ScuDo

Scuola di Dottorato - Doctoral School

’ ° °
iiianin e di Torino
1859 ’!_,‘

o e WHAT YOU ARE, TAKES YOU FAR

Doctoral Dissertation

Doctoral Program in Pure and Applied Mathematics (38 cycle)

Some Topics in Diophantine
Approximation

By

Federico Accossato

Supervisor: Doctoral Examination Committee:
Prof. Carlo Sanna Prof. Stefano Barbero

. Prof. Laura Capuano
Co-Supervisors:

Prof. Danilo Bazzanella
Prof. Nadir Murru

POLITECNICO DI TORINO
DEPARTMENT OF MATHEMATICAL SCIENCES

2026






ABSTRACT

This thesis explores different topics arising from the field of Diophantine approxi-
mation.

The first part is devoted to an old problem in number theory: the explicit con-
struction of new transcendental numbers. Classical continued fractions have long
served as a powerful tool in this direction, exploiting fundamental results in Dio-
phantine approximation, such as Roth’s theorem. By contrast, their multidimensional
generalization—introduced by Jacobi and later developed by Perron in response to a
question of Hermite—remains largely unexplored.

In a joint work with Murru and Romeo, we establish new transcendence criteria
for multidimensional continued fractions generated by the Jacobi-Perron algorithm.
We prove that expansions characterized by either sufficiently rapid growth or specific
quasi-periodic structures in their partial quotients are transcendental. These results
extend classical one-dimensional constructions due to Liouville and to Maillet—Baker,
to the multidimensional setting.

This part of the thesis provides a self-contained exposition of these original con-
tributions, while reviewing the necessary background on Diophantine approximation
and the theory of classical and multidimensional continued fractions.

The second part concerns the distribution of real sequences modulo 1. A seminal
result by Weyl states that for an irrational real number «, the sequence «, 2, 3, . . .
is uniformly distributed modulo 1, meaning the proportion of terms ({na}),>o falling
within any subinterval of [0, 1) is equal to the length of that subinterval, where {-}
denotes the fractional part. Many other sequences are known to enjoy the same
property. For instance, geometric progressions of the form (Aa"),>¢ are uniformly
distributed modulo 1 for fixed A > 0 and almost every a > 1, or conversely, for fixed
a > 1 and almost every A > 0. However, when both « and A are fixed, the problem
becomes significantly more challenging. A theorem of Pisot and Vijayaraghavan
states that, if « is algebraic, then such a sequence has finitely many limit points
modulo 1 if and only if « is a Pisot number and A € Q(«).

A problem arising from this context is whether, given a Pisot number «, one can
find X such that the geometric progression modulo 1 has a prescribed number of limit
points. This question is closely related to the problem of identifying linear recur-
rences with a fixed characteristic polynomial that exhibit a predetermined number of
residues modulo an integer.

The aim of the second part is to examine these questions in greater depth and to
present recent results obtained in joint work with Sanna.
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Introduction

God made the integers, all else is the work of
man.

Leopold Kronecker

The problem of approximating real quantities by rational numbers is as old as
mathematics itself. Long before it was recognized as a theoretical issue, this ques-
tion arose naturally from practical needs in geometry, astronomy, and measurement.
Ancient civilizations such as the Egyptians and Babylonians were already confronted
with quantities that could not be expressed exactly as ratios of integers, yet had to
be handled numerically for concrete applications.

Over time, this perspective has become increasingly modern, reaching into purely
theoretical aspects and evolving into what is known today as Diophantine approxi-
mation, a branch of number theory that, in its most naive formulation, studies how
real numbers can be approximated by rationals or, more generally, when certain
inequalities admit integer solutions.

The intuitive problem behind Diophantine approximation can be refined into a
precise mathematical objective: given a real number «, one seeks to quantify the error
incurred when approximating « by a rational p/q. This is achieved by comparing the
difference |a — p/q| with a function of the denominator ¢, which serves intuitively as
a natural measure of the “complexity” of p/q. Understanding how rapidly this error
may decay as g grows, and whether certain bounds for such error hold for infinitely
many rationals, lies at the heart of the subject.

A well known result by Dirichlet [26] in 1842 provided a first general answer to
this class of problems, paving the way for subsequent developments. His theorem
states that for any real number o and any real () > 1, there exist integers p and ¢
such that 1 < ¢ < Q and
o — p| < i

q) @
Although the proof is a simple application of the pigeonhole principle, the conse-
quences of this result are far-reaching. A simple corollary already implies a sharp
distinction between rational and irrational numbers basing on the accuracy with
which they can be approximated: if « is irrational, then there exist infinitely many
pairs of relatively prime integers p and ¢ such that

1

< (1)

o —

3

while this statement fails for rational «. In this sense, irrational numbers are precisely
those real numbers that admit infinitely many “good” rational approximations, that
is, approximations of the form p/q whose error |a — p/q| decays at least quadratically
with the denominator q.
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The appearance of the specific function 1/¢? bounding the approximation error
naturally leads to two problems. On the one hand, one may be interested in effectively
producing such good rational approximations of an irrational number. On the other
hand, one is led to the notion of badly approximable numbers, namely real numbers
for which the bound 1/¢% in (1) cannot be replaced by any function of ¢ that decreases
faster than 1/¢?. More formally, a number « is said to be badly approzimable if there
is a constant ¢ = ¢(a)) > 0 such that

for every rational p/q. This prompts the question of how to identify and characterize
numbers that are, in this precise sense, resistant to rational approximation.
Remarkably, both problems admit elegant and complete solutions by employing
the theory of continued fractions, which have been one of the most elementary yet
powerful tools in number theory since they were devised in the sixteenth century.

Formally, given ag € Z and ay, as, ... € Z~q, an expression of the form
1
[ag; ar,as,...| =ag+ .
a + 1
a9 + 1

a3—|—7

is called a (simple) continued fraction, and the integers a; are its partial quotients.
Associated with such an expression is a (possibly finite) sequence of rational numbers
(Pn/qn)n>0, known as the sequence of convergents, defined by truncating the continued
fraction at stage n:

n 1
p—:[ao;al,...,an]:ao—l—

4n 1
a + 1

CL2+'71
“+7
Qp,

Here p,,q, are relatively prime integers and ¢, > 0 for every integer n. If the
continued fraction is infinite (that is, the sequence of partial quotients is infinite),
then it can be proved that the sequence of convergents converges to an irrational
number «, which is said to be represented by the continued fraction [ag;aq,as, . . . ]
and, we write

a = [ap;a,as,...].

If the continued fraction is finite, we take a as the rational number coinciding with the
last convergent of the sequence. Moreover, through a generalization of the Euclidean
division algorithm, every real number o admits a representation in terms of continued




Introduction

fractions, which is called the continued fraction of a.
The numerators and denominators of the convergents satisty the following recur-
rence relations:

DPnt1 = An4+1Pn + Pn—1, (2)
dn+1 = Qp+1Qn + dn—1, n Z 07 (3)

and initial conditions: p_1 =1, g1 = 0, po = ag, ¢o = 1. This also shows that
(Pn)n>1 and (g,)n>1 are strictly increasing sequences.

Continued fractions possess remarkable approximation properties. In fact, this
was historically one of the main motivations for their introduction. With the above
notation, one has for every n,

‘a P ! ()
an an—HQ%
1
<g (5)

Thus, continued fractions provide a canonical and effective way to produce good ap-
proximations. Furthermore, by (4) one readily observes that continued fractions with
rapidly growing partial quotients exhibit exceptionally strong approximation proper-
ties. Conversely, a slower growth rate of the partial quotients results in a less accurate
approximation by the convergents. In fact, a real number is badly approximable if
and only if the partial quotients in its continued fraction are bounded (see [77, Ch.
1, Theorem 5.F]). Furthermore, a classical theorem of Lagrange states that a real
number is a quadratic irrational if and only if the sequence of partial quotients in its
continued fraction is ultimately periodic. As a consequence, all quadratic irrationals
are badly approximable.

Indeed, a deeper phenomenon emerges from this elementary analysis: the quality
of rational approximations to a real number is closely linked to its arithmetic nature.
Rational numbers are exactly those that admit only finitely many good approxima-
tions; quadratic irrationalities turn out to be badly approximable; and more refined
examples could be made beyond these cases. In particular, this connection became
even more striking in the mid-nineteenth century, when Liouville uncovered a funda-
mental link between Diophantine approximation and transcendence theory, opening
a new and fertile line of research that remains active today.

The central objects of transcendence theory are, of course, transcendental numbers.
To define them, one first introduces algebraic numbers: a real number « is algebraic
of some degree d if d is the smallest degree for a monic irreducible polynomial P(X)
with rational coefficients such that P(«) = 0. This polynomial is unique and is called
the minimal polynomial. Then, a number that is not algebraic is transcendental.

Liouville’s Theorem provides then a criterion to distinguish between algebraic and
transcendental numbers. It asserts that if a number admits infinitely many “too
good” rational approximations, then it cannot be algebraic. Formally, it states that
if a is an algebraic number of degree d, then there exists a constant ¢ = c¢(a) > 0
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such that
Tl
for every rational p/q distinct from «. Consequently, any real number that is approx-
imated by rationals with sufficiently rapid decay of the error cannot be algebraic.
Liouville used this idea to construct the first explicit examples of transcendental
numbers.
For instance, consider

=l

Defining for every integer n > 1,

L
n = 10n!’ Pn = Qn Z )
= 10k!
one obtains .
Pn X 1 1 1
0< ‘04 ——|= < ——
In k:z:ml 10k! (10n!)n qTrlL

Hence, given any degree d and positive constant ¢, the inequality

- c
R
qd

O<‘a—pn
dn

holds for n sufficiently large. By Liouville’s Theorem, o must therefore be transcen-
dental.

Historically, this was a breakthrough. Although Euler had formally introduced
the notion of transcendental numbers in 1748, no explicit examples were known for
nearly a century. Even Euler himself could only formulate conjectures. It was only one
century later that Liouville [56, 57] proved the existence of transcendental numbers
by providing an explicit construction. Interestingly, the transcendence of familiar
constants followed only later: Hermite [42] proved the transcendence of e in 1873, and
Lindemann [55] showed that 7 is transcendental in 1882. Around the same period,
Cantor [21] proved that transcendental numbers are not rare. Indeed, he showed
that the set of algebraic numbers is countable, whereas the set of real numbers is
uncountable. This implies that the set of transcendental numbers is uncountable,
and in particular that almost all real numbers are transcendental.

Liouville’s ideas also suggest a continued fraction approach to transcendence. By
constructing continued fractions whose partial quotients grow sufficiently rapidly, one
obtains transcendental numbers via the approximation properties discussed above.
Consider the following construction. Pick an arbitrary integer ag and consider py = ag
and go = 1. Pick then a; strictly greater than 1 and compute the first convergent
p1/q1 = [ao; a1]. Proceeding inductively, for each n > 0 choose

Apt1 > qZ (6>
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In this way we obtain a continued fraction « = [ag; ay, as,...]. By (4),
1 1
0< ‘oz _ Do < 5 < i3
qn an4195, Z

for every n. Hence Liouville’s Theorem implies again that « is transcendental. The
key insight is that such continued fractions, often referred to as Liouville-type con-
tinued fractions, produce rational approximations that are far too strong to be com-
patible with algebraicity.

This raises further questions. Are there other ways to obtain transcendental num-
bers through continued fractions? Which growth conditions on the partial quotients
are sufficient to ensure transcendence? These problems have motivated a rich and
still active area of research.

If one focuses on the rate of growth of the partial quotients, a question naturally
concerns the exponent of ¢, in (6): can it be reduced? In a certain sense, the answer
is yes, and it arises from refinements of Liouville’s Theorem — more precisely, from
refinements of a weaker form of it.

Indeed, Liouville’s Theorem immediately implies that if « is a real algebraic num-
ber of degree d, then for every x > d the inequality

‘a—p’<1 (7)

has only finitely many rational solutions p/q.

During the 20th century, this bound was progressively sharpened in the case d > 2.
In 1909 Thue [88] proved that it is sufficient to require £ > 2 + 1 to ensure that (7)
still admits only finitely many rational solutions. Then, in 1921 Siegel [82] showed
that the conclusion already holds if

K> min (s + d )
se{l,...,d—1} s+1/7
and in particular if & > 2v/d. Dyson [34] and Gelfond [38] independently improved
this to k& > v/2d. Finally, Roth [69] established the definitive result: (7) has only
finitely many solutions whenever £ > 2. In view of (5), Roth’s Theorem is optimal, as
for k = 2 continued fractions provide an explicit method to produce infinitely many
solutions.

One readily observes that a construction analogous to Liouville-type continued
fractions can also be carried out using Roth’s Theorem. In particular, if the growth
condition in (6) is replaced by

Ant1 > G, (8)

for some fixed € > 0, then the convergents p, /¢, satisfy

O<‘oz—pn

4n

1 1
<

= < )
An+1 %21 Z+s
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for infinitely many n. Such an approximation is incompatible with Roth’s Theorem
for algebraic numbers, and therefore the resulting continued fraction represents again
a transcendental number.

Although condition (8) on the growth of the partial quotients is substantially
weaker than (6), it still forces them to be unbounded. This leads to investigate
whether unbounded growth for partial quotients is unavoidable.

Furthermore, the study of transcendental continued fractions with bounded par-
tial quotients is closely connected to another long-standing question. It is widely
conjectured that the continued fraction of any irrational algebraic number « is ei-
ther eventually periodic — which, as is well known, happens precisely when « is
a quadratic irrational — or else contains partial quotients of arbitrarily large size.
This problem appears to have been first raised by Khintchine [47], but, despite some
heuristic insights, our present understanding of the phenomenon remains rather lim-
ited (further discussions on the topic can be found in [7, 81, 90].)

A natural preliminary step toward clarifying the conjecture is the construction of
explicit transcendental continued fractions with bounded partial quotients. Indeed, if
one expects that every non-periodic continued fraction with bounded partial quotients
must represent a transcendental number, then it becomes essential to produce at
least some concrete examples. Such constructions may provide guidance and partial
confidence in support of the conjecture. This prompted various mathematicians after
Liouville to explore advanced Diophantine approximation techniques to develop new
classes of transcendental continued fractions. The contributions by Maillet [59] are
especially significant, as he was the first to construct explicit examples with bounded
partial quotients.

In fact Maillet established that transcendence can be deduced from the presence
of sufficiently long repetitions in the sequence of partial quotients. More precisely, he
proved that if there are infinitely many indices n; such that

Ap; = Qp;41 = = anrl»)\(’i)fl)

where A(7) is greater than a suitable function of ¢,,, then a = [ag,aq,...] is tran-
scendental, provided that the continued fraction is not eventually periodic. Actually,
Maillet proved a more general statement in which one does not require the repetition
of a single partial quotient, but rather the recurrence of an entire finite block of con-
secutive partial quotients. Because of these patterns, continued fractions of this kind
are generally referred to as quasi-periodic.

The argument used by Maillet to prove his results relies on an extension of Liou-
ville’s Theorem that bounds how closely an algebraic number can be approximated
by quadratic irrationals. More general, given two distinct algebraic numbers a and
[ of degree d and e, respectively, Liouville’s inequality provides the following useful
lower estimate for the distance between a and f3:

== Wy Gy ~ HE)” ¥
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where ¢ = ﬁ and k = k(d, e) is a positive constant depending only on the algebraic
degrees of a and (3, and H( - ) indicates the naive height of an algebraic number, that
is the maximum of the absolute values of the coefficients in its minimal polynomial
over the integers; this polynomial is obtained by multiplying the monic minimal
polynomial by the least common multiple of its denominators. See [16, Corollary
A.2] for an explicit value of k.

In fact, under a technical assumption on the growth of A(i), Maillet proved that
the sequence of quadratic irrationals «; defined as having the following eventually

periodic continued fraction

lag; @y, ... Qn,—1, Qnyy Qpyy Gy - -

provide infinitely many “too good” approximations to « and, in virtue of the general
inequality by Liouville (9), e must be transcendental.

In his 1962 work [11], Baker used a version of Roth’s Theorem for number fields
obtained by LeVeque [54] to strongly improve the results of Maillet and make them
simpler and more explicit. LeVeque’s theorem for a quadratic number field Q(\/Z)
states that, if & does not belong to Q(\/Z), then for any € > 0 there exists a positive
constant ¢ = ¢(a, A, ¢) such that

Cc

o= 81> e
for every 5 in Q(v/A).

Baker’s main idea was to remark that when infinitely many of the quadratic
approximations found by Maillet lie in a same quadratic number field, one can
favourably replace the use of Liouville’s inequality by the one of LeVeque’s theo-
rem. Then, by exploiting an old result by Davenport and Roth [24] on the rate of
increase of the denominators g, of the convergents to an algebraic number, he was
able to obtain a stronger result.

The work of Baker was so influential that it opened the way to numerous improve-
ments and generalizations. A particularly noteworthy development in this direction
was achieved more recently by Adamczewski and Bugeaud [4], who revisited the anal-
ysis of quasi-periodic continued fractions from a different perspective. Their approach
consists in applying Schmidt’s Subspace Theorem to refine the result of Davenport
and Roth, which, in turn, leads to strengthened versions of Baker’s theorems. Several
transcendence criteria were also established for other classes of continued fractions,
such as sturmian (8], stammering [3] and palindromic [5]. Significant progress along
these lines was also achieved in [6]. Finally, Bugeaud addressed the case of the so-
called automatic continued fractions in [18], thus generalizing also a previous work
by Queffélec [68].

These advances have renewed interest in the subject and various generalizations of
these constructions have since been explored. In particular, several authors have in-
vestigated analogous continued fraction constructions in the setting of p-adic numbers
[22, 53, 58, 64].
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Part of this thesis is devoted to extending Liouville-type and quasi-periodic con-
structions to the framework of “higher-dimensional” continued fractions. The prob-
lem of such a generalization is not recent; rather, it originates from classical questions
concerning the characterization of algebraic numbers via periodicity properties of con-
tinued fractions.

Lagrange’s theorem for classical continued fractions states that a real number has
an eventually periodic continued fraction if and only if it is a quadratic irrational.
Multidimensional continued fractions (MCFs) were first introduced by Jacobi [43,
44] in response to a question posed by Hermite [41, 66]. The goal was to obtain an
analogue of Lagrange’s theorem for cubic irrationals. In particular, Hermite asked
for a method of representing algebraic irrationalities by means of periodic sequences
that can highlight algebraic properties and possibly provide rational approximations.
Jacobi’s work was later generalized by Perron [65] to treat algebraic irrationalities of
arbitrary degree, leading to the so-called Jacobi—Perron algorithm for MCFs. This
algorithm takes as input an m-tuple of real numbers (..., a,,) and produces as
output m sequences of integers

[(anl))n207 ) (a'gzm))nZO]a

which are again referred to as sequences of partial quotients. In the case m = 1, the
algorithm coincides with the classical one for continued fractions.

Although the algorithm shows, also in the multidimensional case, that periodicity
of the sequences of partial quotients is a sufficient condition for the algebraicity of the
a; (see Section 1.4.5), Hermite’s original problem — namely, to characterize algebraic
irrationals of degree greater than two in terms of periodicity — remains open (see [45,
46] for some recent progress).

As a side remark, it is worth noting that multidimensional continued fractions
have also been developed and investigated in the p-adic setting [60, 70].

Part T of this thesis investigates the interplay between multidimensional continued
fractions, Diophantine approximation, and transcendence theory. Its structure is as
follows.

Chapter 1 contains some useful preliminaries. In particular, Section 1.1 offers a
targeted review of the classical theory of continued fractions. This section is struc-
tured specifically to establish a consistent framework for comparison with the (typi-
cally weaker) properties found in the multidimensional setting. For completeness,
Section 1.3 presents the main results of Baker on quasi-periodic continued frac-
tions, together with the necessary technical tools and a revision of certain results
in Diophantine approximation. Section 1.4 is devoted to multidimensional continued
fractions (MCFs) obtained via the Jacobi-Perron algorithm and their fundamental
properties. This section serves as a useful reference, as the primary elementary re-
sults on MCFs are collected in Perron’s monograph [65], which currently remains
available only in German. Chapter 2 contains original results obtained in joint work
with Murru and Romeo [1], in which a systematic study of transcendental contin-
ued fractions in higher dimensions is initiated. In this chapter, drawing inspiration
from Liouville’s ideas as well as the work of Maillet and Baker, several transcendence
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criteria for general MCFs are established. More refined results are obtained in the
two-dimensional case of Jacobi’s algorithm. To the best of our knowledge, the only
previous contributions closely related to this topic are due to Tamura [86, 87| , where
only specific MCFs were considered.

The methods developed in this work aim to deepen the understanding of multi-
dimensional continued fractions associated with both algebraic and transcendental
numbers. Some of the results are of independent interest and may be read separately
from the rest of the chapter.

Section 2.1 presents new auxiliary results on MCFs that are used in subsequent
sections. Section 2.2 establishes a bound on the height of cubic irrationals possessing
a periodic Jacobi MCF. Section 2.3 and Section 2.4 are devoted to proving transcen-
dence results for, respectively, Liouville-type and quasi-periodic multidimensional
continued fractions. An estimate for the growth of the denominators of convergents
of an MCF is also provided. The final section discusses open problems and possible
directions for future research.

The second part of the thesis deals with a different topic, still within the framework
of Diophantine approximation. As already noted, a fundamental question in the field
concerns the quality of approximation of a real number « by rationals p/q. More
precisely, one studies when and how the quantity

a—= (10)

is small compared with a suitable function of ¢. Equivalently, this amounts to esti-
mating the expression |ga — p| as p and ¢ > 0 vary over the integers.

A different class of problems arises when one introduces an additional real number
B # 0 and considers the behaviour of

lga —p — B, (11)

as p and q vary.

If (10) is small, then ga lies very close to an integer p; in other words, the frac-
tional part of ga approaches zero (or 1). This setting is referred to as homogeneous
approzimation. By contrast, when (11) is small, the fractional part of go approaches
that of 8. This is known as inhomogeneous approximation.

A typical question is whether results from the homogeneous theory extend to the
inhomogeneous setting. A first significant difference is that there is no inhomogeneous
analogue, even in weak form, of Dirichlet’s Theorem — that is, of the statement
guaranteeing, for every () > 1, the existence of integers p and ¢ with 0 < ¢ < @ and
lgoe — p| < Q' (see [23, Ch. III]).

Nevertheless, a theorem of Minkowski asserts that if « is irrational and not of the
form mp + n for integers m, n, then for any real number [ there exist integers p and
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q such that
1
—B—pl<—.
lga — B — pl 10

In particular, there are integers ¢ for which the fractional part {qa} is arbitrarily
close to any prescribed 5 € [0,1). Equivalently, the sequence ({na}),>o is dense in
the interval [0, 1).

In fact, a much stronger statement holds. Weyl [92] proved that this sequence is
uniformly distributed modulo 1. Informally, this means that the proportion of terms
falling into any subinterval I C [0, 1] tends to the length of I. More precisely, a
sequence (sp),>1 of real numbers is uniformly distributed modulo 1 if

. H{sk}:kzl,...,n}‘ﬂl

n—-+o0o n

= length(I),

for every subinterval I C [0,1]. Weyl was the first to introduce exponential sums
as a tool in number theory, and he used them to establish a powerful criterion for
uniformly distribution. Specifically, he showed that a sequence (s,,)n>1 is uniformly
distributed modulo 1 if and only if

1 i o
lim — ) ™" =0. (12)
N n=1

N—~+o0

An immediate application of (12), shows that the sequence (na),>; is uniformly
distributed modulo 1 if and only if « is irrational.

The study of a sequence of real numbers (s, ),, 4eq1 modulo 1, that is, the analysis of
how the fractional parts {s,} are distributed within the interval [0, 1) has numerous
applications. On the one hand, it is of practical importance: as an example, sampling
from an uniformly distributed sequence can simulate a uniformly distributed random
variable, which is relevant for the generation of pseudorandom numbers. On the other
hand, the theory has significant applications within number theory itself.

For instance, it is known (see [51]) that a real number A is normal in an integer
base b — meaning that every block of k digits occurs with frequency 1/b* in its base-
b expansion — if and only if the sequence (Ab"),>; is uniformly distributed modulo
1. Thus, tools from the theory of uniform distribution modulo 1 apply directly to
questions of normality.

A classical problem arises when b is replaced by an arbitrary real number o > 1,
and one studies the distribution modulo 1 of the sequence (Aa™),>1. It is known that
for fixed @ > 1, the sequence (Aa™),,>1 is uniformly distributed modulo 1 for all A > 0
but a set of Lebesgue measure zero ([92]). Conversely, for fixed A, the same holds
for all & > 1 but a set of Lebesgue measure zero ([39, 48]). Results of this kind are
known as metric results.

