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ABSTRACT Accurate real-time temperature estimation of permanent-magnet synchronous motors is
essential to prevent overheating and ensure reliable operation. To this end, electric and thermal models
are often used due to their low computational burden. However, parameter estimation for these models
is challenging and error-prone. Though less sensitive to errors, data-driven techniques demand numerous
parameters and are difficult to implement in real time. Additionally, considerations for translating models
from double to single precision are often overlooked. This paper presents a numerical stability analysis
and a real-time implementation of Hammerstein models initialized with a lumped-parameter thermal
network to estimate the temperature in the windings and magnets of an out-runner permanent-magnet
synchronous motor. The numerical stability of the Hammerstein model was evaluated to assess the feasibility
of converting its coefficients from double to single precision by computing the condition number and
eigenvalues of the state-transition matrix in the Hammerstein model’s linear block. A balanced state-
space realization was used to reduce the condition number and avoid truncation errors when converting
parameters to single precision. The model was implemented via a processor-in-the-loop simulation on
an inverter-grade 32-bit microcontroller using MATLAB-Simulink, where the execution time and CPU
utilization were computed. Results show that balancing the Hammerstein linear block improves the condition
number of the state-transition matrix below 1.75, with an execution time under 200 µs and CPU utilization
below 0.04%.

INDEX TERMS Hammerstein model, hardware implementation, numerical stability, processor-in-the-loop.

I. INTRODUCTION
Thermal monitoring of permanent-magnet synchronous
motors (PMSMs) is crucial to prevent component degrada-
tion. Faults generated due to thermal stress in PMSMs can
be classified as electrical and magnetic [1]. The former are

The associate editor coordinating the review of this manuscript and

approving it for publication was Amin Mahmoudi .

associated with the melting of the winding insulation, which
could produce short circuits. Conversely, magnetic faults
are related to the irreversible demagnetization of permanent
magnets (PMs), which reduces the torque capability of the
machine [2]. Preventing thermal stress issues is crucial
for high-performance applications such as vehicle traction,
where the machine is pushed to its limits and durability is
paramount. However, the thermal monitoring of PMSMs is
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not a trivial task, and it has led to the development of different
methods for estimating the temperature of components,
such as finite element analysis and computational fluid
dynamics tools, electric and thermal models, or data-driven
techniques [3].

From the available PMSM thermal monitoring methods,
real-time temperature estimation methods are crucial since
they allow a proactive intervention—adjusting the load,
reducing power, or increasing the cooling—to prevent
overheating and irreversible damage to the machine [4].
Although direct measurements using contact and contactless
temperature sensors can serve this purpose well, using
high-precision sensors is costly. Sensor inclusion usually
requires performing structural changes in the machine. Instal-
lation and measurement difficulties arise when addressing
rotating components [5], [6]. Thus, estimation techniques are
necessary.

Finite-element tools are not feasible for real-time ther-
mal monitoring of PMSMs due to their computational
complexity [7], [8]. Electric and thermal models are pre-
ferred for real-time temperature estimation due to their
lower computational burden [9]. Electric models try to
estimate the temperature inside the machine by estimating
temperature-sensitive parameters such as copper resistivity
or PM flux linkage. These methods often depend on flux
observers relying on phase currents and voltage measure-
ments [10]. Nevertheless, electric models are highly sensitive
to parameter estimation errors, as small deviations in the
electrical signals can produce a significant variation in the
temperature estimates [11], [12]. Large errors are present,
especially at low speed, where the signal-to-noise ratio of
voltage measurements is low.

In this respect, lumped-parameter thermal networks
(LPTN) have been extensively proposed to estimate tem-
perature in real time [13], [14], [15]. In contrast to flux
observers, LPTNmodels can be applied across the full torque
and speed range of the machine [3]. The state-of-the-art
has explored the development of LPTN models in real time
from the second to the fifth order [16]. Nonetheless, these
models are populated with parameters dependent on the
machine geometry, the properties of its cooling system and
the rotor speed, among other features. Model accuracy comes
at the cost of correctly identifying these parameters using
sufficient experimental data obtained from a diverse set of
operational conditions [17], [18]. While standard low-order
linear parameter-varying (PV) LPTN models are computa-
tionally fast to execute once established [3], [19], their true
deployment challenge lies in their susceptibility to numerical
ill-conditioning and truncation errors when translated to
single-precision embedded environments. Furthermore, real-
time temperature observers are integrated alongside the
motor controller on a shared embedded processor. Although
the thermal dynamics of PMSMs are slow and can be
reliably evaluated with very long integration steps (on the
order of 1 s), an execution-time target below 1 ms was

adopted to provide nominal scheduling margin when the
thermal observer shares the processor with the motor control
tasks. Conflict-free integration must nevertheless be verified
through worst-case execution-time, interrupt-latency, and
jitter analyses under concurrent motor control execution.

Kalman filtering provides a complementary framework for
PMSM thermal estimation by recursively combining pro-
cess model predictions with temperature-sensitive electrical
information while accounting for process and measurement
uncertainties. Representative applications use high-frequency
signal injection [20], speed-harmonic information [21], or a
flux-based PM-temperature observer with a reduced-order
LPTN [22]. In contrast, the present work does not add a
recursivemeasurement-update stage but evaluates a nonlinear
Hammerstein-LPTN process model and its single-precision
implementation. A Kalman architecture could therefore use
the proposed model together with an electrical temperature
measurement in future work.

The challenges stemming from parameter estimation in
PMSMs have motivated data-driven PMSM temperature
estimators, including support vector regression and regres-
sion trees, as well as deep architectures based on recurrent
and convolutional neural networks [23], [24], [25]. Recent
neural thermal estimators combine data-driven nonlinearities
with LPTN structure. Thermal neural networks retain an
LPTN-like state-space formulation [26], whereas
LPTN-informed long short-term memory networks (LSTM)
compensate for unmodeled thermal dynamics [1]. These
hybrid approaches can improve prediction accuracy, while
preserving some physical interpretability. However, they
require representative training and validation data, while
large or purely black-box models may increase embed-
ded resource demands and complicate functional-safety
assessment [27].

Very few works have evaluated the execution time and
numerical equivalence of data-driven methods on embedded
hardware. Kirchgässner et al. used recurrent neural networks
and temporal convolutional networks for stator and rotor
temperature estimation in PMSMs [23]. Their trained models
were embedded in a Raspberry Pi 3 Model B+. However,
the Raspberry platform does not have a real-time operating
system, making it susceptible to latency. In [28], a hybrid
model consisting of a second-order LPTN and a multilayer
neural network was used to estimate the temperature in
the stator and rotor of a PMSM, and the resultant model
was implemented in a 32-bit digital signal processor. This
combination retains part of the physical essence of the system
through the LPTN, while also exploiting the adaptability
of a data-driven approach. Nevertheless, details about the
implementation and architecture of the neural network were
not reported and the proposed LPTN model did not consider
the effect of the varying thermal resistance due to air
convection surrounding the PM. Other hybrid data-driven
approaches have been proposed that combine LPTN with
neural networks, such as the Hammerstein model [29].
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However, that study did not examine the numerical condi-
tioning of the state-space realization, or quantify the effects
of single-precision coefficient conversion on the model poles
and dynamic response.

