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Summary

In recent decades, multilayered composites and sandwich structures have been
widely used in various engineering fields (aerospace, automotive, naval, defence,
and civil). These structures exhibit a high stiffness-to-weight ratio if compared
with their metallic counterparts. Moreover, their tailoring capabilities make them
interesting in design optimization. On the other hand, their intrinsic complex
transverse material properties description requires an accurate structural model
able to predict their structural response. Three-dimensional high-fidelity finite
element models could be considered to evaluate the multilayered structural
response; however, it is common to find industrial applications in which many
layers are involved. Consequently, the computational cost of three-dimensional
finite elements becomes prohibitive even for simple analysis. It becomes
necessary to pursue another way to reach an affordable solution, even for more
complex structures. In the framework of theories developed in recent years by
researchers, the zigzag models represent a new class of models to investigate the
structural response of multilayered composites and sandwich structures. These
models, originally formulated by Prof. Di Sciuva, inspired many researchers,
among them Prof. Gherlone, to put their efforts into contributing to developing
accurate, efficient and computationally attractive zigzag theories.

In this context, this research aims to enhance the available refined zigzag
models to investigate more general structures that exhibit a pronounced transverse
anisotropy, including the effect of transverse normal deformation and non-
linearities of displacement components typically present in thick multilayered
structures and sandwich structures.

Chapter 1 presents a general overview of the most used structural theories
available in the current literature, with particular attention to the zigzag models
and variational formulations.

In Chapter 2, the enhanced Refined Zigzag Theory is formulated to analyse
general multilayered structures in which the transverse shear coupling due to the
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material anisotropy is present. The formulation of the enhanced zigzag functions,
the derivation of governing equations, and consistent boundary conditions are
presented in detail.

Chapter 3 is devoted to the formulation of a new higher-order mixed model
based on the en-RZT that takes into account a finer description of the transverse

shear and normal stresses. The new model formulation, named en-RZT{(3't’2)} ,

implements the Hellinger-Reissner variational principle, considering a new set of
independent strain variables. A penalty term guarantees the compatibility
conditions on the strain quantities in the governing functional. The governing
equation and consistent boundary conditions are obtained to analyse anisotropic
and cross-ply multilayered composite and sandwich plates.

In Chapter 4, the new mixed model is simplified to beam analysis. The beam
governing equations and consistent boundary conditions of the B-RZT{(;;)} are

derived using the previous mixed variational statement. Then, two mixed finite
elements are formulated to analyse cross-ply and sandwich beam structures.

In Chapters 5 and 6, the numerical and experimental results are presented. In
Chapter 5, the newly formulated models are numerically assessed to evaluate the
predictivity responses for linear bending, buckling and free vibration problems.
The experimental campaign on three- and four-point bending tests and free
vibration analysis of sandwich structures is conducted, and the results are
compared with the new beam models. The activity proposed, supported by the
numerical and experimental results, wants to offer a more general and complete
methodology based on the refined zigzag models to investigate multilayered
composite and sandwich structures. In particular, the newly formulated models
could be used to analyse structures in which the material transverse anisotropy is
not negligible. Moreover, the mixed formulation of the new models could be used
to investigate even thick multilayered structures. The formulated elements make
these new mixed models appealing in their predictivity capabilities and affordable
low computational cost compared to other available models.

During the PhD research activity, the aspects concerning model development,
finite element formulations, and numerical and experimental assessment
constitute the basis of this thesis work. In addition, other aspects of PhD research
activity not explicitly considered in this thesis cover numerical analysis of
functionally graded structures, approximate solutions using the higher-order Haar-
Wavelet method and advanced aspects of finite element modelling, some of them
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during the period spent abroad at CIMNE, Barcelona. These interesting aspects
and worthy of being mentioned for the sake of the conciseness of this dissertation,
are not included in the presented models.
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Preliminaries

This preliminary Section introduces some notions related to the three-
dimensional linear elasticity that are abundantly used in this thesis work. The
interested reader is referred to Reddy’s book [1] for the omitted details.

Displacements

A solid deformable body of known geometry, material constituent, loads and
boundary conditions is considered.

As shown in Figure , each material point P of the body, indicated by a volume
JV and an edge surface S, is referred to a Cartesian coordinate system
X = {xl,xz,x3}.

Figure 1: Coordinate reference system, deformable body representation and
notations.
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When the body is under the action of external forces and boundary conditions,
the material particles of the body move towards a new configuration, identified by
the position of the point X*'.

The displacement vector of the particle is given by
U=X"-X (0.1)

where U = {U ,.}, i=1,2,3 is the vector of orthogonal Cartesian components of

displacement.

Moreover, in Figure are shown: the vector of the applied body forces
b= {Z;I,Z;Z,Z%}; the portion of the external surface, S, , on which is imposed (or
prescribed) the traction vector t={,5,5}; and the portion of the external

surface, S, , on which is imposed the displacement vector U .

Strain-displacement relations

According to Ref. [1], the strain-displacement relations are given using the
most common strain measure in solid mechanics, i.e. the Green-Lagrange (G-L)
strain tensor E. The expression of G-L strain tensor as function of the
displacement gradients reads as follows:

E =%[VU+(VU)T +VU-(VU)' | (0.2)

If the displacement gradients are small, i.e. |VU| <1, the G-L strain tensor

can be reduced to the infinitesimal strain tensor e:%[VU+(VU)T}. In

- oU. .
components it reads e; =%[%+ 5 ’], i,j=12,3, where 8(%6 1s the
X, X, i

derivative of the quantity () along the coordinate x;. The infinitesimal strain

tensor can also be denoted using the engineering expressions as follows:
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ou, ouU, . ou,
gn:a s Ep = 5 &3 = >
X, Oox, Ox,
. oU, N ou, . oU, N oU, : 0.3)
ox, Ox Ox, Ox
ou, ouU,
V3= +
Ox;  Ox,

In this thesis work, the infinitesimal strain tensor, according to the
engineering notation, is used.

Constitutive material law

The constitutive equations of the linear elasticity in the case of infinitesimal
deformation are shown in this Section. Introducing the vector of the stress
components, as reported in Reddy’s book [1], the generalized Hooke’s law for an

orthotropic material in its material system coordinate X" = {xl'" Xy 5 X5 } has the

following expression:

o] [Cy G, Cy 0 0 0 ](g)"
022 CZZ C23 0 O O 822
oz C 0 0 0 ||e
Gm = 33 = 33 3 = Cam (0.4)
T3 Cy O 0 ||ns
T Cs 0 ||7
T L Cos | 72
where ¢” and &" are the vector of the stress and strain components in

material axes, respectively, and C is the stiffness tensor written according to the
Voigt-Kelvin notation. The stress-strain relation, i.e. Eq. (0.4), can be inverted in
a more convenient form highlighting the orthotropic material mechanical
constants. It results in £” = C"'6¢” =S¢”, where the compliance matrix is defined
as follows:
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L % Yo g
El El El
N
E2 E2
Ei 0 0 0
o (0.5)
— 0 0
G13
sym. GL 0
23
1
L GlZ_

where E|, E,, E; are Young’s moduli in x", x)' and x}' material directions,

respectively; Vv,,, V;; and v,, are the Poisson’s ratios and G,,, G,;, G,; are the

shear moduli in 1-2, 1-3 and 2-3 planes, respectively. Furthermore, the relation
between Poisson’s ratios and Young’s moduli is also wvalid, i.e.

Y _Vf/ hj=
= ,j=123.
é E,

Generally, in multilayered composite structures, the material coordinate

system X" could not coincide with the structure coordinate system X . However,
it is commonly considered that the transverse coordinate in flat structures like

plates and beams x; coincides with the material laminate transverse coordinate
x;". The orientation angle of a general k" layer Y, between the material x" and

x, axes (see Figure 2) is defined as positive in the counter-clockwise direction.

Thus, the generalized Hooke’s law written in the structure reference system is:
c=Ceg (0.6)

where o =|o, 0y, Oy T, Ty T, and
e =|&, &, &; s V» rn,| are, respectively, the stress and strain

components in the global structure reference system, and Cis the transformed
stiffness matrix in the global coordinate.
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kt" lamina

Figure 2: Laminate material coordinate system and structure reference axes.

The relationship between C and Cis given by the rotation matrix, i.e. R*’

function of the laminate rotation angle Y . It reads:

C =RCR’ (0.7)
with
[ cos? (Y”‘)) sinz(Y“‘)) 0 0 0 -2 sin(Y(“)cos(Y‘k’) i
sin’ Y(“) cosz(Y(“) 0 0 0 ZSin(Y(“)cos(Y(“) (08)
0 0 1 0 0 0
R= 0 0 0 cos(Y®) —sin(Y®) 0
0 0 0 sin(Y(“) cos(Y(“) 0
_sin(Y”")cos (Y”") —sin(Y“‘) )cos(Y“‘)) 0 0 0 cos’ (Y‘“) —sin’ (Y(") )_

In plate models, the constitutive material law for an arbitrarily oriented
lamina, under the plane stress hypothesis in which o;; =0, is rewritten as follows:
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Oy éll 612 0 0 616 én
O C, 0 0 Gyl
T (= Cu Cis 0 |37 (0.9)
Ty V55 0 |72
T | Sym. é(,(,_ Y12

where (V,‘U. i,j=1,2,6 are the in-plane reduced stiffness components, and
CVIU;C’[/. i,j=4,5 are the transverse shear transformed stiftness. It is worth noting

that the plane stress assumption does not affect the transverse shear stress. The
reduced in-plane stiffness components read:

. de.
C,=Cy-—% i,j=12,6 (0.10)
33

A mixed form of the constitutive material relations for the generic oriented
lamina, helpful to the formulation of the mixed models developed in this thesis,

reads as:

Ou I 611 CV‘lz Ry 0 0 616 | én
O élz CV‘zz Ry 0 0 626 &n
& | _ R, —Ry 533 VO P —Rg; || 03 0.11)
T3 0 0 0 Cy Cs O Vi3
(25 0 0 0 645 v55 0 V23
T L 616 CV‘zs R; O 0 666 172

where 533 = /@ and R, =5,,C,; i=1,2,6.
33

Cauchy’s equations

The local three-dimensional equilibrium equations or Cauchy’s equations in
the absence of body forces that govern the structural behaviour, read as follows:
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Ty + T T 7135 =0
T T 0, T35 = 0 (0.12)

i3 + Ty, 1033, =0

General plate notation

In this Section, the solid general problem is specialized for the plate notation
useful in this thesis work.

It is considered a multilayered flat plate made of a finite number N of
perfectly bonded layers, as shown in Figure 3. Assuming as V' the plate volume, 4

is the thickness, S =5, US, the total cylindrical edge surface, comprised of S,
the portion on which displacement restraints are imposed (or prescribed), and S_,

the portion on which a traction vector (force per unit length), F= {FZ } (i=12,3),

is prescribed. Moreover, let g, ={E(B)}and P :{ﬁm} (7=1,2,3) be the vectors
of the prescribed tractions (force per unit surface) on the plate's bottom (B) and
top (T) bounding surfaces along the coordinate axis X, see Figure 3. The

prescribed quantities are indicated with an overbar. If not otherwise specified, the
Einsteinian summation convention over repeated indices is adopted, with Latin
indices ranging from 1 to 3 and Greek indices ranging from 1 to 2.

X3

P3(B)

Figure 3: General plate notation: plate geometry, applied loads and coordinate
system.
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The thickness of each layer, as well as of the whole plate, is assumed to be
constant in each direction. The points of the plate are referred to an orthogonal

Cartesian coordinate system defined by the vector Xz{x,} (i=12,3), where the
vector x:{xa} (x=1,2) is the set of in-plane coordinates on the reference

surface. Normally, if not otherwise specified, the reference surface is chosen to be
the middle plane of the plate, and x5 being the coordinate normal to the reference

plane (see Figure 4), so that x, e[x3(3),x3m]s[—%,+%]. Furthermore, Q

represents the set of points given by the intersection of the plate with the plane
x;=0and I'=SNQ=T,0Ul' (I',NI', =0) its contour line, with

I',=8,NQ and I', =S N€. Moreover, (t,n) are the tangential and normal

axes with the point belonging to the contour line I'.

W) _ _
X3(1) = X3(T) = X3(NV)

) ™ _ (N-1) _
b h X3B) = X3(1) = X3(N-1)
— (k+1) _ (k) _
2 X3m) = X3(T) T X3(K)
K th k) _ (k-1) _
h( )I k layeT x3(B) = X3(T) = X3(k)
h
Xa
h a = 1,2
— @ _ (1 _
2 X3) = X3(T) = X3(1)
(€] st
h 1% layer @ -
X38) = X3(B) = X3(0)

Figure 4: Layer numbering and notation.

If not otherwise stated, the superscript ()is used to indicate quantities
corresponding to the k™ layer (k=1,...,N), whereas the subscript (g (k=1,...,N-1)
stands for the quantity (.) valued at x; = x;, , i.e. at the k™ interface (k=1,...,N-1)

between the ™ and the (k+1)™ layer. In addition, subscripts (B) and (T) indicate

the bottom and top surfaces of a single layer/whole plate, respectively.

Specifically, as it is reported in Figure 4, x5 = x;5 and xyp) = x,;, denote the

transverse coordinates of the bottom and top surfaces of the whole plate; thus,
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h= Xyq) — Xy, is the total plate thickness and

B = xy ) = X3 =X — Xy (K =1,2,...,N), the thickness of the k™ layer.

Finally, the material of each layer is assumed to be linear elastic orthotropic
with a plane of elastic symmetry parallel to the reference surface. However, its
principal orthotropy directions (material axes) are arbitrarily oriented with an

angle Y* according to the scheme provided in Figure 2.
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Chapter 1

Introduction

Multilayered composite and sandwich structures have been widely used in
engineering fields (aerospace, marine, automotive, military, civil and energy) due
to their exceptional mechanical properties over traditional metallic structures. As
a matter of fact, they are to be preferred thanks to their high specific flexural
stiffness and specific strength [2]. Moreover, they exhibit good fatigue behaviour,
and their tailoring capabilities allow the design of performant and optimized
structures. On the other hand, such structures typically exhibit a transverse
anisotropy and transverse shear deformability higher than their metallic
counterpart. The abrupt change in the transverse direction of the mechanical
material properties generates stress concentrations at the interfaces that can cause
the failure of the structure, such as delamination and debonding. Furthermore, in
sandwich structures, the transverse applied loads could cause irreversible
compressions of the core material and, consequently, the failure of the structure.

It is necessary to design these structures accurately to prevent failures and
guarantee the highest level of safety during their operative life. It becomes
important offering to the engineers accurate and efficient mathematical models to
pursue those objectives during the design process. The structural theories
formulated in recent decades represent a key role in this process.

In this Chapter, an overview of the existing structural theories is presented on
the analysis of multilayered composite and sandwich structures. Their basic
hypothesis, advantages and limitations are highlighted. Furthermore, the most
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relevant variational methods used in the elasticity theory are presented to obtain
the governing equations and the consistent boundary conditions.

1.1 State of the art on existing structural theories

In the design process of multilayered composite and sandwich structures, the
mathematical model used to describe these structures should be able to describe
the behaviour of these structures under the applied loads in conjunction with the
applied boundary conditions. By solving three-dimensional equilibrium equations
that describe linear elasticity, the actual stress field of the structure under the
applied loads can be reconstructed.

In the literature framework, some studies on the exact elasticity solutions of
multilayered composite and sandwich structures are available. An exact solution
has been proposed in Pagano’s works [3,4] for the cylindrical bending of simply-
supported composite cross-ply laminates and sandwich beams and plates.
Moreover, Pagano [5] investigated the static response of anisotropic general
multilayered laminates under cylindrical bending assumptions, revealing the not
negligible effect of transverse shear coupling in the displacement and stress
responses.

Pagano and Wang [6] extended the previous method, obtaining an exact three-
dimensional static solution for bending multilayered and sandwich simply-
supported plates under distributed and concentrated loads. Then, Pagano and
Hatfield [6] implemented an exact static solution for the three-dimensional
elasticity of multilayered, bi-directional composites with several layers. Starting
from Pagano and Hatfield’s work, Zenkour [7] provided an alternative three-
dimensional exact solution for uniformly loaded cross-ply laminates and sandwich
plates. Later, Srinivas and co-authors [8—10] developed and successfully applied
an exact three-dimensional solutions for bending, stability and free vibrations of
simply-supported thick laminated plates.

A more general and comprehensive formulation of homogeneous and
laminated orthotropic plates has been reported by Srinivas and Rao [11]. Among
the exact solutions obtained for antisymmetric laminated plates, Noor and Burton
[12] have implemented a mixed formulation for stress and free vibration problems
of anisotropic multilayered plates. Later, Savoia and Reddy [13] obtained a
solution for the three-dimensional static bending problem of rectangular
antisymmetric angle-ply multilayered plates with simply-supported edges. It has
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been revealed that Pagano’s three-dimensional solution is a particular case of
Savoia and Reddy’s approach. Ye [15] recently investigated the free-vibrations of
cross-ply laminated rectangular plates with clamped boundaries by implementing
a recursive method. Finally, Brischetto [14,15] provided a general exact three-
dimensional elasticity solution for the static analysis of multilayered composite
and sandwich plates/shells using orthogonal curvilinear coordinates under
transverse normal pressure and simply-supported boundary conditions.

The proposed literature overview shows that three-dimensional solutions can
be applied only to a limited number of cases, i.e. simple geometry, applied loads
and boundary conditions. In fact, most of them are related to beams or rectangular
plates under sinusoidal or bi-sinusoidal transverse pressure and simply-supported
boundary conditions.

As stated by many researchers, these solutions are often used as benchmark
tests for new theories, model validations or finite element formulations. As a
matter of fact, such types of loads and boundary conditions are rarely found in
industrial applications. Without using high-fidelity 3D finite element models for
complex structures, since they are affected by prohibitive computational costs,
some alternative models to achieve a reliable and accurate solution must be
developed.

Due to the difficulty of obtaining an exact solution for the three-dimensional
elasticity problem, an approximate model should be considered. A two-dimension
model, commonly named plate/shell, can be used if the structure has two
dimensions greater than the third one. Otherwise, if only one dimension is greater
with respect to the others, it is preferable to model the structure as a beam.

In the open literature, the simplified models can be further classified based on
the assumption of the primary variables. For example, in displacement-based
theories, the primary or master field is represented by displacements; whereas the
strain field is derived from the displacement one and by using the strain-stress
constitutive relations, the stress field can be evaluated. In such theories, since the
strain and stress fields are derived from the master-displacements field, they are
typically called slave fields. A second class of theories are the mixed models,
wherein the displacement, the strain and the stress fields can be assumed
independently, i.e. there is more than one master field.



Chapter 1 Introduction

An appropriate variational statement [18] should be used in both
classifications to obtain the beam/plate/shell governing equations and the
consistent boundary conditions.

A further classification noticeable in the literature is related to the
assumptions on the displacement field. Such models are generally grouped into
two macro-areas: Equivalent Single Layer (ESL) and Layer-wise (LW) theories.
In the formers, the displacement field is assumed to be a smoothly continuous
distribution across the entire laminate thickness. These models are sufficiently
accurate in predicting global quantities such as maximum displacements, natural
frequencies and buckling loads, but they are poor in the stress descriptions. In
fact, according to the assumptions on the displacement field and by using the
material constitutive relations, it is impossible to obtain a through-the-thickness
transverse shear stress continuous distribution, i.e., the interlaminar stress
continuity is not satisfied. A typical procedure to reconstruct a continuous
distribution of the transverse shear stresses is the a-posteriori integration of the
indefinite equilibrium Cauchy’s equations. However, since these theories use a
limited number of variables, they are very computationally attractive.

The LW theories assume, for each layer, an independent displacement field.
The number of unknown variables assumed for each layer is then reduced by
enforcing the continuity of the displacements at the layer interfaces. As a result,
these models are more accurate than the ESL ones since they can predict a
displacement distribution closer to those typically represented for a multilayered
structure, i.e., changes of slopes in its distributions across the interface. However,
unless it is considered a mixed model, the continuity of the transverse stresses is
still not enforced, and the a-posteriori integration of the indefinite equilibrium
equations should be used. Furthermore, a negative aspect of the LW models is the
prohibitive computational cost when applied to analyse structures with several
layers.

