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 a b s t r a c t

This paper presents a computational framework for the aeroelastic analysis of highly flexible high-altitude wings. 
The structural model is formulated within the Carrera Unified Formulation (CUF), which incorporates lower- 
and higher-order beam models and uses both Taylor and Lagrange expansion functions for the cross-section 
kinematics. The Vortex Lattice Method (VLM) and Doublet Lattice Method (DLM) are adopted for aerodynamic 
loads, and the Infinite Plate Spline (IPS) technique is employed for mesh-to-mesh mapping. A key element of the 
approach is the piecewise linearization strategy for flutter analysis. Static aeroelastic equilibrium is first computed 
iteratively under specified flight conditions; the tangent stiffness matrix is then extracted at the equilibrium state, 
and modal analysis is performed. The p-k method determines the flutter boundary. Numerical investigations of a 
benchmark High-Altitude Long-Endurance (HALE) wing show that geometric nonlinearity significantly reduces 
the flutter speed. Furthermore, DLM aerodynamics predicts 10–15% higher flutter speeds than strip theory. 
The CUF-based predictions show good agreement with reference solutions from the literature, underscoring the 
proposed framework’s capability to support preliminary aircraft design through fast, efficient aeroelastic analyses 
based on 1D finite elements.

1. Introduction

High-Altitude Long-Endurance (HALE) aircraft employ high-aspect-
ratio wings made of lightweight composite materials to maximize aero-
dynamic efficiency [1,2]. The resulting structures exhibit pronounced 
flexibility, resulting in large static deflections under aerodynamic and 
gravitational loads. The geometric nonlinearities alter the structure’s dy-
namic characteristics [2], and, consequently, traditional linear aeroelas-
tic analysis methods may be inadequate for reliably predicting the flutter 
boundaries of such highly flexible wings.

The work of Patil et al. [1] investigated the nonlinear effects in the 
aeroelastic behavior of HALE wings and showed that large wing deflec-
tions can reduce flutter speed significantly. Similar results were reported 
by Tang and Dowell [3], who showed that static pre-flutter deformation 
changes structural stiffness and stability, and by Patil and Hodges [4], 
who examined the relative roles of structural and aerodynamic geomet-
ric nonlinearities in high-aspect-ratio wings. Their analyses showed that 
large static deflections modify the structural natural frequencies and 
mode shapes; consequently, aeroelastic stability should be evaluated 
about the deformed equilibrium rather than using the modal basis of the 
undeformed configuration. Subsequent studies have further enhanced 
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the fidelity of both structural and aerodynamic modeling. On the struc-
tural side, the beam theory of Hodges [5] and the strain-based formula-
tions developed by Cesnik et al. [6,7] have been widely adopted, while 
the SHARPy framework based on displacement-based geometrically ex-
act beam theory was introduced by Palacios et al. [8]. Regarding aerody-
namic modeling, work has progressed from 2D strip theories with Peters’ 
finite-state inflow [9] to the Unsteady Vortex Lattice Method (UVLM) 
and the Doublet Lattice Method (DLM) [10]. The Pazy Wing benchmark 
case was introduced by Avin et al. [11], and the collaborative analy-
ses within the Third Aeroelastic Prediction Workshop (AePW3) [12,13] 
have provided valuable experimental and computational data for vali-
dating nonlinear aeroelastic codes. Riso and Cesnik [14] provided sys-
tematic comparisons of modeling approaches, offering detailed assess-
ments of low-order model fidelity for very flexible wings. Investigations 
by Cheng et al. [15] have further demonstrated the importance of cap-
turing geometric nonlinearities across different aeroelastic phenomena, 
including gust response of flexible aircraft with novel wing configura-
tions.

The focus of this paper is to improve the structural modeling of flex-
ible wings using higher-order beam theories. Lower-order beam the-
ories such as Euler–Bernoulli [16,17] and Timoshenko [18] fail to 
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$\bm {u}(x,y,z)$


\begin {equation}\bm {u}(x,y,z) = F_\tau (x,z)\bm {u}_\tau (y), \qquad \tau = 1,\ldots ,M \label {eq:cuf_beam}\end {equation}


$F_\tau (x,z)$


$\bm {u}_\tau (y)$


$M$


$\tau $


$F_\tau $


$x^i z^j$


$(\alpha , \beta ) \in [-1,1]^2$


\begin {equation}\begin {split} F_\tau &= \frac {1}{4}(\alpha ^2 + \alpha \alpha _\tau )(\beta ^2 + \beta \beta _\tau ), \quad \tau = 1,3,5,7 \\ F_\tau &= \frac {1}{2}\beta _\tau ^2(\beta ^2 + \beta \beta _\tau )(1-\alpha ^2) + \frac {1}{2}\alpha _\tau ^2(\alpha ^2 + \alpha \alpha _\tau )(1-\beta ^2), \quad \tau = 2,4,6,8 \\ F_9 &= (1-\alpha ^2)(1-\beta ^2) \end {split} \label {eq:L9_polynomials}\end {equation}


$(\alpha _\tau , \beta _\tau )$


\begin {equation}\bm {u}_\tau (y) = N_i(y)\bm {q}_{\tau i}, \qquad i = 1,\ldots ,N_n \label {eq:fem_approx}\end {equation}


$N_i(y)$


$\bm {q}_{\tau i}$


$N_n$


\begin {equation}\bm {u}(x,y,z) = F_\tau (x,z)N_i(y)\bm {q}_{\tau i} \label {eq:cuf_fem}\end {equation}


\begin {equation}\bm {\epsilon }_p = \{ \epsilon _{xx}, \; \epsilon _{zz}, \; \gamma _{xz} \}^T, \qquad \bm {\epsilon }_n = \{ \epsilon _{yy}, \; \gamma _{xy}, \; \gamma _{yz} \}^T \label {eq:strain_split}\end {equation}


$p$


$n$


$y$


\begin {align}& \bm {\epsilon }_p = \bm {D}_p \, \bm {u}, \qquad \bm {\epsilon }_n = (\bm {D}_{n\Omega } + \bm {D}_{ny}) \, \bm {u} \label {eq:strain_disp} \\ & \bm {D}_p = \begin {bmatrix} \partial _x & 0 & 0 \\ 0 & 0 & \partial _z \\ \partial _z & 0 & \partial _x \end {bmatrix}, \quad \bm {D}_{n\Omega } = \begin {bmatrix} 0 & 0 & 0 \\ 0 & \partial _x & 0 \\ 0 & \partial _z & 0 \end {bmatrix}, \quad \bm {D}_{ny} = \begin {bmatrix} 0 & \partial _y & 0 \\ \partial _y & 0 & 0 \\ 0 & 0 & \partial _y \end {bmatrix} \label {eq:diff_operators}\end {align}


