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 a b s t r a c t

We focus on SGNEP to establish probabilistic guarantees on the quality of the solution produced by a data-driven 
version of the EG algorithm for SGNE seeking. Specifically, we consider a setting where the distribution of the 
random variable influencing the multi-agent process is unknown, and only a finite number of realizations is avail-
able for its characterization. While convergence to a SGNE should not be expected with finite data, we leverage 
a sample average-based approximation of the game mapping to derive distribution-free certificates bounding 
the distance between the true SGNE and the solution produced by the data-driven EG method. Consistently, the 
proposed bound shrinks as the number of samples grows to infinite.

1.  Introduction

Several works have recently focused on SGNE seeking in SGNEP 
(Franci & Grammatico, 2020, 2021; Koshal et al., 2013; Ravat & 
Shanbhag, 2011). Besides its tight connection with (SVIs) (Ravat & 
Shanbhag, 2011), this research area has gained popularity due to its 
broad applicability in real-world scenarios that involve the coordina-
tion and control of self-interested agents such as the electricity or gas 
markets (Abada et al., 2013; Henrion & Römisch, 2007) and ride-haling 
services (Fabiani & Franci, 2022).

In words, a SGNEP amounts to a collection of mutually coupled op-
timization problems in which the cost each agent aims at minimizing 
does not only depend on the decisions of its opponents, but also on 
a random variable whose distribution is typically unknown. Therefore, 
evaluating the expected cost of each agent is not feasible. To overcome 
this issue, available approximation schemes provide an estimation of the 
pseudogradient mapping that can then be implemented within iterative 
procedures eventually leading to an SGNE.

Among the most popular techniques, stochastic approximation relies 
on samples of the random variable to be drawn at every iteration. Specif-
ically, one can either select a single sample and control the approxima-
tion with a vanishing step-size sequence (Fabiani & Franci, 2022; Franci 
& Grammatico, 2021; Koshal et al., 2013), or increase the batch size 
and average the resulting operators (Franci & Grammatico, 2020, 2021; 
Iusem et al., 2017). The underlying approaches can demonstrate asymp-
totic convergence to an SGNE, however, this inevitably requires an
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infinite number of uncertainty realizations, which is often unrealistic in 
practical scenarios where only limited samples are available. Prominent 
examples can be found in smart grids and electricity markets based on 
weather forecast data. Some progress have been recently made in cases 
where the cost functions consist of finite sums, i.e., with the batch size 
being finite by definition, although too big to be easily computed (Ala-
caoglu & Malitsky, 2022; Franci, 2025).

Motivated by these practical considerations, we examine the sce-
nario where only a finite number of samples are given, and use them to 
approximate the pseudogradient mapping of the SGNEP at hand, which 
is then incorporated into a popular EG method (Iusem et al., 2017; Ko-
rpelevich, 1976). Given such a limited data availability, exact conver-
gence to an SGNE should not be expected. Thus, we leverage algorithmic 
stability arguments (Bousquet & Elisseeff, 2002) to derive a distribution-
free certificate bounding the distance between the true SGNE and the 
solution obtained through the data-driven EG scheme. Consistently, it 
turns out that our bound shrinks with increasing samples, and hence 
allows one to recover an SGNE with infinite data.

Besides (Fabiani & Franci, 2026), this is the first work addressing 
SGNE seeking in a limited data framework while providing rigorous 
guarantees on the quality of the solution produced that i) are easy 
to compute, ii) hold with high confidence, and iii) are valid regard-
less the probability distribution underlying data. For direct compari-
son, Table 1 reports the most common algorithms for S(G)NE seek-
ing, together with the amount of samples needed at each iteration for
convergence.
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Table 1 
The top row reports available S(G)NE algorithms, where we tacitly omit an “S” for “stochastic” in front of each acronym, and use “F” for “forward”, “B” 
for “backward”, “L” for “loopless”; “Tik” stands for Tikhonov regularization, RFB denotes a relaxed FB, while VRG is a variance reduced gradient iteration 
The samples needed at every iteration are indicated in the second row: 1 means stochastic approximation, 𝑁𝑘 indicates a time-varying increasing batch size, 
0 ≤ 𝑠 < ∞, while (𝑝) is a Bernoulli distribution of probability 𝑝. The latter to indicate that, at every iteration, the underlying algorithm relies on 1 +𝑁 samples 
with probability 𝑝, or 1 with probability 1 − 𝑝. The finite-time or asymptotic convergence is reported in the third row (0 ≤ 𝐾 < ∞), while the bottom one indicates 
whether such convergence returns an SNE, SGNE, or one of these by considering cost functions with finite sum (marked with an asterisk).

FBF Tik RFB RFB VRG FB FB LEG EG EG
(Boţ et al., 
2021)

(Fabiani & 
Franci, 2022)

(Franci & 
Grammatico, 
2021)

(Franci & 
Grammatico, 
2021)

(Gower et al., 
2020)

(Franci & 
Grammatico, 
2020)

(Fabiani & 
Franci, 2026)

(Franci, 2025) (Iusem et al., 
2017)

(This paper)

Sample(s) 𝑁𝑘 1 𝑁𝑘 1 1 +𝑁(𝑝) 𝑁𝑘 𝑠 1 +𝑁(𝑝) 𝑁𝑘 s
Convergence 𝑘 → ∞ 𝑘 → ∞ 𝑘 → ∞ 𝑘 → ∞ 𝑘 → ∞ 𝑘 → ∞ 𝑘 < 𝐾 𝑘 → ∞ 𝑘 → ∞ 𝑘 < 𝐾
Equilibrium VI/SNE SGNE SGNE SNE VI/SNE∗ SGNE 𝜀-SGNE SGNE∗ SGNE/VI 𝜀-SGNE

