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A B S T R A C T

Hierarchy provides unique opportunities for the design of advanced materials with superior properties that arise
from architecture, rather than from constitutive material response. Contrary to the quasi-static regime, where
the potential of hierarchy has been largely explored, its role in vibration mitigation and wave manipulation
remains elusive.

So far, the majority of the studies concerning hierarchical elastic metamaterials have proposed a self-
similar repetition of a specific unit cell at multiple scale levels, leading to the activation of the same bandgap
mechanism at different frequencies. On the contrary, here, we show that by designing non self-similar
hierarchical geometries allows us to create periodic structures supporting multiple, highly attenuative and
broadband bandgaps involving (independently or simultaneously) different scattering mechanisms, namely,
Bragg scattering, local resonance and/or inertial amplification, at different frequencies. The type of band
gap mechanism is identified and discussed by examining the vibrational mode shapes and the imaginary
component of the wavenumber in the dispersion diagram of the unit cell. We also experimentally confirm
this by performing measurements in the lowest frequency regime on a 3D printed structure.

Hierarchical design strategies may find application in vibration mitigation for civil, aerospace and
mechanical engineering.
1. Introduction

In Nature, complex structural designs have emerged from millions
of years of evolution and adaptation of organisms to their living envi-
ronment [1,2]. This has led to structural architectures with optimized
mechanical properties like strength, toughness and damage resilience,
widely observed in many natural materials like wood, bone, spider silk
or sponges [3–6]. A common feature responsible for these exceptional
properties is a hierarchical organization of the structure deriving from
a functional adaptation at different scale levels, through growth and
re-modelling [7]. Therefore, structural hierarchy [8,9] has emerged as
one of the main characteristics pursued in bioinspired research. The
recent advances in three-dimensional macro- [10], micro- [11] and
nano-fabrication [12,13] have boosted this research field even further,
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offering unprecedented possibilities to realize advanced structured ma-
terials [14] for engineering applications, also strongly impacting the
field of elastic and acoustic metamaterials [15–17], which are materials
that derive their unusual dynamic response from the geometry of
their structure rather than from the mechanical properties of their
constituent materials.

In the quasi-static loading regime, hierarchy in material structures
has been studied extensively and has been shown to convey extreme
damage tolerance [18], extraordinary deformation recoverability [19],
simultaneous exceptional lightness and stiffness [20], and efficient
energy dissipation mechanisms [21,22]. More recently, Yin et al. inves-
tigated the effects of architecture levels on the mechanical properties of
hierarchical lattice materials. Designing hybrid-type hierarchical lattice
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materials with different architectures, they discussed the effects of
macroscopic and mesoscopic configurations, deducing a generalized
analytical model of 𝑛th order lattices [23]. Wang et al. investigated the
compression behaviour of strut-reinforced hierarchical lattices through
experiments and simulations, parametrically determining the effects of
the geometry and discussing the relation between the master-cell and
slave-cell [24].

On the contrary, in wave propagation problems, the effect of hi-
erarchical designs has been less explored, especially in the field of
elastic and acoustic metamaterials [25]. Zhang and To were amongst
the pioneers in introducing a representative unit cell repeated in a self-
similar manner at various length scales. In this work, the considered
unit cell included two materials (a very stiff one and a very compliant
one) and it was found that the introduction of the structural hierarchy
allowed to open additional BGs at multi-scale frequencies [26]. Miniaci
et al. reported a similar effect in hierarchical phononic crystals made
of a single material [27,28]. More recently, Jiang et al. proposed
multifunctional metamaterials possessing both vibration mitigation and
energy absorption properties. They observed low-frequency local res-
onance bandgaps in lightweight lattice structures and showed that a
functionally graded strategy could enhance such multifunctional per-
formance [29]. Gao et al. observed large bandgaps in two-dimensional
phononic crystals with fractal structure [30] and characterized by self-
similarity [31,32]. They observed that the introduction of fractality and
self-similarity in phononic crystals may lead to a change of the number,
of the location and of the width of the bandgaps.

To date, elastic and acoustic metamaterials have been designed
to exploit three main distinct mechanisms for the control of wave
propagation: (i) the Bragg scattering mechanism [33–35], (ii) local
resonances [36], and/or (iii) inertial amplification [37–39]. Although
based on scattering induced by different mechanisms, these approaches
all allow to achieve unusual dynamic behaviour, including (but not
limited to) nonreciprocal and scattering-free wave propagation [40,41],
cloaking [42,43] and frequency bandgaps – BGs [44].