$\bm {D}_p$


$(x,z)$


$\bm {D}_{n\Omega }$


$\bm {D}_{ny}$


$y$


\begin {equation}\begin {Bmatrix} \bm {\sigma }_p \\ \bm {\sigma }_n \end {Bmatrix} = \begin {bmatrix} \tilde {\bm {C}}_{pp} & \tilde {\bm {C}}_{pn} \\ \tilde {\bm {C}}_{np} & \tilde {\bm {C}}_{nn} \end {bmatrix} \begin {Bmatrix} \bm {\epsilon }_p \\ \bm {\epsilon }_n \end {Bmatrix} \label {eq:constitutive}\end {equation}


$\tilde {\bm {C}}$


$\tilde {\bm {C}}_{pn}$


$\tilde {\bm {C}}_{np}$


\begin {align}& \delta L_{int} = -\delta L_{ine} \label {eq:pvd} \\ & \delta L_{int} = \int _V \delta \bm {\epsilon }^T \bm {\sigma } \, dV = \delta \bm {q}_{sj}^T \bm {K}^{ij\tau s} \bm {q}_{\tau i} \label {eq:internal_work}\end {align}


$3 \times 3$


\begin {equation}\delta L_{ine} = \int _V \rho \delta \bm {u}^T \ddot {\bm {u}} \, dV = \delta \bm {q}_{sj}^T \bm {M}^{ij\tau s} \ddot {\bm {q}}_{\tau i} \label {eq:inertial_work}\end {equation}


$\rho $


\begin {equation}(-\omega ^2 \bm {M} + \bm {K})\bm {\phi } = \bm {0} \label {eq:eigenvalue}\end {equation}


$\omega $


$\bm {\phi }$


$\bm {u}_0$


\begin {equation}\bm {K}_T = \bm {K}_0 + \bm {K}_\sigma (\bm {u}_0) + \bm {K}_{u}(\bm {u}_0) \label {eq:KT_def}\end {equation}


$\bm {K}_0$


$\bm {K}_\sigma $


$\bm {K}_{u}$


$\bm {K}_0$


$\bm {K}_\sigma $


$\bm {K}_{u}$


\begin {equation}\left ( \bm {K}_T - \omega ^2 \bm {M} \right ) \bm {\phi } = \bm {0} \label {eq:equilibrium_modes}\end {equation}


$\bm {K}_T$


$\bm {\Phi }$


$\bm {\phi }$


$\bm {Q}_{hh}=\bm {Q}_{hh}^{R}+i\bm {Q}_{hh}^{I}$


\begin {equation}\left [ \left (\frac {V}{b}\right )^2p^2\bm {M}_r + \bm {K}_{T,r} - q_\infty \left ( \bm {Q}_{hh}^{R}(M_\infty ,k) + \frac {p}{k}\bm {Q}_{hh}^{I}(M_\infty ,k) \right ) \right ]\widehat {\bm {\eta }} = \bm {0}, \label {eq:pk_flutter}\end {equation}
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$\operatorname {Im}(p)=k$


$g=0$


\begin {equation}\frac {\| \bm {u}_{tip}^{(n)} - \bm {u}_{tip}^{(n-1)} \|} {\| \bm {u}_{tip}^{(n)} \|} < \varepsilon _{tol} \label {eq:convergence}\end {equation}
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\begin {equation}\frac {|V_j - V_F(V_j)|}{V_F(V_j)} < \varepsilon _{tol} \label {eq:velocity_match}\end {equation}
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\begin {equation}m = \int _A \rho \, dA = 0.75~\text {kg/m}, \qquad I_\alpha = \int _A \rho (x - x_{EA})^2 \, dA = 0.1~\text {kg}\cdot \text {m} \label {eq:mass_distribution}\end {equation}
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capture non-classical effects, including cross-sectional warping, in-plane 
deformation, and bending-torsion coupling that become significant in 
thin-walled composite wing structures. While three-dimensional (3D) 
finite elements (FE) can provide accurate solutions, their computational 
cost remains prohibitive for iterative aeroelastic analyses and para-
metric design studies. The Carrera Unified Formulation (CUF) [19,20] 
provides a hierarchical structural modelling approach in which the 
order of the cross-sectional displacement expansion is a free param-
eter, enabling systematic refinement from classical beam theories to 
higher-order models that capture 3D stress distributions. The effective-
ness of one-dimensional (1D) CUF models in reproducing 3D struc-
tural behaviour has been extensively validated for static [21], free-
vibration [22], and composite applications [23]. The extension of CUF 
to aeroelastic problems was initiated by Varello et al. [24], who cou-
pled CUF beam models with the VLM for static aeroelastic analysis. 
Subsequently, Petrolo [25,26] and Pagani et al. [27] developed CUF-
based flutter analysis frameworks using the DLM, demonstrating the ca-
pability of refined 1D models to accurately predict flutter conditions 
for both isotropic and composite lifting surfaces. Recent reduced-order 
approaches include an aeroelastic beam finite element for time-domain 
preliminary analysis [28] and a refined aeroelastic beam finite element 
for the stability analysis of flexible wings [29]; nonlinear modeling and 
control of wing flutter have also been investigated [30]. Benedetti et 
al. [31,32] extended CUF to the discontinuous Galerkin method and 
CFD. Azzara et al. [33] employed 1D and 2D higher-order theories based 
on the CUF in combination with Computational Fluid Dynamics (CFD) 
to study the role of shear and cross-section deformability in the static 
aeroelastic response.

Previous CUF aeroelastic papers [25–27] adopted refined structural 
models for static aeroelasticity and flutter without the effect of the ge-
ometrical nonlinearity. The present work extends the CUF aeroelastic 
framework to incorporate geometric nonlinearity through a piecewise 
linearization strategy and to predict the flutter onset boundary based 
on linearized stability of equilibrium states. The methodology proceeds 
as follows: 1) the nonlinear static aeroelastic equilibrium is computed it-
eratively using CUF coupled with VLM under specified flight conditions; 
2) the tangent stiffness matrix is extracted at each equilibrium state, and 
modal analysis is computed in each state; 3) DLM computes unsteady 
aerodynamic influence coefficients; 4) the p-k method is employed to 
determine the flutter boundary. The aero-structural coupling is realized 
via the Infinite Plate Spline (IPS) technique [34] and the consistency of 
the present formulation is further assessed against commercial software 
results and reference solutions available in the literature.

This paper is structured as follows: Section 2 presents the aeroelastic 
formulation, Section 3 describes the numerical model and results, and, 
finally, Section 4 summarizes the conclusions.

