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KAHLER-RICCI SOLITONS INDUCED BY INFINITE
DIMENSIONAL COMPLEX SPACE FORMS

ANDREA LOI, FILIPPO SALIS, AND FABIO ZUDDAS

ABSTRACT. We exhibit families of non trivial (i.e. not Kahler-Einstein) radial
Kéhler-Ricci solitons (KRS), both complete and not complete, which can be
Ké&hler immersed into infinite dimensional complex space forms. This result
shows that the triviality of a KRS induced by a finite dimensional complex
space form proved in [I2] does not hold when the ambient space is allowed
to be infinite dimensional. Moreover, we show that the radial potential of a
radial KRS induced by a non-elliptic complex space form is necessarily defined

at the origin.
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1. INTRODUCTION

The study of those complex manifolds M equipped with a Kéhler-Einstein (KE)

metric g induced by a complex space form, namely such that (M, g) can be Kéhler
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immersecﬂ into a finite or infinite dimensional complex space form (5, g), is a clas-
sical problem in complex differential geometry. When the ambient complex space
form is assumed to be finite dimensional and of non positive holomorphic sectional
curvature M. Umehara [24] shows that (M, g) is forced to be totally geodesic and
hence is itself an open subset of a complex space form. On the other hand a classifi-
cation of those KE manifolds K&hler immersed into the finite dimensional complex
projective space is still missing. The general conjecture is that such a KE man-
ifold is forced to be an open subset of a compact homogeneous Kéhler manifold,
i.e. it is acted upon transitively by its group of holomorphic isometries. Roughly
speaking when the ambient space is finite dimensional one has (locally) a finite
number of holomorphic functions describing the Ké&hler immersion which seems to
force the potential of a KE metric (which satisfies a Monge-Ampere equation) to
have symmetries, i.e. to be the potential of a homogeneous metric. Many au-
thors have proved the validity of this conjecture under additional assumptions (see,
e.g. [, [20], 23], [8], 9], [18]). When the ambient space is infinite dimensional
the situation changes drastically: there exist continuous families of complete not
homogeneous KE metrics projectively induced by an infinite dimensional complex
projective spacdi (see [15] and [1]).

Therefore it is natural to impose some extra conditions on the KE metric g in
order to recover the loss of symmetries due to the infinite dimensional assumption
of the ambient space. One natural condition is to require that the metric is radial,
i.e. g admits a global Kéhler potential f(r) which depends only on the sum r =
|| = |21]% + -+ + |2n/|? of the local coordinates’ moduli. Notice that since the
manifold M is assumed to be connected the potential f(r) is defined on an open
interval (Tint, Tsup), 0 < Tinr < Tsup. The prototypes of radial KE metrics are of
course the finite dimensional complex space forms and any homogeneous Kéahler
manifold with a radial potential is indeed a complex space form. The main result
in this regard found by the authors of the present paper can be summarized as
follows (see Definition [Il in the next section and Definition 2] in Section [H for the

notions of well-behaved or ¢-stable projectively induced metrics).

Theorem A. (see [14, Theorem 1.3 and Theorem 1.4]) Let g be a radial KE metric
on a complex manifold M and assume that (M, g) can be Kdhler immersed into
an infinite dimensional complex space form (S°°,g>°) with constant holomorphic
sectional curvature c.

(1) If ¢ <0 then (M, g) is a complex space form.

1Throug;hout the paper the Kéhler manifold M is not necessarly compact (or complete) and the
Ké&hler immersion is not required to be injective or an embedding.

2We still do not know if similar phenomena can also happen in the infinite dimensional non elliptic
case.
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(2) If ¢ > 0 and the metric g is either well-behaved or c-stable projectively induced

then (M, g) is a complex space form.

We believe that the assumptions that g is well-behaved or c-stable projectively
induced in Theorem A are superfluous (cfr. [14, Conjecture 2]). This is true if
the Einstein constant of g vanishes: indeed in [I7] we prove that a projectively
induced Ricci flat metric is forced to be flat. It is also worth mentioning that the
KE condition in Theorem A can be weakened to constant scalar curvature (cscK)
case [14], Theorem 1.3] but not to the case of Calabi’s extremal metrics, see [14]
Example 1]. Both cscK and extremal metrics are generalization of KE metrics.
Another natural extension is that of Kahler-Ricci soliton (KRS); therefore it is
natural to study radial KRS induced by infinite dimensional complex space forms.
This is what we do in the present paper. Recall that a KRS on a complex manifold
M is a pair (g, X) consisting of a Kéhler metric g and a holomorphic vector field
X, called the solitonic vector field, such that

p=A+ Lxw (1)

for some A € R, called the solitonic constant. Here w and p are respectively the
Kahler form and the Ricci form of the metric g and Lxw denotes the Lie derivative
of w with respect to X. KRS are special solutions of the Kéhler-Ricci flow and they
generalize Kéhler—Einstein (KE) metrics. Indeed any KE metric g on a complex
manifold M gives rise to a trivial KRS by choosing X = 0 or X Killing with respect
to g. Obviously if the automorphism group of M is discrete then a KRS (g, X) is
nothing but a KE metric g. The reader is referred to [10, 3] 25], 19} 211, 22] for more
information on KRS.