However, the problem becomes extremely hard when both A and « are fixed. It
is not known whether (7"),>1, (€")n>1 or ({(3/2)"})n>1 are uniformly distributed
modulo 1.

10
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Specifically, the distribution of ({(3/2)"}),,-, is significant due to its connections
with Waring’s problem. Let g(n) be the minimum integer n such that every positive
integer can be written as the sum of n-th powers of natural numbers. An explicit
formula for g(n) is known ([62] and previous works), but it depends on inequalities
involving {(3/2)"}. For example, it is shown in [25] that, for n > 6 if

{32} <1- @/, (13)

then

g(n)=2"+((3/2)") - {B/2"} -2

No counterexample to (13) is known; the inequality has been verified for all n <
471,600,000 [50]. Furthermore, the distribution of ({(3/2)"}),, is also related to
the Collatz 3z 4+ 1 conjecture [52]. -

Actually, despite the abundance of metric results, no explicit example is known of
a real a > 1 such that (a"),>; is uniformly distributed modulo 1. Only elements of
the exceptional sets of measure zero arising in the metric theorems are known.

Among these, Pisot numbers are of particular interest. A Pisot number is a real
algebraic integer (that is, an algebraic number whose minimal polynomial has integer
coefficients) greater than 1, all of whose conjugates—namely, the other roots of its
minimal polynomial—have absolute value strictly less than 1. It was proved [67, 89
that, if @ > 1 is algebraic and A > 0, then the sequence ({Aa"}), ., has only finitely
many limit points if and only if « is a Pisot number and A\ € Q(«).

Further questions concerning the sequence of fractional parts ({\a"}), -, where
a Pisot number have been investigated more recently in [27, 28, 29, 30, 31, 80]. For
comprehensive references on these topics, see [13, 17].

Closely related to the previous discussion is a complementary problem investigated
by Zaimi, Selatnia and Zekraoui [80], and more recently considered by Dubickas and
Novikas [33]: given a Pisot number « and a positive integer k, is it possible to find a
real number A such that ({Aa"}), ., has exactly k limit points?

They partially resolved this question in the special case where a = 12—‘/5 is the
golden ratio. In fact, this result is derived as a corollary of a more general theorem
established by Dubickas and Novikas concerning linear recurrence sequences modulo
an integer. This result asserts that, for every » € N there exist positive integers

x1, 2, m such that the sequence & = (z,),>0 defined by the Fibonacci recurrence
Tp+2 = Tp+1 + Xy,

for all n, has exactly r distinct residues modulo m. Furthermore, they proved that
one can choose 1, x5, M so that none of those r distinct residues modulo m is zero
if and only if » > 4.

In a joint paper with Sanna [2], a generalization of the result of Dubickas and
Novikas was recently obtained, extending it to a broader class of recurrence sequences.
As a consequence, a new corollary was derived concerning the limit points of certain
sequences of fractional parts of powers, thus further extending the original result of

11
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Dubickas and Novikas.

Part II of this thesis is devoted to an exposition of our results. In particular,
Chapter 3 presents a detailed account of the original contributions contained in [2].
Section 3.1 collects preliminaries and auxiliary results, while Section 3.2 and Sec-
tion 3.3 contain the proof of the main theorem and its corollary. Lastly, Section 3.4
concludes with a discussion of open questions related to the topic.

12
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Transcendence via Continued
Fractions






1 Preliminaries

Chapter Contents

1.1 Continued fractions . . . . . . . . . . . ... 15
1.1.1 Simple continued fractions . . . . . . . ... ... ... ... 17
1.1.2 Convergents and properties . . . . . . ... ... ... ... 19
1.1.3 Convergence . . . . . . . . .. 21
1.1.4 Uniqueness . . . . . .. ... it 22
1.1.5 Periodic continued fractions . . . . . . .. .. ... ... .. 24

1.2 Basic results in Diophantine approximation . . . . . ... ... .. 25
1.2.1 Approximating via continued fractions . . . . . . .. .. .. 25
1.2.2 Roth’s Theorem . . .. .. .. ... ... ... ....... 27
1.2.3 Approximating by algebraic numbers . . . . . . . .. .. .. 32

1.3 Quasi-periodic continued fractions . . . ... .. ... ... ... 35
1.3.1 Some useful lemmas . . . ... ... ... ... ... 36

1.3.2 A transcendence criterion for quasi-periodic continued frac-

tlons . . . .. 37

1.3.3 The case of bounded partial quotients . . . . . .. ... .. 39

1.4 Multidimensional continued fractions . . . . . . . .. .. ... ... 41
1.4.1 Bidimensional continued fractions . . ... ... ... ... 41
1.4.2 Jacobi’s algorithm . . . . . ... ... ... ... ...... 46
1.4.3 Multidimensional continued fractions . . . . . . . .. .. .. o7
1.4.4 Jacobi—Perron algorithm . . . . . . . ... ... ... .. .. 59

1.4.5 Periodic multidimensional continued fractions . . . . . . . . 61

1.1  Continued fractions

This section briefly introduces continued fractions and their fundamental properties
for the subsequent discussion on quasi-periodic continued fractions and transcendence
theory. These concepts are also essential when considering the multidimensional case,
where many classical properties no longer hold. For an elementary introduction to

the classical theory of continued fractions, we refer the reader to [47, 63].
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Let zg, x1,Z2,... be real numbers with z; > 0 for every ¢ > 1. A finite continued

fraction is an expression of the form

[zo; 21, ..., Tp) = To + ) (1.1)

Tn

More generally, we call any expression of the above form, or of the form

[mo;xh”_]:;L‘0—|——1:nl_1>r_~1_100[{[0;$17...,$n}, (12)

T+
1
$2+7

a continued fraction, provided that the limit exists. For simplicity, we shall write

expressions of the form (1.1) (resp., (1.2)) using the more compact notation

1 1 1 1 1 1 1
o+ — — — — resp.,, xo+ — — —|.
1+ 290+ ...+ 2, 1+ T+ ...
One is typically interested in the case where the x; are integers. Before specializing
to this setting, we establish some general lemmas.
Let ® = (xg, 21,2, ...) be any (finite or infinite) sequence of real numbers with
x; > 0 for ¢ > 1. If @ is finite, let N = N(x) denote its length minus 1, where the

length is defined as the number of elements in the sequence. If x is an infinite (resp.

finite) sequence, for any integer n > 1 (resp. n =1,..., N(x)), define
cn(@) = [xo; 21, - . -, ). (1.3)
Lemma 1.1. For every x, set
pai(z) =1, qa(x)=0, po(x)=10, qlx)=1
For every n > 1, define

Pn(T) = Tppp-1(x) + pra(x), and @,() = Tngn-1(T) + gn_o(x). (1.4)

16
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Then, c,(x) = pp(x)/q.(x).
Proof. The proof is by induction, see [47, Theorem 1]. ]

Lemma 1.2. For everyn > 1,

qn('f":)pnfl(w) - pn(w)qnfl(w) = (_1)n’ (15>

and
() Pn—2() — pu(@)gn—o(x) = (=1)" 'y (1.6)
Proof. This is an immediate consequence of Lemma 1.1 (cf. [47, Theorem 2]). O

As an immediate consequence, we get the following result.

Corollary 1.3. For everyn > 1,

DR ol
Cnfl(w) n( ) qn<$>qn—1(3;>7 (17>

and
(_1)7171:1:”

B Qn(m)Q’rz—2(m> .
Proof. The results follow from (1.5) and (1.6) by dividing both sides by the appro-

priate denominators. ]

Cna(x) — cy(x) (1.8)

1.1.1 Simple continued fractions

A natural first question in the theory of continued fractions is whether every real
number « can be written in the form « = [ag;ay,...], where a; are integers and
a; > 1 for i > 1, and whether such a representation is unique. Continued fractions
of this type are called simple (or arithmetic) continued fractions. Unless otherwise
specified, we shall refer to them simply as “continued fractions” throughout this
discussion.

We begin with the case where « is rational, say o = ug/uy, with u; > 0. By
Euclidean division, we write ug = agu; +us, for some integers ag, us with 0 < us < uy.
Hence,

() U9 1
Q= —=ag+ — =ag+ o -
u —_—

u
Uy 1 I

Since u; > ug, we can write u; = ajus + uz for some non-negative integers a; and

us < us. Repeating the process, we construct integers ag, a1, as, ..., with a; > 1 for

17
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all ¢ > 1, obtaining expressions of the form

1 1 1
a=a+— — —
&1+...—|— Uil

aj—1 +

Uy

Since the sequence (u;); is strictly decreasing, the process terminates and there exists
a first index N such that uy.; = 1 and uy.o = 0, which precludes performing the

division between uy.1 and uyio. In this case, we have uy = ay -1+ 0 = ay, and

a1+ ...+ay_1+an

= [(10;(1,1, Ce ,aN].

Thus every rational number admits a finite continued fraction. Moreover, since N
was the first index for which ux,; = 1, this means that ay = uy > 2, and one also

has the alternative representation
a = lag;ay,...,ay — 1,1]. (1.9)

Conversely, (1.9) can be reduced to the previous form, so we obtain the following

result.

Theorem 1.4. Any rational number can be expressed as a finite continued fraction
of the form

[ao;ala s ,CLN],

where the a; are integers and ay,...,an > 1. Further, the last term ay can be always

modified so as to make the number of terms in the continued fraction either even or

odd.
Example 1.5. Let us apply the above procedure to the number o = 11/4.

11 3 1
—=242=2
R

=2
+1+§

=12;1,3].

SCIN T

18



1.1. Continued fractions

The same construction extends to any real number . Define

1

ap = | and al:a—[aj’

when o &€ Z, otherwise put ag = « and the algorithm stops. Iterating, we define

1

n — n d n+l = — | _ |
a, = o] and p——

whenever «,, € 7Z, otherwise a,, = «, and we stop. At every step n we have «,, =
an + 1/, and
1 1 1 1
a=ay+— — —.
a~+ ...+ ap_1+ oy

If « is irrational, then every «,, is also irrational, thus the process never terminates,

(1.10)

producing an infinite sequence ag, a1, as, . ... Further, since o, > 1 for every n > 1,
then ay,as,--- > 1. If a is rational, the algorithm coincides with the Euclidean
algorithm as above and provides a finite sequence.

The numbers a; are called the partial quotients and «; the complete quotients of

.

Example 1.6. Let us compute the first partial quotients of .

1 1 1
T=3+014159.. =34+ ——=34+ ——— =3+ ————
P 7,06264... 7+0,06264...
3+ T —+=3+-——7— =3+ = [37,15,...].
[ s T+ Tgom0- 7+ 57099659,

0,06264...

1.1.2 Convergents and properties

Definition 1.7. Let a be an irrational number (resp. a rational number). Let

ap, ay, ... (resp. ag,ay,...,ay) be the sequence of partial quotients of o. For any
integer n > 1 (resp. n =1,..., N), the rational number
Cn = lag;ay, ..., a,] (1.11)

is called the n-th convergent of a.

From now on, statements involving “for all n > 1” are understood to hold for all

indices for which the quantities involved are defined.
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Remark 1.8. Observe simply that, if «,, is the n-th complete quotient, then by the

iterative construction the algorithm applied to «,, provides the sequence

[n1y Qpyay -]

The convergents of a continued fractions play a central role in Diophantine ap-
proximation. In this setting, we denote by p,, ¢, the sequences defined in Lemma 1.1
for the sequence of partial quotients, so that ¢, = p,/¢,. In matrix notation, the

recursion given in Lemma 1.1 can be written as

ap 1| |ax 1 ap 1 Dn Pn-1

1 0/l1 0ol |1 0 Gn Qo1

Lemma 1.2 implies that p, and ¢, are coprime, so each convergent ¢, = p,/q, is
in lowest terms.
Since ¢, is positive for every n, Theorem 1.3 immediately implies the following

properties about the distribution of the convergents.

Theorem 1.9. The convergents of even index (cor)k>0 form an increasing sequence,
while those of odd index (cag11)k>0 form a decreasing sequence.

Further, for every h,k > 0 we have

Cop < Cofi1-

Finally, for every n > 2 the convergent ¢, lies between the two preceding convergents,

namely ¢,_1 and c,_s.

Proof. Since ¢, > 0 for every n, the first claim follows from (1.8) by taking n = 2k
and n = 2k + 1, and examining the sign of (—1)".

For the second claim, assume h > k. Taking n = 2h + 1 in (1.7), we obtain
Cop < Copt1- By the first part, copy1 < copy1, since b > k. The case h < k is
analogous.

The final statement follows from the previous two by distinguishing the cases where

n is even or odd. O
Lemma 1.10. Let ag,aq,...,a,+1 be the first partial quotients of a. If n is even,
then

cn < a < Cpyr-

If n is odd,

Cn1 S < Cp.
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Proof. See [63, Section 3.6]. O

1.1.3 Convergence

We are now ready to prove that irrational numbers can be expanded as a (simple)

continued fraction.

Theorem 1.11. Let o be an irrational number, and let ag,ay, ... be the sequence of

partial quotients obtained via the algorithm above. Then,

a =lag;ar,az...] = nl_igloo[ao;al, Ce Ay

Proof. We show that the sequence of convergents converges to a.. First, the limits

lim cop =1 and lim copq = Io
k——+oo k——+o0

exist, since by Theorem 1.9 the two sequences are monotonic. Moreover, [; < Il and
by Lemma 1.10 we have I} < a < l. Finally, (1.7) implies that [ = 5. Hence the

sequence (c,),>1 converges to a. O

Theorem 1.4 and Theorem 1.11 show that every real number o admits an arith-
metic continued fraction. The finiteness of such a continued fraction characterizes

the rationality of «.

Theorem 1.12. Let x = (xq, z1,...) an infinite sequence of integers with x; > 1 for
allt > 1. Then,

[xo; 1, 29, . . . ]

converges to an irrational number.

Proof. We first prove that the limit

ngrfoo[xo; Ti,. .., Ty

exists. But, since g,(x) > 0 for every n, convergence follows exactly as in the proof
of Theorem 1.11.

Let a = [xg; x1,...]. Suppose, by contradiction, that « is rational. Then, by the
algorithm,
a = [ap;ay,...,an],
for some integers ag, ay,...,ay with a; > 1 for ¢ > 1 and ay > 2.

21



Chapter 1| Preliminaries

Hence,
1 1 1 1

0 a1+ ...+ay 0 [x1; 22, ... ] ( )
Arguing as before, one checks that for every i, the limit

nl—igloo[xi’ -

exists and is positive. In fact, for n > 1, the limit is strictly greater than 1, since

[l‘i_,_l,l'i_;,_z, .. ] > 0 and
1
[JZZ‘,ZEZ‘_i_l,...]:I'i—I— .
[Tit1, Tiya, .- -]
Thus, both sides of (1.12) have the same integer part, so ag = x¢ and [ay;...,ay] =
[€1; %2, ...]. Repeating the argument inductively yields a; = x; for i = 0,..., N, and
1
0= )
(TNt 1, TN, - - -]
which is a contradiction. Hence « is irrational. O]

Corollary 1.13. Every rational number admits only finite continued fractions.

1.1.4 Uniqueness

We now address the uniqueness of the simple continued fraction of a real number.
The following theorem covers the case of a rational number, whose continued fraction

is unique up to an ambiguity in the last partial quotient.

Theorem 1.14. Let o be a rational number, and let ag,aq,...,ay be its partial
quotients, so that o = |ag; a,...,an]|. Let also xg,x1,..., ) be integers with x; > 1

fori=1,..., M, and suppose that
a = [zo;x1,. .., Tyl
Then, one of the following holds:
(i) N=M and a; = z; for alli=0,... N;
(i) M=N+1,a;,=x; fori=1,....N—1, zyy1 =1 and ay = xy + 1;

(iii)) N=M+1,a;, =x; fori=1,.... M — 1, apyy1 =1 and xpy = ap + 1;
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Proof. Write

1 1 1 1 1 1
@w+— — —=x0+— — — (1.13)
a1+ ...+an 1+ ...+ Ty
Since ag and xy are both the integer part of «, they must be equal. Then, (1.13)

implies that

1 1 1 1 1 1
G+ — — —=mt— — —
s+ ...+an To+ ...+ TN
Arguing inductively, and using that [a;; ..., ax]| and [x;;. .., 2] are rationals greater

than 1, we obtain a; = x; for all i = 1,..., L — 2, where L = min(M, N).

If M = N, then ay_1 + 1/ay = xx_1 + 1/zN and, since all the partial quotients
a; and x; are integers, one checks immediately that ay_; = zny_1 and ay = xy.
Suppose M > N. Then,

1 1 1 1
ay_1+—=ony_ 1+ — — —.
N 1+aN N 1+xN+...—l—a:M
. . 1
Since [zn,...,xpn] > 1, either ay = 1 and any_y + — = xy_1, Or ay > 2 and
an

an_1 = xy_1. The first case yields

1 1 1

0:$N+ )
JIN+1+...+$M

a contradiction. Hence, it must be ay_; = zxy_1 and

1 1 1

ay = TN + .
ITNy1t+ ...+ Ty

1
4 —, —— must also be an integer,
IN41 -+ M

which occurs only if M = N +1 and xy.1 = 1.

Since both ay and xy are integers, the tail

If M < N, by changing the role of all the partial quotients a; and x;, then the

same argument as before shows that N = M + 1, apry1 = 1 and xp = apy + 1. O
We can now consider the case of an irrational number.

Theorem 1.15. Let o be an irrational number, and let ag, aq, ... be its partial quo-
tients, so that o = [ag;ay,...|. Let also xg,xq,... be integers with xz; > 1 fori > 1,
and suppose

a = [zo; 21, T, .. ..
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Then, a; = x; for all i > 0.

Proof. For every i > 1, set & = [x;;Zi41, ..., so that § > 1. Then, o = z¢ + 1/&;.
On the other hand, o = ag + 1/, where a; > 1. Hence, xy = ag, since both are the
integer parts of a.

Proceeding inductively, suppose that ay = z, for all K < n — 1. Then, «,, = &,

and
1 1
an + =T, + —.
Opt1 €n+1
Therefore, a,, = x,,. This completes the induction and the proof. O

1.1.5 Periodic continued fractions

So far we have seen a characterization of rational and irrational numbers in terms of
the finiteness of their continued fractions. For infinite continued fraction, a further

characterization is given by periodic continued fractions.

Definition 1.16. An infinite continued fraction [ag; a1, as,...] is said to be (ulti-

mately) periodic if there exist integers ¢ > 0 and k£ > 0 such that

Apyt = Ap,

for every n > k. The finite sequence ay,...,ar;_1 is called the period, and the
integer t is called the length of the period.
If k£ = 0, the continued fraction is said to be purely periodic. If £ > 0, the finite

sequence of partial quotients ag, ..., a,_1 is called the pre-period.
A periodic continued fraction with period ag,...,ar; 1 and pre-period
ag, . . .,ar_1 is generally denoted as
lag; ax, ..., Gg_1, Tk, - - -, Grgi—1)-

Such continued fractions provide a complete characterization of quadratic irrationals.

Theorem 1.17. Let a be a real number such that its continued fraction [ag;aq, . . .|

is ultimately periodic. Then, o is an algebraic number of degree 2.

The proof is easy and formal; we briefly outline it, as the same argument will be

used later for periodic multidimensional continued fractions (see Theorem 2.14.)
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Proof. Suppose first that the continued fraction of « is purely periodic with length

of the period ¢. Then, oy = a and we can write

1 1 1 1 1 1 1 1 1

a1+ ...+ta_1+apg+... a1+ ...‘+a 1+«

Rearranging the expression, we see that « satisfies a polynomial equation of degree
2 with integer coefficients. Moreover, this polynomial must be irreducible, since the
continued fraction is infinite and therefore « is irrational.

If the continued fraction is not purely periodic, we write

1 1 1 1 (1.14)
a=aq+— — — = .
"+ 4+
where 3 has a purely periodic continued fraction. The conclusion follows from the
first part of the proof, since § is an algebraic irrational of degree 2, and hence the

same holds for a by virtue of (1.14). O

Remark 1.18. By (1.14), any two periodic continued fractions sharing the same period
necessarily lie in the same number field.
The converse direction of Theorem 1.17, which is considerably more difficult, was

proved by Lagrange in 1770:

Theorem 1.19. If « is an algebraic number of degree 2, then its continued fraction

s ultimately periodic.

Proof. See [63, Chapter 4]. ]

1.2 Basic results in Diophantine approximation

As mentioned above, continued fractions represent a fundamental tool in Diophantine
approximation. We begin this section by presenting a classical approximation result
due to Dirichlet, which arises naturally from the theory of continued fractions. We
then recall Liouville’s Theorem to illustrate how Dirichlet’s bound is, in a sense,
optimal for algebraic numbers. We then discuss a strong generalization of this result,
leading to Roth’s celebrated theorem. Finally, we review some of the key consequences

of Roth’s result, focusing on its extensions and quantitave versions.

1.2.1 Approximating via continued fractions

A standard reference for this part is again [47], specifically Chapter 2.
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In Lemma 1.10, it was shown that a real number o always lies between two con-
secutive convergents. We now show that the approximation given by convergents
improves at each step.

Lemma 1.20. Let o = [ag;aq,...] (resp. « = [ag;ay,...,an]). Then, for every
n >0 (resp. for everyn =1,...,N —1), it holds

Qni1Pn + Pn-1

Qn1Qn + Q-1

o =

Proof. Write

1 1 1 1

a=ay+— — — = 1A0; A1y -y Uyy Oyt

0 a1+ ...+ ap+ qppr [0 ! H]
The result then follows from Lemma 1.1 by taking ® = (ag, a1, . .., an, Qpi1)- H
Theorem 1.21. Let o = [ag;aq,...] (resp. o = |ag;aq,...,an]). Then, for every

n > 1 (resp. for everyn =1,...,N —1), it holds
o — ¢, < oo —cpoi].
Proof. By Lemma 1.20,

a (Qnt1Gn + Gn-1) = (Qpt1Pn + Pn—1)

for every n > 1 (resp. for every n = 1,..., N — 1). Dividing both sides by a,11¢x

and rearranging, we obtain

‘a | | e || P
dn An+1Gn qn—1
Since ay,+1 > 1 and ¢, > g,—1 > 0, we have
0<|-In=t | o1
Qn+1dn
which proves the claim. O

We can also obtain a precise upper bound on the error |a — ¢,|.
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Theorem 1.22. Let a = [ag; aq,...] (resp. a = [ap;a1,...,an]). Then,
1 1
oo < ——.
2Qn+1qn Gn+14n

for everyn > 1 (resp. for everyn=1,...,N —1).
Proof. We know that « lies between ¢, and c¢,y1, hence | — ¢,| < |chi1 — ¢al

Moreover, by Theorem 1.3,

1

qn+19n .

|Cn - Cn+1| -

Finally, by Theorem 1.21 « is closer to ¢,; than to ¢,, hence

‘Cn+l _'Cn| o 1

= ) ]
2 2qn+1Qn

lae — | >

The following theorem is often regarded as a weak formulation of Dirichlet’s The-
orem. It follows directly from the main result in [26], which was established indepen-
dently of the theory of continued fractions. Here it is presented as a consequence of
Theorem 1.22.

Theorem 1.23. If « is irrational, there exist infinitely many pairs of coprime integers

(p,q), with ¢ > 0, such that

1
<7 (1.15)

p
O{_i

q

Proof. Since « is irrational, its continued fraction is infinite, hence there are infinitely

many convergents ¢, = p,/q,. The result then follows from Theorem 1.22. O

Remark 1.24. Theorem 1.23 does not hold if « is rational. Indeed, let o = u/v, with
v>0.If p/q # a, then

Hence, (1.15) can be satisfied by only finitely many pairs (p, q) of coprime integers.

1.2.2 Roth’s Theorem

For algebraic numbers of degree 2, Liouville’s Theorem ensures that the exponent of
q in (1.15) cannot be improved, otherwise only finitely many solutions (p, ) would

remain. More broadly, the result is the following.
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Theorem 1.25 (Liouville’s Theorem). Let o be a real algebraic number of degree
d > 2. Then, there exists a constant c(a)) > 0 such that

p| _ cla)
a— L~ 2% 1.16
ol R (1.16)
for every pair of integers (p,q), with ¢ > 0.
Proof. See [77, Chapter 5. ]

Corollary 1.26. Let o be a real algebraic number of degree d. Then, for every real

number k > d,
1

< — 1.17
p (1.17)

p
a_i

q

has only finitely many solutions in integers (p,q) with ¢ > 0.
Proof. 1f (p, q) satisfies (1.16), then by comparison with (1.17) we obtain

clay 1
PR

q q

Hence, only finitely many values of ¢ are possible. If there were infinitely many

solutions (p, ¢), then for some fixed g there would be infinitely many integers p such

that

o — g < —,
q q"
which is impossible since
sup o — ]2 = +400.
p q
This yields a contradiction and the corollary follows. O

Roth’s Theorem shows that, for algebraic numbers of any degree, the exponent 2

in (1.15) is optimal. More precisely:

Theorem 1.27 (Roth’s Theorem). Let a be an algebraic number. Then, for every

e > 0, there exist only finitely many pairs of integers (p,q), with ¢ > 0, such that

(1.18)

Proof. See [69] or [77, Chapter 5]. O

28



1.2. Basic results in Diophantine approximation

Remark 1.28. Theorem 1.27 can be stated equivalently by saying that, for a given

algebraic number « and every ¢ > 0, there exists a positive constant ¢(«, €) for which

for all integers p, ¢ with ¢ > 0.

