POLITECNICO DI TORINO
Repository ISTITUZIONALE

Euler-Lagrange modeling of circular discrete orifices gas-liquid pintle injectors using blob injection

Original

Euler-Lagrange modeling of circular discrete orifices gas-liquid pintle injectors using blob injection / Stumpo, L., Ferrero,
A., Masseni, F., Pastrone, D.. - In: AEROSPACE SCIENCE AND TECHNOLOGY. - ISSN 1270-9638. - 180:(2027).
[10.1016/j.ast.2026.113675]

Availability:
This version is available at: 11583/3016872 since: 2026-10-22T10:45:52Z7

Publisher:
Elsevier Masson

Published
DOI:10.1016/j.ast.2026.113675

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

26 October 2026



Aerospace Science and Technology 180 (2027) 113675

Contents lists available at ScienceDirect

Technology

Aerospace Science and Technology

journal homepage: www.elsevier.com/locate/aescte

Original article
Euler-Lagrange modeling of circular discrete orifices gas-liquid pintle
injectors using blob injection

Leonardo Stumpo*, Andrea Ferrero ', Filippo Masseni
DIMEAS, Politecnico di Torino, Corso Duca degli Abruzzi 24, Turin, 10129, TO, Italy

, Dario Pastrone

ARTICLE INFO ABSTRACT

Communicated by Dr Mehdi Ghoreyshi An Euler-Lagrange methodology under Unsteady Reynolds-Averaged Navier-Stokes closure is proposed for cold-

flow atomization in gas-liquid pintle injectors with discrete circular orifices. No interface-resolving treatment
of the primary breakup region is employed: blob injection initializes the dispersed phase, and the Madabhushi
model governs the complete atomization cascade. Model constants are determined a priori from literature values
and correlations as a function of the operating condition; in particular, the column-breakup constant is tied to
operating-condition correlations rather than treated as a free parameter, which reduces the uncertainty associated
with the breakup-model calibration with respect to a single, case-independent value.

The approach is validated against four test configurations encompassing two sets of experimental Sauter
mean diameter measurements at different ambient pressures and two LES VOF-to-DPM reference solutions at
We, = 3500 and 8500. The radial Sauter Mean Diameter profiles are reproduced with good accuracy across all
downstream stations; locally, the model tends to overpredict D;, in the near-field and near-axis region and to
underpredict it in the far field. As far as the comparison with LES is concerned, good agreement is obtained
at We, = 3500 and 8500 for the diameter distributions, percentile diameters, and droplet velocity profiles, with
local point-wise deviations along the transverse profiles. A preliminary effective column-phase drag correction is
assessed through a +30% sensitivity study based on the spatially resolved transverse diameter profiles. Among the
investigated values, the nominal coefficient provides the most consistent profile agreement, yielding the lowest
D;,-profile NRMSE at both Weber numbers without a systematic benefit from a further increase. The correction
is therefore retained as a preliminary effective-area projected closure for the present conditions rather than as
a final or universal drag correlation. The results confirm that the proposed framework provides a physically
consistent and computationally efficient description of spray statistics in pintle injectors across a wide throttling
range, enabling a faster design with respect to interface- or scale-resolving methods.
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1. Introduction

The pintle injector, first developed at the Jet Propulsion Laboratory
(JPL) of the California Institute of Technology in the mid-1950s [1],
has played a key role in the evolution of variable-thrust rocket engines.
Thanks to its simple design, combustion stability, and high throttling
capability, it was adopted in several historical propulsion systems such
as the Apollo Lunar Module Descent Engine (LMDE), the SpaceX Merlin
series, and the TR-106 engine family [2]. Throttling in pintle injectors
is typically achieved by axially moving the pintle tip relative to the sur-
rounding sleeve or orifice plate [3], thereby modulating the effective
flow area and adjusting the momentum ratio between the radial and ax-
ial streams. This mechanical actuation enables wide-range thrust varia-
tion while maintaining stable combustion conditions, making the pintle
injector particularly suitable for reusable and throttleable engines.
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In its conventional configuration, one propellant is injected axially
through an annular passage surrounding the central pintle, while the
other is discharged radially from the pintle tip [3]. The impingement
between the axial and radial streams promotes efficient atomization
and mixing within the combustion chamber. These characteristics make
the pintle injector attractive not only for throttled engines but also for
fixed-thrust systems that demand high combustion efficiency, mechan-
ical simplicity, and robustness under a wide range of operating condi-
tions. However, despite its practical advantages, the internal flow struc-
ture and atomization behavior of pintle injectors remain complex and
highly sensitive to geometry [3-5], operating pressure [6], and momen-
tum ratio [7,8]. Moreover, the spray distribution strongly influences
wall heat fluxes, a critical aspect in pintle-based combustion chambers
due to their inherently asymmetric spray pattern and localized thermal
loads [9-12].
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Nomenclature

Latin symbols

a parent parcel radius

A, Al projected areas (sphere, column)
B, Wave child-size constant

B, Wave breakup-time constant

G column breakup-time constant
Cy. Cpefy drag coefficients

Cpcol liquid-column drag coefficient
c, rotational drag coefficient

c, specific heat

d orifice diameter

d, particle diameter

Dy, blob (nozzle) diameter

D,,s, D reference, column-breakup diameter
D, Sauter mean diameter (SMD)
Dy, arithmetic mean diameter

dyg, dsy, dog  percentile diameters

e, h internal energy, enthalpy

Fq ligament factor

external forces

identity tensor, moment of inertia
turbulent kinetic energy, conductivity
gas-film length

jump distance

mass flow rate

particle mass

number of drops in size range i

Z3 I oEFE~
&N

P Py pressure, ambient pressure

q momentum-flux ratio

r child-particle radius

S Sp mass, energy source terms

t time

teps tF column-breakup, reference time
taess th deformation, total breakup time

T temperature
particle velocity, relative velocity
mean axial droplet velocity

<

D’ Urel

-

B} gas velocity

w gas-film height

X, z axial, wall-normal coordinate
yt wall coordinate

Greek symbols

a child normal-velocity angle
At, Az time step, bin size

€ integration tolerance

A, Q KH wavelength, growth rate
Uy 1y gas, liquid dynamic viscosity
v liquid kinematic viscosity
PsPps Prs Py densities

c surface tension

T, T relaxation, breakup time

7 viscous stress tensor

Q relative angular velocity

@, particle angular velocity

Dimensionless groups

Oh Ohnesorge number

Re, Rey, Re; Reynolds numbers

Re, rotational Reynolds number
Ta Taylor number

We, We,, We, Weber numbers

We orr» Weger, corrected, aerodynamic Weber numbers
Acronyms

CFD Computational Fluid Dynamics

DPM Discrete Phase Model

DRW Discrete Random Walk

EWT Enhanced Wall Treatment

KH,RT Kelvin-Helmholtz, Rayleigh-Taylor

LES Large-Eddy Simulation

LMR Local Momentum Ratio

LPT Lagrangian Particle Tracking

PE Pilch-Erdman

(U)RANS (Unsteady) Reynolds-Averaged Navier-Stokes
VOF Volume of Fluid

SMD Sauter Mean Diameter

Among the various pintle injector architectures, the discrete-orifice
configuration with circular holes represents a widely adopted solution
for liquid propellant systems [3,7,13]. In this design, the radial propel-
lant stream exits through multiple circular orifices distributed along the
pintle circumference, producing discrete jets that impinge on the sur-
rounding annular flow. The atomization mechanism in circular discrete-
orifice injectors is governed by column-type breakup, where the lig-
uid jet disintegrates under the combined action of aerodynamic shear,
Kelvin-Helmholtz and Rayleigh-Taylor instabilities, and turbulent fluc-
tuations originating within the orifice passage [14,15]. The resulting
spray characteristics, including droplet size distribution, spatial disper-
sion, velocity field, and penetration depth, are strongly dependent on
the orifice geometry, injection pressure differential, and the properties
of the surrounding gas environment.

Computational Fluid Dynamics (CFD) has become a fundamental
tool for investigating liquid-gas interactions in rocket injectors, enabling
detailed analysis of atomization, mixing, and combustion without the
cost and complexity of full-scale experimental campaigns. Two princi-
pal numerical strategies are employed to simulate atomization phenom-
ena: interface-resolving methods and Lagrangian-based formulations. In
the first category, the Volume of Fluid (VOF) model [16] and related
Eulerian techniques allow for direct tracking of the gas-liquid inter-

face, enabling accurate representation of the early deformation and pri-
mary breakup of liquid jets and sheets [17]. However, these methods
require extremely fine computational grids, adaptive mesh refinement
techniques, and small time steps to fully resolve the interface dynamics,
resulting in substantial computational costs that limit their applicability
to short physical times and small spatial domains.

