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31	� Capturing urban scaling laws via 
spatio-​temporal correlated clusters1

Anna Carbone, Sérgio Luiz da Silva,  
and Giorgio Kaniadakis

31.1  Introduction

A variety of urban features have been reported to exhibit quite universal behav-
iour depending on population size N. Scaling laws Y ∼ Nβ linking socio-​economic 
and infrastructural features to population size, either with β > 1 or with β < 1, 
imply that a more concentrated population corresponds to better socio-​economic 
performances and less costly infrastructural investments [1–​4]. The probability 
density function (pdf) of the population size follows a power-​law of N with an 
exponent approximately equal to 2 [5,6]. Models of monocentric cities have 
been proposed where individuals commute from home to a central business dis-
trict (CBD) and back by private or public transportation in a homogeneous iso-
tropic space [7–​10]. In such models, population density shows an exponential 
dependence on the distance from the CBD. Recently, urban landscapes with 
distinct multicentric activity centres have been envisioned to emerge as popu-
lation size increases [11] with the monocentric urban organization stable up to 
a threshold value N* when a transition to a multicentric structure takes place 
characterized by a number of business clusters varying with population size as 
Ce =​ Nσ with σ =​ µ/​ (µ +​ 1) < 1 and 0 < µ < 1 depending on the congestion level 
[12,13].

Overall, the scaling features indicate that urban organizations behave as het-
erogeneous complex systems. Hence, understanding urban microstructure and its 
evolution over multiple spatio-​temporal scales has become a scientific priority with 
direct practical implications for the sustainable management of big cities [14–​17]. 
The focus of the scientific community has been increasingly drawn towards urban 
feature description in terms of pointwise rather than cumulative functions of the 
population size N. In this scenario, the increasing availability of high-​resolution 
spatio-​temporal data (phone, satellites) can contribute to investigating models of 
urban areas and quantifying related phenomena at the local level.

Statistical physics concepts put forward within the subfield of complex systems 
science have proved relevant to the description of socio-​economic and infrastructural 
urban systems featured by increasing population size and heterogeneity. The investi-
gation of inter-​ and intra-​urban features in heterogeneous multicentric structures has 
been carried out in terms of spatio-​temporal clustering driven by socio-​economic 
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and/​or geographical/​infrastructural phenomena. A growing number of studies have 
been addressed to the application of clustering methods in relation to percolation, 
fractality, self-​similarity, self-​organization concepts and their statistical significance 
in the context of urban modelling [18–​37]. The Diffusion Limited Aggregation 
(DLA) model is among the early attempts to describe urban growth phenomena in 
terms of only one large fractal cluster with a tree-​like dendritic structure developed 
around the central business district, where additional units are randomly added at 
the periphery. Models where long-​range correlated rather than random clusters add 
to form the city topology could better suit the real urban organization. A percolation 
process with long-​range correlation and an exponential dependence on the distance 
from the central business district is proposed in [35,36]. A two-​dimensional frac-
tional Brownian field is adopted to model the urban grid infrastructure where a set 
of long-​range correlated clusters is generated according to the approach proposed 
in Ref. [37]. This method is able to reproduce the heterogeneous self-​similar urban 
structure without requiring the assumption of an exponential distribution of the 
population density with respect to the city centre. Furthermore, it does not operate 
via a constant thresholding clustering approach, as it is based on a locally varying 
average function of the spatial field.

This work aims to provide a brief review focused on the adoption of statistical 
clustering concepts to quantify complexity features of urban landscapes. Special 
attention will be paid to how scaling laws emerge from long-​range correlated 
clusters with a specific focus on the works [35–​37]. This chapter is organized as 
follows. In Section 31.2 (Statistical clustering) the main concepts of clustering 
algorithms are briefly recalled. In Section 31.2.1 the main steps of the (Detrending 
moving average) algorithm are presented. In Section 31.3 (Discussion), a com-
parison among the methods is provided and the main outcomes, potential 
implications, and directions for future work are summarized.