1.1.  Algorithmic stability notions and results

Let 𝑠 ∶= {𝜉(1),… , 𝜉(𝑠)} be a dataset consisting of 𝑠 iid samples drawn 
from an unknown probability measure ℙ attached to Ξ𝑠, where 𝜉(𝑖) ∈ Ξ
for all 𝑖 = 1,… , 𝑠. Then, an algorithm amounts to an indexed family of 
mappings {𝐴𝑠}𝑠≥0, with 𝐴𝑠 ∶ Ξ𝑠 → ℝ𝑛 taking a dataset 𝑠 and returning 
a hypothesis 𝐻𝑠 ∶= 𝐴𝑠({𝜉(𝑖)}𝑠𝑖=1) = 𝐴𝑠(𝑠) (Vidyasagar, 2013). Given 𝑠, 
we denote with 𝑖

𝑠 = {𝜉(1),… , 𝜉(𝑖−1), 𝜉′, 𝜉(𝑖+1),… , 𝜉(𝑠)} the set obtained by 
replacing the 𝑖th element of 𝑠 with 𝜉′ ∈ Ξ drawn according to ℙ, iid 
wrt 𝑠 ⧵ {𝜉(𝑖)}. Accordingly, the associated hypothesis is 𝐻𝑠𝑖 ∶= 𝐴𝑠(𝑖

𝑠).
The performance of some algorithm, and particularly of the produced 

hypothesis 𝐻 wrt an example 𝜉, are usually measured through a loss 
function 𝓁 ∶ ℝ𝑛 ×ℝ𝑑 → ℝ≥0. Attached to the latter, one can define the 
so-called generalization error, a random variable (since the hypothesis 
generated depends on 𝑠) defined as follows:
𝑟(𝐴, 𝑠) = 𝔼ℙ

[

𝓁(𝐻𝑠, 𝜉)
]

, (1)

where we use 𝐴 instead of 𝐴𝑠 as first argument. Computing (1) then 
requires ℙ, which might be unavailable in several cases. An estimate of
(1) refers to the empirical error:

𝑟̂(𝐴, 𝑠) = 1
𝑠

𝑠
∑

𝑖=1
𝓁(𝐻𝑠, 𝜉

(𝑖)). (2)

Definition 1  ( Kutin and Niyogi (2002)). An algorithm {𝐴𝑠}𝑠≥0 has uni-
form stability 𝛽 wrt the loss function 𝓁 if for all 𝑠 ≥ 0, dataset with 𝑠
samples 𝑠, and 𝑖 ∈ {1,… , 𝑠}, |𝓁(𝐻𝑠, 𝜉) − 𝓁(𝐻𝑠𝑖 , 𝜉)| ≤ 𝛽 for all 𝜉 ∈ Ξ.

In words, an algorithm is uniformly stable if changing one sample 𝜉(𝑖)
in its input dataset does not significantly alter the output wrt to some 
predefined loss 𝓁. In general, the smaller the 𝛽 the better the stability 
features possessed by the algorithm at hand, measured through 𝓁. The 
following result, based on uniform stability, will be key in the remain-
der:

Lemma 1  (Kutin & Niyogi, 2002, Th. 3.2). Let {𝐴𝑠}𝑠≥0 be an algorithm 
with uniform stability 𝛽 wrt a loss function 0 ≤ 𝓁(𝐻𝑠, 𝜉) ≤ 𝑀 , 𝑀 ≥ 0, for 
all 𝜉 ∈ Ξ and 𝑠. Then, for any 𝑠 ≥ 1 and 𝛿 ∈ (0, 1), it holds that: ℙ𝑠{𝑠 ∈
Ξ𝑠 ∶ 𝑟(𝐴, 𝑠) ≤ 𝑟̂(𝐴, 𝑠) + 𝛽 + (𝑠𝛽 +𝑀)

√

2 ln(1∕𝛿)∕𝑠} ≥ 1 − 𝛿.

Specifically, Lemma 1 provides with an upper bound on the risk asso-
ciated to hypothesis 𝐻𝑠 = 𝐴𝑠(𝑠), which holds with arbitrary confidence 
1 − 𝛿, such that i) if 𝛽 scales proportional to 1∕𝑠, vanishes as 𝑠 → ∞, and 
ii) it is exponential in the confidence parameter 𝛿. The former condition 
is called consistency property, and provides a “tight” certificate in the 
sense that the upper bound in Lemma 1 vanishes as 𝑠 → ∞.

1.2.  Notation and operator-theoretic definitions

ℝ denotes the set of real numbers and ℝ̄ = ℝ ∪ {+∞}. The stan-
dard inner product is represented by ⟨⋅, ⋅⟩ ∶ ℝ𝑛 ×ℝ𝑛 → ℝ, while ‖⋅‖
denotes the associated Euclidean norm. 𝟎𝑚 indicates the vector with 
𝑚 entries all equal to 0. Given 𝑁 vectors 𝑥1,… , 𝑥𝑁 , with each 𝑥𝑖 ∈

ℝ𝑛𝑖 , 𝒙 ∶= col
(

𝑥1,… , 𝑥𝑁
)

=
[

𝑥⊤1 ,… , 𝑥⊤𝑁
]⊤, while 𝒙−𝑖 ∶= col((𝑥𝑗 )𝑗≠𝑖) =

[

𝑥⊤1 ,… , 𝑥⊤𝑖−1, 𝑥
⊤
𝑖+1,… , 𝑥⊤𝑁

]⊤
. With some abuse of notation, we also use 

𝒙 = (𝑥𝑖,𝒙−𝑖). The uniform distribution on [𝑎, 𝑏] is denoted by  (𝑎, 𝑏), 
and the normal distribution with mean 𝜇 and variance 𝜎2 by  (𝜇, 𝜎2).