In the Lagrangian framework, the dispersed phase is represented as a
collection of computational parcels, each encompassing a statistical en-
semble of droplets sharing identical physical properties. This approach
is referred to as the Discrete Phase Model (DPM) in the context of AN-
SYS Fluent [18] and as Lagrangian Particle Tracking (LPT) in Open-
FOAM [19] and the broader academic literature. The core idea is to
track individual parcel trajectories within an Eulerian carrier-phase flow
field and is particularly suited for modeling secondary breakup, evapo-
ration, and spray dispersion over extended domains at manageable com-
putational cost [20]. Hybrid strategies such as VOF-to-DPM transition
and VOF-LPT coupling [8,17,21,22] have emerged as high-fidelity ap-
proaches that combine the accuracy of interface resolving methods in
the primary breakup region with the computational efficiency of La-
grangian tracking for downstream spray evolution. These methodolo-
gies capture the detailed physics of jet disintegration near the injector
exit and seamlessly transition to a dispersed-phase representation once
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the liquid core fragments into discrete droplets. Shi et al. [21] simu-
lated the atomization process of a radial orifice-type gas-liquid pintle
element under periodic operating conditions using VOF-to-DPM. Zhang
et al. [23] applied the technique on circular orifice pintle injectors with
a good agreement in the spray penetration and Sauter Mean Diame-
ter (SMD) prediction in comparison to experimental data. Nevertheless,
even hybrid VOF-Lagrangian formulations remain computationally de-
manding, particularly when applied to full injector geometries or when
extensive parametric investigations are required, motivating the con-
tinued development of purely Lagrangian approaches with physically
grounded initial conditions.

A critical challenge in purely Lagrangian spray modeling lies in
the specification of initial conditions for the dispersed phase, since no
interface-resolving method is employed to describe primary breakup.
Two principal strategies have been established in the literature: pre-
scribed droplet size distributions and blob injection. The former im-
poses a statistical representation of the post-atomization droplet pop-
ulation directly at the injector exit, most commonly through a Rosin-
Rammler distribution [14] parameterized against experimental data or
atomization correlations, and is used when downstream spray statistics
are available for calibration. In contrast, the blob injection concept, in-
troduced by Reitz [24], replaces the intact liquid core emerging from the
nozzle with a stream of spherical computational parcels termed blobs,
whose initial diameter equals the nozzle orifice diameter. The liquid
jet exit condition is thus represented as a succession of large, nozzle-
sized droplets, and the entire atomization cascade is delegated to sec-
ondary breakup models acting along the parcel trajectory downstream
of injection. Blob injection requires no characterization of the primary
breakup region and is compatible with any secondary breakup model.
More importantly, it provides a physically motivated initial condition:
the unbroken liquid column exiting the nozzle undergoes progressive
surface stripping downstream, a sequence consistent with the observed
mechanism of turbulent jet atomization [24,25]. Its principal limitation
is that spray predictions are sensitive to the accuracy and calibration of
the secondary breakup model, which must reproduce the entire atom-
ization history from nozzle exit to the fully dispersed spray.

Compared with a prescribed size distribution, blob injection also
avoids a methodological circularity: imposing the post-atomization
droplet population directly at the injector exit either presupposes the
very spray statistics that the simulation aims to predict. Blob injection
instead initializes the dispersed phase with the only unambiguous phys-
ical condition available at the orifice, i.e. the intact liquid column at
nozzle diameter, and lets the secondary breakup model reconstruct the
atomization history along the parcel trajectory. In this sense, it can be re-
garded as the natural Lagrangian counterpart of the interface-resolving
initialization employed in VOF approaches.

Regarding the breakup models, different ones have been introduced
over the years. One of the earliest formulation widely adopted in La-
grangian frameworks is the Taylor Analogy Breakup (TAB) model [26],
which treats droplet oscillation as a forced spring-mass-damper sys-
tem and predicts breakup once the deformation exceeds a critical
threshold; its range of applicability is generally restricted to low We-
ber number conditions. The Wave model [24], derived from a Kelvin-
Helmholtz (KH) instability analysis of the cylindrical liquid-gas inter-
face, predicts the continuous shedding of small child droplets from a
parent parcel at a rate set by the fastest-growing surface wave. The
model introduces a breakup constant B; controlling the breakup time
scale, which is known to vary with operating conditions and injector
geometry [27,28]. The KH-RT model [25] supplements the surface-
stripping mechanism with a Rayleigh-Taylor (RT) instability criterion;
this combined formulation has become the dominant choice for high-
speed diesel-like sprays [29,30], at the cost of additional empirical
constants, whose values remain problem-dependent. The Reitz-Diwakar
model [31] takes a regime-classification approach, distinguishing bag
and stripping breakup on the basis of local conditions and liquid prop-
erties, and prescribing empirical correlations for child droplet sizes. The
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Pilch-Erdman (PE) model [32] maps the full set of breakup regimes to
experimentally derived correlations for child droplet sizes and breakup
completion time through a dimensionless breakup time, without requir-
ing user-specified calibration constants, which is a practical advantage
in configurations where reference data are unavailable.

A further limitation of blob injection concerns the aerodynamic rep-
resentation of the unresolved liquid column. In the native Madabhushi
formulation, the column is carried by spherical blobs and a constant
column-phase drag coefficient is imposed until the column-breakup
time [18,33]. The real column, however, bends and deforms while its
projected area, pressure distribution and wake evolve. Numerical stud-
ies of deformable droplets and high-Weber-number liquid columns show
that these effects can produce substantial and non-steady variations
of the aerodynamic drag [34-36]. A fixed spherical-blob closure may
therefore under-represent the effective aerodynamic loading during por-
tions of the pre-breakup history, although the sign and magnitude of this
discrepancy are not universal.

Drag and breakup cannot generally be treated as independent clo-
sures in a Lagrangian spray calculation. Liu et al. [37] showed that
changes in the drag formulation can modify the predicted Sauter mean
diameter through their interaction with breakup and coalescence. In the
Madabhushi framework, the column drag acts only before the column-
breakup time, while the downstream population results from Wave
stripping, Pilch-Erdman fragmentation, transport and parcel interac-
tions [18,33]. The influence of a column-phase correction on down-
stream diameters must therefore be established from the spatially re-
solved spray response and cannot be inferred from the drag force alone.

The Madabhushi model [33] uses the blob injection and the combi-
nation of two breakup mechanisms in a sequential, physically motivated
structure. During an initial column breakup phase, the parent parcel
undergoes surface stripping governed by KH wave instability, acting as
a surrogate for primary atomization of the liquid core. Once the col-
umn breakup time is exceeded, the remaining liquid mass is treated
as fully fragmented and the Pilch-Erdman model is applied to deter-
mine the child droplet population, inheriting its freedom from calibra-
tion constants for this terminal step. This two-stage structure directly
maps onto the physical sequence implied by blob injection: the Wave
phase [24] reproduces the progressive stripping of the unbroken liquid
column, while the PE step provides the secondary droplet sizes with-
out additional tuning. A further reason for this choice is that, unlike the
Wave and KH-RT formulations, whose constants are commonly tuned
for high-pressure diesel-like sprays injected along the gas stream, the
Madabhushi model was formulated specifically for the breakup of a lig-
uid jet in gaseous crossflow [33], which is precisely the configuration
of the discrete-orifice pintle injector considered here. For this reason,
the Madabhushi model is adopted in the present work as the secondary
breakup model associated with blob injection.

Alongside the choice of the breakup model, turbulence modeling
plays a critical role in spray simulations, as turbulent fluctuations influ-
ence interface instabilities, droplet breakup, and dispersion [38]. Avail-
able frameworks span a wide range of fidelity and cost [39]: Direct
Numerical Simulation (DNS) resolves all scales of motion but remains
confined to low-Reynolds-number academic configurations; Large-Eddy
Simulation (LES) resolves the energy-containing eddies and captures
unsteady atomization dynamics with high fidelity, at a computational
cost that generally precludes its use in parametric or design-oriented
studies; hybrid RANS-LES formulations such as Detached-Eddy Simu-
lation (DES) offer an intermediate trade-off [40]. Unsteady Reynolds-
Averaged Navier-Stokes (URANS) formulations, in contrast, solve the
time-dependent ensemble-averaged flow equations while modeling the
full spectrum of turbulent fluctuations, thereby offering a substantially
more tractable framework for complex geometries and broad operating-
condition surveys [39].