31.2  Statistical clustering

Clustering is becoming increasingly relevant for making sense of large amounts of 
correlated data, where the main aim is identifying patterns intrinsically emerging in 
the data (natural clusters) rather than building artificial partitions. Several methods 
and optimization criteria have been proposed that in turn lead to different classes 
of clustering algorithms. In general, clustering refers to partitioning a dataset into 
subsets according to some criterion. Let X =​ {x1, ..., xn} be a set of n data points. 
Centre-​based clustering operates via a partition C =​ {C1, ..., Ck} of X into k clusters 
with corresponding centres c1, ..., ck and allocating data points according to some 
optimization criterion. The k-​centre, k-​median, and k-​means methods minimize, 
respectively, the maximum, the sum, and the sum of squares of distances between 
ck and any data point. Despite extensive interesting applications of centre-​based 
clustering, the method suits convex-​shaped clusters and requires prior knowledge 
of the number of cluster k input parameters. An alternative is offered by density-​
based clustering, which is not affected by these drawbacks as the clusters are built 
as varying density areas of some relevant feature of the data surrounded by density 
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values lower than a threshold. Density-​based clusters are usually built as sets of 
points resulting from the intersection through a density function δ(r) relevant for 
the data at a certain density level δ¯ (r) (threshold level). Each intersection generates 
separate connected regions in the feature space where the probability density is 
higher than the threshold value (see Figure 31.1). Each region corresponds to 
a cluster defined over all the data points falling into this region. The threshold 
δ¯ (r) is usually defined as a constant over the whole data domain. If the threshold 
density level is too small, several clusters will result in being merged together. 
If the threshold density level is too large, large clusters will not show up. The 
choice of the threshold is critical to the cluster region definition. In particular, the 
assumption of a constant threshold is an issue when the relevant feature is not a 
constant but varies as a long-​range correlated quantity of space and time. Such 
a situation occurs in many real-​world systems and is particularly interesting for 
urban data (e.g., the population size N).

31.2.1  Detrending moving average algorithm

For the sake of completeness, before discussing the application of the detrending 
moving average (DMA) algorithm to urban landscapes, the main concepts under-
lying the algorithm together with the essential analytical relationships will be 
briefly recalled [39,40]. The DMA can be classified as a density-​based clustering 
method with a position-​dependent threshold.

Two-​dimensional long-​range correlated data, such as those featuring urban 
landscapes, can be modelled in terms of random fields [41,42]. Interesting classes 
of models for random fields are the fractional Gaussian noise (fGn) and fractional 
Brownian motion (fBm). A fractional Brownian field f rH ( ) is a scalar function 
with r x x xd= ( )1 2, ,...,  the spatial coordinates, d the dimension of the Euclidean 
domain. The fractional Gaussian noise (fGn) is obtained from the fBm increments 
fH(r +​ 1) −fH(r). The fGn is a stationary process with zero mean and covariance 
given by:

	
ρ λ σ λ λ λ

λ

( ) = +( ) − + −





∼ −( ) −

2
2

2
2

2 2

2
1 2 1

2 1

H H H

HH H           

	 (31.1)

where λ λ λ λ= ( , ,..., )1 2 d  is the scale factor and λ λ λ λ== + + +( )1
2

2
2 2 1 2
 d

/ . The 
parameter H ∈[ ]0 1, is called the Hurst exponent and is linked to the fractal dimen-
sion Df by the relationship Df =​ d − H. The above properties indicate that fractional 
Brownian motion and fractional Gaussian noise exhibit long-​range correlation and 
self-​similarity.

According to Refs. [39,40] the density threshold is defined by the moving 
average function f rH

 ( ) , that for a two-​dimensional space with d =​ 2, r =​ (x1, x2) 
and λ =​ (n1, n2) writes:
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The function f x x n nH


1 2 1 2, ; ,( ) is evaluated at each pair of coordinates x1, x2 over 
sub-​arrays with different sizes n1 × n2. The clustering is obtained by the intersection 

of the function f x xH 1 2,( ) with the locally dependent threshold f x x n nH


1 2 1 2, ; ,( )  
estimated recursively over sub-​regions of the grid by varying the values of n1 × 

n2. The difference between the function f x x f x x n nH H1 2 1 2 1 2, , ; ,( ) − ( )  generates 
clusters of increasing area depending on the value of n1 × n2.

In Figure 31.2, the function f x x n nH


1 2 1 2, ; ,( ) is plotted for n1× n2 equal to (a)   
15 × 15, (b) 25 × 25, and (c) 35 × 35. For a rectangular urban grid with size N1 × 
N2, the coordinates x1, x2 correspond to each single cell and n1 × n2 corresponds to 
a cell array, i.e., a rectangular sub-​area of the urban grid.

