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Abstract: We consider the non-symmetric coupling of finite and boundary elements to solve second-order non-
linear partial differential equations defined in unbounded domains. We present a novel condition that ensures
that the associated semi-linear form induces a strongly monotone operator, keeping track of the dependence
on the linear combination of the interior domain equation with the boundary integral one. We show that an
optimal ellipticity condition, relating the nonlinear operator to the contraction constant of the shifted double-
layer integral operator, is guaranteed by choosing a particular linear combination. These results generalize those
obtained by Of and Steinbach [Is the one-equation coupling of finite and boundary element methods always sta-
ble?, ZAMM Z. Angew. Math. Mech. 93 (2013), no. 6-7, 476—-484] and [On the ellipticity of coupled finite element
and one-equation boundary element methods for boundary value problems, Numer. Math. 127 (2014), no. 3,
567-593], and by Steinbach [A note on the stable one-equation coupling of finite and boundary elements, STAM
J. Numer: Anal. 49 (2011), no. 4, 1521-1531], where the simple sum of the two coupling equations has been consid-
ered. Numerical examples confirm the theoretical results on the sharpness of the presented estimates.

Keywords: Finite Elements, Boundary Elements, Non-symmetric Coupling

MSC 2010: 65N30, 65N12, 65N38

1 Introduction

The coupling of finite and boundary element methods is well established in many applications, in particular
when considering partial differential equations defined in unbounded domains, with non-constant coefficients
restricted to a bounded region.

At least two types of coupling have been proposed and extensively studied: the symmetric (or Costabel—
Han) coupling [4, 9] and the non-symmetric (or Johnson-Nédélec) one [3, 11]. The former approach, relying
on the symmetric formulation of the exterior Steklov—Poincaré operator, yields a symmetric and non-positive
definite scheme, providing stability and a satisfying error analysis. However, involving a boundary integral
operator of hypersingular type, it turns out to be quite onerous from the computational point of view and, even
if there are efficient implementations available, its use is still not very popular in more advanced applications.
On the contrary, the non-symmetric coupling, relying only on the use of single- and double-layer boundary
integral operators, turns out to be cheaper and easier to implement and, consequently, more appealing from
the engineering point of view.

In [11], Johnson and Nédélec have proved that this coupling is a well-posed and stable procedure, assuming
the compactness of the double-layer boundary operator and, hence, provided that smooth interfaces boundaries
are considered. In [15], Sayas proved the stability of the non-symmetric coupling in case of arbitrary inter-
faces for free-space transmission problems. Successively, in [17], the ellipticity of the related bilinear form was
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obtained. These results were further extended and improved in [12, 13] where a sufficient and necessary con-
dition, relating the diffusion matrix and the contraction constant of the shifted double-layer integral operator,
was given. The necessity of conditions weaker than those present in literature, even for problems with constant
coefficients, is of particular interest when dealing with the coupling of a generalized Galerkin method, such as,
e.g., the recent virtual element method, with a boundary one. Indeed, the ellipticity constants of the approxi-
mated bilinear forms may not be explicitly known, or they could be badly dependent on the order of the method.
For these couplings, the stability on arbitrary interfaces is still an open issue (see [6, 7]).

In this paper, we generalize the results given previously in [12, 13, 17]. Moreover, we adapt the approaches
of [1, 2] to deal with (possible) nonlinearities. The novelty of the paper consists in studying the dependence of the
ellipticity constant on the linear combination coefficients of the interior domain equation with the boundary
integral one. We show that there exists an optimal computable choice of these coefficients which ensures the
weakest ellipticity condition in terms of the ellipticity constant of the nonlinear operator. The proof relies on
a generalization of the contraction property of the shifted double-layer integral operator; see [19]. We mainly
consider exterior houndary value problems, and in the last section, we present a similar result for transmission
interface problems. The theoretical analysis presented here can be extended to the solution of other boundary
value problems, as done in [13].

The paper is organized as follows. In the next section, we present the model problem and its variational
formulation for the one-equation coupling of finite with boundary elements. In Section 3, we present a gener-
alization of the contraction property proved in [19], in a general framework involving arbitrary Hilbert spaces.
In Section 4, the main result for an exterior boundary value problem on the ellipticity of the semi-linear form
related to the non-symmetric coupling is proved. In Section 5, we present two numerical tests which confirm
the sharpness of the theoretical results. Finally, in the last section, we show how to adapt the main ideas to
transmission interface problems.

2 Model Problem and Variational Formulation

Let Qo ¢ R" (n = 2, 3) be a bounded domain with a Lipschitz boundary Ty = 0Q having positive Hausdorff
measure. Its exterior region is decomposed in two non-overlapping subdomains Q and Q., with interface I, i.e.

R"\ Qp=Q,UTUQ.