Despite this computational advantage, the predictive scope of
URANS-based Euler-Lagrange approaches is inherently narrower than
that of scale-resolving, interface-capturing methods. Because URANS
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advances the time-dependent ensemble-averaged carrier-phase equa-
tions, the turbulent fluctuations, intermittency, and three-dimensional
coherent structures responsible for the large-scale unsteadiness of the
column-bending region are modeled rather than explicitly resolved,
resulting in an expected loss of fidelity relative to LES for instanta-
neous and higher-order flow quantities [41]. Moreover, in a parcel-
based Euler-Lagrange formulation, the continuous liquid interface is not
directly tracked; consequently, the instantaneous deformation of the lig-
uid column and the formation and breakup of sheets and ligaments are
represented through phenomenological injection and breakup models
rather than explicitly reconstructed [42]. Such a framework is there-
fore intended primarily for the prediction of time-averaged and integral
spray characteristics, such as mean trajectory and penetration, breakup
location, droplet-size and velocity statistics, and overall dispersion pat-
terns, within the range of operating conditions for which the adopted
closures are calibrated or validated. It is not intended to reproduce the
instantaneous three-dimensional topology and unsteady dynamics of the
primary-atomization process.

In this paper, a URANS Euler-Lagrange methodology is proposed
for circular discrete-orifice pintle injectors operating in gaseous cross-
flow, based on blob injection coupled with the Madabhushi secondary
breakup model. The approach requires no interface-resolving treatment
of the primary atomization region, and the sequential wave-shedding
and Pilch-Erdman fragmentation steps of the Madabhushi model provide
a physically consistent description of the primary-to-secondary breakup
transition directly compatible with the blob injection paradigm. Model
constants are determined from literature data for plain-orifice liquid jets
in gaseous crossflow at Weber numbers and liquid-to-gas density ratios
representative of the present operating conditions.

The proposed methodology is validated against four test cases. Two
cases rely on experimental measurements and assess the capability of the
proposed approach to reproduce observed spray characteristics under
well-documented operating conditions. The other two cases are numeri-
cal reference solutions drawn from high-fidelity LES VOF-to-DPM simu-
lations available in the literature [8], which explicitly resolve the liquid
core dynamics and the early fragmentation region. These LES VOF-to-
DPM solutions serve as a scale-resolving benchmark against which the
fully Lagrangian URANS methodology is assessed, enabling a quanti-
tative evaluation in terms of droplet size distributions, velocity profiles
and spatial spray patterns. The comparison between the two frameworks
clarifies both the predictive reach and the inherent limitations of the
proposed approach within the constraints of a URANS formulation.

The contribution of the present work is threefold: (i) a set of breakup
constants determined a priori from literature values and correlations,
with the column-breakup constant evaluated as a function of the oper-
ating condition rather than tuned, which reduces the calibration uncer-
tainty; (ii) a preliminary effective projected-area closure for the column-
phase drag, bounded through a dedicated sensitivity assessment of the
spatially resolved diameter profiles; and (iii) a systematic application
of the blob-injection Madabhushi framework to the circular discrete-
orifice gas-liquid pintle configuration, validated against both experi-
mental measurements and LES VOF-to-DPM reference data.

This work is structured as follows. Section 2 introduces the govern-
ing Euler-Lagrange equations and the associated sub models for droplet
dynamics, drag, coalescence, and breakup. Section 3 presents the test
case configurations and the corresponding numerical setup. Section 4
explains the numerical data processing methods. Section 5 discusses
the simulation results and their comparison with experimental and LES
VOF-to-DPM data. Finally, Section 6 summarizes the main findings.

2. Numerical modeling
2.1. Gas phase equations

The unsteady compressible Reynolds-Averaged Navier-Stokes
(URANS) equations in conservative form govern mass and momentum
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transport of the Eulerian phase. The continuity equation can be
expressed as:

dp
or
where p is the density, o is the velocity vector and S, is the source term.
The momentum equation is:

9(p?)

T+v-(,m75)=—Vp+v-(%)+p§+1? )

+Y-(oD) = S,, &)

where g is the gravitational acceleration, F is the vector of external
forces, and the viscous stress tensor for Newtonian fluids is:

i a2 2
g = y[(Vu + Vi) - 3V 17)1] ~ okl 3

Here, u is the effective viscosity, accounting for molecular and turbulent
viscosity, k is the turbulent kinetic energy, and I is the identity tensor.
The energy equation is:

i e+U_2 +V. §h+U_2 —V~(k VT + (% AU))_'_S
o P b P ) eff eff h
“@

where e is the internal energy, & is the enthalpy, k. is the effective
conductivity accounting also for turbulent thermal conductivity and S,
is the energy source term. The energy equation is retained for complete-
ness of the compressible-flow description; under the present cold-flow
conditions no evaporation occurs, so that no interphase mass-transfer
source is active and the dispersed-phase heat transfer does not modify
the droplet size, while .S}, accounts only for the thermal two-way cou-
pling with the parcels.

2.2. Lagrangian equations

The motion of a discrete-phase particle is determined by solving the
instantaneous force balance in a Lagrangian framework [18]:

di v—1u
14 14
m,— =m +

P s P

mPM +F, (5)
f Py

where m, and i, denote the particle mass and velocity, o is the local gas
velocity, g is the gravitational acceleration, p , and p are the particle and
gas densities, and I?e collects any additional external forces like virtual
mass force or thermophoretic effects. The first term on the right-hand
side is the drag force, expressed through the relaxation time:

2
ppd, 24
T, = e (6)
184 C,Re

where d,, is the particle diameter, y is the gas dynamic viscosity, and C,
is the drag coefficient evaluated at the particle Reynolds number Re =
pd,|ii, — 0|/ u. The second term accounts for buoyancy-corrected gravity.
By integrating Eq. (5) over time, the instantaneous particle velocity is
obtained; the position is subsequently updated through the kinematic
relation:

dx _ -

= = 7
ar )
Translational motion is coupled with particle rotation through the an-
gular momentum balance:

dé d,\’
P(% A .6

,—2=£(2)c0 & 8
Pdr 2 < 2 > vl ®
where I, is the moment of inertia of the particle, @, is the particle an-
gular velocity, and Q = %V X U — @, is the relative angular velocity. The
rotational drag coefficient C,, follows the Dennis et al. correlation [43]:

®
C, = 6.45 i 32.1
\/Rew Rew

with the rotational Reynolds number Re,, = P|§|d§ /(4u). The rotational
balance is included for completeness of the force description.

9
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Fig. 1. Schematic representation of the Madabhushi breakup model. Adapted from Fluent manual [18].

2.3. Breakup and drag models

As discussed in the introduction, the accurate modeling of secondary
breakup is central to the predictive capability of the Lagrangian frame-
work. The drag force constitutes an equally critical mechanism, as it
governs the momentum exchange between the dispersed particles and
the surrounding gas phase and therefore directly influences particle tra-
jectories, penetration, and dispersion throughout the flow field.

In this work, the secondary breakup is modeled using the approach
proposed by Madabhushi [33], which is implemented through a blob
injection strategy. This injection method is central to the present frame-
work, as it initializes the spray as a discrete population of liquid blobs
with a diameter equal to the nozzle exit. The Madabhushi model inte-
grates the Kelvin-Helmholtz (KH) instability mechanism for the column
breakup phase with the Pilch-Erdman correlation [32] for the subse-
quent secondary fragmentation. By utilizing the blob injection approach,
the model characterizes the morphological evolution and size distribu-
tion of the particles resulting from aerodynamic instabilities. In this
framework, the Kelvin-Helmholtz and Rayleigh-Taylor instabilities are
not additional user-selected options but the physical mechanisms un-
derlying aerodynamic secondary breakup: the former drives the shear
stripping of the liquid column, while the latter governs the fragmenta-
tion of the accelerating, deforming droplet. A schematic representation
of the Madabhushi model is provided in Fig. 1.