In the last decades, a new group of structural theories faced among the
previous ones. i.e. the ZigZag Theories (ZZT). These theories exhibit some
advantageous characteristics of both ESL and LW theories. For example, they are
based on kinematic assumptions different for each layer, which is typical of a LW
theory, but the total number of variables is fixed and independent of the number
of layers, which is typical of an ESL model.
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The generally adopted procedure starts from a general ESL theory that can
describe the laminate's global behaviour. Then, the global displacement field is
enriched by a local contribution, i.e. the zigzag functions that introduce the
changes in the slopes of the displacement distributions across the laminate
interfaces due to the variation of the lamina material properties. The zigzag
contribution in the displacement field is generally defined by enforcing the
displacement and transverse stress continuity at the interfaces. This procedure can
make them dependent on only a limited number of variables.

In the next Section, some of the canonical functionals of linear elasticity are
introduced to give an overview of the most important variational statements that
can be used to obtain the governing beam/plate/shell governing equation and
consistent boundary condition.

1.2 Canonical functionals of the linear elasticity

In this Section, according to the book of Washizu [16], some of the most
important variational principles in elasticity are briefly enounced and assessed.
The hypotheses and assumptions behind these principles are the keys to
understanding the choices, advantages and limitations of our developed models.
Moreover, these variational statements are practically used to derive the
governing equations and the consistent boundary conditions of generally
formulated models. Based on the assumed field number, they can be classified
into single-field functionals (such as the displacement-based model) or mixed-
field functionals. Hereafter, the quantity indicated with a suffix represents the
quantity’s master field from which it has been derived. For the sake of
conciseness, the interested reader is referred to the book of Washizu [16] and the
other provided references for a full detailed explanation of the proposed
functionals.

1.2.1 Hu-Washizu functional

The Hu-Washizu (HW) principle is a mixed-field functional that allows, at the
same time, three independent variations of displacements, strains and stresses. As
stated in the book of Washizu [16], this functional, due to the assumption of the
master fields, can be considered the most general canonical functional in the
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elasticity. Consequently, the other variational principles could be derived by the
Hu-Washizu functional by using the available field equations (or strong relations):

e Strain-displacement relations or kinematic equations
e Strain-stress relations or constitutive material equations
e Internal equilibrium equations or Cauchy’s equations

The Hu-Washizu principle, according to the notation of the three-dimensional
elasticity, reads:

o =I[5GT(8U —s)+5sT(oe —6)+5£UT6—§UT5]dV+
V

_J’ 5UTTdS_I|:50T(U—I_J)+§UT0:|dS=0 (1.1)
s, 5,

where U, ¢, 6 are the independent displacement, strain and stress master
fields, respectively. Thus, the total number of unknown variables represented by
the three fields is fifteen. Moreover, £”is the strain field derived from the

displacement field, ¢° is the stress field obtained from the strain master field
using the material constitutive relations.

It is worth noting that some of the terms expressed in Eq. (1.1) are
expressions of the compatibility relations that ensure the consistency of the field

variables. More specifically, the term IﬁGT(sU —8) dV guarantees in a weak
V

form the compatibility between the strains coming from the displacements field

(using the well-known strains-displacements relations) and the strains variables

assumed as independent variables. Furthermore, the term jé‘sT (ce —6) dVv
Vv

guarantees, in a weak form, the compatibility between the assumed stress

variables and those obtained from the strain field using the strain-stress relations,

i.e. the constitutive material relations.

The main advantage of this functional is the independent assumption on the
three fields and their weak connections that allow to formulate very accurate
models as those in Refs. [17-22], although the degree of complexity behind the
model formulation and field distributions is high.
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1.2.1 Hellinger — Reissner (HR) and the Reissner’s Mixed
Variational Theorem (RMVT)

The Hellinger — Reissner (HR) principle is a mixed variational statement that
allows at the same time two independent fields, i.e. the displacements and the
stresses [16,23]. According to the previous notation, the two derived fields are "
, the strains obtained from the displacement field (according to the strain-
displacement relations) and €“, the strains obtained from the stress field using the
constitutive material relations (strain-stress relations).

In formula, the Hellinger — Reissner principle reads:

ST = j [&:T G —sf’)+5aUTc—5UTB]dV
V

—[sU"tds - [[ 56" (U-TU)+5Us ]ds =0 (12

It should be noted that the variational statement described by Eq. (1.2) can be
obtained from the HW functional, i.e. Eq. (1.1), by enforcing the strong relation

¢=So. Moreover, in Eq. (1.2) the term Ié‘GT (?,U — s”)d V' weakly enforces the
Vv

compatibility between the two derived strain fields.

The HR functional involves only three displacements and six stresses as
unknown variables, making it computationally more attractive than the HW
functional.

It has been demonstrated by Reissner [24,25] that the HR functional can be
simplified by assuming only the transverse shear and normal stresses as
independent stress variables, which are directly used to enforce the interlaminar
equilibrium between adjacent layers. The researchers named this theorem
Reissner’s Mixed Variational Theorem (RMVT). According to the RMVT, Eq.
(1.2) is simplified leading:

STTRMIT — '[ yr _'Yt)+50-33( 5330)"' qV +
v +58 6 +5'Y Tt+5€33033—5UTB (1.3)
~[5UTtds - [[ 56" (U-TU)+06U"6 |ds =0

Sy

a
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where T, and oy, are the assumed transverse shear and normal stresses,
respectively; y” are the transverse shear strain using the strain-displacement
relations, and y? those from the assumed transverse shear stress field. Moreover,
&,,” and ¢,,° are the transverse normal strain from the displacement field and
those from the assumed one, respectively. Finally, the vector of strains ¢! and the
stresses o' are obtained from the displacement field using the strain displacement

and the constitutive material relations, respectively. It is worth noting that the
number of total variables in the RMVT is reduced to six unknowns.

Among the various application of the RMVT to structural models in the
literature framework, Auricchio and Sacco have provided an interesting example
[26]. From a mathematical point of view, the transverse shear and normal strain
compatibilities in the functional of Eq. (1.3), correspond as single weak
variational statements in which the assumed stress fields play the role of
Lagrangian multipliers. Thus, enforcing this condition before obtaining the
governing equations is possible. In formula, it reads:

-

'[50'33 (6‘33U — 533")dV =0
14

st/ (v, —v7)dV =0
foe! (v -1)

ST = _ (1.4)
[[521"6 + 0yt + 860, —5UD |V +

vV

~[suTtds - [[ 66" (U-T)+6U"c |dS =0
S, Sy

\

Solving the first two relations of Eq. (1.4), the assumed stress variables are
connected to the displacement field variable, reducing the number of governing
equations.

It should be paid attention to when RMVT is used in conjunction with low-
order theories since some drawbacks arise in the transverse shear stress
descriptions. It can be seen that the second weak relation of Eq. (1.4) corresponds
to the definition of the complementary constitutive relation for the transverse
shear energy. As highlighted by Auricchio and Sacco [26], some inconsistencies
in transverse stress distributions arise when the previous condition is enforced
with low-order models. In such cases, the transverse strain distributions from the
displacement field are typically poorly described, whereas the description of the
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transverse shear stress profile assumed a priori involves a large number of
variables. This further aspect and the compatibility condition, i.e. the second
expression of Eq. (1.4), try to make the assumed strain distribution similar to the
derived one, resulting in a worse representation of the transverse shear stresses.

1.2.2 Principle of Virtual Displacements (PVDs)

Among the variational principles in linear elasticity, the most used and
simplest is the Principle of Virtual Displacements (PVDs). This functional
involves only the displacement field as primary unknowns, whereas the strains
and stresses are derived using the strain-displacement and the strain-stress
relations, respectively.

The PVDs can be obtained directly from the HR functional by enforcing
kinematic relations or the strain-displacement equations in a strong manner. Its
expression follows:

ST = j [6"76" —5U"D ] aV +
14

~[outds - [ 56" (U-T)+5U"6 |dS =0 -
S, Sy

where £ and ¢” are the strain and stress vectors, respectively, functions of
the variables of the displacement field. The major advantage of this functional is
its limited number of unknowns making him appealing with respect to the other
functionals. However, its drawback relies on the description of displacement field
that often is not able to represent the strains and stresses correctly.

1.3 The structural theories: a historical and conceptual overview

In this Section, the widely used structural theories are briefly recalled. Their
hypotheses and their validity range are addressed to understand better the
advantages and limitations of analysing multilayered composite and sandwich
structures.

In the next paragraphs, the classification of the considered theories starts from
the displacement-based assumptions. In addition, for some relevant models are
also presented the corresponding mixed versions.
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1.3.1 Equivalent Single Layer (ESL) models

In the Equivalent Single Layers (ESL) theories, as briefly introduced before,
the displacement field is assumed through a continuous function of the transverse
coordinate. The distribution is unrelated to the investigated structure's material or
lamination scheme. Generally, they can be expressed as follows:

U, (x,x3;1) = zplf(p)(x3)u1“’)(x;t)
Uz(xax3§t):ZQ:f(q)()%)uéq)(X;t) (1.6)
Uy (x,x;5¢) = ZR:f(’)(xQu;’)(x;t)

1l
—

Iz

where £ (x,) (i= p,q,r) are appropriate through-the-thickness continuous
functions of the transverse coordinate x3, typically £ (x,)=xi (i= p,q,r) ; P.O
and R are the order of expansion and u!”(x;t) (i= p,q,7) @ =1,2,3 are the
kinematic unknowns. Moreover, x={x,x,}. Commonly some kinematic

hypotheses are enforced to the assumed displacement field to limit or reduce the
number of unknowns, making the ESL models attractive from a computational
point of view.

It can be seen from Eq. (1.6), that the strains are also continuous through-the-
thickness continuous with no changes in their slopes at the layer interfaces.
However, differences in slopes and discontinuities across the layer interfaces are
expected in the stress distributions due to the constitutive material relations.

According to the three-dimensional elasticity, the in-plane stresses o,,,0,,
and 7, could be discontinuous across the laminate, but the transverse shear
stresses 7,,,7,, and the transverse normal stress o,, have to be continuous at the

interfaces in virtue of Cauchy’s equilibrium equations. In addition, the transverse
shear and normal deformation are typically present in sandwich structures,
making ESL models less useful for studying them.

10
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Despite these effects, the ESL theories are widely used since they are the
simplest, computationally attractive and generally provide good results if the
hypotheses behind their formulation are respected.

In the last decades, many authors have put their effort into formulating
accurate and simple ESL theories. It follows a brief overview of the most famous
models. For a more detailed and comprehensive overview of existing ESL
models, the interested reader is referred to the works of Di Sciuva and Abrate [27]
and Sayyad and Ghugal [28].

1.3.1.1 Classical Laminated Plate Theory

The simplest ESL plate theory is the Classical Laminated Plate Theory (CLT).
Originally developed as an extension of the Kirchhoff plate theory, the CLT is
applied to the analysis of laminated composite structures. The displacement field
reads:

fJ(X,x3;t) =u(x;7) — x;,0w(x;1)

1.7
Uy (x,x330) =uy (x51) (D

where U" =|U, U, | are the in-plane displacements, u” =|u, u, | are the
uniform part of the in-plane displacements corresponding to the in-plane

displacements of the reference plane, when x,=0; ow’ =Lu3,1 ”3,2J are the

derivatives of the transverse displacement u; with respect to the axis x; and Xx,.
Moreover, u,(x;¢) i=1,2,3 are the in-plane and transverse displacement

components of a point referred to the reference plane of the plate along the
coordinate system (x,,x,,x,). The assumed displacement field is coherent with

the kinematic assumptions of Kirchhoff’s plate theory:

 the transverse normal deformability is neglected, i.e. £,, =0

o line segments perpendicular to the reference surface remain straight
after the deformation, i.e. in-plane displacements are a linear

function of the transverse coordinate x;;

e line segments normal to the reference surface remain perpendicular
to that surface after deformation, i.e. y,, =y,, =0;

11
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Obviously, these hypotheses are strong simplifications of the real behaviour
of a composite multilayered plate, as demonstrated by Pagano [4]. It has been
shown in Ref. [4] that neglecting the transverse shear deformability in the model
leads to errors in displacements and stress evaluations for span-to-thickness ratios
below to 50 (for isotropic plates, this value could be lower till 20). Moreover,
neglecting the transverse normal deformability limits the range of applicability of
the CLT to sandwich structures. Clearly, the effect of transverse shear
deformability can be recovered a-posteriori by integrating in-plane stresses in
Cauchy’s equilibrium equations.

The presence of ow (x;7) term makes the CLT less attractive in the finite

element formulation since it is necessary to satisfy the C’-continuity of the shape
functions that approximate the kinematic variables. Thus, higher-order shape
functions and more integration points are required, increasing the computational
cost.

1.3.1.2 First-order Shear Deformation Theory

The assumption in the CLT on the transverse shear strains is too restrictive for
the analysis of multilayered composites and sandwich plates; thus, a more
complex model should be considered. The First-order Shear Deformation Theory
(FSDT) relaxes the previous assumption by allowing the transverse shear
deformation of the plate. The FSDT is the general extension of the Reissner-
Mindlin plate theory originally developed for isotropic plates to multilayered
structures. The displacement field of FSDT reads:

fJ(x,x3;t) =u(x;7)+x,0(x;)

1.8
Uy (x,x530) = uy (x37) (19

where 0" =|6, 6, are the bending rotations around the negative direction

of x2 and the positive direction of x;, respectively.

In the FSDT, the transverse shear deformability is included. In fact, starting
from the displacement field of Eq. (1.8), the transverse shear strains are through-
the-thickness constant functions, whereas the corresponding transverse shear
stresses are constant with discontinuities in their distributions across the layer
interfaces.

12
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These distributions clearly do not represent the three-dimensional elasticity
solution since the continuity of the transverse shear stress at the layer interfaces
and the null stress conditions at the top and bottom external surfaces are not
satisfied. Furthermore, comparing the results of the FSDT with the exact three-
dimensional ones, the latters exhibit a pronounced shear flexibility. In fact, the
elasticity solution provides a parabolic distribution of the transverse shear stresses
for a single-layer structure, whereas the FSDT gives a constant and higher value
across the plate thickness. Therefore, a solution provided by the researchers has
been to apply to the material constitutive relations a Shear Correction Factor
(SCF) for the shear stiffnesses. The purpose of this factor is to correct by
matching the transverse shear strain energies caused by the different through-the-
thickness distributions.

Various authors have formulated an SCF in the open literature that better
captures the transverse shear behaviour. Some of them are worthy of mentioning,
such as Reissner [29], Cowper [30], Whitney [31], Hutchinson [32], Raman [33]
and Ofate [34]. In particular, the method developed by Madabhusi-Raman and
Davalos [33] and later by Ofate [34] gives a general expression for the SCF (also
valid for the multilayered sandwich plates) that includes the effect of lamination
schemes (such as the number of layers, lamina orientations, mechanical properties
and thickness).

Generally, the FSDT using an appropriate SCF provides accurate results
regarding maximum deflections, natural frequencies and buckling loads for plates
with span-to-thickness ratios greater than 20. The in-plane displacement and stress
distributions are also good if compared with the exact results; however, the
through-the-thickness distributions of shear stresses are poorly described unless
obtained by a-posteriori integration of Cauchy’s equations. Clearly, the
discrepancies with respect to the three-dimensional behaviour increase for low
values of the span-to-thickness ratio due to the effect of transverse anisotropy that
becomes relevant in the structural predictions.

However, an interesting aspect of the FSDT is that it requires only the C°-
continuity in the finite element formulations to approximate the kinematic
variables, making it appealing for the low computational cost.

As a matter of fact, the majority of the commercial finite element codes
implement this formulation. However, the shear-locking phenomenon is one main
drawbacks associated with C%-continuous shear deformable elements. Such

13
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elements overly stiff the response prediction of modelled thin structures. As
shown in Pagano [4], the transverse shear deformability in thin structures could be
neglected, but this condition cannot be reached from a numerical point of view. It
results in the finite element application that the shear stiffness is over-estimated
with respect to the bending contribution.

In the open literature, many approaches have been used to remedy this issue.
Among them, reduced integration has been widely used [35-38] using a low-order
Gauss integration to compute the transverse shear stiffness contribution. The
reduced integration strategy has been demonstrated to be computationally valid,
although extra zero energy modes may appear that require appropriate
stabilization techniques to correct the provided solutions [39,40]. Other
methodologies include the Discrete Kirchhoff Theory (DKT) [41,42], where the
zero transverse shear strains are enforced in some discrete points in the element
formulation. For shell element formulation, a common procedure is the Mixed
Interpolation of the Tensorial Components (MITC) [43—46], where the element
stiffness matrix assumes a different interpolation scheme for bending and shear
effects. For further consideration of MITC elements, the interested reader is
referred to the book of Bathe [45]. The Assumed Natural Strain (ASN) method
[47] introduces a mixed-field formulation for an independent strain evaluation.
Finally, the anisoparametric interpolation strategy, in combination with an
element correction factor, has been proposed by Tessler and co-workers [48—52]
to formulate variationally consistent locking-free finite elements.

Implementing a mixed formulation could increase the predictivity capabilities
of the FSDT model. As highlighted in the previous section, Reissner [24] has
formulated a mixed formulation based on the Hellinger-Reissner functional for
transverse shear deformability. In another example in the open literature,
Auricchio and Sacco [53,26] have formulated different refined mixed models
based on FSTD kinematics to improve the predictions of transverse shear stresses.

1.3.1.3 Third-order Shear Deformation Theory

As expected from the three-dimensional elasticity, the typical distribution of
the transverse shear strains is parabolic for a single-layer structure. Thus,
assumptions of through-the-thickness linear displacements are no longer valid.
Consequently, a cubic expansion of the in-plane displacements should be
considered to follow the correct three-dimensional behaviour. By neglecting the
transverse normal deformability, the displacement field of a third-order model
reads:

14
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ﬁ(x,x3;t) =u(x;1)+x,0(x;0) + x5’ 0(x;1) + x5 (x;7)

1.9
Uy (x,x;58) = uy (x37) (19

where o' =|w, o, |, " =|x x| are the new kinematic unknowns

related to the parabolic and cubic part of the in-plane displacements. This
kinematic field involves nine variables, resulting in a set of nine second-order
partial differential equations that should be solved. The procedure adopted by
Reddy [1,54,55] is to enforce the traction-free boundary condition on the
laminate's top and bottom external surfaces, ie.
ty(x,=%2h/2)=1,(x;=%h/2)=0.

According to this assumption, the displacement field expressed by Eq. (1.9) is
rewritten as follows:

U(x.x:0) =u(x;t) + xﬁ(X#)—%xaB (0(x;1)+aw(x:1)) (1.10)

U, (x,x;58) = u; (x31)

The quantities defined in Eq. (1.10) can be recalled from the FSDT and the
CLT. Hereafter, the displacement model identified by Eq. (1.10) is referred to as
Third-order Shear Deformation Theory (TSDT). Although its parabolic
distribution for the transverse shear strain, the transverse shear stress continuity at
the layer interfaces is not satisfied in this model for multilayered structures.
However, it is accurate enough in global quantities predictions and through-the-
thickness in-plane and stresses distributions. Moreover, the TSDT does not
require any shear correction factor due to the more accurate distribution of the
transverse shear stresses.

Although the TSDT is more accurate than the FSDT in displacements,
frequencies, buckling loads and through-the-thickness stresses, some
inconsistencies arise when this model is applied to structures with clamped edges
[56]. In such cases, due to the boundary conditions on the kinematic variables,
both the bending rotations, i.e. 0, and both the first derivatives of the transverse
displacements, i.e. ow , need to be null. As a result, null transverse shear stress
distributions and null shear forces are obtained at the clamped edges. This result is
clearly inaccurate and limits this model's application range. Furthermore, the
presence in the displacement field of the first derivative of the transverse
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displacements requires C!-continuity to approximate the transverse displacement
in finite element formulations.