We consider an exterior boundary value problem in the unknown u, e,

{— div(UVu(x)) = f(x), X€Q, o
AU (X) =0, X € Qo
with boundary, transmission and radiation conditions
u(x) =0, x eIy,
UX) = Up(X), NEX)- - (UVUX)) = Ne(X) - VU (X), XeT, 2.2)
@ =y +0( 7). Ix1 - oo.

We assume f € L?(Q), the asymptotic behavior of u, at infinity y € R, and U: R" — R" a coefficient function
Lipschitz continuous and strongly monotone, i.e. there exists cep(U) > 0 such that

(UVV — UVW, VV = VW) 12(0) = Cen(W)|V — w@m) (2.3)

for all v, w € HY(Q). Here, (-, - )12(g) denotes the L%(Q)-scalar product, and | - |g1(g) the HY(Q)-seminorm.

Note thatn, n, denote the exterior normal vectors on I' with respect to the domains Q and Q,, respectively.
Introducing A(x) := n(x) - (A(x)Vu(x)) for x € I, to ensure the correct radiation condition for u,, we observe
tha} A€ Hg% T :={e H*%(F) : (1, A)r = 0}, where (-, - )1 represents the duality pairing between H%(I‘) and
H™z(T).
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By considering the Neumann transmission condition in (2.2), the variational formulation of the interior
Poisson equation in (2.1) is to find u € Hé,ro(sz) ={u e HY(Q) : u(x) = 0, x € I'y} such that

(UVu, VV)r2q) = (v, M1 = (f, V)1 (2.4)

issatisfied for all v € Hé,ro (Q). Moreover, the weak formulation of the boundary integral equation related to the
Laplace equation in Q, reads as follows: find A € H; 2 (T) such that

(V)t,.u)r+<(%l—K>u,,u>r ~0 25)

for all u € Hy %(1"), where V and K represent, respectively, the single- and double-layer integral operators,
defined by
W) = [ G yx@dry, ki = [ wiyng)- V66 y)dry
r r
fory e H*%(F), w e H%(l") and x € I', with

—Lloglx-y| forn=2,
6%, y) ::{ 57 loglx -yl forn

1 1 _
7 TRy forn=3

the fundamental solution of the Laplace operator.
Combining (2.4) and (2.5), the weak formulation of the exterior boundary value problem (2.1)—(2.2) associ-
ated to the one-equation coupling reads as follows: find (u, A) € H(ly,ro (Q)x Hy 2 (T') such that

(UYL, VV)2(9) = (v, A)r = (f, V)12g)  forallv e Hyp (Q),

<<%I - K)u,u>r +(VA, w)r =0 forall u € Ha%(r). =

To illustrate the main result, we need to list several properties of boundary integral operators and related
norm equivalences. We recall that the single-layer integral operator V: H %(T) - Hi(T) is Hy %(F)-elliptic
(see [10]), i.e. there exists a constant cy > 0 such that

(Vu, wyr = cV||,u||§1_%(r) forall u e Ha%(l“). @7

Let us define the subspace of H 2 D),

HE(T) = (v e HED) : (v, teg)r = O},

where eq is the natural density, eq := V-11. Since V: Hy %(F) — HO%(F) is positive definite and bounded,
l-lv = m defines an equivalent norm in H; %1(1") (see, e.g., [16, Theorem 2.6]), and correspondingly,
I-llv-1 := V{-, V1) defines an equivalent norm in Hg I).

The ellipticity results obtained in [12] are mainly based on the contraction property of the double-layer
integral operator (first obtained in [19])

1 1
(1 - collvly-s < ||<EI ¥ K)v” < cxlvly- forallv e HE (D), 2.8)
—1
with the positive constant
1 1
CK =7 — — CyCp. 2.9
Ki=5+ \j4 vCD (2.9

Here, cy is defined in (2.7), and cp > 0is the ellipticity constant of the hypersingular boundary integral operator

Dv(X) := -n(x) - VX(J n(y) - VyG(x, y)v(y) dl"y), xel,
5 T
in the Hilbert space Hjj (T), i.e.

1
(v, DV)r > cplIvllfyy , forallv e Hy (). (2.10)
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1
We define the interior Steklov-Poincaré operator S: Hy; () — H; 2 (T') as
Sv(xX) :=n(x)-Vux) xel, 2.11)
where u € H'(Q U T U Qo) solves the Dirichlet-Laplace problem

{Au(x):O, XeQUTHUQy,

ulx) =v(x), xel.
It is worth to point out that this operator can be characterized also by

S= V’1<%I + K) 212)

Asstrictly related operator more suitable for exterior problems like the one we are considering is Sin, the interior
Steklov—Poincaré operator associated to the following Dirichlet-Laplace boundary value problem

Au(x) =0, X €Q,
ux)=v(x), xeI

u(x) =0, xeTy.

As in (2.11), the definition of Sjy is
SintV(X) :=n(x) - Vu(x), xel. (2.13)

The operators S and Sjy; are related by the spectral equivalence inequality

1
Umin{V, SV)1 < (v, Sinev)r forall v e Hg (T), (2.14)

for a positive constant upyin > 0. Now we are able to state the main result of the paper.