Liquid column phase. In the primary breakup stage, the liquid jet is rep-
resented as a column of spherical particles with initial diameter D,.
During this phase, child particles are shed from the liquid column ac-
cording to the Wave model [24], which assumes that the breakup time
and the resulting particle size are related to the fastest-growing Kelvin-
Helmholtz instability arising from aerodynamic shear at the liquid-gas
interface. The wavelength A and growth rate Q of this instability are
correlated as functions of the local dimensionless groups through the
expressions reported by Reitz [24]:

A _ 9.02(1+0.450h"%)(1 +0.4Ta")
a (1+0.87 We, ©7)06
3 0.34 + 0.38 We!
o [pra” _ s an
o (1 4+ Oh)(1 + 1.4 Ta%)

where « is the parent parcel radius, ¢ is the liquid-gas surface tension,
and the relative velocity magnitude is defined as u,,; = |6 —ii,|. The rel-

(10)

evant dimensionless groups are defined as:

2 2
pus a pru’, a
We, = —::l , We, = L rel a2
u.,a We
Re, = 2l op= L Ta=0hy/We (13)
! v Re; 8

with ¢ and i, denoting the fluid and particle velocity vectors, v, the
liquid kinematic viscosity, We, and We, the gas and liquid phase Weber
numbers, Re; the liquid Reynolds number, Oh the Ohnesorge number,
and Ta the Taylor number. The radius of the child particles is assumed
proportional to the wavelength of the fastest-growing surface wave:

r=ByA a4+

where B, is a calibration constant and A is calculated from Eq. (10).
The parent parcel radius evolves as da/dt = —(a — r)/7, with the breakup
time 7 given by:
_3726B,a
TTAQ

The liquid column undergoes breakup once the elapsed time exceeds

tey = Co (Do /10D i/ pg-
In this phase, moreover, the liquid column drag is assumed to be
constant.

(15)

Secondary breakup phase. Once the particle lifetime exceeds ¢,,, sec-

ondary breakup occurs according to the Pilch-Erdman model [32]. The

particle undergoes deformation within a characteristic period 7,,, =

1.6 t*, where the breakup timescale is:
D ch ﬂ

==

Upel 14

(16)

where D, is the local droplet diameter at the column breakup point.
During deformation time #,,,, the drag coefficient transitions linearly
from a spherical particle drag to a disk particle drag Cf)"s" =12

cp = C.ls)phcre<1 _t > +C§l)i5k ;’ 1< lyes a7
Lief Lief

The aerodynamic drag force acting on the deforming droplet is:

Fp= %pg Cp A |, it | (i — ) as)
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where the effective cross-sectional area A’ accounts for the droplet de-
formation through a reference diameter D,,, calculated from the Weber
number and 7, :

D? D..\2

P _ T2 _ ref Too ref b

Ap_4Dref_ D2 4ch_<Db>Ap (19)
cb ¢

where A;” is the value at column breakup. Once the deformation time
1407 is reached, the droplet remains fully deformed and the drag stays
constant at C%*¥, with reference diameter:

(1 + O.19\/We)DCb We <100
D,y = (20)
29D,, We > 100

until the droplet breaks up into five smaller child droplet parcels. The
total breakup time ¢, depends on the local Weber number and is com-
puted through regime-dependent correlations that account for bag, mul-
timode, and shear breakup mechanisms:

6(We — 12)70-25, 12<We<18
2.45(We —12)%%, 18 < We < 45
;—ﬁ =1414.1(We — 12)79% 45 < We < 351 21)
0.776 (We — 12)025, 351 < We < 2670
5.5, 2670 < We

Due to rim expansion, the velocity of each child droplet #,,;,, is cal-
culated as:

Uchila = uparent +u, (22)

where ii,,,,,, is the parent droplet velocity, and i, is a normal velocity
component in a plane perpendicular to the parent droplet velocity, with
magnitude:

parent

u, =5—— (23)
" Iy —lger

For each of the five droplets, the normal velocity direction angle a is

randomly chosen in the range [0, 2z], ensuring physically realistic dis-

persion of the spray.

The child droplet diameters follow a root-normal distribution:

2
Depita Dehita _
Dy 5 1 Dy 5

—  exp|-= 24
2v/27-0.238 - D g

S Denira) = 217 0238

where D5 = 1.2Dg,,p is the mass median diameter, related to the tar-
get Sauter Mean Diameter after breakup:

OhO.Z
DSMD = I'S—Dparent
W

(25)

Here, Oh is the Ohnesorge number based on the reference diameter:
B
V Pi oD, ref

The corrected Weber number We,,,, accounts for viscous effects at high
Ohnesorge numbers (Oh > 0.1):

We
Weer = T 077001 @7
To improve the morphological representation of the fragmentation pro-
cess, the correction proposed by Lambert et al. [44] is used for the sec-
ondary breakup phase. The particles undergoing secondary breakup im-
mediately following the column breakup stage represent physical lig-
aments detaching from the liquid core. Since these ligaments exhibit
non-spherical geometries, the standard Pilch and Erdman model tends

Oh = (26)

Aerospace Science and Technology 180 (2027) 113675

to overestimate the resulting child particle diameters in this specific re-
gion. To account for this effect, the diameters of the child particles pro-
duced during the initial secondary breakup event after column breakup
are weighted by a factor Fy;, > 0:

D pita = FrigDenita (28)
where D, follows the distribution defined in Eq. (24). For all subse-
quent fragmentation events, the weighting factor is set to F;;, = 1 un-
til surface tension forces stabilize the particles against further breakup.
Furthermore, the child particles shed from the liquid core via the Wave
model during the primary breakup phase are also subjected to the Pilch-
Erdman secondary breakup mechanism once they detach from the par-
ent parcel, ensuring a unified treatment of the dispersed phase.

2.4. Turbulence modeling

The URANS equations are solved in together with the Realizable
k-¢ turbulence model [45]. To ensure an accurate representation of the
boundary layer and near-wall physics, the Enhanced Wall Treatment
(EWT) is adopted, which combines a blended law-of-the-wall approach
with a two-layer model to resolve the viscous sublayer when the mesh
is sufficiently refined (y* =~ 1).

The selection of the Realizable k-¢ model is motivated by its gen-
erally better performance over the standard k-e formulation in flows
involving high curvature, rotation, and secondary flow features typi-
cal of crossflow injection [45-47]. Specifically, the realizability con-
straint, which ensures non-negative normal stresses and consistency
with Schwarz’s inequality, allows for more accurate predictions of the
spreading rate of both planar and round jets [18].

2.5. Other submodels

Turbulent dispersion is modeled with a stochastic Lagrangian ap-
proach using the Discrete Random Walk (DRW) model. Two-way cou-
pling with turbulence is included via a sink term in the turbulent kinetic
energy equation [48]. Droplet collisions are treated with the stochastic
O’Rourke model [49], allowing for coalescence or bouncing depending
on particle dynamics and flow conditions. To mitigate the point-source
stiffness of the two-way coupling in the dense near-orifice region, where
the dilute assumptions of the discrete-phase and collision models are
most strained, the dispersed-phase source terms are distributed onto the
Eulerian mesh through a node-based Gaussian kernel.

3. Computational setup
3.1. Test cases description

As stated in the Introduction, the objective of this paper is to in-
troduce a physics-based Lagrangian injection model and to assess its
predictive capabilities by comparison with hybrid VOF-Lagrangian ap-
proaches (e.g., VOF-to-DPM) and experimental measurements.

3.1.1. Experimental test cases

The first test case, based on the experimental work of Zhang et
al. [50], is used to assess the capability of the model to reproduce ob-
served spray characteristics at different operating pressures. The injector
features a pintle tip of diameter D, = 13.2 mm, through which liquid wa-
ter is supplied via eight radial holes of diameter 0.6 mm, while air is de-
livered through an axial annular gap of width H = 0.4 mm surrounding
a liquid channel of diameter D, = 8 mm. Experiments were conducted
inside an ambient-pressure chamber equipped with quartz glass optical
windows, and droplet size data were acquired using a Spraylink High-
speed Spray Particle Size Analyzer (SHSSPSA), providing Sauter Mean
Diameter (SMD) measurements at various spatial locations across seven
operating conditions spanning a range of chamber pressures and liquid
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Table 1

Test cases for validation.
Test case Ref. Condition
TC1-P1 = 0.5 MP;

C [50] p, = 0.5 MPa

TC1-P2 p, = 0.6 MPa
TC2-W1 18] Weg = 3500
TC2-W2 We, = 8500

and gas mass flow rates. The SMD, or Ds,, is one of the most used diam-
eter in combustion, mass transfer, and efficiency studies, and is defined
as the diameter of the drop whose ratio of volume to surface area is the
same as that of the entire spray [14]:

_ & T 29

where i is the size range considered, N; is the number of drops in size
range i, and D; is the middle diameter of size range i.