It turns out that a radial KRS with given solitonic constant A on a n-dimensional
complex manifold M is uniquely determined by (u,v, k) € R® if n = 1 and (u,v) €
R? if n > 2 (cfr. Proposition in the next section). Further the KRS is not
trivial if 4 and v are not zero.

The following theorem is the first main result of the paper.

Theorem 1.1. Let (g, X) be a non trivial KRS with solitonic constant A on an

n-dimensional complex manifold M. Assume tha

nl(p— A
-~ ®

Then the following facts hold true.

3It turns out that the condition @) is equivalent to the fact that the Kéhler potential f(r) of the
metric g is defined at the origin, namely at ri s = 0 (see Proposition 22 below).
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(a) if p and v are strictly positive and k = 0 then (M, g) can be Kdhler im-
mersed into any infinite dimensional complex space forms of non-negative
holomorphic sectional curvature.

(b) f A<0, u=n+1and k =0 then (M,g) can be Kdhler immersed into

any infinite dimensional complex space form.

Theorem [[T] shows that the same conclusions of Theorem A (namely the con-
stancy of the holomorphic sectional curvature) cannot be achieved if one weakens
FEinstein’s condition with that of KRS, even if one requires that the radial potential
f(r) of the metric g is defined at the origin (which is stronger than well-behaveness)
and that the metric ¢ is induced by any complex space form (which is much stronger
than c-stability, see Remark @ in Section [l below). The theorem also shows that
the main result in [12] due to the first author and R. Mossa, asserting that a KRS
induced by a finite dimensional (even indefinite) complex space form is trivial, does
not extend to the infinite dimensional setting.

One can show that the KRS in Theorem [[]] are not complete, namely their
Kahler metric are not complete. Thus it is natural to see if there exist complete
KRS induced by some infinite dimensional complex space form. The following

theorem, our second main result, shows that this is indeed the case.

Theorem 1.2. For any n > 2 there exist complete and radial KRS on C™ induced
by any infinite dimensional complex space forms of non-negative holomorphic sec-

tional curvaturdl.

We believe that the requirement (2) is a necessary condition for the K&hler metric

g to be induced by a complex space form, as expressed by the following:

Conjecture 1: The potential of a radial KRS induced by an infinite dimensional

complex space form is defined at the origin.

In this regard we are able to prove the following theorem which represents our
third and last result.

Theorem 1.3. Let (g, X) be a radial KRS on a complex manifold M of complex
dimension n > 2. If the metric g is c-stable projectively induced, for some ¢ > 0,
then its Kdhler potential f(r) is defined at the origin and hence [2) holds true.

Since a Kédhler metric induced by a non-elliptic complex space form is c-stable
for any ¢ > 0 (see Remark Ml in Section Bl below), Theorem gives the following

corollary, which provides us with a partial answer to the conjecture and also shows

4We do not know if there exist complete KRS induced by the infinite dimensional complex hyper-
bolic space.
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that in order to prove its validity one can restrict to the case when the ambient

complex space form is the complex projective space.

Corollary 1. If a radial KRS on a complex manifold of complexr dimension n > 2
is induced by either an infinite dimensional flat space or by an infinite dimensional

complex hyperbolic space then its Kdhler potential is defined at the origin.

The paper is organized as follows. In the next section we describe the basic facts
on radial Kahler metrics and we provide the classification of radial KRS (Proposi-
tion[22)). In Section[3] after recalling some necessary and sufficient conditions for a
radial Kéhler metric to be induced by a complex space form (Lemma [B]) we prove
Theorem [Tl In Section Ml we show that the Kahler manifolds appearing in the
proof of Theorem [[.T] are not complete and we prove Theorem Finally, Section
is dedicated to the proof of Theorem [[.3l The paper ends with an appendix with
two lemmata needed in the proof of Proposition

2. RapiaL KRS

Let g be a radial Kéhler metric on a connected complex manifold M, equipped
with complex coordinates z1, . .., z, and let w and p be respectively the Kéhler form

and the Ricci form associated to g. Then there exists a smooth radial function
f : (Til’lfu 'rsup) — Ru 0 < Tinf < Tsup < oo

— )

where (Ting, Tsup) is the maximal domain where f(r) is defined such that
i
w=300f(r), r =z’ = |2+ |l (3)

i.e. f(r) is a radial potential for the metric g.

One can easily see that the matrix of the metric g and of the Ricci form p read

wij = f'(r)dij + 1" (r)ziz;. (4)
pij = L'(r)di; + L"(r)ziz, (5)
where L(r) = —log(det g)(r).
Set
y(r) = rf'(r). (6)

Definition 1. A radial Kéhler metric g is well-behaved if y(r) — 0 for r — ri"..

