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Detailed stress state and failure onset analysis of thin composite
deployable booms by CUF-based global/local approach

R. Augello*, A. Pagani*, E. Carrera® and D. A. Tannotta’
Department of Mechanical and Aerospace Engineering, Politecnico di Torino, 10129, Torino, Italy

The purpose of this work is to propose an innovative global/local approach for the failure
onset analysis of deployable composite thin and ultra-thin structures. The adoption of this
technique allows for the overcoming of the weaknesses related to the commercial calculation
codes, which make use of three-dimensional finite elements to capture the local stress field
arising within the booms. In this framework, the proposed approach leads to a reduction
of computational cost, while keeping a high level of accuracy. This is possible thanks to the
Carrera Unified Formulation, which allows for the modeling of higher-order plate elements
for the analysis of local critical regions of complex composite assemblies. In order to show the
potentialities of the global/local approach, particular attention is given to the problems that
mostly characterize composites, among which those related to free-edge, failure concept and
interlaminar continuity of the displacements and shear stresses. The analyzed booms are the
triangular rollable and collapsible, a tape-spring hinge and a telescopic tubular mast. The
results show a perfect accuracy of the in-plane stress components and an accurate description
of the out-of-plane components, which is essential for a reliable design of these components, in

terms of free-edge debonding and failure phenomena.

Nomenclature
D = linear differential operator
1 = 1D cubic Lagrange polynomial
L = 2D cubic Lagrange polynomial
E = Young modulus
F: = expansion functions along the thickness coordinate z
Ki/™s = fundamental nucleus of the stiffness matrix
Ly = work by external loads
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Lin: = internal work

N; = shape function
qri = finite element nodal unknowns
ul,u),u) = nodal displacements of the global model
69,69,62 = nodal rotations of the global model
0 = variation
€ = strain vector
o = stress vector
= local volume
Q = local surface

I. Introduction

URING the last decades, the size of components and, in general, of space systems, has undergone a significant
Dreduction. In order to support this trend, characterized by an increasing process of miniaturization, the space
industry has been oriented towards the development of new methods of volume minimization, which would allow
facilitating the development of small satellites [1]. In fact, it is expected that in the future this category of satellites will
be able to acquire better performances than those of larger satellites. While the size of avionics and onboard instruments
has shrunk, some satellite components, which require the collection or reflection of photons or electromagnetic radiation,
must necessarily remain large (e.g. solar panels, communication antennas, and solar sails)[2]. To meet these needs,
deployable booms have been introduced.
Deployable booms are folded through a rolling mechanism and can be deployed to acquire a rod-like shape through
a system reminiscent of a tape measure. Generally, these structures present a curved cross-section in their unfolded
configuration and this feature allows to increase the stiffness of the boom. On the other hand, when rolled up, these
structures become curved in the longitudinal direction, while the cross-section flattens out. They found a large number
of applications such as for telescopes [3} 4], photovoltaic surfaces [l 6], antennas [7]], solar sails and arrays [6) 8 9] and
advanced aircraft structures [[10].
The most common type of deployable booms is represented by tape springs. Basically, they consist of thin-walled
elastic strips, whose cross-section forms an arc of a circle. Tape springs exhibit highly nonlinear behavior when stressed
with a bending moment. This trend can be evidenced both by experimental tests and by numerical analyses. An abrupt
change in the geometry of the structure is observed when the applied moment assumes critical values, as indicated
by Seffen and Pellegrino [[11]. Tape springs, moreover, are able to unfold due to the release of elastic deformation

energy stored in their folded configuration. These structures are stored in the folded configuration for a long time, and



so there is generally viscoelastic relaxation that leads to a reduction in the stored elastic energy and thus an increase
in the stability of the system [[12}[13]]. Tape-springs are widely adopted for a large number of applications, including
high-resolution deployable telescope [14]] and the deployment of collapsible rib-tensioned surface [[15]] and rigid-panels
[L6]. Tape springs can be exploited to generate other types of structures, such as tape-spring hinges [17H19]. The
utility of these structures has already been highlighted in a variety of space missions (for instance during the ESA Mars
Express mission, a tubular tape-spring hinge was used to implement the Mars Advanced Radar for Subsurface and
Ionosphere Sounding (MARSIS) antenna deployment system).