Bragg scattering arises in periodically arranged unit cells, and re-
quires the wavelength of the incoming waves to be comparable to the
structural periodicity of the material. When targeting low BG frequency
ranges, this requirement inevitably leads to large unit cell sizes.

Locally resonant structures [45–49], instead, decouple the fre-
quency at which a BG is opened from the size of the unit cell [50],
as they derive their dynamic behaviour from the eigenfrequencies
of the resonators rather than the periodicity of the structure. The
main drawback of this approach is that resonating behaviours usually
produce narrow frequency BGs, often requiring heavy masses [36] or
very compliant structures [48].

Inertial amplification reduces the need for heavy masses, and ex-
ploits displacement mechanisms to amplify the effective inertia of
specific regions of the unit cell [51–54], with, however, the main
drawback of a significant reduction of the structural stiffness [55].
Nevertheless, inertial amplification allows to attain sub-wavelength and
broadband BGs, in lightweight structures [38].

Previous work has explored the use of these mechanisms individ-
ually, leading to unit cell designs optimized with respect to specific
BG nucleation mechanism [56,57]. A limited number of studies has ad-
dressed the interaction of BGs deriving from Bragg scattering and local
resonances [58,59], with the proposal of multi-material structures [60–
62] or even single-material architectures [63,64]. For instance, Xiao
et al. observed and discussed the formation of a wide bandgap due
to the exact coupling between Bragg and resonance gaps in a uniform
string with periodically attached mass–spring resonators. The forma-
tion of the bandgap was discussed through an analytical model with
explicit formulations [65]. Tian et al. merged Bragg and local resonance
bandgaps in perforated elastic metamaterials with embedded spiral
holes [66]. Li et al. investigated a meta-beam for three-directional
broadband vibration suppression and, coupling local resonances and
2

Bragg scattering, observed a four fold enlargement of the attenuation
bandwidth with respect to the conventional design [67]. Frandsen
et al. investigated the possibility to couple Bragg scattering and inertial
amplification mechanisms by investigating the wave motion in a con-
tinuous elastic rod with a periodically attached mechanism exhibiting
properties similar to those of an ‘‘inerter’’ typically used in vehicle
suspensions [68]. Similarly, Mi and Yu observed an improved sound
insulation performance from a new type of acoustic metamaterial,
built by attaching a periodic triangular bar-and-hinge device to a host
beam [69].

However, a strategy encompassing all three scattering mechanisms
(Bragg scattering, local resonance and inertial amplification mecha-
nism) remains unexplored, so far.

Here, we show that introducing the concept of hierarchy in elastic
metamaterials naturally leads to the realization of a new class of peri-
odic structures, capable of generating multiple, highly attenuative and
broadband BGs at multi-scale frequencies, including the most challeng-
ing deep sub-wavelength regime. The approach also allows to deal with
a single-material, and thus easy-to-manufacture (and recycle), struc-
tures, favouring lightweight designs. Hierarchy is here understood in
the sense that the representative unit cell of the periodic structure may
comprise multiple arrangements of non self-similar inhomogeneities at
various length scales. Specifically, the unit cell is realized by introduc-
ing, in a continuous matrix, cross-like cavities, which have been shown
to provide an optimal geometry to activate various types of scattering
mechanisms at different length scales [51,70,71].

In wave dynamics, two main approaches exist to introduce a hier-
archical organization in elastic metamaterials. The first involves the
use of lattice-type architectures, consisting for instance of beam-like
structures periodically arranged over multiple scale levels [72,73].
These structures lead to enhanced dynamic properties in terms of BG
opening, as well as advanced load-bearing [74] or thermal insulation
capabilities [75]. A second approach seeks to achieve broadband vibra-
tion mitigation at multiple frequency scales by introducing hierarchy
into continuous structures. In this context, both multi-material [26] and
single-material [27] systems have been explored, finding advantages
such as the nucleation of additional hierarchically induced BGs in the
mid-frequency range and the shift of BGs to lower frequencies due to
the mass-to-stiffness ratio change, controlled by a ‘‘hierarchical factor’’
(i.e., the length scaling parameter between geometries in a hierarchical
structure) [27].