Clearly if a radial metric g is defined at ri,s = 0 then it is well-behaved. In
particular any metric of constant holomorphic sectional curvature is well-behaved
and even real analytic on [0, 7). Notice that it is not hard to see that a radial

KE metric defined at the origin is indeed a complex space form. Also set

U(r) = ry'(r). (7)
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Then

d
P(r) = d_th’ r=ce. (8)

The fact that ¢ is a metric is equivalent to y(r) > 0 and ¢ (r) > 0, Vr € (Tinf, Tsup)-
Then

lim y(r) = yint 9)

T_)Tinf

is a non negative real number. Similarly set
lim y(’f’) = Ysup S (0, +OO] (10)
T—Tsup

Therefore we can invert the map

(Tinfv Tsup) — (yinfv ysup)a [l y(T) = Tf/(T)

on (Tinf, sup) and think r as a function of y, i.e. r = r(y).
Hence we can set
¥(y) = (r(y)). (11)
The following lemma will be used in the proof of Theorem below.

Lemma 2.1. Assume that the function ¥ (y) is continuous at Yins. Iflimyﬁyff U(y) #
0 then yims = 0.

Proof. Assume by contradiction that yins # 0. Note first that tine := lim, ., , logr =
—oo: otherwise (if tins € R) the function y(¢) could be prolonged to an open interval

containing t¢;,¢ being the solution of the Cauchy problem

() = v(o(t) )
y(tinf) = Yinf > 0.

Thus, by the continuity of ¢(y) at yins # 0,

lim ¢(y) = lim (y(t)) = lim y'(t) =0,

t——o0 t——o0
y_)yinf

where the last equality follows by ([@) when ¢, = —oo, the desired contradiction.
O

Finally, from (), we easily get

(det gis)(r) = L THW) (13)

rn
The following proposition, which represents a key tool in the proof of our main
results, provide us with the explicit expressions of radial KRS in terms of the the
functions y and ¢(y) defined by (@) and ().

Proposition 2.2. Let g be a radial KRS with solitonic constant A. Then the
following facts hold true.
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If n =1 then there exist i, k € R such that

d(y) = mp(y) + k+1- Ay (14)

and if u = 0 then the soliton is trivial (i.e. a complex space form). If i # 0 then
A A k+1

Y(y) =ve' + ZH‘ (/L_ - T) (15)

and the soliton is trivial iff it is flat zﬁ v=0.
If n > 2 then there exists € R such that

. n—1
90 = (1= "2 ) vl - (16)
and if p = 0 the soliton is trivial (i.e. KE). If i # 0 then

1
vety X\ A — = n! -
= Sy BN Dyt (17)
-1 1+ 1
y" Y

and the soliton is trivial iff it is flat iff v =0 and p = .
Moreover, the KRS is defined at the origin, i.e. at rine = 0, iff v = nifﬁ:f‘)
(namely @) in Theorem [I1lis satisfied).

In order to prove the proposition we need the following two technical lemmata

whose proofs are relegated to Appendix [A] below.

Lemma 2.3. Let G(z) = ®(z2) + ®(z), where ®(2), z € C", is a holomorphic
function and G(x1,...,2,) = G(|z1|%,...,|2a|?) is a rotation invariant function,

z; = |zj|*. Then

G(a:l,...,:rn):chlong—l—d, (18)
j=1
for some c;,d € R. In particular, if G(z1 + -+ ) = G(|z1]* + -+ + |20]?) is

radial and n > 2, then the c;’s must vanish and G = d is constant.

Lemma 2.4. Let the equality

Z (26 Y (2) + 26 Y (2)) = ¢(r) (19)
k=1
hold, where Yy, k = 1,...,n, is a holomorphic function and ¢(r) is a radial function.

Then ¢(r) = ar for some « € R.

Proof of Proposition[Z2 Let X =3, X2 e + X, -2 75 be a real holomorphic vector
field (X3 = Xy (z) are holomorphlc functions). If we take local complex coordinates

Z1,...,2n and use the fact that

Lxw(Y,Z)=Xw(Y,2)) —w(X,Y],Z2) —w(Y,[X, Z]).
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we get B
00X 00X},
(Lxw)ij = X(wig) + 5 —wij + 5—wik (20)
J J 0z, ™ 0z
By substituting @) in (20) we obtain
(Lxw)ig = O Xizk + Xiz) (" (1655 + £ (r)7i2)) + £7(r) (X2 + Xiz))+
k
00X 0X
2 () + (1) Zz5) + = (F ()8 + £ (1) 2i2).
0z; 0Z;
Now, it is easy to see from a straight calculation that this last expression is equal
to
"(r)(zX X

and then the soliton equation () writes
0 Zf’(r)(éX + 2k Xk) = piz — M\y;
82’182J - k k k k) — pz_] 170

By taking into account {@l) and (Bl one gets

X == > / . .
82182“] Z f'(r) (@ Xy + 2xXi) = a(r)di; + a'(r)zi2;,

where we set a(r) := L'(r) — Af'(r).