In order to analyze the stability of the coupled system (2.6), we introduce the semi-linear forms Ag, multiply-
ing and summing (2.4) and (2.5) by two coefficients a, § € R\ {0}. For &t = (u, 1), vV = (v, u) € Hé’ro(sz) X Ha%(l“),
we then obtain

AB (@, D) = al(UVL, V)p20) — (v, 1] + ﬁ[(VA, Wr + <(%1 - K)u, y> ] (2.15)
r
The coupling of equations (2.4) and (2.5) is equivalent to finding i € Hé,rg (Q) x Hy 2 (T) such that

A, v) = a(f, vV)rzg)

forall v = (v, u) € Hé,ro(g) x Hy 2 (T). By varying a and S, all these problems are equivalent, but the ellipticity
of the semi-linear forms A, clearly depends on the choice of @ and f. By scaling, it suffices to consider a =1,
although, in the next section, we will show some properties of the inherited operator (a — %B)I + PK for general
a and .

Johnson and Nédélec in [11] have shown (for U = I) that A% is a Fredholm operator when we assume that
the double-layer integral operator K: H 3(T) - Hi(T) is compact, but the compactness of K allows only the
consideration of I being Lyapunov regular, i.e. of class C-¢ for some @ > 0. Steinbach in [17], and successively the
same author with Of in [12, 13], has shown that A} is elliptic, also for Lipschitz interfaces, when U is a coefficient
matrix, whose minimal eigenvalue is bigger than (4:#. We recall that cx € [% 1) is the contraction constant
defined in (2.9), depending only on I, and g, > 0 is defined in (2.14), depending both on I’ and Iy. The analysis
in [17] was extended to nonlinear operators by Aurada et al. in [1] by showing the strong monotonicity of the
associated semi-linear forms. In the next sections, we will show that, for each fixed I', we can choose * such

that Af “isa strongly monotone semi-linear form for a larger range than that obtained in [12]. Precisely, we will

obtain that if
1- 2\/0}((1 - CK)
Atmin(1 - Vex(T = k)’
then A’f is strongly monotone. In particular, if T is a circle, and so ¢k = % then A% induces always a strongly
monotone operator.

cen(U) >
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Remark 1. We point out that the computation of cx is not needed in the applications. Indeed, the choice of a par-
ticular scaling parameter f§ is only useful in the theory to prove the stability since solving the scaled problem is
equivalent to solving the coupling with coefficient § = 1.

3 Generalized Contraction Properties

In order to improve the results in [12], we first need a generalized contraction property for (a - % B)L+ BK.
Costabel, in [5], observed that the contraction property (2.8) of %I + Kis essentially based on the following idea:
“if a number is bigger than its square, then it must lie between 0 and 1”. For operators, this idea can be stated
as follows.

Lemma1. Let A, B1 be bounded operators on a Hilbert space H, with By self-adjoint. If it holds
Bi=Bi+A 3.1
and there exists c4 > 0 such that (Av, v)g¢ > ca ||v|| forallv e H, thency < and By is a contraction satisfying
(1= c")lvllge < IByvllse < cPlvllge  forallv € I,

with

1 1
Cup = E + \]Z_L —CA. (32)

1
This lemma can be used withA =VDand By = %I + K, in the Hilbert space H = H; (T') equipped the norm || - ||‘2,,1.

Property (3.1) reduces to

1 1 2
§I+K—<EI+K) +VD,

but this is exactly the well-known relation (see, e.g., [10])

(%I+K)(%I—K) - VD.

The symmetry relation KV = VK’ (see, e.g., [16]) with the adjoint double-layer operator integral operator K,
implies that By = %I + Kis self-adjoint in the (-, - )¢ scalar product. In fact, we can write, for v, w € Hg I),

(Blv,W)g{:<W,V‘( I+K> > < ( I+K’)V‘ w> << I+K)W vly >r=(v,Blw)g{.

Finally, since the operator VD is positive semi-definite in the inner product (-, V') with ellipticity constant
¢4 = cyCp, with cy and ¢p defined in (2.7) and (2.10), respectively, the contraction property (2.8) for %I + Keasily
follows from Lemma 1.

We want to apply a similar result to the operators VD and (a - % B)IL + BK. Since condition (3.1) is not, in
general, satisfied by these operators, we extend the previous lemma to the following situation.

Lemma 2. Let A, By be bounded operators on a Hilbert space H, with B, self-adjoint. If it holds
Y1B2 = B% +V2A + sl (3.3)

for non- negatlve numbers y1, Y2 and y3 € R, and there exists c4 > 0 such that (Av, V)3 > Ca ||v|| forallv e X,
then y,ca < 2+ — y3 and By is a contraction satisfying

(Vl Vl Yas y3)"v|lﬂ}f < ||B2V"3'C < CVl V2,V3 "V"'_}{ for allv e :H:
with

2
Py =+ \/Zl - (y2€a +73)- (34)
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Proof. Using the self-adjointness of By, assumption (3.3), the ellipticity of A and Cauchy-Schwarz, we obtain
IB2vI5; = (B2v, Bav)sc = (B3, V)sc = ((y1B2 = y2A = yshv, v) 5
< P1(B2v, V)3c — cayalviie — yalvi3e < yallBavlsclviise — (caya + ya)IvIa,.