However, up to now, the BG nucleation mechanism invoked by
these approaches have always involved the same physical mechanism
(for instance, Bragg scattering due to the scalability of the wave equa-
tion [27] or local resonances [26]), activated at different frequency
scales. This is a direct consequence of adopting the assumption of strong
self-similarity, implying a down- (or up-) scaling of the same unit cell
in a recursive manner, when proceeding from a hierarchical level to the
other.

Here, we remove the assumption of strict self-similarity and con-
ceive a hierarchical non self-similar metamaterial (see Fig. 1a) encom-
passing all the main known scattering mechanisms (Bragg scattering,
local resonance and inertial amplification) into a single unit cell. This
also allows to generate a hierarchical design that is closer to nat-
ural structures, which can include elements of periodicity, but not
necessarily of self-similarity [1,76–78].

A schematic representation of the fabricated unit cell used in this
study is shown in Figs. 1b–d. It includes two hierarchical levels, con-
sisting of cross-like cavities introduced at different length scales, in a
continuous thermoplastic polymer matrix (Figs. 1b–c). At each hierar-
chical level, the added cross-like cavities are selectively scaled-down
and appropriately stretched to fit in the mass- and connecting-regions of
the previous hierarchical level (Fig. 1b). The design strategy, here im-
plemented for only two hierarchical levels, can be recursively extended
to 𝑛 hierarchical levels.

The inclusions have been chosen in the shape of cross-like cavities

due to their effectiveness in activating different types of scattering
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Fig. 1. Design strategy of the non-self-similar hierarchical metamaterial. (a) In-plane view of the finite hierarchical elastic metamaterial under investigation made of 3 × 3 unit
cells. The single unit cell is highlighted by the light orange shading. (b) Schematic representation of the single hierarchical unit cell allowing to control the wave propagation at
multiple frequency scales by activating multiple BG mechanisms (inertial amplification, Bragg scattering and local resonance). The unit cell is here organized over two hierarchical
levels, and obtained by opening cross-like holes into a continuous thermoplastic polymer Acrylonitrile Butadiene Styrene (ABS) matrix at different length scales. (c, d) Cross-like
holes are selectively stretched, so as to fit different regions of the unit cell, named mass- and connecting-regions, respectively. Relaxing the requirement of self-similarity in the
introduction of hierarchy allows the activation of inertial amplification, medium and high frequency Bragg scattering mechanisms, as well as local resonances. The design strategy,
realized in this work for only two hierarchical levels, can be recursively extended to 𝑛 levels, according to the adopted scheme. Geometrical parameters of the unit cell are provided
in Tables 1 and 2.
mechanisms [39,51,70]. The elongation of the connecting regions of
the cross-like cavities from a hierarchical level to the next allows the
realization of a single unit cell capable of triggering at the same time:
(1) inertial amplification (Fig. 1d), (2) medium (Fig. 1b without the
small cross-like cavities) and high (Fig. 1c) frequency Bragg scattering,
as well as (3) several local resonances. The novelty of this study lies in
the simultaneous combination of these three mechanisms.

2. Mathematical modelling

In this section, we report the mathematical framework and the
computational approach used to calculate the dispersion curves of the
considered structures.

In the case of wave propagation in a homogeneous, isotropic and
linear elastic material, the following equations of motion holds:

𝐸
2(1 + 𝜈)(1 − 2𝜈)

∇(∇ ⋅ 𝐮) + 𝐸
2(1 + 𝜈)

∇2𝐮 = −𝜌𝜔2𝐮 (1)

where 𝐮 = 𝐮(𝐫) is the displacement vector, 𝐫 the position vector and
𝜔 = 2𝜋𝑓 the angular frequency. 𝐸, 𝜈 and 𝜌 denote the Young’s modulus,
the Poisson’s ratio and the mass density of the material composing the
unit cell, respectively.

Dispersion curves are computed via the Finite Element solver COM-
SOL Multiphysics by using the Bloch–Floquet theory, i.e., implementing
the periodic boundary conditions at the edges of the unit cells, 𝐮dst =
𝐮src ⋅ 𝑒−𝑖𝐤∗⋅(𝐫dst−𝐫src), with 𝐤∗ the reduced Bloch wavevector, and the
subscripts dst and src indicating the destination and source nodes
of the domain where the periodic boundary conditions are applied,
respectively.