2. Aeroelastic formulation

2.1. Structural theories and finite elements

The structural model is formulated within the CUF framework, a hi-
erarchical approach that permits systematic refinement of kinematic as-
sumptions [19]. In 1D CUF, the 3D displacement field, 𝒖(𝑥, 𝑦, 𝑧), is ex-
pressed as an expansion over the beam cross-section:
𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)𝒖𝜏 (𝑦), 𝜏 = 1,… ,𝑀 (1)

𝐹𝜏 (𝑥, 𝑧) are cross-sectional expansion functions, 𝒖𝜏 (𝑦) is the general-
ized displacement vector, 𝑀 is the number of expansion terms, and 
the repeated subscript 𝜏 implies summation according to Einstein’s no-
tation. The choice of expansion functions 𝐹𝜏 is arbitrary in the CUF 
framework, enabling different classes of refined beam theories to be im-
plemented within a unified formulation. Two expansion functions are 
considered: Taylor expansions (TE) using polynomial terms 𝑥𝑖𝑧𝑗 , and 
Lagrange expansions (LE) using Lagrange polynomials defined at dis-
crete cross-sectional points. The present work employs the nine-node 

Lagrange polynomials (LE9) and TE terms up to fourth order. The LE9 
polynomials in normalized coordinates (𝛼, 𝛽) ∈ [−1, 1]2 are given by Car-
rera et al. [19]:

𝐹𝜏 = 1
4
(𝛼2 + 𝛼𝛼𝜏 )(𝛽2 + 𝛽𝛽𝜏 ), 𝜏 = 1, 3, 5, 7

𝐹𝜏 = 1
2
𝛽2𝜏 (𝛽

2 + 𝛽𝛽𝜏 )(1 − 𝛼2) + 1
2
𝛼2𝜏 (𝛼

2 + 𝛼𝛼𝜏 )(1 − 𝛽2), 𝜏 = 2, 4, 6, 8

𝐹9 = (1 − 𝛼2)(1 − 𝛽2)

(2)

(𝛼𝜏 , 𝛽𝜏 ) are the normalized coordinates of the LE9 nodes. Along the beam 
axis, the finite element method (FEM) is adopted:
𝒖𝜏 (𝑦) = 𝑁𝑖(𝑦)𝒒𝜏𝑖, 𝑖 = 1,… , 𝑁𝑛 (3)

𝑁𝑖(𝑦) are the shape functions, 𝒒𝜏𝑖 contains the nodal displacement vec-
tor, and 𝑁𝑛 is the number of nodes per element. In this paper, classical 
1D FE with four nodes (B4) employing a cubic approximation along the 
beam axis is used. Combining Eqs.  (1) and (3), the complete displace-
ment field becomes:
𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)𝑁𝑖(𝑦)𝒒𝜏𝑖 (4)

The strain field is obtained from the displacement through linear differ-
ential operators. Following Carrera et al. [19], the six-component strain 
vector is split into two groups according to their association with the 
cross-sectional plane and the beam axis:
𝝐𝑝 = {𝜖𝑥𝑥, 𝜖𝑧𝑧, 𝛾𝑥𝑧}𝑇 , 𝝐𝑛 = {𝜖𝑦𝑦, 𝛾𝑥𝑦, 𝛾𝑦𝑧}𝑇 (5)

𝑝 denotes in-plane (cross-sectional) components and 𝑛 denotes compo-
nents involving the beam-axis direction 𝑦. The strain–displacement re-
lations are:
𝝐𝑝 = 𝑫𝑝 𝒖, 𝝐𝑛 = (𝑫𝑛Ω +𝑫𝑛𝑦) 𝒖 (6)

𝑫𝑝 =
⎡

⎢

⎢

⎣

𝜕𝑥 0 0
0 0 𝜕𝑧
𝜕𝑧 0 𝜕𝑥

⎤

⎥

⎥

⎦

, 𝑫𝑛Ω =
⎡

⎢

⎢

⎣

0 0 0
0 𝜕𝑥 0
0 𝜕𝑧 0

⎤

⎥

⎥

⎦

, 𝑫𝑛𝑦 =
⎡

⎢

⎢

⎣

0 𝜕𝑦 0
𝜕𝑦 0 0
0 0 𝜕𝑦

⎤

⎥

⎥

⎦

(7)

𝑫𝑝 contains derivatives with respect to the cross-sectional coordinates 
(𝑥, 𝑧), 𝑫𝑛Ω collects cross-sectional derivatives appearing in the beam-axis 
strain components, and 𝑫𝑛𝑦 involves differentiation along the beam axis 
𝑦. The stress–strain constitutive relation is similarly partitioned:
{

𝝈𝑝
𝝈𝑛

}

=
[

𝑪̃𝑝𝑝 𝑪̃𝑝𝑛
𝑪̃𝑛𝑝 𝑪̃𝑛𝑛

]{

𝝐𝑝
𝝐𝑛

}

(8)

𝑪̃ is the material stiffness matrix partitioned consistently with the strain 
decomposition. For orthotropic materials, the sub-matrices 𝑪̃𝑝𝑛 and 𝑪̃𝑛𝑝
contain the coupling terms between in-plane and beam-axis stress/strain 
components. The governing equations are derived through the principle 
of virtual work:
𝛿𝐿𝑖𝑛𝑡 = −𝛿𝐿𝑖𝑛𝑒 (9)

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝝐𝑇 𝝈 𝑑𝑉 = 𝛿𝒒𝑇𝑠𝑗𝑲

𝑖𝑗𝜏𝑠𝒒𝜏𝑖 (10)

Substituting Eqs.  (6)–(8) into the virtual work statement, and consid-
ering Eq.  (4), the fundamental nucleus (FN) of the stiffness matrix is 
obtained as a 3 × 3 array [19,26]. The key property of CUF is that this 
formal expression remains unchanged regardless of the expansion order. 
Similarly, the mass matrix stems from:

𝛿𝐿𝑖𝑛𝑒 = ∫𝑉
𝜌𝛿𝒖𝑇 𝒖̈ 𝑑𝑉 = 𝛿𝒒𝑇𝑠𝑗𝑴

𝑖𝑗𝜏𝑠𝒒̈𝜏𝑖 (11)

𝜌 is the material density. The undamped free vibration problem is then 
formulated as:
(−𝜔2𝑴 +𝑲)𝝓 = 𝟎 (12)

𝜔 is the natural circular frequency and 𝝓 is the corresponding mode 
shape. For structures undergoing large displacements, the linear strain–
displacement relations of Eq.  (6) are augmented with higher-order 
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Fig. 1. Flowchart of the geometrically nonlinear flutter analysis. For each prescribed trim velocity, the static coupling is iterated to equilibrium, and the flutter speed 
is then evaluated using the tangent stiffness matrix.

terms through the Green–Lagrange strain tensor, see [27]. By linearizing 
about a known equilibrium state 𝒖0, the tangent stiffness matrix reads:
𝑲𝑇 = 𝑲0 +𝑲𝜎 (𝒖0) +𝑲𝑢(𝒖0) (13)

𝑲0 is the linear stiffness matrix, 𝑲𝜎 is the geometric stiffness matrix, 
and 𝑲𝑢 is the initial displacement stiffness matrix that accounts for 
the displacement-dependent contributions of the nonlinear strain to the 
elastic forces. While 𝑲0 is constant, both 𝑲𝜎 and 𝑲𝑢 depend on the cur-
rent deformation state and must be updated at each iteration. The non-
linear static solution is computed using a full Newton–Raphson method 
with load control [19,27]. At a converged equilibrium state, the modal 
analysis reads
(

𝑲𝑇 − 𝜔2𝑴
)

𝝓 = 𝟎 (14)

𝑲𝑇  is the tangent stiffness evaluated at the converged static equilibrium, 
and the columns of 𝚽 collect the corresponding eigenvectors 𝝓. Eq. (14) 
contains structural terms only; its eigenvectors provide the modal basis 
for the subsequent aeroelastic analysis.