The previous result has a natural application to transcendence. As already pointed
out in the introduction, one can construct a sequence of partial quotients as follows:
choose ay € Z and a; € Z>;, and compute p; = a1pp + p—1, ¢1 = a1qo + q—1, Where
the initial conditions po, qo, p_1,q_1 are as in Lemma 1.1. Fix € > 0, and for every
n > 2 pick a,, such that

an > G 4.

This defines an infinite continued fraction [ag;ay,ag,...] which, by Theorem 1.12,
converges to an irrational number . Applying Theorem 1.22; we get
1 1 1 1

< e < < Y
Gn+19n (an+1Qn + Qn—l)QN a’n-&—lqu 72L+8

‘ Pn
a _——
n

for all n > 2. Hence, by Theorem 1.27, « is transcendental.

For such a construction, the denominators ¢, of the convergents grow very rapidly.
Indeed,

2 n—2 n—
Qn > GpQn—1+ Qn—2 > qq(ll_JrlE) > q1(11_+26) > > qélJrs) > 2(1+a) 2

?

and thus, for n sufficiently large,
loglog g, > (n — 2)log(1l +¢) + loglog 2 > ¢n, (1.19)

for some constant ¢ > 0.

Liouville’s Theorem implies that such a growth rate of (¢, )n>0 is, in general, suffi-
cient to guarantee transcendence. To see this, observe that, if « is algebraic of degree
d > 2, then for every k > d,

e 1
cia) | D1 _ |
dn—1 Gn-1 qnGn—1

Hence,
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Proceeding inductively, one arrives at

Gn < q{()k—l)” c(a)_[(k_l)n_i_(k_l)nfl_’_..._A,_” _ C(O{)_%

)

since g = 1. Taking the logarithm, it follows

log c(a)

k—1n+1.
5 (k=1

log ¢, <

Without loss of generality, one can now assume 0 < ¢(a) < 1. This allows one to
take the logarithm again and obtain an upper bound on the growth of (g, ),>0 of the
form

loglog ¢, < dn,

for a suitable positive constant ¢’ depending on a.
A more precise estimate on the growth of the denominators of the convergents to

an algebraic number o was given by Davenport and Roth [24].

Theorem 1.29. Let o be algebraic, then there exists a positive constant ¢ = c(a)
such that for all n,

loglog g, < M. (1.20)
log(n)

Proof. See Theorem 3 in [24]. O

This result is a key tool in the proof of Baker’s theorems on quasi-periodic con-
tinued fractions (see Section 1.3).

As an immediate corollary of Theorem 1.29, we get a transcendence criterion.

Corollary 1.30. If « is an irrational number such that

) log log q,+/logn
lim sup = 400

n——+00 n

then « is transcendental.

Davenport and Roth actually derived Theorem 1.29 from an estimate on the num-

ber of “exceptional” solutions to (1.18).

Theorem 1.31. If « is algebraic of degree d > 2 and 0 < ¢ < 1/3, then the number
N(a, ) of solutions of (1.18) in coprime integers p, q, with q > 0, is such that

N(a,e) < crexp(ce™?), (1.21)
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for some positive constants c1,co depending only on «.

As we will briefly discuss in Section 2.5, any qualitative improvement of (1.21)
leads to an improvement of (1.20), and can be used to obtain stronger results than
those presented in Section 1.3.

For the sake of completeness, we conclude this section by mentioning a natural ex-
tension of classical Diophantine approximation, namely the problem of simultaneous
approximation. Rather than studying how well a single real number a can be approx-
imated by a rational number p/q, simultaneous approximation considers a collection
of real numbers (ay, ..., a,) and seeks to approximate them using rational numbers
that share the exact same denominator ¢q. Most of the results discussed above ad-
mit simultaneous analogues (see [77, Chapters 2 and 6]). The following theorem, for

instance, reduces to Roth’s Theorem 1.27 when n = 1.

Theorem 1.32. Let oy, o, ..., q, be real algebraic numbers such that 1,aq, ..., a,
are linearly independent over Q. For any e > 0, there exist only finitely many n-tuples
of integers (p1,...,Pn,q) with ¢ > 0 such that

1

q1+%+a'

CY,L'—& <

q

max
1<i<n

Proof. See [77, Chapter 6. O

Finally, the following theorem, due to Schmdit [76], provides a further gener-
alization of Roth’s Theorem and has many important applications in Diophantine

approximation.

Theorem 1.33 (Subspace Theorem). Let m > 2 and let
Li(X)=ai 1 Xi 4+ +amXn (G=1,...,m)

be m linear forms with complex algebraic coefficients. Suppose that these forms are
linearly independent over C, and let € > 0. Then, there are finitely many proper
subspaces Ty, ..., Ty of Q™ such that every x = (z1,...,Ty) € Z™ with

| Ly() - -+ Ln ()| < |||~

liesin Ty U---UTy.

Remark 1.34. Theorem 1.32 can be easily derived from Theorem 1.33 by taking
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m=mn-+ 1 and

Lz(X):azXn+1_Xz (izl,...,n),
Ln—i-l(X) = Xnt1-

See again [77, Chapter 6] for details.

1.2.3 Approximating by algebraic numbers

As noted in the introduction, there is a natural generalization of central questions
in Diophantine approximation, namely what happens when we approximate a not
only by rational numbers. Indeed, since a rational number is an algebraic number
of degree one, it is natural to study how well o can be approximated by algebraic
numbers of degree at most n, or by algebraic numbers lying in a prescribed number
field. A standard reference for this topic is surely [16].

To pursue this approach, we need to introduce a function that encodes the “com-
plexity” of an algebraic number. This is done through the notion of the height of an
algebraic number. There are several possible definitions (see [15] for a monographic

reference on heights); here we consider what is often called the “naive height”.

Definition 1.35. Let n be an algebraic number of degree d, and let
ag X+ ag 1 X+ -+ X + a

be its minimal polynomial over Z (which is the minimal polynomial cleared of de-

nominators). The height of 1 is defined as

H(n) = max{|a4|, ..., |a,|}.

For a rational number written in its lowest terms n = p/q, its height is simply

H(p/q) = max{]pl, [q[}-
Liouville’s Theorem can be stated by using the notion of height.

Theorem 1.36. Let a be an algebraic number of degree d > 2. Then, there exists a
constant c(a) > 0 such that

q

p c(a)
a > ,
’ ‘ H(p/q)?
for every pair of integers (p,q), with ¢ > 0.

Remark 1.37. Theorem 1.25 and Theorem 1.36 are equivalent. Suppose first that

Theorem 1.25 holds. It suffices to prove Theorem 1.36 for pairs of coprime integers
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(p,q). In this case, H(p/q) > ¢, hence

A H(p/q)¢

Conversely, assume that Theorem 1.36 holds, and let (p, ¢) be coprime integers with
g > 0. If ¢ > |p|, then H(p/q) = q and

p
a_i

q

(@) _ o)

T Hp/ T

Suppose now that |p| > ¢. Arguing by contradiction, assume that there exists a

sequence of positive constants (¢;);>1 such that ¢; — 0 and, for all ¢, there exists

(pi, q;) satisfying

a—Bl< =.
q; q;

The sets {q1, 2, ...} and {p1,pe,...} cannot both be finite; otherwise lim sup, o —
pi/q| > 0, while limsup, ¢;/q? = 0, a contradiction. Furthermore, we must also rule
out also the case in which {q, ¢, ...} is finite and {py, po, ...} is infinite, or else we
would have lim sup, |a — p;/¢;| = +00 and limsup, ¢;/¢¢ = 0, again a contradiction.
Hence, limsup,; ¢; = +o00. Therefore, there are infinitely many indices ¢ for which
pi/q; has the same integer part |« as a. Write p;/q; = |a] + 7i/q;, where r; < g;.
Setting 5 = o — | ], we obtain infinitely many solutions r;/¢; to

C; 1

< = =

¢ H(ri/g:)*

T
B_i
‘ q;

contradicting Theorem 1.36 applied to the algebraic number /3.

Roth’s Theorem also admits an equivalent formulation in terms of height.
Theorem 1.38. Let « be an algebraic number and fir € > 0. Then, the inequality

1

p
= H(p/q)

o — —

p (1.22)

holds for only finitely many pairs of integers (p,q), with ¢ > 0.

Now we can generalize Liouville’s Theorem to the case where the approximation is
made by algebraic numbers. This result is often referred to as Liouville’s inequality,

as it provides a lower bound for the distance between two distinct algebraic numbers.
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Theorem 1.39. Let a be an algebraic number of degree d > 1. Then, for every

algebraic number n of degree f > 1 and distinct from «, it holds

c(a, f)
o=l = 53
where
(o f) = 2(d+ 1) I2(f +1)"4% x max{274d +1)~U=D/2 27/ (f + 1)—(d—1)/2}'

H(a)!

The following theorem, stated by Roth [69] and proved by LeVeque [54], extends

Theorem 1.27 to algebraic numbers lying in the same number field.

Theorem 1.40. Let K be a number field and o a real algebraic number not in K.

Then, for every e > 0, there exists a positive constant ¢ = c(a, e, K) such that

C

‘Oz - 77‘ > H<n)2+57 (123)

for alln in K.

The following extension of Dirichlet’s Theorem 1.23 shows that the exponent 2+¢
of H(n) in (1.23) cannot be replaced by any number strictly smaller than 2.

Theorem 1.41. Let K be a real algebraic number field and o a real number not in
K. Then, there is a constant ¢ = c(«, K) such that

c
|Oé - 77| < =
H(n)?

for infinitely many n in K.

Approximation by algebraic numbers can also be studied in another direction.
Instead of studying approximating « by elements of a fixed number field K, one may
consider approximation by algebraic numbers of degree at most f.

Wirsing [93] addressed this problem and obtained an exponent depending only on

£l

Theorem 1.42. Let o be a real algebraic number and f > 1 an integer. Then, for

every € > 0, there exists a positive constant ¢ = («, f, ) such that

oo — | > (1.24)

C
H(n)>/+e
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for any algebraic number n # « of degree at most f.

Observe that Theorem 1.42 reduces exactly to Roth’s Theorem when f = 1. In
[74, 75] Schmidt proved that the exponent 2f+¢ in (1.24) can be replaced by f+1+e¢.

Theorem 1.43. Let « be a real algebraic number and f > 1 be an integer. Then,
for every e > 0, there exists a positive constant ¢ = c(«, f, ) such that
c

|04—77|>W>

for any algebraic number n # « of degree at most f.

1.3 Quasi-periodic continued fractions

In this section, we present some of the results obtained by Baker [11] in 1962 on
transcendence properties of quasi-periodic continued fractions. These results will
serve as the basis for the multidimensional generalizations developed in Chapter 2.

We begin by introducing the main object of study.

Definition 1.44. Let (A\g)k>0, (T5)k>0, (7k)r>0 be sequences of positive integers, such
that

Ngt1 > N + TR Ak,

for all k. Let (ax)r>0 be a sequence of integers with a; > 0 for all £ > 1, and suppose
that

A, = Qmdry,

for every m such that ny < m < ny + (A\y — 1)r, — 1. Then, [ag; a1, az, ...] is called

quasi-periodic.

A quasi-periodic continued fraction can therefore be written in the form

_ . Ao A1
a_[a07"'aano—lyanoa"-aano+ro—1 vy @nyy ey Quytri—1 a"']u

where

A
ank7 s 7ank+rk—1 b

denotes the block of partial quotients a,,, ..., @, +r,—1 repeated Ay times.

Remark 1.45. Periodic continued fractions are clearly a special case of quasi-periodic
ones. In the transcendence results that follow, this case will be excluded, as we know

that periodic continued fractions are algebraic.
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Observe also that Theorem 1.44 formally includes all continued fractions: indeed,
the definition becomes trivial if one takes A\, = 1 for all k. However, this case is not

of particular interest.

1.3.1 Some useful lemmas

The three following lemmas play an important role for the proof of Baker’s main
theorems. In Chapter 2, we will present their generalization to the multidimensional

setting.

Lemma 1.46. Let o = [ag;aq,...|, = [bo;b1,...] with a; = b; for alli=0,...,m.
Then,

where q,, is the denominator of the m-th convergent of «.

Proof. Since the first m + 1 partial quotients of o and [ coincide, it follows from
Lemma 1.1 that they also share the m-th convergent ¢,, = p;,/¢n. Then, we have
la—cm| < 1/¢2, and |B—c| < 1/42,. Moreover, by Lemma 1.10, the quantities a—c,,
and (8 — ¢, have the same sign, which depends only on the parity of m. Hence, a and
8 both lie either in the interval (c¢,, — 1/¢2, ¢x,) or in the interval (¢, ¢ + 1/¢2).

The claim follows immediately. O
Lemma 1.47. Consider the following periodic continued fraction
n= [07 b17 B bk’—la bk’a SR 7bk+t—1]'

Then, n is a quadratic irrational and

H(n) < 2‘]1%4—1:—1-

Proof. Let n; denote, as usual, the i-th complete quotient. Applying Lemma 1.1 to

the sequences (0, b1, ...,bg_1,n) and (0,bq, ..., bgr¢—1, Mkri—1), We obtain

_ Pk + Dr—2 _ MettPhte—1 + Pryt—2
NeQr—1 + qr—2 Mt Qhst—1 + Qrrt—2

(1.25)

By Theorem 1.8 and the periodicity of n, we have n, = g4, Hence, (1.25) becomes

_ Pk + Dr—2 _ MkPr+t—1 + Diti—2
NMeQr—1 + qr—2 NeQktt—1 T Q-2
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Rearranging the expressions and eliminating 7, we get the quadratic equation
Pp*+Qn+R=0,

where
P = qr—2Qryt—1 — Qe—1Qrrt—2,
Q = Qk—1Pk+t—2 + Ph—1Qhtt—2 — Ph—2qhtt—1 — Qe—2Pk+t—15

R = pr_oprit—1 — Pr—1DPk+t—2-
Since by = 0, a straightforward induction shows that p,, < g, for all n > 0. Therefore,

H(n) < max{|P|,|QL|R[} < 2¢i 1,

which is the thesis. O]
Lemma 1.48. Given a = [ag;ay,as,...], we have
n—1
In 2 (1 +2\/5> :

Furthermore, if a, < A for all n, then
(A + VA2 + 4> "
G < |\ —— | -
2
Proof. 1t suffices to recall that ¢,+1 = a,11¢, + ¢,—1 and argue by induction. O

1.3.2 A transcendence criterion for quasi-periodic continued fractions

Theorem 1.49. Let

_ . Ao A1
a=[ao; ., Ang—1,ngy 3 Cngtrg1 Oy e vy gy ey Qg1 oy e - ]

be a non-periodic quasi-periodic continued fraction. Let C' be a positive constant such
that
T < an, (126)

for every k. Assume that

I (log A\x)vlogny,
1m sup = 400

k——+o0 n

(1.27)
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Then, « is transcendental.

The proof relies on two main theoretical results. On the one hand, we use Liou-
ville’s inequality in its general form for algebraic numbers (see Theorem 1.39). On the
other hand, we invoke the result of Davenport and Roth (Theorem 1.29) concerning

the growth of the denominators of the convergents of algebraic numbers.

Proof. Suppose, by contradiction, that « is algebraic of some degree d. Since the
continued fraction of « is infinite and non-periodic by assumption, we necessarily
have d > 2.

For every k, define

Me = [aO; A1y e s Qpg—1,Anyy - - - aank-i-rk—l]'

Then, n is algebraic of degree 2 and so 7 # «. Hence, by Theorem 1.39, we have

c
o — > —.
o=l 2 H ()
By Lemma 1.47, we have H(ny) < 2¢7, ,,, ;. Therefore,

C
|Oé - 77k| > 2d - ) (128)

ng+rg—1

for all k, where ¢; is a positive constant independent of k (as are all constants ¢;
below). On the other hand, since 7, and « share the first ny + 7\, partial quotients,
by Lemma 1.46 we obtain

Combining (1.28) and (1.29), we deduce

d
Qrp+rde—1 < C2Qp, 17y 1+

Now, our goal is to use this inequality to derive a condition on the growth of Aj.

Applying Lemma 1.48, we get

ne+rAg—2 d

((1+V5)/2
Taking logarithms, it follows that for k sufficiently large,

A < g + 1A — 2 < c3log guysrp—1-
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In particular,

log A\, < cqloglog g trp—1-

Assuming that « is algebraic, we may apply Theorem 1.29 to obtain

c5(nk + 7 — 1)

log )\k < .
\/log(nk +rp—1)

Using the technical condition (1.26), this implies

but this contradicts the growth condition (1.27), and the proof is complete. O]

1.3.3 The case of bounded partial quotients

Observe that in Theorem 1.49 the only growth condition concerns the length of the
blocks, while no assumption is made on the growth of partial quotients, which may in
fact be bounded. In this setting, the condition (1.27) can be relaxed, provided that

the lengths 7y of the repeated blocks are also uniformly bounded.

Theorem 1.50. Let

_ . Ao A1
a_[CLOa"'aano—lvanoa"'aano+ro—1 yeees Qnyy ey Qnydri—1 7]

be a non-periodic quasi-periodic continued fraction. Suppose that there exists an in-
teger r > 1 such that

Tkgra

for all k. Assume further that there exists a positive constant A such that

a, < A, (1.30)
for all n, and
A
limsup —* > B, (1.31)
k—+oo Tk

where
oA VA2 (1.32)
log((1+v5)/2)

Then, « is transcendental.
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The proof by Baker relies on the generalization of Roth’s Theorem to number

fields given in Theorem 1.38.

Proof. By (1.31), there exist an infinite set S; of indices k& and a constant § > 0 such
that

for all k € ;.
Since the sequence of (1) is bounded, the pigeonhole principle ensures the exis-
tence of an integer r and an infinite subset S; C &y such that r, = r for all k in Ss.

Moreover, the set of finite sequences
a’nk7 e 7ank+r—1 (k e SQ)

is finite, since the partial quotients are finitely many by condition (1.30). Therefore,
at least one of these finite sequences occurs infinitely often. More precisely, there

exist an infinite subset S3 C Sy and integers by, ..., b, such that

Ap,, = bla App+1 = b2a cee Qppgr—1 = brv

for all k£ in Ss.
Arguing by contradiction, assume that « is algebraic of degree d. Since its contin-
ued fraction is infinite and non-periodic, it follows that d > 2.

Now, for every k in S3, define

N = [CLO; A1,y np—1,Qpnyy - - - 7ank+7‘k—1]

= [ag; a1, apy—1,b1,. .., by].

Each 7y is algebraic of degree 2 and, by Lemma 1.47, satisfies

H(m,) < 2%2”#7«4-

Since all 7, share the same period, they belong to the same quadratic number field
K (see Theorem 1.18). As « is not a quadratic irrational, and in particular o ¢ K,

we may apply Theorem 1.40. Hence, for every € > 0 and every k € S3

Cc

o — > —,
| 77k| H(nk)QJrs

for some constant ¢ > 0 independent of k. By Lemma 1.47, H(nx) < 2%2% 41, and
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we obtain

C1
’a - T}k| > 2(2+¢) (134)
QRk+T—1

for a suitable constant ¢; > 0. However, by Lemma 1.46, for every k in S

1
o — | < 55— (1.35)

nk+r)\k—1
Combining inequalities (1.34) and (1.35), we get
24¢
Tng+rip—1 < C2p, tr—1;

for some constant ¢y independent of k. By Lemma 1.48, this implies

<1+\/5>nk+7"/\k2 A+\/m (2+4¢)(ng+r—1)

2 2

Using (1.32), we deduce that for a suitable constant c¢3 > 0,

B+1
ng +ri; < cs+ T(Q + &)ny.

Hence, for infinitely many k in Ss,

B+1 B+1
AL <TAp <c3+ 7(24—8)—1 ng=cz+ | B+ € | ng.

2 2

Comparing with (1.33), we obtain

C3 B+1
0<o< —+
N 2

87
which yields a contradiction for k sufficiently large in S3 and ¢ sufficiently small. This

concludes the proof. O

1.4 Multidimensional continued fractions

1.4.1 Bidimensional continued fractions

Let 2 = (2", 2", .. ) and 2@ = (&P, 2%, . ..) be two sequences of real numbers,

with :v,(gl) > 0 for all £ > 1. Let m,n be positive integers such that m < n. Set
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(D =z and €2 = 22 and for every k = 1,...,m — 1, define

w_ ., &h
=, + o

£k+1
1

(1 -
k+1

](Cz) _ Il(f) n

If m < n, then for k =m,...,n — 1 we additionally define

.
&)

S) _ x,(:) "

A multidimensional continued fraction (MCF) of dimension 2 (or simply a bidimen-

sional continued fraction) is an expression of the form

@ 2) (2 1) (2
(26,21, 2, (2 2, e = (&7, &67), (1.36)
where
1
7+ o)
), 1 w5
(1) (1) 52) (1) B +ﬁ (1) " +E
2 3
€o 0"‘@—0+ @ — T T R
1 (1) 2 2, -
2 OO &3
1 6(2)
2P 4 22
e
1 1 1
2 2 2 2
& =+ =ap @ =T+ 1
1 (1) 2 (2)
L T2t m
2 OO &3
1 5(2)
(1)+ 3
G
At stage n, the expression involves only finitely many operations on the entries
x(()l), e ,xg) and :zc(()z), . ,.7:573).

We also refer to expressions of the form

nLl‘IJIrlw[<x(g )’xg )’ T ’xﬂl))7 (x(() )7375 )7 .. ,Jfg)ﬂ;

42



1.4. Multidimensional continued fractions

or

. 1 1 9 9
i [ o a0, 2 2))

as multidimensional continued fractions, provided that the limits exist.
Since multidimensional continued fractions can be much less intuitive than classical

continued fractions, it is useful to give an example.

Example 1.51. Consider the sequences (") = (2,2,3) and ® = (1,2,1). Then,

2y 1
(2) ©) 2+ -
1 _ 1 3 3 _
=042 _=294 24+—9=3
eV &7 1
9 & 2+ 3
1 1 1
€D 1414 . _ o
" ¢ & 1T
2+ 2+ -
& 3

and we write (3,10/7) =[(2,2,3),(1,2,1)].

Given two sequences (V) and x® as above, and integers m,n with 0 < m < n,
define
) [ 2) (2
Y (@D, 2@) = [, 2D, 2D), (2P, 2P, . 2D, (1.37)

rrn

The following lemma is the multidimensional analogue of Lemma 1.1.
Lemma 1.52. Set
(), ) 00 1
(M, 2@ =10 1 0],

C_S(m(1)7 w(Q)) 0_2(m(1)7 w(Q)) C_l(m(1)7 w(Q)) 1 0 0

and let m > 0 be an integer. For every integer k > 0, define recursively:

(i) if k=0,...,m, set

AP @, 2?) = 50 A0, @M, 2®) + P AL, (@, 2®) + AL (@, 2),
(

A7 @D, 20) = oV A2, @0, 20) + 27 A, @ 0, @) + 4752, 2),
Cr(x™,2?) = 201 (2D, 2?) + 2P0y (2D, 2?) + Cp_s(zV, 2?);
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(77) if k> m+1, set

AP (@, 2) = 2 A0 @0, ) 1 A (.22,
AP (2, 2@) = 2V AD (20 2@) + AP (20 @),
Cr(x®, 2@) = 20y (20, @) + Oy (zV, 2?).

Then, if n > m,

N AW (21 @) AD (1) 2(2))
V(2L )) — 7
! Cp(xz®,2?) " C,(zM), 2?)

Proof. We first treat the case n = m by induction.
For the base case m = 0, the claim follows by direct computation.