Let W :=>", f'(Zx Xk + 21X}, we have
82

82182“]

a(r)dij +a'(r)ziz;
for every ¢ and j. Thus
0*v 9%A
8Zi82j B 8Zi82j
where A(r) = [a(r) = L(r) — Af(r) + 7 (v € R) and then one concludes that

U=A(r)+F+F (21)
for some holomorphic function F. Thus we can write

—logdetg — A\f + F+ F = Zf’(Eka + 2 X5,
k

By averaging with respect to the action of the unitary group U(n), we get

—(log det g)(r)—)\f(r)—i—/ (F(Az) + F(Az)) dA = Z F1(r) (ZY*(2) + 2 Y(2)),
2

U(n)
(22)
where Y*(z = Jum) AF XM (Az)dA.
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Equation (Z2)) can be rewritten as z,Y* + 2, Y* = ¢(r) where ¢(r) is radial and
the Y*’s are holomorphic. Then Lemma [Z4] above applies and we conclude that
zZeYF 4+ 2,.YF = ar, so that ([22) reads as

— (logdet g)(r) — Af(r) + /U( : (F(Az) + F(Az)) dA = ar f'(r) (23)

If n = 1, then by Lemma[2.3lthe real part of fU( F(Az)dA is equal to h+klogr,
with h, k constants. In this case, [23)) gives

—log [f'(r) +rf"(r)] = Af(r) + h+ klogr = arf'(r).

By derivating both sides of this equation with respect to r and by multiplying
by r

LI ) k= o
PO = A ) + k= a(f ()’

by y(r) = rf'(r) and ¢ (r) = r(rf'(r))" we get
d(y) = —ah(y) + k+1— My.

Then ([d) follows by setting u = —a. Moreover, if ;1 = 0 equation ([d]) integrates

and gives
2
Wly) = —A%—i—(k—i—l)y—i—c, cER,

which by [I4, Lemma 2.1] implies g has constant scalar curvature and hence is KE.
If u # 0, one easily integrates ([4]) and gets (IH). By (I&) and by taking into
account [I4] Lemma 2.1] we deduce that g is escK iff it is flat iff v = 0.
Let us now assume n > 2. By applying again Lemma[2.3to ® = fU( F(Az)dA,
we get that the real part of fU F(Az)dA is constant and hence (22) reads as

—logdetg — Af(r) + k= arf'(r).
If we derivate this equation (with respect to ) and multiply both sides by r we get
r[—logdet(g)] — Arf'(r) = ar(rf'(r))
ie.
r[=logdet(g)] — Ay = ap(y).
Now, by using (I3]) one obtains
—rllog(y" ()b (y)) +n — Ay = a(y).

Since 4 = = (rf'(r )) (T v) d ;> we can rewrite the previous expression

as

1)w<y>+n—xy
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which gives ([[6]) by setting p = —a,
By integrating (6] one gets

ety

0) = S vt [l awpemyay). (24)
for some constant v € RR.
By taking p = 0 in (24]) we get

v+ec A2
1/1(3/)—y+ yn,1 _TL+1,

which, together with [I4, Lemma 2.1], implies that the metric g is KE (with Einstein
constant 2)).
If i # 0 then [IT) follows, after a long but straight computation, by (24]) and by

- y
/efuyykdy —

Finally, by combining (16) with [I4, Lemma 2.1] one gets that g is never KE unless

k—1
k—j—1

—HY
_]_1 itz © Y
j= 0

it is flat and this happens exactly when v =0 and g = .
In order to prove the last assertion of the Proposition, first notice that (I

rewrites as pehy 4 Agn 4 Az 5=l nl
wly) = —— AT ST (25)
If the metric g is defined at the origin, then both y(r) = rf/(r) and ¥ (r) = r(rf'(r))
are defined and vanish at r,r = 0 and (28] yields v = n! [L‘H’}L.
Conversely, if v = n!ﬁ‘;’l then (28] implies that 1 (y) = y + O(y?) and (by the
Hartman-Grobman linearisation theorem, see also [6], Section 4.2) the differential

equation % = 1(y) can be conjugated in a neighbourhood of y = 0 to the linear

equation % = z(t) by a diffeomorphism y = ®(z) satisfying ®(0) = 0. Thus

®(z) = 2®(z) for some smooth ® and y(t) = ce'®(ce?). By et = r and y(r) = rf'(r)
we finally get f’(r) = c¢®(cr) which implies that f(r) is smooth in r = 0. O

Remark 1. A different proof of equation (IT) is obtained by Feldman-Ilmanen-
Knopf [6, Section 3.2] when the vector field X is assumed to be gradient (see also
[3] for the case of radial steady KRS, i.e. A =0). In fact, it is not hard to see that
the vector field Y appearing in the proof of Proposition is a gradient vector
field. However, in this paper we include the proof of Proposition for reader’s

convenience and to make the paper as self contained as possible.

3. THE PROOF OF THEOREM [ 1]

A finite or infinite dimensional complex space form (S¥,¢Y) is a manifold of

constant holomorphic sectional curvature ¢ and complex dimension N < oo. By the
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word “induced” we mean that the Kéhler manifold (M, g) can be K&hler immersed
into (SN, gV), i.e. there exists a holomorphic map ¢ : M — S¥ such that ¢*gY = ¢
(see [2] or the book [16] for an updated material on the subject).