2.2. Aeroelastic model

Two complementary aerodynamic methods are employed: VLM for 
steady loads in the iterative nonlinear static aeroelastic analysis [24,35], 
and DLM for unsteady aerodynamics in flutter analysis [10,25,36,37]. 
The standard aerodynamic kernel functions and panel-influence expres-
sions are not repeated here; details can be found in [35,36]. The Infi-
nite Plate Spline (IPS) is used for mesh-to-mesh mapping as documented 
in [34]. The eigenvectors obtained from Eq.  (14) are used as the struc-
tural modal basis. Their displacements are interpolated to the aerody-
namic grid through IPS and used with the DLM to obtain the modal 
generalized aerodynamic force matrix 𝑸ℎℎ = 𝑸𝑅

ℎℎ + 𝑖𝑸𝐼
ℎℎ. The resulting 

p-k flutter equation is given by Hassig[38]
[

(𝑉
𝑏

)2
𝑝2𝑴𝑟 +𝑲𝑇 ,𝑟 − 𝑞∞

(

𝑸𝑅
ℎℎ(𝑀∞, 𝑘) +

𝑝
𝑘
𝑸𝐼

ℎℎ(𝑀∞, 𝑘)
)

]

𝜼 = 𝟎, (15)

where 𝜼 is the complex vector of modal amplitudes, 𝑴𝑟 = 𝚽𝑇𝑴𝚽 and 
𝑲𝑇 ,𝑟 = 𝚽𝑇𝑲𝑇𝚽 are the reduced mass and tangent stiffness matrices, 
and 𝑞∞ = 𝜌∞𝑉 2∕2 is the dynamic pressure. The reference semi-chord is 
𝑏 = 𝑐∕2. The nondimensional complex eigenvalue is 𝑝 = 𝑘(𝛾 + 𝑖), where 
𝑘 = 𝜔𝑏∕𝑉  is the reduced frequency, 𝜔 is the aeroelastic circular fre-
quency, and 𝑔 = 2𝛾 is the modal damping parameter shown in the V-
g diagrams. At each velocity, the p-k iterations enforce Im(𝑝) = 𝑘, and 
flutter is identified when 𝑔 = 0.

To solve the static aeroelastic problem, an iterative procedure is 
employed that couples the VLM aerodynamic solver and the structural 
solver via the IPS interpolation scheme. The same procedure is used for 
CUF results and Nastran; see Fig. 1. The iterative procedure is considered 
converged when the relative change in wing-tip displacement between 
successive iterations falls below a prescribed tolerance:
‖𝒖(𝑛)𝑡𝑖𝑝 − 𝒖(𝑛−1)𝑡𝑖𝑝 ‖

‖𝒖(𝑛)𝑡𝑖𝑝‖
< 𝜀𝑡𝑜𝑙 (16)

𝑛 denotes the iteration count and 𝜀𝑡𝑜𝑙 = 10−4 is adopted in the present 
work. The converged static solution provides the tangent stiffness 
𝑲𝑇  (Eq.  (13)) that serves as the baseline for dynamic stability
assessment.

The flutter analysis proceeds as follows: (i) prescribe a set of candi-
date trim velocities 𝑉𝑗 for the selected root angle of attack; (ii) compute 
the nonlinear static equilibrium using the VLM-CUF coupling at each 
𝑉𝑗 ; (iii) extract the tangent stiffness matrix 𝑲𝑇  (Eq.  (13)) and perform 
modal analysis (Eq.  (14)); (iv) compute DLM unsteady aerodynamic 
coefficients; and (v) solve the p-k flutter equation to obtain 𝑉𝐹 . The 
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Fig. 2. First four natural modes of the undeformed HALE wing: (a) 1st bending, 𝑓1 = 0.357 Hz; (b) 2nd bending, 𝑓2 = 2.236 Hz; (c) 1st torsion, 𝑓3 = 4.968 Hz; (d) 
in-plane bending, 𝑓4 = 5.006 Hz. Gray mesh: undeformed configuration; colored surface: mode shape (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.).

Fig. 3. V-g and V-f diagrams for linear flutter analysis using the 1D CUF model: (a) damping vs. velocity, (b) frequency vs. velocity. Flutter occurs at 𝑉𝐹  = 36.76 m/s.

velocity-matching condition requires that the flight velocity at which 
static equilibrium is computed equals the predicted flutter speed. The 
geometrically nonlinear flutter speed is identified from the prescribed 
velocity sweep when:
|𝑉𝑗 − 𝑉𝐹 (𝑉𝑗 )|

𝑉𝐹 (𝑉𝑗 )
< 𝜀𝑡𝑜𝑙 (17)

3. Results

The proposed aeroelastic framework is first verified using the HALE 
wing configuration, which has become a standard benchmark for nonlin-
ear aeroelastic studies due to its pronounced flexibility and significant 
geometric nonlinear effects [1,6]. Assessments focus on mesh conver-
gence, linear and nonlinear flutter analyses, and comparisons with lit-
erature reference data. Then, a wing with a NACA profile is considered.

3.1. HALE

The HALE wing properties follow those documented in [1,6]. The 
wing has a semi-span of 16m and a constant chord of 1m. The struc-
tural properties are representative of a highly flexible composite wing 
designed for sustained high-altitude flight. Table 1 summarizes the geo-
metric, material, and atmospheric properties employed in the present 
analysis. The reference results are based on a clamped beam model 
whose inputs are the bending rigidity (𝐸𝐼), torsional rigidity (𝐺𝐽 ), mass 
per unit length (𝑚), and mass moment of inertia (𝐼𝛼), without defining 
explicit cross-sectional geometry or material properties. To verify the 
current 1D CUF framework against this theoretical benchmark, an equiv-
alent stiffness-matching strategy is adopted to define the cross-sectional 
properties of the 3D model. The wing cross-section is modeled as a rect-
angle with a chord 𝑐 = 1 m and thickness 𝑡 = 0.0707 m. The equivalent 
Young’s modulus and shear modulus are back-calculated from the target 
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Fig. 4. V-g and V-f diagrams for linear flutter analysis using the MSC.Nastran shell model: (a) damping vs. velocity, (b) frequency vs. velocity. Flutter occurs at 𝑉𝐹
= 36.31 m/s.