Another aspect that has not been addressed in the
related research is how to deal with the sensitivity that
LPTN dynamic models could have due to closely spaced
poles, which make them susceptible to numerical instability
when performing truncation or round-off errors [30], [31],
[32]. In a state-space model representation, pole sensitiv-
ity can produce an ill-conditioned state-transition matrix,
impacting eigenvalue computations and, consequently, model
dynamics [33]. Improperly scaled models and conversion
between representations—from state space to transfer func-
tion and vice versa—could introduce numerical errors in
the model, particularly for multiple-input multiple-output
systems expressed in companion, canonical, and observable
forms [34]. These aspects have implications for the computa-
tional resources required to execute the estimated temperature
model on a restricted hardware platform, because, in most
cases, the model is trained on a personal computer with
a 64-bit processor and double-precision data. In contrast,
when translated to embedded hardware, model parameters are
truncated to 32-bit floating-point numbers in the best case.
This operation introduces truncation errors in the estimated
model coefficients, consequently hindering the estimated
model dynamics [35].
AlthoughHammerstein-LPTNmodels have been proposed

for PMSM thermal estimation, most studies have focused on
estimation accuracy [29], [36]. Less attention has been paid to
the numerical robustness of these models when implemented
on embedded hardware. In particular, the effects of model
conditioning, coefficient truncation, and finite-precision
arithmetic on model stability and dynamic behavior remain
largely unexplored. Addressing these aspects is essential
to ensure the reliable deployment of thermal estimators on
resource-constrained motor-drive controllers.

This work presents primary considerations for imple-
menting ill-conditioned Hammerstein models estimated via
MATLAB-Simulink on a 32-bit embedded hardware platform
typical for motor inverters. The microcontroller unit is
used to estimate the winding and PM hotspot tempera-
tures of an out-runner PMSM in real time. To this end,
a Hammerstein model was initialized via a linear time-
invariant (LTI) LPTN of the fourth order. This method has
been experimentally proven as adequate for temperature
estimation in the target application [29]. The Hammerstein
model is analyzed in terms of model stability via the
computation of its eigenvalues. Its numerical stability is
assessed by calculating the condition number of the state-
transition matrix. These indicators allow presenting the main
issues and considerations when embedding the proposed
model into a 32-bit embedded platform in real time. It should
be noted that the objective of this work is not to bench-
mark different thermal estimation algorithms, but rather to
investigate the practical deployment of a Hammerstein-based

FIGURE 1. Testbed back-to-back setup picture (left) and diagram (right)
with motor under test (torque controlled) and dyno load (speed
controlled). The testbed is instrumented to measure mechanical torque
(T ), rotor angular speed (ω), winding temperature (ϑw) and rotor-surface
temperature. The permanent-magnet (PM) temperature reference (ϑm) is
derived from the rotor-surface measurement as described in Section II-A.

LPTN model on resource-constrained automotive embedded
hardware. A detailed comparison between conventional
LPTN, Hammerstein, and nonlinear autoregressive models
with exogenous inputs, including estimation accuracy, has
already been presented in [29]. Therefore, the present study
focuses instead on implementation aspects that have received
considerably less attention.

The main contributions of this work are listed as follows:
• Finite-precision implementation analysis and resource
characterization of the previously validated Hammer-
stein estimator initialized from a fourth-order LPTN,
using processor-in-the-loop (PIL) execution on a 32-bit
motor-control microcontroller for estimating winding
and permanent-magnet hotspot temperatures in an out-
runner PMSM.

• An analysis of the numerical stability of the proposed
model through the evaluation of its eigenvalues and the
condition number of the state-transition matrix.

• A set of practical considerations for the deployment of
ill-conditioned thermal estimation models on resource-
constrained motor-drive controllers.

The remainder of this manuscript is structured as follows.
Section II presents the dataset and the theoretical background
of the methods employed. Section III shows the results and
discussions. Finally, Section IV presents the conclusions and
potential future work.

II. MATERIALS AND METHODS
A. DATASET
The experimental data for estimating and validating the
Hammerstein model were collected from a 200-kW liquid-
jacket-cooled out-runner PMSM utilized in vehicle pow-
ertrain applications. The machine was driven by applying
two standardized driving cycles in sequence—Federal Test
Procedure-75 (FTP-75) and Worldwide Harmonized Light
Vehicles Test Cycle, Class 3 (WLTC3)—both preceded by
preheating periods. Each preheating period lasts for 1800 s,
while the FTP-75 and WLTC3 correspond to 1874 s and
1800 s, respectively; thus, the full test lasts 7274 s.

To this end, the back-to-back motor configuration in Fig. 1
was devised, where the dyno load was speed-controlled
and the machine under test was torque-controlled. Figure 2
illustrates the profile used to drive the motor. The complete
7274-s sequence was conducted once at each coolant inlet
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FIGURE 2. Torque (top) and angular speed (bottom) profiles that drive
the motor during testing. Axes have been normalized to protect
proprietary data.

FIGURE 3. General architecture of a Hammerstein–Wiener model.
Adapted from [29].

temperature of 20, 40, and 60 ◦C. Thus, three complete
tests were conducted, and no independent replicate runs were
available at any coolant-temperature condition.

During each test, the winding temperature, rotor-surface
temperature, coolant inlet temperature, ambient temperature,
motor torque and rotational speed were recorded. All six
signals were sampled at 5 Hz. PM temperature was
estimated by applying a constant offset of 5 ◦C to the
rotor surface temperature. The datasets were partitioned
by complete coolant-temperature condition rather than by
randomly assigning individual time samples. The complete
datasets obtained at 20 and 60 ◦C were used jointly for
model identification, whereas the complete dataset obtained
at 40 ◦C was reserved for validation. Consequently, val-
idation evaluates interpolation to an unseen intermediate
coolant-temperature condition under the same driving-cycle
sequence. The PM-reference correction and further details of
the experimental setup are provided in previous work [29].
Exact motor geometry, winding arrangement, and internal
cooling-jacket geometry cannot be disclosed because of
third-party confidentiality restrictions.

B. HAMMERSTEIN MODELS
Hammerstein models are a particular case of the so-called
Hammerstein-Wiener representations used in nonlinear

system identification. The core idea of Hammerstein-Wiener
models is that a system model can be divided into blocks,
in particular, an input and output nonlinearity block and an
LTI block represented by the transfer function B(z)/F(z).
The general structure of the Hammerstein-Wiener model is
illustrated in Fig. 3. From this representation, it can be noticed
that using the input nonlinearity before the linear model
constitutes a Hammerstein representation [37], [38], [39].

Mathematically, Hammerstein models can be expressed as

x(k) = f [u(k)], y(k) = s(k),

r(k) =
B(z)
F(z)

x(k), s(k) = r(k) + v(k) (1)

where u(k) are the system inputs, y(k) are the system outputs,
x(k) is the intermediate input, r(k) is the intermediate output,
s(k) is the system intermediate variable, and v(k) represents
stochastic white noise with zero mean. The LTI block of the
system can be represented in polynomial form by considering
B(z) = b1z−1

+ b2z−2
+· · ·+ bqz−q and F(z) = 1+ a1z−1

+

a2z−2
+· · · + apz−p in terms of the unit delay operator.