Another type of deployable booms, are Storable Tubular Extendible Members (STEMs) [20-22]. Invented in Canada
in 1960, they are similar to tape springs, with the difference that they subtend a greater angle compared to the latter,
forming a tubular structure, characterized by an overlap of 50° or more. A further variant is represented by Collapsible
Tube Mast (CTM), consisting of two thin flexible shells of biconvex shape bonded at the edges by resistance welding.
The thickness of all these structures is sufficiently small to guarantee a purely elastic deformation when folded and, of
course, the storage of a large amount of elastic deformation energy in the folded configuration. It is necessary to ensure
that this energy is released in a controlled manner during deployment [23]]. This type of boom was first adopted during
the Viking 1 and 2 [24] robotic explorations, which goal was to collect samples of the soil on the Mars surface.
Another popular deployable boom is represented by the Triangular Rollable And Collapsible (TRAC) boom [25]. It
was invented by researchers at the US AirForce Research Laboratory more than ten years ago and it is characterized
by a cross-section consisting of two curved flanges connected at their upper edge by a vertical septum, in order to
generate a shape similar to that of a triangle (hence the name of the boom). This type of boom has been used in three
different missions to perform demonstrations related to solar sails: NanoSail-D [26]], LightSail-1 [27] and LightSail-2
[28]. Despite having a rather limited torsional stiffness due to the open section of the structure, TRAC booms are
characterized by a flexural stiffness 10 times higher than CTM booms and 34 times higher than STEM booms and
packaging efficiency compared to CTM, STEM [29] and bi-STEM booms [30] solutions.

Deployable booms always consist of thin and, eventually, ultra-thin structures [31]]. Due to their geometry and
due to the anisotropy of the composite material which booms are usually made of, during deployment complicated
three-dimensional (3D) stress fields arises within a localized area of the structure, as the interlaminar debonding [32H34].
For this reason, higher-order models and 3D elements are required in order to describe the complex stress fields. These
models would request a strong computational effort and a global/local technique can be recalled to increase their
efficiency in terms of reliability of the results and time required for the simulation. In literature, two types of global/local
procedures were presented, i.e. (1) a single step which involves the refinement of particular domains of the structure
and (2) a two-step approach where different areas are analyzed employing different mathematical descriptions. The
main issue of the former is represented by the coupling of lower- and more-refined zones subdomains of the structure.

According to how the mathematical models differ, the so-called h-adaption [35] and p-adaption [36] methods can



be used whit different mesh sizes and different polynomials order functions, respectively. When a combination of
those differences is present within the model, the hp-adaption [37] approach can be exploited. Other approaches were
proposed as single step global/local procedure, such as the parallel processing [38]], the extended finite element method
[39] and the multi-grid method [40]. A worth-mentioning approach is represented by the s-version [41} 42] of the finite
element method, where additional higher-order elements are superimposed between the two domains. This technique
ensures the equilibrium of stresses and the compatibility of displacements at the interface. Finally, the Arlequin method
was first proposed by Ben Dhia [43]] and then employed by Hu et al. [44] for the analysis of sandwich beams.

As far as the two-step approaches are concerned, they consist in an analysis of the global structure, from which the
boundary conditions of the critical region are extracted. Usually, these boundary conditions are represented by the
displacements, as done by Akterskaia ef al. [45] for the progressive failure analysis of composite structures, by Mao et
al. [46l] which considered a region larger than the critical one where accurate stresses need to be evaluated in order to
avoid any kind of numerical issues. Moreover, stress analyses were conducted by Ransom and Knight [47]], using spline
interpolation functions and simply supported composite plate with cutouts and small cracks were analyzed in cutouts
[48] and [49], respectively.