A final consideration on general Third-order Shear Deformation models has
been given by Di Sciuva [57], where the author has demonstrated that a class of
polynomial TDSTs are kinematically equivalent since they can produce the same
numerical results for the displacements and global quantities, such as frequencies
and buckling loads.

1.3.1.4 Higher Order Shear Deformation Theories and non-polynomial
theories

Among the other ESL theories available and used in literature are the Higher-
order Shear Deformation Theories (HSDTs) and the non-polynomial theories.

Higher-order theories have been formulated in order to take into account the
transverse shear and transverse normal deformability. Based on Eq. (1.6) many
authors in literature have formulated their theories. In the open literature, it is
common to find the nomenclature of {m,n}-order theories where m 1is the
maximum order of expansion of the in-plane displacements and # is the maximum
order of expansion of the transverse displacement.

Recently, many authors have combined the typical displacement fields seen
before with non-polynomial functions to account for the transverse shear
deformability. The non-polynomial models can be distinguished based on the
assumed functions. In the literature framework are worthy of being cited, the
sinusoidal functions of Touratier [58], the hyperbolic functions of Soldatos [59],
the exponential functions used by Karama et al. [60] and the functions of
Sarangan and Singh [61].

The literature provided just wants to overview the existing ESL models, and
the reader is referred to the Di Sciuva and Abrate review work [27].

1.3.2 Layer-Wise (LW) models

This paragraph presents an overview of the existing Layer-Wise (LW)
models, with particular attention to the displacement-based formulation.

The Layer-Wise models (LW) have often been used to analyse multilayered
composite and sandwich structures. For these structures from the three-
dimensional elasticity, the through-the-thickness distributions of the
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displacements are typically non-linear zigzag continuous functions. This effect is
related to the transverse shear and normal mechanical properties that generate a
remarkable effect in the deformation under the applied loads in thick multilayered
composite structures. However, as seen before, the ESL theories' kinematic cannot
reproduce this zigzag effect in the displacement distributions. Moreover, less
accurate displacement fields cannot describe transverse shear and normal stresses
with the stress continuity satisfied at the layer interfaces.

Due to their independent kinematic assumptions for each layer, the LW
models could reproduce the different effects of different materials that form the
multilayered structure. Generally, the same theory could be applied for each layer
using independent variables. According to this assumption, the general
displacement field for an arbitrary k” layer of an LW model reads:

~

i

US (xx50) = Y0l P (xit) 1=1,2,3 (1.11)

p=l

where N is the total number of layers, P is the maximum order of expansion

for the i component of the displacement vector, f,”’(x,) is the p” assumed

through-the-thickness function valid for the £ layer

The most simple LW theory assumes a linear through-the-thickness variation
of the displacements in each layer. Once each layer's kinematics is chosen, the
displacement continuity is enforced at each interface. Generally, the transverse
shear and normal stresses might still be discontinuous; however, their continuity
could be enforced in the LW formulations to increase further the model's
accuracy.

In the literature framework, Carrera [62] has formulated an LW model that
can be applied to finite element formulations by involving a hierarchical scheme.
The Carrera Unified Formulation (CUF) has been used by many authors [63—70]
to investigate the structural behaviour of multilayered composite and sandwich
beams/plates and shells. In the framework of CUF, Demasi [71-73] has further
generalized the CUF formulating the Generalized Unified Formulation (GUF) in
which each displacement variable has a different order of expansion by enabling
more importance to some variables than others. For a more detailed overview of
the CUF and other developed LW models, the interested reader is referred to the
book of Petrolo et al. [74]. Furthermore, other interesting and more general works
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related to the LW theories are assessed in Reddy’s book [1], Abrate and Di
Sciuva’s book chapter [75] and Li’s review article [76].

Generally, these models are often more accurate than the ESL ones due to the
layer-wise approach that is able to accurately describe a more complex
distribution of the displacement in laminated structures. However, the main
obstacle of these models is related to the strong dependency of the total number of
kinematic variables on the number of layers. When the number of layers is high,
the computational cost of these models becomes prohibitive, and the advantages
of other solutions are lost.

1.3.3 Zigzag models

Historically, the first attempt to develop a simple but accurate model without
involving the layerwise theories in which the effect of the lamination scheme is
assumed a-priori in the transverse shear stresses has done by Ambartsumyan [77]
and later by Whitney [78]. Both authors started assuming an a-priori appropriate
function for transverse shear stress distributions inspired by the three-dimensional
elasticity solution. The unknown coefficients are obtained by enforcing the stress
continuity at the layer interfaces and the continuity of the displacements.

Even if the proposed models [77,78] have been revealed to be accurate
enough to the global quantity predictions, the assumed transverse shear stress
distributions have been demonstrated inaccurately predict the three-dimensional
solution. Moreover, the dependency of the displacement field from these
inaccurate distributions 1s clearly undesirable for describing the Ilaminate
behaviour correctly.

Based on the previous idea of having only a few functions that can represent
the layerwise displacement description and maintain at the same time the model
simplicity, a new group of structural theories has been proposed in recent years.
The ZigZag Theories (ZZTs) take some of the best properties of the ESL and LW
models. Generally, these theories are formulated using a limited number of
unknown kinematic variables, such as the ESL theories, but the displacement field
is enriched with a finer layerwise description given by the “zigzag” functions.

The assumed displacement field of a zigzag model can be seen as a
superposition of two main contributions: the first is a coarse representation of the
global laminate behaviour, and the second is a local (layer-scale) refinement
represented by the zigzag functions. The zigzag functions are only dependent on
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the transverse thickness coordinate, whereas the dependency of the other
directions has given by the zigzag amplitudes or zigzag rotations. A typical
representation of the displacement field of a ZZT in which the transverse
displacement, for the sake of simplicity, is assumed to be constant, is represented
as follows:

ﬁ(k)(X,?%;l) =u, (x,x;50) +ul (x,x,30) k=1,..,N

(1.12)
U (x,x350) = uy (x37)

where ul" (x,x;;¢) = % (x;)y(x;¢) k=1,..,N is the definition of the local
displacement refinement. Moreover, “'(x,) are the zigzag functions and y (x;7)

the zigzag amplitudes or zigzag rotations.

The selection of the zigzag functions is important to represent the
multilayered structure's response better. Therefore, the developed model could be
more or less accurate depending on the hypothesis or the assumptions behind the
zigzag functions formulation.

In the following paragraphs, some of the most important zigzag theories
available in the current literature are recalled.

1.3.3.1 Di Sciuva’s Zigzag Theory (ZZT)

Chronologically, Di Sciuva proposed the first zigzag model able to investigate
the behaviour of multilayered composite and sandwich structures. In the middle of
the ’80s, he proposed a new displacement model [79—82] in which a first-order
kinematic has been superposed with a through-the-thickness piecewise continuous
function, i.e. the zigzag functions. By assuming as the reference plane the bottom
external surface of the laminate and neglecting the transverse normal
deformability, the assumed kinematic field of Di Sciuva’s ZZT reads:

=~

(—1
UY (xox0) =u(xt) + 30 (x30) + D (3 = x, )W, () H () k=1....

i

N
(1.13)

U (x,5x530) = uy (x57)

where H, is the Heaviside unit function and y, (x;¢) =a, (0(x;¢)+0ow(x;t))

. The constant matrix a,is obtained by enforcing two conditions: the former is

related to the transverse shear stress continuity that is ensured at each layer
interface across the whole laminate thickness; the latter condition assumes that the
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zigzag functions are null across the entire bottom layer. These two sets of
conditions can fully define the zigzag functions.

A typical example of one of Di Sciuva’s zigzag functions
k=1

(¢g§z (%)= (% —xy )ay, H, (x3)J for three-layered structures is represented in
i=1

Figure 5.

X3A

k=3 //

o) (2)

Y

Figure 5: Local through-the-thickness displacement contributions using Di Sciuva’s
zigzag function for a general three-layered beam structure.

Due to the kinematic field and zigzag function formulations, the in-plane
displacements are able to reproduce the typical ‘“zigzag” distribution of
multilayered structures by involving only five unknown variables (the same
number of the FSDT). Moreover, the through-the-thickness transverse shear
stresses continuity is guaranteed, although the transverse shear stress functions are
constant across the whole thickness, unable to satisfy the null values at the bottom
and top surfaces. It has been demonstrated in Refs. [83,84] that the transverse
shear stresses obtained from integrating local equilibrium equations are more
accurate than the other ESL theories.

The kinematic field of Eq. (1.13) has been further extended by Cho and
Parmerter [85,86] and Di Sciuva [87], considering a through-the-thickness cubic
variation of the in-plane displacements. In Ref. [88], the ZZT has been extended
and applied to shell structures. Furthermore, Di Sciuva [89] has generalized his
77T, including the in-plane nonlinear elastodynamic behaviour of multilayered
anisotropic plates with the possibility of considering interlayer slips. Finally, it
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has been remarked in Ref. [89] that the previous models could be considered a
particular case of the last general one.

Based on Di Sciuva’s zigzag model, Icardi [90,91] has further increased the
complexity of the previous kinematics to investigate the three-dimensional
behaviour of thick structures, including the transverse normal deformability. By
adding higher-order terms in global and local contributions for the in-plane and
transverse displacements and enforcing the transverse and normal stress
continuities, the formulated model has demonstrated to reproduce the behaviour
of multilayered composite thick structures accurately.

It is important to remark that the zigzag functions chosen in these models can
satisfy the continuity of the transverse shear stresses and, at the same time, the
transverse normal stress continuity. As a matter of fact, the coefficients that define
the zigzag functions are strongly related to the transverse material properties,
which is an important effect in such structures.

One drawback of Di Sciuva’s ZZ model is easily noted by looking at the in-
plane displacements in Eq. (1.13). It appears the first derivatives of the transverse
displacement with respect to the in-plane axes; thus, in finite element formulation,
a C'-continuity, such as CLT-based elements, is required for the shape functions
that interpolate the transverse displacement. Moreover, this model suffers from
the same inconsistencies as the TSDT, i.e. the inability of the model to correctly
predict the transverse shear stress distributions and the shear force resultants at the
clamped edges.

1.3.3.2 Murakami Zigzag Theory
Similarly, Murakami [92] has proposed a new laminated plate theory that

includes linear zigzag functions as local contributions of the in-plane kinematics.

In Murakami’s model, the zigzag functions have a linear piecewise
distribution with changes in the sign of their slopes across the layer interfaces. To
simplify the zigzag slopes definitions, they are not dependent on the material
properties. In fact, their values alternatively vary from -1 to +1.

According to Ref. [92], the displacement field reads:

u® (x,x350) =u(x;0) + x,0 (x;7) + [(—l)k §(k)(x3)}\|l(x;t) k=1,..,
U (x,x558) = uy (x51)

N
(1.14)
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where the zigzag function is represented by the term 4t =[(_1)k é:(k)(XS)iI, in

2x;,
Q)
typical Murakami’s zigzag function.

which &% (x,) = is the local layer transverse coordinate. Figure 6 reports a

-1 R
k=3
X1
k=2 i1, @)
k=1

Figure 6: Through-the-thickness representation of Murakami’s zigzag
function, ¢\,),(x,), for a three-layered beam structure.

A further enhancement is developed later by Toledano and Murakami [93]
involving the RMVT. This model has demonstrated to accurately describe the
kinematics of periodic laminated structures with respect to the three-dimensional
elasticity solution. However, some inconsistencies and inaccuracies arise when
these models are applied to structures with non-periodical laminations, as
Gherlone shows in Ref. [94]. As a matter of fact, Di Sciuva’s zigzag functions are
physically consistent since they are formulated by enforcing the transverse shear
stress continuity at the layer interface and the conditions on the in-plane
displacements in the first layer. Instead, Murakami’s zigzag functions are periodic
functions, insensible to the changes in the transverse material properties, which is
an important effect in the transverse shear stress continuity when the kinematic
model is applied to more general lamination schemes.

1.3.3.3 Other zigzag theories

In the current literature, other zigzag models have been formulated to
investigate the structural behaviour of multilayered composites and sandwich
structures. In Averill’s zigzag model [95] to the first order kinematics, it has been
superposed a zigzag contribution in the in-plane displacements. The zigzag
functions are obtained by a partial through-the-thickness continuity of the
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transverse shear stresses at the layer interfaces. In order to enforce the total
continuity of the transverse shear stresses in a limiting sense, a penalty term has
been added in the governing functional. With respect to Di Sciuva’s Zigzag
model, Averill’s model [96,97] requires only the C’-continuity of the shape
functions that interpolate the quantities since the first derivatives of the transverse
displacement are not involved in the in-plane displacements. Moreover, the
penalty term added in the functional could be seen as an alternative condition that
respects Di Sciuva’s ZZT enforcement of assuming the first layer as the reference
for the transverse shear stiffness. However, the same physical inconsistencies
arise in clamped boundary conditions, i.e. all the unknown variables vanish, and
both shear stress and strains are null, whereas the shear force is expected not to be
null.

In the CUF/GUF models framework, Murakami’s zigzag functions have been
added [98-101] to improve the prediction capabilities without increasing the
complexity. However, the improvements are shown to be less accurate in
multilayered structures in which the lamination schemes do not satisfy the
periodicity prescribed by Murakami.

Among the model derived by Di Sciuva’s original kinematics, in Icardi and
Sola’s model [98,99], the effect of zigzag representation is adapted to the solution
thanks to a reformulation in which appropriate variables substitute the quantities
derived. Using symbolic calculus and an energy-based method, the author
achieves high-order quality solutions for analysing thick multilayered composite
plates. The proposed model named adaptive-zigzag (AZZ) [100] has been further
extended by Icardi and Urraci [20,101,21,22] using the mixed formulations, i.e.
Hu-Washizu and Hellinger-Reissner functionals. Even if these last models have
been demonstrated to be very accurate for some applications, due to their
complexity and computational cost are not considered in this thesis. The interested
reader is addressed to the theses of Sola [100] and Urraci [22] for a more
comprehensive dissertation on these models.

1.3.3.3 The Refined Zigzag Theory (RZT)

In the early years of the 21st century, Tessler and co-workers [102,103]
formulated a new zigzag model that takes into account the Di Sciuva and Averill
inconsistencies and has been able to study the behaviour of multilayered
composite and sandwich beams/plates. The new Refined Zigzag Theory (RZT)
starts from the assumption of first-order kinematics for the global contribution of
the displacement field. The local contribution for the in-plane displacements is
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given by appropriate piecewise through-the-thickness continuous linear functions
with the constraint of being null at the top and bottom external surfaces.
According to the formulation of RZT [104], the zigzag slopes are obtained by
partially fulfilling the transverse shear stress continuity at the layer interfaces.
According to these hypotheses, the displacement field reads:

U9 (x,x30) =u(x;0) + 5,0 (x:0) + 9 (x)w(x;¢)  k=1...N

(1.15)
Us® (x,x531) = uy (x51)
where
" (x) 0
(P(k)(x3)={ (RN “© (1.16)
0 ¢ (x3)

k
with 41 00) = 0 =x GBS + 20 (B = B and

q=1

ch * _ %

() = %—1 and S e —1. G, and G, are the weighted-average
1 2

transverse shear moduli computed according to Ref. [104].

A typical through-the-thickness representation of one of the refined zigzag
functions is shown in Figure 7. More specifically, it is reported

B (%) = 4 (x).

A X3
k=3
=2 /" 5 e
k=1
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Figure 7: Through-the-thickness representation of the refined zigzag function,
#ior(x,), for a three-layered beam structure.

The potentiality of RZT relies on its zigzag functions, as demonstrated by
Tessler et al. [105]. The authors have applied the RZT kinematics in analysing a
homogenous plate without using any shear correction factor. Using an appropriate
through-the-thickness small parabolic variation of the transverse shear moduli, the
RZT has reproduced the parabolic shear strain and stress distributions consistent
with the three-dimensional elasticity. Similarly, Iurlaro et al. [106] has applied the
RZT to the functionally graded structures demonstrating great accuracy in
displacement predictions and through-the-thickness stress distributions, buckling
loads and natural frequencies of plates under different boundary conditions.

As stated before, for Murakami’s zigzag model, Gherlone [94] has deeply
investigated the role of the zigzag functions in the kinematics of RZT. It has been
pointed out that the zigzag functions formulated according to the RZT formulation
could significantly improve the displacement and stress predictions since they
consider the variation of the shear laminate properties. On the contrary, the
Murakami model does not include this effect in its zigzag functions. Moreover, in
Ref. [94], the effect of external weak layers (EWL) has also been studied in order
to improve the zigzag performances and the predictability of the RZT.

Since the RZT formulation requires only C’-continuity in the governing
functional, it is possible to formulate simple but accurate finite elements. The
interested reader is referred to Gherlone and co-workers [107,108] and Orate
[34,109] for beam elements, to Ejio et al. [110] and Versino et al. [111,112] for
plate/shell elements.

The RZT has also been used in conjunction with the peridynamic differential
operator to solve the equilibrium equation by the effect of possible discontinuities
in the structure domain. As a result, Dorduncu [113] has obtained an accurate
model for highly heterogeneous beam structures. Based on the results for beam
structures reported in Ref. [114], the procedure has been extended to sandwich
structures with functionally graded cores, revealing a good accuracy in the static
predicting response.

One of the main advantages of the RZT is the accuracy without introducing a
shear correction factor. Like the FSDT, the RZT presents a through-the-thickness
piecewise transverse shear stress distribution. It is evident that by integrating the
local equilibrium equations, continuous distributions of shear stresses could be
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obtained, but those computed by the RZT are closer than the others with respect to
the three-dimensional solution.

In the framework of the RZT-based model, the RMVT has also been applied
to derive the governing equations of RZT beams and plates. In Tessler's first
work [115], the mixed-RZT (RZT™) has been formulated for beam multilayered
structures. According to Ref. [115], the RZT™ assumes a-priori a trough-the-
thickness distribution of the transverse shear stresses. The assumed functions
derive directly by integrating the local Chauchy’s equilibrium equations using the
in-plane RZT stresses under the hypothesis of cylindrical bending. Implicitly valid
for beam structures, this condition is necessary for plates, as pointed out in Iurlaro
et al. [116]; otherwise, the mixed model has been demonstrated to be less
accurate. In fact, the main issue relies on the governing functional, specifically in
the compatibility condition between the transverse shear strains from the
displacement field and those obtained from the assumed stresses. This condition
tries to enforce the congruence between a through-the-thickness piecewise
continuous parabolic function and a piece-wise, not continuous one, which is
impossible. If more stress variables in the transverse stress functions are
considered, more inaccuracies arise due to the mathematical over-fitting problem.
Thus, the cylindrical bending condition has been chosen as the best compromise
to achieve a good transverse shear stress representation with a limited number of
terms in the assumed functions. One of the main advantage of the RZT™ is that
the governing equations are exactly the same of the RZT via PVDs. Moreover, the
same formulated finite elements could be used to investigate the structural
responses of beams/plates/shells.

Using the RZT™, Gherlone [117] has investigated the role of the adhesive
layer in the static response of sandwich beams, respectively. Moreover, Gherlone
[118] has formulated a class of efficient tree-node and four-node plate finite
elements for the elastodynamic analysis of multilayered composite and sandwich
structures. In Ref. [127], the RZT flat elements have been enhanced with two
more degrees of freedom to study shell structures not included in the displacement
formulation, i.e., the drilling rotation and drilling zigzag rotation. Similarly, Kefal
et al. [119] have implemented a beam element based on the RZT™ in conjunction
with the iso-geometric analysis.

Based on the Hellinger-Reissner functional, Kutlu and co-workers [120,121]
have presented a novel mixed-RZT analysing multilayered beams and plates.
Despite the higher number of variables used in Kutlu’s models [120,121] than the
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RZT™), the high accuracy in stress predictions has been shown even for laminates
with several layers and loading conditions.

Groh et al. [122] have applied the RZT to investigate the effect of
delamination in laminate composite by introducing a fictitious layer with quasi-
null mechanical properties. Later, Groh and Tessler [123] successfully applied the
RZT™ to analyse multilayered composite and sandwich beams with delamination
in the lamination stacking sequence.