The above structure allows the incorporation of the
PMSM’s linear thermal dynamics through the linear block
of the Hammerstein models. On the other hand, the input
nonlinearity can be modeled through neural networks, dead
zones, polynomial functions, or saturations. For this work,
the LTI block of the Hammerstein model was generated using
the PMSM’s LPTN, and the input nonlinearity was built
with sigmoid neural networks. This work used the System
Identification Toolbox in MATLAB R2023b to estimate the
Hammerstein model.

C. LINEAR TIME-INVARIANT LUMPED-PARAMETER
THERMAL NETWORK
The LTI LPTN model of the PMSM was based
on the fourth-order representation proposed by
Wallscheid et al. [40]. However, their LPTN is parameter-
varying (PV), since the convection thermal resistances
surrounding the PM depend on the motor speed, and the
conduction thermal resistance between the coolant and stator
yoke depends on the coolant temperature. In contrast, the
Hammerstein approach requires an LTI model and not a
PV model. To generate an LTI representation of the LPTN
and to initialize the linear block of the Hammerstein model,
the methodology presented in [29] was used to perform
the real-time implementation of the Hammerstein model.
Varying thermal resistances of the LPTN can be assumed to
be fixed, but the speed-dependent effect in thermal dynamics
of the motor must be neglected. This affects the temperature
estimation accuracy of the tool. To generate an LTI model
while considering the effect of the varying thermal resistance,
Martinez-Ríos et al. proposed to model the varying thermal
resistance of the LPTN as a temperature source [29]. The
above is illustrated in the thermal circuit diagram of Fig. 4.
The LPTN includes four main domains: the stator yoke (y),
stator winding (w), stator tooth (t), and rotor PM (m). There
are two additional external elements: the coolant (c) and

VOLUME 14, 2026 127465



E. A. Martinez-Ríos et al.: Real-Time Implementation of Hammerstein Models

the surrounding air (a). Temperatures (ϑ), heat sources (P),
thermal capacitances (C) and resistances (R) are the variables
and parameters of interest.

FIGURE 4. Fourth-order lumped-parameter thermal network of the
PMSM: original model from [40] (top), modified model (bottom) where
temperature sources in series with fixed thermal resistances replace the
varying resistance components of the PV LPTN. All 22 identified
parameter values and their units are listed in Table 1.

To construct a time-invariant representation of the LPTN,
the energy balance of each node of the thermal circuit is
considered according to

Ci
dϑi(t)
dt

=

∑
j̸=i

ϑj(t) − ϑi(t)
Rij

+ Pi(t) (2)

where i denotes the node under consideration and j denotes
the remaining nodes connected to it in the thermal network.
The leftmost term represents the rate of change of thermal
energy stored in the ith node, where Ci is the thermal
capacitance and ϑi(t) is the temperature of the node at
time t . The summation term describes the net conductive
heat exchange between the ith node and all other nodes j
in the network, where Rij is the thermal resistance between
nodes i and j, and ϑj(t) is the temperature of the jth node.
Finally, Pi(t) denotes the power loss applied to the ith
node at time t . This allows the generation of a state-space
representation of the form given in (19)-(25), as shown at the
bottom of the next page.

This definition ensures that the state-transition matrix A
has full rank independent of the values of the thermal capaci-
tances or thermal resistances obtained from the identification
process, which avoids the generation of null eigenvalues in
the continuous domain and the generation of a marginally
stable LPTN representation.

Themodel inputs are the power losses in the stator and PM,
the ambient and coolant temperatures, and the added auxiliary
temperature sources. The outputs are the temperatures in
the stator yoke, tooth, winding, and PM. The power losses
in each of the nodes of the thermal circuit were estimated
from look-up tables computed by employing finite-element

models in the torque-speed plane. The winding losses were
separated into alternate current (Pw,ac) and direct current
(Pw,dc) components according to

Pw,dc(ϑw) = Pw0,dc(1 + αCu(ϑw − ϑref)), (3)

Pw,ac(ϑw) =
Pw0,ac

1 + αCu(ϑw − ϑref)
, (4)

Pw = Pw,dc(ϑw) + Pw,ac(ϑw) (5)

where αCu = 0.39%/K. Then, stator losses Ps were
divided into yoke and tooth components by considering their
dependence on normalized current, I/Imax, and normalized
speed, ω/ωmax [40]:

Py = ks(I , ω)Ps, (6)

Pt = (1 − ks(I , ω))Ps, (7)

ks(I , ω) = k0 + k1
I

Imax
+ k2

ω

ωmax
+ k3

I
Imax

ω

ωmax
. (8)

The temperature dependence of the iron losses was not
modeled. However, hysteresis and eddy-current losses can
vary with temperature, flux density and frequency [41]. Since
the stator yoke and tooth temperatures were not measured,
the dependence could not be identified or validated inde-
pendently. Thus, its omission is a modeling limitation that
may contribute to temperature-estimation error, particularly
at working points where iron losses are significant.

Temperature nodes ϑa1 and ϑa2, ϑwm, ϑtm, ϑma, and ϑcy,
are all computed using the following expressions. Further
details on the derivation of these expressions are provided
in [29].

ϑa1 =
ϑm +

Rtm1ϑt
atm

1 +
Rtm1
atm

, (9)

ϑa2 =
ϑw +

Rwm1ϑm
awm

1 +
Rwm1
awm

, (10)

ϑwm =

(
Rwm1

awm

)(
ϑw − ϑm

1 +
Rwm1
awm

)
, (11)

ϑtm =

(
Rtm1

atm

)(
ϑm − ϑt

1 +
Rtm1
atm

)
, (12)

ϑma =

(
Rma1

ama

)(
ϑm − ϑa

1 +
Rma1
ama

)
, (13)

ϑcy =

(
Rcy01
Rcy0

) ϑy − ϑc

1 +
Rcy01
Rcy0

 . (14)

The varying convection thermal resistances Rwm, Rtm, Rma
are computed according to

Ri,j(ω) = Ri,j,0 e
−

ω
ωmax

1
bi,j + ai,j (15)

where ω is the motor speed, and Ri,j,0, bi,j, and ai,j are
constant parameters. The exponential term is used to compute
the values of Rwm1, Rtm1, and Rma1. The parameter ai,j is
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used to compute the values of the resistances awm, atm, and
ama, as illustrated in Fig. 4. In addition, the varying thermal
conduction resistance between the coolant and stator yoke is
computed according to the following expression:

Rcy = Rcy0
[
1 + αcy (ϑc − ϑc0)

]
(16)

where ϑc0 = 40◦C is the reference coolant temperature. The
term Rcy01 = Rcy0αcy(ϑc−ϑc0) is the temperature-dependent
contribution to Rcy such that Rcy = Rcy0 + Rcy01. Finally,
the state matrices of the LPTN model presented in (20)–(25)
consider as inputs the temperatures ϑcv and ϑav, which can
be computed through

ϑcv = ϑc + ϑcy, (17)

ϑav = ϑa + ϑma (18)

The proposed LTI representation of the LPTN presents
constant parameters according to (20)–(25). The added
temperature sources account for the effect of varying the
thermal resistance, and their values are discretized according
to the period at which the motor speed and coolant temper-
ature are sampled. Thus, discretization must be performed
once, possibly offline. In contrast, the LPTN proposed by
Wallscheid et al. [40] required an online discretization of the
LPTN model each time a change in the thermal resistance
values occurs according to the motor’s speed or coolant
temperature.