Defining ¢ := % the latter inequality is equivalent to > — y1t + c4y2 + y3 < 0, which implies

_ cYP up
Y1 CV1,V2,V3 st< CV1,V2,V3’

with clP

Vv defined in (3.4). )

To show that the choice B, = (a - % B)1 + BK satisfies condition (3.3) with A = VD for some y1, y, and y3, we
prove an auxiliary result: if an operator B, is a linear combination of an operator By, satisfying property (3.1),
and the identity, i.e. it holds

By =wiBi +wy] and By =Bi+A 3.5

for some w1, wy € R, then condition (3.3) is fulfilled with

Yi=wi+2wy, y2=wi and y3=wiwz+ wi. (3.6)
Indeed, this is an easy calculation:

B% = (w1B1 + wal)* = WIB] + W3l + 201W2B1 = W'B1 — WA + W31 + 201 W2 By
= w1By — W1 W21 — WPA + Wl + 203B; — 2W3 = (W1 + 20w2)By — W2A — (W1W2 + W)L
The latter remark turns out to be useful in our case since it holds
(a—%ﬁ)l+ﬁK:B(%I+K)+(a—ﬁ)I. 37)

Summarizing the previous results, we obtain the following contraction property.

Theorem 1. Let a, B € R, satisfying 2a — > 0. Then it holds

1
@a-p-cgP v = |((a- z8)1+ o) = e Ivi
1
forallv e Hj (T), with

2a - 1
Cﬁ’ﬁ == P + |ﬁ|\j4_1 - CyCp. (3.8)

Proof. We take A =VD, and B; = (a - % B)1+ BK in Lemma 2. These operators satisfy (3.5) with By = %I +K,
w1 = B and wy = a — § by virtue of (3.7). Then condition (3.3) is satisfied with, recalling (3.6),

yi=2a-B, y2=p> and y;=a(a-p.
Easy calculations prove the assertion, observing that the assumption 2a — p > 0is equivalent to y1 > 0. O
To collect all the tools useful to prove our main result, it remains to show a generalization of the bound that

relates (a — % B)1 + BK with the interior Steklov—Poincaré operator S defined in (2.11). In [12], in fact, was proved
that, for all v € Hg (T), there holds the inequality

1 2
“(-1 + K)vu < cx (v, SV)r. (3.9)
2 y-1
1
Observing that, using the characterization (2.12), we can write, for v € J{ = H; (I') endowed with the norm
I llv-1,
(v, Sv)r = (B1v, V)%,

where By = 11+ K, we see that (3.9) is exactly
Byl < c"(B1v, v)5.

As we did before for the contraction property, now we derive a generalization of inequality (3.9) for arbitrary
operators.
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Lemma 3. Let A, B1, By be bounded operators on a Hilbert space H, with By self-adjoint. Assume the following
hold:
Bi=Bi+A, Bj=wiB;+ wyl (3.10)

for some w1, wy € R satisfying w1 + 2wy > 0, wq > 0, and there exists c4 > 0 such that (Av, v)g¢ > Ca ||v||2%for all
v € H. Moreover, suppose that wch - w2 > 0. Then it holds

2
IBavl?, < (¢ “’Cl ‘;2) (B1v,V)g¢ forallv € H,
where -
w1+ 20 1
Cltf)li,wz = % + |(1)1|\/Z —Ca. (3-11)

Proof. We recall that, by virtue of assumptions (3.10), there exist y1, y2, y3 € R such that
1Bz = B + y2A + ysl, (3.12)
precisely those defined in (3.6). Multiplying the second equation of (3.10) by y; and using (3.12), we can deduce
Y101B1 = 1By — y1wal = B + y2A + (y3 — p1wp)L.
Testing with v € X, using the ellipticity of A and the self-adjointness of By, we obtain

Y101(B1v, V)3 = (B3V, V)a¢ + y2(Av, V)5¢ + (y3 — yrwa) V][5
> | Bavli5e + (y2ca +y3 = prw2) Vil
Assumingthatyscs + ys — y1ws = 0,1.e. w%cA - w% > 0, the latter term can be bounded using Lemma 2, provided
thaty; > 0,1.e. wq + 2wy > 0, as
y2Ca + Va Y12

2
y1w1(B1v, v)g¢ = Bavl5 + 5
(cy V1 Y2, Va)

2
1B2vll5-

By using (3.6), we rewrite the above inequality only in terms of w; and w, as follows:

wica - w5 2
(W1 + 2w2)W1(B1V, V)¢ 2 (1 + —z)lleV”g@
(cah w,)

where cgP . is defined in (3.11). Since it easy to verify that

2 2
WiCa — Wy c'P

1+ = w1(w1 + 2(1)2)—
(Cfw,)? (€ w,)?