3.1.2. Numerical test cases

The second case, derived from the study by Zhang et al. [8], pro-
vides a comparative basis against a LES VOF-to-DPM simulation of a Gas-
film/Liquid-jet On Pintle (GLOP) injection element. The configuration
consists of a gas film region of height W = 8 mm and length L = 32 mm,
with a circular liquid jet orifice of diameter d = 1.6 mm and a jump dis-
tance between the gas film exit and the jet centerline of L, = 15mm;
nitrogen and water are used as the gas and liquid phases, respectively.
This configuration is used to evaluate the model across different gas
Weber numbers while maintaining a constant Local Momentum Ratio
(LMR = 1), and quantitative validation is performed against SMD mea-
surements, droplet velocity profiles, arithmetic mean diameter D,,, and
size distribution statistics at 60 mm downstream of the injector.

The mean diameter D, is defined as [14]:
2 NiD; (30)

ZiN;

while the LMR is defined as the ratio of the momentum flux of a single
radial jet to that of the axial gas flow intercepted over the projected area
of one orifice:

LMR = ;";z’ /(%) (31)

g

Dy =

where m and v are respectively the mass flow rates and the velocities,
subscripts 1 and g are liquid and gas phases, d is the orifice diameter
and L is the gas film length. In discrete-orifice pintle injector configu-
rations, key spray characteristics such as jet penetration angle and SMD
are governed by this local quantity rather than by the total integrated
momentum ratio of the two streams.

The test cases are finally detailed in Table 1. In the following, p,
denotes the ambient pressure while We, the gas Weber number.

3.2. Computational domains and boundary conditions

Computational domains have been constructed to reproduce the ex-
perimental and numerical setups of the respective test cases. For TC1, a
half-domain (4 injection holes) is simulated with a symmetry boundary
condition at the midplane, given the geometric symmetry of the exper-
imental apparatus domain. For TC2, the computational domain repro-
duces a pintle injector element, defined as the minimal representative
unit of the full injector comprising a single radial orifice and the cor-
responding portion of the axial gas film, enclosed in a rectangular do-
main with symmetry conditions applied in the lateral directions. These
reduced domains reproduce the same symmetry setup adopted in the
corresponding reference configurations; simulating a single representa-
tive element with lateral symmetry, rather than the full set of discrete
jets, is a standard practice for periodic injector arrays [8,13].
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Table 2

Boundary conditions and setup types for the TC1 and TC2 test cases.
Case Type Parameters
TC1-P1 Mass Flow Inlet p =.5 MPa, i = 0.00555 kg/s

Pressure Outlet p=.5MPa

Mass Flow Inlet p = .6 MPa, i = 0.00555 kg/s

TC1-P2
¢ Pressure Outlet p = .6 MPa
Te2-wil Velocity Inlet p=1atm, u=163.1 m/s
Pressure Outlet p=1atm
TC2-W2 Velocity Inlet p=1atm, u=257.6 m/s
Pressure Outlet p=1atm
Sides of the domain Symmetry
All
Cases Wall No-slip, adiabatic Wall
Table 3

Grid convergence: relative deviation of each case from
the baseline solution, €, = (¢ — Pyyse)/Ppases at the x =
60 mm downstream sampling plane, We, = 8500.

Quantity ~ Baseline ¢, - Fine grid ¢, - Coarse grid
dy 24.57 +4.40% —2.44%

dsy 50.11 +3.39% —0.03%

dyy 80.33 +1.41% —-18.84%

D, 77.52 -1.10% —20.62%

A common meshing strategy is adopted for both test cases. The grid
is designed to yield y* ~ 1 under the lowest bulk velocity conditions
for TC1 and TC2. As the velocity increases, the wall shear stress rises,
leading to an increase in the local y* value for a fixed mesh spacing. To
ensure accuracy across all regimes, this strategy is coupled with the En-
hanced Wall Treatment (EWT) of the Realizable k-¢ model. EWT allows
the solver to resolve the viscous sublayer when y* ~ 1 and automati-
cally switches to wall functions if the first grid cell falls into the log-law
region at higher Reynolds numbers. A local refinement box is applied in
the injection region to capture the near-field spray dynamics, following
the standard procedures in spray simulations [51]. The specific bound-
ary conditions for each test case are detailed in Table 2.

3.3. Convergence study

A systematic convergence study was conducted to ensure that the nu-
merical results are independent of both spatial and temporal discretiza-
tion, following the procedure of Radhakrishnan et al. [52].

The spatial resolution was evaluated on the most restrictive operat-
ing condition among the TC1 and TC2 testcases, identified as the con-
figuration with the highest injection velocities, at a fixed time step of
Ar=107s.

Three mesh levels (coarse, medium, and fine) characterized by pro-
gressively smaller cell sizes in the near-injection refinement region were
tested. The spatially converged grid was identified based on the stabi-
lization of the Sauter Mean Diameter at selected downstream locations
and the spray penetration, and adopted for all subsequent simulations.

Temporal convergence was then assessed independently for each test
case on the converged grid, by varying the time step until the spray pen-
etration and the spatial evolution of the SMD reached a stable solution.

The results of the grid-refinement study (coarse 966518, medium
1802263, fine 5,509,239 cells, respectively) for the case We, = 8500 are
summarized in Table 3, which reports the relative deviation of each
spray metric from the medium (baseline) grid. Refining the medium grid
to the fine level changes the Sauter Mean Diameter by only —1.1% and
the dy, percentile by +1.4%, while the median diameter ds, varies by
+3.4%; the medium grid is therefore within the asymptotic range for the
diameter statistics and is retained as the converged spatial discretiza-
tion. Coarsening the grid, on the contrary, produces much larger devi-
ations, exceeding 18% in magnitude on both D5, and dy,: as confirmed
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Fig. 2. Grid convergence at We, = 8500: (a) drop-size probability density function, (b) cumulative distribution, and (c) parity of the percentile diameters, for the
coarse, medium (baseline) and fine grids compared with the LES VOF-to-DPM reference.

Table 4

Time-step convergence: relative deviation of each case from the
baseline solution, £ = (¢ — Pyase)/Ppases at the x = 60 mm down-
stream sampling plane, We, = 8500.

Quantity ~ Baseline  &,-Ar=10x10"s g,-Ar=50x10"s
dy 24.57 -2.95% +3.69%
dsg 50.11 -3.75% +2.41%
dy, 80.33 —2.45% -1.07%
Dy, 77.52 +1.03% +0.10%

by the drop-size distributions in Fig. 2, the coarse grid over-populates
the intermediate-diameter range and truncates the large-droplet tail, so
that its apparently closer D;, agreement with the reference is spurious
and merely reflects the loss of the largest droplets.

The time-step study, reported in Table 4, shows that the diameter
statistics are essentially insensitive to the temporal resolution: between
At =1.0x 107 s and 5.0 x 10~ s the Sauter Mean Diameter varies by at
most 1.0% and all diameter percentiles by less than 3.8% with respect to
the 2.5 x 1079 s baseline, and the drop-size distributions overlap almost
exactly (Fig. 3).

The time steps adopted for each configuration and the final grid cell
numbers are summarized in Table 5.

Computational domains and meshes for TC1 and TC2 are reported
in Fig. 4. A sectional cutting plane through the domain is also included
to clearly highlight the mesh refinement regions.

3.4. Breakup model constants

The constants required by the Madabhushi model are determined
here on the basis of established literature values and empirical corre-

Table 5
Final temporal discretization settings for
each test case following the convergence

study.
Case Cells no. Time-step At [s]
TC1-P1 5x10°°
TC1-P2 2098706 5x10°°
TC2-W1 5% 107
TC2-W2 1802263 2.5% 107

lations, taking advantage of the operating conditions introduced in the
previous section.

Wave model constants. The empirical constant B,, which relates the
child particle radius to the wavelength of the fastest-growing Kelvin-
Helmholtz instability through Eq. (14), is set to 2.44. This value is
adopted following the work of Lambert et al. [44], providing a more
accurate estimation of the initial fragment sizes in the context of liquid
core stripping compared to the original Reitz formulation. The breakup
time constant B;, governing the Wave stripping timescale through
Eq. (15), is set to 1.73. This value corresponds to the standard estab-
lished in the KIVA code [37] and is widely utilized in the literature for
Wave-based and models operating in the primary stripping regime.

Column drag coefficient. The drag coefficient of the liquid column gov-
erns the momentum exchange between the intact jet and the crossflow
gas during the primary breakup phase, directly influencing the pre-
dicted particle trajectory. In the native Madabhushi formulation, the
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Fig. 3. Time-step convergence at We, = 8500: (a) drop-size probability density function, (b) cumulative distribution, and (c) parity of the percentile diameters, for
At = 1.0, 2.5 (baseline) and 5.0 x 10~° s compared with the LES VOF-to-DPM reference.

unresolved liquid column is represented by spherical blobs and a con-
stant drag coefficient is applied until the column-breakup time [18,33].
This representation cannot reproduce the continuous evolution of the
projected area and wake of a bending and deforming liquid column.
Deformation-dependent and unsteady variations of drag have been re-
ported for both droplets and liquid columns [34-36]. Consequently, the
fixed spherical-blob coefficient may under-represent the effective aero-
dynamic loading during portions of the pre-breakup history.