Dispersion curves are calculated considering the unit cell infinitely
duplicated in a square array (or a linear array for the case of the
solely inertial amplification-based unit cell, i.e., the one reported in
Fig. 1d). The out-of-plane dimension of the unit cells is assumed to be
sufficiently large to allow for a 2D plane-strain approximation to be
adopted, i.e., dispersion bands are calculated for in-plane modes only. A
linear elastic constitutive law is adopted and the following mechanical
parameters are used for the material: density 𝜌 = 1170 kg∕m3, Young’s
modulus 𝐸 = 2 GPa, and Poisson’s ratio 𝜈 = 0.35 [79]. Domains are
meshed by means of 4-node quadrilateral elements of maximum size
3

𝐿𝐹𝐸 = 20 𝜇m, which is found to provide accurate eigensolutions up to
the frequency of interest.

The resulting eigenvalue problem (𝐊 − 𝜔2𝐌)𝐮 = 𝟎 is solved by: (i)
varying the non-dimensional wavevector 𝐤∗ (allowing to obtain the real
component of the reduced wavenumber); (ii) varying the frequency and
deriving the wavenumber (allow to extract the imaginary part of the
wavenumber [80,81]).

3. Results

To verify that the proposed non self-similar hierarchical unit cell
supports multiple scattering mechanisms, in this section we first numer-
ically calculate its dispersion diagram and mode shapes and compare
them with those of the corresponding non hierarchical structures. Then,
we measure the frequency response function (FRF) of a 3 × 3 unit cell
sample finding a good agreement with the numerical predictions.

The central panel of Fig. 2 reports a schematic representation (in
semi-logarithmic scale) of the overall behaviour achieved by the non
self-similar hierarchical elastic metamaterial (HEM) from few Hz to
tens of kHz. For the sake of clarity, the dispersion curves are not
reported explicitly but substituted by white and light blue rectangles
corresponding to: (i) mainly propagative and (ii) mainly attenuative re-
gions, respectively. Zooms of the dispersion curves in specific frequency
regions are also provided. In addition, illustrative mode shapes reported
in the figure unequivocally show how at different frequency scales dis-
tinct mechanisms are activated, involving deformation of different parts
of the unit cell. For instance, at the lowest frequencies (0–1100 Hz),
the inertial amplification mechanism is activated in the connecting-
regions, and is the main driver for the BG opening, whereas in the mid
frequency range (1100–4400 Hz) it can be seen that the whole structure
contributes to the BG, and finally in the highest frequency range (28–
37 kHz), mainly the smallest cross-like cavities deform. Mode shapes
are reported as a function of the von Mises stress 𝜎𝑣𝑀 normalized with
respect to its maximum value (colours report the stress levels in the unit
cells, varying from the zero stress condition – blue - to the maximum
stress condition – red). The mode shapes are taken at specific values
of 𝐤∗, corresponding to the abscissae of the marker used to identify
the mode shape. More precisely, at the Γ point of the first irreducible
Brillouin zone for the 0–1100 Hz frequency range (star-like marker)
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Fig. 2. Dispersion diagram of the hierarchical elastic metamaterial spanning multiple frequency scales and selectively activating deformation concerning different unit cell regions.
A schematic representation of the whole dispersion diagram (from few Hz to tens of kHz) of the hierarchical elastic metamaterial is shown in the central panel. For the sake
of visualization, the 𝑦-axis of the diagram has been reported in log-scale. The diagram has been divided into (i) mainly propagative regions and (ii) mainly attenuative regions,
indicated by white and light blue rectangles, respectively. Magnifications of specific frequency regions are provided along with an illustrative mode shape showing how at different
frequency scales distinct mechanisms are activated, both partially or wholly involving the unit cell deformation. For instance, at the lowest frequencies (0–1100 Hz), the inertial
amplification mechanism is activated in the connecting-regions, and is the main responsible for the BG opening, whereas in the mid frequency range (1100–4400 Hz) it emerges
that the whole structure contributes to the BG, and finally in the highest frequency range (28–37 kHz), mainly the smallest cross-like cavities deform. Mode shapes are reported
including a colour map representing the von Mises stress 𝜎𝑣𝑀 normalized to its maximum value. The mode shapes are taken at specific values of 𝐤∗, corresponding to the abscissa
of the marker used to identify the mode shape: at the Γ point of the first irreducible Brillouin zone for the mode shape between 0–1100 Hz frequency range (star-like marker)
and at the X point for the other two mode shapes (triangular and circular markers).
and the X point for the other two mode shapes (triangular and circular
markers).