D. IDENTIFICATION OF HAMMERSTEIN MODEL
Particle swarm optimization was used to estimate the
22 parameters of the fourth-order LPTNmodel, following the
methodology presented in [29] and [40]. Despite the proposed
LPTN having four additional inputs and being expressed in
an LTI form, the model’s fitting process does not differ from

that presented in the related research. A swarm size of 220 and
100 iterations were selected to estimate the parameters of the
LPTN. The maximum likelihood function between measured
and estimated outputs—temperature values of the winding
and PM—was set as the cost function to minimize. The
LPTN model was identified by employing the profiles with
the coolant at temperatures of 20 ◦C and 60 ◦C, and the
model was validated with the profiles with the coolant inlet
temperature at 40 ◦C. The identified LPTN parameters are
listed in Table 1. The reader is referred to [29] for further
details regarding the estimation process of the LPTN.

The continuous-time eigenvalues of the LTI LPTN model
can be computed based on the identified parameters by
substituting their values presented in Table 1 in (19). The
eigenvalues λ of matrix A are computed as follows:

det(λI − A) = 0 (26)

which yields stable, real eigenvalues in continuous time:
λ1
λ2
λ3
λ4

 =


−0.1320
−0.0254
−0.0120
−0.0045

 (27)

Following the estimation of the LPTN parameters, the
model was expressed in the state space in (19) and discretized
through the zero-order hold and the Tustin methods. The
zero-order hold method provides exact time-domain dis-
cretization by assuming that the inputs are constant between
samples. On the other hand, the Tustin method provides
the best frequency-domain matching between the continuous
and discrete models [42]. The purpose of testing different
discretization methods is to assess their influence on the
numerical stability of the linear block of the Hammerstein
model following its parametrization. Each discretization

{
ẋ = Ax + Bu
y = Cx + Du

(19)

A =


−

1
Cy

(
1
Ryw

+
1
Ryt

+
1

Rcy0

)
1

CyRyw
1

CyRyt
0

1
CwRyw

−
1
Cw

(
1
Ryw

+
1
Rwt

)
1

CwRwt
1

Cwawm
1

CtRyt
1

CtRwt
−

1
Ct

(
1
Ryt

+
1
Rwt

+
1
atm

)
0

0 0 1
Cmatm

−
1
Cm

(
1

awm
+

1
ama

)

 (20)

B =


1
Cy

0 0 0 1
CyRcy0

0 0 0

0 1
Cw

0 0 0 0 0 −
1

Cwawm
0 0 1

Ct
0 0 0 1

Ctatm
0

0 0 0 1
Cm

0 1
Cmama

−
1

Cmatm
1

Cmawm

 (21)

x =
[
ϑy ϑw ϑt ϑm

]⊤ (22)

u =
[
Py Pw Pt Pm ϑcv ϑav ϑa1 ϑa2

]⊤ (23)

C = I4×4 (24)

D = 04×8 (25)
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TABLE 1. Parameter values estimated for the LPTN model. Data taken
from [29].

technique was applied by considering 0.5, 1, 2, and 4 seconds
as sampling periods. Similar to the discretization methods,
different sampling periods were tested to assess their
influence on the numerical stability of the Hammerstein
model.

The thermal time constants can be computed from the
stable continuous-time real poles pi of the linear LPTN
model as τi = −p−1

i . The resulting thermal time constants
are 7.57, 39.42, 83.18, and 223.83 s. Relative to the
fastest mode of 7.57 s, sampling periods of 0.5, 1, 2,
and 4 s correspond to 15.15, 7.57, 3.79, and 1.89 sam-
pling intervals per time constant, respectively. Thus, the
0.5- and 1-s periods provide the finest temporal resolution,
the 2-s period provides intermediate resolution, and the
4-s period resolves the fastest mode only coarsely. Moreover,
because a threshold temperature crossing immediately after
an estimator may remain undetected until the next update, the
sampling-induced detection delay can approach the sampling
period. However, since no specific maximum detection time
was set, the results provide a relative sampling-time tradeoff
but not compliance with a thermal-protection requirement.

The nonlinear input functions employed in the Ham-
merstein model are represented by single-neuron sigmoid
networks. The sigmoid network is defined as

S(X ) =

n∑
i=1

si f
(
X⊤Qbi + ci

)
(28)

where S(X ) denotes the output of the sigmoid network, X ∈

Rm is the input vector, and n is the number of sigmoid units
(neurons). The coefficients si ∈ R are output weights. The
matrix Q ∈ Rm×q is a projection matrix with m ≥ q, while
bi ∈ Rq are dilation vectors and ci ∈ R are translation scalars.
The activation function f (·) is a sigmoid:

f (z) =
1

1 + e−z
, (29)

where

z = X⊤Qbi + ci. (30)

The one-neuron sigmoid networks used as the input
nonlinearity were applied only to the inputs associated with

the estimated power losses of the LPTN model, whereas
the temperature source inputs were fed directly to the linear
thermal network. This design was selected to introduce
the minimum nonlinear complexity required to capture
the nonlinear relationship between the estimated power
losses, obtained from finite element simulations and lookup
tables, and the thermal dynamics of the motor. Since the
underlying fourth-order LPTN already provides an accurate
description of the linear thermal behavior, incorporating
a more complex nonlinear mapping would unnecessarily
increase the number of parameters and the risk of overfitting
without a corresponding improvement in model fidelity. The
use of a single-neuron sigmoid network preserves the sparsity
of the overall Hammerstein-LPTN model while providing a
minimal, smooth, and bounded nonlinear mapping for the
power-loss inputs. Since alternative nonlinear blocks were
not evaluated, this architecture is not claimed to be optimal.
During the estimation process, the poles of the discrete
LPTN model were kept fixed, and the inputs related to the
power losses were normalized before being processed by the
sigmoid nonlinearities. Figure 5 illustrates the architecture
of the LTI LPTN model with the incorporation of the
Hammerstein model.

FIGURE 5. Structure of the Hammerstein model incorporating the discrete
LTI LPTN. This figure was adapted from [29].