In Refs. [39,40], the generalized two-​dimensional variance σDMA
2  of f x xH 1 2,( )  

around the moving average function f x x n nH


1 2 1 2, ; ,( ) is defined as:
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which can be rewritten as:

	σDMA

H
n n n n2

1 2 1
2

2
2

2

, ~ .( ) +  	 (31.4)

Eq. (31.4) is again a power-​law indicating long-​range correlation and self-​
similarity. Hence a log–​log plot of σDMA

2  as a function of the scale s n n= +1
2

2
2  

would yield a straight line with slope H.
The procedure can be applied to real-​world two-​dimensional data as for example 

done in Refs. [37,38]. The scaling behaviour of the DMA method (Eq. 31.4) when 
implemented on real data as the urban landscape satellite images provides the 
Hurst exponent of the data. Real-​world heterogeneous long-​range correlated data 
are not ideal fractional Brownian motions. Therefore, the subscript H is dropped 
when the method is applied to real-​world data, remarking that a-​priori data are not 
ideal fBms. Contrarily to fractional Brownian functions fH(r) defined to exist at all 
scales, real-​world datasets barely behave as ideal fractals. Being characterized by 
finite sizes, setting upper and lower limits to the detection of small and large scales, 
deviations from the ideal scaling behaviour should be expected.

The Hurst exponent H and the fractal dimension Df of urbanized regions have 
been estimated by implementing the two-​dimensional detrending moving average 
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(DMA) algorithm on satellite images in Refs. [37,38]. The purpose of the inves-
tigation is twofold: to provide accurate estimates of H and Df and shed light on 
the models of interurban and intraurban scaling laws. The analysed urbanized or 
rural areas are drawn from satellite images. Before implementing the DMA algo-
rithm, raw data are converted from the unit8 to the double format. The algorithm is 

Figure 31.2 � Two-​dimensional (d =​ 2) Fractional Brownian motion field with H =​ 0.5 (a) and 
moving averages f x x n nH



1 2 1 2, ; ,( )  estimated by using Eq. (31.2). The size n1 × 
n2 refers to the local areas over which the moving average is estimated. Values 
of n1 × n2 are (a) 15 × 15, (b) 25 × 25, and (c) 35 × 35.
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implemented separately on each sub-​image, to grasp the variability of the scaling 
properties of different areas (partially mountainous, suburban, and centrally 
located areas). Further technical details and results for several intraurban regions 
of different cities can be found in Ref. [37] and are not repeated here.

The moving average clustering optimization criterion can be interpreted as a 
minimization of an information measure over a partition generated by the threshold 
f x x n nH


1 2 1 2, ; ,( ) which is a coarse-​grained description of the observed system 

Figure 31.2  Continued
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obtained by smoothing out the fine details of the real data [43]. As the system 
becomes coarser, randomness and entropy increase. In the detrending moving 
average clustering threshold f x x n nH



1 2 1 2, ; ,( ) is obtained by performing a local 
average over each cell of the partition in phase space (Figure 31.3).

The difference f x x x x n nf H1 2 1 2 1 2, , ; ,( ) − ( ) generates a set of regions for each 
sub-​array n1 × n2 corresponding to a finite partition Cn,j =​ {Cn,1, Cn,2, ...} of clusters. The 
difference f x x x x n nf H1 2 1 2 1 2, , ; ,( ) − ( )  quantifies the error, i.e., the loss of infor-
mation of the coarse-​grained two-​dimensional structure compared to the real data. 
The spatial coordinates (x1, x2) where the difference f x x x x n nf H1 2 1 2 1 2, , ; ,( ) − ( )  
becomes zero correspond to the cluster boundaries (Figure 31.4).

Figure 31.3 � The density-​based clustering with a non-​constant threshold function 
f i i n nH


1 2 1 2, ; ,( ) is adopted in Ref. [37]. The threshold function f i i n nH


1 2 1 2, ; ,( )  
is defined as a local average and is estimated over a rectangular subset of area 
n1 × n2. The threshold function yields smoother replicas of the original density 
function as shown in Figure 31.2 where the procedure is implemented on a 
fractional Brownian motion random field with H =​ 0.5.
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31.3  Clustering and scaling laws

The density-​based clustering methods of Refs. [35,37] are based on different 
models: the former adopts percolation, while the latter has a fractional Brownian 
motion description. Despite this difference, they share the common statistical fea-
ture of introducing a two-​point long-​range correlation among urban cells. The 