To gain further insight about the nature of the mechanisms opening
the BGs, dispersion curves of the HEM are investigated in the low,
mid and high frequency regimes, and compared to the corresponding
diagrams for the non-hierarchical unit cells.

Fig. 3a compares the dispersion curves in the lowest frequency
regime, 0–1100 Hz, for the HEM (left panel) and the solely inertial
amplification-based unit cell (right panel) reported in Fig. 1b and
Fig. 1d, respectively. The diagrams present the real part of the re-
duced wavenumber 𝐤∗ along the X − M − Γ − X boundary of the first
irreducible Brillouin zone (left part of the diagram) in black, as well
as its imaginary component along the Γ − X path (right part of the
diagram) in red. The size of the inertial amplification mechanism is kept
constant in the two structures, in order to quantify the effects of the
introduction of hierarchy on the wave dispersion in the same frequency
range. A direct comparison of the diagrams (real component of the
reduced wavenumber) reveals that hierarchical organization allows an
overall enlargement of the BG in the lower frequency regime, given by
the fusion of the two BGs generated by the non-hierarchical inertial
amplification-based unit cell. This is achieved through a substantial
down-shift of the branch occupying the mid frequencies of the non-
hierarchical structure, highlighted in green in Fig. 3a. The curve shift
4

is due to a change in the position of the virtual hinges of the mechanism
introduced by the hierarchy.

Despite locally changing the dispersion diagram for specific
branches, the introduction of hierarchy does not affect the overall
dynamics of the structure, in the sense that apart from a small fre-
quency down-shift of the dispersion curves (due to the stiffness change
of the connecting-regions), the inertial amplification mechanism, re-
sponsible for the BG nucleation at such low frequencies, can freely
take place in the connecting regions of the HEM. This is clearly
shown in Fig. 3b, where the mode shapes at the high symmetry point
X are presented for both the HEM unit cell (M1/M2), and for the
solely inertial amplification-based unit cell (m1/m2). In other words,
hierarchy allows the introduction of an additional degree of freedom
for band manipulation and nucleation of BGs.

The vibrational behaviour in the mid (1100–4400 Hz) and high (28–
37 kHz) frequency regimes of the HEM derives from the contribution
of the dispersion diagrams of the corresponding non-hierarchical unit
cells, i.e., the ones reported in Figs. 1c,d and that in Fig. 1b without
the small cross-like cavities.

In the case of the mid frequency regime (Fig. 4a), it is possible to
observe two main effects produced by the introduction of hierarchy:
(i) a partial conservation of the non-hierarchical BG, and (ii) a small
global down-shift of its frequencies. The BG is partially preserved, in
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Fig. 3. Dispersion diagrams and mode shapes in the low frequency regime. (a) Dispersion curves for the hierarchical elastic metamaterial (left panel) reported in Fig. 1a, and the
solely inertial amplification-based unit cell (right panel) reported in Fig. 1d. The diagrams report the real part of the reduced wavenumber Re(𝐤∗) along the X−M−Γ−X irreducible
path (left part of the diagram) in black, as well as the imaginary part of the wavenumber Im(k) along the Γ − X direction (right part of the diagram) in red, in the 0–1100 Hz
frequency range. The band structures are computed considering the unit cell as infinitely replicated in a square and linear arrays for the hierarchical elastic metamaterial and
solely inertial amplification-based unit cell case, respectively. In both cases, only in-plane modes are considered. From the comparison, the superior performance of the hierarchical
elastic metamaterial in terms of low frequency attenuation clearly emerges as a unique larger (from 117 Hz to 900 Hz) and more efficient (larger values of the imaginary part
of the wavenumber) BG, highlighted as a light blue rectangle. This effect is due to the introduction of hierarchy which introduces an important shift towards lower frequencies
of the branch highlighted in green. (b) Mode shapes at the high symmetry point X: M1 and M2 denote the two mode shapes at the edge of the BG for the hierarchical elastic
metamaterial, while m1 and m2 indicate modes referring to the solely inertial amplification-based unit cell. The comparison shows how the introduction of hierarchy does not
affect the overall dynamics (apart from a slight frequency down-shift due to the stiffness change of the connecting-regions of the inertial amplification mechanism responsible for
the BG opening). The von Mises stress distribution 𝜎𝑣𝑀 normalized to its maximum value is shown along with modal shapes.
Fig. 4. Dispersion diagrams and mode shapes in the mid frequency regime. (a) Dispersion curves for the hierarchical elastic metamaterial (left panel) reported in Fig. 1a and
the corresponding unit cell made of a single big cross-like cavity (right panel). The diagrams report the real part of the reduced wavenumber Re(𝐤∗) along the X − M − Γ − X
irreducible path (left part of the diagram) in black, as well as the imaginary part of the wavenumber Im(𝐤) along the Γ −X direction (right part of the diagram) in red. A partial
conservation of the non-hierarchical BG and a slight global down-shift of its frequencies are the two main effects deriving from the introduction of the hierarchy. The imaginary
part of the diagrams reveals the activation of multiple mechanisms (including Bragg scattering and local resonances) in the hierarchical elastic metamaterial, and a Bragg-like
scattering behaviour in the case of the corresponding non-hierarchical unit cell made of a single big cross-like cavity. In all the calculations, the band structures are computed
considering the unit cells infinitely replicated in square arrays. (b) The reconstruction of the mode shapes highlights the preservation of the global deformation mechanisms (cf
mode shapes M3/M4 and m3/m4). Mode shapes are reported as a function of the von Mises stress 𝜎𝑣𝑀 normalized to its maximum value.
the sense that some of the pre-existing dispersion curves are altered due
to a change of the stiffness-to-mass ratio in the HEM. As a consequence,
new curves are introduced, the majority of which, however, correspond
to localized modes, i.e., they exhibit a flat behaviour with respect
to the frequency. The stiffness-to-mass ratio alterations produce a BG
down-shift – from 1900–5170 Hz in the case of the non-hierarchical
unit cell (right panel of Fig. 4a), to 1280–4072 Hz in the hierarchical
one. Interestingly, despite this variation, hierarchy allows to preserve
the global deformation mechanisms of the previous hierarchical levels
(compare mode shapes M3/M4 and m3/m4 in Fig. 4b).