For all 𝑥, 𝑦 ∈ dom(𝐹 ), a mapping 𝐹 ∶ dom𝐹 ⊆ ℝ𝑛 → ℝ𝑛 is 𝜅-
Lipschitz continuous if, for some 𝜅 > 0, ‖𝐹 (𝑥) − 𝐹 (𝑦)‖ ≤ 𝜅‖𝑥 − 𝑦‖; 
pseudo-monotone if ⟨𝐹 (𝑦), (𝑥 − 𝑦)⟩ ≥ 0 ⇒ ⟨𝐹 (𝑥), (𝑥 − 𝑦)⟩ ≥ 0; monotone 
if ⟨𝐹 (𝑥) − 𝐹 (𝑦), 𝑥 − 𝑦⟩ ≥ 0; 𝜇-strongly monotone if, for some 𝜇 > 0, 
⟨𝐹 (𝑥) − 𝐹 (𝑦), 𝑥 − 𝑦⟩ ≥ 𝜇‖𝑥 − 𝑦‖2. The following result will be useful to 
apply our stability-based arguments:
Lemma 2  (Lei and Shanbhag (2022)). Let 𝐹 ∶ ℝ𝑛 → ℝ𝑛 be an 𝜇-
strongly monotone and 𝜅-Lipschitz continuous mapping, with 𝜅, 𝜇 > 0. If 
𝛾 ∈ (0, 2𝜇∕𝜅2), then it holds that ‖𝑥 − 𝛾𝐹 (𝑥) − (𝑦 − 𝛾𝐹 (𝑦))‖ ≤ 𝜌‖𝑥 − 𝑦‖, 
with 𝜌 ∶=

√

1 − 2𝛾𝜇 + 𝛾2𝜅2 < 1.

2.  Problem formulation

We start by introducing SGNEP and discussing a popular reformu-
lation based on barrier functions for imposing (soft) constraint satisfac-
tion. Then, we formalize the considered SGNE seeking problem with 
limited data availability.

2.1.  Stochastic generalized Nash equilibrium problems

We consider a set  = {1,… , 𝑁} indexing 𝑁 noncooperative agents 
taking part to a Nash game. In particular, each of them chooses its 
strategy 𝑥𝑖 ∈ ℝ𝑛𝑖 , aiming at minimizing its local cost function 𝕁𝑖 ∶ ℝ𝑛𝑖 ×
ℝ𝑛−𝑛𝑖 → ℝ, 𝑛 ∶=

∑

𝑖∈ 𝑛𝑖, which also depends on the decisions of the 𝑖th 
agent’s opponents 𝒙−𝑖 ∈ ℝ𝑛−𝑛𝑖 . Instead, 𝒙 ∈ ℝ𝑛 represents the collective 
decision strategy of the population of agents , taking values in the set 
 =

{

𝒙 ∈ ℝ𝑛 ∶ 𝑔(𝒙) ≤ 𝟎𝑚
}

, where 𝑔 ∶ ℝ𝑛 → ℝ𝑚. We indicate the feasi-
ble set of agent 𝑖 with 𝑖(𝒙−𝑖) ⊆ ℝ𝑛𝑖 , which explicitly accounts for the 
possible dependency on the other participants’ decision variables. Local 
constraints are, instead, implicitly included in  .
Standing Assumption 1. Let 𝑔(𝒙) = col((𝑔𝑗 (𝒙))𝑚𝑗=1), with each 𝑔𝑗 ∶ ℝ𝑛 →
ℝ. The following conditions hold:

(i) Each 𝒙 ↦ 𝑔𝑗 (𝒙) is convex and of class 2;
(ii) The set  is nonempty, convex, compact, and satisfies Slater’s constraint 

qualification.

These assumptions are standard for SGNEP (Franci & Grammatico, 
2021; Romano & Pavel, 2022, 2023). Moreover, we assume each agents’ 
cost function in the form:
𝕁𝑖(𝑥𝑖,𝒙−𝑖) ∶= 𝔼ℙ[𝑓𝑖(𝑥𝑖,𝒙−𝑖, 𝜉(𝜔))], (3)

where 𝑓𝑖 ∶ ℝ𝑛𝑖 ×ℝ𝑛−𝑛𝑖 ×ℝ𝑑 → ℝ. The variable 𝜉 ∶ Ξ → ℝ𝑑 represents a 
random quantity affecting each local cost, fully characterized through 
the probability space (Ξ, ,ℙ), while 𝔼ℙ denotes the expectation wrt the 
distribution ℙ of 𝜉, which is assumed here to be unknown. We make the 

European Journal of Control xxx (xxxx) xxx 

2 



F. Fabiani and B. Franci

blanket assumption that 𝔼ℙ[𝑓𝑖(𝒙, 𝜉)] is well defined for all 𝒙 ∈  . With 
some abuse of notation, from now on we simply use 𝜉 to indicate the 
sample 𝜉(𝜔), as common in the literature (Iusem et al., 2017).

Thus, each agent wishes to solve its local optimization problem, 
thereby originating a so-called SGNEP:

∀𝑖 ∈  ∶

{

min
𝑥𝑖∈ℝ𝑛𝑖

𝕁𝑖
(

𝑥𝑖,𝒙−𝑖
)

 s.t. 𝑔(𝑥𝑖,𝒙−𝑖) ≤ 𝟎𝐦.
(4)

Next, we formalize a popular solution for SGNEP (Franci & Grammatico, 
2020, 2021):
Definition 2. An SGNE is a collective decision strategy 𝒙⋆ ∈  such 
that, for all 𝑖 ∈ ,

𝕁𝑖(𝑥⋆𝑖 ,𝒙
⋆
−𝑖) ≤ 𝕁𝑖(𝑦𝑖,𝒙⋆−𝑖) for all 𝑦𝑖 ∈ 𝑖(𝒙⋆−𝑖).