)

with ¢"P as in (3.2), we conclude that

up

(et w,)?

and this prove the assertion. O

w1(w1 + 2w2)(B1v, V)g¢ = w1 (w1 + 203) —— 1 Bavl3,,

In the boundary operators setting, the previous lemma translates in the following.
Corollary 1. Let a, B € R, with B > 0, satisfying 2a — B > 0 and
—laly/cvep a+|al/cvep

1-cyep 1-cvep

(e 3ol = 5

Remark 2. Vy'e remark that, when cg = %, choosing a =1 and 8 = 2in Theorem 1 gives us directly that |[Kv|ly-: =0
forallv e Hg (T). Therefore, even if not included in the hypotheses of Corollary 1, when cx = % the result (3.13)
holds as well with the choice a = 1 and 8 = 2 since 611{2 =0.

<B<

Then it holds
ﬁ)Z

(v,Sv)r forallv e H (T). (3.13)
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4 The Main Result

By virtue of the results obtained in the previous section, we are able to state our main theorem on the stability
of the non-symmetric coupling of the finite element and the boundary element methods.

Theorem 2. Let > 0 be such that

1-+/ex(1 - cx)

1-cx(1-ck)

SBS 1+— 'CK(l_CK)
1-cx(1-ck)

Let also
(ci?)?
4 UminCx
be satisfied, with Uiy defined in (2.14), and c}gﬁ defined in (3.8). Then the semi-linear form AP , as defined in (2.15),
is H}),ro(g) x Hy 2 (T)-strongly monotone satisfying

cen(U) >

AL D=0, 5~ 0) 2 Chapllp Vs g + 16 - ] 4D
forallp = (p,8), V= (v,u) e H&FU(Q) X Ha%(l"), where
. 1 (ckP)?
Chab 1= mln{ceu(u), 3 [Ceﬂ(u) +p- \/(Cell(u) -BF+ ﬁ] } 42
min

Proof. Asin the proofs given in [17, Theorem 2.2], [12, Theorem 3.1] and [13, Section 5.2], we start using (2.3), the
strong monotonicity of U,

AP~ 9,5~ ¥) = (WP ~UWY, Vw)raqo) + BV 0 - (((1- %ﬁ)l " ﬁK)W,X>r

> can( Wl g, + Bt - (((1- 38)1+ B )wox) .

where we have denoted p — v = w = (w, ). We split w = wy + wy, wy and w; being the solutions of the Poisson
problems

Awq(X) = Aw(x), XeQ, Aw;y(x) =0, XeQ,
wi(x) =0, xel, wa(X) = w(x), x el (4.3)
(W, teq)T (W, Ueq)T
wi(X) =———, X €Ty, Wy (X) = ——, X el
1= ¢ 2= 0 e °

where [leq is the natural density preq = V~!1. Observing that
IWlip(g) = |W1|§{1(Q) + 2<W1; Ilro : VWZ)FO + |W2|§_11(Q)) (44)

where nr, is the exterior normal from Qo, we deduce
N 1
AL G, ) 2 cean(W w17 gy +2(W1, nr, - Ywa)r, + [Walfn g1 + Bl - <(<1 - Eﬁ)l + ﬁK)Wz,X>r- 4.5)

1
Since all the properties we have shown in the last section hold in H{j (T'), now we also split

. W, Ueg)T
Wy = W+~
: 2 (1, Ueqdr

1
where w; € H} (). Integration by parts yields

(W, Ueq)T 2

- = (W3, SintW3)1, (4.6)
(1, teg)T lH1(Q) 2> o2

|W2|§{1(Q) = |WZ
where Sjp is the interior Steklov—Poincaré operator defined in (2.13). Combining (4.5) and (4.6), we obtain

A'f(W, w) = CEH(u)HWll%.Il(Q) +2(wy,nr, - V), + (W3, SingWs )r]

st~ (1= e o),
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where we also used that

(=g e =(((1-32) i),

due to the fact (1 - K)1 = 1 and that y € Hy?(T).
From the equivalence inequalities (3.13), we continue estimating

Af(W, w) 2 Ceﬂ(u)[lwllip(g) +2(wy, Ny, - Vo), + (W3, Singw; ) 1]

+ Bt - ((1- )1+ w3

> cen(W[wilfp g, + 2w, mr, - VWa)r, + (W3, Sinew; )r]

Ixlv
yv-1

1’B
C
+Blxl3 - vLc—K (wy, Swhrlxlly.

Finally, using the spectral equivalence inequality (2.14), we obtain

AB G, ) > canO 1w 2, g, + 20w, i - VW), + (W3, Simw)r]
cLP
K

VUmin CK

= Cell(u)[lwlﬁp(g) + 2{wq,nr, - Vwy)r,]

+ ( \[(Wz:sinthh“) ( Cen(lﬁl) T 2/lminCR )( \[(WzysintW2>1‘>
1, .