Analysis of the imaginary component of the wavenumber in the
diagrams reveals that the introduction of hierarchy activates multiple
attenuation mechanisms, including both Bragg scattering and local
resonances. Indeed, we know that (i) the attenuation of the energy
transmitted at a given frequency is given by the curve with the smallest
value of Im(𝐤) and that (ii) a parabolic behaviour of the attenuation
curve indicates a Bragg scattering mechanism, whereas sharp spikes
5

indicate the presence of local resonances. Now, when the lowest value
of attenuation always belongs to the same curve (as for example in
Fig. 5a), only one mechanism takes place (Bragg scattering in this
case). On the contrary, when two curves of different nature cross,
such as for instance in Fig. 3a or Fig. 4a, coupling takes place. This
confirms the suggested idea that hierarchy can be seen as a means to
introduce additional degrees of freedom into the unit cell, especially if
the requirements for strict self-similarity are relaxed.

There is a different relation between the vibration behaviour of
HEM and of the unit cell with cross-like cavities reported in Fig. 1c.
Comparing their band diagrams (Fig. 5a) we can observe that: (i) a total
BG conservation occurs (apart from a couple of localized modes, such
as the one indicated as M5 in Fig. 5b), and (ii) no BG shift in frequency
is observed. This is due to the fact that the unit cell with cross-like
cavities reported in Fig. 1c is the last hierarchical level, and is thus the
main structure responsible for the determination of the BG properties

of the whole unit cell at the highest frequencies. In this case, apart from
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Fig. 5. Dispersion diagrams and mode shapes in the high frequency regime. (a) Dispersion curves for the hierarchical elastic metamaterial (left panel) reported in Fig. 1a and the
non-hierarchical unit cell (right panel) reported in 1C. Since the non-hierarchical unit cell with the cross-like hole represents the last hierarchical level, total BG conservation occurs
(apart from a couple of localized modes, such as the one named M5) and no BG shift in frequency is observable. The comparison of the imaginary component of the wavenumber
reveals that the attenuating performance is not altered by the introduction of the hierarchy for the vast majority of frequencies. In all the calculations, the band structures are
computed considering the unit cells infinitely replicated in bi-periodic square arrays. (b) At the edge of the BGs, the deformation mechanisms of the non-hierarchical unit cell
(m5a/m5b) are mostly unaltered in the hierarchical elastic metamaterial unit cell (M6). Mode shapes are reported including a colour map representing the von Mises stress 𝜎𝑣𝑀
normalized to its maximum value.
Table 1
Geometrical parameters of the solely inertial amplification-based unit cell presented in
Fig. 1d. Parameters are given as a function of 𝑡2, which is reported in [μm].
𝑡1 𝑡2 𝑡3 𝑡4 𝑑1 𝑑2 𝑑3 𝑑4
8𝑡2 384 8𝑡2 𝑡2 13𝑡2 5𝑡2 50𝑡2 10𝑡2