If one assumes that (SV,gY) is complete and simply-connected one has the
corresponding three cases, depending on the sign of c:

-for c =0, SN = CV (8> = ¢3(C)) and g is the flat metric with associated

Kahler form
N

_Lom 2 2 _ 2 )
wo = 288|z| E _Z|ZJ| , N < o0o;
j=1
-for ¢ < 0, SN = CH" is the N-dimensional complex hyperbolic space, namely

the unit ball of CV with the metric g~ with associated Kihler form
we = 5-0log(1 — |=[*);

- for ¢ > 0, SN = CPY is the N-dimensional complex projective space and g2 is

the metric with associated Kéhler form w,, given in homogeneous coordinates by:
— L 9810g(| 20 Zn|?
we = o og(|Zo)* + -+ 1Zn]|%).

Notice that when ¢ = 1 (resp. ¢ = —1) the metric g is the standard Fubini-
Study metric gps (respectively hyperbolic metric gpyp) of holomorphic sectional
curvature 4 (resp. —4). Throughout the paper we will say that a metric g on
a complex (connected) manifold is projectively induced if (M,g) admits a Kéahler
immersion into (CP*°, grg).

Let e € {—1,0,1} and define recursively the following function in y
Q) =y Qiry) = (ey = K)Qi(y) + Qi (W)Y (y), (26)
with (y) given by ().

Lemma 3.1. Let M be an n-dimensional (n > 1) complex manifold equipped
with a Kdhler metric g with radial Kdhler potential f(r) which is real analytic
in (Tint, sup)- If (M, g) can be Kihler immersed into (SN, gN) then the Q% (y) are
nonnegative for y € (Ying, Ysup)- Moreover, if ring = 0 and f(r) is defined in [0, rgup)

the converse holds true.

Proof. See [13| Lemma 3.2| for a proof. O

Proof of Theorem[I1. By the last part of Proposition the assumption (2)) im-
plies that the potential f(r) is defined at the origin and thus the metric g is real-
analytic on [0, reup) (see, e.g. [L1, Corollary 1.3] for a proof). We first show that

y(r) and all its derivatives w.r.t. r are non-negative on [0, 7sup ).
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We only treat the case n > 2 (the case n = 1 is obtained similarly and it is

omitted). Under the assumption ([2)) equation (7)) reads as

s n+k
_ Vi k+1
=y 4+ 27
V(y) =y ;(wrk)!y (27)
Moreover, by v, u > 0 we have ¢(y) > 0.
We claim that for every k one has
Fi(y(r
s (r) = eul) (28)
with
Fi(y) = O(y"), Fily) = 0. (29)

Formulae (28)) and (29) hold true for k = 1 with Fy(y) = ¥ (y) > 0 since y/(r) =
dydt _ ¥’ LW and ¥(y) = O(y) > 0 by 7). Assuming now that (28] and

dt dr r T
[29) are true for some k, we have

dFk /

y(k+1)(T) _ i <Fk(y)> Y (r)r* — Fy(y)kr*—!

dr rk

w(y))

T

2k

(recalling that y'(r) =

_ Dy(y) — kRL(Y)
rk+1 '

This shows that ([28) holds true also for k + 1, with

dF;C

Frii(y) = 1/’( ) — kFy(y),

By inserting ([27) and Fy(y) = > ik O k47 in this recursion relation it is now easy
to see that Fyyq(y) = O(y**!) and Fyii(y) > 0, which concludes the proof by
induction that (28)) and ([29)) are true for every k > 1 and then that the derivatives
y™®) (1) are non-negative on |0, rsup) for k > 1.

By rf'(r) = y(r) = Y32, L
f®)(r) are non-negative for k 2 1.

Now we claim that the functions Q% (y) defined in (Z8) satisfy Q% (y) = r* f*)(r)
for every k > 1: this will prove that these functions are non-negative and by Lemma
B (M, g) can be Kihler immersed into £2(C) and hence also in CP> by a result
of Calabi |2] (this proves (a) of Theorem [LT]).

In order to prove the claim, notice that (28] reads

, one immediately deduces that the derivatives

Q) =y Quily) = —kQy) + QRW¥(y) (31)
Since y = rf'(r), we have Q)(y) = rf (r); assuming now that Q9 (y) = r* f*) ()
is true for some k, we have by (B1)
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Qa(9) =~k F D)+ 4 (100)) Totw) =

(by using g—; =)
= —kr® fO) (r) 4 kP fR) () 4o bt L pHD) () — L p (D) ()

which proves the claim and ends the proof of part (a) of Theorem [[T1

Assume now that the parameters of the radial KRS (g, X) satisfy

u_%,Ago,ﬂ_nH,k_o. (32)
To prove (b) of Theorem [Tl we need to show that the Kéhler manifold (M, g)
can be Kéhler immersed into (CH®, gp,p). Indeed this would imply that it can be
Kéhler immersed into the infinite dimensional flat space by a result of Bochner [1]
and into any infinite dimensional complex projective space by [B, Lemma 8§].
Notice that by (a) the radial potential f(r) of the metric g of the family of KRS
given by ([B2)) is real-analytic on [0, rs,p). Hence, by Lemma Bl we must prove
that @, '(y) is non-negative Vk € Z* on [0, ysup). The proof is by induction on k.
We treat only the case n > 2 (the case n = 1 is treated similarly). First, let us

notice that (Z17) under the assumptions ([B2) writes

R e N (s D LA A
V) =y+ ——— ;(n+k>!y*1—y+(1—n—+1)y2+0(y3)-

We now assume by induction that the coefficients in the expansion of Q;l(y) are
all nonnegative and that it vanishes at y = 0 with order greater or equal to k. This

property is clearly verified for k = 1, since Q7 '(y) = y by construction. Then, if
Q' (y) = 2>k 4y’ by @6) with e = —1, we get