Ixlly B Il

+ Blxllz - (w3, Simew)rlylv

Since cen(U) + B > 0, the quadratic form in the right-hand side of the above estimate is positive definite if and
only if

cn(W)  —5-2— & (C%{B)Z
18 Hmin€K ] = Been(U) -
I S 4liminCK
2 VHlmin CK

Calculating the smallest eigenvalue of the matrix above, we can bound
AL, ) 2 Chiap (11141 g, + 2(W1, D, - Vwa)r, + (W5, Smaws)r + Y131,
which proves the assertion by virtue of (4.6) and (4.4). O

To obtain the optimal condition on cep(U) that guarantees the stability of the coupling, we look for f* such that

1,82
—(C‘;; " is minimized. Using definition (3.8), we equivalently write

(ckP)? _ (1-p)

+ Bk +2(1 - Prex

B B
and easily obtain that, since cx € [% 1), the optimal choice is
. l++exk@-c
B _ K( K) ) (4_7)
1-cx(1-cx)
With the latter choice, we deduce a stability condition of the form
1-2+ck(l-c
can(U) > k{1~ cx) 4.8)

Atmin(1 - Vex(T = k)

To concretely observe what we have earned in condition (4.8) with respect to the one obtained in [12, 13], which
were essentially

cen(U) > ) (4.9

4 min

we compare the functionsy = x and y = 11‘_2? V;((ll_"xx)) for x € [% 1) in Figure 1.
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Figure 1: Comparison between conditions (4.8) and (4.9).

5 Numerical Results

In this section we provide two 2D numerical examples to support the results of Theorem 2. We first consider
a ring domain, where we are able to test the sharpness on the ellipticity estimate (4.1); then we deal with an
elliptic domain with a circular inclusion to test the optimality of f* as in (4.7).

For the discretization of the coupled variational formulation (2.4)—(2.5), we use a globally quasi-uniform
triangular finite element mesh in Q with piecewise linear continuous basis functions {dn}?fl, and the inherited
boundary element mesh on I' with piecewise linear basis functions {¢; j]iBl, where Nr and Nj are the numbers
of degrees of freedom related to the finite and boundary elements, respectively. In particular, we consider the
case of U = sIfor s € (0, 1]. We remark that, when U is a coefficient matrix, ce(U) is the minimal eigenvalue of
U(x) by varying x € Q, and the strongly monotone semi-linear form Af is indeed an elliptic bilinear form with
the ellipticity constant C,p.

We compute the discrete approximations of the ellipticity constant by the Rayleigh quotient

P . AL (9, 0) . AT (5, 9)
Cstab = X min e e min e S—
V:(V’”)GHU,rO(Q)XH(;?(r) |V|H1(Q) + ||H"V V=(V:ﬂ)€Ho,r0(g)XH57(r) |v|H1(Q) + ||[.1||V
v#(0,0) v#(0,0)

with the symmetrized bilinear form, for w = (w, y), V = (v, u) € H(lJ,l"o(Q) x Hy 2 D),
Symp o o 1 1
A7 (W, V) = s(Vw, V)2 + BV, Wt — §<(<1 - §ﬁ>l + ,B’K)w, y>r

“o(o((1- g2 )e)

An approximation of the ellipticity constant Cﬁab is now given by the minimal eigenvalue of the algebraic
eigenvalue problem

oot I O
-l1-1p)Q- 1K \% X o V)\x/)

where the entries of the single blocks are given by
Qi = (Pi, o)1, Ay = (VO VO 120), Kij = (KPj, ¢jdr,  Vij = (Vog, ¢j)r

fori,l=1,...,Nrandj,k,=1,...,Np.
We compute the minimal eigenvalue of problem (5.1) for a sequence of coefficients s; := ﬁ i=1,...,100,
by using the Matlab eigenvalue solver eigs.
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Figure 2: (Ring domain). Minimal eigenvalues of (5.1) for s € (0, 1] and B = 0.7 (left plot), 8 = 0.9 (right plot).
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0 0.2 0.4 S 0.6 0.8 1 0 0.2 04 g 0.6 0.8 1

Figure 3: (Ring domain). Minimal eigenvalues of (5.1) for s € (0, 1] and 8 = 1.5 (left plot), and 8 = B* = 2 (right plot).

For particular domains, like circles, ellipses or rectangles, the contraction constant cg, as given in (2.9), is
explicitly known. However, in general, ck is unknown and, proceeding as in [18, Section 3.2], one can compute
an approximation of it by using the characterization via the Rayleigh quotient

2
PR (610551 Y

1 2
o T

As afirst example, we consider a ring domain with internal radius 1 and external radius 2. In Figures 2 and 3,
the computed minimal eigenvalues for two refinement levels are compared with the behavior of the constant
in the ellipticity estimate (4.1) as a function of the variable s, for some choices of . The first refinement level
is associated with a mesh of diameter h = 1.13e-01, while the second level of diameter h = 5.68e—02, having
h = mag; j|Ix; - y;|| by varying all the vertices of the meshes x; and y;. The lines of both refinement levels are on
top of the expected ones given by (4.2). We remark that, for a circle, we know cx = %, and so the optimal scaling
parameter is §* = 2. As we can see in Figure 3 (right plot), the bilinear form A% is elliptic for all s.