Table 2
Geometrical parameters of the unit cells presented in Fig. 1b,c. Parameters are given
as a function of 𝑡1 and 𝑡2, reported in the previous table (Table 1).
𝐴 𝐵 𝐶 𝑎 𝑏 𝑐

3280𝑡2 0.935𝐴 0.290𝐴 5𝑡1 0.800𝑎 0.450𝑎

the modes located around 31.6 kHz, the wave attenuation performance
is not altered by the introduction of hierarchy for the vast majority of
frequencies concerned by the BG, but in proximity of these localized
modes, where Im(𝐤) rapidly goes to zero. For the same reason, at the
edge of the BGs, the deformation mechanisms of the non-hierarchical
unit cell (m5a and m5b in Fig. 5b) are reproduced mostly unaltered in
the HEM unit cell (M6 in Fig. 5b).

We validate our approach performing experiments in the low fre-
quency regime. We manufacture a HEM sample, such as the one shown
in Fig. 6a, via additive manufacturing. The specimen consists of 3 × 3
unit cells. The chosen material is the thermoplastic polymer Acryloni-
trile Butadiene Styrene (ABS), with the following nominal properties:
density 𝜌 = 1170 kg∕m3, Young’s modulus 𝐸 = 2 GPa, and Poisson’s
ratio 𝜈 = 0.35 [79]. The geometrical parameters are listed in Tables 1
and 2. Elastic waves are excited through a mechanical shaker solidly
attached to the structure through a screw and used to generate elastic
waves through a frequency sweep ranging from 50 Hz to 1100 Hz
(Fig. 6a).

Figs. 6b,c show in-plane magnifications of the mass- and connecting-
regions of the HEM, respectively. The most critical part to print in-
cluded regions of only 0.384 mm in width (corresponding to the hinges
of the inertial amplification mechanism).

The transmissibility of the system, calculated as the ratio of the
detected velocity in the 𝑥-direction (averaged over the four cyan points
reported in Fig. 6a) and the imposed velocity at the shaker, is investi-
gated by scanning laser Doppler vibrometry (SLDV), and reported in
Fig. 6d. The clear drop in the transmission (blue line) can be seen
as direct confirmation of the numerically predicted BG (the width of
which is highlighted by the light blue rectangle in Fig. 6d). For the sake
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of clarity, a numerical frequency response function (FRF) calculated
through a finite element model using the same CAD file used for the
manufacturing, is also plotted as the red line with circular markers, and
superimposed on the measurements in Fig. 6d. Damping was added as
an isotropic loss of 𝜂 = 0.025. In this case, too, a good agreement is
found (the slight discrepancy of some of the peaks may derive from a
partial excitation of out-of-plane modes in the experiments, contrary to
the numerical model where only in-plane modes are considered).

4. Conclusions and discussion

In conclusion, we have presented a new type of metamaterial made
of a polymeric matrix with non self-similar cross-like holes at multiple
scale levels to attenuate elastic waves. We have shown that the non self-
similar hierarchy leads to multiple, broadband and highly attenuative
bandgaps at various frequency scales, including the most challenging
deep sub-wavelength regime. Numerical and experimental investiga-
tions have revealed that the opening of such bandgaps at different
frequencies derive from the activation of multiple mechanisms. The
activation of Bragg-, local resonance- and/or inertial amplification-
driven mechanisms, as far as wave propagation at different frequencies
is concerned, has been unequivocally identified by the behaviour of the
imaginary part of the wavenumber. Finally, transmission experiments
conducted in the lowest frequency regime, have shown a good agree-
ment with the numerical predictions. In this work, we have limited the
measurements to the lowest frequency regime involving the inertial
amplification mechanism since the experimental verification of the
opening of bandgaps in self-similar hierarchical elastic structures at
higher frequencies is provided in Ref. [27].

This multi-mechanism based design approach leads to enriched dy-
namics at different scales, including the opening of additional bandgaps,
the conservation of the existing ones down-shifted in frequency, as well
as the possibility of preserving the global deformation mechanisms of
the previous hierarchical levels despite the variation in mass-to-stiffness
ratio.