The presents work proposes a global/local approach based on a two-step procedure in which the global analysis is at first
performed using commercial software Nastran and subsequently a local area is analyzed using refined theories with
CUF formalism. In fact, CUF models have been demonstrated to be very efficient and effective for evaluating complex
strain/stress fields of composite structures [50} [51]] and also successful in the elastoplastic and progressive failure
analyses [52}153]]. The same global/local approach proposed in this paper was employed in [54}|55] for the analysis of
structure of aeronautic interest, and here the formulation is further extended to deal with composite deployable booms.
Recently, CUF has been extended in [56]] to deal with the global/local analysis of laminates by employing its intrinsic

variable-kinematics capability. Finally, application of CUF for the nonlinear analysis of booms can be found in [57H59].

I1. Global/local approach

The global/local strategy adopted and proposed in this paper consists in two steps, which can be summarized in

1 A global analysis is conducted considering the whole deployable boom. In this work, the global analysis
is conducted using the commercial software Nastran. Due to the thinness of the considered booms, CQUAD
elements are adopted, along with PCOMP cards for the description of the geometric and material properties [60]].
The global analysis is important especially for the identification of the most critical zones which need further and
more refined investigation. To detect those domains, the maximum stress is considered, but any criteria can be
conducted with no loss of generality. It has to be remarked that the proposed approach is element-wise, so that
one element (one CQUAD) at a time is locally analyzed.

2 A local analysis is performed on the selected element. Subsequently, a local model of the selected element is



built. Figure[T|shows an example of this procedure on a tubular thin-walled boom.

Global/local approach

Thin deployable Critical element
boom (global) (local)

Space system

Fig.1 Application of the two-step global/local approach on a thin deployable boom of a space system.

A. Higher-order two-dimensional local model

The local model is built using higher-order 2D plate theory based on CUF [51}161], according to which, the 3D local
displacement field u(x, y, z) can be expressed as a 1D through-the-thickness (z) expansion function of the primary
unknowns of the mid-surface (x,y) evaluated with the finite element method. This approach is expressed by the

following relation

u(x, Yy, Z) = FT(Z)Ni(x’ y)q‘ri (1)

where F; is the expansion function, N; is the finite element shape function, q.; is the vector of the nodal unknowns and
the indices T and i represent the number of the terms of the thickness expansion and the number of the the finite element
nodes, respectively. In this work, cubic interpolation functions based on Lagrange polynomials are used as F, and N;,
as depicted in Fig. 2] In this work, the cubic interpolation over the thickness is recalled as LD3. It must be stated that
Lagrange polynomials represent a displacement-based formulation, so the unknowns of the local problem are pure

displacements. A detailed description of the modeling of the local model is proposed in Appendix [A]

B. Boundary conditions

As known, the commercial software gives translational displacements (1, ug, u?) and rotations (62, 93, 6?) at the
each node of the global model. On the other hand, as previously mentioned, the use of Lagrange polynomials results
solely in pure displacement degrees of freedom (DOFs) at each over-the-thickness node. Therefore, a strategy must

be provided to transform rotational DOFs of the global model in pure displacements for local one. Reissner-Mindlin

displacement field is used for the 2D model, in order to compute the translational displacements for each node at the



Cubic 4-node
expansion elements
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Fig. 2 Cubic interpolations for the in-plane and thickness domains.

interface of the CUF local model. The Reissner-Mindlin displacement field [62,63]) is reported in Eq. (2) and Fig. 3]

ux(x,y,2) = ul(x,y) + 265 (x, y)
uy(x,y,2) = u(}), (x,y) + 162 (x,y) 2

uz(x,y,2) = ud(x,y)

In Eq. (]Z[), up, vo, wo are the displacements and 6, 6y, 6, are the rotations of the nodes of the global model located at

X —,,0 0
Y Mx—ux‘i‘ZHy

Fig. 3 Global to local displacement field in the laminated plate thickness.

the interface. The rotations are used to compute displacements in all the edge nodes and they constitute the BCs for the

local model. Figure ] depicts the general procedure.