Assume now that the statement holds for all sequences up to index m, that is

1 2
(gD, y®) = AP (YD, y?) APy, y®?)
Tek\Y 'Y Cro(y®,y@) " Cp(y®, y@) )’

for any pair of sequences (y),y®), and k =0, ..., m. We want to prove

1 2
@), oo _ [Amn(@2®) AL, (@), 2)
Ym41,m+1 ) Crist (2D, ) Cppy (2D, @) )

Define the sequences £V, (?), where f;i) = xg-i) for every j #m, i = 1,2, and

xm
71 =z 4 T
D
m+1
1
=(2) _ .(2)
T’ = T
m—+1
Then,
1 1 2 2
Yitmpr (@D, 2®P) = (@, 2D 20 ), @@ el )]

(1) o1 @) 1
- K% ! )(xo e )1
xm«H merl

Applying the inductive hypothesis to the modified sequences yields the desired recur-
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rence relations at level m + 1. In fact,

(2)
xm — —
AP (@D, 2?) = (:viiﬁ + le)Aﬁ?mwﬂ), z)
m+1

1
i (m;? - )Agg(xux 50 4 4D (30, 52)

Tm¥1
2 4@ =1) %2 D) (A1) 52
:A%)(.’B(l),w@))—l— xm—&—lAm—l(a3 L (13+Am—2<w , L )
L1

) AD) (1) £2) M) (1) ()
:A(I)(m(l)’w@))_i_xm""lAm_l(w ) L )+Am—2(w L )

m

i AR (@Y, @) = 20 AD (@D, 2®) + 2 AN (20, 22) + AL, (2, 2?)
= AD (2™, 2®).

By the same argument we can prove

i AR (@Y, @) = 2l AR (@M, 2®) + 27 AT (20, 22) + AT (2, 2?)
— Agll(w@)’ a:(Q)),

and

2 G (@Y, 22) = 2001 Cr(2M, 2?) + 20, Ot (2, 22) + Crpa(2), 2?)
= Cpa (2, 2?),

which yield

AD (W @) A2 (1) £(2)
1) 2y — —(1) ~(2)\ _ m ) m )
Vint1m1 (8, ) = Y (&, 2) = (C’m(w(l)’w@))’ C’m<m(1)’w(2)>>

<A$Zﬂ x®) ) Agl1(w(1), w(2))>

(
Crot (D, @) Crpr (20, )

The case n > m + 1 is handled similarly, with suitably modified sequences ") and
2®. In particular, the proof relies on a double induction on m and n, where the key
observation is that

1 1 2
[(a:(() ), ST 1), W 3751421)7 (x(() ), o >5’77(5))] =

m rn
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from which the sequences £ and z® are readily obtained. O

1.4.2 Jacobi’s algorithm

As mentioned in the Introduction, multidimensional continued fractions were first
introduced by Jacobi [43] in 1848, in response to a question posed by Hermite. More
precisely, Hermite asked whether it is possible to obtain a notion of periodicity for cu-
bic irrationalities, that is, whether such numbers can be represented through periodic
sequences (see [41, 66]). Jacobi proposed an algorithmic approach to this problem,
which was later further developed and generalized by Perron [65] in 1907.

In this section, we recall some basic facts about Jacobi’s algorithm and the bidi-
mensional continued fractions arising from it. For a more comprehensive treatment of
this algorithm, as well as of the generalization that will be introduced in Section 1.4.4,
we refer the reader to [12, 79].

Given Oé((]l), a(()z) € R, Jacobi’s algorithm produces two sequences of integers

(ag))nzo and (ag))nzo via the recursions

) = o))

o = o)

o 1 (n>0). (1.38)
Dntl T ) ()
an - an
O all) —afl)
QRO RE)

Observe that the algorithm can be carried out as long as a(? ¢ Z for all n, so that no
division by zero occurs and the procedure does not present any interruptions. This
situation is usually referred to as the simple case, in which both sequences (agll))nzo
and (a(?)),>o are infinite. In this case, using the notation introduced in (1.36), for
every n > 0 we may write

1 2 1 1 2 2
(@8, af?) = [(af”, ..., aM, al))), (@8, ..., a@, al)))),

»n r'n

and, for every k > 0,

1 2 1 1 1 2 2 2
<a£L4)-17 a'EL-‘f)-l) = [(G£L4)-17 e 7a£L<)H€7 aELJ)rk+1)> (afw)l, e ?agw)rlm OKELJ)rkH)]-
If the condition that leads to the simple case fails, let ng be the smallest index such

that a{) € Z. Then, the terms a{?) are no longer defined for n > ng, and the
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1.4. Multidimensional continued fractions

sequence (a{!)),~,, is obtained by evaluating the classical continued fraction of 045110).
In this case, the algorithm provides two sequences of integers, one of which is finite.
Accordingly, we may write

1 2 1 1 1 9 9
(@ o) = [(af” ol ol aln), (@, o, a2,
where
1 1 1
aﬁlo)-i-l = [agzo)—i-l; a7(~00)+2, . ]

If the sequence (a{!)),>o is infinite, we say that the algorithm exhibits one inter-

ruption; if both sequences are finite, we say that it exhibits two interruptions. The

1

latter case occurs precisely when o'V is rational, by the classical theory of continued

0
fractions. We illustrate this in the following example.

Example 1.53. Let us expand into multidimensional continued fraction the pair

W @y _ 71)
(g5 0a07) (5;3

using Jacobi’s algorithm.

1 1

ap) = 1] =1 ai’) = 3] =3

2 2

o = 13] =0 of? = 18] =1 .

a(l)— ! 3 a(l)— ! =5 a?2):L5J_5

1 1 2 T 6 - — —
£—1 3—3

(2) 5 6 (2)

al 1 — Oé2 _6 :0
5—0 5 3—1

Hence,

G ;) —[(1,3,5),(0,1,0)].

The terms a(?) produced by Jacobi’s algorithm are called the i-th partial quotients,
while the oV are called the i-th complete quotients.

While for classical continued fractions the finiteness of the sequence of partial quo-
tients characterizes rational numbers, in the multidimensional setting the finiteness
of one or both sequences encodes information about rational relations between a[()l)
and a(()z)‘

Theorem 1.54. Jacobi’s algorithm applied to (0481), oz((]Q)) exhibits | = 1,2 inter-
ruptions if and only if there exist | linearly independent relations over 7Z among

La o,
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Proof. See [65] for the “only if” direction, and [35] for the “if” direction. O

From (1.38), a necessary condition for two infinite sequences of integers al), a(?

to arise from Jacobi’s algorithm applied to some pair (aél) , aé2)) is that, for alln > 1,

a>1, a® >0, a)>a?, (1.39)
and o), > 1 if o) = a®.

Perron [65] showed that such conditions (1.39) are also sufficient; they are therefore

referred to as the admissibility conditions.

Remark 1.55. If a® = (a{?, ..., a?) is finite, the admissibility conditions are slightly

» ' m

different. To the best of our knowledge, these conditions do not appear in the litera-

ture, so we briefly state them here. Let

where N € {m,m+1,...} U {oo}, and set

041(113 = [CLSL% agzﬂ, e 76&)]'

We treat first the case m > 2, which is the most delicate one. It is quite easy to
see that the following conditions are necessary for (a),a®) to arise from Jacobi’s

algorithm
(a) al! >1,forn=1,...,N,
(b) o'V > 1if NV is finite,
(c) a® >0,a) >a? forn=1,...,m,
(@) o) > o),
(e) aﬁfll >1ifal) =a? form>1landn=1,...,m—1,
(f) ab)y > al) if aly) =1,
(g) al) ) > 1if a® = 0.

In fact, these conditions are also sufficient, and we now prove this. First, define

(2) 1
1 1 Qyp, 2 2
045;@)_1 agn)—l 1)’ agn)—l a'gn)—l (n”
Oém Oém
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1.4. Multidimensional continued fractions

Since a{l) > 1 by conditions (a) and (b), we have al? = |y, @ 1] Moreover by (d),

m—1 —

a? /o)) < 1, and therefore a't | = [} ||. We also claim that o'”, /al}) | ¢ Z. 1f

m—1 —
not, this ratio would be equal to 1 by condition (c), which is impossible by (f) Next,
define

1 « @ 2 2 1
o) :a() + m1’ a()_gza() +
U1 U1
As before, ag)_g = Lag)_ﬂ otherwise we would have afn) 1 = 1 Wthh would imply

al? | =1 and al?) = 0, contradicting eondltlon (g). Since o’ / oY) | & 7, it follows

that aﬁi),g = Laﬁi),gj. Furthermore, a / a o & 7Z, for otherwise the ratio would

(2)

again be equal to 1, forcing a,,”; = 1, Whlch contradicts ) > 1. We can now

proceed by induction. For every ¢ = 2, ..., m, define

a?, 1
(1) (1) 4 Gmoitl o = 4® +

i m—i ) ) m—i — Ym—i (1)
¥n—it1 ¥n—it1
. . (1) 1 (2)
Repeatlng the prev10us arguments one proves that a,,”, = |a,, ], i = Lozm i

and am Z+1/Ozm i1 € Z, am i1 7 1. Hence, applying Jacobl s algorithm to the pair

(04(() ), a(() )) we recover, by construction, the original pair of sequences (a",a®®).
Similar arguments show that, when m = 0, conditions (a) and (b) are sufficient

to ensure that the given sequences are admissible for Jacobi’s algorithm. In the case

m = 1, one must additionally require condition (c).

Example 1.56. The sequences considered in Example 1.51 are not admissible, since
condition (f) is not satisfied. Indeed, applying Jacobi’s algorithm to the pair (3,10/7),
one readily checks that the resulting sequences of partial quotients are not (2,2, 3)
and (1,2,1). In fact,

(3, 170> —1(3,2,3), (1,0)].

As in the classical theory, we now introduce convergents. Using (1.37), we give

the following definition.

Definition 1.57. Let a, a® be two sequences of partial quotients obtained by

applying Jacobi’s algorithm to a pair (a(()l),a(()z)). If both sequences are finite, say

aV = (aél), agl), ..,a)) and a® = (aéQ), a?), ...,a?), then for every k =0,...,n
we define

1 @ Yer(@V,a®) if Kk <m,
7k(a0 y X ) - .
%,m(a(l), a?) if k>m.

49



Chapter 1| Preliminaries

If aV is infinite and a® = (a(()Q), at? . ,a'?)) is finite, then for every k > 0 we define

r(a® a®) if  k<m,
wlah, o) =

Yem(@D,a®) if  k>m.

Finally, if both sequences of partial quotients are infinite, for every k > 0 we set

1 2
%(Oé(() ), aé )) = %,k(a(l)» a?).

(1)

In all cases, v = V(g ,a62)) is called the k-th convergent of (aél) , aé2)).

Remark 1.58. If both sequences of partial quotients a) = (a(()l),agl), e ,a(l)) and

a? = (aﬁf), a?, .. ,a{)) are finite, then by (1.36) and (1.38), we may write

(af”,a?) = [a®,a?] = [(a”,al",....aD), (@, al, ... .alD)],

n r ' m

and refer to this expression as the (Jacobi) multidimensional continued fraction of

1 2
(a8, af?).

Let us denote by AW = AW(a® a?), C, = C,(aV,a?) the sequences intro-
duced in Lemma 1.52. Then,
AW A®
Tk = Fk;a .

In matrix notation, when both sequences of partial quotients are infinite, the recur-

rences given in Lemma 1.52 can be written as

a 1 0] [a 1 0] [a” 1 0] [4P AP, Al

a0 1 a® 0 1] [a? 0 1| = (AP AP AP 1, (1.40)
1 00/|1 00 1 00 Ci Cr1 Chs

for all £ > 0. Moreover, for all k£ and ¢ = 1, 2, we have

1) 4@ 2) (i j
() O‘l(c )AI(;L + Oél(c )AQQ + Agl:a

Qg (1.41)

N a,(j)Ck,l + Oél(CQ)Ck,Q + Ckfg.

We now extend the notion of multidimensional continued fraction to the case of
infinite sequences of partial quotients, by proving the existence of the limit
1 2
(1) 04(() )).

lim «
n—)—i—oo’yn( 0 »

20
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The following results show that the convergents associated with Jacobi’s algorithm
converge to the initial pair (04(()1) ,ai?). The proofs can be found in [12], but we include

them here to introduce notation that will be used later.

Theorem 1.59 ([12], Theorem 1). Let a'V, a® be sequences of integers satisfying
the admissibility conditions (1.39), and assume that at) is infinite. Setting A,(;) =
AP (a® a®), ¢ = Cu(a™,a®) we have that the limits

li A](Cl) d i A'(f) 1.42
S e (142)

exist and are finite.

Proof. We prove the statement only for the convergents (A,(j) /Cr)k>0 and in the case
where both sequences a”), a® are infinite; the other cases are analogous.
Define

1 1 1 1 1 1
o (A a2 (40 42 42
myg = min , My = max ,

b b) b) b)
Cr Crp1 Cryo Cr Crp1 Cryo

for all kK > 0. From the recurrence relations we obtain

1 1 1 2 1 1 1 1 1
= = Sk k k ) .
Cy Ck Cr—1 Cr—2 Cr—3
where . @
o (JL,(C o . ay’ Cr—so . — Cr—3
k — Ck 9 k — Ck ) k — Ck ‘

Using (1.40) and the admissibility conditions (1.39), one checks that

u
Sk+tk+“k:1, 7<17 i§17 Sk>1/37

Sk Sk

for all £ > 0. Now, substituting k + 3 to k in (1.43) and recalling the definitions of

my, we have

Ay
c > Skp43Myp + try3My + Ugg3my = My,
k+3
and similarly
A(l)
k+3 < M,
Chrts
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for all £ > 0. Hence,

1 1 1
AL AL ALY

) ) - k+1-
Crs1’ Criz’ Chrs !

my < min (

Similarly, My,1 < Mj. Therefore,
my < My < My < My,

for all £ > 0. Thus, the sequence (my)g>o is non-decreasing and bounded by My,

while the sequence (My)r>o is non-increasing and bounded by mg. It follows that

lim my=m, lim M, = M,
k——+o00 k——+o0

for some M, m € R. Hence, for all £ > 0 there exists ky € N such that for all & > ko,

we have O @) @
A’ Ardr Aiio e
Cr’ Cis1’ Chrpo
and
A(l) A(l)
S (tys + Ukys) (M — ) F Sk 4 =
Cry3 Criz
A(l) A(l)
= (1 — spy3)(m — &) + Sgys - k+22m—5+sk+3 Sy
Crt2 Cryo
Hence,
1 1 1
Aldy (Al N (Al
— k+3 — — > - — g,
Crys T Cran 3\ Criz
from which
A1 (AL L
-m > — — —ell+=+...+ = 1.44
Cra3+h g Cri2 (0 A TS (1.44)

for all h > 0. Now, let k; > ko + 3 and consider My,. Then, there exists j € {0, 1,2}

such that "
' Ck1 +j

Let now k = k; +j — 2 > ko and consider my3. Then, there exists h € {0,1,2} such

o2



1.4. Multidimensional continued fractions

that @
Akisin

Mg+3 = .
Chry3sn

By (1.44), we have

A 1 (AY 1 1
0 =m—m>mps —m= MR > Ay RS [ U R

Chrt3+h 3\ Chgo a 3 3h
1 1 1
:w(Mkl_m)_g 1+§+...+3—h

1 1 1
23h+1(M—m)—5(1+3+...+3h).

It follows that

M —m M —m
> >
TSI 1/3+ ... +1/30) 3
Since € is arbitrarily small we must have m = M, and we are done. O

Remark 1.60. If a® is finite, the argument is similar, but for sufficiently large k the

recurrences to be considered are

1 1) 41 1
AP = A, A,
and C) = a,(ﬂl)C'kq + Cr2,

instead of

1 1 1 2 1 1
AP = o240, + o 40, 1 AL,
and Ck = a,(cl)C’k_l + a,(f)C’k_g + Ck_g,

and the proof must be adapted accordingly.

The existence of the limits (1.42) amounts to saying that [a™), a(?)] is a bidimen-

sional continued fraction, and we may write

(@, o) = [aV, a®?),

(2
for some real numbers 04(() ), 04(() ).

Now we are ready to prove the convergence of Jacobi’s algorithm.

Theorem 1.61. Let (a(()l),a((f)) be a pair of real numbers, and let aV,a® be the
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sequences of partial quotients. Then,
(ap”, ") = [a, 0. (1.45)

Proof. We again assume that both sequences are infinite, the other cases following
similarly by using Theorem 1.60.
Let i € {1,2} and denote by I the limit of (A,(f)/Ck)kzo. From (1.41), we obtain

(4)

1 ) 2 % %
Lo oA+ oA, ¢ A,
0

Oé](cl)ck_1 + a](f)ck_g + Ck_g
AL AL Al

— f . : B - 3
e g T, T ey

(1.46)

(1.47)

where
CkflOé](gl)
a,gl)Ck_l + &’E.Q)Ck_Q + Ck_g’
Ck,QOé,(CZ)
Ny + P Oy + Crs
Cr—3

B oz,i”(]k_l +alCr o+ Crs

Observe that
fe + g+ hpy=1. (1.48)

Let € > 0, then for j sufficiently large we have
| A9
19—« <O ¢
Cj
Hence, by (1.46) and (1.48), we get

1D —c<af) <19 1 e,

Since ¢ is arbitrarily small, we conclude oz((f) =10, O

An expression of the form (1.45) is called the Jacobi’s MCF of (oz(()l), oz(()l)).

We now address the uniqueness of Jacobi’s MCF. For simplicity, we restrict to
the case of infinite sequences of partial quotients; however, the argument can be
readily adapted to MCFs with one or more interruptions, provided that one takes

into account the possible exceptional cases, as in the classical theory of continued

o4



1.4. Multidimensional continued fractions

fractions (see Theorem 1.14).

Lemma 1.62. Let

20 = (o, oV, al))
w(?) = ($é2)7 ngz)’ . 7'17'&12))
(1
v = u, )
v = u”, )
be sequences of real numbers with xg), y,(f) €Z fork=0,....n—1andi=1,2, and

oDy > 1. Assume that both pairs (x), 2®)), (yV, y@) satisfy the admissibility
conditions (1.39), and that

(2D, 2®)] = [y, y@].

Then,
i(gl)—y;(c) fork=0,....n andi=1,2.

Proof. We argue by induction on n. For the case n =1,

[( (1) ()) ( (2) (2))] ( (1) ()) ( (2) ())]7

Ly ', Ty ), (Lo T4 Yo » U1 Yo H U1
that is,
(2) (2
z Yy
L
z Y
1 1
1 1
x((f) +— = y(gQ) + 55
(1) (1)
x, Y1

From the second equation, since :U(() ), yé ) € 7 and ajgl), ygl) > 1, we obtain

( ) = y((] ) and xgl) = yg).

Substituting into the first equation and using the admissibility conditions (which

NORS
imply = (1), (1) < 1) combined with the fact that x(() ), y(() ) are integers, we conclude

( ) = y((] ) and x§2) = y§2).

Assume that the claim holds up to n — 1 and suppose

1 2 1 2
[,z ), @ e @] = [y, (s y @), (1.49)
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where (x(()i),...,x,(f))i:m, (y(()i),..., ());—1.2 satisfy the hypothesis of the lemma.

n

Rewriting both sides of (1.49), we obtain

(2) 1
1 1 L 2
[(mé),...,xé)l—l—1)),(33(()),... 7(1)1+ (1))]:

In

(2) 1
1 1 Yn 2 2
[(ygn...,ym ()) (ygx...,ygnw)].

Yn Yn

One may easily check that these sequences still satisfy the assumptions of the lemma.

Hence, by the inductive hypothesis,

@ _ @) 2 (4)

To =Yg 5---rTp_9g = Yp_o,
and
2) ( ) 1 1

L T (1) e e

Tp— +71)_yn 1+ (1)7 Tp- 1+ () ynfl—i—ﬁ'
Applying the same argument as in the base case, we deduce

ml =y, we =y, e =y, 2P =y,
This completes the induction. O

Theorem 1.63. Let

:(ao 7a1 pen)
:(ao aal pees)
=(b )
:( )

be sequences of integers satisfying the admissibility conditions (1.39). If

[a(l), a(2)] — [b(l), b(2)],

then
=09 foralln>0 andi=1,2.

n n

o6



1.4. Multidimensional continued fractions

Proof. For every n > 0, we can write

(2) 1
1 1 Gy 2 2
[(ag),...,afl_)1+ (1)> , (aé),...,ag_)l—l—(l))] =
Qn Qin

(2) 1
1w o P @) @)
—[(bo ""7bn1+67(11))7(b0 7"'7bnl+ﬁy(ll))

where oY) and B are the complete quotients associated with the two MCFs. The

9

claim then follows from Lemma 1.62. OJ

Remark 1.64. The previous results clarify why the admissibility conditions (1.39) are
sufficient for two integer sequences to arise from Jacobi’s algorithm applied to a suit-
able pair of real numbers. Indeed, given a®, a'® satisfying (1.39), by Theorem 1.59

we have

for some real numbers (aél), 04(()2)). On the other hand, if b, b are the sequences

of partial quotients produced by Jacobi’s algorithm applied to (oz(()l), 0462)), then by

Theorem 1.617
1 2 t t
(a(() )7 CV(() )) [ (1)7 (2)]'

Finally, by Theorem 1.63 we conclude

a = p® and a® = p®.

Analogous conclusions hold in the presence of interruptions in the algorithm.

1.4.3 Multidimensional continued fractions

A natural extension of bidimensional continued fractions can be formulated in arbi-

trary dimension m.

Let &V, ... 2™ be m sequences of real numbers, with IE]E}) > (0 forall k> 1. Let
n be a positive integer, and set 57(11') = .rSf) for every t = 1,...,m. Then, for k <n-—1,

define inductively

~ |, S
]il_l) = xfj_l) + (5 1=2,...,m,
pt1
1
(m) (m)
& =2 Ty
Ept1
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A multidimensional continued fraction of dimension m is then an expression of the

form
0, o) = (&0 &™), (150
where
e
6(1—1) _ él—l) + ﬁ for 7 = 2’ oo,y
&
1

: (1) 1) (m) (m)
ngrfoo[(% ey )y (g ™))

as multidimensional continued fractions, provided that the limit exists.

Remark 1.65. In Section 1.4.1, we considered bidimensional continued fractions de-
fined by sequences ¥ of possibly different lengths n, m. A similar construction could
be carried out in the multidimensional setting as well, but the notation would be-
come considerably heavier. For this reason, we restrict here to sequences of the same

length.

As before, we define

The analogue of Lemma 1.52 in this general setting is given by the following lemma.
Lemma 1.66. Fori=1,...,m, define
A@n(az(l), o x™) = dimy n=1...,m+1

AD (M gy = ng)Aff)_j(m(l), Ca™y 4 AD (@ ety >0,
j=1

where 6; ,, is the usual Kronecker delta, and

C_m_l(m(l), . ,az(m)) =1,

1
Con(xzW ... x™)y=0, forn=1,...,m

o8



1.4. Multidimensional continued fractions

Then,

(1) (1) (m) m) (ge(1) (m)
@V gy = AP (WM. ) AT (™M 2™
Y Co(x®, .. 2m) 7 Cp(x™, ... xlm)

1.4.4 Jacobi—Perron algorithm

The Jacobi-Perron algorithm generalizes Jacobi’s algorithm to m dimensions. It acts

on an m-tuple of real numbers (oc(()l), . ,ozém)) and produces m sequences of integers

1) 1

o = —m oy n > 0).
n+1 agn)_a%m.) ( - )
(’L) - Oé(zfl)_a(zfl) -

Oén—l—l - Z;m)_agm) , 1= 27 e,y

Observe that, when m = 2, this reduces to Jacobi’s algorithm.

As in the bidimensional case, the algorithm may exhibit interruptions. If oz,({;l) is
an integer for some index ng, the procedure stops at that stage and continues with
the (m —1)-tuple (a;{}, c 047(1?_1)). Iterating this process, one eventually reaches the
classical continued fraction algorithm when only one coordinate remains.

The relationship between the number of interruptions and the number of inde-

pendent rational relations among 1, aél), . ,ozém) is studied in [35]. In particular, if

1 oz(()l), ey a(()m) are linearly independent over QQ, then no interruption occurs, that is,
all sequences of partial quotients are infinite. The converse, however, does not hold
in general.

For simplicity, in the remainder of this section we restrict to the case where no
interruption occurs (the simple case).

The integers aﬁf) and the real numbers aff) are still called, respectively, the partial
quotients and the complete quotients. For every n > 0, we have

(@, al™)y =[(al", ...,V al)y), . @d™, . at™ ol (1.51)

) Y )

and, for every k > 0,

1 m 1 1 1 m m m
(a’fz—&)-h s 7a5L+)1> = [(agz—l)—la cee 7a£L+)k7 agblkJrl)v RN (a;—ﬁ—)h cee aaiLJr)lm a£L+)’€+1)]' (152>
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The partial quotients satisfy the following admissibility conditions:

2 3 m— m
anl)a &gz—i)-la &24)-2) i (a7(1 1)’ aw(H-)l’ 1)

(2) (m—1) (m) 3) (m)

1 (2)
(a“'sz )a a’n—l—lﬂ cee 7an+m—27 an—l—m—l) t ((In 7a’n+1a cee >an+m—2ﬂ 1)

for all n > 1, where = denotes the lexicographic order (see again [35]).