According to (Ravat & Shanbhag, 2011, Prop. 3.5), we make now 
few assumptions ensuring that at least an SGNE exists for the SGNEP in
(4):

Standing Assumption 2. The following conditions hold:

(i) Each 𝑥𝑖 ↦ 𝑓𝑖
(

𝑥𝑖,𝒙−𝑖, 𝜉
) is convex, of class 1, and Lipschitz continu-

ous with integrable Lipschitz constant w.r.t. 𝜉, while 𝜉 ↦ 𝑓𝑖
(

𝑥𝑖,𝒙−𝑖, 𝜉
) is 

measurable;
(ii) Each 𝑥𝑖 ↦ 𝕁𝑖

(

𝑥𝑖,𝒙−𝑖
) is convex and of class 1.

Among all possible SGNE, we focus on those corresponding to the 
solution set of the SVI associated to the SGNEP. To characterize them, 
let us first define the pseudogradient mapping 𝔽 ∶ ℝ𝑛 ⇉ ℝ𝑛 related to 
each cost function:
𝔽 (𝒙) = col

(

(𝔼ℙ[∇𝑥𝑖𝑓𝑖(𝑥𝑖,𝒙−𝑖, 𝜉)])𝑖∈
)

. (5)

Thus, the associated SVI problem is formalized as:
Find 𝒙⋆ ∈  such that ⟨𝔽 (𝒙⋆),𝒙 − 𝒙⋆⟩ ≥ 0 ∀𝒙 ∈  . (6)

While being a solution to the SVI above is necessary and sufficient 
to be a SNE of a game with no coupling constraints, the set of (v-SGNE) 
of (6) is a subset of all the equilibria of the SGNEP in (4) (Facchinei 
et al., 2007). We, however, use v-SGNE and SGNE interchangeably in the 
following. To impose constraint satisfaction while turning the SGNEP in
(4) into an unconstrained SNEP, a popular approach relies on barrier 
functions (Fabiani & Caiti, 2019; Romano & Pavel, 2022, 2023). We can 
then adjust each cost function in (4) by adding a barrier term as follows:
∀𝑖 ∈  ∶ min

𝑥𝑖∈ℝ𝑛𝑖
𝕁𝑖
(

𝑥𝑖,𝒙−𝑖
)

+ 𝜙(𝒙), (7)

where the function 𝜙 is a log-barrier function, with 𝜚 > 0:

𝜙(𝒙) =
{

−𝜚
∑𝑚

𝑗=1 log
(

−𝑔𝑗 (𝒙)
)

, 𝑔(𝒙) < 𝟎𝑚
+∞, otherwise.

(8)

From Standing Assumption 1, 𝒙 ↦ 𝜙(𝒙) is convex and of class 2 on 
int(), and hence its gradient ∇𝜙(𝒙) is monotone and locally Lipschitz 
with constant 𝓁𝜙 (Romano & Pavel, 2022, 2023).
Remark 1. Solving (7) typically provides an approximate solution of 
the SGNEP in (4) (Romano & Pavel, 2023, Lemma 4) while for 𝜚 shrink-
ing to zero, the SNE of (7) converges to an SGNE of (4) (Romano & 
Pavel, 2022, Lemma 2). In practice, however, setting a small enough 
𝜚 > 0 is usually sufficient to recover an SGNE of the SGNEP, and it is 
actually what we will implicitly assume throughout the paper. This is 
why, when referring to a solution to the unconstrained SNEP in (7), we 
will equivalently refer to an SGNE of (4).

The resulting pseudogradient mapping for the unconstrained SNEP 
in (7), 𝔹 ∶ ℝ𝑛 ⇉ ℝ𝑛, formally reads as:
𝔹(𝒙) = 𝔽 (𝒙) + ∇𝜙(𝒙). (9)

Standing Assumption 3. The following conditions hold:

(i) 𝔹 is 𝜇-strongly monotone;
(ii) 𝔹 is 𝜅-Lipschitz continuous;
(iii) ∃𝑀 > 0 such that ‖𝔹(𝒙)‖ ≤ 𝑀 , for all 𝒙 ∈ int().

Remark 2. The first requirement holds, for instance, if the pseudogra-
dient mapping 𝔽  in (5) is strongly monotone, since ∇𝜙(𝒙) is monotone. 
Under this assumption on 𝔽 , the solution to (6) is also unique (Facchinei 
& Pang, 2007). Similarly, Standing Assumption 3.(ii) is a consequence 
of Standing Assumption 1, and possibly the Lipschitz continuity of 𝔽
(Franci, 2025; Romano & Pavel, 2022, 2023).

Standing Assumption 3.(iii), instead, holds for instance in case of 
polyhedral constraints, i.e.,  = {𝒙 ∈ ℝ𝑛 ∶ 𝐴𝒙 ≤ 𝑏}, for 𝐴 ∈ ℝ𝑚×𝑛 and 
𝑏 ∈ ℝ𝑚. Collectively, these assumptions are common in the (S)GNE seek-
ing literature (Franci & Grammatico, 2020, 2021).

2.2.  A framework with limited data availability

According to (Facchinei & Pang, 2007), if 𝒙⋆ is an SGNE of (7), then 
𝔹(𝒙⋆) = 0. Thus, we define the set SGNE𝜀, which consist of all those 
points 𝜀-close to an SGNE of (7) (and hence of (4)), as:
SGNE𝜀 ∶= {𝒙 ∈  ∶ ‖𝔹(𝒙)‖ ≤ 𝜀}.

As common in SGNEPs, the mapping 𝔽 (⋅) is either unavailable, or 
quite challenging to calculate, because it involves the expected value 
𝔼ℙ[⋅], i.e., a multidimensional integration that depends on the distribu-
tion ℙ of 𝜉 which might be unknown. Therefore, by assuming to have 
available only a few realizations of the uncertain variable we approxi-
mate 𝔹(⋅) in a data-driven fashion by means of an oracle 𝑂 ∶ Ω × Ξ → ℝ𝑛, 
assumed as a Borel function satisfying:
For all 𝒙 ∈ Ω, 𝔼ℙ[𝑂(𝒙, 𝜉)] = 𝔹(𝒙).