III. Numerical results
In this section, numerical results obtained with the presented global/local approach are proposed. A TRAC boom, a

tape-spring hinge and a Telescopic Tubular mast are considered. Stresses distributions, free-edge effects and failure



CQUAD CUF element

Fig.4 Procedure to transform rotational DOFs of the global model in pure displacements for local one.

indeces are evaluated. The local in-plane stresses are compared to those evaluated with 2D CQUAD Nastran elements,

and they are reported in the global and material reference system, which are denoted by index “G” and “M”, respectively.

A. TRAC boom

The first analysis regards a deployable TRAC boom [64]. The geometrical model, along with the material stacking
sequence, is shown in Fig. [5] Basically, the structure is made of two curved flange, joined together by a flat vertical web.
In particular, the radius is r = 12.7 mm, the sweep angle 8 = 90, # = 8 mm and the total length of the boom is 500 mm.

The material is made of Carbon Fiber (CF) and Glass Fiber Plain Weave (GFPW). The curved flanges are made of three

[+ 456epw/Oc/ 45 Grpw
M Ocr/+456rpw]

z t
y A [+ 456rpw/Oce/+456rpw]
= ==

Fig.5 Geometric and material properties of the deployable TRAC boom.

layers and have thickness equal to 80 um, whereas the vertical web has seven layers, with a total thickness of 185 yum.
The material properties are described in Table[T] The global Nastran model is performed following the description
reported in [64], where the mathematical approximation is validated. The model involves 11000 CQUAD, with a total
of 70794 DOFs and it is simply supported. The structure is loaded by a moment M, considered positive when the
vertical web is under compression and the results are shown in Fig. [6] where the results are compared with those from

experiments [64]] and numerical nonlinear analysis [63]. Here, the rotation angle a, is displayed against the applied



E; Ep G2 V12 Uager

[GPa] [GPa] [GPa] [-] [um]
CF 128 6.5 7.6 0.35 30
GFPW 238 23.8 33 0.17 25

Table 1 Material properties of the TRAC boom.

moment M.

Non-linear CUF anélysis E—
0.2 | Linear global analysis
Experimental data o

0.1
0}

M, [Nm]
N

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
a, [deg]

Fig. 6 Rotation angle o, of the TRAC boom against the applied moment M,. Linear analysis compared to
experimental results [64] and numerical nonlinear solution [65].

1. Local analysis

The local analysis is performed starting from the global results applying M, = 100 Nmm. The chosen elements are
those which are subjected to the highest stress value, and they are reported in Fig. [/} The two chosen elements lay on
the free-edge of the vertical web (compression) and the curved flange (traction), respectively. Figure [7(b) shows the
chosen elements, i.e. element A on the vertical web and element B on the curved flange. As far as the element A is
concerned, the stress distributions are reported for both global and material reference system. The results are shown in
Figs. [§land[9] On the material reference system, for the in-plane stress components, the local results are compared with
the global ones, and the results match with a great accuracy. Regarding the element B, the stress distributions are

reported for both global and material reference system. The results are shown in Figs. [I0]and[T1]

2. Free-edge analysis

Both chosen elements lay on the free-edge of the TRAC boom. Thus, it is important to evaluate the singularity due
to the free-edge effects, which cannot be evaluated by the global 2D model. In order to show those effects, a traction
force of 1 N is applied to the structure. Figure[I2]show the distribution of the out-of-plane stress components of the

element A. Moreover, additional expansion elements are added on the thickness for convergence purposes (SLD3 in
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Fig.7 (a) Highest main stress distribution on the TRAC boom under M, = +100 Nmm. The results are shown

for the first layer. (b) Element A on the vertical web and element B on the curved flange.
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Fig. 8 Distribution of the oy,G, 0yy and o, on the centroid of the element A (vertical web, see Fig. @)
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Fig. 9 Distribution of the oy,G, 0xyy and oxx3s on the centroid of the element A (vertical web, see Fig. EI)

particular). For the 0,1, peaks in the interfaces between CF and GFPW layers can be seen. For the shear components,
the C(Z) requirements [[66]] are satisfied and they are null at the thickness edges. Finally, 5L.D3 approximation leads to
highest values than LD3 for the oy, and 0,1, whereas the result do not change for the oy ,7. As far as the free-edge

of the element B the results are reported in Fig. [I3] The same conclusions can be drawn.
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Fig. 10 Distribution of the oy,G, 0yyy and oy on the centroid of the element B (curved flange, see Fig. .
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Fig. 11 Distribution of the 0.y, 0xyy and oy .ps on the centroid of the element B (curved flange, see Fig. .