In sandwich structures, the effect of transverse normal deformability should
not be neglected. The effect of transverse normal deformability has not been
considered in the previously proposed formulations, focusing more on a better
representation of the transverse shear deformability. Barut et al. [124] presented a
further enhancement of the RZT in which a quadratic through-the-thickness
variation has represented the in-plane and transverse kinematics, while the effect
of transverse normal stress has been assumed as a smeared cubic variation in the
thickness coordinate. The kinematic variables have been linked to the stress
unknowns in the transverse normal distribution using the least-square statement.
Then according to the PVDs, the governing equations have been obtained. It
results in a simple but accurate model that is able to include in the RZT the
transverse normal deformability. The same authors later made a further
comparison using triangular finite elements based on the previous higher-order
RZT model [125], revealing its accuracy in displacements and stress predictions.
Dorduncu et al. [126] have used the {2,2}-RZT in the dynamic analysis of free
and forced vibrations of laminate plates.

By using a higher-order kinematics applied to the RZT, Groh and Weaver
[127-129] have formulated a mixed model based on the Hellinger-Reissner
functional. The assumed transverse shear stress functions are assumed directly
from integrating local equilibrium equations without involving the cylindrical
bending assumption. In Groh and Weaver’s model, the interesting aspect is the
derivation of the transverse normal stress field directly by the assumed transverse
shear stress by integrating Cauchy’s transverse equilibrium equation, but in the
displacement field, the transverse displacement component is still through-the-
thickness constant.

Recently, Turlaro and co-workers [130] have proposed a mixed cubic model
based on the RZT incorporating transverse normal deformability. The zigzag
contribution is superposed to third-order in-plane kinematics, while the transverse
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displacement is a smeared parabolic function that interpolates top, bottom and
average transverse displacement values. The transverse normal deformability
assumes a-priori as a cubic function that satisfies the top and bottom stress
tractions, and the transverse shear stress distributions are a-priori functions
obtained by integrating Cauchy’s equations under the cylindrical bending
assumptions. Using the RMVT, the variables of the new stress fields are related to
the primary kinematic variables and the governing equations and consistent
boundary conditions are obtained. This model, named RZT™,,, has
demonstrated to accurately describe the static behaviour of thick multilayered
composite and sandwich structures [131,132]. Moreover, its formulation requires
only C’-continuity, and the limited number of kinematic variables makes it
computationally less expensive. For a more detailed discussion on the RZT3,,™
outcomes, the reader is referred to Iurlaro’s thesis [132]

Despite these positive aspects of the RZT model, some negative aspects are
encountered. The first one has been highlighted by Krejia and Sabik [133], i.e. the
inability of the RZT to investigate a class of laminates characterized by the same
absolute value of the lamination angle for all the layers. These laminates, often
called angle-ply, are quite used in the aerospace industry. The authors highlighted
that the RZT or RZT™), as it has been formulated, cannot investigate the
behaviour of angle-ply multilayered plates since both zigzag functions are
through-the-thickness null.

As Tessler et al. [143] showed in quasi-isotropic and angle-ply laminates, the
weighted-average transverse shear stiffness coefficients are the same as the
transformed transverse shear stiffness coefficients. More specifically,

G, —)éﬁ), G,— Cg;‘) (k=1,...,N); thus, also the zigzag functions are required to

vanish.

Obviously, this unlikely and undesirable effect is obtained for homogeneous
monolayer plates, but in this case, it can be easily managed to adopt the strategy
suggested by Tessler et al. [134] by using an appropriate variation of transverse

shear properties. Other cases are multilayered symmetric [+Y/—Y/+Y] and
anti-symmetric [+Y/ —Y] angle-ply laminated plates. Kreja and Sabik [144]

found that this entails the singularity of the stiffness matrix, regardless of the
solution method adopted (Navier-type solutions, approximate Ritz and Finite
element method).
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Moreover, it is clear from the three-dimensional solutions, see Ref. [13], that
the zigzag effect is still present for these laminates. In order to overcome this
issue, Krejia and Sabik [133] have slightly modified the lamination angle to use
the RZT formulation and provide a solution. However, if this aspect could provide
a solution for global values like displacements and frequencies, it cannot correctly
describe the trough-the-thickness distributions of shear stress. Moreover, the
assumption of cylindrical bending, as it has been used to formulate the RZT-
mixed model to avoid the inconsistencies of transverse shear stress distributions,
is no longer valid for angle-ply laminates. In fact, Pagano's work [5] has shown
the strong influence of transverse shear coupling in anisotropic multilayered
structures, such as symmetric and anti-symmetric laminates.

1.4 The novelty of this work

In this context, this thesis aims to provide an accurate and complete
mathematical zigzag model that can overcome the issues encountered in the
previously cited models. The work has been conducted according to the following
steps:  model formulations, numerical assessments and experimental
investigations. More specifically, the main objectives of this research work are:

a. to extend the Refined Zigzag Theory to the analysis of more general
structures, including angle-ply and general lamination schemes that in
previous formulations are not considered due to the incapacity of
computing the zigzag functions. For this problem, Kreja et al. [133]
provided a partial solution, numerically valid; however, it is intended in
this dissertation to enhance and provide a more complete and variationally
consistent approach to this problem;

b. to include the transverse normal deformability, generally included only in
a limited number of zigzag models and with expensive computational
costs. Moreover, to increase the through-the-thickness predictions of the
transverse shear stresses in multilayered structures with a general
lamination scheme via a mixed model that overcomes the limitations
related to the cylindrical bending assumptions;

c. to formulate accurate and simple finite elements for the static and
dynamic analysis of sandwich beam structures, including the new
variational formulation for the transverse normal and transverse shear
stress distributions;
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d. to validate the previous models experimentally and provide new results
for static and dynamic analysis of sandwich beams which are barely
reported in the current literature.
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The enhanced Refined Zigzag
Theory

As highlighted in the previous chapter, the Refined Zigzag Theory (RZT),
formulated both by using the PVDs [135] and the RMVT [131], has been
demonstrated to be unable to investigate general laminate structures such as
multilayered angle-ply laminated structures. It is worth noting that the RZT and
RZT™ have been used by Kreja and Sabik [133] to investigate the bending of
simply-supported multilayered plates, with particular attention on the analysis of
angle-ply antisymmetric multilayered plates. The approach proposed in Ref. [133]
is to perturb the orientations slightly, thus allowing the classical RZT to model
angle-ply laminates. Notwithstanding that the method provided by the author is
numerically admissible, this thesis intends to provide a more coherent and
variationally consistent structural model according to the three-dimensional
elasticity solution for these general lamination schemes.

In this Chapter, a new enhanced model based on the Refined Zigzag
kinematics is formulated to analyse composite multilayered composites and
sandwich plates with more general lamination schemes. In the next Sections, the
theoretical background to understand the motivation of this new formulation is
presented. The new displacement field is presented in detail, and the enhanced
zigzag functions are formulated according to the RZT procedure. Moreover, the
governing equations and the consistent boundary conditions of the newly
developed model, the enhanced Refined Zigzag Theory (en-RZT), are derived
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using the dynamic version of the Principle of Virtual Displacements, i.e. the
D’ Alembert equations.

This new model can consider the effect of transverse shear coupling by the
new set of enhanced zigzag functions in the zigzag kinematics.

Some of this Chapter's contents have been subject to publication in
International Journals or presented at International Conferences. More
specifically, the formulation of the enhanced Refined Zigzag Theory (en-RZT)
and the numerical assessment for the linear static behaviour has been done in Ref.
[136]. Furthermore, the extension of the enhanced-RZT to the free-vibration study
of multilayered composite has been presented to the 19th International Conference
of Numerical Analysis and Applied Mathematics (ICNAAM 2021), and the
stability analysis using the Ritz-Method has been reported in Ref. [137].

2.1 Theoretical background

In the literature framework, the effect of transverse shear coupling in
multilayered angle-ply structures has been studied by Pagano [5] by providing an
exact three-dimensional solution for the static cylindrical bending of these
laminates. It has been shown in such cases that the effect of the transverse load is
able to influence the structural response also in the other in-plane transverse
direction, not only in the longitudinal one.

This coupling effect has been studied since the late 50s by Ambartsumyan
[77] in the static analysis of anisotropic multilayered plates. In Ambartsumyan’s
model, a refinement of the Classical Plate Theory with the inclusion of the
transverse shear deformability, the effect of different material anisotropy has been
considered. By assuming a-priori, a transverse shear stress distribution for each

component, 1.e. 7,5, 7,;, the corresponding transverse shear strains, 7,5, 7,; are

coupled due to the material anisotropy effect. The in-plane displacements are then
obtained by integrating the transverse shear strains in which the coupling effect is
present. However, as highlighted in Chapter 1, Ambartsumyan’s model suffers
inaccuracies due to the a-priori parabolic through-the-thickness transverse shear
stress functions.

Later, in Di Sciuva’s Zigzag Theory (ZZT), the effect of transverse shear
coupling in anisotropic multilayered structures was observed differently. As
reported in Ref. [81] and in Chapter 1, the zigzag contribution in the displacement
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field of Di Sciuva’s ZZT is characterized by the satisfaction of transverse shear
stress continuities at the layer interfaces. In general, for a multilayered anisotropic
laminate with arbitrarily oriented layers, the displacement field can be expressed
as follows:

=

U, (X,x3) = u(x) +Xx; (7’13 (X) —W; (X)) + (ak713 + Ck723)(x3 - xsg‘))H(% - x}isp)

=

=
L

U, (x.5) = v(x)+x, (7’23 (x)—w, (X)) +2.(d7s +bk7z3)(x3 - x355,k))H(x3 - xsﬁek)) 2.1)

Uy (x,x;) = w(x) =

=

where a,,b,,c,,d, are constant depending only on the mechanical properties

of the various layer. It is worth noting in Eq. (2.1) the explicit dependence of the
in-plane displacements by the transverse shear strains. Moreover, the effect of
transverse shear stress coupling in enforcing the transverse shear stress continuity

is clearly evident from the c,,d, coefficients. The superiority prediction
regarding through-the-thickness displacements and stresses, fundamental
frequencies and buckling loads of the ZZT, especially for the multilayered

anisotropic multilayered plates, has been demonstrated by works of the same
author [80,84,87,138].

Similarly, Cho and Parmerter [85,86] have reached the same conclusions as
Di Sciuva’s model in the transverse shear coupling effect described in the in-plane
displacements due to the transverse shear anisotropy.

Moreover, Shu and Soldatos [139] have investigated the cylindrical bending
of angle-ply laminates with different boundary conditions. Starting from a similar
kinematics of a ZZT and under the cylindrical bending hypotheses, the
displacement field, as reported in Ref. [139], reads:

U, (xl,x3) = “(xl)_ X3W3 ('xl)+ @, (x3)u, ('xl)
Uz(xlsx3)=V(x1)+§”z(x3)“z(x1) (2.2)
U3(xl,x3)= w(xl)

where the functions @,(x;) and @,(x;) are derived by the three-dimensional

local equilibrium equations. Notwithstanding the good results provided in Ref.
[139], the solution of Shu and Soldatos can be obtained only under the hypothesis
of cylindrical bending of the structure, which is not applicable to more general
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cases. A further generalization to the plates structures has been made by Messina
and Soldatos [140], where the effect of transverse shear coupling has been
guaranteed by two conditions: the inclusion of two more global shape functions
which are determined a-posteriori satisfying the transverse shear stress continuity,
and the coupling of the in-plane displacements using two related unknown
variables. The proposed model in Ref. [142] involves the same number of
variables and continuity conditions of Di Sciuva’s ZZT to define the global shape
functions. The work of Kim and Cho represents another example in the literature
framework regarding the transverse shear coupling [141] in which the first-order
kinematic has been enhanced with third-order zigzag functions, similar to the
higher-order zigzag model of Ref. [89]. The accuracy of the first-order model has
been increased in a least square sense with the three-dimensional theory.

In Loredo’s model [142], a new set of through-the-thickness functions, named
warping shear functions, has been formulated to predict both the transverse shear
deformability and the transverse shear coupling typical of anisotropic plates.
These functions are formulated using an energetic variational approach without
any a-priori assumption on their shapes. However, they provided a system of
partial differential equations that is able to compute the warping faction only for
very few cases. Based on these considerations, Loredo and Castel [145] have
reformulated the previous model to provide an accurate solution for more general
lamination cases. Loredo and co-workers have dedicated many efforts to the
warping functions definitions, relative assessments and comparisons, attested by
the published works [143—145]. It is highlighted that the model's accuracy is
inherent to the warping function definitions, not only in the model's kinematics.

It is, therefore, evident how the role of appropriate through-the-thickness
shape or warping functions plays in the correct evaluation of the transverse shear
coupling in the multilayered laminate response when anisotropic materials are
considered in the lamination. Moreover, Di Sciuva’s Zigzag model has been
considered an inspiration since it can provide the necessary information regarding
how to enhance the zigzag contribution of the Refined Zigzag Theory to consider
the transverse shear coupling.

Based on the generalization of the original Di Sciuva’s ZZT in conjunction
with the formulation of the zigzag functions of RZT, a new set of warping shear
functions for the RZT kinematics is defined in the following.
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2.2 Geometrical preliminaries, displacement field, strains
and stresses

2.2.1 Plate notation

In this paragraph, some basic notations related to the zigzag plate model are
recalled. It is considered a multilayered flat plate of N perfectly bonded
orthotropic layers. The coordinate system is taken as reference where the

thickness coordinate x, ranges from —4/2 to +h/2. In Figure 8, Q is the

middle reference surface and I is its perimeter. Moreover, in Figure 8 the
kinematic variables and their positive verse are also reported according to the
Cartesian coordinate system. Finally, the reader is referred to the preliminary
section for a more detailed overview of the other quantities (geometry, loads and
layer notations).

Figure 8: Plate coordinate system and kinematic variable representation.

2.2.2 Kinematic assumptions of the enhanced Refined Zigzag
Theory

The enhanced Refined Zigzag Theory (en-RZT), following the standard RZT
kinematics [135], is based on the superposition of a Global (G) first-order
kinematics and a Local (L) layer-wise correction of the in-plane displacements.
The global contribution is a through-the-thickness linear function that does not
depend on the laminate properties. The local contribution is a through-the-
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thickness piecewise linear function of the transverse coordinate x; with jumps in

the first derivatives across the interfaces between two adjacent layers.

Such as done in the standard RZT model, the transverse normal deformability
is neglected in enhanced Refined Zigzag Theory, i.e. &;=0; thus, the transverse

deflection is considered uniform along the whole laminate thickness.

According to these assumptions, the enhanced RZT displacement field reads:

U9 (Xr) = (Xst) +a"Y (X;1) 23)
U (Xst) = w(xit)
where,
i (X:1) =u(x;0)+ x0(x:1) 2.4)

1Y (Xit) = 0" (x,)w(x31)

Furthermore, in Eq. (2.4) the expressions of the various contributions read:

s er LR Wrl TR R

A #(x) 4P(x) v, (x;1)
(k) _ . . _
¢ ("3’{ O(x,) ¢;§)<x3>}’ “’("”)‘{wz(x;z) (20)

In Eq. (2.5) u(x;¢) and O(x;¢) are the global in-plane uniform displacements
and rotations of the normal to the reference plane about the positive x, and the
negative x, directions, respectively; w(x;t) is the wuniform transverse
displacements; y(x;?) denotes the matrix of the unknown zigzag rotations of the
0" (x,) zigzag functions, these last being assumed piecewise linear functions

through-the-thickness, vanishing on the top and bottom surfaces of the plate, i.e.
0V (-=h/2)=0" (+h/2)=0.

The kinematic field of the en-RZT involves only seven kinematic variables,

like the standard RZT, but it involves two more zigzag functions that should be
considered in the zigzag formulation.
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The en-RZT differs from the RZT in the @"“’(x,) matrix expressed in Eq.

(2.6), in the off-diagonal terms. In the en-RZT, since the transverse shear coupling
is included in the model, the in-plane local displacement contributions due to the
zigzag rotation are coupled. For the sake of clarity, it is here reported the same

9" (x,) matrix, according to the standard RZT kinematics:

k ﬂ(k)()%) 0
(P( )(x3) :{ 0 ¢2(k)(x3):| (2.7)

Moreover, the first derivatives of the enhanced zigzag functions from Eq.
(2.6), i.e. the zigzag slopes, according to the RZT notation, read:

59" (x)) ["” fz“}

(k) (k)
ax3 21 22

B (xy) = (2.8)

It is obvious that due to the zigzag function definition, Eq. (2.8) , the through-
the-thickness zigzag slopes are piecewise constant functions with jumps at the
interfaces. Therefore, the zigzag slopes are defined in the next section according
to the RZT procedure.

2.2.3 Strains and stresses relations

Consistent with the linear strain-displacement relations introduced in the
preliminaries, the en-RZT strain components read:

UM (x,x,; e (x,x;50)
% (x,x;50) = U;kz X, X5 =< &y (X, x451)
)] 7 (%xge) (2.9)

Uiy (% x350)
(%, x35t)
U (x,xi0) + U (x (
Dby | 8 4 |
U23(X X35 ) 32(X X35 ) V3 (X x3>)
By taking into account the enhanced RZT kinematics, i.e. Egs. (2.3)-(2.6), Eq.
(2.9) can be rewritten:

e (X, x551) =, (X51) + 1,8, (X51) + @Y (xy e, (X5)

(2.10)
vﬁ’”(, £) =" (%) +BY(xw(x:t)
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where

)]
| 2.11)

XZ):L'//m(X;t) v, (X31) V/l,z(X;t) VIZI(X;t)J

) ¢1(1k)(x3) ko ko ¢1k)(x3) 2.12)
®V(r)=| 0 g0 #x) 0

¢2(f)(x3) ¢12k)(x3) ¢1(1k)(x3) ¢2(§)(x3)

YO (x:t) = {7{2( ’ )} - {6’1 (re) e, (X;t))} _o(ni)row(x)  (2.13)

rO(xst)] |6 (xst)+w, (x5t
and ow’ (x;7) =|_w,1 (x;1) w, (x;t)J.

As usual in plate theories applied to thin and moderately thick structures, the
transverse normal stress is neglected, i.e. 0;; = 0. According to this assumption,

the linear elastic constitutive relations are written as follows:

o' (x,x;5¢) = é;")s(") (x,x;5¢)

) (2.14)
9 (x,x5) = COy® (x,x,50)
where
ol (x,x531)
(")(x xyt) =40 (x,x;5t)
71y’ (%, x351) (2.15)

T(k) X.X,.
- >{§ ;}

are the in-plane and the transverse shear stresses, respectively. Moreover,
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(k)

(
(
(

11 12 16
C;k) = v12 v22 vze (2.16)
v16 v26 vee
)
CH = { o j‘s} (2.17)
45 ©ss

As highlighted in the preliminary section, Eqs. (2.16) and (2.17) are,
respectively, the in-plane reduced and transverse shear elastic stiffness
coefficients of the k” layer expressed in the plate axes.

2.2.4 Derivation of the enhanced zigzag functions

In the following, the enhanced zigzag functions are constructed using the
typical procedure adopted by the standard RTZ but applied to the new set of
functions.

The ingredients of the zigzag formulations involve the expression of the
transverse shear strains and stresses. For the sake of clarity, they are here briefly
recalled in a simplified version:

(k) _ A,(0) (k)
t —'Y +ﬁ \V

. (2.18)
2=y

According to the standard RZT, the auxiliary strain measure vector is
introduced here:

n(x;t)=v" (x:1) =~ w(x;r) (2.19)
where 1" (x;7) = |_771(x;t) nz(x;t)J.

By substituting Eq. (2.19) into the expression of the transverse shear strains,
see Eq. (2.18), it is possible to rewrite it in terms of the auxiliary strain measures
and the zigzag rotations:

v () =n(xs0) +(1+87) w(x:0) (220

where I stands for the identity matrix.
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Substituting Eq. (2.20) into the second Eq. (2.18), the transverse shear stresses
read:

w1 (s0)=C [+ (1489w (1) =
= Cn(x;t) + CP (T+B9 ) (x:2)

In Eq. (2.21), two main contributions can be seen: the first is related to the
auxiliary strain measure, and the second is related only to the zigzag rotations.
Since the auxiliary strain measure is only dependent on the in-plane coordinate, it
is a trough-the-thickness constant value; thus, the first contribution of the
transverse shear stresses is a through-the-thickness constant and not continuous
function, with jumps at the interfaces due to the transverse material anisotropy.
The second term depends on the zigzag slopes, which are not yet defined.
Although, according to the RZT, the interlaminar transverse shear continuity has
been only partially satisfied [135], with the reference of Eq. (2.21) , only the
second term is enforced to be continuous at the layer interfaces. It should be noted
that if the auxiliary strain measure is enforced to be null, i.e. =0

2.21)

w(x;t)=v"(x;t), the zigzag functions of the original ZZT are re-obtained since

the transverse shear stress continuity is satisfied across the entire laminate
thickness.