As a second example, we consider the case when T is an ellipse of semiaxes a = 1.5 and b = 5, and T is
again a circle of radius 1. In this case, the contraction constant ck has been analytically derived in [14], precisely
CK = ﬁ, which in our case reduces to cx = }—g In Figure 4, we observe that the theoretical optimal value
B* = 1.73, obtained with formula (4.7), is confirmed in the practice by varying f and fixing a level of refinement
with mesh parameter h = 3.36e-01.
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Figure 4: (Elliptic domain with a circular inclusion). Minimal eigenvalues of (5.1) for s € (0, 1] and various choices of f3 to test the
optimality of B* = 1.73.

6 Transmission Interface Problems

The analysis developed in Section 4 can be applied also to the coupling of finite and boundary elements to
solve nonlinear interface problems. In this situation, Q ¢ R" (n = 2, 3) is a bounded domain with Lipschitz
boundary T, and QX := R" \ Q with exterior normal vectors n, Ny, respectively. We consider the following
transmission interface problem:

-

—div(UVu(x)) = f(x), Xe€Q,
—Aut(x) = 0, X € Q%
J ux) - u™(x) = ug(x),  xe€l, (6.1
n(x) - (UVU(X)) + Next (X) - VUTF(X) = Ao(X), xel,
ext _ L N
| w0 = 0 7). Il = eo.

The given data (f; ug, Ao) € L%(Q)x H 2 (T) x H? (T') satisfy, when n = 2, the compatibility condition

(f, Dr2g@) + (Ao, Dr =0

to guarantee the radiation condition at infinity of uex.

When applying the weak formulation of the one-equation coupling for problem (6.1), one does not need,
a priori, to restrict the density A to Hy 2 (T), but it is possible to allow for the bigger space H? (T'). This is due
to the compatibility condition on f and Ay, and the absence of an interior Dirichlet boundary condition. How-
ever, to guarantee the ellipticity of the single-layer operator V in H ~2(T), when n = 2, we need to assume that
diam(Q) < 1. The semi-linear form associated to the weak formulation of (6.1) is the following:

A 1
B, 9) i= (Ui, VW)zz0) + Can W, feqr Vs Heqdr = (v, e + B VA wyr + ((51-K ), ,u>r] 6.2)

for @ = (u,A), V= (v, u) € H(Q) x H‘%(F), and B € R\ {0}. As in [17], we have added the stabilizing term
Cen(U)( -, teq)T( ", Ueq)r- The key idea is that (see [16, Theorem 2.6])

VB oy = [IVVGOP a4 (00, ) 63)
Q

defines an equivalent norm in H 1(Q).
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Remark 3. It is worth noting that, in [1] (see also [8]), it has been shown that, to guarantee the stability of the
weak formulation of problem (6.1), the stabilization term cen(U){ -, tleq)r{ ", Ueq)T i NOt needed. The authors
have shown that there exists a semi-linear form, associated to an equivalent problem, which can be proved to
be strongly monotone. We point out that our analysis does not directly apply to the artificial semi-linear form
introduced in [1]. However, it is worth asking if similar results to those obtained in this paper can be obtained
as well, with applications of Theorem 1, and this might be the subject of future investigations.

Proceeding along the lines of the proof of Theorem 2, we can show the following results regarding the strong
monotonicity of the semi-linear form B# with respect two different Sobolev spaces. In the first case, we consider
BF defined in H'(Q) x Hy %(1"), and the result we report is, essentially, the analogue of Theorem 2. However,
although both variational formulations are equivalent to each other, the ellipticity results for the semi-linear
form BP are rather different when considering the space H'(Q) x H~2(I). Indeed, the final ellipticity condi-
tion on cer(U) is in general stronger with respect to the one in H'(Q) x Hy 2 (T') since we had to introduce an
additional splitting for the density function in H -2(D).