3. Failure analysis

Furthermore, a failure analysis on the TRAC boom under a traction load Ty, = 100 N is conducted, considering both
centroid and free-edge stress distributions. The failure index is evaluated for the element B on the curved flange, see
Fig. m Two failure criteria are considered, Hoffman and LaRCO05. The material allowables are described in Table @

As far as the Hoffman failure index is concerned, the results are shown in Fig. [[4] Clearly, the indexes are higher if

CF[67] GFPW [68]
Xr 2700 452.37
Xc 1650 312.69
Yr 55 452.37
Ye o 225 312.69
XY 100 69.76
XZ 100 69.76
YZ 3226 44.83

Table 2 Material allowables in MPa.

the free-edge stress distributions are concerned. Moreover, the values are lower than 1, so the element is safe for the

10
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results at the free-edge using LD3 and 5L.D3, respectively.
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given external load (traction equals 100 N). Finally, Fig. [T4[b) reports the failure index using the Larc05 criterion, for

the fibres for the considered element. It can be pointed out that the highest values are in correspondence of the layers

interfaces, highlighting the possible delamination between the layers. As far as the FIriper, Larcos 1S concerned, the

CF layers show the highest failure indexes.
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Fig. 14 Distribution of the Fly, ¢ rman2ps FIFiver,Larcos and Flygairix Larcos for the element B on the curved
flange of the TRAC boom.

B. Hinge tape-spring

The second study case deals with a composite tape-spring hinge. As in the previous case, particular elements of the

global Nastran model are analyzed locally using refined theories. The considered structure is taken from [[69]] and [70],

and its geometry, which is depicted in Fig. [T5] involves a total length of 350 mm, a diameter of 38 mm and thickness of

0.2 mm. The hinge is built with a elliptical hole of length 110 mm and width 30 mm. The adopted material is made of

z 110 mm
( 30 mm )
350 mm
( ),
Fig. 15 Geometry of the tape-spring hinge.

12



carbon fibers (T300-1k) with an epoxy resin matrix (HexPly 913), whose material properties are reported in Table 3]

The material is a weave, and it is approximated with two +45 layers. The global nastran model was build using 8317

T300-1k/913 tow
E, 159520
E, = E; 11660
Gpn=Gs 3813

G 3961
Y12 = V13 0.27
V23 0.47
HexPly 913 resin
En 3390
Vi 0.41

Table 3 Material properties of the tape-spring hinge. Young and shear moduli are expressed in MPa.

2D elements (CQUAD and CTRIA) and 51186 DOFs. The structure is loaded with a moment M,, = 100 Nmm. The
numerical results are shown in Fig. [I6[a), where the obtained results (linear analysis) are compared with the nonlinear
ones from [69]]. As in the previous case, the two elements (see Fig. [I6(b)) which suffer the highest stress, are analyzed

with the local analysis. The chosen elements are highlighted in yellow. As far as the element A is concerned, the main
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03171 \§ B
0,2592 N
: 0,2013 A

Fig. 16 (a) Distribution of the stress on the tape-spring hinge subjected to M, = 100 Nmm. (b) Starting from
the left, the elements A and B are highligthed.

results on the stress distribution are shown in Figs. [[7]and[T8] As far as the element B is concerned, the results of
the stress distributions show he same behavior as for the element A, i.e. Nastran model can not properly evaluate the

through-the-thickness stress distribution of the in-plane components of the stresses.
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1. Failure analysis

For the failure analysis, Hoffman, Hashin3D e LaRCO5 failure theories are considered. Those indeces are evaluated
with an external moment equal to 4278 Nmm, since this load corresponds to the maximum moment acting on the
tape-spring during the deployment. The failure indexes are evaluated on the centroid of the element A, so the

aforementioned stress distributions are considered. The material allowables are reported in Table[d] Finally, Fig. [I9]