Based on these considerations, Eq. (2.21) can be rewritten, highlighting the
two contributions:

9 (x:1) = COm(x:t) + €O (1B ) w(x:1) =

(2.22)
=179 (x,x530) + 17 (x,x330)

t

where Tf(")(x,x3;t) = Cﬁk)(l+[3“‘))\|l(x;t) is the through-the-thickness

continuous term.

Enforcing the continuity conditions on 1) contribution at each layer
] 1 C(k) (k) — C(k+]) (k+1) : 1
interface, ie. (" (x{f)))=1"“"(x{;"), and recalling the expression of the

continuous part, it reads:

CO(1+8 )y (x:0)=CHV (T+B* )y (x:0) =Gy (xir)  (2.23)

where G is a (2x2) matrix of the zigzag weighted-average transverse shear
moduli of the whole plate. These values are independent of the layer, and the
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matrix is not diagonal for a general lamination scheme in which the coupling
transverse shear effect is present.

By solving Eq. (2.23) for B* of the k™ layer, the expression of the enhanced

zigzag slopes matrix reads:
*) — g
B =5"G-1 (2.24)

where S(k) (C(k)) is the symmetric matrix of the transverse shear

compliance coefficients of the £ layer.

Integrating Eq. (2.24) over the whole laminate thickness yields

J‘x‘;z(:)) B(k)dx3 = (P(N)(x3(1‘)) _ (P(l)(xmg)) (225)

Eq. (2.25) shows that only two free additional conditions are necessary to
determine the zigzag functions uniquely. As in the standard RZT, we exploit this
freedom by adding the condition that the local contribution is zero on the top and
bottom surfaces of the whole plate, i.e.,

0 () =0 (x5 )) = 0 (2.26)
from which (see, Egs. (2.4) and (2.6))

(P(N)(x3(T))_(P(1)(x3(B)) =0 (2.27)

and, as a consequence,

[ B, =0 228)

By considering the expression of the enhanced zigzag slopes, i.e. Eq. (2.24)
and substituting it into Eq. (2.28), yields

(k)
X3B) X3(B) X®)

[(s9G-1)dx, =0 = ( I S(")dxsj =[""1dx, (229
From which

N 1 N -1
G = (xy0) ~ Xy, )(Z (i) §Z‘B’>)S<“j =h (Z h<k>sgk>j (2.30)
k=1 k=1

41



Chapter 2 The enhanced Refined Zigzag Theory

Substituting Eq. (2.30) into Eq. (2.24), integrating over the thickness yields

(P(k)(x3) - (ng}s))) = (x3 - nglg) )(Sik)G -1 ) ( ngz)a) x5 < ng;)) (2.31)

with

k-1 k-1
(k) _ (9) (@) \ — (q9) _
X35 = Xy + Z(x3(T) = x30) =Xy ) +Zh k=2.3,.,N (2.32)
q=1 gq=1

It is easy to show that Eq. (2.31) can be cast in the following recursive
formula

0" (xy) = (%, = Xy ) (SVG - ) + ih(‘” (s -s)G
o7 (2.33)
= (3, — Xy JBY + DA (B ) (k=1,...N)
q=1

2.3 Governing equations and boundary conditions

The governing equations and the variationally consistent boundary conditions
are derived here using the dynamic version of the principle of virtual work
(D’Alembert principle).

The principle can be stated as follows (here J stands for the variational
operator):
SW,, — W, + W, =0W, (2.34)

inp in

where
t

W, = [ (o756 + 5y )ay (2.35)
14

is the virtual variation of the internal work given by the stresses;

W, =—jQ<p(k>(x3)5UTﬁ>dQ (2.36)

m
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is the virtual variation of the work done by the inertia forces. In Eq. (2.36),
p"(x,) is the material mass density; the overdot indicates differentiation with

respect to the time. Moreover,

ow.

inp

= I(Elw,léw,l + pzzw,zé‘w,z + ﬁlZW,lé‘W,Z + ﬁlzw,zaw,l )dQ (2.37)

Q

is the virtual variation of the work done by the in-plane applied loads in the
buckling mode (linearized stability equations). It is assumed that the plate is
loaded by uniformly distributed in-plane normal loads for unit length, which vary
neither in magnitude nor direction during buckling.

Normally, it is known that for general lamination plates, there is bending and
stretching coupling [2]; thus, the plate will not remain flat in the pre-buckling
state. However, as explained in Refs. [146—148], the antisymmetric multilayered
plates remain flat for in-plane compressive loads and under the edges constraints
corresponding to simply-supported and clamped cases.

Furthermore, sw, is the virtual variation of the work done by the applied

loads
Wy = [ (Pl®U + B0V )dQ+ [ (F'SU )T (2.38)
where

ﬁé)(X;t):LﬁuB)(X;t) Do (X31) ﬁ3(B)(x;t)J

P (x51) Lﬁlm(";t) Pan (X51) 53<T>(X;[)J (2.39)

are the applied surface loads on the bottom (B) and on the top (T) surfaces of
the plate; U, and U, are the displacements at bottom and top external

surfaces, respectively, and

F (x0)=|F(x1) FB(xt) F(x)] (2.40)

For the sake of simplicity, it is assumed that only the transverse load is acting
on the plate. Since the effect of transverse normal deformability is neglected, it is
irrelevant if the transverse applied load is acting on the top or the bottom external
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surface; the resultant value is considered as follows: p, = p, ) + P, - In addition,
the integration along the thickness direction shown in the previous formulas can
be performed according to the following expression
N XB(L) N x(}k_[)
<.> = ZJ.’W”(.)dx} = ZJ‘ (;)>(0)dx3 .
k=1 k=1 "5
Substituting the expression of the in-plane and transverse shear stresses (2.14)

and strain relations (2.10) into Eq. (2.35) and integrating along the thickness
direction, yields

oW, = [(N"8z, +M'5e, + M*"5e, +Q'y” + Q" y )dQ
! 2.41)

In Eq. (2.41) , the following force and moment stress resultants for unit length
have been introduced

N, M, Mfl
11 11
M}
(N;M,M¢) = N22 b M22 b sz =<(1)x3gq)(k)T)6(pk)> (2~42)
Ny | My, MLZ

{84 e

Regarding the virtual work done by inertia forces, substituting Eq. (2.3) into
Eq. (2.36), yields

(2.43)

Su'mii +5u"m"0 + Su"m{ +
W, ==[_| +66"m" i +50'm 6 +56"m s + dQ  (2.44)

+oy'm{" i + 5me;;>Té +Sy m{ N + Swm v

where the inertia resultants are defined as follows:

m(o):<p(k)>; (mm),m(n,m(m ) _ <p<k’(1,x3 X7 )> I

0

2.45
) = (k) 1 I (k)T N (K) ( )
O.m) = (p"(Lx,Le"" o

(m;O),m

Finally,
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Wy = [ (P, 6u,+m,50,)dQ+[ (FoU®)dr

with

D = Pisy T Piry 1= 1,2,3

(2.46)

M, =Xy Pucsy t X3y Pairy & = 1,2 (2.47)

Integrating by parts the governing functional, Eq. (2.34), and its contributions,
Egs. (2.35)-(2.44), the governing equations in terms of the kinematic unknowns

are obtained.

2.3.1 Static response

The equilibrium equations for the static response of the plate can be obtained
by considering, in the governing functional, only the virtual variation of the
internal energy and the work done by the external forces. Thus, the equilibrium
equations of the en-RZT expressed in terms of the resultant forces and moments

read as [136]

ou, :
ou, :
ow:
00, :
00, :
oy, :
oy, :

2.3.2 Buckling problem

N11,1+N12,2+1_71:O
N12,1+N22,2+52:O
Q1,1+Q2,2+l_73 =0
M11,1+M12,1_Q1+n_11:0
M12,1+M22,1_Q2+”_12:O
M1¢1,1+M1¢2,2_ 1¢:O
M2¢1,1+M52,2_Q2 =0

(2.48)

The governing equations for the buckling problems are obtained by neglecting
the inertial terms and the work done by the applied loads. Thus, they read as

follows [137]:
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Suy: Ny, +Np,=0

Suy: Nyyy+Np,=0

Sw: O +0,, +Bw, +Pywy, +2P,w , =0

50,: M, +M,, -0,=0 (2.49)
80,: My, +My, 0, =0

Sy, . M}, +M!,-0!=0

Sy,: M, +M},-0!=0

It should be noted that Eq. (2.49) are referred to the pre-buckling state in
which the plate is assumed to remain flat.

2.3.3 Free vibration problem

By neglecting the applied external loads or buckling loads, the governing
equations for the free vibration problem read
ou: Ny +N,,= m(O)iil +m(1)6’1 +m;?il/'/'1 +m;(1);‘:”2

. . (0)- p) (0) 0) -
ou, : Ny + Ny =m"iy+m 0, +my,\W Ly,

. — 0(0)
ow: Ql,l +Q2,2 =m U,

. (D) 2 p 1) s 1) s
00, : M, +M,, =0 =m"i,+m ‘91+m¢11‘//1+m¢12W2

. — (D ) 1) 37 1)
00,1 My, + My, =0, =m i, +m”0, +my, Y, +my,,y, (2.50)

. ¢ ¢ ¢ _ . .(0) (0) » M p O p
oy, My, +Mp, -0 = sty + 1 U, +m¢1191 +m¢12‘92 +

(2) .. (2) .
RO RRN 5

. ¢ [ ¢ _ . (0) (0) »+ M P M
oy, My, + M5, -05) = My Uy + My, +m¢12‘91 +m¢2292 +

(2) . (2) ..
tmy, W, +mpv,

Generally, the governing equations, i.e. Egs. (2.48), (2.49) and (2.50), are
completed with a consistent set of boundary conditions
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u, =u, onl, v N,n+N,n, onl'_
u, =u, onl, v Npyn+Ny,n, onl'_
w=w onl, v On+0,n, onl'_
=6  onl, v Mn+M,n, onl, (2.51)
0,=0, onl, v M,n+M,n,  onTl,
w,=w, onl, v M’n+M!n, onl',
w,=W, onl, v Mjn+Min, onl,

In Eq. (2.51) n, =cos(x,,n) are the direction cosines of the outward unit
normal n to I with respect to the « — axis, and t the unit vector tangent toI", the
boundary of Q, and oriented in such a way the (n,t,x;) form a right-handed

coordinate system, see Figure 3.

Using the definition of en-RZT stresses, i.e. Eq. (2.18), the en-RZT
constitutive relations are expressed as follows:

N=Ag, +Bg, +A’%,

M=Bg, +Dg, +B’,

M’ =A"¢ +B”g,+D%, (2.52)
Q=Ay"+By

Q’=B/y”+Dy

where the matrices of the constitutive relations are expressed as follows:

(A.B.A%)=(C (Lx,.0")):
(B¢,D¢) — <x3é;k)(p(k),(p(k)TC;k)(p(k)>; (2.53)
(A.B)=(CO(LB)): D, =(prcipt)

2.4 The Ritz method for the en-RZT

In this Section, the approximated Ritz method is proposed to solve the
linearized governing equations of the en-RZT plate model. Due to the
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mathematical difficulty of solving the governing equations analytically when
general lamination schemes, constraint conditions or applied loads are considered,
an approximated solution that transforms the differential problem into an
algebraical one is formulated here. The starting point is the D’ Alembert principle
introduced by Eq. (2.34), in which the following functions approximate the
kinematic variables:

xlaxz Zc(f)f(f) ):g(f)T(xl,xz)C(f) (254)

m=1

where f (x,,x,) denotes the general unknown kinematic variable, i.e.
u, u,, w, 6, 6,, w, and y,. In Eq. (2.54), C) are the m unknown generalized

constant that multiplies the corresponding £/ ( xl,xz) approximating function. In

the Ritz method, the admissible functions must be a complete set of at least
linearly independent and able to satisfy the geometric boundary conditions. In this
work, the admissible functions are the Gram-Schmidt orthogonal polynomials. In

the following expressions, the symbol C.; denotes the vector of the unknowns

coefficients of the Gram-Schmidt polynomials used to approximate the kinematic
variables.

Introducing the vector of the unknown kinematic variables, i.e.
&T=Lu1 u, 6 6, vy, vy, wJ,and taking into account Eq. (2.54), it yields

the following expression:

ct
Cltz

e 0 0 0

=T —— I ]

(=}

Il
(=]

> @
5

C” (2.55)
Cl//1
Cl//z
ng Cw

=2 —— T — I —
== — T — I — I — I

sym. g’

Substituting Eq. (2.55) into Eq. (2.18), the strain quantities are expressed as
follows:
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o>
I

_gTT
0

u,T

g

<

I R N I I ]

0
g,
g

0

IR I — I I — T — )

u, T

T

In a more useful matrix form

0
0
0

== — R — T — R 1

o o
S © © S © =X

o
< X

~

I I

\]
e
=%
2

~

aQ
S o o b @

T

woT
g

I — I I — R )

<

2
g

wT

OS]
=2 W

0

(of
C“z
c’
c*
CWl
C'//z
cr

(2.56)

(2.57)

By substituting Eq. (2.57) into Eq. (2.34), and taking into account that the
virtual variations are arbitrarily independent, yields the following approximated
discretized governing equations:

where

MC, +(K+2K,)Cy =P

K=[G]

Q

is the stiffness matrix;

A

B
A¢
0
0

T

B
D
B/
0
0

A¢

B¢

D¢
0
0
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000000 O
000000 O
000000 O
K;=(0 0 0 0 0 0 0
000000 O (2.60)
000000 O
00 0 0 0 0 Kk |
w r w
with kG=j{gj} {1 r”ng}dQ
a 82 Ny " ]|82
is the geometric stiffness matric and A =P, r,, = i, r, =% the buckling
11 11
load parameter;
m® 0 m" 0 ml(?;j ml(;’; 0 |
0 m® 0 0 m® m® o
m" 0 m? 0 mﬂ; mS; 0
M=[G]| 0 m® 0 m? m), mY 0 |GdQ (2.61)
T mig mhy mng o omy om0
M Moy Mg Moy My Moy 0
0o 0 o0 o0 0 0 m”]

1s the mass matrix and

P =[5 P m m 00 pJGdQ+
Q

2.62
+[|F E 000 0 F|Gdr (262

T

1s the load vector.

The discretized governing equations, i.e. Eq. (2.58), could be specialized for
free vibration P=0and K; =0, for bending analysis K;=0and M =0, for

buckling analysis P=0and M =0.
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Chapter 3

The mixed {3,2}-enhanced Refined
Zigzag Theory

In thick multilayered composite and sandwich structures, the role of
transverse normal deformability, typically neglected in most plate models, needs
to be included to guarantee an accurate prediction of stresses. Moreover, as
highlighted by three-dimensional solutions, the trough-the-thickness
displacements across the laminate section are no longer piecewise linear, but they
assume higher-order patterns.

As reported in Chapter 1, many authors have put their efforts into including
higher-order terms in their theories to represent the through-the-thickness profiles
of thick laminated structures accurately. Among the existing literature, some
examples related to how to include the transverse normal deformability in current
models are briefly recalled in the next Section. Furthermore, the use of mixed
formulations, despite introducing new variables, leads to a more accurate
representation of the stress patterns with respect to the models formulated
according to the Principle of Virtual Displacements (PVDs).

In this Chapter, a new mixed higher-order model is proposed starting from the
enhanced Refined Zigzag Theory and extended for thick multilayered composite
and sandwich structures. The involved kinematics is assumed cubic for the in-
plane displacements and parabolic for the transverse one. The number of
kinematic variables is then reduced thanks to a partial constraint condition on the
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transverse shear stresses at the laminate's top and bottom external surfaces. This
procedure provides a new set of higher-order enhanced zigzag functions.
Furthermore, the transverse normal stress is assumed a-priori as a smeared cubic
function across the entire laminate thickness. The transverse shear stresses are
through-the-thickness assumed distributions derived from integrating Cauchy’s
equations in which a new set of strain variables has been used. The variational
principle used to derive the governing equations involves the Hellinger-Reissner
functional and a new penalty term for strains’ compatibility.

The present formulation has been proposed at the 25" International
Conference on Composite Structures (ICCS25) in Porto (Portugal) [149] and
published in the Composite Structures Journal [150].

3.1 Theoretical background

In this Section, a brief theoretical background is presented to give an
overview of higher-order models and mixed formulations useful to understand this
new model's assumptions better.

In the literature background, Tessler and co-workers [151-153] have
presented the {m,n!-th model in which the in-plane displacements and the
transverse displacements are expanded as Taylor’s series of the transverse
coordinate of order m and n, respectively. In Refs. [151-153], the transverse shear
strains and transverse normal stress are also assumed as through-the-thickness
parabolic and cubic smeared functions, assumed independently from the
displacement field. Moreover, the assumed transverse shear stress functions are
able to satisfy the traction-free conditions at the top and bottom surfaces.
Whereas, according to the last Cauchy’s equation, the assumed transverse normal
stress has its first derivative null on the external laminate surfaces. A least-square
compatibility constraint is enforced between the strains derived by the two
assumed fields to reduce the number of unknown variables. Although its
simplicity, the presented model is quite inaccurate in displacements and stresses
predictions.

In Di Sciuva’s ZZT [89], the in-plane contribution of the displacement field
has been enriched with a higher-order term. A further enhancement in the zigzag
model can be found in Di Sciuva and Gherlone [154,155], where the authors
enriched the zigzag plate theory with third-order Hermitian functions to include
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the cubic variation of the in-plane displacements. One of the advantages of the
proposed model, as reported in Refs. [154,155], have represented the possibility
of including damaged interfaces and transverse normal deformability.
Furthermore, the Hermitian zigzag model [156] has also been extended, including
the sub-laminate approach to increase the predictivity capabilities of the model to
investigate the static and dynamic response of damaged and undamaged sandwich
beams. Finally, the Hermitian zigzag model and the sub-laminate approach have
been combined in a mixed version using the RMVT by Gherlone and Di Sciuva
[157,158] for the thermos-mechanical analysis, revealing the great accuracy in
displacement, stress and strain through-the-thickness predictions with a limited
number of variables. Furthermore, the contributions of Icardi and co-workers
[90,91,98,101] are worthy to be cited where both in the displacement and stresses
predictions by using mixed formulations with the aim of the Hellinger-Reissner
and Hu-Washizu formulations.

In the framework of Refined Zigzag Theory models, among the existing
attempts to include higher-order effects and transverse normal deformability to
assess the structural behaviour of thick laminated structures, is worthy of
mentioning Barut et al. [124,125] where it has been used a quadratic through-the-
thickness variation of the in-plane and transverse displacements. The normal
stress is then considered as in the Tessler’s {m,n}-models as a smeared cubic
function of the transverse coordinate. A least-square statement links the new stress
variables to ensure the transverse normal strain compatibility condition.