We also define the convergents as

1 m m
Yn = ’Yn(oz(() ), . ,a(() )) = fyn(a,(l), ..., a )).

(1.53)

By Lemma 1.66, setting AD = AW (g™ ... a™) and C, = C,(a,...,a™), we

obtain
AS) A%m)
Tn = e )
Moreover, for every i = 1,...,m and k > 0, one has

1 % m % 7
o oA oD, 4 AD
0 .

- algl)ckil N a,im)Ck,m + Cr—m—1

For every k > 0, the following matrix equality holds

al(cl) Lo -0 0‘1&21 al(cl)al(cl—zl +Oé;(f+)1
al(f) o1 -0 041(321 a5c2)0419421 +O‘l(3+)1
al™ 00 - 1| | alMal), +1
1 00 -0 1] | ol
- @ 1 o
1 @
a’l(c )+ afﬁl oz,(gl)
k+1
1 1 .
=aih| gy, | =k
a - + oo Rl
k+1
L 1 - - 1 -

(1.54)

(1.55)
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Iterating (1.55), we obtain the identity

S SN
a(() ) al(c-i)-l
_ 1 MM, - M, | 1.56
(m) ONG (1) O oy | (1.56)
(6% o OK2 . ak+1 O[k+1
1 1
where, for every n, ) i
al 1 0
M,=| "~ . (1.57)
ang) 0 --- 1
1 0 --- 0
Finally, as in Theorem 1.59 and Theorem 1.61, one can show that, for every
1=1,...,m,
! A (i)
g = e
This allows us to write
@, o) =@, a0, @™ a™, ).

An expression of this form is called a Jacobi—Perron multidimensional continued frac-
tion; hereafter, we simply refer to such expressions as multidimensional continued
fractions.

Also in the multidimensional setting, one can prove that every m-tuple of real
numbers admits a unique representation as a multidimensional continued fraction

satisfying the admissibility conditions (1.53).

1.4.5 Periodic multidimensional continued fractions

Generalizing Theorem 1.16, we give the following definition.

Definition 1.67. A multidimensional continued fraction [aV), ..., a™] is said to be
(ultimately) periodic if each @ is infinite, and there exist integers t > 0 and k > 0
such that, for every n > k,

a’g-)i-t = aﬁf).
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In this case we will write

1 1 1 1 m m m m
[(agn...,a,gjl,a,y,...,a;gt_l),...,<ag o™ Al >,...,a,g+g_1)]

If £ = 0, the multidimensional continued fraction is said to be purely periodic.

The periodicity of the multidimensional continued fraction of an m-tuple
(a(()l), o ,a(()m)) encodes information about the algebraicity of the numbers a(()i). To
study this connection, we first introduce some preliminary notions on matrices.

We say that a real matrix with non-negative (resp., positive) entries is non-negative
(resp., positive). A non-negative square matrix M of dimension n can be interpreted
as the adjacency matrix of a directed graph G(M) with n nodes: there is an edge
from node ¢ to node j if and only if M;; > 0.

A path from node i to node j is a finite sequence of edges connecting i to 7, and
its length is the number of edges in the sequence. It is well known that if (M*);; > 0
for some integer £ > 1, then there exists at least one path of length k£ from 7 to j.

A mnon-negative square matrix M = (M;;) of dimension n is primitive if there
exists an integer [ > 1 such that M is positive. Equivalently, M is primitive if there
exists [ > 1 such that for every pair of nodes (i, j) there is a path of length [ from i
to j.

Given a non-negative square matrix M, define a matrix B(M) of the same dimen-
sion by
0 it M;; =0

B(M);; = '
1 if M,L'J > 0.

Then, M is positive if and only if B(M) is the matrix with all entries equal to 1,
which we denote by U. Moreover, M is primitive if and only if B(M) is primitive,

and for any non-negative matrices M, N one has
B(MN) = B(B(M)B(N)).

We now recall a classical result.

Lemma 1.68 (Perron-Frobenius Theorem). Let M = (M, ;) be a n x n primitive

matriz. Then,

(i) There ezists a positive real eigenvalue p of M that is dominant, i.e. p > |1| for

any other eigenvalue 7.

(ii) The eigenspace associated to p is one-dimensional and it is generated by an

eigenvector v = (vy, ..., v,) with strictly positive entries.
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1.4. Multidimensional continued fractions

(iii) Any other eigenvector of M with positive entries is a positive multiple of v.
Proof. See [37] for the original proof. O

Lemma 1.69. Suppose that Oz(()l), . ,a(()m) > 1, and let My, ..., My be as in (1.56).
Set M(k) = My --- My. Then, M(k) is primitive.

Proof. Since Oz(()l) o ,a(()m) are real numbers greater than 1, all matrices My, ..., My

Y

are non-negative, hence so is their product M (k). Define N, = M, — Dy, where

a? 0 0 0
b—|: .
ad™ 0 -0
_0 o --- 0_

Observe that in the graph G(Vy,), node 1 is connected to node m and to node 1 itself,
and each node ¢ = 2,...,m is connected to node ¢ — 1. From this structure, one
sees that for any pair (7, j) there exists a path of length at most m connecting i to
j. Further, for every [ > m, there exists a path of length [ between any two nodes,
which implies that Nj, is primitive, and B(N}) = U for any h = 0,...,k. Since
B(Ny) = B(N,) for all h =1,...,k, it follows that for [ > m

B((Mo---Mk)l) = B (M- MyMgy--- My My M)
B(B(My) - B(My)B(My) - -+ B(My) - B(Mo) - - - B(My,))
= B(B(No + Do)+ B(Ny+ Dy) - - B(No + Do) - - - B(Ny, + Dy))
B (B(No)'*+) + A)

B

where A is a suitable non-negative matrix. Hence, B(M(k)") = B(U) = U, and the

claim follows. O

Theorem 1.70. Suppose that
(Oéél), .« e ,Oé(()m)> — {(a(()l)7 AR 7a§1—)1> AR (a(()m)J A 7GET%>} N

Then, Q (a(()l), e ,&ém)) is an algebraic extension of Q of degree at most m + 1.
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Proof. Using (1.51) and (1.52), we get that

@ _ ()

OZO —at Z:]_,,m
By (1.56), we obtain then
a(()l) aél)
: IING! 1 :
| | = (oad o) |
o) o)
0 0
1 1

where M(t) = MM --- M;_,. Hence, p = oz(()l)agl) . .oz,gl_)l > ( is an eigenvalue of
M(t).

Now, since a(()i) = a!” for every i = 1,...,m, the admissibility conditions (1.53)
imply a(()i) > 0, hence a(()i) > 1 for all ?. Thus, we can apply Lemma 1.69 and
Lemma 1.68 and obtain that rank(M (t) — pI) = m. Hence, there exists a vector

w = (wl,...,me)

in the nullspace of M (t) — pI with coordinates in the same field containing the en-
tries of M (t) — pI, that is w; € Q(p). Since the eigenspace associated to p is one-
dimensional, there exists a scalar s such that

@V, ... i 1) = sw.
By looking at the last entry of the vectors, we have s = 1/w,,.1 € Q(p). Conse-
quently,

Q. ..., ai™) C Q(p). (1.58)

On the other hand, p is an eigenvalue of M (t), hence it is a root of the characteristic
polynomial of M (t), which is a monic polynomial of degree m + 1 with integer coef-
ficients. This implies that p is an algebraic integer of degree at most m + 1, and the

theorem follows. O

The following corollary shows that the same conclusion holds in the ultimately

periodic case.
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Corollary 1.71. Suppose that

1 m 1 1 1 1
@D, alm) K<><><><>>

(el ,a,g:;_lﬂ.

Then, Q (a(()l), e ,Oé((]m)> is an algebraic extension of Q of degree at most m + 1.

Proof. 1t is sufficient to observe that
1 m 1 1 1 m m m
(aé),...,aé )) = [(ag),...,aé_)l,a,(ﬁ)%...,(aé ),...,az_)l,a,(C ))},

where

1 m 1 1 m m
(oz,(c),...,oz,(C )): [(a,g),...,alglt_l),...,(a,(f ),...,a,(ﬁ%_l)}.

Using (1.54), a((f) € Q(ag), e ,&,(gm)) for every i = 1,...,m, and the claim follows
from Theorem 1.70. O

In general, the degree of Oé(()i) is not necessarily equal to m + 1, since the charac-
teristic polynomial of M (t) in the proof of Theorem 1.70 needs not be irreducible.

However, this does hold in the case m = 2.

Theorem 1.72. Suppose that

1 2 1 1 1 1 2 2 2 2
(Oé(() )705((] )) = {(a(() )a s 7al(6217al(c )7 s 7al(cJZt1> ) <a(() )7 s 7al(cjl>alg )7 s aalgltl>:| .

Then, Q (a(()l), 0462)) is an algebraic extension of Q of degree 3.

Proof. By Theorem 1.70, we know that d = [Q(aél), ozéQ)) : Q} < 3.
If d =1, then 04(()1) and Oz((f) would be rational, but this cannot happen since both

sequences of partial quotients are infinite (see Theorem 1.54).
Similarly, if d = 2, then either [Q(aél), aéz)) : @(aél))} =1 or [@(aél)) :Q} = 1.
Both cases contradict again the infiniteness of the sequences of partial quotients. [

In fact, it is only the period of the MCF that determines the number field in which

aél) and oz((f) lie, as shown in the following proposition.

Proposition 1.73. Let
1 2 1 1 1 1 2 2 2 2
(Oé[() ),Oé(() )) = |:(a(() )7‘ .. 7a§c—)17al(c)7' .. 7al(c-gh—1> ) (a(() )7' .. 7a§c—)17al(§)7 s 7al(€—&)-h—1):| )
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and

@) = [ (o senols sy ) (dos s diensa o).

Then, oz(()l), 64(()1), oz[()Q), 64(()2) all belong to the same cubic number field.

Proof. Consider

1 2 —(1) =(2 1 1 2 2
ol ) = a0, 2) = [ (o) ()|

By Theorem 1.72, a,(fl) and oz,(f) are cubic irrationals belonging to the same cubic field.

Thus, recalling (1.54), the statement follows from

1 1 2 1 1 1 2 2 2 2
o oA oA D, oA, ol AR, ¢ AP,

Qp - = ) %) )
aVCry + ) Crg + Crs aVCry + ) Crg + Cr_s
1) 501 2) 71 el 1) 7(2 2) 1(2 ne
(1) O‘/(c )Agc—)l + al(c )Al(c—)Q + Al(c—)3 2 _ O'/l(c )Agc—)l + 041(<; )Al(c—)Q + Al(c—)S
U O @A N O @ A SR
oy, Cro1 4+ oy Crg + Ci_3 oy, Cro1 4+ o) Crg + Ci_3
AL A A 4@ o
where (CT’;’ C?n ) a (CZ’;’ é;), for all n > 0, are the convergents of (a(() ), a(() ))
and (64(()1), 07(()2)), respectively. ]
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This chapter presents several results obtained in joint work with Murru and Romeo
[1]. These results concern transcendence criteria for MCFs. In particular, Section 2.3
uses Liouville’s classical idea to construct transcendental numbers via MCFs whose
partial quotients grow sufficiently rapidly. Section 2.4 extends Baker’s construction
for quasi-periodic continued fractions to the multidimensional setting. The first two
sections, on the other hand, are devoted to presenting some preliminary new results on
MCFs. The original contributions begin essentially with Lemma 2.13. The preceding
results are either accompanied by explicit references or are expected to be known. In
the latter case, however, they do not appear to be readily available in the literature,
at least not in the form in which they are presented here.

Unless otherwise specified, from now on we shall consider only multidimensional

continued fractions with infinite sequences of partial quotients.

2.1 Auxiliary results

In this section, we prove some results that will be used in the proofs of the main
transcendence criteria.
First, we attach to a Jacobi-Perron MCF with partial quotients aV, ..., a™), the

auxiliary sequences

AD = ADC, - AW O,

A9 = ADC, , — A 0> 0.

If m = 2, the sequences (A%),> enjoy particularly nice properties.
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Lemma 2.1. The sequences (A1), and (A?)),>q satisfy

A DAY, oA, 1 A, 2
Anz) - _a’nz)A;Q—)l - an1—1A£L2—)2 + A7(12—)37

for all n > 1, with initial conditions

AY =0, A" =0, AV =-1,
A% =1, AP =0, AP =0
Moreover,
AV <Co JAD|<Cy AP <Gy 1AD] <G
for allmn > 0.
Proof. See [78, Chapter 9. O

Remark 2.2. The recurrent relation (2.1) shows, in particular, that flgf) is independent
of al). In the m-dimensional case, a recursion for A?) as simple as the one given in
Lemma 2.1 could not be found. Nevertheless, it is still possible to prove that [15?

does not depend on a{!). Indeed, we have

AD = ADCy = ALLCy = (DAL o am A+ AL ) C
—AD (@WC, 1+ 4+ a™C 4 Crr) =
=a@AY 0, — AD C )+ a™AY, = AY )

+ (As)fmflcn—l - Ao(f)flcn—m—l)-

But, by the recurrence relations of Lemma 1.66, the quantities AS),Z, e Aﬁf),m,l and
Cn-1,...,Ch_m_1 are independent of ag), and hence so is fl?(f).

This observation will play a crucial role, as it will allow us to explicitly construct
transcendental multidimensional continued fractions using Theorem 2.16 and Theo-
rem 2.19 (see also Remark 2.17).

Lemma 2.1 yields the bound /L(j) < (), in the case m = 2. For completeness, we
also show that A,(fjl can be bounded in terms of the denominator at the previous
step C),. This is established in the following proposition for Jacobi’s MCFs, although

a similar result can be obtained for m > 3.
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Proposition 2.3. Let [(ao Yoall ), (a(() ) al?, )] be such that a,(llll < C, for all
n € N. Then,
AN <3c2, A% <32,

for allmn € N.

Proof. We know that, fl,(llll < Chy1. Hence,
Al < Cor = al),Cr+ a2 Coy + Gy < a4 (Cr 4 Gy + ) < 3C2,

since aﬁl < a,gll < (,. The same argument applies to flﬁl. O

We now seek to extend some elementary properties of convergents for classical
continued fractions in the multidimensional setting. In particular, to prove the main
theorems of Section 2.3, we need to derive an upper bound for the simultaneous

imati (@) _ AY
approximation error |ag’ — F-|.

The following lemma is merely a technical tool
for the proof of Lemma 2.5, which indeed may be viewed as a multidimensional

counterpart of Theorem 1.22; although it yields a weaker conclusion.

Lemma 2.4. Let rq,...,7, be pairwise distinct real numbers. Set
my, =min(ry, ..., r,), M, =max(ry,...,m,).
If © € [my,, M,,], then there exists j € {1,...,n — 1} such that
x € [min(r, 7j41), max(r;, rj11)].

Proof. We argue by induction on n. The case n = 2 is trivial. Assume the claim
holds for n — 1.

Let us add one more point r,. Then, exactly one of the following occurs:

(i) mp—1 = my and M,y = M, in which case the claim follows directly from the

inductive hypothesis.

(ii) my, < my,_1 and M,y = M,, so that m, = r,. Then, either = € [r,,r,_1], or
x € [rp_1, M,] C [m,_1, M,_1], and the claim follows.

(iii) mp_1 = m, and M, 1 < M,, so that M,, = r,, and the argument is analogous
to the one before. O

Lemma 2.5. Given

1 m 1 m m
@V, .. oy =@, aV, . ), @™, d™, ),
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then, for allt=1,...,m,

i 7 (4)
O A < 1Al
0 Cn o Cn—&-lcn,

for infinitely many n € N.

Proof. Arguing as in the proof of Lemma 1.61 (for m = 2), one shows that, for all

1=1,...,m, setting
" Cn ’ Cn+17 ’ Cner ’
G)  A0) (@)
MY = max A An“ ... Anim
" Cn ’ Cn—i—l’ , Cn—l—m ’
we have

m{) < af < M,

for all n € N (see Theorem 1 of [12] for more details).
By Lemma 2.4, for each n € N there exists j € {0,...,m — 1} such that Oé(()i) €
[Asjrj AELiJ)rj+1‘| (0) o A o

AW
Crts’ Cniger | 01 Q0 Cntj+1’ Cnej ence, we have

) () () i
Oéél) . An-i—j An+j+1 N An-‘rj _ |An+j+1
Crti| = |Cngjrr Cayy Cnijr1Cnyj

for infinitely many n. This in turn impies, by a suitable rescaling of the indexes, that

S AY AV, AR AD,
0 On o On+1 On Cn—l—l Cn ,
for infinitely many n and for all i =1,... ,m. ]

Remark 2.6. If m = 2, then by the same argument, for every n we obtain

Lo _ AP 1AL LAY 1A
0 Cn o Cn+1Cn’ 0 Cn o Cn+2cn+l.

Since ]215,?11] < Chyt, |/~1£ZJ)FQ| < Chyo and Chyq > (), we can conclude that

o AD 1
(07} —Ci _Ci

The results in Section 2.4 rely on Theorem 2.14. For the latter, in turn, we will
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need to compare the numerators A% and the denominators C,, of the convergents of
a MCF in order to obtain suitable bounds for certain quantities arising in the proof.
A first attempt in this direction is to use the convergence properties of A% /C,,. This

is carried out in the following proposition.

Proposition 2.7. Let (Oz(()l),...,a(()m)) € R™ such that 0 < a(()i) < 1 for alli =
1,...,m. Then, there exists a constant K € N, depending only on ozél), .. oz(()m),

such that A§j> < KC, for alln > 0.

Proof. For each i =1,...,m, consider the sequence

Mi):max Al(j) Al&)rl Ak-l—m
g Ci’ Crnt’ " Crim )

From the proof of Theorem 1.59 (which easily extends to any m > 2), we know
that (M él))kzo is strictly decreasing and converges to a((f) < 1. Hence, there exists k

such that A\ < C;, for all k > ko. The claim follows. 0

For the case m = 2, we can obtain a sharper bound, which is precisely the one
that will be used in the proof of Theorem 2.14.

Lemma 2.8. Let (o, o) € R? with 0 < oV, a?) < 1. Then,
AV AD < Cp,

for all n > 0.

Proof. We argue by induction. For n = 0, since 0 < a(()l), a(()Q) < 1, we have Aél) =

a(()l) =0, A(()Q) = a((f) =0, and Cy = 1, so the claim holds.
For n =1, we have Agl) = agz), A§2) =1,and C) = agl), hence again Agi) < (.

For n = 2, we compute
Ag ) = agl)ag )41, A§2) = agl), Cy = a(l)a(l) + a( )

Clearly A < Cy, and AYY < C follows from the admissibility condition (1.53):

aéQ) > 1 whenever a( ) = ag ),

Assume now the claim holds for n — 1, n — 2, and n — 3. Using the recurrence
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relations,

AW — qWAD (@040

n

AD = aVAD | + @AY, + AY

n n—3»

Cn = a(l)Cnfl + a1(1 )Cnf2 + Cnf?n

n

and comparing term by term, the conclusion follows by the inductive hypothesis.

]

Following the same inductive proof of Lemma 2.8, it is possible to prove the

following general result.

Corollary 2.9. Let (o, o) € R? such that
N<a(()1)<N+1, M<a(2)<M+1,

for some integers N, M > 0. Then, for alln >0,

NC, < AV < (N +1)C,,
MC, < A® < (M +1)C,

In the proof of the main theorems in Section 2.4, we will also need a bound on the

difference of two real numbers whose MCFs share a given number of initial partial

quotients. The next two lemmas serve this purpose and can be seen as multidimen-

sional analogues of Lemma 1.46, although we prove them only for m = 2, as they

both relies on the inequalities of Lemma 2.1, that are specific for Jacobi’s algorithm.

Lemma 2.10. Given

1 2 1 2 2
(@, o) = [(al,a",..), (@80l . )],
—(1) —(2 1) - _(2) (2
@",as) =[@",a,...), @>.a?,.. ).
with agl) = a§” and al(Q) for’ alli=0,...,n, then
- 1 @ (2 1
Qy —ay | < =—, |ag —ay’| <
| 0 | c [ 0 | s

(1)

Proof. Assume without loss of generality that a( ) < ay (1)

up to the n-th convergent, for all n € N we have

Mpy_o < &él) < a(()l) < M, _-.

: _(1
. Since oy’ and aé ) Share
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where m,,_o and M,,_5 are as in the proof of Lemma 1.59. The claim follows by

applying the inequalities of Lemma 2.1. The proof for a(()Q), 07(()2) is analogous. n

The next lemma provides the bound that will actually be used in the proofs of
Theorem 2.22 and Theorem 2.24.

Lemma 2.11. Under the same assumptions as in Lemma 2.10, we have

! 2 2) (2
g —ag’| < =, o —af?| <

2
C, Cn’
Proof. The claim follows by writing

2
Cn’

A
@(()1) _

04(()1) — C <

laf? —al] <

Cu

where the last inequality follows from Theorem 2.6. The same argument applies to
(2

at? al?. O
Remark 2.12. Lemma 2.10 and Lemma 2.11 provide two different estimates for the
difference of numbers sharing the first partial quotients of their MCF. In fact, al-
ﬁ, as (), = agll)C’n_l + CL,SL2)Cn_2 + ()3, it is not

hard to see that this is not always the case.

though Cln is often smaller than

The last ingredient needed for the proof of Theorem 2.22 and Theorem 2.24 is a
lower bound for the denominator of the n-th convergent of Jacobi’s MCF and, in the
case of bounded partial quotients, also an upper bound. These bounds are provided

in the following lemma.
Lemma 2.13. Consider the bidimensional continued fraction

1 1 2 2
(a,aM,. ), (a2,d?, . ).

Then, C,, > ¢""2, where v is the unique real root of f(x) = x® — 2% — 1.
Moreover, if al) < M for all n, then C, < x", where X is the positive real root of
g(x) = 2% — M2* — Mz — 1.

Proof. We prove both statements by induction. Since 1 &~ 1.46 the claim holds for
n = 0,1,2. For the inductive step,

Cruvs = a1 yChia + a2 5Chiy + C > Crag + Cy > 2% + 1) = ¢,

since 1% = 2 + 1.
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For the upper bound, assume that agll) < M for all n. In general, the polynomial
g can have either one or three real roots. It has three real roots if and only if its

discriminant is positive, i.e.
A(g) = M* — 18M? — 27 > 0,

which happens, in particular, for all M > 5. It is possible to see that for 1 < M < 4
the base case holds. For M > 5, by Descartes’ rule of signs there is only a positive
root y, since the product of all roots is 1 and there are exactly two roots of same

sign. Moreover, for the same reason, y > M > 1 as M is the trace of g. Therefore,
Coi=0<x" Co=1=x", Ci=a1 <M<y,

and the base of the induction is proved. For the inductive step observe that, for all

n?
Chio = asllJ)r2Cn+1 + aﬁ)rQCn +Cpg S MY+ MY+ X" =
= X"TH M)+ My +1) = X",
as x is a root of g, and the thesis is true. O

2.2 Bounds on the height of cubic irrationals

In this section, we establish an explicit bound for the height of cubic irrationals arising
from periodic Jacobi MCFs. Our aim is to find an analogue of Lemma 1.47 to be
used in the proofs of Theorem 2.22 and Theorem 2.24.

