unaffected
by the fetch factor. At the largest block size, scDataset achieves an 18× speed-up over the
baseline.
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Both AnnLoader and scDataset with block size 1 and fetch factor 1 achieve random
shuffling, yielding an entropy of approximately 3.63. As shown in Figure 4.5,
increasing block size reduces entropy, reaching zero at block size 64, while higher
fetch factors counteract this effect and help maintain diversity.

Fig. 4.5 Plate label entropy within minibatches for scDataset as a function of block size and
fetch factor. Higher entropy indicates greater minibatch diversity.

4.4.3 Scaling Throughput with Multiprocessing

We evaluated the maximum throughput of scDataset on the AnnData dataset using
multiprocessing, a feature not natively supported by AnnLoader. The hyperparameter
search space is summarized in Table 4.1, with full results in Table 4.2. While no sin-
gle configuration is universally optimal, we highlight a setting with block_size=4,
fetch_factor=16, and num_workers=12, which achieves approximately 2593
samples/sec and maintains an entropy of 3.59, comparable to random sampling. This
represents a 129× speed-up over AnnLoader. Notably, training for one epoch on the
full Tahoe-100M dataset would take over 58 days with AnnLoader, but less than 11
hours with scDataset.
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Table 4.1 Hyperparameter search space for throughput experiments with multiprocessing on
the AnnData dataset.

Parameter Values

Block size (b) 4, 8, 16, 32
Fetch factor ( f ) 4, 8, 16, 32
Number of workers 8, 12, 16

4.4.4 Real-world Classification Tasks

To evaluate the practical impact of sampling strategies on model performance, we
conducted classification experiments on the Tahoe-100M dataset. We trained inde-
pendent linear classifiers for four different prediction tasks: cell line classification
(50 classes), drug classification (380 classes), mechanism of action classification at
broad resolution (4 classes), and mechanism of action classification at fine resolution
(27 classes). The mechanism of action labels were provided by the dataset authors.

We compared four data loading strategies: streaming without shuffle, streaming
with buffer-based shuffle (analogous to approaches used by HuggingFace Datasets
and Ray Dataset for local shuffling), scDataset with block size 4 and fetch factor 16
(the optimal configuration identified in Section 4.4.3), and random sampling with
full dataset shuffling. To isolate the effect of sampling strategy from confounding
factors such as model selection or hyperparameter tuning, we used a simple linear
model architecture across all experiments. Each model was trained for exactly one
epoch using the Adam optimizer [252] with learning rate 1× 10−5. The training
set comprised plates 1-13 (approximately 94 million cells), while plate 14 (approxi-
mately 6.5 million cells) served as the test set. Notably, the test set contained at least
one occurrence of every cell line and drug, ensuring representation of all classes
despite the plate-based split.

Figure 4.6 presents the macro F1-scores across all four tasks. The results reveal
similar performances between streaming without shuffle and buffer-based shuffle,
indicating that local shuffling does not significantly enhance model generalization.
In contrast, both scDataset (with block sampling and batched fetching) and true
random sampling yield similar substantial improvements in macro F1-scores across
all tasks. This validates that scDataset achieves performance parity with true random
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Table 4.2 Results for throughput experiments with multiprocessing on the AnnData dataset.
The experiment highlighted in bold corresponds to the configuration referenced in the main
text.

Block size Fetch factor Num workers Samples/sec Avg. batch entropy Std. batch entropy

4 4 8 597 3.51 0.11
12 882 3.49 0.11
16 1175 3.50 0.11

8 8 1061 3.56 0.10
12 1626 3.57 0.09
16 2131 3.56 0.09

16 8 1876 3.59 0.08
12 2593 3.59 0.09
16 2492 3.59 0.08

32 8 1852 3.60 0.08
12 1768 3.61 0.08
16 1761 3.61 0.08

8 4 8 666 3.34 0.15
12 993 3.34 0.16
16 1323 3.33 0.16

8 8 1181 3.48 0.12
12 1766 3.49 0.12
16 2297 3.48 0.12

16 8 2093 3.55 0.09
12 2603 3.56 0.10
16 2529 3.55 0.10

32 8 1873 3.59 0.08
12 1774 3.59 0.09
16 1789 3.59 0.08

16 4 8 861 3.00 0.23
12 1308 3.00 0.23
16 1697 3.01 0.22

8 8 1319 3.33 0.16
12 1940 3.32 0.16
16 2573 3.32 0.16

16 8 2266 3.48 0.12
12 2612 3.48 0.12
16 2549 3.47 0.12

32 8 1878 3.54 0.10
12 1834 3.55 0.10
16 1775 3.54 0.10

32 4 8 1309 2.47 0.27
12 1932 2.47 0.27
16 2510 2.47 0.28

8 8 1662 3.00 0.23
12 2493 3.00 0.22
16 3122 3.00 0.22

16 8 2474 3.32 0.16
12 2570 3.32 0.16
16 2458 3.31 0.16

32 8 1837 3.48 0.12
12 1740 3.46 0.13
16 1781 3.46 0.12
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shuffling while maintaining the computational efficiency demonstrated in previous
benchmarks.