Later, Iurlaro and co-workers [131,132] enriched the RZT kinematics with a
set of piecewise cubic and continuous zigzag functions for the in-plane
displacements and for the transverse one with a smeared distribution which
depends on the top, bottom and average displacements. In his model, Iurlarlo
[132], such as done in Barut et al. [124], has included the same cubic assumption
of the transverse normal stress distribution that satisfies the outer surfaces' stress
conditions on the prescribed tractions. The transverse shear stresses are then
assumed as continuous functions by integrating Cauchy’s equations. The RMVT
is then used to enforce in a weak manner the transverse shear and transverse
normal strains compatibilities in order to link the variables of the assumed stress
fields to the variables of the displacement field. According to the Auricchio and
Sacco recommendations [26], related to the use of the RMVT with low-order
theories, the cylindrical bending assumption has been used in the Iurlaro’s {3,2}-
RZT™ model since problems of over-fitting for the assumed transverse shear
stresses distributions could arise.
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Similarly, Groh and Weaver [127] developed a mixed model for static
analysis of highly heterogeneous laminates and sandwich beams, in which the
linear RZT has been used in combination with the Hellinger-Reissner functional.
For the stress field, the assumed transverse shear and transverse normal stress
distribution are formulated by integration of Cauchy’s equations. It has been
revealed in Ref. [127] that the HR functional can provide an accurate description
of both in-plane and transverse stress fields with more accuracy than the
corresponding RMVT. A further extension of Groh and Weaver’s mixed model
has been done for multilayered plate structures [128,129] and curved anisotropic
beams [159]. Moreover, in the literature, Kopple and Wagner [162] and Tringh et
al. [163] are further examples of the success due to the mixed formulation using
HR functional and RZT for a more accurate prediction of stresses.

As enounced by Iurlaro et al. [116], in the mixed formulation of the RZT
using the RMVT, introducing the cylindrical bending hypothesis in Cauchy’s
equations is necessary to obtain the assumed transverse shear stress functions. The
fundamental reason for this assumption relies on the transverse shear strain
compatibility part of the RMVT, as highlighted by Auricchio and Sacco [26]. If
the assumed stresses, obtained from the integration of in-plane stresses using
Cauchuy’s equations, are described, including the in-plane shear contribution, the
transverse shear compatibility tends to be enforced in a strong manner. However,
the transverse shear strains coming from the displacement field are not generally
accurate, even for the third-order RZT model. As a consequence, inaccuracy and
inconsistencies in the through-the-thickness transverse shear distributions are
detectable even for cross-ply and sandwich plates. The strategy is to adopt fewer
unknown stress variables to describe the transverse shear stresses to prevent this
undesirable effect. In context, the cylindrical bending assumption intends to
pursue this aim. This strong but effective simplification is clearly valid for cross-
ply and sandwich plates, according to the three-dimensional behaviour. However,
for anisotropic multilayered plates in which the effect of transverse shear coupling
is not negligible leads to an erroneous description of the laminate response. It
should be noted that this problem does not arise when the Hellinger-Reissner
functional is considered, as testified by Auricchio and Sacco [26] for FSDT and
Groh and Weaver [128] for RZT.

Starting from the models that Auricchio and Sacco [26] presented for First
Order kinematics, one could be used to achieve a simple but accurate model that
considers both a higher-order variation of the displacements and transverse shear
and normal stresses. The variational statement uses the Hellinger-Reissner
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principle, where the transverse shear stresses are functions of a new set of strain
variables. A penalty term in the governing functional has been added to ensure the
compatibility between the new in-plane strain variables and those derived from
the displacement field. In addition, the penalty functional includes a penalty
parameter used to enforce the compatibility condition in a stronger/weaker
manner. The results provided by Auricchio and Sacco [26] for the transverse shear
stresses by using the FSDT for an antisymmetric angle-ply plate are encouraging
to apply this method to a higher-order version of the enhanced-RZT.

In the following Sections, a new higher-order zigzag model is presented. First,
the enhanced higher-order zigzag functions are obtained following the standard
RZT procedure that prescribes the partial enforcement of the transverse shear
stress continuity at the layer interfaces. The number of kinematic variables is then
reduced by enforcing a null value for the continuous part of transverse shear stress
at the top and bottom external surfaces. Moreover, in the formulated model, the
effect of the transverse normal stress is considered by assuming an a-priori
through-the-thickness cubic variation that satisfies the top and bottom normal
traction conditions. Furthermore, the transverse shear stresses are derived from
integrating Cauchy’s equations without using any simplification related to the
cylindrical bending assumption. Finally, the governing equations and the
consistent boundary conditions according to the mixed variational formulation are
obtained and specialized for bending and free vibration problems.

3.2 Geometrical preliminaries, displacement field, strains,
stresses and higher-order zigzag functions

3.2.1 Kinematic field, strains and stresses

The kinematic field assumption of the en-RZT considers the en-RZT

displacement field for the in-plane displacements with the superposition of
second- and third-order power-series terms of the thickness coordinate. A second-
order power-series expansion in the thickness coordinate approximates the
transverse displacement. The complete kinematic field can be represented as
follows:
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UY(Xst) =u,(X;0) +ul (X;0) o)
U, (X50) = (x51) + 2,0 (x58) + s (x51) .

where

u; (X;t) =u(x;?)+x,0(x;7) + xfx(x;t) + xé’m(x;t)

u (X;1) =0 (xy ) w(x;1) G2
_ UP (Xt
o100}
(X7 6, (x;t
s (1) - (1)
(3.3)
( .

A g (xy) 4(x) L w(xse)
y )(XS){@P %) ¢5§><x3>} "'(X’t)z{ x;

where u( ) and B(X t) are the global uniform displacements and rotations
of the normal to the reference plane about the positive x> and the negative x;
directions, respectively; \|1(X;t) are the zigzag rotations, whereas
x(x;1), o(x;t), w" (x;¢) and w® (x;¢) are the additional kinematic unknowns

that take into account the effect of the non-linear distribution of in-plane and
transverse displacements along the thickness direction.

Moreover, in Eq. (3.3) the expression of the linear zigzag functions (such as
in Ref. [136]) reads:

0V (x)) =(x —ng;))ﬁ(k)+2hm([3(‘” BY)  (k=Ll..N) (34)

(k)
ﬂll 1812

where B(k)=|: i| is the matrix of zigzag slopes, i.e.
1821 ﬁ22

B () =0(x,).
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The kinematics shown in Eq. (3.1)-(3.3) involves thirteen unknown variables
independent of the number of layers. The procedure described by Iurlaro et al.
[131] to reduce the number of variables is here adopted to condense some of the
global unknowns, thus introducing a new set of higher-order zigzag functions
expected to be piecewise cubic along the thickness direction. In the following
section, the procedure enounced in Iurlaro et al. [131] is applied here in a general
way to the enhanced zigzag functions.

The final reduced kinematic can be expressed as follows:

ﬁ(k) (x,x3;t) =u, (x,x3;t) + u(Lk) (x,x3;t)

3.5
Uy (x,2x558) = ' (x58) + x0' (x30) + 5w (x37) 3:3)
where
ug (x,x550) =u(x;1) +x,0(x;7)
(k) ) — g (O ) (3.6)
ul® (x,00550) = () (x37)
and
) )
(x3) a4y (x3)
n®(x,) = {/111 3 12 (X3 } (3.7)
’ ,U;]l{)(xs) yé’;)(x:;)

is the new set of higher-order, piecewise cubic zigzag functions that satisfy
the null condition at the top and bottom external surfaces and the displacement
continuity at the layer interfaces.

It should be noted that the coupling extra-diagonal terms in Eq. (3.7), i.e.
u(x;) and  piP(x,), are null for cross-ply multilayered and orthotropic

k

sandwich plates. In fact, the expressions |

'(x,) and 4!’ (x,) obtained by Iurlaro

[132] are a particular case of this general formulation.

According to the displacement field defined in Eq. (3.5), the strain quantities
can be defined as follows:
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&y (x,x55)
(k)(x xpt) =& (X,x50) p =¢, (x51) + 28, (x; t)+M(k)(x3)s (x;7)
7 (X.x33t)
w® ( x,t
en(X,x30)=[0 1 2x]3w (x30) p = HE (o, )W (x52) (3.8)
w? (x;¢)
on (x,)
7 (xox53) = H (3, )ow (x37) Dy (x;t)
X3
H(x,) 0 _
where H(x,)= Vo ) H(x)=|1 x, x|,
s { 0 i) (x)=[1 x x]
wec <[ Wl W ) and
()
H,(X3) 0 0 (%)

M(k)(x3) = 0 oy (Xy) iy, (x5) 0
Mo () () (x3) s (X5)
Moreover, g, = [”1,1 Uy, U, +u2,l] 8, = [0“ 0, 6, +6’2,1] and

SV/T:[WM Y20 Vi ‘//2,1:|-

3.2.2 Enhanced higher-order zigzag functions

The derivation of the enhanced higher-order zigzag functions follows the
procedure described by Iurlaro [132]. It is here extended to the case of more
general lamination schemes that include the effect of transverse shear coupling.
For the sake of clarity, the time dependency of the unknown variables is not
reported here.

The expression of transverse shear strains is written as follows:
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71(;{) (Xaxa) =U;, (X’x3)+91 (X)+

+2X, 7, (X)+3x32w1 (X)+ﬂ1(lk)l//1 (X)‘i‘ﬂl(zk)'//z (X) (3.9)
75 (%,3,) =Us, (X, x,)+ 6, (x) +
+2x, 7, (X) +3x70, (x) + B3 v, (x) + B v, (x)
The auxiliary strain measures 77,77, [103] are introduced:
O (x)+U, (x,x,)—w, =7 (X)-y, (X)=1(x,x
1() 3,1( 3) v 71() ‘/’1() 771( 3) (3.10)

0,(x)+Uy, (%,3,) —y, = 1, (x) —w, (x) =1, (x,x;)

Moreover, substituting (3.10) into Eq. (3.9), we rewrite :

715 (o0 ) =1, (%) + 22, (x) + 350y (%) + (B + 1), (x)+ 5w, (%)

(3.11)
75? (X’xs) =1, (X>x3)+22)(2 (X)+3x32a)2 (X)'i'ﬂz(f)‘;”l (X)+( 2(;{) +1)‘//2 (X)

In a more convenient matrix form,

i (x.x

+3x320)(x)+([3(")(x3)+ I)\y(x)

(3.12)

The transverse shear stresses, using the constitutive material relation, can be
expressed as follows:

) (x,) = € [ m(x.2) + 221(x) +350(x)+ (B () + 1) w(x) | =

= Cm(x.0)+ € [261(x)+3x0(x) + (B () + 1) w(x) | = 3.13)

=1 x,x)+1(x,x;)
with

k ~(k
/9(x,x,) = C(x,x,)

3.14
1 (x,x,) = CV |:2x3x(x) +3xj0(x)+ (B (x,)+ I)‘I’(X):I o

59



Chapter 3 The mixed {3,2}-enhanced Refined Zigzag Theory

The continuity of the transverse shear stress, as defined by Egs. (3.13) and
(3.14) is limited to ‘rf(k)(x,xS), as typical in the RZT formulation. Thus, the

continuity conditions at the N-/ interfaces read as follows:

éﬁk)[2x3(k)x(x)+3x3(2k) ( ) ﬁ(k)+I ]

_ (3.15)
= €2, 1 (x) +3x,0(x) + (|3<"+”+1)\|;( )]

The number of kinematic variables can be reduced by enforcing the vanishing
condition on the top and bottom external surfaces only on the continuous part of
the transverse shear stresses. If applied on the external top and bottom plate
surface, the discontinuous term ensures the in-plane tractions equilibrium with the
transverse shear stresses. However, since the transverse shear stresses considered
in this model are those assumed from integrating the local equilibrium equations,
the traction conditions are satisfied by that contribution.

In formula, the vanishing condition reads:

=0; 75%(x, x3)\ =0 (3.16)

C(k)
o),

3=%h/2

Developing Eq. (3.16):
égl)|:—hX(X)+%h2(D(X)+(B(1) +I)\|I(X):|=
C(N)[hx( )+%h2w(x)+(|3“v)+I)\|1(x)}=0

(3.17)

After some mathematical manipulations, the following relations are obtained:

(B +p™ +2I)

éhZ
2

o(X) =— W(X) = —o,y(x)

(3.18)

100 == (B =B )wlx) =79(x)

The relations in Eq. (3.18) reduce the number of unknown kinematic variables
from thirteen to nine, linking the new ones introduced for the parabolic and cubic
terms in the in-plane displacements to the zigzag rotations.
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Substituting Eq. (3.18) into the kinematic field described by Eq. (3.1), the
reduced kinematic field can be obtained as shown in Egs. (3.5) and (3.6), where
the higher-order zigzag functions are defined as follows:

n® () = (=57 — o, +0(x,)) (3.19)

It can be noted that the new set of higher-order zigzag functions is dependent

on the thickness coordinate and on the linear zigzag slopes, i.e. B . In order to

compute the B’ values for each layer, Eq. (3.15) is enforced at each layer

interface. The last conditions required to define the zigzag functions completely
are the zero values on the top/bottom external surface of the higher-order zigzag
functions. Thus,

n(x,=-h/2)=p"(x;=+h/2)=0 (3.20)

3.2.4 Assumed transverse normal stress

The assumed transverse normal stress distribution is here considered as a
third-order power function of the transverse coordinate [40]:

o5 (X,X;,) = 05 (X) + x,07 (X) + x;05 (X) + X;07 (X) (3.21)

As done previously, for the sake of clarity, the time dependence of the
assumed stress variable is not reported.

Enforcing at the top and bottom external surfaces the traction boundary
conditions, i.e.

o5, (X,x; =—h/2)= — D)

_ (3.22)
0y(X,x;=h/2)= Piry
The assumed transverse normal stress is rewritten as follows:
03113(X:x3)zPa(x3)qa(X)+L(x3)az(X) (323)

where
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Y L) (x L
L(x“:[(? zj (fzﬂ’
Po(xz):{(x;_’z_zj x{x;_’z_zﬂ; (3.24)

qz(X)T = [53(3) 1_93(T):|; qu(X)T = [Gzz G;J

3.2.5 Assumed transverse shear stresses

The assumed transverse shear stresses follow the formulation proposed by
Auricchio and Sacco [26], where they have been derived by the integration of the
local three-dimensional equilibrium equations neglecting the volume body forces,
ie.

Ol (%, x;) + 713 (%,3;) + 733 (X,%;) = 0

k k k
sz)l(x,x3)+0'§2,)2(x,x3)+ 723)3(x,x3) =0

(3.25)

According to the formulation reported in Ref. [26], the assumed transverse
shear stresses are deducted by Eq. (3.25) , in which the in-plane stresses come
from the constitutive relations. Whereas the strain quantities are assumed
independently with respect to the kinematic field. This assumption can be reported
as follows:

e (x,35) =g, (X) + x:8, (x) +MP(x))g,, (x) >

(3.26)
— e(x)+xk(x)+M"(x,)k” (x)

where the vectors of the new assumed strain variables are defined as follows:
el = [611 €5, 612]; k' = [kll k22 klz]; k"' = I:klvl kzwz kllg k;/1:|

Considering the mixed version of the material constitutive relations, the in-
plane stresses have the following expression:

(k) C(k) (k)(x x3)+R(k)a (X x3)_

(3.27)
=C5vk)( (X)+x3£0(x)+M(k)(x3)£ (X))+R(k)0' (X,x;)

However, the in-plane stresses expressed by Eq. (3.27) could not be yet used
to operate the variable substitution of Eq. (3.26) and then the integration part of
Eq. (3.25) to obtain the assumed transverse shear stress functions. A further step is
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necessary to link the assumed variables of the transverse normal stress distribution
04 (X,x;) to the kinematic variables using the weak strain compatibility of the

governing functional.

3.3 Variational statement, governing equations and
boundary conditions

In this Section, the en-RZT{(S’Z’Z)} is formulated by using the variational

statement as described by Auricchio and Sacco [26]. The first term (I, ) is the

int
work done by the internal stresses. The second term (JIl,, ) is the Hellinger-
Reissner (HR) functional, in which the compatibility between the transverse shear
and normal strains is weakly enforced. Since the assumed transverse shear stresses
depend on the new strain quantities, a new penalty functional is added to the
variational statement (A ). This penalty term guarantees the weak enforcement of
the compatibility relations between the strains from the displacement field and the
new independent strain variables. According to this assumption, the variational
statement can read as follows:

AT=A1, +d1,, +5A -1, 1 =0 (3.28)

where dlI,is the virtual work done by the internal stresses defined as
follows:

AT, = [| (2470 + 5y + S0ty ) |aV (3.29)

nt t
4

the AL, is the virtual variation of the Hellinger-Reissner functional for the

transverse shear and the transverse normal stress and it reads:

Ay = [[ 577 (11 40 + 808 (& - 28 ) [av (3.30)

Vv

The virtual variation of the work done by inertial forces O, is expressed as

in

follows;

63



Chapter 3 The mixed {3,2}-enhanced Refined Zigzag Theory

n

SW, :—Ig<p(k)(x3)5UTU>dQ (3.31)

where p(k) is the density of the £ layer. The overdot represents the derivation

with respect to the time variable. Remembering (e ZI > ”( )dx; Zf Sm

(k)
3(B)

The oAis the virtual variation of the penalty functional, introduced to ensure
the compatibility condition between the assumed strain field and the strains
obtained by the assumed displacement field. Thus, it reads:

(S¢, —5e)T(s —e)+
=— j (6¢,-0k) (g, -K)+ |dV (3.32)
(58 —5k"’) (aw—k"’)

The penalty parameter 7, which needs to be numerically determined,

expresses the importance of this term in the governing functional.

Finally, the A1, is the virtual variation of the external applied traction loads

(for the sake of clarity, the traction forces F are neglected):
My = [ iU (xy = h12)dQ+ [ Byl (x, =~ | 2)dQ +
Q Q
+[ BorUS (6, = 1/ 2)dQ + [ Poy U (xy = =h 1 2)dQ+  (3.33)
Q Q

+J‘ ﬁ3(T)U:‘fN)(x3 = h / Z)dQ + Iﬁ3(B)U:‘fl)('x3 = _h / Z)dQ
Q Q

In the previous expressions, superscript a denotes the quantities related to the
assumed fields and & defines the arbitrary virtual variation. It is recalled from Eq.

(3.8) that in Eq. (3.29), £'/" = [gff) el i ):| is the vector of in-plane strains
obtained by the displacement field; ¢'" = I:a(") o rl(é‘)] is the vector of in-
plane stresses; y*7 = I:y(") }/5’3‘)] is the vector of the transverse shear strains

computed by the assumed displacement field and &;; is the transverse normal

strain according to the strain-displacement relations.
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In virtue of the independent assumption of the kinematics, Eq. (3.5), and the
transverse normal stress, Eq. (3.23), the variational statement can be split into two
contributions:

a1, = [| o0t (8- 8) |av (3.34)

Vv

and

[[(5070%) + 5y 1 + Sz, ) |av + j ST (P —y M) av +

vV

8 +(500 - 5k)" (90 —k (3.35)
f e) (u—e)+( ) ( )dV—anm=0
7| +(cow - §k'”) (0w -Kk")

that can be solved separately.

Firstly, Eq. (3.34) is solved as a weak form compatibility constraint between
the transverse normal strain expressed in terms of the kinematic variables and that
coming from the assumed transverse normal stress. Thus, Eq. (3.34) is solved for
the assumed stress variables (for the sake of brevity, the final results are reported
here, whereas the full expressions are reported Appendix A), and the assumed
transverse normal stress has the following expression:

03013(X:x3) = Ag(xs )Sm(x) + Ai(xs )Sa(x) +
+AZ (%), (X)+ A (x;)w(x) + (3.36)
+AZ (x3)q.(x)

where A“(x,), A%(x,), AY(x,), A’(x;), A%(x,) are the shape functions of

the transverse coordinate, and their definition is reported in Appendix A.

Secondly, the expression of the transverse normal stress Eq. (3.36) is
introduced in Eq. (3.27) and after introducing the new strain variables, i.e. Eq.
(3.26), the integration of Cauchy’s equations is performed to obtain the full
expression of the assumed transverse shear stresses. After some mathematical
passages that, for the sake of clarity, are reported in Appendix B, the final
expression of the assumed transverse shear stresses follows:

T (%, x3) = Z,(6)q, (X) + Z,(x3)q,(x) + Z,.(x,)09q..(x) (3.37)
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where 0q_(x) represent the derivatives of the transverse distributed load, i.e.

oq.(x)" :[;_73(3)’1 Dy Pasra ]73(”2]; q,(x) is the vector of the prescribed

tractions in the x; and x. direction at the bottom and top external surfaces, i.e.

qp(X)T:[I_’uB) ]72(3) 1_71(T) ﬁz(r)]-

Moreover, q,(x)" :[8e(x)T ok(x)" ok¥(x) 8w(x)T] is the vector of
the derivatives of the strain unknowns and Z (x;), Z,(x;) and Z _(x;) are the

through-the-thickness functions that describe the transverse shear stress
distribution and their full expression is reported in Appendix B.