We first consider the case of cubic irrationals (a(()l), a(()z)) such that 0 < a(()l), a(()Q) <

1. The general case will then follow from Theorem 2.9 and is treated in Theorem 2.15.

Theorem 2.14. Given

1 2 1 1 1 1 2 2 2 2
(Oé(() )705(() )) = |:(a(() )7 cee 7a§§217alg: )7 s 7a§c+)h1> ) (CL(() )7 st 7a§gjl?alg: )a s 7a’lgrlh1):| )
(2.2)

with 0 < a(()l), 0462) < 1, then a(()l) and a(()Q) are cubic irrationals such that

H(a"), H(ag?) < 2592C7,, ;.
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Proof. From (2.2), we have that oz,(;) = oz,(izh and oz,(f) = oz,(jzh, so that, by (1.55),

a,(gl) a,(gl) 10 a,(gllhfl 10 a,(cl)
1
2 2 2 2
o | =~ [a 0 1| 0 1) o] (2:3)
.oy
1 1 00 1 0 0 1
Moreover, applying (1.56) with m = 2 implies
-1 -1
a]gl) a,(cl_)l 10 a(()l) 10 ozél)
o] =ai’ay’ ol | 0 1) [l 001 ag’ |- (24
1 1 00 1 00 1

Following the notation introduced in (1.57), and substituting (2.4) into the right-hand
side of (2.3), we obtain

(1) (1)

040 ao
1 —
oq()Q) = ﬁMoMl-..Mk+h—1(M0---Mk—1) ! a((f) =
1 Oék+1 .. .ak_;'_h 1

2 2 2 2 2 2 2
:y Al(c-&)-h—l Agc—i)-h—2 Al(f—i)-h—ii Al(c—)l A]({t—)Q Al(c—)S a(()) J

Crsn-1 Cryn—2 Cryn-s| [Cr—1 Croa Ci_3 1

1 1 1 1 1 1)1 1
Al(c—&)—h—l Al(cJZh—Q A](i‘-‘,)-h—3 Al(c—)l Al(c—)Q Al(c)S 0‘8)

where X' = oz,(glll . .oz,(cllh. With some computations, we have

-1

1 1 1 (2 (1 -~
Al(czl Aggzz Al(cz3 Aéﬁ - 12372 Uk72
2 2 2 _ (2 (1 =
Al(c—)l Al(c—)2 Al(c—)S - _A](i‘—l Al(c—)l —Uk-1
Ci1 Cr—a Ci_3 /L(f_l —/1,(:_)1 Uk;—l

where the latter sequences are defined recursively by

G = AP AL, — AL AL,
fi = AP AR, — AL AL,

for every k > 0. Thus, we derive the system

Xl,loz(()l) + X172a62) + X173 = )\,Oé((]l),
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where

X2,104(()1) + X2,20482) + X9z = /\/a((JQ)a
Xg’la(()l) —+ Xg,QOé((f) + X373 = )\/,

Xi2= Ak—i—h lAk 9 T Ak+h 2Ak 17 Ak+h

1 (2 1 (2 1 (2
X1 = Al(cJZh lAl(s )2 - Agﬁzh 2Al(<c )1 + Al(<a+)h 3Al(c )1a

3Ak 1

X1,3 - Agcl-i)-h—lUk 2 A](H_h 2Uk 1+ Ak+h 3Uk 15
2 2 (2
X2,1 = Al(chh 1A( )y — Ak+h 2A Ot Ak+h 3A1(<; )1,

~ = 1 2
Xoo = Ak—i—h 1Ak 2+Ak+h 21412)1 Al(f-‘rh

3Akz 1

X2,3 - Al(jrhflﬁk—Q - Ak+h—2Uk—1 + Ak+h73Uk—lv
X31 = Ck+h71121](62)2 — Crgn- 2;11(3)1 + Crgn- 3/‘11&2)1,
X30=—Chypn_ 1A o+ Crin— 2Ak 1= Cryn 3Ak 1
X33 = Cran1Upg — Ck+h—2Uk—1 + Chyn3Up_1.

Eliminating X' gives

Since o

2) .
0

2
Xl,laél) + XLQCY[()Q) + X173 = X3’1 (Oé(()l)) + X3,2a[()1

XleC)é((]l) + X2720é(()2) + X273 = X371a(()1)04(() ) + X372 (Oé(()z)

is irrational, X1 — X3104 (2) # 0. Thus, from (2.6),

)04(()2) + X3,304(()1)>

2
) + X3730é(()2) .

we obtain

2
(1 _ X3 (04(()2)) + (X33 — ng)()z(()?) — X3

%)
X2,1 - X3,10é(()2)

Substituting into (2.5), one gets

(2.5)

(2.6)

2 2 2
X31 <X3,2 (04(()2)) + (X33 — X2,2)CY(()2) — X2,3) — (X1,204(()2) + Xl,g) <X2,1 — X37104(()2)) +

2
+ (XS,QOé((f) + X33 — Xl,l) (X3,2 (Oé(()z)) + (X353 — X2,2)Oé(()2) - X2,3) (X2,1 - X3,1Oé(()2)

)=o.

o\ _ 2 (o@)!
The two terms of degree 4 are X3,X3,(a and —X31X3,(aq ") , therefore the

left-hand side is a polynomial expression of the form

A(ag2>)3+3(a§?>) +CaP + D=0,
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2.2. Bounds on the height of cubic irrationals

where

A=—X1X5, + X171 X351 X350 — X00X31 X352 + X0 X3,
B =2X12X01X351 — X11X22X31 + X2,2X§71 - X1,3X§,1 — X11X21 X352+
— X21X29X32 — Xo3X31 X320+ X11X31 X353 — XooX31X33+2X01X32X533,
C=- X1,2X22,1 + X1 X091 X0 +2X13X01 X351 — X11X93X31 +2X90X53X3 1+
— X01X93X32 — X11X01 X33 — Xo1X02X353 — Xo3X31X33 + X2,1X§,3
D=— X1,3X2271 + X11X21 X023 + X22,3X3,1 — X01X93X33.

By Theorem 1.72; this polynomial is in fact of degree 3 (that is, A # 0) and is
irreducible. Notice also that h and k are constants, because they represent the period
and the pre-period of the bidimensional continued fraction of (ao ), oz[() )) Hence, by

Lemma 2.8, each X; ; satisfies
X;; <6C7 . (2.7)
Since AW, A® < ¢, for 0 < af”,al? <1 (see Lemma 2.8), this implies

H(al?) < 259207, ..

(1)

Now we want to apply the same reasoning to oy ’, in order to find its minimal poly-

nomial and a bound on its height. From (2.5), we obtain

of? -

2
Xs31 (Oéél)) + (X33 — X1,1)0481) —Xi3
X1,2 - X3,2Oéél) '

Observe again that the denominator is nonzero as ozél) is irrational. Substituting into

(2.6) yields

2 2
X329 <X3,1 (Oé(()l)> + (X33 — X1,1)Oé((11) — X1,3> (X2 1a0 '+ X, 3) (Xl 9 — X3 ga(()l))
+(Xs10) + Xy — Xap) (Xg,l () + (Ko — Xia)ad” — X, 3> X1z = Xgzal) = 0.
2 (W) (y* ;
The two terms of degree 4 are X32X3, (0 and —Xj3 2X31 o and, reasoning

as before, we can see that the left hand side is again an irreducible polynomial of

degree exactly 3 evaluted at ozo . With some computations, the equation reduces to

A(oz[()l)>3 + B(ag”)2 +Cal’+ D=0,
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where

A= X1,2X§71 — X11X31 X309+ X90X31 X392 — X2,1X§,2,

B=—X11X12X31— X12X02X31 + X12,1X3,2 +2X19X91 X350 — X11X02X30+
— X13X31X32 — X2,3X§,2 +2X12X31 X33 — X11X32X33 + X22X32X333,

C=- X12,2X2,1 + X1 X19X00 — X1 0X13X31 +2X11X13X30 — X1 3X90X30+
+2X19X93X30 — X11X12X33 — X1 2X99X33 — X13X32X33+ X1,2X§,37

D= X12X13X22 — X12,2X2,3 + X1273X3,2 — X12X13X33.

Also in this case we use (2.7), and we obtain that
H(Oé(()l)) < 25920}?%717

which concludes the proof. O]

Theorem 2.15. Given

1 2 1 1 1 1 2 2 2 2
(Oé(() )aa(() )) = |:<a(() )7 cee 7al(921>al(c )7 cee 7al(c+)h1) ) <a(() )7 s 7al(921>al(c )a cee >al(c+)h1>] )

with 0 < aél) <N,0< aéQ) < M for some positive integers N, M, then 0481) and 0462)

are cubic irrationals such that
(1) ) 57 159
H(a{"), H(al?) < 2592N°M°CY.,, .
Proof. The argument is identical to that of the previous theorem, using Theorem 2.9

to bound the coefficients X ; also in terms of N and M. O

2.3 Liouville-type multidimensional continued fractions

In this section we provide some infinite families of multidimensional continued frac-
tions converging to transcendental numbers, using a method similar to Liouville’s

original approach.

Theorem 2.16. Let
1 2 1 (1 2) (2
(a(())7a(() )):[(a(())7ag.)7"')7(a(() )7a:(|.)7"')]

be a bidimensional continued fraction, and let 6 > 0.
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2.3.  Liouville-type multidimensional continued fractions

If
ap) > max{|AD|C)_,, |APIC) ), (2.8)

forallmn € N, then oz((Jl) and aég) are (rationally independent) transcendental numbers.

Proof. By Lemma 2.5, for infinitely many n € N we have

1 T(1 1(1
Lo AV AR AD) AL, | AR
0 Cn Cn+1 Cn CnJrl Cn (ZngJ)rl 0721 C?%+6 ’

where we used (2.8). By Roth’s Theorem 1.27, ozél) is transcendental.

The same argument applies to a(()Q), yielding

2 q2 A2
o AD| (AR ap| | A, | A2 1
G| |G Cu| |CunCh| W02 T O

for infinitely many n, hence 0482) is transcendental as well. Rational independence

follows from Theorem 1.54. OJ

Remark 2.17. Condition (2.8) can be effectively used to construct pairs of transcen-
dental numbers via Jacobi’s algorithm. Indeed, A\ and A do not depend on a(V),
but only on a!? and previous partial quotients (see Remark 2.2). Therefore, for
any arbitrary choice of the sequence of non-negative integers (a;2>)n20, one obtains a

different pair of transcendental numbers.

Example 2.18. For simplicity, let § = 1 and a(?) = 1 for every n > 0. Setting a("
to be the smallest positive integer satisfying (2.8) at each step, the first values that
we obtain are displayed in Table 2.1.

no el C, Ay AR
0 1 -1 0

1 2 2 1 1

2 3 7 1 -1
3 36 255 -9 -2
4 9946 2536239 —30 39

5 126205788880 320088043783222582 49761 19852

Table 2.1: Values of a,(ql), Ch, AS) and [15?) for ag) =1and § =1.
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Chapter 2| Transcendence criteria for multidimensional continued fractions

Notice that the partial quotients all) grow extremely rapidly: already at step

n = 5 one obtains a twelve-digit number. By Theorem 2.16, the pair (a(()l), 04((]2)) =

[(a(()l), alV, ... ), (1,1,...)] consists of rationally independent transcendental numbers.
Choosing instead al?) = 2 for every n > 0, the growth of all) is even faster, as

shown in Table 2.2.

n afd) C, Ay AR
0 1 1 -1 0

1 3 3 2 1

2 7 23 -1 -2

3 300 6907 —13 -3

4 4192550 28957942899 328 607

5 1578280080147147208 45703744439530232367011289829 54502493 12576434

Table 2.2: Values of ag), Chn, /L(ll) and /ﬁ?) for ag) =2and § = 1.

In both cases, the pair (aél), oz((f)) consists of rationally independent transcendental

numbers by Theorem 2.16.
We now extend this construction to higher dimensions.

Theorem 2.19. Let

1 m m
(@8, ™) = [(aD)ns0, - -, (al™ )]

be a multidimensional continued fraction, and let 6 > 0. If

a® > max{|AQ|C2_,, [AD|CE_,, ..., |A|C_, ), (2.9)
for alln € N, then all the numbers (a(()l), e ,a((,m)) are transcendental.

Proof. The proof follows the same lines as that of Theorem 2.16. By Lemma 2.5, for
infinitely many n € N,

o AD| (A% a0| | A9, | 1A% _ 1
0 Cn CnJrl Cn Cn+1 Cn agll 0721 0721+5 ’
for each 2 = 1,...,m. Theorem 1.27 then implies that all ozéi) are transcendental. [
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2.4. Quasi-periodic multidimensional continued fractions

Thanks to Remark 2.2, it is again possible to define recursively the sequence
(alM),>0 so that (2.9) holds. Hence, one can construct multidimensional continued
fractions converging to m-tuples of transcendental numbers.

For m > 3, it remains an interesting problem to determine conditions ensuring

rational independence.

2.4 Quasi-periodic multidimensional continued fractions

We now study transcendence criteria for quasi-periodic multidimensional continued

fractions.

Theorem 2.20. Let (af”,....a{™) = [(a§”,a{",...), .. (a™,a\™, .. )], and let
d>1. If af}ll < C% for all n € N, then there exists a constant K = K(d,m) such
that

loglog C, 11 < Kn, (2.10)

for all n > 0, where one can take

1
K =log(d+ 1) + log (1 + d> + loglog(m + 1).

Proof. From the recurrence relation,

Crt1 = ) Coia—j + Co,

Jj=1

and using aﬁfll < C4 for all j, we obtain

Cn+1 < (m + ].)C;H_l

Iterating this inequality yields, for all n,

Crr < (m+ )0 < (m + 1)HEDCED® o

n

n n+1_
< (m A 1)IFERD+ @) Gl g, gy

)

from which (2.10) follows. O

Definition 2.21. Let (Ag)g>0, (75)k>0, (ng)k>0 be sequences of positive integers with

Nit1 > N + TEAE,
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Chapter 2| Transcendence criteria for multidimensional continued fractions

for all k. Let (a{)),>0, . .., (a™),>0 be m sequences of integers satisfying the admis-

sibility conditions (1.53), and suppose that, for all j =1,...,m,
a9, = al, 211)

whenever n, < n < ng + (A, — 1)rpy — 1. Then, the multidimensional continued

fraction [(a())ns0, .- -, (al™),>0] is called quasi-periodic.

We remark that quasi-periodic sequences may, in principle, be periodic; this possi-
bility is excluded in the following theorems, where “non-periodic continued fraction”
means that at least one of the sequences is not periodic.

The following result may be regarded as a multidimensional analogue of Baker’s
Theorem 1.49. Its statement is similar in spirit: under suitable technical assumptions,
if a pair of real numbers (04(()1), 04(()2)) has a quasi-periodic, non-periodic MCF whose
partial quotients are grouped into blocks, each consisting of repeated copies of a
finite sequence, and the numbers of repetitions grow sufficiently rapidly from block

to block, then at least one of a((]l) and oz(()Q) is transcendental.

Theorem 2.22. Let (ozl()l), ai?) = [(alY, alV, ... ), (aéZ), al?, ... )] be a quasi-periodic
non-periodic multidimensional continued fraction. Assume there exists d > 1 such
that af}ll < C for all k € N, and suppose 1 < cny,, where ¢ is a constant. If

log g

lim = 400, (2.12)

then either both aél) and oz((f) are transcendental (and rationally independent), or one

of them is cubic irrational and the other is transcendental.

Proof. The proof proceeds by contradiction, constructing approximations via periodic
MCFs, obtained by suitably truncanting the MCF of (a(()l), a((?)), and applying Roth-

type estimates, as in the one-dimensional Baker method.

(()1) or oz(()Q) is an algebraic number. Starting from the

quasi-periodic MCF of (a1, aéQ)), we construct a sequence of pairs (n;(gl), 77;5;2))k20 in

Suppose that at least one of «

the following way:

1 2 1 1 1 1
(77/2 )7nl(g )> - [ (CL((] )7 e aagzk)flva’glk)a s 7a£7,k)+7‘k1> )

2 2 2 2
(ag>,...,a;k>l,agg,,..,aggw1)], (2.13)
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2.4. Quasi-periodic multidimensional continued fractions

for all £ > 0. For simplicity, let us set, for all £k > 1,
mk:nk+()\k—1)rk—1

Then, n,(cl) and n,(f) are cubic irrationals for all k, that have in common with a(!) and
a® | respectively, the first my, partial quotients. Assume first that a((]i) #+ 77,(:), 1=1,2,
for infinitely many k£ > 0 in order to apply Theorem 1.42. Therefore, by Lemma 2.11,
Theorem 2.15 and Theorem 1.42, choosing some € > 0, one of the following chains of

inequalities holds:

2 o) c1
—— > oy’ — | > =5
Con Coi),

2 @ _ @ Ca

> lag” —ng | > ,
Con Co,

for some positive constants ¢y, co. In either case, by using Lemma 2.13, we obtain
-2 9(6+¢)
YT < O, < 30, fmk 1

that is
A <y — 2 < cq+ c510g(Chyp g —1) < c610g(Chygr—1),

for suitable constants ¢; > 0. Hence
loglog(Chy 4 —1) > c7log Ak, (2.14)
for some ¢; > 0. However, by Theorem 2.20, there exists cg > 0 such that
loglog(Chy4r—1) < cs(ng + 1 — 1). (2.15)

Combining (2.14) and (2.15), and since 1 < cng, we obtain for some constant ¢ > 0

log g

Cog,
N

which contradicts (2.12). Therefore, a((]l) and a(()Q) are transcendental numbers and
the rational independence follows from Theorem 1.54.

If oy (= 771(:) (or oz(()2) = n,(g2)) for all but finitely many k, then we can conclude that

ad! (or al? )) is cubic irrational and oz(()2) (or ozél)) is transcendental.

Notice that it is not possible to have a( ) = 77(1 and a(()Q) =

the quasi-periodic continued fraction of (Oé(() ), 04(() )) is not periodic. ]

17,(3) for some £, since
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Chapter 2| Transcendence criteria for multidimensional continued fractions

Example 2.23. We construct an explicit example of a quasi-periodic MCF satisfying
the assumptions of Theorem 2.22. Let (A\g)r>0 be the sequence of integers defined

recursively by

)\0 = 1, >\k = k)\0+...+/\k71,

ng=0, ng=>XA+-+ X1, fork>1,

so that A\, = k™ and

log A
lim 2% — Jim logk = +oo.
k—+oco Ny k——+oo

Set also r, = 1 for £ > 0, and let (x,&l))kzo and (x,(f))kzo be two sequences of integers
such that

2V >3 51 fork>1. (2.16)
We then define the sequences a!) = (a{l)), >0 and a® = (a?),>¢ by setting

n

ao' = 930' , ag) = :v,(j) for npy < n <mgyq — 1.

In other words, the sequences are given by

a(l):( (1 (1 (1) (1) (1) (1) ),

0 s X1y Ty 'y Ty y Ty e, Ty y o ..
Ao times A3 times
2) _ (.2 (2 (2 (2 .2 (2)
a® = (xy?, 212, x?, 2, 2y, ).
Ao times A3 times

The assumption (2.16) ensures that a!) and a® satisfy the admissibility conditions
in (1.39). Hence, they are the sequences of partial quotients of a quasi-periodic MCF,

say
1 2
([K(())7C([())) [”(1)7 (2)]

The last technical condition in the theorem is not restrictive. Indeed, we may choose

x,(cl), and thus a{!); to be bounded, so that agll < C? holds for some d > 1. For

instance, we may take x,gl) = xf) = 3 if k is even, and xg) = x,(f) = 2 otherwise, that

is,
aV = (3,2,3,...,3,2,2,...,2,2 3.3,3,...,3,3,3, 2,2,2,/2,...,2,2,2.2 ...),

v )
22 times 31+1+22 times 4141422430 fieg 51+1+2243644735 4i10g
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2.4. Quasi-periodic multidimensional continued fractions

a?® =(3,2 3,...,3,2,2,...,2,2,3,3,3,...,3,3,3, 2,2,2,2,...,2,2,2,2, ...).
——

22 times 3141422 ¢imes 4141422430 gieq 514+1+2243044735 4 0g

By the previous theorem, at least one of 04(()1) and Oé(()2) is transcendental.

When the partial quotients are bounded, the assumptions can be weakened, as the

following theorem shows.

Theorem 2.24. Let (a[()l), a(()Q)) = [(a(()l), atV, ... ), (a((f), al?, ... )] be a quasi-periodic
non-periodic continued fraction. Assume there exist two positive integers M, N such
that a,(gl), a,(f) <M andry <N for all k € N. Define the constant

logx
log

B =54 1,
where x and 1 are taken as in Lemma 2.13, i.e. the positive real roots of x® — Mx? —

Mz —1 and 2® — 2® — 1, respectively. If

A
limsup =% > B, (2.17)
k—+oo Tk

then either both ozél), oz((f) are transcendental (and rationally independent), or one of

them s cubic irrational and the other is transcendental.

Proof. The argument refines that of Theorem 2.22, using explicit upper and lower
bounds for C,, from Lemma 2.13.

Assume by contradiction that aél) or oz((]Q) is algebraic, and define 77,(;), n,(f) as in
(2.13). Suppose that a(()l) =+ 77,(:) and a((f) + 17,(f) for infinitely many k& > 0. Using the
same argument as in the proof of Theorem 2.22, we can assert that, for all € > 0, at

least one of the following inequality holds:

2 M (1 1
o > [ag’ — | > (Crgre1)0652)
2 @ (@ Ca
— > oy — > ,
ka | ’ g ‘ (an+rk—1>9(6+€)

for some positive constants ¢; and cg, and my = ng + (A, — 1)1, — 1. In either case,

we have
ka <3 (Onk +re—1 ) B(6+e) )

for a suitable positive constant ¢,. From Lemma 2.13, we obtain

wmk -2 < 62X9(6+5) (ng+r—1) :
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Chapter 2| Transcendence criteria for multidimensional continued fractions

that is,
log ¢ log x

log ¢ log)’
Since 7 is bounded and ¢ is constant, then by taking a proper constant c3 we can
rewrite (2.18) as

nk+()\k—1)7“k—3< +9(6+€)(nk+rk—1) (218)

log x
log )’

ng + 1A < cs + 9(6 + €)nk

from which we get

1
A < TEAp < cq + 1y, (9(6 +8>18§Z — 1) )

Hence,

)\k Cy 10gX IOgX
— < — 54 —1 9
nE Nk + ( log 1 * Elogw’

( (2)

which contradicts (2.17), by taking a sufficiently small e. Therefore, %1) and o are

both transcendental and, again, the rational independence follows from Theorem 1.54.

If 04(()1) = 77,(61) (resp. a((]z) = 771(3)) for all but finitely many k, then we can conclude

that o (resp. Oz(()2)) is a cubic irrational and af” (resp. 04(()1)) is transcendental.

As in the previous proof, the non-periodicity of the continued fraction excludes

the possibility that aél) = n,(cl) and ozéQ) = 77,(3) simultaneously for some k. O

Example 2.25. Let (r)r>0, (ng)k>0 be as in Example 2.23. Similarly, let

a) — (95(()1)7 xgl), xél),...,acgl), xél),...,xél), ),
A2 times Ag times
2 2 2 2 2 2
a® = ( (())’ x§)7 x;),...,a:g), :Ug),...,xg), c ),
Ao times Az times

and
(@, o) = [aV, a®?).

As before, setting a:,(cl) = a;,(f) = 3 if k is even, and xfgl) = x,(f) = 2 otherwise, we

have that the partial quotients of our MCF are bounded by M = 3. Then, by simple

computations, we have
3<y<4, 1l4<y<2 B<222

In this case, Theorem 2.24 allows us to take blocks of partial quotients with consid-

erably smaller numbers of repetitions. Namely, let us redefine the sequence (\g)r>0
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as
)\0:1, )\k:222()\0++)\k,1):222nk fOI'k’z 1.

Notice that this sequence is eventually bounded by that defined in Example 2.23. By

construction, we have

lim — = lim
k—+o00 Ny k——+o0 N

=222 > B.

Hence, Theorem 2.24 implies that at least one of oz(()l) and ozéz) is transcendental.

Remark 2.26. Using Theorem 1.43 instead of Theorem 1.42 in the proof of the previ-
ous theorems does not yield a significant improvement of the results. The only effect

is a refinement of the constant B in Theorem 2.24. More precisely, one can take

log x
B =36 —
log

since the lower bounds for the approximation improve to

1

Y

1

(Onk +rg —1)9(4+6) ,
Ca

(an a1 )9(4+5) .

(1)
0

ot — 7 >

2 2
ol —n?| >

2.5 Conclusions and outlook

In this section we collect several open problems and directions for future research
aimed at extending and strengthening the results obtained in this thesis.
In Theorems 2.22 and 2.24 the authors were not able to exclude the case in which

) )

one of a(()l and a((]Q is a cubic irrational, except under the following conjecture.

Conjecture 2.27. Let

) (2 1) @ 2 (2
(aé),aé)): [(a(()),ag),...),(aé),ag),...)]

be a quasi-periodic continued fraction, and let (77,&1), 77,(62) ) be as in (2.13). Then,
2 2
o £l and o 44l

for infinitely many k > 0.

Note that the non-periodicity of the quasi-periodic MCF of (a(()l), oz(()Q)) is not suf-

ficient to exclude this phenomenon. In fact, since the periodicity problem for the
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Chapter 2| Transcendence criteria for multidimensional continued fractions

Jacobi—Perron algorithm remains open, it is possible that oz(() ) or oc(() ) is a cubic irra-

tional while the associated MCF is not periodic.
A further obstruction to extending Theorems 2.22 and 2.24 to MCFs of dimension
m > 2 is the lack of a higher-dimensional analogue of Theorem 2.14. Omne can

formulate the following conjecture.