In the remainder, we tacitly assume that the oracle 𝑂 possesses the same 
properties postulated for the pseudogradient operator 𝔹 in (9) (Farnia & 
Ozdaglar, 2021; Hardt et al., 2016). Relying on an oracle is a rather com-
mon assumption for stochastic algorithms and essentially means that it 
is possible to compute the pseudogradient given one sample (Alacaoglu 
& Malitsky, 2022; Fabiani & Franci, 2026; Iusem et al., 2017). In our 
analysis, we hence leverage the following data-based approximation for 
𝔹(⋅):

𝐵̂𝑠(𝒙) = 𝐵̂(𝒙,𝑠) ∶=
1
𝑠

𝑠
∑

𝑟=1
𝑂(𝒙, 𝜉(𝑟)), (10)

which depends on 𝑠 iid samples made available from the set Ξ, and 
collected into 𝑠 ∶= {𝜉(𝑟)}𝑠𝑟=1 ∈ Ξ𝑠.

The question we wish to answer is then the following: given a finite 
dataset, are we able to quantify through an explicit calculation of some 
𝜀 > 0, how far we can get from an SGNE by employing 𝐵̂𝑠 in place of the 
actual 𝔹?

3.  SGNE seeking under the lens of algorithmic stability

First, we introduce the EG scheme applied to SGNE seeking, and the 
data-driven version adapted for our analysis. Next, we show its stability 
properties wrt a tailored loss function, which is crucial for proving our 
main result.

3.1.  The extragradient method

Our analysis focuses on the procedure reported in Algorithm 1, 
which consists in the distributed and data-driven version of the follow-
ing EG in compact form (Ryu & Boyd, 2016, §7.2):
{

𝒚𝑘 = 𝒙𝑘 − 𝛾𝔹(𝒙𝑘)

𝒙𝑘+1 = 𝒙𝑘 − 𝛾𝔹(𝒚𝑘).
(11)

The expected value required to evaluate 𝔹 can then be replaced 
through a data-driven approximation of the pseudogradient mapping 
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Algorithm 1: Approximated EG method.
Initialization: Each 𝑥0𝑖  so that 𝒙0 ∈ int()

Iteration 𝑘 ∈ ℕ0: Agent 𝑖
1. Receives 𝒙𝑘−𝑖, then updates

𝑦𝑘𝑖 = 𝑥𝑘𝑖 −
𝛾
𝑠

𝑠
∑

𝑟=1
𝑂(𝑥𝑘𝑖 ,𝒙

𝑘
−𝑖, 𝜉

(𝑟))

2. Receives 𝒚𝑘−𝑖, then updates

𝑥𝑘+1𝑖 = 𝑥𝑘𝑖 −
𝛾
𝑠

𝑠
∑

𝑟=1
𝑂(𝑦𝑘𝑖 , 𝒚

𝑘
−𝑖, 𝜉

(𝑟))

as in (10). To simplify the analysis we have adopted the same, constant 
step-size 𝛾 > 0 and the same dataset 𝑠 for all the agents, although a 
generalization to local, possibly time-varying {𝛾𝑘𝑖 }𝑖∈ and 𝑠𝑖  is doable.
Remark 3. We note that the scheme in (11) converges almost surely 
to an SGNE when the true operator 𝔹(⋅) is at least pseudomonotone and 
Lipschitz continuous, and an increasing batch 𝑠 = 𝑠𝑘 → ∞ is available 
at every iteration (Iusem et al., 2017, Th. 3.18), (Franci, 2025, Theo-
ram. 1). Thus, if we knew 𝔹(⋅), the conditions in Standing Assumption 3 
would suffice for the convergence of (11).

In a data-limited context our goal is hence to investigate how far 
we can get from the (unique) v-SGNE by running Algorithm 1 for an 
arbitrary number of iterations 𝐾. Specifically, we want to characterize 
the resulting 𝒙𝐾+1 as an 𝜀-SNE of the SNEP in (7). To this end, we will 
make use of the algorithmic stability arguments discussed in Section 1.1.

3.2.  A computable bound for 𝜀-SGNE

By replacing 𝔹 with the approximation 𝐵̂𝑠 in (10), the resulting data-
driven variant then proposes the distributed updates in Algorithm 1. 
According to Section 1.1, 𝜔 ∶= col(𝒚,𝒙) ∈ ℝ2𝑛 then amounts to the hy-
pothesis of our algorithm. Under the postulated assumptions we will 
prove next that Algorithm 1 is uniformly stable wrt the following loss 
function, which measures the performance of a generic hypothesis 𝐻 :
𝓁(𝐻, 𝜉) = ‖

‖

[0𝑛 𝐼𝑛]𝐻 − 𝛾𝑂([𝟎𝑛 𝐼𝑛]𝐻, 𝜉)‖
‖

= ‖𝑥 − 𝛾𝑂(𝑥, 𝜉)‖.
(12)

In particular, we will obtain a stability parameter 𝛽 ∝ (1∕𝑠), thereby 
making the probabilistic condition in Lemma 1 tight.
Lemma 3. Let 𝛾 ∈ (0, 2𝜇∕𝜅2) be chosen so that 𝜏 = 𝜏(𝛾) ∶= (1 + 𝛾𝜅)𝜌 +
𝛾𝜅 < 1. Then, the data-driven EG in Algorithm 1 possesses uniform stability 
proportional to 1∕𝑠 wrt the loss function 𝓁(𝐻, 𝜉) in (12).
Proof.  Fix some 𝑠 ≥ 1, and consider two datasets, 𝑠, 𝑡

𝑠 ∈ Ξ𝑠, both 
consisting of 𝑠-iid random samples and differing on the 𝑡th instance only, 
i.e., some 𝜉′ replaces 𝜉(𝑡) in 𝑡