Once the assumed transverse shear stresses are obtained, the Eq. (3.35) can be
solved. It represents the variational expression of the work done by strains and
stresses and that done by external forces, and it contains a contribution deriving
from the weak form compatibility constraint between the transverse shear strains
plus the penalty constraint of the strains quantities and performing the integration
by parts results in the governing equations with the variationally consistent
boundary conditions.

Introducing the assumed transverse normal stress defined by Eq. (3.36) and
the assumed transverse shear stresses defined by Eq. (3.37) into the variational
statement Eq. (3.35), and performing the conventional integration by parts, the
governing equations of the en-RZT{g"fz)} plate can be obtained (the full expression of

the various terms are reported in Appendix C) for the static linear bending and the
free vibration problems.

3.3.1 Linear bending

Here follows the expressions of the governing equations specified for the
linear static bending analysis. Some of the terms inside of the equations are
specified in Appendix C.

| 1 _
u, : N+ N, +;(“1,11 _611,1)"';(“1,22 Ty, _elz,z)+p1 =0 (3.38)

1 1 _
Suy: Npy+Ny, +;(V,}y - eZZ,y) +;(“1,12 RLCR T 612,1) +p,=0 (3.39)
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w0 +0y - N 0" +
Ap— Ap— ANy — AP =
D{pygy1 + Dy Pasyy + DisPuryy + DiaPogryy + (3.40)
NP —= NP 5 NP 5 NP .
+D4Py5)2 + Dy Daiyo + DisPrrya + Dia Do 2

735 N 7 N 7 N
D41P3(B),12 +D42p3(T),12 +D43p3(3),22 +D44P3(T),22 + 47 =0
- A R A A q4; =
7= q - q= q—
+D11P3(3),11 + Dlzps(r),u + D13p3(13),12 + D14p3(r),12

sw: O +ON - N -0" +
_ [)2[)1]_91(3),1 +[)zpzl_72(3),1 + ﬁzps]_%(rm + bzpzll_)Z(T),l + (3.41)
+DA5/)11_71(3),2 + Dspzﬁz(ls),z + D:}ﬁl(T),Z + DAsZﬁz(r),z
Df1ﬁ3(3),11 + DAIqZﬁS(T),ll + bﬂﬁxsm + D1q41_73(r),12 + hy_ _
i A N A +_(p3(r)_P3(3))=0
+D541P3(B),12 + DSqZPS(T),lZ + DZaP}(B),zz + D;Izaps(r),zz 2
W QO N =0+
_ bﬁﬁl(B),l + ﬁ§52(5>,1 +b3’§l_71(r),1 + 133’;1]_92(“,1 + (3.42)
+DA6P151(3),2 + D6/72}_72(B),2 + b6/73]_71(T),2 + DAéaﬁzm,z
B D§1l_73(3>,11 +D§zﬁ3(r),11 +b§3ﬁ3(3),12 + D§I4ﬁ3(T),12 + + n_

~ N R A ;=0
7= 7+ 4+ 4=
+D61p3(b’),12 + D62p3(T),12 + Dssps(a),zz + D64P3(T),22

1 1 _
50, : M11,1 +M12,2 -9 +;(‘91,11 _k11,1) +;(01,22 + 02,12 —k12’2)+m1 =0 (343)

1 1 _
5‘92 : M12,1 + Mzz,z -0+ ;(02,22 - kzz,z ) + ;(6’1,12 + 92,11 - klz,l) +m, =0 (344)

Sy,:  Mf, +M}, -0 +%(;//L11 —k{]’l)+%(1//1’22 —kb,)=0 (3.45)
Sy, Mh +ML, -0 +%(1//2’22 ~k},) +%((//2,11 —k},)=0 (3.46)
Se,, : —%(e“ —u, )+ E[ =0 (3.47)
Se,, : —%(e22 —u,,)+Ep =0 (3.48)
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1
Se,, : —;(elz—ul,z—u2,1)+EgR=O (3.49)
1 HR
5k, : —;(k“—eu)+K” =0 (3.50)
1 HR
Sk, : —;(k22—92,2)+K22 =0 (3.51)
1
Sk, : —;(klz—@~2—92,1)+KgR=0 (3.52)
V. 1 v HR _
Sk : —;(k“—t//l,l)+KW“—O (3.53)
1
Sk, : —;(kg—w2’2)+Kf§2=0 (3.54)
v . 1 v HR _
Ok : _;(k12_l//1,2)+Ky/12_ (3.55)
V. 1 v HR
SkY - —;(kzl—w2,1)+KW21=0 (3.56)

3.3.2 Free vibrations

Here follow the expressions of the equations of motions specified for the free
vibrations problems. Some of the terms inside of the following governing
equations are defined in Appendix C, with the care of neglecting the applied
tractions:

1 1
ou: Ny, +Np, +_(u1,11 _e11,1) +_(”1,22 Ty~ elz,z) =
n n (3.57)

= 0 DG 4 m Oy OF
=m i, +m 0 +m, y +m, Y,

1 1
ouy,: Npy,+N,, +—(V,yy - ezz,y)"‘_(”l,lz TUy _612,1) =
n (3.58)

= 0y Mg O ),
=m i, +m 0, +m, y, +m, ,
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sw®: OV +0)) - N 0" =m %+ mOWY +m@W?  (3.59)
swl: O +0y, - N; = 0" =m” + mENY +mPW® (3.60)

Sw?: OFl+0); = Ni =0 = m®W” + mOD + m @ (3.61)

1 1
591 : M11,1 +M12,2 _Ql +;(91,11 _k11,1) +;(6’1,22 +92,12 _k12,2) =

(3.62)
= i, + 0,4 O, 4 mO,
. 1 1
592 : MlZ,l +M22,2 - Qz +;(02,22 - kzz,z) +;(6’1,12 + 92,11 - klZ,l) = (3.63)
= %+ m®6, + O, +
. ¢ ¢ 4 1 4 ! 4
Sy, M+ M, -0 +_(‘//1,11 _kll,l) +_(‘//1,22 _k12,2) =

n n (3.64)

= 0+ iy 1, 6+ 1,0, o+,

. ¢ ¢ ¢ 1 v 1 v

Sy, My, +My,—0 +_(V/2,22 —ky, ) + _(V/z,ll - k21,1) =

n n (3.65)

= 0+ i+ 1, 8y 0, 6, + 0,

1
Se,, —;(e“—ulql)+EﬁR =0 (3.66)
1
Se,: - ;(en —u,,)+E; =0 (3.67)
. 1 HR __
Se,: — ;(elz —u, —uy, )+ Ej =0 (3.68)
. 1 HR _
Sk, : —;(k“—eu)+K” =0 (3.69)
. 1 HR _

Sk, : —;(k22 —6,,)+K; =0 (3.70)
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1

Sk, - —;(k12 ~6,—6,)+K) =0 (3.71)
V. 1 v HR

Oki : _;(kll _‘//1,1)+Ky/11 =0 (3.72)
v . 1 v HR _

Oky: - ;(kzz - '//2,2) +K,p = (3.73)
V. 1 v HR

Oky, : _;(klz - l//l,z) + lez =0 (3.74)
v . 1 v HR _

SkY —;(k21 —y, )+ K =0 (3.75)

The consistent boundary conditions are (for the sake of brevity, the full
expressions of some terms are reported in Appendix C):
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u =1
U, =1,
WO — 5O
W =50
w? = 5@
6 =6
6,=6,
v, =y
Vv, =V,
e =e
€n =€y
€, =€y
k11 = k11
kzz = kzz
klz = klz

v _ LV
ki, =1\

v _ TV
ky, =ky,

v _ LV
ki, =k

v _ LV
ky =k

onl’,

onl,

onl’,
onl,

onl’,

onl’,

onl’,

onl,

onl’,

onl’,
onl’,
onl’,
onl’,
onl’,
onl,
onl,
onl’,
onl’,

onl’,

<

< < < < K K K << < K<

- — 1 1
Nllnl +N12n2 +;(u1,1 _ell)nl +;(u1,2 Ty, _elz)nz

— — 1 1
Ny,n + Nyn, +;(”2,2 _ezz)”z +;(”1,2 Ty, _elz)”l

w0 w0 HR Aw0 HR Aw0
1 nl + Q2 n2 + 1 nl + 2 nz
Al ywl Al

HR Awl HR
m Yt ot >

W2 W2 HR Aw2 HR Aw2
1n1+Q2 n2+ 1n1+ 2n2

_ _ 1 1

M n +Mn, +;(91,1 _kll)nl +;(‘91,2 +‘92,1 _klz)nz
— — 1 1

Mlznl +M22n2 +;(92,2 _kzz)nz +;(‘91,2 + 92,1 _klz)nl
_ _ 1 ) 1

Mn +Mn, +;(‘/’1,1 _qul)nl +;(’/’1,2 _kllg)”z

_ _ 1 1
M2¢1”1 +M2¢2”2 +;(l//2,2 _kglz)”z +;(‘/’2,1 _kzwl)”l

HR 17ell HR T7ell
Ef n +"E n,
HR 17e22 HR 17e22
Efn + " E"n,
HR 17el2 HR 17el2
E"n +"E; n,
HR k11 HR k11
K ' 'n+ 7K, n,
HR k22 HR 77k22
K “n +"K"n,
HR k12 HR k12
K'n+"7K5"n,
HR k11 HR k11
K " +"K; n,
HR 7-k22 HR -k22
K™n +"K,""n,
HR k12 HR k12
K" + 7K, "n,

HR p-k2ly HR -k21y
K “'n+ 7K, "n,

onI’

o

onI

o

onI",
onl

onI",

onI",

onI’

o

onI

o

onI

o

onI",
onl
onI",
onI",
onl
onl
onl
onI",

onr. (3.76)

onl",

In Eq. (3.76), n, =cos(x;,n) and n,=cos(x,,n) are the components

(direction cosines) of the unit outward normal vector to the cylindrical plate

edges.

The resultant forces and moments are defined as:

(N,M,M¢) = <(1,x3,M(">T )G(k)>

P

N =(HY 0%,
(Q".Q.Q°)=((H". Lo )x!)

Moreover, in Egs. (3.38)-(3.44),
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D= 151(3) +ﬁ1(T); D= 172(3) +Z_72(T);
h _ h

m ZE(ﬁI(T) _1_71(3)); m, :5(1_72@) _1_72(3)); (3.78)

q; = 53(3) +ﬁ3(7)

By using the mixed material constitutive relations and the expressions for the
assumed transverse normal and shear stresses, i.e. Eqgs. (3.36) and (3.37), the

following constitutive relations for the en-RZT};?, , are expressed as follows:

N=Ag, +Be, + A‘”SW +A"w+A"q,
M =Cs, +Dg, + B’ + B"w+B“q_ (3.79)

M’ =E’¢, +F’¢, + G”’sw +C"w+C"q_
N* =A% +B%g,+C% g, +D"w+E¥q, (3.80)

Q"= A""8e+B"" 0k +C""0k" + D" ow + E"3q_
Q=A%8e+B* 0k + C*" 6k + D" ow + E°6q. (3.81)
Q’ = A" e+ B" 0k + C*"9k¥ + D¥"ow + E¥ 6.

Appendix D reports, for the sake of brevity, the definition of the matrices of
the constitutive relations, Egs. (3.79)-(3.81), and the other matrices in the
governing equations, Eqs (3.38)-(3.56), and in the boundary conditions, Eq. (3.76)
. Moreover, the inertial quantities that appear in the equations of motions, i.e. Egs.
(3.57) - (3.75) are defined as follows:

© 1 @ 3 Y _ [ Ak 2 3 _4)\.
(m ,mY m? m ,m())—<p()(l,x3,x3,x3,x3)>,

9 m? m? B (B () (T (F) (3.82)
(mil),m# ’mﬂ))=<p (” P21 LI D )>

72



Chapter 4

Beam finite elements based on the
mixed {3,2}-enhanced Refined
Zigzag Theory

This Chapter proposes a new beam mixed model to investigate the
elastodynamic behaviour of multilayered composites and sandwich structures.

The model is based on the previously developed en-RZT{g”f;} , simplified to analyse

multilayered composite and sandwich beams. However, due to the lamination
schemes considered in this Chapter and considering the experimental campaign,
the beam formulation neglects the effect of transverse shear coupling in
anisotropic multilayered structures.

In the first part of this Chapter, the formulation of the beam problem is
presented, and the governing equations and consistent boundary conditions are
obtained by using the mixed functional as shown in Chapter 3.

Based on this new higher-order RZT-mixed beam, a finite formulation is also
addressed to solve the governing equations in more general cases. Two types of
beam elements are formulated considering two interpolation schemes to
approximate the kinematic variables and the strain quantities. In order to reduce
the total number of variables and to achieve a simple node configuration in which
only the nodal degrees of freedom related to kinematic quantities appear, the
nodal strains dof’s are omitted by implementing the static condensation.

73



Chapter 4 Beam finite elements based on the mixed {3,2}-enhanced Refined
Zigzag Theory

4.1 Introduction

This section presents a brief literature review of the existing RZT-beam-based
model and finite element formulation strategies.

The first attempts to formulate a class of simple beam elements based on RZT
are given by Gherlone et al. [107] and Onate et al. [109]. Both groups
independently formulated a class of two-node C°-continuous elements to analyse
multilayered composite and sandwich beams. However, like the low-order FSDT-
based elements, RZT finite element formulation also suffers from the shear-
locking phenomenon. The implemented strategies to overcome this problem are
numerous in the literature but are not reviewed here for clarity. However, it is
worth citing the anisoparametric interpolation strategy adopted by Gherlone et al.
[107]. In its methodology, the transverse displacements have been interpolated by
polynomial shape functions of one order degree higher than the others. As a
result, a locking-free three-node beam element is obtained where the transverse
displacement is interpolated using three nodes, whereas the other degrees of
freedom are interpolated with only two extreme nodes. The internal node is then
condensed out by enforcing a constraint condition on the second derivative of the
auxiliary strain measure along the entire element, reobtaining a simple two-node
configuration.

In a different way, Onate et al. [109] implemented in its element formulation
the reduced integration technique, a numerical technique able to under-integrate
the shear contribution of the stiffness matrix. It has been demonstrated by Tessler
[48] that the reduced integration and the anisoparametric strategy can give the
same results for beam elements. Regardless of the adopted methodology to
overcome the shear-locking problem, the proposed RZT elements are
demonstrated to be very accurate in global response predictions for deflections,
frequencies and in-plane axial stress.

The RZT finite element formulation has been extended by Ejio et al. [160] to
the analysis of laminated structures with the inclusion of delamination defects. An
iterative process has been implemented by the authors to update the zigzag
functions when the material shows degraded properties.
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The formulation of higher-order elements to increase the convergence rate has
been shown in Di Sciuva et al. [108]. Nallim et al. [161] implemented the
hierarchical definition of the shape functions to formulate locking-free beam
elements based on the RZT. The kinematic variables are interpolated with two
groups of shape functions: Lagrangian polynomials and orthogonal Gram-Schmidt
polynomials that vanish at the element's end. This solution guarantees a much
more accurate description of displacements, strains, and stresses with low
discretization patterns.

In Turlaro’s PhD dissertation [132], a two-node element has been formulated
using the exact RZT shape functions to increase the accuracy of the stiffness
matrix approximation. As a matter of fact, these elements are able to guarantee no
errors in the stiffness matrix evaluation and a superconvergent behaviour.

An alternative method has been proposed by Wimmer and Nachbaguer [162]
in which the RZT beam formulation has been used in conjunction with the
transfer matrix method to increase the accuracy of the stress predictions without
involving any smoothing techniques.

The RZT beam predictive capabilities using the finite element formulation
have also been tested for buckling analysis of heterogeneous sandwich beams.
Involving a non-linear RZT finite element formulation, Ascione and co-workers
[163,164] have investigated numerically and experimentally the buckling analysis
of multilayered composite beams. The provided results by the RZT beam model
are very close to the experimental ones and with the numerical obtained with
computationally expensive high-fidelity FE models.

As highlighted in the previous Chapter, the model accuracy of stress
predictions could be increased by adopting appropriate mixed formulations. In the
framework of mixed-RZT models, it is worthy of citing the work of Groh and
Tessler [123]. Their model considers the delamination effect for the beam's
response along with the anisoparametric interpolation strategy to formulate
locking-free elements. Using the RMVT, lurlaro et al. [131] developed a third-
order RZT model that considers the transverse normal deformability. Using the
anisoparametric interpolation strategy and the constraint condition on the
auxiliary strain measure, the formulated finite element has demonstrated to be
very accurate in global and local response of multilayered beam structures.
Similarly, Flores et al. [165], starting from Iurlaro’s third-order RZT model,
extended the range of model applicability by including discontinuities in the
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cross-section for buckling analysis, revealing the greater accuracy of the mixed
model for stress description and critical load predictions.

More recently, Kutlu [120] formulated a linear RZT mixed model using the
Hellinger-Reissner functional without reducing the variables as done in the
RMVT. The provided results in Ref. [120] encourage using the HR formulation to
increase the global beam responses prediction of stress quantities.

According to the provided literature framework regarding the RZT-based
models, the strength of the mixed formulations in stress predictions and the wide
range of applications of RZT model has been shown.

The new mixed higher-order RZT beam model is formulated in the following
sections. First, the kinematic assumptions and the constitutive material relations
are shown. Then, the transverse normal stress field is assumed as a smoothed
function of the transverse coordinate and transverse shear stress distribution is
derived from the integration of the local equilibrium equations. Finally, the mixed
formulation that involves the penalty term to enforce in a weak manner the strain
compatibility has been applied here to obtain the governing equations, along with
the consistent boundary conditions, for static and dynamic problems.

Lastly, a finite element formulation is presented based on the newly
formulated beam mixed model. Based on two different interpolation schemes, two
elements are obtained. The first involves the isoparametric interpolation with the
linear shape functions, whereas the second adopts the anisoparametric constrained
strategy for the new strain variable. The additional node is then condensed by
appropriate strain enforcement to achieve a simple-two node configuration. To
further reduce the computational cost of the formulated elements and to take
advantage of simplified element formulation for the applied loads, the strain nodal
dof’s are statically condensed.

4.2 The new-mixed RZT for beams

The basic assumptions of the en-RZT{g”f;} model applied to beam structures

are recalled here. The governing equations and consistent boundary conditions for
bending and free vibration problems are derived using the mixed variational
statement, as introduced in Chapter 3.
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It is considered a beam of length L and cross-section area 4 = b x h, where b
is the width, and / is the thickness. The beam points are referred to an orthogonal

reference system (xl,xz,x3), where x; corresponds to the coordinate of the beam

longitudinal axis and Xx,, the transverse coordinate corresponds to the beam
thickness, as shown in Figure 9. Moreover, x, € [—% ,+% ] According to the

cylindrical bending assumption, beam deformations are allowed only in the

(xl,x3) plane, indicating that no out-of-plane displacements are considered. Thus,

the transverse shear coupling is neglected here.

As reported in Figure 9, the mechanical loads applied to the beam's external
bottom and top surfaces are the distributed transverse loads, p;, (x;) and

Dy (%) , and the distributed axial loads, p,,(x,) and p,(x,).

\ _
X3 pSQ/—\ —
_—1 il

e R R R

Pa(r)

X1

N| S

I210)

s> > p

ARRRARQRRS)

Figure 9: Beam geometry, reference frame and applied loads.

4.2.1 Kinematics, strains and stresses and assumed fields

The displacement components of the orthogonal displacement vector of the
en-RZT"), beam, read:

u® (xl,x3;t) =u(x;t)+x,0(x;1)+ x?;((xl;t)+x33a)(x1;t)+ ¢(k)(x3)l//(x1;t)

4.1
U, (xl,x3;t) =w? (xl;t) +x,w! (xl;t) +x;w? (xl;t) *
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where, U™ and U, are the displacements in the X, and x, directions,
respectively. Such as the en-RZT{(S”fZ)} , the transverse displacement is assumed with

a smeared parabolic function of the thickness coordinate, independent of the layer.
The kinematic variables that appear in Eq. (4.1) are u and w the uniform axial

and transverse displacements, 6, the average bending rotation, y, the zigzag

rotation, y, o, w" and w'® are the kinematic variables related to the higher

order terms.