The design proposed in this paper appears to be both robust and
versatile for the conception of novel metamaterial structures, and can
further be explored and optimized. For instance, the non self-similar
hierarchical design offers additional opportunities compared to previ-
ous approaches, potentially leading to the simultaneous adaptation of
geometrical features at different length scales for focused objectives.
This can further be exploited by introducing more than two hierarchical
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Fig. 6. Specimen, experimental setup and measured vs. calculated transmission spectra. (a) Finite hierarchical elastic metamaterial under investigation, with a cm scale, for
reference. Suspension wires (in orange) hold the specimen in place during the measurements, reproducing free boundary conditions, also adopted in the numerical calculations.
Elastic waves are excited through a shaker, visible in the top-left part of the picture, and solidly attached to the structure by means of a screw. Measurements are performed via a
SLDV acquiring the 𝑥-displacement in correspondence of the cyan dots. (b, c) In-plane magnifications of the mass- and connecting-regions of the hierarchical elastic metamaterial,
respectively. The smallest thickness of the printed specimen includes regions of 0.384 mm width (hinges of the mechanism of inertial amplification). (d) Measured (blue line)
and calculated (red line with circular markers) transmission spectra of the specimen in the lowest frequency regime. The clear drop observed in the transmission approximately
occurs in the 120–900 Hz frequency range, in good agreement with the numerically predicted bandgap (see left panel of Fig. 2a) reported as a light blue rectangle. The frequency
response function (FRF) has been calculated as the ratio of the detected velocity (averaged over the four cyan points) and the imposed velocity at the shaker.
levels in the fabrication, as increasingly possible with last generation
3D printing and lithographic methods. Another possible direction of
research is to exploit hierarchical design for simultaneous optimization
of multiple properties, both quasistatic and dynamic (e.g., the design of
lightweight structures providing both sound/vibration attenuation and
high strength/toughness). The exploitation of hierarchical structures
can thus provide unexplored possibilities of wave control for relatively
direct application in different fields where vibrations play a crucial role,
including civil, aerospace and mechanical engineering.
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Appendix A. Periodic structure made of solely the inertial
amplification-based unit cell

In this Appendix, the periodic structure made of the solely inertial
amplification-based unit cell is reported in Fig. A.1. It is obtained by
repeating the unit cell reported in Fig. 1d infinitely in a linear array
(in the 𝑥-direction).

Appendix B. Down-shift of the mid-frequency made of the periodic
structure made by solely the inertial amplification-based unit cells

In this Appendix, we provide further insight on the frequency down-
shift of the mid-frequency dispersion branch reported in green in
Fig. 3a, as hierarchy is introduced. Fig. B.1 shows the evolution of the
mode shapes (and of the dispersion bands) as we add cross-like holes
such as those reported in Fig. 1c to the edges of the structure made
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Fig. A.1. Periodic structure made by the solely inertial amplification-based unit cell infinitely duplicated in a linear array.
Fig. B.1. Down-shift of the mid-frequency mode of the structure solely made by the inertial amplification-based unit cells. As we add cross-like holes, such as those reported in
Fig. 1c, to the edges of the structure solely made by the inertial amplification-based unit cells, we observe a slight alteration of the top bound of the upper bandgap and of the
bottom bound of the lower bandgap of the structure solely made by the inertial amplification-based unit cells and a strong shift of the mid-frequency mode, highlighted in green.
This is due to the fact that the virtual hinges of the mid-frequency deformation mode become more separated (assigning a selective compliance for this mode to the structure).
solely by the inertial amplification-based unit cells. Although the hier-
archical structure and that made by solely the inertial amplification-
based unit cells exhibit different stiffness and mass, as well as different
types of connections between the periods, we can observe that: (1) Hi-
erarchy only results in a slight alteration of the top bound of the upper
bandgap and of the bottom bound of the lower bandgap of the structure
made by solely the inertial amplification-based unit cells, whereas it
strongly shifts the mid-frequency mode highlighted in green. This is
due to the fact that the virtual hinges of the mid-frequency deformation
mode become more separated (assigning a selective compliance for this
mode to the structure). As a consequence, its frequency down-shifts.

(2) The specific arrangement of the inertial amplification mecha-
nisms in the connecting regions of the hierarchical structure, allows the
mechanism itself to take place almost unaltered (compare, for instance,
M1 and M2 with m1 and m2 of Fig. 3b) as the wave propagates in both
the structures.
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