𝑠. After iterating (a compact version of) 
Algorithm 1 for 𝐾 ≥ 1 times starting from some 𝒙0 ∈ int(), we obtain 
𝜔𝐾+1 = col(𝒚𝐾 ,𝒙𝐾+1) and 𝜔̃𝐾+1 = col(𝒚̃𝐾 , 𝒙̃𝐾+1) as the two hypotheses 
leveraging samples in 𝑠 ∈ Ξ𝑠 and 𝑡

𝑠 ∈ Ξ𝑠, respectively. Once picked 
an arbitrary 𝜉 ∈ Ξ, we have:
|𝓁(𝐻𝑠,𝜉) − 𝓁(𝐻𝑠𝑡 , 𝜉)|

(a)
≤ ‖

‖

‖

𝒙𝐾+1 − 𝛾𝑂(𝒙𝐾+1, 𝜉) − 𝒙̃𝐾+1 + 𝛾𝑂(𝒙̃𝐾+1, 𝜉)‖‖
‖

(b)
≤ 𝜌‖‖

‖

𝒙𝐾+1 − 𝒙̃𝐾+1‖
‖

‖

,

(13)

where (a) follows by the reverse triangle inequality, while (b) from 
Lemma 2, 𝜌 ∈ (0, 1). It remains to bound ‖𝒙𝐾+1 − 𝒙̃𝐾+1

‖. To this end, 

consider Algorithm 1 at the generic 𝑘th iteration, which produces 𝒙𝑘+1
and 𝒙̃𝑘+1 such that:
‖𝒙𝑘+1 − 𝒙̃𝑘+1‖

= ‖𝒙𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙𝑘, 𝜉(𝑟)), 𝜉(𝑟))

− (𝒙̃𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙̃𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙̃𝑘, 𝜉(𝑟)), 𝜉(𝑟))‖

≤ ‖𝒙𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1,𝑟≠𝑡 𝑂(𝒙𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙𝑘, 𝜉(𝑟)), 𝜉(𝑟))

− (𝒙̃𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1,𝑟≠𝑡 𝑂(𝒙̃𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙̃𝑘, 𝜉(𝑟)), 𝜉(𝑟))‖

+ 𝛾
𝑠 ‖𝑂(𝒙𝑘 − 𝛾

𝑠
∑𝑠

𝑟=1 𝑂(𝒙𝑘, 𝜉(𝑟)), 𝜉(𝑡))‖

+ 𝛾
𝑠 ‖𝑂(𝒙̃𝑘 − 𝛾

𝑠
∑𝑠

𝑟=1 𝑂(𝒙̃𝑘, 𝜉(𝑟)), 𝜉′)‖

≤ ‖𝒙𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1,𝑟≠𝑡 𝑂(𝒙𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙𝑘, 𝜉(𝑟)), 𝜉(𝑟))

− (𝒙̃𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1,𝑟≠𝑡 𝑂(𝒙̃𝑘 − 𝛾
𝑠
∑𝑠

𝑟=1 𝑂(𝒙̃𝑘, 𝜉(𝑟)), 𝜉(𝑟))‖

+ 2𝛾𝑀
𝑠 ,

where the last inequality follows by virtue of Standing Assump-
tion 3.(iii). Note that the arguments of both outer operators 𝑂(⋅) co-
incide with the gradient descent update evaluated from 𝒙𝑘 and 𝒙̃𝑘 with 
the same pool of samples, denoted as 𝒛𝑘+1 = 𝒙𝑘 − 𝛾

𝑠
∑𝑠

𝑟=1,𝑟≠𝑡 𝑂(𝒙𝑘, 𝜉(𝑟))
and 𝒛̃𝑘+1 = 𝒙̃𝑘 − 𝛾

𝑠
∑𝑠

𝑟=1,𝑟≠𝑡 𝑂(𝒙̃𝑘, 𝜉(𝑟)), respectively. Thus, after summing 
and subtracting both 𝒛𝑘+1 and ̃𝒛𝑘+1 inside the norm above, standard ma-
nipulations yield:
‖𝒙𝑘+1 − 𝒙̃𝑘+1‖ ≤ ‖𝒛𝑘+1 − 𝒛̃𝑘+1‖ + 𝛾

𝑠
∑𝑠

𝑟=1
𝑟≠𝑡

‖𝑂(𝒛𝑘+1, 𝜉(𝑟))

− 𝑂(𝒛̃𝑘+1, 𝜉(𝑟)) + 𝑂(𝒙𝑘, 𝜉(𝑟)) − 𝑂(𝒙̃𝑘, 𝜉(𝑟))‖ + 2𝛾𝑀
𝑠 ,

≤ (1 + 𝛾𝜅)‖𝒛𝑘+1 − 𝒛̃𝑘+1‖ + 𝛾𝜅‖𝒙𝑘 − 𝒙̃𝑘‖ + 2𝛾𝑀
𝑠 .

By relying on the growth lemma (Farnia & Ozdaglar, 2021, Lemma 2), 
we can then upper bound the last relation, particularly the term 
‖𝒛𝑘+1 − 𝒛̃𝑘+1‖, as follows: ‖𝒙𝑘+1 − 𝒙̃𝑘+1‖ ≤ ((1 + 𝛾𝜅)𝜌 + 𝛾𝜅)‖𝒙𝑘 − 𝒙̃𝑘‖ +
2𝛾𝑀
𝑠 , where 𝜌 < 1 is the contraction factor characterizing the gradient 

descent step in Lemma 2 for 𝛾 ∈ (0, 2𝜇∕𝜅2). Then, recursing over the 𝐾-
steps, and considering that both trajectories leading to 𝒙𝐾+1 and 𝒙̃𝐾+1

originate from the same initial conditions leaves us with:

‖𝒙𝐾+1 − 𝒙̃𝐾+1
‖ ≤ 2𝛾𝑀

𝑠

𝐾
∑

𝑘=1
((1 + 𝛾𝜅)𝜌 + 𝛾𝜅)𝐾−𝑘

≤ 2𝛾𝑀
𝑠(1 − 𝛾𝜅 − (1 + 𝛾𝜅)𝜌)