Fig. 5. Convergence history of VLM-CUF coupling: (a) tip displacement, (b) total lift; 𝑉∞ = 21.75 m/s and 𝛼0 = 5◦.

Fig. 6. First three modes at 𝑉∞ = 21.75 m/s, 𝛼0 = 5◦.

stiffness values:

𝐸 =
12𝐸𝐼𝑧
𝑐𝑡3

= 6.788 × 108 Pa, 𝐺 = 3𝐺𝐽
𝑐𝑡3

= 8.485 × 107 Pa (18)

The material is modeled as orthotropic, with 𝐸 and 𝐺 independently 
specified rather than derived from isotropic relationships. This approach 
eliminates Poisson-coupling effects that would otherwise alter bending-
torsion coupling. To simultaneously satisfy both the total mass per unit 

length (𝑚 = 0.75 kg/m) and the mass moment of inertia per unit length 
about the elastic axis (𝐼𝛼 = 0.1 kg⋅m), a non-uniform density distribution 
is required. The cross-section is divided into three chordwise segments: 
leading edge (0–25% chord), central region (25–75% chord), and trail-
ing edge (75–100% chord). The leading and trailing edge segments are 
assigned a density of 𝜌𝐿𝐸∕𝑇𝐸 = 19.092 kg/m3, while the central segment 
has 𝜌𝑐𝑒𝑛𝑡𝑒𝑟 = 2.1213 kg/m3. This distribution ensures the coincidence of 
the elastic axis and center of gravity at mid-chord and the mass and 

Aerospace Science and Technology 180 (2027) 113746 

5 



Z. Ying, R. Azzara, M. Filippi et al.

Fig. 7. MAC matrix comparing linear reference modes (rows) with modes at 𝑉∞ = 17.31 m/s, 𝛼0 = 5◦ (columns).

moment of inertia per unit length:

𝑚 = ∫𝐴
𝜌 𝑑𝐴 = 0.75 kg/m, 𝐼𝛼 = ∫𝐴

𝜌(𝑥 − 𝑥𝐸𝐴)2 𝑑𝐴 = 0.1 kg ⋅m (19)

This modeling strategy is applied consistently to both the CUF beam 
model and the MSC.Nastran shell reference model, to avoid structural 
property mismatches. The aim of the shell model is to provide further 
verification. The wing is modeled as a flat plate with chord 𝑐 = 1 m, 
span 𝐿 = 16 m, and thickness 𝑡 = 0.0707 m, using the orthotropic mate-
rial properties from Eq.  (18) and the non-uniform density distribution 
from Eq.  (19). The shell model employs CQUAD8 elements (8-node 
quadrilaterals with quadratic interpolation).

3.1.1.  Mesh convergence and structural theory assessment
A systematic convergence study is conducted to assess the sensitivity 

of the computed natural frequencies and flutter speeds to both struc-
tural mesh refinement and selection of the expansion order. Following 
the methodology adopted in [25], two distinct types of convergence are 
examined: (i) mesh convergence, where the number of FE is varied; (ii) 
cross-sectional model comparison, where TE and LE models of increas-
ing order are compared to assess kinematic enrichment effects.

Table 2 presents the effects of mesh refinement on the natural fre-
quencies, including the number of DOF. Based on these results, the 
60×8 mesh is adopted for the MSC.Nastran reference model, provid-
ing converged results for all modes of interest. Concerning the CUF 
beam model, first, the influence of the spanwise mesh density is as-
sessed by fixing the cross-sectional theory, i.e., 12LE9, and progres-
sively increasing the number of B4 beam elements along the span. Ta-
ble 3 reports the first four natural frequencies obtained with differ-
ent spanwise discretizations. The effect of cross-sectional theories is 

then investigated by fixing the spanwise mesh, i.e., 20B4, and vary-
ing the number of LE9 elements over the cross-section, as shown in 
Table 4. The convergence study reveals that a 10B4-8LE9 model is 
as accurate as a 20B4-12LE9 model. Table 5 compares the natural 
frequencies obtained from different CUF kinematic theories. Both TE 
and LE models achieve excellent accuracy for global bending modes, 
with discrepancies below 0.5% compared to the reference. The tor-
sional frequency shows greater sensitivity to kinematic theory selec-
tion: the TE2–TE4 models converge to approximately 5.02 Hz, while 
LE models converge to 4.97 Hz, with the MSC.Nastran shell model 
predicting 4.93 Hz. To systematically assess the influence of expan-
sion type on aeroelastic predictions, a TE4 model is also employed for 
comparison throughout the subsequent linear flutter, nonlinear static 
aeroelastic, and nonlinear flutter analyses. The convergence study in
Table 5 employs a 20B4 spanwise mesh for the TE models to ensure con-
verged reference frequencies; however, for the subsequent aeroelastic 
analyses, a 10B4-TE4 configuration (1395 DOF) is adopted. This choice 
is motivated by the rapid convergence of TE models for global bend-
ing modes (Table 5) and the significant computational savings afforded 
by the lower DOF count, which is particularly advantageous for the it-
erative nonlinear trim procedure. Fig. 2 presents the first four natural 
modes of the converged HALE wing model. The first two modes are out-
of-plane bending modes; the third is a torsional mode; and the fourth is 
an in-plane bending mode.

3.1.2.  Linear flutter analysis
This section focuses on the convergence analysis of flutter. Table 6 

presents the effects of spanwise structural mesh, cross-sectional theory, 
and aerodynamic panels on flutter speed and frequency. The results con-
firm that 10B4-8LE9 provides converged flutter and the MSC.Nastran 
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Fig. 8. MAC matrix comparing linear reference modes (rows) with modes at 𝑉∞ = 21.75 m/s, 𝛼0 = 5◦ (columns).

Table 1 
HALE wing properties [1].
 Property  Value  Unit
 Geometric parameters
 Semi-span (𝐿)  16  m
 Chord (𝑐)  1  m
 Elastic axis location  50% chord  –
 Center of gravity  50% chord  –
 Structural properties
 Mass per unit length (𝑚)  0.75  kg/m
 Moment of inertia (50% chord)  0.1  kg⋅m
 Bending rigidity (𝐸𝐼𝑧) 2 × 104  N⋅m2

 Torsional rigidity (𝐺𝐽 ) 1 × 104  N⋅m2

 Chordwise bending rigidity (𝐸𝐼𝑥) 4 × 106  N⋅m2

 Flight conditions (altitude: 20 km)
 Air density (𝜌∞)  0.0889  kg/m3

Table 2 
Mesh convergence for the MSC.Nastran shell model natural frequencies 
(Hz).