Qihi(y) = —(y + B)Q ' (v) + Q1 () (y) =

. _ o A
- Zajy”l - Zkaij —l—Z]aij ! <y—|— <1 “nr 1> y? —|—O(y3)> =

P>k P>k P>k
> G- Ra’ + Y (5= 2L = 1) a4 064,
j>k+1 i>k

and we notice that all the coefficients of O(y?) in the second line are positive, so

the coefficients in O(y**2) in the last line are all nonnegative. O

Remark 2. Combining Lemma Bl with the fact that (M, g) cannot be Kéahler
immersed into CHY, with N < oo (see [I2] for a proof), we deduce that the
number of positive Q,;l(y) in the proof of the previous theorem is forced to be

infinite.
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4. CoMPLETE KRS SOLITONS AND THE PROOF OF THEOREM

Let us now investigate the completeness of our radial metrics.

The matrix of a radial metric with radial potential f(r) is given by (see ()

9i7 = ['(r)di; + f"(r)ziz;
Take now a curve v(s) = (z(s),0,...,0), z(s) € R, 2/(s) > 0, where s € (s1, s2).
By definition, its length is given by

D= [ Ve = [ VIR T TR ()ds

i.e. by the change of variable z = z(s)

I(y) = / I PR

where we have set z1 = z(s1), zz = z(s2).

Now, set r = 22 so that dz = dr and

/W [V

Now, in order to rewrite this integral in terms of the functions y(r) = rf’(r)
and ¥(y(r)) = r(rf'(r)), we make the change of variable y = y(r). Notice that
@ =(rf'(r) = W((T)) , 50 we get

1/92 [ r 1/y2\/T
=3 -y =3 —dy
2 Y1 ’1”21/) 2 Y1 w

where y1 = y(r1) and y2 = y(r2).
Therefore we deduce that a radial metric corresponding to the function v (y)

defined on [0, ysup) is complete if and only if

Y2 1
li ([ —dy = . 33
y2—1)rl?sup /y1 w y +OO ( )

Example 1. Let (g, X) be the KRS of the complex manifolds M of dimension
n > 2 given by Theorem [Tl As we have seen at the beginning of the proof of
Theorem [T} assumption (@) implies that v is given by (Z7). Then, for every
to € R and yo > 0, the function

vy
o V()
(which gives an implicit solution ¥(y) =t — t of the Cauchy problem % = Y(y),

U(y) = (34)

y(to) = yo) is defined for every y > 0 since, by ([27), under the assumption v >
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0, > 0 the denominator ¥ (y) of the integrand in ([34]) vanishes only for y = 0 and
then the integral ([34) is finite for every y > 0.
Moreover, by (7)) we have

lim o ynildy, < 400
I\ DY P S e

because the integrand goes to zero as 4/ ‘”:T;l, and the integral f;;oo £/ y;;l dy con-
verges. Thus, by [33]), the metric is not complete.

Example 2. Let (g, X) be the KRS of the complex manifold M of dimension n > 2
associated to (v, 1) € R? satisfying

w—A

We want to show that M = C™ and that the metric g is complete.

First, by assumption (2) the metric is defined at the origin and v is given by
@1).

Moreover, the function 1 vanishes only for y = 0: indeed, assume by contradic-
tion that under the assumptions v = n!l‘tﬁ%, 1 <0, A <0 there exists another
positive zero y = a for ¥. Then, by (@) we get ¥’'(a) = n—Aa > 0, which is not pos-
sible (if ¢ starts positive from zero, then it must be decreasing in a neighbourhood
of the positive zero a). It follows that v is defined and positive for y € (0, +00).

Y dy

Now, the implicit definition of the solution y(¢), i.e. v B0y =t~ to, rewrites

Yy yn—l
/ — dy=t—to
Yo v [el‘y — Z?:o ‘;—fyﬂ} +y"

and then, since p < 0, one immediately sees that the integrand goes to zero as
1/y for y — +oo, so it diverges and tsy, = +00. In terms of r = ef
(Tinfs Tsup) = (0, 400) and the metric is defined on all C™.

As for completeness, by [B3]) we need to check that the integral

we get

+o0 ynfl
/ A— (36)
Yo v [el‘y - ijo %yﬂ} +yn

diverges. But this is clear since, as already observed above, for y — +oo the

function % goes to zero as 1/y, so that the integrand in (B8] goes to zero as 1/\/Y,
. +oo 1 o o

and then the conclusion follows by [ Zdy = [2\/y]$>° = 4o0.