Figure 31.4 � Image N48-​181 (Vienna) of the Urban Atlas of WorldView-​2 satellite 
European Cities collection [44]. The image is multi-​spectral with size 1080 ×    
1080.
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outcome of the two approaches provides the correlation exponent that has been 
used to estimate the exponent β of the scaling laws. In particular, the correlation 
exponent is related to exponent of the Gibrat law in Ref. [35], while in Ref. [37] 
a relationship between the correlation exponent is discussed against the models 
[45–​47]. The main features of the two approaches will be discussed and compared 
in this section. The cluster construction starts with the identification of a relevant 
feature corresponding to a discrete function f (x1, x2) at each cell (x1, x2) of the urban 
grid. Next a suitable threshold f¯(x1, x2) is defined at each cell. A constant threshold 
f¯(x1, x2) =​ 0 is used in Ref. [35], while the procedure Ref. [37] adopts is a locally 
dependent threshold f¯(x1, x2) =​ f (x1, x2; n1, n2) defined in Eq. (31.2). The diffe-
rence between the data and the threshold quantifies the fluctuations of the relevant 
urban feature as, for example, the pointwise population density. The fluctuations 
are found to be scale-​invariant, obeying a scaling law with a given correlation 
exponent.

The common assumption is that the clusters are long-​range correlated, hence the 
two-​point correlation is expressed by:

	 f x x f x x f x x f x x
x x x x

i j i j i j i j

i j i

, , , ,

, ,
( ) − ( )( ) ( ) − ( )( ) ∼

( ) −
′ ′ ′ ′

′

∆2

′′( )j α 	 (31.5)

where x xi j,( ) and x xi j′ ′( ),  denote a pair of cell coordinates of the urban grid and 
α is the correlation exponent (0 < α < 2). For fluctuations modelled as fractional 
Gaussian noise, as in Ref. [37] the correlation exponent is related to the Hurst 
exponent H (see Eq. 31.1). The correlation of the relevant urban feature (e.g., the 
population density) decays as a power-​law of the distance between cells, implying 
long-​range scale-​free correlations in the clustering process.

According to Ref. [35], a cluster is defined through the following main steps. 
A populated cell is selected. The cluster is built by adding all nearest-​neighbour 
cells with a population density larger than a constant threshold. The cluster stops 
growing when there is no neighbouring cell outside the cluster with population 
density larger than the threshold which is usually set to zero. The population 
in a cluster Ni is defined as the sum of the population of all the cells within the 
cluster.

The continuum CCA [36] proceeds as in the above case but the cluster stops 
growing when no cell with population density larger than the threshold is found 
at a distance smaller than the coarse graining level. For a population growth rate 
lower than 1, the mean µ and the standard deviation of the populations σ1(Ni) vary 
according to a scaling law. For large clusters, one has:

	σ
θ

α α

α

1
2

2

2

2

2
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2
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( ) − ( )
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where a2 is the area of each cell and rc the radius of the cluster. Since rc ∼ Nia2, one 
can write:

	σ α
1
2 2 2~ Ni

/− 	 (31.7)

with the exponent 2 2− α/  larger than 1 and smaller than 2 being 0 < α < 2.
The standard deviation of the population density σ1

2  can be related to the standard 
deviation of the growth rate σ β

0
2

0~ S − . By using S N ni0 �� = , it results in β =​ α/​4, with 
0 < β < 1/​2 as 0 < α < 2. If α =​ 0, the standard deviation of the populations growth 
rates has no dependence on the population size (β =​ 0), as expected by Gibrat’s law.

The long-​range correlation exponents yield in Ref. [37] have been used to esti-
mate the scaling exponents β of the scaling law Y ∼ Nβ proposed in Refs. [45–​47]. 
This comparison is made by expressing the exponent β of the scaling law in terms 
of the fractal dimension Df of the urban landscape. The infrastructural and socio-​
economic features are written as power laws of the population size Y ∼ Nβ respect-
ively with exponents βi < 1 and βs > 1. According to Ref. [45], the scaling law 
exponents are defined as:

	β βi
f

f
s

f

f

D
d d D

D
d d D

= −
+( ) = +

+( )1 1 and 	 (31.8)

that can be rewritten in terms of the long-​range correlation exponent by using the 
relationship Df =​ d−H. According to Eq. (31.3), the clustering is obtained by the 
intersection of the density function mapped from the satellite image with the locally 
dependent threshold estimated recursively over sub-​regions of the grid (pixel by 
pixel) by varying the values of n1 × n2. The log–​log plot of σDMA

2  as a function of 
the scale s n n= +1

2
2
2  provides the H value.
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