The present work does not attempt to derive a complete deformation-
dependent column-drag law. Instead, a preliminary projected-area clo-
sure is introduced to assess the effect of an increased column-phase load-
ing within the existing Lagrangian formulation. The drag force acting on
the spherical numerical carrier is written as:

1 b4
Fp = SpgtyCoarAp A= D% (32)

and the effective coefficient is defined through the drag-area mapping:

CpeirA, = Cp ol AL, (33)

col’

where A’ denotes a representative projected area of the unresolved
column element. For the first assessment, a projected width D and a
representative projected length L. = D are assumed, giving

4

Ay =DL, = D?, Cpeff = ;CD,col- (34)

Using Cp, ) = 1.696, consistently with the cylindrical-element trajectory
analysis of Wu et al. [53], gives Cp o =~ 2.16.

Eq. (34) maps only the drag-area product under an explicit
representative-column assumption. It is not a strict force- or
acceleration-equivalence derivation between a spherical parcel and a

physical column segment, for which no unique correspondence in mass,
length or instantaneous geometry exists. The proposed value is therefore
treated as a preliminary closure and not as a universal or final coeffi-
cient. It is imposed only while a parcel represents the unresolved liquid
column; after the column-breakup time, the native drag and breakup
treatment of the resulting fragments is left unchanged.

The uncertainty associated with the projected-area assumption is as-
sessed by perturbing Cp, ¢y by +30% while retaining all other physical
and numerical settings. The resulting values are 1.51, 2.16 and 2.81; the
lower value is close to the native Madabhushi coefficient. The assess-
ment is performed at both TC2 Weber numbers and is based on the spa-
tially resolved transverse diameter profiles, as discussed in Section 5.3.

Column breakup time constant. The column breakup time ¢, de-
fined through the constant C, =1, /t* with reference timescale r* =
(p1/pg)*? d Ju, [54], marks the transition in the Madabhushi model from
Wave stripping to Pilch-Erdman secondary fragmentation. Rather than
adopting a fixed value, C, is evaluated from empirical correlations
matched to the operating conditions of each test case.

For TC2-W1 and TC2-W2, C, is obtained from the correlation of
Lubarsky et al. [55]:

Cp =9.98 - 0.908 In(Re)), (35)

where Re; = p;w;d [y is the liquid jet Reynolds number. This correlation
was found to produce consistent results for the TC2 operating conditions
and is applied directly.

For TC1-P1 and TC1-P2, characterized by a very low momentum-
flux ratio, the short column-breakup length limits the development of
the internal jet turbulence that Eq. (35) is designed to capture. For these
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Fig. 4. Computational domains with mesh for TC1 and TC2 test cases.

cases C, is therefore evaluated a priori from the correlation of Shaw et
al. [56], which includes an explicit dependence on the momentum-flux
ratio g:

Cp = 0.886 7023 We 0218, (36)

where We,,,, = p,w?d /c. The resulting C, values for each test case are
reported in Table 6. In this way the column-breakup constant is not
treated as a free parameter but is tied to operating-condition correla-
tions, each associated with one of the two breakup regimes spanned by
the test matrix (the low momentum-flux ratio regime of TC1 and the
higher-g, turbulence-driven regime of TC2). Selecting the correlation a
priori from the injection conditions reduces the calibration uncertainty
with respect to the use of a single, case-independent value, which is
the sense in which the constant set is regarded as consistent across the
operating range.

Ligament factor. The ligament factor Fj,, introduced by Lambert et
al. [44] as an extension of the original Madabhushi formulation [33],
represents the diameter ratio between the ligaments produced at the col-
umn breakup point and the parent liquid column (see Eq. (28)). After
column breakup at 7., parent parcels are partitioned into child droplets
of diameter D,;,, which subsequently undergo Pilch-Erdman secondary
fragmentation [32] based on their local droplet Weber number. The

10

value of F);, therefore directly controls the initial size of the spray en-
tering the secondary breakup cascade.

Lambert et al. [44] adopted F);, = 0.4 for operating conditions in
the shear-stripping regime (Weg > 350 [32]). All test cases considered
in the present work feature gas Weber numbers well within this regime,
and the value F;, = 0.4 is therefore adopted throughout without further
calibration.

A summary of all model constants adopted in the present simulations
is provided in Table 6.

3.5. Fluid properties

The thermophysical properties adopted for the three fluid species
are summarised in Table 7. Air and nitrogen are modeled as ideal gases,
with density computed through the ideal gas law. Water is treated as
an incompressible liquid with constant properties evaluated at standard
conditions, given the non-evaporating conditions.

3.6. Numerical schemes

The simulations were carried out by using ANSYS Fluent 2025R1,
employing a pressure-based solver with the PISO (Pressure-Implicit with
Splitting of Operators) algorithm for pressure-velocity coupling. The
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Table 6
Final simulation matrix with Madabhushi
model constants adopted in the present simu-

lations.
B, B, Cp Co Fiig
TC1-P1 2.44 1.73 2.16 0.85 0.4
TC1-P2 2.44 1.73 2.16 0.78 0.4
TC2-W1 2.44 1.73 2.16 0.87 0.4
TC2-W2 244 1.73 2.16 0.46 0.4
Table 7
Fluid properties adopted in the simulations.
Property Symbol Air Nitrogen Water
Density p [kg/m’] Ideal gas Ideal gas 998.2
Specific heat ¢, [J/kgK] 1006.43 1040.67 4182
Dynamic viscosity u [kg/m-s] 1.789 x 10~ 1.663 x 10~ 1.003 x 1073
Thermal conductivity = k [W/m-K] 0.0242 0.0242 0.600
Molar mass M [g/mol] 28.966 28.014 18.015
Surface tension o [N/m] - - 0.073

Madabhushi column-breakup model and the Lambert ligament correc-
tion are invoked as native modules of this release, and no user-defined
function is employed; the five-fragment count, the root-normal child-
size distribution and the ligament weighting therefore correspond to
the standard native implementation. Spatial discretization of all gov-
erning equations was performed using a second-order upwind scheme,
while time advancement was handled through a second-order implicit
formulation.

The integration of Egs. (5) and (7), which constitute a set of cou-
pled ordinary differential equations, was performed using a solver that
dynamically switches between a low-order implicit Euler scheme and
a high-order trapezoidal scheme. During runtime, the solver automat-
ically selects the appropriate scheme: high-order schemes are applied
when particles are far from hydrodynamic equilibrium, allowing accu-
rate solutions with fewer step refinements, whereas low-order schemes
are employed near equilibrium, where high-order schemes become in-
efficient due to limited stable step lengths [18]. After a series of prelim-
inary tests, this configuration was selected as it provided the best com-
promise between stability and computational efficiency. Accuracy con-
trol with a tolerance of ¢ = 10~ was additionally employed to automat-
ically adjust the Lagrangian timestep during the integration of Egs. (5)
and (7), ensuring that each integration step satisfies the prescribed error
threshold while minimizing unnecessary refinements.

A preliminary steady-state computation was conducted to initialize
the flow field under undisturbed conditions. This initialization step was
adopted to improve numerical stability prior to the transient calcula-
tion. Subsequently, a transient simulation was performed to model the
injection of water into the crossflow.

4. Numerical data processing

Numerical data post-processing is essential in Lagrangian spray sim-
ulations to extract meaningful statistics and interpret the spatial, tem-
poral, and case-dependent variability inherent to stochastic models. For
all the test cases, the simulation is first advanced until the number of
computational parcels present in the domain reaches an approximately
stationary value, identified by the equilibrium of the rates of parcel
injection, escape, coalescence, and breakup within the domain. Time-
averaged droplet statistics are then collected over a subsequent sampling
window, during which lagrangian quantities of interest are monitored
to verify that a statistically stationary state has been reached.

4.1. TC1

Droplet statistics for TC1 are collected on a series of rectangular sam-
pling planes oriented perpendicular to the crossflow direction and dis-
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tributed at the measurement locations reported in the reference exper-
imental study. Each plane has a size of 20 mm, matching the diameter
of the laser measurement beam used in the experiments, so as to ensure
a consistent spatial averaging between the numerical and experimental
datasets. Parcel data crossing each plane during the sampling window
are accumulated and post-processed to yield mass-flow-weighted Ds,.