Theorem 3. Let 8 > 0 be such that

1-+/ex(1 - cx)

1-cx(1-cx)

1+ \/CK(l - CK)

1-ck(l-ck)

<f<

(1) The case Ha% (T). Let

be satisfied, with cll(’ﬁ defined in (3.8). Then the semi-linear form BF, as defined in (6.2), is H'(Q) x Hy 2 I)-
strongly monotone satisfying

B(p ~0,p - 9) = Dhap P ~ Vs g 1 + 16 — 1]
forallp = (p, ),V = (v, u) € HY(Q) x H(;%(l"), where

1 1,8y2
Dltap = min{ceu(U), 3 [Cell(u) +B- \j(ceu(u) -p)?+ ) ”

CK
(2) The case H™7(T). Let
(6.4)

(kP (a-p? |
4Bck * 4B(1, Ueg)T
be satisfied, with c%gﬂ defined in (3.8), and eq := V1. If n = 2, suppose diam(Q) < 1. Then the semi-linear
form BF, as defined in (6.2), is H'(Q) x H -3 (T')-strongly monotone satisfying

cen(U) > max{

B~ 0, P~ V) 2 Ebap 1P — VI3 gy p + 16 — 3]
forallp = (p,8), V = (v, 1) € H-(Q) x H2(T), where

%{ﬁ)z

B 1 ,  (c
Estap = min Ceu(u),z cen(U) + B = \[(cen(U) - B) +T ,

1 (1-p)?
7 [Cell(u) +pB- \](cell(u) -PR+ m ] }

Proof. In the first case, the proof is very similar to the proof of Theorem 2, without the spectral equivalence
(2.14). Moreover, instead of the splitting (4.3), we use (in the same spirit of [17]) the simpler one, w = w + wr,
wr being the harmonic extension of w). and w ¢ Hé(Q).

In the second case, for arbitrary p, v € HY(Q) x H? (T'), we consider

BE(p — 0, p - V) = (UVD — UVY, VW) 2(g) + Cen(W)[{W, teq)r]? + BV, Y)T

(1= o) ),

2 Cat(W[IWl3 gy + IWrlF gy + [(Wr, teq)r )] + BlXIG

- <((1 - %B)I + ,BK)wr,)(>r, 6.5)
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where we have denoted p — v = w = (w, y) and we have used, like in the first case, the splitting w = w + wr,
wr being the harmonic extension of w;, and W € Hy (). We introduce the splitting

. wr, Ueg)r
wr=wh+ ————
o (1, eg)r

1
where w; € H; (T). By applying Green’s first formula, we obtain
|WF|H1(Q) (Wr) SW[‘)F; (66)

where S is the interior Steklov-Poincaré operator defined in (2.11). We introduce a last splitting for y, precisely

* <1 X)r
<1 .ueq>1“
where y* € Ha% (T). One can readily deduce that
[(1,0r]
(6.7
el = eI + T, teg)t

and that

<((1 - %3)1 + [)’K)Wr,)(>r - <<(1 - %ﬁ)l +pK)w;:,X*>r F(1- B)W’ 6.8)

1
using (31-K)1 =1, w; € H{(T) and x* € Ha%(l").
Combining (6.5) with (6.7), (6.6) and (6.8), we obtain

A a ~ * * * 1’ 2
BT, ) 2 e[ g, + (. S + (v, )]+ B[ I+ (2L
sy Heq
1 (wr, teq)r{1, X)1
- 1—-)1+ K)w* Iy + (1 - p)— e AT
(2= z8)re B pwi]| i+ - g2 —
From the equivalence inequalities (3.13), we finally estimate
PN ~ * * * 1’ 2
B (1, ) > ceu(w[|w|§,1(9) i S + L e 2]+ I + 20
» Heq
(wr, teq)r {1, )T
- —\/ wi, Sw +(1-
( T r)FHX ”V ( ﬁ) (1 ﬂeq)l“
= Cell(u)|W|H1(Q)
* * T u - Cll{ﬁ 0 0 * *
\[(W[‘; SWr)F Ceﬂcip) 2+/ex \ (WF,SWF)r
" Iv o P 0 0 I v
(Wr, leg)r 0 0 cen(U) £ (Wr, Ueq)T
(1L0r 2y (L bteg)r (10r

1-8
(L tteg)r 0 0 m B Vet

Since cen(U) + > 0, the quadratic form is positive definite if and only if

cen(W)p -

>0 and Ce]](u)ﬁ - m > 0.
) eq

Calculating the smallest eigenvalue of the matrix above, we can bound

(c 1, B)Z (1- B)Z
4cg

KL 0r)?

BB, 1) 2 E | 191200y + (Wi, SWEE + [0, tteqdr I + I + S X0
(1, ﬂeq)l‘

which proves the assertion thanks to (6.3), (6.6) and (6.7). O
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We remark that assumption (6.4) is, again, a generalization of that proposed in [12]; in fact, for § = 1, this condi-
tion reduces to that one. The quantity (1, teq)r is also called capacity of T, and for a circle of radius R, this can
be computed analytically (see [13, Section 4]),

(1, Ueg)T = ———.
Therefore, recalling that, in this case, cx = %, for a circle of radius R, condition (6.4) reduces to

z-p @ —ﬁ)zlogR}
4B 87p '

For R € (0, 1), one can show that the optimal f* € [% 2] that minimizes the right-hand side of (6.9) is

, logR+m- \m2 - 2mlog R

log R

logR — 7 + /7% — 2 log R

4(logR + m — /% — 2rlog R)

(6.9)

cen(U) > max{

)

and the condition attained is

cen(U) >
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