Tape-spring hinge

allowables
Xr 2005
Xc 1335
YT 68
Ye 198
XY 150
X7 150
YZ 28.39

Table 4 Material allowables of the tape-spring hinge. The values are taken from [71].

reports the distribution of the failure indexes using Hoffman, Hashin 3D and Larc05 criteria, respectively.
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Fig. 19 Distribution of the Hoffman (a) , Hashin3D (b) and LaRC05 (c) failure indexes on the centroid of the
element A, see Fig. E “t.” stands for tension, ‘“c.” for compression.

C. Telescopic Tubular Mast
The final analysis case deals with the Telescopic Tubular Mast (TTM) [72]. The analyzed case is the deployed

configuration, whose global Nastran model is shown in Fig. [20] The structure is made of 17 cylinders, with total length

Fig. 20 Chosen cylinders for the local analysis.

equals 34.2 m. The diameter of the first cylynder is 31.8 cm, and this value decreases of 1.3 cm after each cylinder.
Each cylinder has the same length 1.89 m and thickness 0.127 mm [73]]. The adopted material is the P75/934, whose
properties are reported in Table [5|and taken from [74]]. The stacking sequence is described in Table[6] Finally, it must
be pointed out that the structural stability and material debonding may play a key role in the design process of this
structure, but in this work, the focus is put on the material failure onset mainly. The mathematical global model is

made by 54000 CQUAD elements and 330816 DOFs. The side of the first cylinder is clamped, whereas the other is set
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P75/934
E, 243000
E, =E3 7200
G2 =Gz 3930

Gy 2410
V12 = V13 033
V23 0.49

Table 5 Telescopic Tubular Mast material properties (Young and shear moduli in N /mm?).

Lamination Thickness [mm]
First 2 cylinders (0,1) [+45/-45/-45/+45] 0.508
Inner cylinders (2,...,16) [+45/0/-45] 0.381
Last cylinder (17) [+45/-45/0/0/0/0/-45/+45] 1.016

Table 6 Telescopic Tubular Mast stacking sequence and layers thickness.

free. The load acts in the transverse direction and it is equal to 1 N. Figure 21| shows the results of the static analysis

versus the nonlinear results from [72]. As far as the local analysis is concerned, Fig. 22]shows the stress distribution for

4 T T
Non-linear analysis (Ref.) ——
3| Linear analysis (Nastran |
2 - .
1 - .
z
= 0F i
'_
_1 - .
_2 - .
_3 - d
_4 | | | | |
-30 -20 -10 0 10 20 30

5tip [Cm]

Fig. 21 Static results of the Telescopic tubular mast. Nonlinear solution coming from [72].

the first cylinder. The following conclusions can be drawn.
* The transverse stress component are three orders of magnitude lower than the in-plane ones;
* The Cg requirements are partially satisfied. This aspect can be overcome by adding multiple through-the-thickness
expansion elements, as described in the TRAC boom example;
* The Poisson effect is evident due to traction and compression of +45° and —45° layers.
For the elements of cylinders number 9 and 17, similar distributions are evaluated. Figure @] reports the oy m
components of the ninth cylinder and the o5, of the cylinder 17. The former highlights the limitation of the Nastran

model to capture the shear stress component, whereas the latter shows the capability of the proposed global/local
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Fig. 22 Distribution of the o, s, 0yya and o,y on the centroid of first cylinder.

approach to accurately evaluate the in-plane stress over the plies.
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Fig.23 Distribution of the o, s and o s on the centroid of ninth cylinder and cylinder number 17, respectively