4.2. TC2

For TC2, droplet statistics are extracted on sampling planes follow-
ing the same procedure described for TC1, at streamwise locations cor-
responding to those reported in the reference LES VOF-to-DPM data. At
each downstream location x/d, parcels are binned in the wall-normal
direction z using a uniform bin size of Az = 5 mm, chosen to provide ad-
equate spatial resolution across the domain height of 65 mm. The result-
ing profiles of Ds,, D,y and droplet velocities are compared against the
reference data at each downstream location. Moreover, the droplet size
distribution at selected downstream locations is characterized through
the probability density function (PDF) of droplet diameters and the cor-
responding cumulative frequency distribution, from which the charac-
teristic diameters d,, ds,, and dq, are extracted as the droplet sizes at
the 10th, 50th, and 90th percentile of the cumulative number distribu-
tion, respectively.

5. Results and discussion

In this Section, results are presented and discussed.

5.1. TC1

5.1.1. SMD at different downstream and radial locations

The predictive accuracy of the numerical model regarding the spray
atomization characteristics is evaluated through both localized radial
profiles and parity plots. The radial distributions of the droplet SMD at
fixed downstream axial locations are reported in Figs. 5 and 6 for cases
TC1-P1 and TC1-P2, respectively. Complementarily, Fig. 7 provides the
global parity plots, categorized by radial position (R) and axial plane
(x).

As observed in Figs. 5 and 6, the numerical model demonstrates
a high capability in capturing the macroscopic spatial evolution of
the spray. The calculated radial trends are in good qualitative agree-
ment with the experimental data for both test cases across all investi-
gated downstream locations. Specifically, the model correctly predicts
a monotonic increase in D3, with respect to the radial coordinate (R).
This consistent outward growth is physically driven by two main mech-
anisms reported by the experimental work’s authors [50]:

¢ Aerodynamic Sorting: the vertical acceleration experienced by a
droplet is inversely proportional to its diameter. Consequently,
smaller droplets respond dynamically faster to the high-velocity gas
core, acquiring high axial velocities and remaining confined near
the spray centerline (R < 15 mm). Conversely, larger droplets pos-
sess higher inertia, allowing them to resist core entrainment and mi-
grate toward the spray periphery.

¢ Gas Diffusion and Drag Decay: as the continuous phase expands ra-
dially, its velocity decays due to momentum diffusion, leading to a
localized drop in aerodynamic drag. This reduction in shear stress
allows larger droplets to persist at high radial coordinates without
undergoing further secondary breakup.

Despite successfully reproducing the radial gradients, the model
exhibits two opposite local deviations, as highlighted by the parity
charts: it tends to overpredict D3, in the near-field and near-axis region
(x =20-60 mm) and to underpredict it in the far field (x = 80-100 mm).
This behavior is consistent with the way blob injection and the single-
mechanism secondary breakup reproduce the atomization along the tra-
jectory. Because blob injection replaces the primary breakup with a pro-
gressive stripping of the liquid column, the fine-droplet population is
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Fig. 5. SMD results at various downstream (x) and radial (R) locations for TC1-P1 test case.

generated gradually downstream: near the injector the modeled spray is
therefore coarser than the measurements, which already contain the fine
droplets produced by primary atomization, and the D, is biased high
in the near-field, near-axis region. Farther downstream, the cumulative
Wave/Pilch-Erdman stripping progressively over-fragments the surviv-
ing droplets, the same tendency to overproduce fine droplets observed
at the lower Weber number for the TC2 cases, so thatDj, falls below the
measurements in the far field. A comparable difficulty of the purely La-
grangian approach in reproducing, on its own, the column breakup and
shedding of jets in crossflow, together with an underprediction of Ds,
where the local droplet velocity is overpredicted, has been reported in
the literature [42]. With a parcel population of the order of 10°, about an
order of magnitude above the values commonly adopted in Lagrangian
spray studies, statistical under-resolution of the dispersed phase is not
expected to be the controlling factor; a residual near-field uncertainty
is instead associated with the locally dense character of the near-orifice
region, where the dilute assumptions underlying the discrete-phase and
collision models are stressed (see Section 2).

Overall, 29% of the data points lie within +10% and 68% within
+20% of the experimental values (38 points).

5.2. TC2

5.2.1. Droplet diameter profiles

Figs. 8 and 9 report the transverse profiles of the mean diameter D,
and the Sauter mean diameter D3, along the z-coordinate at x = 60 mm
from the injector orifice for TC2-W1 and W2 test cases. Both descriptors
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exhibit a consistent set of trends across the throttling range: diameters
decrease monotonically with increasing We,, confirming the progressive
intensification of aerodynamic fragmentation, and their spatial profiles
grow along the z-axis as larger droplets produced by residual ligament
breakup accumulate in the outer region of the spray.

At We, = 3500, Dj, rises from approximately 55 ym at z = 2.5mm to
125 ym at z = 57.5mm, and both D, and SMD reproduce the gradual
monotonic growth consistent with the numerical data. At We, = 8500,
Dy, increases more slowly from 52 ym to 110 um over the same axial
range. D, follows a qualitatively identical behavior at both conditions,
with lower absolute values, and the present results remain within the
scatter of the reference at all radial stations. Relative to the LES refer-
ence, the present transverse profiles rise more steeply and monotoni-
cally along z, whereas the reference profiles are flatter, so that the two
sets cross at around z = 30 mm, with the present results lying below the
reference near the axis and above it in the far field.

5.2.2. Particle velocity

Fig. 10 shows the radial profiles of mean droplet axial velocity U
as a function of z for the two Weber number conditions. The present
results correctly capture the dominant physical trends: U decreases
monotonically from the injection plane outward at all We,, and near-
field droplet velocities scale approximately linearly with the gas Weber
number, reaching ~140m/s, ~90m/s near the jet axis for We, = 8500
and 3500, respectively. The shape of the deceleration profile, which is a
steep drop in the near field followed by a gradual leveling-off beyond the
gas-film coverage height, is well reproduced at all conditions, confirm-
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Fig. 6. SMD results at various downstream (x) and radial (R) locations for TC1-P2 test case.

ing that the Lagrangian drag model captures the essential aerodynamic
exchange between the dispersed and carrier phases.

Quantitatively, the present predictions exceed the LES VOF-to-DPM
reference in the near field, with differences of approximately 50-60% at
the first sampling station for We, = 3500 and 8500, in line with an under-
prediction of the diameters in this zone. In the far field (z > 30 mm), the
two profiles converge toward comparable values for all Weber numbers.
This behavior is known in Euler-Lagrange simulations, both RANS [33]
and scale-resolved simulations [44], and the maximum errors are in line
with these other studies. Since the near-field droplet momentum con-
tributes to the impingement conditions and to the near-wall droplet flux
relevant to the wall heat load, this near-field overprediction should be
accounted for whenever the model is used for impingement- or heat-
flux-critical estimates in the first few orifice diameters; the downstream
and global spray statistics, which are the primary target of the present
framework, are instead reproduced reliably.

5.2.3. Statistical analysis

The probability density functions (PDFs) of droplet diameter at x =
60 mm downstream of the injection point are shown in Fig. 11 for TC2-
W1 and W2, together with Gaussian fits and the LES VOF-to-DPM ref-
erence histograms. In all cases the present results reproduce the correct
unimodal character of the distribution and the systematic shift of the
mode toward smaller diameters with increasing We,. At We, = 3500, the
mode shifts to ~50 ym in the present results against ~75 ym in the LES,
with comparable peak amplitudes (0.39 vs. 0.41). At We, = 8500, the two
PDFs achieve the closest overall agreement: the mode locations differ by
less than one bin width and the peak amplitudes agree within 6% (0.32
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vs. 0.34), with the Gaussian fits converging rapidly beyond d ~ 80 ym.
The systematic trend of improving distributional agreement with We, is
consistent with the progressive simplification of the breakup physics to-
ward a single mechanism that the Lagrangian framework captures well.

The cumulative frequency distributions (CDFs) in Fig. 12 confirm the
above picture and allow a direct quantification of the percentile accu-
racy at the measurement plane. At We, = 3500, the present CDF leads
the reference, reaching ~90% at d ~ 75 ym against ~63% in the LES,
but both approach unity at the same maximum diameter of ~200 ym,
demonstrating that the primary injection length scale provides the cor-
rect constraint on the coarse tail of the distribution regardless of the
distributional shift at intermediate sizes. At We, = 8500, the offset be-
tween the two CDFs is smaller and both reach unity at d ~ 140 ym.