 Mesh  DOF  1𝑠𝑡 Bend.  2𝑛𝑑 Bend.  1𝑠𝑡 Tors.  1𝑠𝑡 In-plane bend.
 60×4  5094  0.357  2.235  4.929  5.007
 60×8  9462  0.357  2.235  4.926  5.006
 60×12  13,830  0.357  2.235  4.925  5.006

shell reference model shows excellent agreement (within 1.2%) with 
the converged CUF result. Together with the spanwise and modal com-
parisons in Tables 3 and 5, the 10B4-TE4 model predicts a flutter speed 
and frequency of 36.30 m/s and 3.68 Hz, compared with 36.31 m/s and 
3.57 Hz from the MSC.Nastran shell model, while using 1395 rather 

Table 3 
Effect of spanwise beam elements on natural frequencies (Hz) with 12LE9 
on the cross-section.
 Mesh  DOF  1𝑠𝑡 Bend.  2𝑛𝑑 Bend.  1𝑠𝑡 Tors.  1𝑠𝑡 In-plane bend.
 5B4  3600  0.357  2.237  5.004  5.006
 10B4  6975  0.357  2.236  4.974  5.006
 15B4  10,350  0.357  2.236  4.969  5.006
 20B4  13,725  0.357  2.236  4.968  5.006

Table 4 
Effect of LE9 elements on natural frequencies (Hz) with 20B4 along the 
𝑦-axis.

 Mesh  DOF  1𝑠𝑡 Bend.  2𝑛𝑑 Bend.  1𝑠𝑡 Tors.  1𝑠𝑡 In-plane bend.
 4LE9  4941  0.357  2.236  5.004  5.006
 8LE9  9333  0.357  2.236  4.978  5.006
 12LE9  13,725  0.357  2.236  4.968  5.006

than 9462 DOF. Thus, CUF provides a hierarchical means of retaining 
the structural modal characteristics relevant to flutter with a substan-
tially smaller structural system. To systematically assess the influence 
of aerodynamic modeling fidelity, flutter analyses are performed using 
both 2D strip theory via MSC.Nastran’s CAERO4/PAERO4 elements with 
Theodorsen aerodynamics and DLM. Table 7 provides a comparison of 
linear flutter predictions across different models. Figs. 3 and 4 present 
the V-g (velocity-damping) and V-f (velocity-frequency) diagrams from 
the flutter analyses for the CUF and MSC.Nastran structural models, re-
spectively. The results show that:
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Fig. 9. MAC matrix comparing modes at 𝑉∞ = 17.31 m/s (rows) with modes at 𝑉∞ = 21.75 m/s (columns).

Fig. 10. Variation of frequencies with wing tip displacement magnitude.

• The strip theory result agrees closely with Patil’s reference value, 
confirming that the equivalent MSC.Nastran shell model accurately 
reproduces the structural dynamics of the HALE wing. The close 
match also validates the appropriateness of 2D Theodorsen aerody-
namics for comparison with Peters’ finite-state inflow model.

• Comparing the same MSC.Nastran structural model with different 
aerodynamic formulations shows that DLM predicts a 12.6% higher 
flutter speed than strip theory.

• The 1D CUF and MSC.Nastran shell models with DLM aerodynamics 
show good agreement, with a 1.1% difference.

Fig. 11. Flutter speed vs. root angle of attack.

3.1.3.  Nonlinear flutter analysis
The nonlinear flutter analysis follows the piecewise linearization 

strategy, as shown in Fig. 1. At each velocity, the static equilibrium 
is computed via VLM-CUF coupling, then modal analysis is performed 
at the equilibrium state using the tangent stiffness. DLM and p-k flutter 
analysis are then employed using the modes at the equilibrium state. In 
this section, first, a numerical example concerning the equilibrium state 
is shown at 𝑉∞ = 21.75 m/s and 𝛼0 = 5◦ with the wing tip displace-
ment reaching 2.24 m, i.e., 14% of semi-span. Fig. 5 shows the conver-
gence history, achieving tolerance 10−4 within several iterations. Fig. 6 
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Table 5 
Effect of CUF kinematic theories on natural frequencies (Hz).
 Model  DOF  1𝑠𝑡 Bend.  2𝑛𝑑 Bend.  1𝑠𝑡 Tors.  1𝑠𝑡 In-plane bend.
 Reference
 Patil [1]  –  0.357  2.238  4.942  5.049
 Taylor and 20B4
 TE1  549  0.357  2.237  –  5.012
 TE2  1098  0.357  2.237  5.051  5.012
 TE3  1830  0.357  2.237  5.051  5.006
 TE4  2745  0.357  2.236  5.021  5.006
 Lagrange and 20B4
 4LE9  4941  0.357  2.236  5.004  5.006
 8LE9  9333  0.357  2.236  4.974  5.006
 12LE9  13,725  0.357  2.236  4.968  5.006
 MSC.Nastran Shell
 60×8  9462  0.357  2.235  4.926  5.006

Table 6 
Flutter convergence analysis, 24×10 aerody-
namic panels.
 Model  DOF 𝑉𝐹  (m/s) 𝑓𝐹  (Hz)
 Effect of spanwise structural mesh
 5B4-12LE9  3600  37.02  3.64
 10B4-12LE9  6975  36.79  3.62
 15B4-12LE9  10,350  36.78  3.61
 20B4-12LE9  13,725  36.76  3.61
 Effect of LE cross-sectional theory
 20B4-4LE9  4941  37.03  3.64
 20B4-8LE9  9333  36.83  3.62
 20B4-12LE9  13,725  36.76  3.61
 Effect of TE cross-sectional theory
 10B4-TE4  1395  36.30  3.68
 Shell
 MSC.Nastran  9462  36.31  3.57

Table 7 
Linear flutter results from different aerodynamic models.
 Structural Model  Aerodynamic Model 𝑉𝐹  (m/s) 𝑓𝐹  (Hz)
 Patil [1]  Peters 2D finite-state  32.21  3.60
 MSC.Nastran  Strip theory  32.29  3.57
 MSC.Nastran  DLM  36.31  3.57
 CUF Beam (LE9)  DLM  36.76  3.61
 CUF Beam (TE4)  DLM  36.30  3.68

Table 8 
Comparison of linear and nonlinear flutter analysis results.
 Analysis  Structural Model  Aero Model 𝛼0 𝑉𝐹  (m/s) 𝑓𝐹  (Hz)

Linear

 Patil [1]  2D Peters  –  32.21  3.60
 MSC.Nastran  2D Strip  –  32.29  3.57
 MSC.Nastran  3D DLM  –  36.31  3.57
 CUF Beam (LE9)  3D DLM  –  36.76  3.61
 CUF Beam (TE4)  3D DLM  –  36.30  3.68