The fitting process consisted of 100 iterations by employ-
ing the Levenberg-Marquardt algorithm. Like the LPTN
model, the Hammerstein model was estimated using the
profiles with the coolant inlet temperatures at 20 ◦C and
60 ◦C and validated with the 40 ◦C profile. The identified
Hammerstein-based LPTN model is valid specifically within
the thermal conditions defined by the driving cycles and
coolant temperatures. Consequently, the model is intended
to operate within these boundaries, and the results presented
in this work are limited to this operational envelope.
Additionally, the 40 ◦C validation dataset was employed to
evaluate interpolation at an intermediate coolant-temperature
condition not included in the identification data, under the
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same driving-cycle sequence. It is essential to mention
that the MATLAB R2023b implementation transforms the
LTI model used to initialize the Hammerstein model to
a polynomial form for fitting the Hammerstein model as
described in (1). Nevertheless, the above could lead to a
numerically unstable model, making the model unfit for
truncation and round-off errors because polynomial form
models are inherently ill-conditioned representations of LTI
systems [43], [44], [45]. The conversion betweenmodel types
can also introduce numerical errors in the model, especially
for multiple-input multiple-output models, as in the case
of the Hammerstein model presented in this work [34].
Hence, ensuring the model’s numerical stability is crucial
to maintaining adequate performance when converting its
parameters from double to single precision.

The following section provides an overview of the metrics
and methods used to analyze and improve the numerical
stability of the Hammerstein model, particularly its linear
block, and embed it into a 32-bit microcontroller.

E. NUMERICAL STABILITY ANALYSIS
Numerical stability refers to the extent to which an algorithm
maintains accuracy when subject to rounding errors or small
perturbations in the input data [46]. The numerical stability
of the Hammerstein model was evaluated by analyzing
the eigenvalues and condition number of the discrete
state-transition matrix of the LTI block of the Hammerstein
model after being fitted. To achieve this, the polynomial
form of the linear block in the Hammerstein model was
transformed into state-space form. The eigenvalues of the
model were computed to determine the model’s stability and
analyze how the poles are affected by truncation errors when
transforming the model parameters from double to single
precision to embed the model in a 32-bit microcontroller.
Based on the calculated condition number, the model was
balanced to improve the condition of the state-transition
matrix and minimize truncation errors when converting from
double to single precision.

1) CONDITION NUMBER
The condition number of the state-transition matrix was
computed to assess the numerical stability of the discrete
Hammerstein model. The condition number of a matrix
measures its sensitivity to input perturbations and round-off
errors [47]. For a nonsingular matrix A, it is defined as

κ(A) = ∥A∥ · ∥A−1
∥ (31)

i.e., the scalar product between the norm of matrix A and the
norm of its inverse.

A condition number close to one indicates a well-
conditionedmatrix, while a higher condition number signifies
an ill-conditioned matrix [48]. The computation of the condi-
tion number is crucial to determine if the obtained discrete
state-space representation will maintain its accuracy when
the values of the state-space matrix are truncated to a 32-bit
representation (i.e., single precision) to implement the model

on an embedded processor. In particular, determiningwhether
the discrete state-transition matrix is well-conditioned is
important for characterizing the numerical conditioning
of the implemented realization. However, its condition
number alone neither guarantees unchanged eigenvalues
after single-precision coefficient conversion nor implies that
an ill-conditioned matrix will necessarily exhibit drastic
eigenvalue shifts; these effects are therefore assessed directly
through the double- and single-precision pole comparisons in
Tables 2 and 4.

2) BALANCED STATE-SPACE REALIZATION
A balanced state-space realization, also known as a bal-
ancing transformation, is a specific form of state-space
representation for LTI systems. In this form, the controlla-
bility and observability Gramians are equal and diagonal.
This allows for balancing the input-to-state and state-to-
output energy transfer. It is worth mentioning that balanced
realization can only be applied to stable and minimal LTI
systems. In particular, the system must be asymptotically
stable, controllable, and observable such that the control-
lability and observability Gramians exist and are positive
definite [49], [50].

To compute a balanced state representation, consider a
generic state-space representation according to (19), where
x ∈ Rn is the state vector, u ∈ Rm is the input vector,
y ∈ Rp is the output vector, A ∈ Rn×n is the state-transition
matrix, B ∈ Rn×m is the input matrix, C ∈ Rp×n is the
output matrix, and D ∈ Rp×m is the feedthrough matrix.
The pair (A,B) is assumed controllable and the pair (A,C)
is assumed observable. Furthermore, it is assumed that the
controllability Gramian Wc and observability Gramian Wo
satisfy the algebraic Lyapunov equations [50]:

AWc +WcA⊤
+ BB⊤

= 0, (32)

A⊤Wo +WoA+ C⊤C = 0. (33)

To obtain a balanced realization, a transformation T ∈

Rn×n is sought such that the controllability and observability
Gramians are equal and diagonal:

Ŵc = Ŵo = 6 (34)

where 6 is a diagonal matrix containing the Hankel singular
values, Ŵo = T ∗WoT , and Ŵc = T−1Wc(T−1)∗. Multiplying
the transformed controllability and observability Gramians
yields

ŴcŴo = T−1WcWoT = 62 (35)

The product of (35) with T leads to

WcWoT = T62 (36)

Consequently, the balancing transformation T can be
computed by the eigendecomposition of the product of
the controllability and observability Gramians [51]. This
expression remains valid irrespective of any scaling applied
to the eigenvectors. Thus, an adequate scaling should be
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selected to balance the Gramians correctly. The above implies
that there are many transformations T that satisfy ŴcŴo =

62, but where the individual Gramians are different. The
transformation T provides diagonalized observability and
controllability Gramians but not necessarily equal, as denoted
in the following expressions:

Ŵo = T ∗WoT = 62
o (37)

Ŵc = T−1Wc(T−1)∗ = 62
c (38)

To make Gramians equal and diagonal, the resultant
eigenvectors of the products of Gramians should be scaled
by a factor [51]. This scaling factor is defined as follows:

6s = 6
1/2
c 6

−1/2
o (39)

The scaled transformation Ts is defined as Ts = T6s,
and a balanced state-space realization of the system can be
computed as

Abal = T−1
s ATs, (40)

Bbal = T−1
s B, (41)

Cbal = CTs. (42)

With the treatment of continuous-time systems hav-
ing been discussed, the balanced state-space realization
is addressed for discrete-time systems. First, consider a
discrete-time state-space model of the form

x[k + 1] = Akx[k] + Bku[k], (43)

y[k] = Ckx[k] + Dku[k] (44)

where Ak is the discrete state-transition matrix, Bk is the input
matrix, Ck is the discrete output matrix, and Dk = 0 is
the feed-through matrix. The pairs (Ak , Bk ) and (Ak , Ck )
are both assumed to be controllable and observable, and
the controllability and observability Gramians satisfy the
following Lyapunov equations:

AkWcA⊤
k −Wc + BkB⊤

k = 0, (45)

A⊤
k WoAk −Wo + C⊤

k Ck = 0. (46)

Notice that the equations defining the controllability and
observability Gramians differ from their continuous-time
counterparts (see 32 and 33). Nevertheless, the computation
of T is performed by calculating the eigendecomposition of
the product of Gramians as in the continuous-time domain,
and T should be scaled to ensure that the Gramians are equal
and diagonal.