Remark 3. Let us notice that this soliton is an example of the complete expanding

soliton on all of C™ found by Cao in [3] characterized by the values of the parameters

(in our notation) A = —1, p < 0,v = n!l‘:;);.
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Proof of Theorem[I.2 Take the complete non trivial KRS (C”, g,,) in Example

and set
by, n) = ¥(y) :y+z( (1) Ry (37)

= n+j—1)

In order to prove the theorem we will show that for a suitable choice of i the Kéahler

manifold (C™, g,,) can be Kihler immersed into ¢(C) (and hence into CP*).

h
By using Weierstrass M-test one sees that gy}f’ are continuous with respect to u,

for all h € IN in the interval [—1,1]. Then, by definition of @Y, namely

QY1 (Y5 11) = QY (y, 11) — kQY(y, p), (38)

every derivative w.r.t. y of Q{(y, ) is continuous w.r.t. p.
Since ¥(y,0) = y + y* and

Qg (y7 0) = (k - 1)!yk7 (39)

we deduce that for every k € IN, there exists a real negative constant —1 < ¢, < 0
such that 0

0 Qk’
Ay* lo.u

: >0, Y€ (e,0).

Moreover, we claim that
I:= ﬂ (ex,0) # 0.
keN
Indeed, if by contradiction limg_,~ € = 0 then one can easily find a sequence uy €

Oy 0. On the other hand, by (9) we deduce
Mk

0.0) = 400, yielding the desired contradiction and proving the
0,0

k
[—1,0) such that limy_,ce %

that limy oo 59
claim.
Finally notice that by 1) and [B8) we have that Q{(y) = O(y*) independently
of y and then by Lemma B we deduce that g,, with p € I is induced by ¢2(C).
O

5. PROJECTIVELY INDUCED KRS AND THE PROOF OF THEOREM [I.3]

We start by describing some necessary conditions for a radial KRS to be projec-

tively induced.

Proposition 5.1. Let M be an n-dimensional complexr manifold with n > 2 and
let g be the Kdihler metric of the radial KRS corresponding to the function ¥(y),
Y € (Yint, Ysup) with solitonic constant \. Let us assume that g is projectively
induced. Set ying := h. Then the following facts hold true:
(i) ¥(h) =0;
(ii) h e N;
(i) (h) € Z;
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(iv) if h £ 0 then X € Q.

Proof. Throughout the proof we will denote the Qzl(y) appearing in (26) simply
by Qr(y). Assume by contradiction that 1(h) # 0. Then by Lemma [21] one has
h = 0. Thus, by ([I8) when n > 2 and the fact that 1)(y) > 0 we see that
lim ¢(y) = lim 4(y) = —o0 (40)
y—ht

y—0+

By deriving (26) with e = 1 and k = 1, we get

Q2(y) =2y — 1 +3(y)
which combined with @0) yields lim, o+ Q2(y) = —o0.
By 6] with e =1 and k=2

Q3(y) = (y — 2)Q3(y) + ¥ (¥)Q2(y).

We then immediately deduce that lim,_,o+ Q3(y) = —o0, in contrast with Lemma

B since the metric is projectively induced, and (i) is proved.
Notice now that by (i) and (26) (with ¢ = 1)

k € Z7 that

one can prove by induction on

Qri1(h) = (h=k)(h =k +1)---(h = 1)h. (41)
Assume by contradiction that h ¢ Z. Then by (@I there exists k such that
Qr+1(h) < 0 again in contrast with the projectively induced assumption on g.
Thus (ii) is proved.
By ({I) we also deduce that

Qj(h)=0,¥Yj > h+1. (42)
We claim that
Qnyj(h) = (k) = D)W (h) = 2) -+ (b(h) = j + 1)Qnya(h), (43)

for all j > 2.
Indeed, by deriving (26]) we have

Qnt2(y) = Qnia(y) + (¥ — h = 1)Qns1(y) + ¥ () Qi1 (y) + ¥ (¥)Qnia(y)  (44)

and the assertion follows for j = 2 by letting y = h and using Qp41(h) = 0 (by
#2)) and (k) = 0 (by (i)). Assuming that 3] is true for some j, by deriving
@6) w.r.t. y we get

Qni11(y) = Qs (W) + (¥ — h — 1) Qnri (¥) + P (¥)Qnt; (v) + P (W) Qnrs(y) (45)

By taking y = h we see that
Qnyjr1(h) = ((h) = §)Qn;(h),
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which, together with the inductive assumption, proves our claim.
By (28) and its derivative (with k = j) with respect to y and taking into account
(i), i.e. ¥(h) =0, on easily gets

Qj(h) = Qja(h)(h—j+1)

Qj(h) = Qj-1(h)(h = j + 1) + Qj-1(h) + D(h)Qj-1(h).
Combining these two equalities and using Q1(y) = y we find

(@ + Q) (h) = (h+ () (h = 1+(h)) - (h— j+ 1+ 1(h)).
Taking j = h + 1 and using Qpn+1(h) = 0 we get
Qny1(h) = (h+P(h)(h = 1+ 1(h)) - (1 + 1 (h)).