Nonlinear

 Patil [1]  2D Peters 4.5◦  19.93  2.60
 MSC.Nastran Iterative  3D DLM 4.5◦  22.15  2.61
 CUF Iterative (LE9)  3D DLM 4.5◦  22.41  2.72
 CUF Iterative (TE4)  3D DLM 4.5◦  22.52  2.72

presents the first three modes at the equilibrium state. To quantitatively 
assess the variations in modal shapes, the Modal Assurance Criterion 
(MAC) [39] is employed. The first comparison is between the baseline 
modes from the free-vibration analyses, and those at 𝑉∞ = 17.31 m/s 
and 𝛼0 = 5◦, as shown in Fig. 7. The second comparison is between 
the baseline modes from the free-vibration analyses, and those at 𝑉∞
= 21.75 m/s and 𝛼0 = 5◦, as shown in Fig. 8. The last comparison is 
between modes at 𝑉∞ = 17.31 m/s and at 𝑉∞ = 21.75 m/s, see Fig. 9. 

Table 8 summarizes the flutter results, including both linear and nonlin-
ear analyses with different aerodynamic models. Fig. 10 plots the first 
three frequencies as functions of wing tip displacement magnitude. The 
results show that:

• The frequencies from the nonlinear analysis are systematically lower 
than those from the linear one. While the first and second bend-
ing mode frequencies remain relatively constant across all dis-
placement levels, the third mode exhibits pronounced frequency
reductions.

• The linear analysis overestimates the flutter speed by more than 40% 
for this configuration.

• Mode shapes variations with respect to the linear case increase as 
the velocity grows.

• The CUF nonlinear result shows reasonable agreement with Patil’s 
reference, with the difference attributable to the aerodynamic effects 
captured by DLM.

3.1.4.  Effect of root angle of attack
Following the methodology of Patil et al. [1], flutter analyses are 

performed at 𝛼0 values from 0 to 5 degrees, with the trim velocity iter-
atively matched to the flutter speed at each condition. Fig. 11 presents 
the flutter speed variation with root angle of attack. Figs. 12 and 13 
present the flutter frequency and tip displacement variation with angle 
of attack. Table 9 provides a quantitative comparison of flutter results 
at selected angles of attack.

The displacement effect on flutter is further analyzed following Patil 
et al. [1]. The flutter boundary is obtained by relating flutter speed to 
wing-tip displacement and comparing that relation with trim-velocity–
displacement curves at fixed root angle of attack. Fig. 14 shows that 
both flutter speed and flutter frequency decrease as the absolute wing-
tip displacement increases.

Fig. 15 presents the trim velocity and wing-tip displacement for se-
lected root angles of attack. As in Patil et al. [1], the intersections with 
the flutter-speed curve identify the trim states for which the equilib-
rium velocity and the flutter velocity are matched. Fig. 16 shows the 
corresponding damping and frequency branches. The results show that:

• At low angles, insufficient lift results in downward bending and flut-
ter speeds of 22–25 m/s. A discontinuity at 𝛼0 ≈ 0.65◦ marks the 
transition from gravity-dominated to lift-dominated deformation, 
with flutter speed jumping to 30–34 m/s. This discontinuity corre-
sponds to the structural transition from a gravity-dominated ’sag-
ging’ shape to a lift-dominated ’hogging’ shape. The flutter speed 
decreases monotonically (32 to 22 m/s) due to increased geometric 
softening from larger deformations.

• The tip displacement transitions from −18% (𝛼0 = 0◦) to +14% (𝛼0 =
5◦) of semi-span. The strong correlation between tip displacement 
and flutter speed suggests that deformation monitoring could serve 
as an in-flight flutter margin indicator [1].

• The systematic 2–13% discrepancy between the present results and 
Patil’s predictions arises from the different aerodynamics models 
adopted. This is quantitatively consistent with the linear flutter re-
sults (36.76 vs. 32.21 m/s, 14% difference).

3.2. NACA 2415 wing

To further assess the applicability of the proposed framework to re-
alistic wing configurations, a NACA 2415 airfoil wing is considered. 
Varello et al. [24] analyzed the linear behavior of a straight aluminum 
wing with this airfoil profile, subjected to VLM aerodynamic loading 
at 𝛼 = 3◦. The cross-section consists of an aluminum skin reinforced by 
front and rear spars at 25% and 75% chord, as shown in Fig. 17. The 
root section is clamped. Table 10 summarizes the model properties.

To validate the present VLM-CUF coupling on this configuration, 
the same case is reproduced using 20 B4 beam elements with LE9 
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Table 9 
Flutter speed comparison at selected angles of attack.
𝛼0 (deg)  Patil [1] (m/s)  LE9 (m/s)  TE4 (m/s)  Diff. LE9–Patil (%)  LE9 𝑓𝐹  (Hz)
 0.0  22.65  23.67  23.59  +4.50  2.17
 0.5  23.02  24.26  25.12  +5.40  2.50
 1.0  28.22  31.33  31.52  +11.0  3.33
 2.0  24.62  27.46  27.64  +11.5  3.07
 3.0  22.31  24.98  25.14  +12.0  2.88
 4.5  19.93  22.41  22.52  +12.4  2.72

Table 10 
NACA 2415 wing properties.
 Property  Value  Unit
 Semi-span (𝐿, linear case)  5  m
 Semi-span (𝐿, nonlinear case)  16  m
 Chord (𝑐)  1  m
 Front spar thickness (𝑡1)  0.015c  –
 Rear spar thickness (𝑡2)  0.0105c  –
 Skin thickness (𝑡3)  0.006c  –
 Young’s modulus (𝐸)  69.0  GPa
 Poisson’s ratio (𝜈)  0.33  –
 Density (𝜌)  2700  kg/m3

 Air density (𝜌∞)  1.225  kg/m3

Table 11 
NACA 2415 wing (𝑏 = 5 m, 𝛼 = 3◦, 𝑉∞ = 50 m/s): static aeroelastic tip dis-
placement 𝑢𝑧 (mm).
 Model  Spanwise mesh 𝑢𝑧 (mm)  Diff. vs. solid (%)
 Varello TE3  20 B4  8.6485 −0.32
 Varello TE4  20 B4  8.6723 −0.04
 Varello solid model, SOL101  –  8.6762  0.00
 Present LE9  20 B4  8.7280  +0.60

Table 12 
NACA 2415 wing natural frequencies (Hz) and linear flutter 
speed (m/s).
 Model  1st Bend.  In-plane  1st Tors. 𝑉𝐹