Conjecture 2.28. Let (04(()1), . (m)) € R™ have the MCF
1 1 1 1 m m m
[N e B R oo o |

and assume 0 < a(()i) < 1 for all ©. Then, there exist constants Ly, Ly € Z~g, inde-

pendent of the numbers ozg), such that oz[()l), e ,oz(()m), which are algebraic irrationals

of degree at most m + 1, satisfy
() Lo -
H(ay’) < LiCy3_q, i=1,...,m.

To approach this conjecture, one can proceed as in the proof of Theorem 2.14,

which leads to a system of equations of the form
Zz 1 Xl ZaO + Xl m+1 — )\/040 ;

Yty X2,ia(()) + Xomy1 = Noi,

lemza((J +Xmm+1_)‘/ )a

m

2 X, zOé(()) + Xo1me1 = N,

where X' = oz,(:ll e th Eliminating A’ yields

i Xl,io‘(()i) + Ximp1 = 04(() ) ( i1 X1, 104(()) + X1 m+1)

17‘11 Xm za(()l) + Xm m+1 — 050 (Zz 1 Xm+1 zaé)) + Xm+1 m+1)

The main difficulty is that, unlike the case m = 2, it is not straightforward to extract
explicit minimal polynomials for each a((f) from this system. Nevertheless, elimination

techniques show that there exist polynomials

PY e Q[Yii, ., Yms1me1, Z], i=1,...,m,
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whose coefficients depend only on m, such that
P(i)(XLl, e 7Xm+1,m+17 O./(()Z)) = O

Thus, the conjecture would follow from a suitable generalization of Lemma 2.8. This
is the key obstruction: Theorem 2.7 is not sufficient, since its constants depend on
the specific m-tuple, whereas a uniform bound is required.

Another obstacle to extending our results to quasi-periodic MCFs in higher di-
mension is that an analogue of Lemma 2.1 generally fails for m > 3. In particular,
one no longer has |[A®| < C,, for all n € N.

In Theorem 2.16 and Theorem 2.19 (Liouville-type MCFs) and in Theorem 2.22
and Theorem 2.24 (quasi-periodic MCFs), we provided criteria ensuring that the
associated m-tuples are composed of rationally independent transcendental numbers.
It is natural to wonder if, under these conditions, the numbers are in fact algebraically
independent over Q. Establishing this, or identifying additional sufficient conditions,
would be a significant improvement.

Beyond Liouville-type [56] and quasi-periodic continued fractions [11, 59], several
transcendence criteria are known in the one-dimensional setting. Adamczewski and
Bugeaud proved transcendence for stammering [3] and palindromic [5] continued frac-
tions, and later, together with Davison [6], for broader classes. This line of research
culminates in Bugeaud’s result on automatic continued fractions [18]. Extending
these notions and results to the multidimensional setting is a promising direction for
future work.

Finally, Baker’s results rely crucially on the Davenport-Roth bound (Theo-
rem 1.29). Any refinement of this estimate could lead to sharper transcendence crite-
ria. For instance, in [4], improvements are obtained via refined growth estimates for
convergents, based on strengthened versions of (1.21) and applications of Schmidt’s
Subspace Theorem [76]. It would be interesting to investigate whether analogous
refinements of Theorem 2.20 can be achieved in the multidimensional setting. A
preliminary step in this direction is to better understand the role of the condition
aﬁ}ll < C%: whether it is merely technical, or whether it already encodes significant

information about the transcendence of multidimensional continued fractions.
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The results presented in this chapter arise from a collaboration with Sanna and are
published in [2]. We provide here a detailed exposition, culminating in a result on

the distribution modulo 1 of certain powers of Pisot numbers.

Let ay,...,ar be integers. A sequence of integers & = (z,)n>0 is called a linear

recurrence with characteristic polynomial

f=XF—a XF! —ap X2 - — (3.1)
if it satisfies

Ty = Q1 Tp1 + ATy g + - + QT (3.2)
for all integers n > k. The values xy, ...,z are called the initial values of x and,

together with f, uniquely determine the sequence via (3.2). We denote by L(f) the
set of all integer sequences satisfying (3.2).

It is well known that every & € L(f) is ultimately periodic modulo any integer m >
1, and in fact purely periodic whenever ged(m, ax) = 1. The arithmetic properties of
linear recurrences modulo m have been extensively studied; in particular, one may

ask which residue classes modulo m are attained by @ and with what frequency [19,
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Chapter 3 | On the number of residues of certain linear recurrences

32, 40, 61, 73, 84], as well as for which moduli m the sequence & contains a complete
system of residues [10, 20, 49, 83].

For ¢ € L(f) and m > 1, let 7(a;m) denote the (minimal) period of & modulo
m, i.e., the smallest integer ¢ > 1 such that z,,; = x, (mod m) for all sufficiently

large n. We also define

I

plx;m) = ’{a:n mod m : n > 0}
and
p(x;m) = ‘{ajn modm:n >0, z, 0 (mod m)}’
Set
R(f) = {pla;m) : @ € L(f), m € "},
RY(f) = {p"(@;m)  w € L(f), m € Z*}.
With this notation, Dubickas and Novikas [33] showed that

R(X?-X—-1)=Z" and R*(X*-X-1)=2Z"\{1,2,3}.

Sanna [71] studied the case where f is quadratic with roots «a, § satisfying af = +1
and such that o/ is not a root of unity. He proved, in particular, that R(f) contains
all integers n > 7 with n # 10 and 4 t n. Moreover,

4D 7+ CR(f) if aB =1, 8Dy ZT C R(f) if aB = —1,

where D denotes the squarefree part of the discriminant of f, under the assumptions
Dy =1 (mod 4) and Dy > 5.

The main result in [2] is the following.

Theorem 3.1. Let a; be a nonzero integer. Then, R(X?*—a; X —1) = Z*. Moreover,
R*(X? —a1 X — 1) =Z" if and only if |a;| > 2. If |as| = 1, then R*(X? — X —1) =
Z+\ {1,2,3}.

The assumption that a; is nonzero is not restrictive, since one can easily check
that R(X? — 1) = {1,2}. Indeed, every & € L(X? — 1) is of the form

T = ($Oax17$07x17x0ax17 o ')7

so that p(x;m) =2 if xg Z x1 (mod m), and p(x;m) = 1 otherwise.

It is worth highlighting how our approach differs from those of [33] and [71], since
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both works are closely related to ours. Their core strategy is to find a suitable positive
integer m, generally a prime p, and a sequence & € L(f) that, modulo m, becomes
essentially a geometric progression whose ratio is a root of f modulo m. Consequently,
the number of distinct residues p(a;m) is governed by the multiplicative order of that
root modulo m, and producing a prescribed value n of p amounts to finding m and
a root of f modulo m of order n.

Dubickas and Novikas [33] carried out this idea for the single polynomial f =
X? — X — 1 (the case a; = 1, with our notation). For each target value of n,
they construct a Fibonacci-type sequence with ad hoc initial values zg, xqy, chosen
so that the sequence reduces, modulo a suitable prime p, to a geometric progression
of the desired order n. To select the prime p, the authors define an appropriate
sequence of numbers (L,,),>0, known as Lucas numbers, and take p to be a primitive
divisor of such sequence (namely, p divides a term of the sequence and no term
before it). Several (sometimes very large) primitive divisors of Lucas numbers are
computed explicitly with the aid of a computer. When this strategy is not directly
applicable, the problem is attacked by combining sequences with known number of
residues modulo specific integers, so as to obtain a new sequence with n distinct
residues modulo a suitable integer m. The resulting proof is split into numerous
cases according to delicate divisibility properties of n (Tables 1, 5, 6, 9 of [33]), and
both the choice of initial values and the choice of primes are tailored to the specific
arithmetic of Fibonacci numbers: the arguments do not extend, even in principle,
beyond this one polynomial.

Sanna [71] isolated and generalized the underlying mechanism to a wider family
of quadratic polynomials f. His criterion for showing that n € R(f) reduces the
problem to the existence of a primitive divisor p of a suitable sequence attached to
f (namely, a Lehmer sequence), satisfying the additional congruence p =1 (mod n).
This extra condition can be satisfied rather easily when 4 { n (and f(0) = —1), but
becomes a genuine obstruction when 4 | n, where one needs a primitive divisor with
even further properties — something guaranteed only under restrictive hypotheses on
the discriminant of f. This is the source of the gaps left in [71]: all multiples of 4
(apart from those covered by such hypotheses) and finitely many small values are
excluded.

Our argument removes this obstruction: rather than imposing additional condi-
tions on the primitive divisor p, we work directly with the multiplicative order of
the roots of f in the ring of integers of the splitting field of f (Lemma 3.16 and
Lemma 3.18). This allows us to handle the case where 4 | n as well, by replacing

Sanna’s restrictive assumptions on p with the requirement that p is a high primitive
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divisor (see Definition 3.11), which can be guaranteed in fuller generality.

We also remark that the proof of Theorem 3.1 is constructive: it provides an
algorithm which, given an integer a; # 0 and an integer n > 1, produces an m
and initial values g, z; such that the corresponding sequence © € £(X? — a; X — 1)
satisfies p(x;m) = n, and, if |a;| > 2 or n > 4, all the residues of & modulo m are

NnONzZero.

The last part of this Chapter is devoted to a corollary of Theorem 3.1.

For every t € R, let |t]| be the floor function of t, that is, the greatest integer not
exceeding t, and let {t} =t — [t| be the fractional part of t. Let p be the golden
ratio. As a corollary of their aforementioned result, Dubickas and Novikas proved
that for every k > 2 there exists a real number A such that ({\¢"}),-, has exactly

k limit points; whereas for no A # 0 does the sequence ({\g"}) -, have exactly one

n>0
limit point.
From Theorem 3.1, we deduce the following result concerning the distribution

modulo 1 of powers of certain Pisot numbers.

Corollary 3.2. Let a; > 1 be an integer, and let o = (al + /a2 + 4)/2. Then, for
every integer k > 2, and for every integer k > 1 if ay > 2, there exists £ € Q(a) such
that the sequence ({foz”}) , has exactly k limit points.

n>

3.1 Preliminary results

Hereafter, let a; be a nonzero integer, and cosndier the polynomial f = X2 —a; X —1
with discriminant D = a? + 4. Since a; # 0, the polynomial f is irreducible over
Q, meaning D is not a perfect square. Thus, the splitting field K = Q(\/ﬁ) is a
quadratic number field. Denoting the roots of f in K by a and 3, we observe that
a and f are distinct real numbers such that aff = —1, a + 8 = a1, (o — 8)* = D.
Moreover, since the only roots of unity in a real number field are —1, 1, then «//f is
not a root of unity, as otherwise we would have either a =1 = -3, 0or f =1 = —a.
Both cases would contradict o 4+ 3 = a; # 0.

3.1.1 A preparatory lemma

We begin with the following lemma, which reduces the number of cases to be consid-

ered in the proof of Theorem 3.1.

Lemma 3.3. Letx € L(f), let m > 1 be an integer, and lett = 7(x;m). Then, there
exists y € L(X? + a1 X — 1) such that y, = T(—(n+1) mod r) (mod m) for every integer
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n >0, where (—(n+ 1) mod t) is the unique integer r € [0,t) such that r = —(n+1)
(mod t). In particular, we have that T(x;m) = 7(y;m), p(x;m) = p(y; m), and that
all residues of € modulo m are nonzero if and only if all residues of y modulo m are

nonzero.
Proof. Let us extend x to negative indices by defining x,, = —a12,41 + x, 2 for every
integer n < —1. Then, we have that x,, = —a12,41 + 2,12 and z,14 = z,, (mod m)

for every integer n. Let y € L(X?+ a1 X — 1) with yg = 2;_; and y; = z;_». Since
Ynta = —Q1Ynt1 + Yn for every integer n > 0, it follows easily by induction that
Un = Ty_(n+1) for every integer n > 0. Hence, by the periodicity of =, we get that

Un = T(—(n+1) mod ¢) (mod m) for every integer n > 0, as desired. H

In light of Lemma 3.3, hereafter we assume that a; > 1.

Remark 3.4. Since Dubickas and Novikas already proved the case a; = 1 of The-
orem 3.1 and Corollary 3.2, we could assume that a; > 2. However, we choose to
include the case a; = 1 in our proofs in order to state some of the intermediary results

with greater generality.

3.1.2 Lehmer sequences

Let 7, § be complex numbers such that v§ and (y+ §)? are nonzero coprime integers,
and such that v/ is not a root of unity. The Lehmer sequence (¢,) associated with

v and ¢ is defined by

,yn —an
- if n is odd,

l, = N 3.3
Y=ot ni 3
——— if nis even
42— 52 ’

for all integers n > 0. The assumptions on v and § ensure that ¢, € Z for every n.

Definition 3.5. A prime number p is called a primitive divisor of ¢, if p | £, but

pt (=62l

Since ¢; = 5 = 1, primitive divisors can occur only for n > 3. See [14] for further
details on the existence of primitive divisors. Let P(¢,,) denote the set of all primitive
divisors of £,,.

We also need to introduce the sequence of cyclotomic numbers (¢,) associated
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with v and d. This sequence is defined by

on=II (v—e79),

1<k<n
ged(n,k)=1

for all integers n > 1. It is known that ¢, € Z for every n > 3 (see [14, p. 84]).
Recall that the n-th cyclotomic polynomial ®,, is given by

O.(X)= [ (X-e5).

1<k<n
ged(n,k)=1

A direct computation shows that

o) (7> _
0 w5 Py

where ¢ is Euler’s totient function. Moreover,

X" — 1= ][ ®u(X),

dlm

and therefore

o= ((G) ) o I(E) ST telG) = Toe 6

dlm

where we used the identity m = 34, p(d).

We now aim to establish a connection between cyclotomic numbers and primitive
divisors of Lehmer sequences. To this end, we need the multiplicative form of the
Mébius inversion formula, for which we also need to recall the Mdébius function p(n).

If n be a positive integer with prime factorization n = p{* - - - pSn, u(n) is defined by

Sn )

1 ifn =1,
un) =<0 if e; > 2 for some 1,
(—=1)* ife; =1 for all 4.

It is well known that, for every integer n > 2,

S uld) =0, (3.5)

dn
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and that p is multiplicative, i.e.,
w(ning) = p(ny)p(ne)  whenever ged(ng,ng) = 1. (3.6)
Lemma 3.6 (Mdébius inversion formula). Let f,g: N — C\ {0}. If

g(m) =11 f(a),

dlm

then
£(m) = TT gldy /.

dlm
Proof. This is a classical result; see, for example, [9, Chapter 2]. The lemma follows

by translating the proof given there from additive to multiplicative notation. O]

For every prime number p, let v, denote the p-adic valuation. For every integer

n >4, let P3(n) denote the greatest prime factor of n/ged(n, 3).

Lemma 3.7. Let n > 5 be an integer with n # 6. Then,

! {17P3<n)} lfn# 127
pyp(‘en)> e
1,2,3,6} ifn=12,

ol I

pEP(Zn)

where the product runs over all the primitive divisors p of {,,.

Proof. From (3.4) we have
7" =" =1 ¢,

d|lm

for every integer m > 1. From the definition (3.3), we have

o ly(y — 6) if n is odd,
(v =% =
la(y —0)(y+ ) if nis even.

Therefore, applying Lemma 3.6 with g(m) =~™ — §™ and f(d) = ¢4, we obtain

O = H (,Yd . 5d)ﬂ(m/d) _ H gcflt(m/d) H (’)/ _ 6)u(m/d) H (’)/—F(S)M(m/d).

d|lm d|lm d|m d|lm
d even

for all integers m > 3.
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Now,

H (y — 5)u(m/d) — H (y — 5)u(d) =1,

d|m d|m

where the last inequality holds by (3.5). Moreover, using also (3.6) and writing

m = 22" with n odd, we get

va(m) M(2v2(m)78)
[T v+ =11 (I (y+ay =1,
d|lm e=1 d|n

d even

since

H (y — 5)u(n/d) — H (y — 5)u(d) =1,

d|n d|n

where the last inequality holds again by (3.5). Hence,

om =TT (v* = 68" = T] e, (3.8)

d|m d|m

Let p be a prime number. If p is a primitive divisor of ¢,,, then p { {; for every k < n,
and therefore (3.8) yields

Vp(9n) = vp(ln).

If p is not a primitive divisor of ¢,, and p | ¢y, then it is known that v,(¢,) = 1 and
that either p = Ps(n) (if n # 12), or p € {2,3} (if n = 12); see the “only if” part of
the proof of [14, Theorem 2.4], or see the paragraphs before, and the comment after,
[85, Lemma 6]. O

We need a lower bound for the absolute values of cyclotomic numbers.

Lemma 3.8. Suppose that v, are real numbers with vo > 0. Then,
[6n] > [4(y — 8)2y8|*/1,

for every integer n > 3, where  is Fuler’s totient function.
Proof. This result is due to Ward [91, p. 233]. O

Hereafter, we set v = a and 6 = —f. Note that this choice does indeed satisfy
the conditions of Lehmer sequence. Moreover, we have that v0 = 1, v — § = ay,
(y+08)* =D, and (v* — 6%)? = aiD.
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Furthermore, the first values of (¢,,) are

flzl, €2:1, 63:Q%+3, €4:a%+2,
ls = (a3 +1)(al +4)+1, L= (a]+1)ls. (3.9)

In particular, note that, since ¢3 or ¢4 is even, if n > 5 then every primitive divisor
of ¢, (if it exists) is odd.

The problem of determining which terms of a Lehmer sequence have a primitive
divisor has a very long history. The first complete classification was given by Bilu,
Hanrot, and Voutier [14] (see also [71, Remark 3.1] for some missing values in [14,

Table 4]). We make use of the following two results.

Lemma 3.9. Let n > 3 be an integer. Ifa; =1 and n ¢ {3,6,10,12}, or a; = 3 and
n#3, oray ¢ {1,3}, then £, has at least one odd primitive divisor p.

Proof. 1f n > 13, then it is known that ¢, has at least one odd primitive divisor [85,
Lemma 8|. (In fact, this is true for all Lehmer sequences with real v, d.) Hereafter,
assume that n < 12.

If ay =1 and n ¢ {3,6, 10,12}, then one can check that ¢, has an odd primitive
divisor. If a; = 3 and n # 3, then one can check that ¢, has an odd primitive divisor.

Hereafter, assume that a; ¢ {1,3}. If n > 5 and n # 6, then by Lemma 3.8,
recalling that v —§ = a;, v = 1, we get that |¢,| > 2° > n. In turn, by
Lemma 3.7, this implies that ¢, has an odd primitive divisor, as otherwise (3.7)
would give

n < |gn| < P3(n) <mn,

which is a contradiction. Here we used the fact that, since n > 5 then ¢,, does not
admit even primitive divisors.

It remains to prove that if n € {3,4,6} then ¢, has an odd primitive divisor. Since
a; ¢ {1,3}, by reasoning modulo 8 and modulo 9, it follows easily that a? + 2 is not
a power of 2, and that neither a? + 1 nor a? + 3 is equal to 2°3! for some integers
s,t > 0. Hence, there exists a prime number p > 5 dividing a? + 1. We claim that
p is an odd primitive divisor of ¢s. In fact, since p > 5, by (3.9) and recalling that
D = a? + 4, we get that p | g and p{a; Dl - - - l5. The proof that ¢3 and £, have an

odd primitive divisor proceeds similarly. ]

Remark 3.10. Lemma 3.9 is optimal, that is, one can verify that if a; = 1 and
n € {3,6,10,12}, or if a; = 3 and n = 3, then ¢, does not have an odd primitive

divisor.
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Definition 3.11. For every integer n > 1, we say that a prime number p is a high

primitive divisor of ¢, if p is an odd primitive divisor of ¢, such that p*»(&) > n.

Lemma 3.12. Suppose that n > 5 and n # 6. If (2a,)?™/? > n?, then ¢, has a high

primitive divisor.

Proof. Recalling that v —d = a; and v§ = 1, by Lemma 3.8 we have that |¢,| >
(2a1)?™/2. Hence, by Lemma 3.7, we get that (2a;)?™/? > n? implies that

I ¢ >n. (3.10)
qc /P(En)

In particular, from (3.10) it follows that ¢, has at least one primitive divisor. Let p
be the greatest primitive divisor of ¢,,. It is known that each primitive divisor ¢ of ¢,
satisfies ¢ = £1 (mod n) [85, p. 427]. Hence, either p >n+1,or p=n—1 and p is
the unique primitive divisor of ¢,. In both cases, taking into account (3.10), we get
that p*»(*) > n. Hence, we have that p is a high primitive divisor of £, (note that p
is odd since n > 5). O

Lemma 3.13. Letn > 3 be an integer. Ifay =1 andn ¢ {3,4,6,8,10,12,14, 18,24},
ora; =2 andn ¢ {4,6,12}, ora; =3 andn ¢ {3,6}, or ay > 4, then {,, has at least

one high primitive divisor.

Proof. 1f n > 2-10% then p(n) > n/logn [91, Lemma 4.1]. Hence, we get that
(2a1><p(n)/2 > 2n/(210gn) > n2'
If 180 < n < 2-107, then ¢(n) > n/6 [91, Lemma 4.2]. Hence, we get that
(2a,)7/2 > 912 > 2,
If 5 <n <179 with n # 6, and |a;| > 7, then
(2a1)s0(n)/2 > 149)/2 5 2,

Hence, if n > 180, or 5 < n < 179 with n # 6 and |a;| > 7, by Theorem 3.12, ¢,, has
a high primitive divisor.

If 5 <n <179 with n # 6, and a; < 6, then with the aid of a computer one can
check that ¢, has a high primitive divisor, unless a; = 1 and n € {8, 10, 12,14, 18,24},
or a; = 2 and n = 12. Note that this verification is done more efficiently by factorizing

¢, only in the cases in which the inequality (2a;)¥™/? > n? does not hold.
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If ay = 2 or a; = 3, then /3 or ¢4 has a high primitive divisor, respectively.
Hereafter, assume that n € {3,4,6} and a; > 4. It remains to prove that ¢, has a
high primitive divisor. This is done similarly to the end of the proof of Lemma 3.9.
Since a; > 4, by reasoning modulo 8 and modulo 9, it follows easily that a + 2 is
not equal to 2° or 2°3, for some integer s > 0, and that neither af + 1 nor a? + 3 is
equal to 283! or 243'5, for some integers s,t > 0. Hence, there exists a prime number
p > 5 dividing a? 4+ 1 and such that p»(4it) > 6. We claim that p is a high primitive
divisor of £s. In fact, since p > 5, by (3.9) and recalling that D = a? + 4, we get that
p|ls, ptarDly--- L5, and p»\%) > 6. The proof that f3 and ¢, have a high primitive

divisor proceeds similarly. ]

Remark 3.14. Lemma 3.13 is optimal, that is, one can verify that if a; = 1 and
n € {3,4,6,8,10,12,14,18,24} ora; = 2andn € {4,6,12}, ora; = 3and n € {3,6},
then ¢,, has no high primitive divisor.

For every odd prime number p, let (%) denote the Legendre symbol. Observe that

(%) = 1 if and only if f splits modulo p.

Lemma 3.15. Let n > 3 be an odd integer and let p be an odd prime factor of ¢,,.
Then, we have that (%) =1.

Proof. Define v, = (4" 4+ 6")/(y + ) = (o™ — ") /(a0 — ). Then, since n is odd,
we have that v, is a symmetric expression of the algebraic integers «, 3. Hence,
we get that v, € Q. On the other hand, v, is an algebraic integer. Indeed, let
T(X)=(X"-1)/(X —1) € Z|X], then
a" —p" (/B —1 L
- =" = 5"T(a/B) = Sl B),

p—" (/7 —1 (a/B) = S(a, B)
where S is a polynomial in two variables with integer coefficients. Consequently,
v, € Z. Furthermore, recalling that a; = a+ 8 =v—dand D = (a+ ) +4 =
(a+ B)? —4aB = (a — B)* = (v + §)?, we obtain the following identity

Un

Du2 = a3 = (y+ )02 — (7 = 66 = (7" + 0" = (" = ") = 4(70)" = 4.

From this and by the fact that p | £,,, we get that Dv? = 2? (mod p). Since p is odd,
it follows that p{ v, and so D = (2v,;})? (mod p). Thus (%) =1, as desired. O

3.1.3 Multiplicative orders

Let Ok be the ring of integers of K. For every ideal i of Ok and for every 6 € Ok,

let ord;(6) denote the multiplicative order of § modulo i (if it exists).
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Lemma 3.16. Letn,v > 1 be integers, let p be a prime number not dividing a; D, and
let p be a prime ideal of Ok lying over p. Then, p° | €, if and only if ordy(a?) | n.

In particular, we have that p is a primitive divisor of ¢, if and only if n = ord,(a?).