This study applied a balanced state-space realization to
the state-space representation of the LTI component of
the Hammerstein model, following its transformation from
polynomial form. This approach was used to improve the
condition number of the state-transition matrix and minimize
numerical errors that could arise when truncating the
model coefficients for implementation on a 32-bit platform.
As noted in [44], [52], and [53], balanced state-space
realizations are numerically well-conditioned compared
to companion form and canonical controllable/observable

forms, making them better suited for precise computations
in constrained hardware platforms.

Besides, simple state scaling cannot fully resolve numer-
ical stability issues associated with an ill-conditioned state-
transition matrix in LTI systems. State scaling applies a
similarity transformation to the state matrix,

As = SAS−1, (47)

where S is a nonsingular scaling matrix; this transformation
changes only the coordinate representation of the state
variables while preserving the system dynamics, eigenvalues,
controllability, and observability properties.

The numerical sensitivity of the state matrix can be
characterized by its condition number,

κ(As) = ∥As∥ ∥A−1
s ∥, (48)

where a large value of κ(As) indicates that small perturbations
in the matrix coefficients or numerical operations may result
in significant errors in the computed state response. Although
state scaling can reduce disparities in the magnitude of state
variables, it does not modify the underlying coupling between
states. Therefore, if the original realization contains strongly
correlated state directions or poorly observable/controllable
modes, the transformed matrix may remain close to singular,
causing ∥A−1

s ∥ to remain large and limiting improvements in
numerical conditioning.

In contrast, balanced realization provides a systematic
transformation of the state-space representation based on the
controllability and observability Gramians.

Unlike canonical realizations obtained directly from poly-
nomial representations, such as controllable or observable
canonical forms, balanced realizations produce a state-space
representation in which states are ordered according to their
dynamical importance and have comparable controllability
and observability energies. This reduces numerical disparities
among state variables, improves matrix conditioning, and
provides a more robust representation for numerical simula-
tion and model reduction.

Therefore, balanced realization does not alter the phys-
ical dynamics of the LTI system; instead, it identifies a
numerically favorable coordinate system that preserves the
dominant dynamic behavior while avoiding the poor scaling
and hidden dependencies often present in canonical state-
space representations.

F. HARDWARE IMPLEMENTATION OF THE HAMMERSTEIN
MODEL
The Hammerstein model was tested by performing a
Processor-in-the-Loop (PIL) simulation through
MATLAB-Simulink R2023b. PIL is a type of hardware-in-
the-loop (HIL) testing that consists of executing the designed
code, model, or controller on the target processor to validate
its performance. PIL is primarily used to test deployability in
embedded systems. This ensures that the designed controller
or algorithm will behave correctly when executed on the
target processor for the final application [54]. The PIL test
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allows estimating the average execution time of themodel and
its CPU utilization ratio with respect to the model sampling
period. This study tested the model through PIL on a Texas
Instruments C2000 LaunchPadXL TMS320F28069M, a
32-bit inverter-grade microcontroller easily found in auto-
motive and industrial electric machine drives. This platform
has a 90 MHz clock; it natively supports single-precision
floating-point operations. This microcontroller has 256 KB
of flash memory and 100 KB of RAM.

SinceMATLAB requires double-precision data to estimate
the Hammerstein model, converting these into single pre-
cision is mandatory to accommodate the limitations of the
selected processor. However, to avoid truncation errors that
can change the fitted model’s dynamic behavior, the LTI
state matrix needs to be well-conditioned. In this respect,
the balancing transformation of the linear block of the
Hammerstein model is used to improve the condition number
of the state-transition matrix and avoid significant truncation
errors when transforming the model parameters from double
to single precision.

The PIL simulation was also used to compare the execution
time of the Hammerstein model to that of the LPTN model.
The LPTN model PIL simulation was implemented using
two approaches: (i) LTI LPTN as presented in this work,
and (ii) a PV LPTN. As stated previously, the LTI model
presented in (20) to (25) only required a single offline
discretization. This step was performed for zero-order hold
and Tustin methods at 4, 2, 1, and 0.5 seconds of sampling
period. It is worth noting that, when used alone, the discrete
LTI LPTN does not require balancing. However, when
implemented within the Hammerstein model, the linear block
is transformed from a state-space form to a transfer function
representation and then back to state-space representation,
introducing numerical errors to the model [44].
Additionally, the following considerations were taken

into account when discretizing the PV LPTN. First, the
state-transition matrix A was discretized according to:

Ad = eA1t (49)

where Ad is the discrete state-transition matrix and 1t is the
sampling period.

The exact discretization of the input matrix of a
continuous-time state-spacemodel can be computed based on

Bd =

∫ 1t

0
eAτB dτ. (50)

where Bd is the discrete input matrix.
Nonetheless, the PV LPTN model requires discretization

each time the scheduling parameters (i.e., the motor speed
and coolant temperature) change, but computing the exact
discretization is computationally demanding. According to
the suggestion in [40], the PV LPTN was discretized with a
first-order Euler approximation for Ad and Bd. The above led

to the following expressions [55]:

Ad = I + 1tA,

Bd = 1tB. (51)

In this case, the continuous-time state-space matrices of
the PV LPTN should be formulated according to the details
provided in [40] for the LPTN provided in Fig. 4a.

III. RESULTS AND DISCUSSION
A. NUMERICAL STABILITY ANALYSIS
The numerical stability of the fitted model was measured
by computing the condition number of the state-transition
matrix of the LTI block in theHammersteinmodel after fitting
the model with MATLAB’s System Identification Toolbox.
The state-transitionmatrix was computed by transforming the
polynomial model to state-space form. Furthermore, the
eigenvalues of themodel were calculated by testing themodel
at different sample periods, using the Tustin and zero-order
hold discretization methods, and truncating the values of the
state-transition matrix parameters from a double-precision to
a single-precision representation.

The eigenvalues of the state-transition matrix before bal-
ancing are presented in Table 2 for each discretizationmethod
and sampling period using double- and single-precision
representations. One can observe significant changes in
the eigenvalues, especially when changing from double
precision to single precision. In the worst cases, the reported
eigenvalues are unstable, as their magnitude goes slightly
beyond the discrete unit-circle locus. These differences can
introduce errors in the fitted model dynamics, as appreciated
in Fig. 6, where the model behavior is disrupted from what
was initially expected.

TABLE 2. Eigenvalues for the LTI LPTN used within the Hammerstein
model for different discretization methods and sampling periods in single
and double precision.

When comparing the behavior at increasing sampling
steps, the difference between single- and double-precision
eigenvalues diminishes (see Table 2). However, increasing
the sampling period reduces the number of samples available
to reconstruct the machine’s thermal response, which may
introduce bias into the temperature estimation. Analyzing the
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FIGURE 6. Temperature estimation of the Hammerstein model against experimental reference for different sampling periods before balancing the linear
block of the model. Temperatures at the winding (top panel) and the PM (bottom panel) are shown.

response of the single-precision Hammerstein model fitted
with a four-second sampling period reveals that the response
does not significantly differ from the single-precision rep-
resentations obtained with two- and one-second sampling
periods. This outcome is attributed to the fact that, with higher
sampling periods, the system’s discrete poles become more
widely spaced, as shown in Fig. 6. Nevertheless, a large
sampling period also reduces the model’s responsiveness in
estimating the machine’s component temperatures, which

could hinder timely corrective actions to prevent thermal
overloading during motor operation.