 Present (LE9)  0.585  3.132  15.93  197.8

Table 13 
NACA 2415 wing: nonlinear flutter analysis results.
𝛼0 (deg) 𝑉𝐹  (m/s) 𝑓𝐹  (Hz)  Tip/Semi-span (%)
 0  199.52  7.53 −7.01
 0.5  170.03  2.80  17.35
 1  154.06  2.61  22.93
 2  140.40  2.34  30.47
 3  134.96  2.17  35.98
 5  126.26  1.95  42.49
 7  121.09  1.83  46.81

cross-sectional expansion. Table 11 compares the tip displacement 𝑢𝑧
at 𝛼 = 3◦, 𝑉∞ = 50 m/s with four models. The present VLM-based re-
sults agree with the reference. Having validated the framework on the 
original Varello configuration, the semi-span is extended to 16 m, iden-
tical to the HALE case, to promote large deformations and enable the 
investigation of geometric nonlinear effects. The original 5 m wing ex-
hibits negligible geometric nonlinearity due to its high stiffness-to-load 
ratio, whereas the extended 16 m configuration produces tip deflections 
exceeding 40% of the semi-span. Table 12 reports the natural frequen-
cies and flutter velocity. Nonlinear flutter analyses are performed at root 
angles of attack from 0◦ to 7◦, see Table 13. Figs. 18–20 present the flut-
ter speed, flutter frequency, and tip displacement variations with root 
angle of attack. A significant change in the flutter mechanism is ob-
served: the linear case exhibits classical bending-torsion flutter, whereas 
under geometric nonlinearity the in-plane bending mode acquires sig-

Fig. 12. Flutter frequency vs. root angle of attack.

Fig. 13. Wing tip displacement vs. root angle of attack.

nificant torsional character through geometric coupling induced by the 
large bending curvature, resulting in flutter at a substantially lower fre-
quency.

3.3. Discussion

Tables 2–5 show that the bending frequencies change little across the 
structural models, whereas the first torsional frequency is more sensi-
tive to the cross-sectional expansion. TE1 does not identify this torsional 
mode, while the higher-order TE and LE models converge to similar fre-
quencies. Representing torsional deformation therefore requires richer 
cross-sectional kinematics. Once the structural frequencies are matched, 
the CUF and shell models with DLM aerodynamics predict nearly the 
same flutter boundary. The lower flutter speed obtained with strip the-
ory reflects the aerodynamic representation rather than differences in 
structural modal characteristics.
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Fig. 14. Variation of flutter speed and flutter frequency with wing-tip displacement for the CUF LE9 HALE model.

Fig. 15. Correlation of flutter speed, trim velocity, and wing-tip displacement for selected root angles of attack.

Fig. 16. Flutter damping and frequency branches for selected root angles of 
attack.

At a nonlinear equilibrium, the static deformation changes the tan-
gent stiffness and, consequently, the modal properties used in the 
flutter analysis. Fig. 10 shows that the first two bending frequen-
cies remain nearly constant as the wing-tip displacement increases, 
whereas the first torsional frequency decreases markedly. The deformed-
configuration modes also develop coupling between in-plane bend-
ing and torsion. This coupling arises from the deformed equilibrium 
and is absent in the linear modes. The reduction in the first torsional 
frequency changes the structural dynamics entering the flutter cal-
culation and contributes to the decrease in flutter speed and flutter
frequency.

For both the HALE and NACA 2415 wings, root angle of attack af-
fects the flutter boundary through the corresponding equilibrium defor-
mation. Gravity produces downward bending at low lift, while increas-
ing aerodynamic load changes the displacement’s sign and magnitude. 
In the HALE case, the transition between gravity-dominated and lift-
dominated equilibria produces the discontinuity at low angle of attack. 
Beyond this transition, and over the higher-angle NACA 2415 cases, 
larger equilibrium deformation is accompanied by lower flutter speed 
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Fig. 17. NACA 2415 three-cell cross-section with front and rear spars at 25% and 75% chord.

Fig. 18. NACA 2415 wing flutter speed vs. root angle of attack.

Fig. 19. NACA 2415 wing flutter frequency vs. root angle of attack.

and frequency. This trend agrees with previous nonlinear aeroelastic 
studies of highly flexible wings [1,3,4].

The advantages of the present formulation, compared with models 
in the literature and commercial codes, stem from a reduced number of 
DOF and the ability to tune the structural-theory kinematics to detect 
aeroelastic phenomena. In particular, adding higher-order torsion terms 

is critical to improving the 1D model’s accuracy. This significantly re-
duces the overall unknowns, as only one-third of the shell model’s DOF 
are required. The choice of the structural theory can be made through a 
convergence analysis on the expansion order. In most cases, for conven-
tional wing architectures, third-order expansions provide sufficiently ac-
curate results.
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Fig. 20. NACA 2415 wing tip displacement vs. root angle of attack.

4. Conclusions

Nonlinear aeroelastic analyses of highly flexible wings have been 
presented in this paper. 1D CUF beam models were coupled with VLM 
for steady aerodynamic loads and with a DLM for unsteady aerody-
namics. A piecewise linearization strategy was employed to evaluate 
the flutter boundary about the statically deformed equilibrium. At each 
prescribed velocity, modal analysis is performed and the aerodynamic 
mesh is updated at the same converged equilibrium before the trim and 
predicted flutter velocities are matched. The framework was validated 
against literature results and MSC.Nastran shell-based models. Further-
more, a wing with a NACA airfoil was analyzed. The analyses conducted 
indicate the following:

• CUF models achieve natural frequency and linear flutter predictions 
within 1% of MSC.Nastran shell references. The DLM aerodynamics 
predicts 10–15% higher flutter speeds than 2D strip theory.

• Geometric nonlinearity reduces the HALE wing flutter speed by up to 
39% at 𝛼0 = 4.5◦ and modifies modal shapes with coupling between 
in-plane bending and torsion.

• A parametric study over root angle of attack reveals a strong correla-
tion between wing tip displacement and flutter speed. The nonlinear 
flutter speed decreases monotonically with increasing 𝛼0 > 1◦, con-
sistent with the literature.

• Application to the NACA 2415 wing demonstrates that the frame-
work is applicable to realistic thin-walled configurations. A 39% 
reduction in flutter speed is observed, with a change in flutter 
mechanism from classical bending-torsion coalescence to geometric-
coupling-induced instability at lower frequencies.

The proposed framework provides a computationally efficient tool for 
the preliminary nonlinear aeroelastic design of flexible aircraft. Fur-
ther extensions should consider some of the assumptions or limitations 
of the present work. The piecewise linearization procedure evaluates 
linearized stability about nonlinear static equilibrium states and does 
not describe post-flutter limit-cycle oscillations or fully nonlinear time-
domain aeroelastic response. VLM and DLM are based on attached, in-
viscid, subsonic potential flow and therefore do not account for sepa-
rated flow or stall. Future work will include experimental validation, 
time-domain nonlinear aeroelastic simulations, and laminated compos-
ite wings.
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