,

where we have exploited the relation ∑𝐾
𝑘=1 𝛼

𝐾−𝑘 = 1−𝛼𝐾
1−𝛼 < 1

1−𝛼  which 
holds true for any 𝛼 ∈ [0, 1), i.e., (1 + 𝛾𝜅)𝜌 + 𝛾𝜅 = 𝜏 < 1. Finally, com-
bining the latter inequality with (13) allows us to conclude that:

|𝓁(𝐻𝑠, 𝜉) − 𝓁(𝐻𝑠𝑡 , 𝜉)| ≤
2𝛾𝜌𝑀
𝑠(1 − 𝜏)

,

thereby proving uniform stability proportional to 1∕𝑠. ∎

Remark 4. Lemma 3, and later Theorem 1, assume the existence of 
some 𝛾 so that (1 + 𝛾𝜅)𝜌 + 𝛾𝜅 < 1. The latter condition ensures a sort of 
global contraction for the data-driven EG scheme. While establishing 
explicit conditions on 𝛾 guaranteeing 𝜏 < 1 is hard, one can numerically 
observe that meeting such a condition is possible, making the resulting 
assumption reasonable–see Appendix A.

Then, equipped with this uniform stability result, we are now ready 
to state and prove what follows:
Theorem 1. Fix 𝑠 ≥ 1, 𝛿 ∈ (0, 1), and let 𝛾 ∈ (0, 2𝜇∕𝜅2) be chosen so that 
𝜏(𝛾) < 1. Given any dataset 𝑠 ∈ Ξ𝑠, there exists a computable 𝜀 = 𝜀(𝑠, 𝛿) >
0 such that 𝒙𝐾+1 ∈ SGNE𝜀 with probability at least 1 − 𝛿, where 𝒙𝐾+1 is a 
subvector of 𝜔𝐾+1 obtained by iterating the data-driven EG in Algorithm 1
𝐾-times starting from 𝒙0 ∈ int().
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Fig. 1. Box plots capturing the relative approximation error ‖𝒙𝐾+1 − 𝒙⋆
‖ pro-

duced by different run 𝐾 of Algorithm 1 over 20 trials with fixed number of 
samples 𝑠 = 1000. The blue down-pointing triangles denote the resulting aver-
aged bounds 𝜀 offered by Theorem 1 with 𝛿 = 0.05.

Proof.  After iterating the instructions reported in Algorithm 1 𝐾-times, 
consider the following relations:
‖

‖

𝒙⋆ − 𝛾𝔹(𝒙⋆)‖
‖

= 0 ≤ ‖

‖

‖

𝒙𝐾+1 − 𝛾𝔹(𝒙𝐾+1)‖‖
‖

(a)
= ‖

‖

‖

𝒙𝐾+1 − 𝛾𝔼ℙ
[

𝑂(𝒙𝐾+1, 𝜉)
]

‖

‖

‖

(b)
= ‖

‖

‖

𝔼ℙ
[

𝒙𝐾+1 − 𝛾𝑂(𝒙𝐾+1, 𝜉)
]

‖

‖

‖

(c)
≤ 𝔼ℙ

[

‖

‖

‖

𝒙𝐾+1 − 𝛾𝑂(𝒙𝐾+1, 𝜉)‖‖
‖

]

= 𝔼ℙ
[

𝓁(𝐻𝑠, 𝜉)
]

= 𝑟(, 𝑠),

where we have used in (a) the fact that the oracle operator is unbiased, 
in (b) the fact that the data-driven EG in Algorithm 1 yields a deter-
ministic output 𝜔𝐾+1 once fixed the dataset 𝑠, as well as the linear-
ity of the expected value, and in (c) the standard Jensen’s inequality. 
Thus, upper bounding the risk 𝔼ℙ

[

𝓁(𝐻𝑠, 𝜉)
] provides an equivalent in-

formation on the distance of 𝒙𝐾+1 from a fixed point of the dynam-
ics produced by iterating the operator Id − 𝛾𝔹◦(Id − 𝛾𝔹) with perfect 
knowledge on 𝔹. Therefore, with probability at least 1 − 𝛿, the direct 
application of the bound in Lemma 3 leads to ‖‖

‖

𝒙𝐾+1 − 𝛾𝔹(𝒙𝐾+1)‖‖
‖

≤

𝜀 with 𝜀 ∶=
∑𝑠

𝑟=1
‖

‖

‖

𝒙𝐾+1 − 𝛾𝑂(𝒙𝐾+1, 𝜉(𝑟))‖‖
‖

∕𝑠 + 𝛽 + (𝑠𝛽 +𝑀)
√

2 ln(1∕𝛿)∕𝑠
and 𝛽 = 2𝛾𝜌𝑀∕𝑠(1 − 𝜏). ∎

Thus, Theorem 1 provides a computable bound, which holds with 
arbitrarily high confidence 1 − 𝛿 wrt any possible dataset drawn from 
Ξ𝑠 and probability distribution ℙ underlying these data, on the distance 
between the output of Algorithm 1 after 𝐾 steps, and an SGNE of the 
SGNEP in (4). Note that the specific choice of the loss function in (12) 
makes the calculation of 𝜀 possible a-posteriori (i.e., after 𝐾 iterations). 
In fact, all of the terms ‖‖

‖

𝒙𝐾+1 − 𝛾𝑂(𝒙𝐾+1, 𝜉(𝑟))‖‖
‖

 do not explicitly depend 
on unknown quantities, e.g., the true SGNE 𝒙⋆, while the other terms 
depend on design parameters (𝛿, 𝛾), problem data (𝑠, 𝑀 , 𝜇, 𝜅), or both 
(𝜌, 𝜏).