The deviations in the resultant model dynamics and
eigenvalues are related to the numerical instability of the
linear block of the Hammerstein model. Table 3 compares
the condition number of the state-transition matrix by
discretizing the model using the zero-order hold and Tustin
methods and different sampling periods. The condition
number of the state-transition matrix was computed before
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TABLE 3. LPTN state-matrix condition numbers using zero-order hold and
Tustin discretization techniques and different sampling periods before
and after balancing.

and after balancing the model. Based on the obtained
condition numbers, one can deem the linear block of
the Hammerstein model as less well-conditioned than the
balanced realization, with values exceeding 32 for different
sampling periods and discretization methods. The original
realization has condition numbers above 32 and also exhibits
substantial pole changes after single-precision coefficient
conversion; these pole changes are assessed directly in
Table 2. The high condition number is also associated with
the state-space model’s companion form when converting the
Hammerstein model’s linear component from its polynomial
representation [44].

The condition number of the balanced realization is
significantly lower and close to one, as presented in Table 3.
Furthermore, increasing the sampling frequency improves
the condition number. Table 4 compares the eigenvalues
of the state-transition matrix when truncating the model
from double to single precision, this time for the balanced
case. The results show that the poles remain close and
inside the unit circle after coefficient conversion. Eigenvalues
remain similar for all sampling periods and discretization
methods, which is supported by the improvement in the
condition number of the state-transition matrix as presented
in Table 3. Furthermore, Fig. 7 shows the model’s response
after balancing the state-space form of the linear block of the
Hammerstein model and converting the model parameters to
single precision. The model can track the actual measured
data without altering its dynamic behavior, as its eigenvalues
remain unchanged after truncation (see Table 4).
The level of applicability of the proposed method must

be clarified. The balancing procedure can be extended to
stable and minimal LTI block of thermal models developed
for other machines or cooling topologies. Nonetheless,
the balancing transformation must be recomputed from
the state-space of each characterized model, and thus
cannot be transferred directly from the motor under study.
In particular, the developed Hammerstein model and its
derived results are specific to the 200-kW out-runner
PMSM, cooling configuration, driving cycles, and coolant-
temperature range. Therefore, application to other machine
topologies or operating envelopes may need additional
experimental data, model reidentification, recomputing of the

TABLE 4. Eigenvalues for the balanced LTI LPTN used within the
Hammerstein model for different discretization methods and sampling
periods in single and double precision.

balancing transformation, and validation. Consequently, this
work demonstrates the transferability of the procedure, but
not the generalizability of the model to other machines.

1) RELATION TO ALTERNATIVE REALIZATIONS
For a nonsingular coordinate transformation x = Tz:

AT = T−1AT, BT = T−1B, CT = CT

and the transfer function and poles are preserved in exact
arithmetic. Diagonal state scaling restricts T to a diagonal
matrix andmay improve coefficient scaling, but it cannot gen-
erally equalize the controllability and observability Grami-
ans. In contrast, for a stable andminimal realization, Gramian
balancing determines a full transformation satisfyingWc,T =

Wo,T = 6, which provides energy-based state scaling
and motivates its use in this work. Although the balanced
internal states are transformed coordinates, the physical
temperature outputs are preserved through the transformed
output matrix CT. For the evaluated LPTN-based Ham-
merstein implementation, balancing improved the observed
finite-precision behavior relative to the original realization.
However, Gramian balancing does not guarantee minimum
pole sensitivity or superiority over optimized diagonal
scaling. Diagonal scaling and direct state-space Hammerstein
identification were not evaluated quantitatively. A direct
state-space approach could avoid the polynomial conversion
and remains a relevant alternative for future comparison.

B. HAMMERSTEIN MODEL PERFORMANCE
The Hammerstein model’s fitting capability was evaluated
through the mean squared error (MSE), root mean squared
error (RMSE), and the normalized root mean squared error
(NRMSE) at different sampling periods. These metrics were
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FIGURE 7. Temperature estimation of the Hammerstein model against experimental reference for different sampling periods after balancing the linear
block of the model. Temperatures at the winding (top panel) and the PM (bottom panel) are shown.

computed according to the following expressions:

MSE =
1
N

N∑
i=1

(yi − ŷi)2 (52)

RMSE =

√√√√ 1
N

N∑
i=1

(yi − ŷi)2 (53)

NRMSE =
1
σy

√√√√ 1
N

N∑
i=1

(yi − ŷi)2 (54)

where N is the total number of data points, yi represents
the experimental reference values, ŷi represents the estimated
values, and σy is the standard deviation of the actual measured
values. The MSE and RMSE were used as evaluation metrics
since they have been used in the related research. Moreover,
the RMSE compares performance in the same units as the
measured data. Alternatively, NRMSE is a dimensionless
metric that standardizes the RMSE by the variability of
the measured data, represented by its standard deviation σy.
This normalization facilitates comparisons among outputs or
datasets with different levels of variability.
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TABLE 5. Temperature estimation performance on the winding and PM
for different methods and sampling periods.

The fitting of the Hammerstein model was performed by
discretizing the linear model via a zero-order hold since
it has previously provided the best condition number after
applying the balancing transformation when compared to
the Tustin method. The performance of the Hammerstein
model was compared with that of the LPTN across different
sampling periods to evaluate the sensitivity of the aggregate
validation performance to the sampling period. The LPTN
and Hammerstein model performance is shown in Table 5
for different sampling periods, evaluated for the temperatures
in the winding and PM. For each model and temperature
domain, the error metrics change only slightly across the
evaluated sampling periods.

It is worth noting that no universal condition number
threshold guarantees a single-precision implementation.
Therefore, the condition number must be evaluated together
with eigenvalue sensitivity. In this work, a state-space real-
ization is sufficiently robust only if, after 32-bit truncation,
its eigenvalues remain within the stable region. The proposed
balanced realization achieves this objective, ensuring that the
system maintains dynamic stability and preserves asymptotic
stability after single-precision coefficient conversion under
the evaluated conditions.

For all the evaluated sampling periods, the Hammer-
stein model reduced the winding temperature RMSE
by approximately 62-64 %, whereas the PM tempera-
ture RMSE decreased by only 0.07-0.22 ◦C. The mod-
est PM improvement is aligned with the large thermal
capacitance of the lumped rotor/PM node, reported in
Table 1, and the large thermal resistance of the air gap,
which produces a smooth PM-temperature response that
the baseline LPTN tracks closely. Therefore, the main
contribution is the evaluation of the Hammerstein model
finite-precision implementation, not the formulation of a
novel or significantly more precise Hammerstein thermal
model. For the evaluated realizations, balancing reduced
the state-matrix condition number and retained the discrete
poles inside the unit circle after single-precision coefficient
conversion.

TABLE 6. Processor-in-the-loop timing performance and memory usage
of LTI LPTN, PV LPTN, and Hammerstein temperature estimation methods.