Across all conditions, the good reproduction of the maximum droplet
diameter and the correct monotonic dependence of the CDF on We, con-
firm that the Lagrangian URANS framework provides a physically con-
sistent and computationally tractable description of the spray statistics
in gas-liquid pintle injectors over a wide range of throttling levels.

The parity plots in Fig. 13 compare the 10th, 50th, and 90th per-
centile diameters (d, ds, dgg), extracted at x = 60 mm downstream of
the injection point, against the LES VOF-to-DPM reference, with +10%
and +20% tolerance bands. The overall behavior is consistent across
all the Weber number conditions, with the majority of the data points
falling within or near the +20% interval. At We, = 3500, the dy, agrees
within +10% (98 vs. 109 um), confirming that the large-droplet tail,
which sets the spray penetration depth and influences the local liquid
volume fraction, is correctly bounded by the primary injection model.
The ds, prediction (~ 56 ym) lies approximately 22% below the reference
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Fig. 8. D;, at x = 60 mm downstream location for TC2 test cases.

(72 ym), and the d,, is correspondingly shifted toward smaller values,
reflecting an overproduction of fine droplets through shear stripping
relative to the VOF-resolved intermediate-size population generated by
ligaments. This shift is consistent with the known sensitivity of the in-
termediate percentiles to the multimode breakup.

At We, = 8500 the agreement improves further: ds, and dy, fall
within the +20% and +10% bands respectively (50 vs. 58 um and 80 vs.
86 ym), and the residual underprediction of d,, (25 vs. 36 um) is physi-
cally attributable to the fine-droplet population.

5.3. Sensitivity to the effective column drag coefficient
The sensitivity of the spatially resolved spray predictions to the ef-

fective column drag coefficient was assessed at both TC2 operating con-
ditions. Three values were considered: Cp .¢ = 1.51, 2.16, and 2.81, cor-
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responding to a +30% variation about the nominal value. The lower
value is close to the constant coefficient employed in the native Madab-
hushi column-phase formulation, whereas the central value corresponds
to the preliminary projected-area correction introduced in Section 3.4.
All other physical and numerical parameters were kept unchanged.

The comparison was performed using the transverse D, and Ds,
profiles at the TC2 sampling section. The agreement with the LES VOF-
to-DPM reference was quantified through the normalized root-mean-
square error:

[N;l ZjV:z] (‘bsim,j - ¢ref,j)2] v
Nz_l ZjN;l ¢ref,j)

where ¢ denotes either D;, or D3, and N, is the number of transverse
sampling positions.

NRMSE, = 100 37)
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As reported in Table 8, the nominal coefficient provides the low-
est Ds,-profile error at both Weber numbers. At We, = 3500, the D,
errors obtained with the lower and nominal coefficients are nearly
identical, while the higher coefficient produces a moderate deterio-
ration. At We, = 8500, the nominal value also gives the lowest Dy,
error. The central coefficient therefore provides the most consistent
agreement across the two profile quantities and operating conditions
considered.

The response is not monotonic with the prescribed coefficient. In par-
ticular, increasing Cp, .¢; beyond the nominal value does not lead to a sys-
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tematic improvement of either profile. This behavior is consistent with
the role of the coefficient within the Madabhushi breakup sequence. The
modified drag acts only while the parcel represents the unresolved liquid
column, during which the column trajectory, gas-liquid relative motion,
and Wave stripping history are established. The residual parent liquid
then undergoes Pilch-Erdman fragmentation, followed by the transport
and interaction of the resulting parcels [18,33]. Consequently, changes
in column-phase drag are transmitted to the downstream diameter field
through several coupled mechanisms and do not define a direct or uni-
versally monotonic variation of the local droplet diameter.
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Table 8

Sensitivity of the transverse diameter profiles to the effective
column drag coefficient. The reported values are the NRMSE
with respect to the TC2 LES VOF-to-DPM reference and are ex-
pressed in percent.

We,  Quantity Cpuy =151 Cpur =216  Cpuy =281
3500 Do 21.47 21.84 23.04

Dy, 23.40 21.47 24.60
gso0 Do 24.29 19.25 22.70

D, 25.09 20.96 23.70

Previous Euler-Lagrange spray calculations have similarly shown
that changes in aerodynamic drag may alter downstream diameter pre-
dictions through their coupling with breakup and coalescence, rather
than through a direct drag-size relationship [37]. The present results are
consistent with this interpretation: the proposed correction improves the
spatial distribution of D;, at both Weber numbers and provides either
comparable or improved D, agreement, whereas a further increase of
the coefficient gives no systematic advantage.

Overall, among the three values investigated, Cp, ¢y = 2.16 provides
the most consistent spatially resolved agreement with the TC2 refer-
ence data. The sensitivity analysis therefore supports its use as a pre-
liminary effective column-phase closure for the present operating con-
ditions. The limited and non-monotonic response also indicates that
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the proposed value should not be interpreted as a uniquely optimal or
universally applicable drag coefficient. A more general closure would
require an explicit dependence on the evolving column geometry and
independent validation against column-trajectory and breakup-location
measurements.

6. Conclusions

A Euler-Lagrange URANS methodology has been developed and as-
sessed for the simulation of cold-flow atomization in discrete-orifice gas-
liquid pintle injectors. The approach combines blob injection with the
Madabhushi secondary breakup model, with the Lambert ligament cor-
rection, and requires no interface-resolving treatment of the primary at-
omization region. The calibration uncertainty of the breakup-model co-
efficients has been reduced by tying them to operating-condition corre-
lations, so that in particular the column-breakup constant is determined
a priori from the injection conditions rather than from case-independent
free values. Validation against both experimental measurements and
high-fidelity LES VOF-to-DPM reference solutions yields the following
principal findings.

e The model reproduces the macroscopic radial evolution of Ds,
in good agreement with experimental data across all investigated
downstream locations. The monotonic outward diameter growth,
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governed by aerodynamic sorting between the high-velocity gas core
and the outer low-shear region, is correctly predicted in both mag-
nitude and spatial structure, with the majority of data points falling
within the +20% tolerance band. Locally, the model tends to overpre-
dict Ds, in the near-field and near-axis region and to underpredict it
in the far field.

¢ A systematic underestimation of Ds, is observed near the spray axis
in the early development region, where adjacent orifice spray fields
overlap at high parcel number densities. These local deviations are
attributed to the blob-injection and single-mechanism secondary-
breakup modeling rather than to a statistical limitation of the La-
grangian framework: the fine-droplet population is generated grad-
ually along the trajectory, biasing D5, high near the injector and low
in the far field.

Against the LES VOF-to-DPM reference, good agreement is achieved

at We, = 3500 and 8500 in the distributional and integral statistics

(D, Ds,, droplet velocity profiles, probability density functions, cu-

mulative distributions, and percentile diameters), with local point-

wise deviations along the transverse profiles. The progressive im-

provement in accuracy with gas Weber number reflects the progres-

sive simplification of the breakup physics toward a single dominant
mechanism, which is, the Kelvin-Helmholtz shear stripping, that the

Lagrangian submodel can represent faithfully.

e The profile-based column-drag sensitivity gives a metric- and
condition-dependent response. Among the three values investi-
gated, the nominal coefficient gives the lowest transverse Ds,-profile
NRMSE at both Weber numbers; the D, agreement is essentially un-
changed at We, = 3500 and improves at We, = 8500, while a further
increase gives no systematic benefit. The value Cp, .;; = 2.16 is there-
fore retained as a preliminary bounded column-phase closure rather
than as an optimal or universal drag correlation.

e The correct reproduction of maximum droplet diameter, the mono-
tonic dependence of the size distribution on We,, and the conver-
gence of far-field velocity profiles across all conditions confirm that
the proposed framework provides a physically consistent and compu-
tationally tractable description of spray statistics in gas-liquid pintle
injectors over a wide range of throttling levels.

Overall, the results establish that a fully Lagrangian URANS formula-
tion augmented by physical correlations, with breakup constants deter-
mined a priori from operating-condition correlations, can serve as a reli-
able and efficient tool for parametric atomization studies in throttleable
liquid propellant injectors, where the cost of scale-resolving or interface-
resolving simulations remains prohibitive for design-oriented investiga-
tions given the strict grid and, consequently, time step requirements. A
deformation-dependent column-drag closure based on the evolving pro-
jected area or aspect ratio, and independently validated against column-
trajectory and breakup-location measurements, remains a subject for fu-
ture work.
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