Now if by contradiction (iii) is false, i.e. 1)(h) ¢ Z, we get Qni1(h) # 0. Thus
by @3) we deduce Qpyj(h) < 0 for some j, which combined with [@2) implies
that Qn+;(y) < 0 on a right neighborhood of A, in contrast with fact that g is
projectively induced.

By combining (i) and (I6]) (here we are using the assumption that n > 2) one
deduces that 1)(h) = n — Ah and hence (iv) readily follows by (i) and (iii). O

Before proving Theorem we recall the definition of c-stable projectively in-

duced metric.

Definition 2. Let ¢ > 0. A Kdhler metric g is said to be c-stable projectively
induced if there exists € > 0 such that ag is induced by (CP*,g%®) for all a €
(1—e,14€). A Kahler metric g is said to be unstable if it is not c-stable projectively
induced for any ¢ > 0. When ¢ = 1 we simply say that g is stable-projectively

induced.

Remark 4. Notice that a Kéhler metric which can be Kéahler immersed into a
non-elliptic (finite or infinite dimensional) complex space form is authomatically

c-stable projectivelly induced (the reader is referred to [I3] for details).

Proof of Theorem [[.3. Without loss of generality we can assume that ¢ is induced
by (CP*°,grs) and hence g is stable projectively induced. Therefore, by multi-
plying the metric by a suitable positive constant 8, we can assume that [g is still
projectively induced and with solitonic constant % € R\ Q. Hence by (i) and (iv)
of Proposition Bl yins = 0 and ¥ (ying) = 0. Thus, as seen in the last part of the
proof of Proposition [Z2] f(r) is defined at ri,s = 0.

O
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APPENDIX A. THE PROOFS OF LEMMA AND LEMMA 224

Proof of Lemmal[Z3. If we derivate the equality G(z) = ®(z) + ®(z) with respect

to z; and Z we obtain

0*G oG
=0T g+ 2y 16
8xj8:bkszJ i Ox; i (46)
Now, if n > 2 we can take k # j in this equation and deduce %Lacwk =0, so that
J
gTCj- =T';(z;), for some smooth function I'j(z;), j = 1,...n. This combined with

for k = j yields
()

OZF;(.IJ)IJ—FFJ(.IJ),VJZLn, (47)
ie.,
(Fj(l‘j),fj)/ = 0, Vj = 1, ... n, (48)
and then
oG ¢
Tj(z)) = o =L, Vji=1,...
J(IJ) (%cj xjv v‘] ) n,

from which (I8) follows immediately.
If n = 1, equation (HG) writes G”(x)xz + G'(z) = 0, which can be treated as
equation D) to deduce that G'(z) = £

conclusion.

(for some constant ¢) and obtain the same

The last assertion in the statement follows immediately by noticing that (IS])

with G rotation invariant can be satisfied only if the ¢;’s vanish or n = 1. O
Proof of Lemma[23) By deriving ([3)) with respect to z; and z; we get
oy, oY,

o2 T 9%

Since the right-hand side is a rotation invariant function and 2—2 is holomorphic,

— a0, =1,...n. (49)

we can apply Lemma to deduce that

n

Y,

3o :chjlogzj+dl, l=1,...,n
Jj=1

for some ¢, d; € C. Then {9) writes

n

Z(qj log zj + @, log Z;) + 2d; = ¢/ () |21 + ¢'(r), 1 =1,...,n,

j=1
where 2Jl =d; + ch.
Then we deduce that ¢;; € R, and
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S aiylog |25]? 4 2d; = ¢"(n)|al? + ¢ (r), 1=1,....n,

j=1
By setting z; = |z;]%, we can rewrite this equation as
o, , - -
a—xl(qﬁ (r)x;) = ;clj logz; +2d;, 1 =1,...,n,
and, by integrating, we get

& (r)z = 2 chj logxj + 2dyx; + Fy(x), 1=1,...,n (50)
j=1
where F;(z) does not depend on x;.
If n > 2 by derivating (B0) with respect to x, k # [, we get

iy — G, O
(¢ (T‘) :Ek) = 8:Ek
OF)

which, since r does not depend on z;, implies that F; is a constant, say fj,

and ¢"(r) = %&£, But, since ¢ = ¢"(x1 + -+ - + x,,), this last equality implies that

:Ek'

cip = 0 for k # 1. Then (B0) becomes

¢ (r)z = cyzlog zy + 2dyz; + fi (51)

Since ¢’ = ¢'(x1 + - - -+ ), this equality implies that ¢’ is a constant, and then
that ¢(r) = ar as desired.
For n = 1, we have the analogous of (EI]) with ¢’ depending on one variable x

only, that is

x¢/ (x) = cxlogx + 2dx + f,
By derivating and setting 2o = ¢ + 2d

' (x) + 29" (x) = clogz + 2
and then by ([9)

oy 9y 5
E—i_g = clog|z|” 4 2«

which by the holomorphicity of %—Z implies

Y
— =clogz + «

0z
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Then Y = ¢ [logz + az + k. Combined with the assumption zY + 2Y = ¢(r)
this yields

cZ/logz + Ez/logé +alz]? + (kz + kz) = ¢(r)
and this can hold true only if ¢ = k = 0, so that ¢(r) = ar, as desired. (]
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