Fig. 4.6 Macro F1-scores for four classification tasks on the Tahoe-100M dataset using
different data loading strategies. scDataset with block sampling and batched fetching
achieves performance comparable to true random sampling, significantly outperforming
streaming without shuffle and buffer-based shuffle.

4.5 Discussion

This chapter introduces scDataset, a scalable and flexible data loader for training
deep learning models on large-scale single-cell omics datasets. By combining block
sampling and batched fetching, scDataset enables randomized, high-throughput
training directly from disk without requiring format conversion or full in-memory
loading. The implementation integrates directly with PyTorch, provides native
support for multiprocessing, and consistently delivers substantial speed-ups over
existing solutions such as AnnLoader, HuggingFace Datasets, and BioNeMo. By
operating directly on formats like AnnData, scDataset enables shuffled training on
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commodity hardware and lowers the barrier to large-scale deep learning in single-cell
biology.

While scDataset was developed to address specific challenges in single-cell
omics, its design principles have broad applicability to any domain requiring efficient
training on large-scale on-disk datasets. The combination of block sampling and
batched fetching is domain-agnostic and can benefit fields facing similar compu-
tational bottlenecks, particularly where datasets cannot fit entirely in memory and
random sampling is critical for model convergence. The open-source release and
active maintenance of scDataset on GitHub facilitates community contributions and
extensions, and the modular architecture allows for easy adaptation to new data
backends and formats as they emerge.

Hierarchical losses and graph-based architectures are only as useful as our ability
to expose them to the full diversity of cells, tissues, and perturbations captured in cur-
rent atlases. By enabling high-throughput, quasi-random access to on-disk datasets,
scDataset makes it feasible to train models that incorporate ontologies, pathway
structure, and compositional decompositions as first-class inductive biases, rather
than as small-scale proofs of concept. In this sense, the framework complements the
earlier chapters: it supplies the infrastructural bias needed for stochastic optimization
to faithfully realize the structural priors that the rest of the thesis advocates.
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This thesis has examined theoretical foundations and practical applications of deep
learning in computational biology, demonstrating how mathematical frameworks
can illuminate both the behavior of network analysis methods and the represen-
tational power of neural architectures, and showing how domain knowledge and
computational constraints shape effective machine learning systems for biological
data.

Chapter 1 established that closeness, harmonic centrality, and betweenness cen-
trality satisfy rank semi-monotonicity under edge addition in undirected networks.
This result guarantees that when an edge is added, at least one endpoint increases in
relative importance, resolving a question about the behavior of centrality measures in
evolving networks. For biological networks that evolve through formation of protein
interactions or regulatory connections, these results provide theoretical grounding
for interpreting changes in node importance.

Chapter 2 proved that all efficiently Turing-computable functions exhibit compo-
sitional sparsity, offering an explanation for why deep neural networks overcome
the curse of dimensionality. By showing that functions computable in polynomial
time can be represented as compositions of polynomially many constituent functions,
each depending on few variables, the chapter establishes that the success of deep
learning reflects structural regularity in target functions. This framework connects
to architectural design principles, explaining why convolutional networks exploit
local structure and why transformers benefit from Chain-of-Thought reasoning that
decomposes complex problems into learnable subcomponents. Several questions
remain open, including characterizing which compositional structures can be effi-
ciently discovered from data and determining the minimal supervision needed to
avoid exponential sample complexity.
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Chapter 3 demonstrated that incorporating known hierarchical structure into
training objectives significantly improves model performance in biological domains.
The hierarchical cross-entropy loss explicitly encodes cell ontology relationships,
leading to improved generalization when models trained on one set of studies are
evaluated on newly released datasets. This result validates the principle that domain
knowledge should not be an afterthought but a core component of the learning
process. The out-of-distribution evaluation framework reflects how cell atlases
actually evolve, where new studies are continuously added and must be annotated
upon release. The substantial performance drops observed when moving from in-
distribution to out-of-distribution evaluation underscore the importance of designing
methods that generalize across studies rather than merely fitting training distributions.

Chapter 4 provided infrastructure for training deep learning models on large-
scale datasets that cannot fit in memory. The scDataset framework implements
quasi-random sampling strategies that balance I/O efficiency with minibatch diversity,
achieving speed improvements of up to two orders of magnitude compared to existing
solutions. Block sampling and batched fetching enable efficient training directly on
disk-resident data without format conversion, lowering the barrier to large-scale deep
learning in single-cell biology. The modular architecture allows adaptation to new
data backends and formats, and the design principles apply broadly to any domain
requiring efficient training on datasets stored on disk.

The convergence of large-scale biological datasets, novel deep learning archi-
tectures, and mature domain knowledge creates opportunities for building models
that capture biological complexity at unprecedented resolution. This thesis has con-
tributed theoretical frameworks for understanding when such models can succeed,
methodological principles for incorporating biological structure, and practical infras-
tructure for training at scale. Together, these contributions demonstrate how insights
from graph theory, machine learning, and biology can be integrated to advance
computational approaches to understanding living systems.
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