C. HARDWARE IMPLEMENTATION
Timing results of the PIL simulation of the tested models
are presented in Table 6. The Hammerstein model has higher
initialization, execution, and termination times than the LTI
LPTN and the PV LPTN. The above can be related to the
complexity that the Hammerstein model introduces, having
more parameters than the LPTN models (i.e., 136 parameters
for the Hammerstein model compared to the LPTN model
with only 22 parameters). Besides, the Hammerstein model
requires pre-processing the inputs associated with the power
losses through the use of the sigmoid network, which also
influences the computational time of themodel. Nevertheless,
all threemodels fulfill an execution time texe < 200µs. These
timings yield a CPU utilization texe/1t < 0.04% even for
models executed at 1t = 0.5 s. In terms of memory usage,
all three methods demand similar Flash and random-access
memory (RAM) space, with the Hammerstein model requir-
ing slightly larger allocation than the othermethods (10.13 kB
of flash memory and 2.29 kB of RAM). In this latter case, the
memory utilization is 2.29% for RAM, while flash memory
utilization is 3.96%. These results demonstrate that the
Hammerstein model can be implemented within the memory
and computational capabilities of microcontrollers used in
industrial and automotive applications.When comparing both
LPTN-based methods, the LTI variant executes slightly faster
than its PV counterpart.

Compared to other data-driven methods, the proposed
Hammerstein model achieves a lower execution time on
a constrained hardware platform. For instance, in [23],
recurrent neural networks (RNN) and temporal convolutional
networks (TCN) were evaluated on a Raspberry Pi 3 B+,
reporting median inference times of 14.4 ms and 8.5 ms,
respectively. Additionally, in [28], a hybrid model combining
a multilayer neural network with a two-node LPTN achieved
an execution time of 0.4 ms on a digital signal processor.
Similarly, Cao et al. [15] tested a fifth-order LPTN, reporting
an execution time of 86 µ s. Thus, the Hammerstein
model in this implementation demonstrates a competitive
execution time compared to other data-driven methods and
LPTN models reported in the literature. Note that while
these execution times and utilization ratios might seem very
contained, these models must run sequentially together with
the motor control task. A reduction in CPU usage is always
beneficial in this context.
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TABLE 7. Contextual comparison of representative LPTN, neural-network, and hybrid PMSM temperature-estimation methods.

Table 7 presents a comparison between conventional
LPTN, neural-network, and hybrid temperature estimators.
Since the studies use different machines, temperature
targets, datasets, validation methods, and processors, the
reported accuracy and execution times do not represent
a controlled benchmark. However, the comparison indi-
cates that low-order LPTNs require fewer parameters and
shorter execution times, whereas neural and hybrid methods
introduce additional complexity to describe nonlinear or
unmodeled thermal behavior. Martinez-Ríos et al. [29] pre-
viously demonstrated PIL execution of the LPTN-initialized
Hammerstein estimator. Thus, the contribution of this work
is not the first processor execution of the Hammerstein
structure. Instead, the present study extends that work through
state-space conditioning and balancing, analysis of coeffi-
cient truncation and single-precision arithmetic, verification
of discrete-time stability over sampling periods from 0.5 to
4 s, and quantitative characterization of execution time, CPU
utilization, flash memory allocation, and RAM allocation.
These results establish the numerical and computational
implications of deploying an ill-conditioned estimator on an
inverter-grade 32-bit microcontroller.

Although the PIL implementation demonstrates computa-
tional feasibility, it requires further analysis for product qual-
ification. These include, but are not limited to, verification of
flash, RAM, and stack usage, validation of sensor calibration,
filtering delays, diagnostics, fallback behavior, and jitter
analysis under concurrent motor-control tasks. Additional
changes in the machine, cooling system, aging state or
operating envelope also would require revalidation [3]. For
automotive deployment, the validation must be guided by
functional-safety life cycles, such as the ISO 26262 [56].
Consequently, the results must be considered as evidence
of embedded feasibility rather than automotive or industrial
qualifications.

Despite the results presented above, certain drawbacks are
essential to consider. For instance, the ill-conditioned state-
transition matrix of the linear block of the Hammerstein
model has been generated principally due to the linear
model manipulation and conversion between model types
(i.e., conversion between state-space form to polynomial
form and back to state-space form), which is unsuitable for
fitting and implementing the model in a 32-bit processor [44].
Hence, generating a Hammerstein model implementation
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that fits the model without converting the linear block from
the state-space form to the transfer function form could
avoid introducing numerical stability issues. Despite the
above, the balancing transformation provides an effective
method to improve the numerical stability of the model,
disregarding the numerical manipulations that it experiences.
This is demonstrated in the results shown in Fig. 7 and
Tables 3 and 4. Moreover, the Hammerstein model, as shown
in Fig. 5, is more computationally demanding than the
LPTN model, so the introduction of higher complexity
of the models should be justified by evaluating how the
improvement presented in Table 5 holds for the different
working conditions of a specific PMSM. Additionally, while
the balancing transformation improved the condition number
of the state-transition matrix in the linear block of the
Hammerstein model, the effectiveness of this method for
other types of electric machines remains to be quantified.

The present work does not include a perturbation analysis
covering sensor noise, parameter uncertainty, and thermal
drift. The estimator directly used the signals recorded at 5 Hz
without implementing an additional signal filtering step.
Additionally, no dedicated noise injection was performed.
Consequently, robustness to measurement noise, sensor bias,
and drift, as well as the effects of potential filtering and
its associated delay, were not quantified. The balanced
realization enhances the numerical conditioning of the state-
space representation, thus leading to numerical stability in the
single-precision embedded implementation under the evalu-
ated operating profiles. However, it does not provide robust-
ness against noise or variations in temperature-dependent
parameters. The validation dataset at 40 ◦C provides evidence
of performance under different conditions but does not
replace a dedicated robustness analysis. Therefore, future
work will quantify sensitivity to signal perturbations and
parameter variations and evaluate suitable filtering strategies
and their associated delays.

IV. CONCLUSION AND FUTURE WORK
This paper analyzed the condition number of the state-
transition matrix of a Hammerstein model linear block
initialized with a fourth-order LPTN of an out-runner PMSM
used to estimate the temperature in the winding and PM. The
above was carried out to analyze whether the linear block
of the Hammerstein model is well-conditioned and whether
its dynamics remain invariant when truncating its parameters
to single precision for microcontroller embedding purposes.
The original state-transition matrix of the linear block of
the Hammerstein model had a condition number greater
than 32. The condition number of the state-transition matrix
was improved by performing a balancing transformation,
obtaining a value lower than 1.75 in the worst case. This
operation provided unaltered dynamics when truncating its
parameters to a single-precision representation. Furthermore,
theHammersteinmodel was tested, and the average execution
time of the model was lower than 0.2 ms, leading to a
CPU utilization ratio below 0.04%. Future work can explore

using Hammerstein models to estimate the temperature of
other PMSM topologies, such as interior permanent-magnet
synchronous motors, or to initialize the Hammerstein model
in higher-order LPTNs.
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