4.  Illustrative example

We now test our bounds on an academic example involving 𝑁 = 20
agents controlling an unconstrained scalar decision variable (i.e., 𝑛𝑖 = 1) 
to minimize a quadratic cost function 𝑓𝑖(𝑥𝑖,𝒙−𝑖, 𝜉) = 𝑎𝑖𝑥2𝑖 + (𝑏𝑖 + 𝜉)𝑥𝑖 +
(
∑

𝑗∈⧵{𝑖} 𝑐𝑖,𝑗𝑥𝑗 )𝑥𝑖. Specifically, each parameter in the cost is chosen ran-

Fig. 2. Box plots capturing the relative approximation error ‖𝒙101 − 𝒙⋆
‖ pro-

duced by 𝐾 = 100 iterations of Algorithm 1 over 20 trials considering different 
dataset size. The blue down-pointing triangles denote the resulting averaged 
bounds 𝜀 offered by Theorem 1 with 𝛿 = 0.05.

domly, i.e., 𝑎𝑖 ∼  (0.2, 0.8), 𝑏𝑖 ∼  (0.02, 0.075), 𝑐𝑖,𝑗 ∼  (0, 0.01), while 
the stochastic variable 𝜉 is distributed according to  (−1, 0.2). Note that 
the results from the previous section do not directly involve quantities 
related to the collective strategy profile 𝒙, e.g., 𝑛 =

∑

𝑖∈ 𝑛𝑖, nor ∇𝜙(⋅), 
and hence the constraints – see the discussion in Remark 2. This explains 
the unconstrained nature of the considered game with scalar strategies, 
which has the sole purpose of computing the proposed bounds numer-
ically. In all the instances, the true SNE 𝒙⋆ is computed via (Franci & 
Grammatico, 2020, Algorithm. 1).

We start by investigating the behaviour of Algorithm 1 by fixing the 
number of samples 𝑠 and varying 𝐾. Specifically, we perform 20 trials for 
each value of 𝐾 ∈ {60, 80,… , 1000}, and populate the dataset 𝑠 with 
𝑠 = 1000 samples. In Fig. 1 we illustrate the numerical results obtained 
with confidence level 𝛿 = 0.05 and step-size 𝛾 chosen to meet the con-
dition in Theorem 1. While, in practice, Algorithm 1 well approximates 
the unique SNE when run for 𝐾 ≥ 300, the theoretical bound established 
in Theorem 1 reveals an intrinsic dependency on 𝐾 itself. In fact, the av-
eraged bound obtained appears dominated by the empirical error term, 
which progressively reduces its impact with larger 𝐾, settling around 
0.35. By running Algorithm 1 for 𝐾 = 1000 iterations with 𝑠 = 1000 sam-
ples, for instance, one can then claim that the data-driven EG produces 
an error in the approximation of 𝒙⋆ of at most 35% with probability of 
at least 95%. Note that this holds regardless the distribution of 𝜉 and the 
dataset 1001 at hand.

Successively, we compare the theoretical bound 𝜀 provided by The-
orem 1 with the actual distance ‖𝒙1001 − 𝒙⋆‖ (both scaled by ‖𝒙⋆‖) by 
considering a small number of iterations 𝐾 = 101 and several values for 
𝑠. Also in this case, we perform 20 trials for each 𝑠 ∈ {500, 600,… , 3000}. 
In Fig. 2, we note that the relative error produced by the data-driven EG 
in Algorithm 1, measured by the box plots, is quite significant (around 
30%), yet almost equivalent for the different 𝑠 considered. Consistently, 
the theoretical bound 𝜀 decreases as the number of samples adopted 
increases.

As a concluding remark, we note that, in general, the proposed 
certificates are not expected to be tight. The resulting numerical 
gap between the theoretical bound and the empirical evaluation–
approximately one order of magnitude in the worst case, as seen in 
Fig. 1–is quite common for these type of probabilistic guarantees hold-
ing with high-confidence. Similar results have been observed in other 
domains, e.g., robust control design (Schildbach et al., 2014), or robust-
ness evaluation (Fabiani et al., 2022).
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5.  Conclusion

We have derived rigorous probabilistic guarantees on the quality of 
the solution produced by a data-driven version of an EG scheme ap-
plied to SGNE seeking with limited data availability. Specifically, we 
have leveraged a finite number of uncertainty realizations to construct 
a sample average-based approximation for the game mapping, and ex-
ploited algorithmic stability arguments to bound the distance between 
the true SGNE and the solution obtained through the EG method. A dis-
tinct feature of our bounds is that they i) are easy to compute, ii) hold 
with high confidence, and iii) remain valid regardless of the underlying 
data distribution.

Future work will explore alternative techniques for solving SGNEP 
under the lens of algorithmic stability, potentially incorporating non-
linear operators to better handle both local and coupling constraints. 
Besides extending results for the EG considered here, prominent exam-
ples include algorithms based on standard operator splitting methods, 
such as forward-backward-forward or Douglas-Rachford.
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Appendix A.  On the condition ensuring contraction

Fig. A.3. Map showing the feasibility (blue area), infeasibility (green area), or 
reached solver limits (yellow area) of (A.1) for 104 random combinations of 
(𝜅, 𝜇) ∼  (10−6, 50)2.

In Fig. A.3 we report the binary values associated to the feasibility 
of the nonlinear optimization problem for the design of an optimal 𝛾
satisfying the condition for Theorem 1, i.e., 
min

𝛾∈(0,2𝜇∕𝜅2)
−𝛾

 s.t. (1 + 𝛾𝜅)
√

1 − 2𝛾𝜇 + 𝛾2𝜅2 + 𝛾𝜅 < 1, (A.1)

for 100 randomly sampled values of 𝜅 ∼  (10−6, 50) and 𝜇 ∼
 (10−6, 50). From Fig. A.3, the feasible area covers around the 80.6% of 
the considered cases. Therefore, assuming the existence of some 𝛾 ensur-
ing 𝜏(𝛾) < 1 appears a reasonable condition at the basis of our analysis.
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