IV. Conclusions

In this work, a two-step global/local approach is employed for the structural analysis of deployable booms. The
global analysis is carried out using the commercial software Nastran, whereas the local model is built by means of
the Carrera Unified Formulation (CUF). Thanks to it, it is possible to build higher-order plate models of interesting
local domains of the booms. The approach allowed to highlight the differences between the results obtained by the
CUF approach and the results obtained by Nastran, which are generally based on the use of a classical theory. These
differences are particularly evident for transverse stresses (obtained from Nastran through postprocessing), associated
with phenomena that typically distinguish laminates from other structures (zig-zag and free-edge effects). Triangular
Rollable and Collapsible (TRAC), tape-spring hinge and Telescopic Tubular Mast (TTM) were analyzed. For the TRAC
boom, free-edge analyses were implemented, which highlighted the difference between the stress state in the centroid of
the single element and the one obtained at its free edge. Moreover, the mesh refinement played a fundamental role in
identifying the singularities of the transverse stresses on the free-edge, that would not have been absolutely possible
using a classical theory, as commercial software operate. The differences between the global/lobal results and the ones

obtained by Nastran are most evident for the tape-spring hinge and the TTM. In these cases, in fact, a greater deviation
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is noted for the stresses calculated in the element plane.
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A. Additional details of the local model
Equation (3) reports the explicit function for the cubic interpolation expansion function used in this work over the

thickness domain of the local layered model.
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As far as the shape function is concerned, cubic interpolation based on a 16-node Lagrange polynomial is employed.
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The related polynomials are explained in Eq. (@).
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The relations are written in the natural coordinate system (7, s). Mathematical steps for the description in the physical
domain can be found in [51]]. 25 (5 X 5) cubic finite elements are used for the description of the mid-surface of the local
element. An example of a 2-layer local model is depicted in Fig. 24]

The strain € and stress o components are arranged as follows

Cubie 4-node
expansion elements

nite elements

(@)

Fig. 24 2-layer local model.

T T
Gz{o'xx Oyy Ozz Oxz Oyz U'xy} > e_{fxx €yy €zz €xz €yz Exy} ®)
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In the case of small displacements with respect to a characteristic dimension the strain - displacement relations are

€ =Du (6)

where D is the linear differential operator. For the sake of brevity matrix D is not reported here but can be easily found

in [61]. The stress components can be attained by means of the Hooke’s law

o=Ce (N

where the material matrix C is

Cih Cno C3 O 0 Cis
Co Cn Cx O 0 Cx
Cz C3 C3 0 0 Gz
C= (8)
0 0 0 Cya Cy45 O

0 0 0 Cs5 GCs5 O

Ce Cx Cis 0 0 Ce

The material coefficients C;; are functions of the elastic moduli along the longitudinal direction and the transverse
directions of the fiber, the shear moduli, the Poisson ratios, and the fibre orientation angle. For the sake of brevity, their
expressions are not given here but can be found in many reference texts, such as [75]. The governing equations are

derived by applying the Principle of Virtual Displacements (PVD). For a static problem:
OLint = 6 Lext 9)

where ¢ Ly stands for the virtual variation internal work, § Ly is the virtual variation of work done by the external

loads. The virtual variation of the internal work can be expressed as

SLint = /V (&Ta) av (10)

and

OLine = 5qujKistqTi an

where V is the volume of the local model and K/ is the stiffness matrix in the form of a 3 x 3 fundamental nucleus

(FN). The derivation FN is not reported here, but for the sake of completeness, it is described in [S1]. However, the
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terms kyy " and k3" are given for clarity purpose.

ijrs
kxx

C]]/FTFSdZ/Ni’XNj’de+C44/FT’ZFS’ZdZ/NideQ
t Q t Q

+ C56‘/F-,-Fst/Nl'.ijde+C16‘/FTFSdZ‘/N,‘XvadQ
t e 77 t 7

+ C16‘/FTFSdZ‘/‘Ni‘VNj.XdQ
t Q i
K= Cn / F,Fydz / Ni N, . dQ+ Ces / F,F,dz / N; N;,dQ
t Q t Q

+ Cys /FTYZFSYZdZ/NideQ+C26/FTFSdZ/Nl‘nyjvde
t Q t Q

+ C16/FTFst‘/Ninyj’XdQ
t Q

It can be proven that all the components of K/ can be derived from Eq. by permutations. Given the definition of

(12)

8 Lin; and 8 Ley (the latter can be found in [61]) and introducing them in Eq. [9] the classical static problem arises.
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