Proof. Since p 1 a; D, we have that a4+ § and a — 8 are invertible modulo p*. Hence,
using (3.3), we get that p* | £, is equivalent to o = (—f)" (mod p*), which in turn

is equivalent to (a?)" =1 (mod pv), since a/(—f) = o?. Thus the claim follows. [J

Lemma 3.17. Let p be an odd prime number, let p be a prime ideal of Ok lying over
p, and let v > 1 be an integer. Then, the equation X? =1 (mod p*) has ezactly two

solutions modulo p¥, namely 1 and —1.

Proof. The equation X? =1 (mod p*) is equivalent to v,(X — 1) + (X + 1) > v,
where 14, is the p-adic valuation over Og. Moreover, we have that v,(X — 1) and
v5(X + 1) cannot both be positive, since 2 ¢ p. Hence, either X = 1 (mod p”) or

= —1 (mod p*). O

Lemma 3.18. Let p be an odd prime number, let p be a prime ideal of Ok lying over
p, and let v > 1 be an integer. Set a = ordye(c), b = ordye (), and ¢ = ordy.(a?).
Then, the following statements hold.

(1) If ¢ is odd then a = ¢ and b = 2¢, or a =2c and b = c.
(ii) If ¢ is even then a = b = 2c.
(iii) lem(a, b) = 2c.

Proof. Hereafter, all congruences are modulo p*. Since a®* = 1, we have that a | 2¢
and, by Lemma 3.17, that a® = £1. Moreover, from a® = 1, we have that a?® = 1,
and so ¢ | a. Hence, we get that a = cif a° =1, and a = 2¢ if o = —1.

Using the fact that 5% = a2, we get that ¢ = ordy.(3?). Hence, by a reasoning
similar to the previous one, we have that ¢ = +1, while b = cif =1, and b = 2¢
if ¢ = —1.

Suppose that ¢ is odd. Since af = —1, we have that a‘8¢ = (—1)° = —1. Hence,
either a¢ =1 and ¢ = —1, or a® = —1 and 3 = 1. By the previous considerations,
it follows that either a = ¢ and b = 2¢, or a = 2¢ and b = ¢. This proves (i).

Suppose that ¢ is even. Then, by the minimality of ¢, we get that a¢ = ¢ = —1.
Hence, by the previous considerations, we have that a = b = 2¢. This proves (ii).

Finally, we obtain (iii) as a direct consequence of (i) and (ii). O

104



3.1.  Preliminary results

3.1.4 Second-order linear recurrences

In this section, we collect some results on linear recurrences in L£(f).

Lemma 3.19. Let x € L(f). Then, we have that

(21 — Brg)a” — (z1 — axg) "

xn— a—/B Y

for every integer n > 0.

Proof. This is a special case of the general expression of linear recurrences as gener-

alized power sums [36, Sec. 1.1.6] and can be easily proven by induction. O]

Lemma 3.20. Let € L(f), let p be a prime number not dividing 2(x? — ayx w9 —
22)D, let p be a prime ideal of O lying over p, and let v > 1 be an integer. Then,
we have that T(x;p’) = 2 ordye(a?).

Proof. The claim can be derived from more general results on the period of linear
recurrences modulo integers [36, Sec. 3.1], but we provide a short proof for complete-
ness.

Define the matrix

M (1 = Bro)  —(21 — ax) |

(x1 — Bro)a —(x1 — ax)f

and note that
det(M) = (ac% — a1 Ty — x%)(a — B).

Since p { (22 — ayry29 — 22)D, we get that a — 3 and M are invertible modulo p*.
1 0

Hence, by Lemma 3.19, for every integer n > 1, we have that

T, = X a T

(mod p’) <— M = (a—p) ’ (mod p*)
Tpt1 =21 p" T
= o =M Ya—p) ° (mod p”) <= o = ! (mod p?).
g ) pr 1

Therefore, we get that 7(x;p’) = lcm(ordpv(a), ordpu(ﬁ)). Then, since p is odd, the

claim follows from Theorem 3.18(iii). O

Lemma 3.21. Let n > 3 be an integer. Suppose that p is an odd primitive divisor of
¢, such that (%) = 1. Then, there exists x € L(f) such that T(x;p) = p(x;p) = 2n
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and all the residues of & modulo p are nonzero. Moreover, if n is odd, then there
exists y € L(f) such that 7(y;p) = p(y;p) = n and all the residues of y modulo p

are Nonzero.

Proof. Let p be a prime ideal of Ok lying over p. Since p is a primitive divisor of
{,, by Lemma 3.16 we have that ord,(a?) = n. Since p is odd and (%) =1, we have
that f splits modulo p, that is, there exist integers a, b such that a = a (mod p) and
b=/ (mod p). In particular, we have that ord,(a) = ord,(«) and ord,(b) = ord,(f),
where ord, denotes the multiplicative order modulo p. By Lemma 3.18(i)-(ii), we
get that ord,(a) = 2n or ord,(b) = 2n. By swapping a and b, we can assume that
ord,(a) = 2n. Let @ € L(f) such that gy = 1 and z; = a. Since f(a) =0 (mod p),
it follows easily by induction that x,, = a™ (mod p) for every integer n > 0. Hence,
we get that 7(x;p) = p(a;p) = 2n and all the residues of @ modulo p are nonzero,
as desired.

If n is odd, then by Lemma 3.18(i), we have that ord,(b) = n. Let y € L(f) such
that yo = 1 and y; = b. Then, reasoning as for x, we get that 7(y;p) = p(y;p) =n

and all the residues of y modulo p are nonzero, as desired. O

Lemma 3.22. Let @ € L(f) with xqg = 1, let p be a prime number not dividing D,
let p be a prime ideal of Ok lying over p, let v > 1 be an integer, and let s > 0 be an
integer. Then, we have that xs =0 (mod p*) if and only if

B_ays
1_ys

(mod p*), (3.11)

T =

and 1 — y, is invertible modulo p*, where y, = (—a?)~*.

Proof. Since p t D, we get that a — [ is invertible modulo p¥. Hence, employing
Lemma 3.19 and the fact that 8 = —a™!, it follows easily that z, = 0 (mod pV) is
equivalent to

21(1 —ys) =B —ays (mod p"). (3.12)

We claim that if (3.12) holds then 1 — y; is invertible modulo p*. Indeed, if 1 — y; is
not invertible modulo p¥, then y; =1 (mod p), and so (3.12) implies that « — F =0
(mod p), which is a contradiction, since p  D. Hence, we have that 1 —y; is invertible
modulo p¥. Consequently, we get that (3.12) is equivalent to (3.11) and 1 — y, being

invertible modulo p”, as desired. O

Lemma 3.23. Let ¢ € L(f) with xqg = 1, let p be a prime number not dividing D,
let p be a prime ideal of Oy lying over p, let v > 1 be an integer, let n = ord,(a?),
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and let s,t be integers such that 0 < s <t < 2n and s =t (mod 2). Then, we have
that xs = x; (mod p*) if and only if

T = P =z (mod p*), (3.13)
1-— Zs,t

and 1 — z,, is invertible modulo p¥, where z,; = (—1) o=+,

Proof. Since p t D, we get that a — [ is invertible modulo p¥. Hence, employing

Lemma 3.19, we have that x; = x; (mod p*) is equivalent to
(21 = B)a’ — (21— @)B° = (21 — f)a’ — (z1 — )B" (mod p). (3.14)

Since 0 < s <t < 2n, s =t (mod 2), and n = ord,(a?), we have that 1 — a'~* is

invertible modulo p¥. Hence, it follows that (3.14) is equivalent to

G BETey
0B Ty @) (mod ), (3.15)

Since 8 = —a~! and s =t (mod 2), we get that

Bt(ﬁs—t _ 1) . B
PAZ ()il = ot
as(1 — at=») (=1)" e Fot
Therefore, we have that (3.15) is equivalent to
r1(l —254) =0 — azsy  (mod p?). (3.16)

We claim that if (3.16) holds then 1 — z,, is invertible modulo p*. Indeed, if 1 — 2z, is
not invertible modulo pv, then z,; = 1 (mod p), and so (3.16) implies that « — 3 =0
(mod p), which is a contradiction, since p t D. Hence, we have that 1—z,, is invertible
modulo p”. Consequently, we get that (3.16) is equivalent to (3.13) and 1 — z,, being

invertible modulo p¥, as desired. [

Lemma 3.24. Let n > 4 be an even integer. Suppose that p is a high primitive
divisor of £, such that (%) = —1, and set v = v,({y,). Then, there ezists x € L(f)
such that T(x;p’) = 2n, xs Z x; (mod p¥) for all integers s,t with 0 < s <t < 2n

and s =t (mod 2), and all the residues of  modulo p* are nonzero.

Proof. Let p be a prime ideal of Ok lying over p. Since p is a primitive divisor of ¢,

and p° | £, from Lemma 3.16 we have that n = ord,(a?) = ordy. (a?).
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We claim that there exists an integer ¢ that satisfies

B — a2k+

cE 1 (mod p*), (3.17)

for every integer k > 0 such that 1 — o?* is invertible modulo p®. Indeed, we have
p¥ choices for ¢ modulo p¥, while the right-hand side of (3.17) takes at most n =
ordys (?) values modulo p°. Since p is a high primitive divisor of ¢,, we have that
p’ > n and so it is possible to choose a value of ¢ with the desired property.

Let « € L(f) with zg = 1 and 27 = ¢. Since (%) = —1, we have that p { D
and that f has no roots modulo p. Hence, also since p is odd, we get that p ¢t
2(x3 — ayry — 1)D. Consequently, by Lemma 3.20, we get that 7(x;p’) = 2n, as
desired.

Since n = ordy.(a?), we have that a®® = 1 (mod p”). Consequently, by
Lemma 3.17, we get that o = =41 (mod p¥). In fact, since n is even and
n = ordy (a?), it follows that o™ = —1 (mod p¥). Hence, we have that —1 is equal
to a power of o modulo p*.

Suppose that there exist integers s,¢ such that 0 < s <t < 2n, s =t (mod 2),
and x5 = z; (mod p¥). By Lemma 3.23, we get that

c=1 = b= azy (mod p*), (3.18)
1— 244
where z,; = (—1)""ta~(t is equal to a power of a®> modulo p¥. But then (3.17)
and (3.18) are in contradiction. Therefore, it follows that z, #Z z; (mod p¥) for all
integers s,t with 0 < s <t <2n and s =t (mod 2).

Suppose that s = 0 (mod p’) for some integer s > 0. Then, by Lemma 3.22, we

have that

c=1 = 1__ , (mod p”), (3.19)

where y, = (—a?)~* is equal to a power of &* modulo p¥. But then (3.17) and (3.19)

are in contradiction.
Therefore, it follows that x5 #Z 0 (mod p¥) for all integers s > 0. O

For every & € L(f) and for all integers m,d > 1 and r, let us define
plx;m,r d) = Hxn modm:n >0, n=r (mod d)}‘

We need the following lemma.
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Lemma 3.25. Let my,my > 1 be coprime integers, let &V, 2 € L(f), and set
7 = 7(xD;my) for each i € {1,2}. If p(x®;my) = 7o, then there ewists © € L(f)
such that € = % (mod m;) for each i € {1,2}, and

where d = ged(7y, T2).

gi) (mod m;)
for each i € {1,2} and j € {0,1}. Then, it follows easily by induction that z; = xg-i)

(mod m;) for each i € {1,2} and for every integer 7 > 0. At this point, the rest of

Proof. Since my, my are coprime, we can pick € L(f) such that z; =«

the claim is a consequence of [33, Lemma 6. O

3.2 Proof of the main theorem

Here is presented the proof of Theorem 3.1. The proof realizes every n € Z* as
p(x;m) for a suitable € L£(f) and modulus m, by exploiting primitive divisors of
the Lehmer sequence (¢,),>¢ attached to a, . The argument considers essentially
three cases and is organized as follows.

The case n = 4. This case is treated separately in Lemma 3.26 via explicit choices
of xg, x1, m, depending on the parity and size of a;, that yield 4 € R(f).

The cases n and 2n for odd n. If n > 1 is odd, Lemma 3.9, Lemma 3.15 and
Lemma 3.21 allow one to produce a sequence & with p(x;p) = n and p(x;p) = 2n,
where p is an odd primitive divisor of £,. The cases a; € {1,3} with n = 3 are not
directly covered by the lemmas and are checked directly via Table 3.1. This yields
{n,2n} C R(f) for every odd n.

The case 2n for even n. Since the case 4 is treated separately, we suppose n > 4.
Then, by Lemma 3.13, ¢, has a high primitive divisor p (apart from finitely many
exceptions, which are covered by Table 3.1). We distinguish two more cases, according
to the value of (%). If (%) = 1, Lemma 3.21 is the only thing that we need. Instead,
if (%) = —1, by Lemma 3.24 we construct, modulo m; = p*»), a sequence &
of period 2n whose values are evenly distributed among residue classes mod 2 (and
mod 4). This is then combined, via Lemma 3.25, with a short auxiliary sequence x(?)
(taken from Table 3.1 if a; = 1, or trivially constructed mod a; if a; > 2), yielding a
new sequence & with p(a; mims) = 2n, for a suitable choice of my. Hence 2n € R(f)
for every even n.

Throughout, the constructions are arranged so that all residues attained are
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nonzero, which gives the characterization of R*(f); the only exceptions that occur
are excluded by the result of Dubickas and Novikas [33].

3.2.1 The case n =4

Lemma 3.26. There exist x € L(f) and m € Z* such that p(x;m) = 4 and all the

residues of & modulo m are nonzero. In particular, we have that 4 € R(f).

Proof. 1f a; = 1 or a; = 2, then the claim follows from rows 2 or 13 of Table 3.1,
respectively.

If a; is odd and a; > 3, then pick @ € L(f) with zg = 1, 1 = 2, and let m = 2a;.
Since 2a; = 0 (mod m) and af = a; (mod m), we get that the first terms of x are

congruent to
L2, L,ag+2,a14+1,a1+2,1,2,... (modm).

Noting that m > 6 and a; # —2,—1,0,1 (mod m), it follows easily that 7(a;m) = 6,
p(x;m) = 4 and that all the residues of & modulo m are nonzero.
If a; is even and ay > 4, then pick € L(f) with 29 = 1, x; = 3, and let m = 2a;.

Since a? = 2a; = 0 (mod m), we get that the first terms of & are congruent to
1,3, a1+1,a1+3,1,3,... (modm).

Noting that m > 8 and a3 # —3,—2,—1,0,2 (mod m), it follows easily that

T(x;m) = p(x;m) = 4 and that all the residues of & modulo m are nonzero. O

3.2.2 The cases n and 2n for odd n

Now, we prove that {n,2n} C R(f) for every odd integer n > 1. We have that
1 € R(f), since p(x;1) = 1 for every & € L(f); and 2 € R(f), since p(x;2) = 2 for
every € L(f) with xy #Z 271 (mod 2). If a1 = 1, or a; = 3, then {3,6} C R(f) by
rows 1 and 3, or 17 and 18, of Table 3.1, respectively. Hence, assume that n > 3 is
an odd integer, and a; ¢ {1,3} or n # 3. By Lemma 3.9, we have that ¢, has an
odd primitive divisor p. Moreover, since n is odd, from Lemma 3.15 it follows that
(%) = 1. Therefore, from Lemma 3.21 we obtain that {n,2n} C R(f).
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rown. a3 xp x m 7(x;m) plx;m)

1 1 0 1 3 8 3

2 1 1 3 5 4 4 *
3 1 1 3 8 12 6 *
4 1 1 3 10 12 8 *
> 11 3 13 28 12 *
6 11 3 17 36 16 *
7 1 1 3 28 48 20 *
8 1 1 3 26 84 24 *
9 1 1 3 56 48 28 *
10 1 1 3 52 84 36 *
11 1 1 3 78 168 48 *
12 2 1 1 4 2 *
13 2 1 1 5 12 4 *
14 2 1 1 28 12 8 *
15 2 1 1 13 28 12 *
16 2 1 1 39 o6 24 *
17 3 1 1 9 6 3 *
18 3 1 1 8 12 6 *
19 3 1 1 17 16 12 *

Table 3.1: Values of 7(x;m) and p(x;m) for * € L£(X? — a; X — 1) with initial values
xg,x1. The symbol * means that all the residues of  modulo m are nonzero.

3.2.3 The case 2n for even n

It remains to prove that 2n € R(f) for every even integer n > 2. By Lemma 3.26,
we have that 4 € R(f). Hence, we can assume that n > 4.

Ifa; =1andn € {4,6,8,10,12,14,18,24}, or a; =2 and n € {4,6,12}, or a; = 3
and n = 6, then 2n € R(f) by rows 4-11, 14-16, or 19 of Table 3.1, respectively.

Hence, assume that n > 4 is an even integer, and that a; = 1 and n ¢ {4, 6,8, 10,
12,14,18,24}, or a; = 2 and n ¢ {4,6,12}, or a3 = 3 and n # 6, or a; > 4. Then,
by Lemma 3.13, we have that ¢, has a high primitive divisor p.

If (%) = 1, then Lemma 3.21 implies that 2n € R(f), as desired. Hence,
suppose that (%) = —1. Thanks to Lemma 3.24, there exists =) € L(f)
such that 7(x™;m;) = 2n and p(xV;m,7,2) = n for each r € {0,1}, where
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my = p*»). Note that, since n is even, we also get that p(x™;m,,r, 4) = n/2 for
each r € {0,1,2,3}. We define z® € L(f) and m, € Z* as follows. If a; = 1 then
we pick £® and ms from rows 2 of Table 3.1. If a; > 2 then we let :céQ) =0, x§2) =1,
and put my = a;. It follows easily that 7(x®;my) = p(x?;my) € {2,4}. Since pis a
primitive divisor of ¢,,, we have that p{ a; D. Hence, we get that m;, my are coprime
integers. (Note that my = D =5 if a; = 1.) Set 7; = 7(2W;m;) for each i € {1,2},
and let d = ged(71,72). Note that, since n is even, we have that d = m € {2,4}.
Therefore, applying Lemma 3.25 we get that there exists & € L(f) such that

T2 ! (1) =1onp
P(fﬂ;mlmz):EZp(w ;ml,r,d)zl-zgzgn’
r=0 r=0

so that 2n € R(f), as desired. The proof that R(f) = Z™* is complete.

At this point, note that for each integer n > 4, and for each integer n > 3 if a; > 2,
the sequence € L(f) and the modulo m that we constructed so that p(ax;m) =n
have the additional property that all the residues of @ modulo m are nonzero. This
follows from Table 3.1, Lemma 3.21, Lemma 3.26, and Lemma 3.24-Lemma 3.25
(note that @ has no zero modulo m;m; since 2 has no zero modulo my). Moreover,
if a; > 2, then picking * € L(f) with 2o = 1, x; = 1, and m = a;, we get that
p(x;m) = 1 and all the residues of & modulo m are nonzero. If a; = 2 or a; > 3,
then picking  and m as in row 12 of Table 3.1, or taking o = 1, x1 = 2, and m = ay,
we get that p(ax;m) = 2 and all the residues of * modulo m are nonzero.

It remains to prove that if a; = 1 and n € {1,2,3} then there exist no x € L(f)
and m € Z" such that p(x;m) = n and all the residues of  modulo m are nonzero.
This is done in the last paragraph of [33, p. 122].

The proof is complete.

3.3 Proof of the corollary

We present here the proof of Theorem 3.2.

If a; = 1 then the result is in fact [33, Corollary 2|. Hence, assume that a; > 2.

We order o and 3 so that o = (a1 + \/E)/Q and 8 = (a1 — \/ﬁ)/? In particular,
note that a > 1 and —1 < 8 < 0.

Let & > 1 be an integer. By Theorem 3.1, there exist * € L(f) and m € Z*
such that p(x;m) = k and x,, # 0 (mod m) for every integer n > 0. Moreover, by
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Lemma 3.19, we have that z,, = c;a™ — ¢ 8" for all integers n > 0, where

! — Bo

C
1 04—6

Tr1 — X
and Cg = ———
a—p

By eventually replacing @ with —x = (—x,),>0, We can assume that ¢; > 0. Fur-
thermore, note that ¢y # 0. Let £ = ¢;/m, so that £ € Q(«). Then, we have
that

T, 0"

fat — 2 = 20 -0, (3.20)
m m

as n — +oo, since |5| < 1. Let r,...,rx € Z, with 0 < r; < --- <1y < m, be the

residues of & modulo m. From (3.20) it follows easily that the set of limit points of
{&a™})n>o0 is equal to {ry/m,...,ry/m}. Hence, we get that {{a™}),>0 has exactly
k limit points.

The proof is complete.

3.4 Conclusions and outlook

Given a general monic polynomial f € Z[X], a natural question arising from the
preceding discussion is whether one can determine explicitly the sets R(f) and R*(f).
As already observed in [33], this problem appears to be highly nontrivial in full
generality. It is therefore reasonable to approach it through suitable restrictions or
partial generalizations.

A first natural simplification is to restrict attention to irreducible polynomials.
Indeed, for a reducible polynomial f one can relate the structure of £(f) to that of
its factors. To make this precise, for any polynomial f = —aoX* —a; X* 1 —- .. —q

consider the operator

Ap:zZN — 7V
x— As(x),

defined by

(Ap(x)), = —@oTnik — O Tpig—1 — -+ — Qn,

for every n > 0. It is immediate to verify that, if ap = —1, then & € L(f) if and only
if Ay(x) =0, where 0 = (0,0,0,...).

Proposition 3.27. Let f and h be two monic polynomials with integer coefficients
such that h | f. Then, L(h) C L(f).
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Proof. Let f =g - h, and write

g=—boX* = b X" — ... —b,,
h=—cX'—aX"™ — . —¢,
f — _aostrt o alstrtfl — = Gy,

where

Ay = — Z biCj,

i+j=v
foreveryv =0,...,s+tand ay = by = ¢ = —1. We claim that Ay = AjoA;,. Indeed,
let x € ZN, and set y = Ay (). Then, (Ag(Y)),, = —boYnts — biYnss—1 — ==+ — bsYn,

hence
(Ag(y))n == Z biyn-‘,-s—i
i=0

S t
= - Z bi( - Z Cj$n+s+t—z'—j)
i=0

j=0
s t
= Z Z bicjanrertfifj
i=0 j=0
s+t
- Z Z [ ——
v=01+j=v
s+t
= Z AyTrtstt—v = (Af(w))n )
v=0

for every n > 0. Hence, if © € L(h), then Ay(x) = 0 and therefore As(x) = 0, which

proves the claim. O
As a direct consequence, we obtain the following partial extension of Theorem 3.1.

Corollary 3.28. Let a; be a non-zero integer, and let f be a multiple of X?>—a; X —1.
Then, R(f) = Z*. Moreover, R*(f) 2 Z*\ {1,2,3} if |a1| = 1, and R*(f) =Z7 if
|(1,1’ 2 2.

However, even in this relatively simple setting, some questions remain open. For
instance, in the case |a;| = 1, it would be interesting to determine whether the values
1,2,3 can occur in R*(f) when f has additional factors, and more generally how
these factors influence the distribution of nonzero residues.

Focusing on irreducible polynomials, a natural next step is to investigate other

families of quadratic polynomials, such as f = X? — a; X + 1, or more generally f =
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X? —a; X — ay. At first glance, one might conjecture that R(f) = Z* holds in great
generality. However, this expectation must be tempered by simple counterexamples.
For instance, if f = X2+ X +1, which coincides with the third cyclotomic polynomial
®3, then every sequence & € L(f) is purely periodic of period 3 (see, e.g., [72,
Theorem 3.1]). Consequently, R(f) C {1,2,3}. In fact, in this case, we have R(f) =
R*(f) = {1,2,3}. Indeed, if zg = 21 = 1, then p(x;3) = p*(x;3) = 1 and p(x;4) =
p*(x;4) = 2; if xgp =1 and z; = 2, then p(x;6) = p*(x;6) = 3.

In this direction, it would be of particular interest to determine whether, for every

n > 3, one has

R(®,) = {1,2,....n},

or to characterize precisely those cyclotomic polynomials for which such a property
holds.

Another possible direction is the study of higher-degree polynomials with simple
structure, such as the Tribonacci polynomial f = X% — X2 — X — 1. It would be
interesting to understand to what extent the techniques developed in this work can be
adapted to such settings, and whether analogous results can still be obtained under
suitable assumptions.

An important motivation for these investigations comes from the study of the
distribution modulo 1 of sequences of the form (£a™),>0, where « is a root of f. The
results presented in this chapter show that the structure of the sets R(f) and R*(f)
is closely related to the possible distribution patterns of such sequences. A deeper
understanding of these sets could therefore lead to further progress in the study of the

distribution of powers of algebraic numbers, especially in the case of Pisot numbers.
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