The strain-displacement relations for a beam structure read:
ey (x,x330) = U (x,,%55¢)
3 (x,x558) = Uy, (3,,5530) 4.2)

yfé‘) (xl,x3;t) = U3,1 (xl,x3;t)+U1(”§) (xl,x3;t)

Here follow the beam stress-stress relations written in an appropriate mixed
form [166]:

(k) (k)

Oy E R; O &
&33 =|-R; S; O 033 4.3)
T3 0 0 G, 13

where

S§ =1/C¥
e (4.4)
RY =vyy
It can be noted that the displacement field reported by Eq. (4.1) for a beam
structure derived from the en-RZT("), is formally the same as those introduced by

Iurlaro et al. [131]. The only difference relies on the transverse displacement
definition. For the sake of conciseness, the passages to reduce and simplify the
displacement field are a particular case of the plate problem defined in Chapter 3
and lead to the result provided by lurlaro et al. [131]. The final expression of the
displacement field in which the third-order zigzag function appears is reported as
follows:
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U (x,5558) =u(x;50) + x,0 (x50 ) + 1 (e )y (x,51)

2.,(2)

4.5)
U, (xl,x3;t) = (xl;t) +x3wm (xl;t) +x;w (xl;t)

where £ is the new third-order piecewise continuous zigzag function and its

full expression for beam reads:
HO0r) = =xi =0, + 47 (x;) (4.6)

The third-order zigzag function is characterized by the partial transverse shear
stress continuity at the layer interfaces and the vanishing condition of the zigzag
functions at the top and bottom beam surfaces.

The strain components expressed in terms of the kinematic unknowns for the
beam model are reported here for clarity:

51({{)()61 :xa) = u,1(x1 ) + x3H,1(x1) + ,u(k)(x3)l//,1(x1)
Ex(xp,x3) = W(l)(xl )+ 2x3W(2)(x1) 4.7)

71(;()(961 ’x3) = W,(lo)(x1) + x3w,(11)(x1) + x32W,(12)(x1) + 6’()61) + aﬂ,gk)(x3 )l//('xl)

Since the transverse normal deformability in thick multilayered structures
could not be neglected, a smeared cubic function for the transverse normal stress
is considered in which the traction conditions at the top and bottom surfaces are
enforced. Its expression recalled from the en-RZT{(fz)} is here reported for clarity:

055 (x, %) =P (x;)q,,(x) + L(x;)q. (%) (4.8)

where,

xn_1) (x 1)) et s,
L(x3)={(7 2) (h+2j} P, (x;) {(xs 4j xs()ﬁ 4]} (4.9)

q.(x)" = [173(3) ﬁ3(]‘)]; q,(x,)" = [O-zz 0-32]
The assumed transverse shear stress distribution is obtained by integrating

Cauchy’s equation under the hypothesis of cylindrical bending and in the absence
of body forces:
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o+, =0 (4.10)

The in-plane stress comes from the constitutive relation expressed in Eq. (4.3)
, with the strains quantities, i.e. the derivatives of the kinematic variables see Eq.
(4.7), that are assumed as new independent variables. The in-plane strain,
according to this assumption, reads:

(k)

&y (x17x3) =u, (xl ) + x36,1 (x1)+/u(k)(x3)l//,l -

(4.11)
= e(xl)+x3k(xl)+lu(k)(x3)k”’ (xl)

where the new assumed strain variables are e, k and k¥ . However, the

expression for the in-plane stress could not be used yet in Cauchy’s equation since
it is necessary to enforce prior the compatibility condition between the assumed
and derived transverse normal strains given by the Hellinger-Reissner functional
described in the following Section.

4.2.2 Mixed variational principle and expressions for the assumed
normal and shear transverse stress functions

The mixed variational statement adopted in Chapter 3 for the en-RZT),

plate problem is here specified for the beam problem. Its general expression is
here recalled:

al—I:éHjnt—i_éHHR +5A_él_lext_min :0 (412)

where JI1.

mt

is the virtual variation of the internal energy, and it is expressed

as:

oL, = J[(agl(f)al(f) + 571(?71613 +065,073; )i|dV (4.13)

nt
V

Moreover, oll,, is the Hellinger-Reissner variational contribution that

enforces the weak compatibility between the transverse normal and shear strains:
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M,y = J.[é\rn (71(? -y ) +007; (6‘33 — gl )]dV (4.14)

Vv

The penalty functional expressed by the symbol SA is defined by a penalty
parameter 7 that plays the role of weight function of this term in the governing

functional. Its expression according to the new beam B-RZT{(;”;} 18:

(5u1 é‘e)(u1 —e)+
=— j +(56,-5k)(0,-k)+ |aV (4.15)
+(ow, -0k ) (v, - k")

The virtual work done by the inertial forces OI1, is expressed as follows:

o, = [ psu"ay =
14

T

u 1 u
=J5 0 X, p(’”Ll X, ,u(k)J Ordv + (4.16)
N 7 VA %
O .- (0)

w

(2) +5(2)

w
+j S3wh b HT pOH O bay
4 w w

with 7 the material mass density of the k" layer; the overdot indicates the

differentiation with respect to time. Moreover, Hz(x3)=[1 RN ] and

d = Lu w@ W W@ g 1//J is the vector of the kinematic unknowns. It is

worth noting that the new strain variables do not contribute to the system's inertia.

At last, the virtual work done by the externally applied tractions, Ol , reads:

ext >

él—lext = Iﬁl(T)Ul(N) (x3 = h / 2)dx1 +J]_71(3)U1(1) (-x3 = _h / 2)dx1
L L

— W — (4.17)
+j DyrUs (3 = h/2)dx, + J.p3(B)U3 (x, =—h/2)dx,
L L
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As done in Chapter 3 for plate structures, the first step for the beam model is
to enforce the transverse normal strain compatibility in the Hellinger-Reissner
functional. The compatibility condition reads:

o, = [[ 6ot (e —&5) [av =0 (4.18)
Vv

Due to the independent assumption of the stress field, the condition of Eq.
(4.18) results in a relation between the stress variables and the kinematic
variables. Using the constitutive material equations, i.e. Eq. (4.3), the assumed
transverse normal strain reads:

k k k
el (x,x,) =SVl (x,x,) - R, Pel(x,,x,) (4.19)

After some mathematical passages, here not reported for the sake of clarity,
the transverse normal stress is rewritten as a function of the kinematic variables:
a u 0
o5 (X, x3) = A (x; )ul,l (x)+4; (x3)‘91,1 (x)+

_ (4.20)
A (e, () + Ag ()W) + AZ (x3)q. ()

where the functions of the transverse coordinate that appear in Eq. (4.20) have
the following expressions:

A2(x) =P, (SRR} (PTR,V);
47(x;)=P, <S3(§)PUTPG> 1< aTR13(k)x3>
42(x) =P, (SPP7P ) (PR u®); @21)

o

A(x)=P,(SURR,)" (BVHS):
A%(x,) :[L—PU<S3(§)P 'B,) " (s¥P, TL”

By taking into account the final expression of the transverse normal stress, i.e.
Eq. (4.20) and substituting into the constitutive relations, i.e. Eq. (4.3), and

considering the new strain field variables, the complete expression of the in-plane
stress reads:
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ol =(EP + R,V 4 (x))) () + (B0 + RN A0 () k() +
+(EP 1P 06)+ RS AL (x)) kY () + (4.22)
+R13(k)AZ(x3 YW(x,)+ R13(k)Agz ()9 (x,)

Substituting the expression of the transverse normal stress Eq. (4.20) and
integrating by parts Eq. (4.10), yields

(X, x;) = _1_71(3)(x1)+ A (x, )e,l(xl) +B7(x, )k,l(xl) + 423
+D7(x, )k”{’(xl) +E"(x;)ow(x,)+ F*(x,)0q.(x,))+a(x; +h/2) 4.23)

where 0q_(x,) represent the derivatives of the transverse distributed load, i.e.
0q.(x,)" = L@( B 133(T),1J; q,(x,) is the vector of the prescribed tractions in the
x; direction at the bottom and top external surfaces, i.e. q,(x,)" = Lﬁl( 5 [_’1(7)J;

q,(x) :[e,l(xl) ki(x) k7(x) ow(x ) ] is the vector of the derivatives of

the strain unknowns and transverse variables. Note that

ow(x,) = Lw(o) wi wflz)J . Moreover, the through-the-thickness functions are:

A =— [ (BEO+ROA)d,

—h/2

B (x;)=- T (xaEl(k) +R1(§)Ag)dx3

=h/2

Di(x)== [ (EVpu® +RW 4 ) dz (4.24)
—h/2
E*(x,)=|- f RY A" d || RY A", d f RYA" . d
(x;)= 119X3 120X3 o130X3
| L-#2 ] | 72 i —h/2
F'(x;,)=|- I R(k)Agndx3 - I R(k)Aglsz%
| L-#2 ] | 72 i

Enforcing the in-plane traction conditions at the top surface of the beam
yields:
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S 1, . 1/
a :_Z(pl(T) +p1(3)) _Z<A >e,1 _Z<B >k,1 +

LDy + (6 ow + () g 2
h Tk h :

(k)
X3(B)

N 0 N k)
Where <0> = bZI ?k71>(')dx3 =bZI o (e)dx; , indicates the integration
k=1 k=1
performed along the cross-section area.

Substituting Eq. (4.25) into Eq. (4.23) the complete final expression of the
assumed transverse shear stress distribution is obtained:

; _ 1 1 _
75(X,X;) = pl(B)(xl)(_l_Z(XB +h/ 2))‘%(953 + h/z)pl(T)(xl)+

+A7(x,)e, (%) + B (x,)k, (x,) + (4.26)
+52 (x3 )kl{ (xl )+ E° (x3 )aw(xl )+ F (x3 )an (xl )=
= Zp (X )qp (x1) +Z, (x3 )qz(xl )+ Zqz(x3 )6qZ (x, )

where

4z -1 _ l z

A (xy) = A (x,) (x3+h/2)h<A>

B (x,)=B(x,)—(x +h/2)1<32>
3 3 3 h

Nz _ z _ l z

D*(x,)=D*(x,) (x3+h/2)h<D>

E*(x,)=E"(x,)—(x +h/2)l<E’>
3 3 3 h (4.27)

F*(x,)=F*(x;)—(x,+h/ 2)%<F’>

Z,(x,)= [[—1—%@3 + h/2)) —%(x3 + h/2)}

Zz(x3)=|:;lz(x3) Ez(x3) 132()%) l732(353)]
Zqz(x3) = Fz(x3)
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4.3 Governing equations, boundary conditions and new

B—RZT{(_,;”" 2)} beam constitutive relations

By substituting the displacement field expression, i.e. Egs. (4.5) into the
strain-displacements relations and taking into account the mixed material
constitutive equations, i.e. Eq. (4.3), the assumed transverse normal (4.20) and
transverse shear (4.26) stresses into the variational statement Eq. (4.12) and

integrating by parts, the governing equations of the new B-RZT};?, are obtained:
1 — . 3 ..
ou: N, +;(u,11 —e,l) +p = m(o)u+m(”9+m20)w (4.28)

) . w0 z AW0 NP = Ny =
ow Q,1 -N -0 _(Dllpl(B),l +D13pl(T),l)+

Ag— Ag — — 0.+ (0 e (1 2y (2 (4.29)
_(D1q1p3(3),11 + quzp3(T),11)+ q; = m O +m O+ m D
sw ,Yll -N; - le - (D2p11_71(3),1 + Dél_’w),l ) +
N Ao h,_ _
_(qulp3(3),11 + quzp3(r),11 ) + 5(p3(T) - p3(B)) = (4.30)
— m(l)w(o) + m@)w(l) +m(3)w(2)
sw? Q;Vz - N; - sz - (D3p1[_71(3),1 + D3p31_71(r),1 + D(il_jl(B),Z ) +
R R > (4.31)
_(D3q1l_73(3>,11 + D5, Dy ) + qu. =m?W +mD +m O
1 . ..
§0:  M,—Q+—(0,,—k,)+m, =m"ii+mP0 +m) (4.32)
7 .
1 . . .
Sy: M{-0’ +;(l/l’” — k'{’) =m)ii+m\)0 +m vy (4.33)
1
se:  ——(e—u,)+E™ =0 (4.34)
n
1 HR
Sk : —;(k11—91,1)+1< =0 (4.35)
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SkV —l(k'” —y,)+K," =0 (4.36)
n

Moreover, the consistent boundary conditions follow:

_ — 1
u=u onx, =0,L v N+—(u1—e) onx, =0,L
n
w? =w” onx, =0,L v Q" +"Q" onx, =0,L
w" =#w" onx, =0,L v Q"+"™Q" onx, =0,L
w? =w® onx, =0,L v Q" +"™Q" onx, =0,L

0=0  onx, =0,L v A7[+l(6[1—k11) onx, =0,L  (4.37)
n

—, 1
v=y onx, =0,L v M¢+—(1//,1—k"’) onx, =0,L

n
e=e onx, =0,L v "E’ onx, =0,L
k=k onx,=0,L v "K' onx, =0,L
k" =k¥ onx,=0,L v "KM onx, =0,L

Moreover, the resultant forces and moments are defined as:

(VM%) = (1, 19 () o)
N* =(H o%,): (4.38)
(Q.0.0°)=((R",1.0,u)zs,)

In Egs. (4.28) - (4.32) the sum of the distributed loads and moments read:

D= 151(3) +l_71(T);

—h

m, Ia(pl(f) _pl(B))a (439)
qs = 53(3) +ﬁ3(T)

By using the mixed material constitutive relations, i.e. Eq. (4.3), the assumed
transverse normal and shear stresses, i.e. Eqgs. (4.20) and (4.26), the B-RZT{%”;)}
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beam constitutive relations in terms of the kinematic and strains unknowns are
expressed as follows:

N=Au,+B0,+ Ay, + A"w+A"q,

M =Cu,+D0, + B’y +B"w+B“q, (4.40)
M’ =E%u, +F°0, + G’y + C'w+C*q,

N* =AYy, +B¥0, +C¥y +D¥w+E™q, (4.41)

Q' =A"¢, +B"k, +C""k" + D" ow +E"5q,
O= A", + Bk, +C°k" + D" ow + E°dq, (4.42)
O’ = A, +B"k, +C"k" + D" ow +E'dq,

where the various stiffness matrices are defined as follows:

o [e3

A=(EP+R,M41); B=(x,E" +R,"4));
71 = <E1(k),u(k) +Rl3(k)A§’>;
A" = <R13(k)A:;>; A* = <R13(k)A(qyz >;

C=(xE" +xRV4!); D=(xE" + xR,V A4);

o [e2

B =(x,Eu™ + 2R P 4 );
B" = (xR "A); B” =(x,R,VAL):; (4.43)
E? = <,u(k)Ef") +y“‘)Rl3(k)A(’;>; F? = <x3,u(k)El(k) +,u“‘)Rl3“‘)A§>;

G’ = </J(k)E1(k)/J(k) +#(k)R13(k)AZ>;

= <ﬂ(k)R13(k)A§>; C* = <ﬂ(k)R13(k)Afi>

A¥=(H4); B¥=(H4)); C¥=(H4);

D% =(H'A}); EY=(HA%)

Defining §**) =1/ G} the remaining quantities are expressed as follows:
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&= (D) = (D) ¢ =(Dou):
Cr=(DsVz,); C =AY =(DsVA);

¢t =B = (D SPB ), O =(DesD7);

& = (DSVE); & = (DTSR,

D" = <Eerz>; D’ = <EZT>; D¥ = <EzTa3lu(k)>;
(80 BRS04 i
D = B = (B7SVB); DY =7 = (E759D);

D = (ETSVE): B = (BT SOF);

B = (HTF), B =(F); B = (0,uF)

Lastly, the inertia quantities that appear in the governing equations read:

© M @ 3 D)/ 0k 2 3 4\,
(m ,m . m mY m )—<p (1,x3,x3,x3,x3)>,

© i 2) (k k k )2 (4'45)
(mﬂ),mL ,mil ):<p )(/J< V™, )>

For clarity, the other quantities that appear in the governing equations and
consistent boundary conditions not defined here are reported in Appendix E.
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4.4 The new-mixed RZT beam elements

The governing equations of the developed B-RZT{‘;;)} model shown in the

previous Section can be solved analytically only for particular load cases and
boundary conditions, typically sinusoidal pressure and simply-supported edges.
Finding a different method to achieve the searched solution is necessary for other
cases. Therefore, this Section aims to provide a finite element formulation based
on the B-RZT{(;Q} that can approximate the solution of the governing equations for

different lamination schemes, load cases or boundary conditions.

The kinematic and strain variables that appear in the governing functional, i.e.
Eq. (4.12), exhibit the highest derivative order with respect to the longitudinal
coordinate of the first order. Thus, only the C-continuity condition of the shape
functions is required to approximate the unknown variables in the finite element
formulation.

With the aim of experimental validation, the present finite element
formulation is limited only to free vibration problems and bending analysis of
thick sandwich structures in which only concentrated loads applied in the node are
considered. This simplification clearly restricts the range of applicability of these
elements; however, it leads to a simplified expression of E™, K™ and K

terms in which the effect of applied distributed loads is not in their expression.
Thus, it is possible to achieve a simplified formulation involving the static
condensation to reduce the total degrees of freedom by maintaining only the
unknown variables of the displacement field.

As stated in the previous literature framework, the shear-locking phenomenon
affects the RZT-based elements when applied to investigate the response of thin
multilayered structures. However, the range of the span-to-thickness ratios
considered in this work is limited to the value for thick multilayered beams; thus,
this problem is not addressed here.

According to the C°-continuity requirement, the simplest formulated element
implemented is a two-node with linear Lagrange polynomials as shape functions
(isoparametric interpolation) for approximating all kinematic and strain variables.

However, a further consideration should be done: the importance of the
penalty term in the governing functional. As highlighted in the previous Sections,
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the penalty term weakens the compatibility with the new strain variables and the
strains computed from the displacement field. In the finite element approximation
using the isoparametric interpolation with the linear Lagrangian polynomials, the
derived quantities of the kinematic unknowns are approximated by constant
functions. Conversely, the strain variables that appear in the penalty term are still
approximated by the linear shape functions. By starting from the strategy adopted
to manage the shear-locking problem in Refs. [48,51,107], and in order to
improve the element performances, the anisoparametric interpolation strategy is
adopted. The variables that appear as the first derivative in the penalty functional
are approximated by a polynomial shape function of one-degree order higher than

the others. It results that u(x,), 6(x,) and w(x,)are approximated with parabolic

shape functions, whereas e(x,), k(x,) and k" (x,) are still approximated by the

linear Lagrangian functions. As anticipated, the anisoparametric interpolation
results in a three-node finite element where the internal mid-node approximates

only the u(x,), 6(x,) and y(x,) variables.

A final consideration is done due to the complexity introduced by the penalty
functional. From a numerical point of view, the penalty parameter value
influences the accuracy and convergence of the formulated finite elements. For
this reason, an appropriate value should be considered to avoid ill-conditioning of
the stiffness matrix.

4.4.1 A new 2-node mixed RZT beam element: the2B-RZT};")

element

The first element considered is a two-node element based on the B-RZT};",
model, hereafter named with the acronym 2B-RZT};?,. For clarity, the kinematic

and the strain variables are divided into two groups: the first is represented by the

variables of the kinematic field, i.e. d,’ =|_u w” W w4 y/J and the

second is represented by the strain variables that come from the expression of the
transverse shear stress, i.e. d,/ = |_e k kV’J. The topology of the 2B-RZT{‘3”72)}

element is represented in Figure 10.
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Wl(O)'Wl(l):Wl(Z) WZ(O) Wz(l) WZ(Z)

I—)ul -T—)uz
L®© /
O
01, 1,01@ 0,, ¢2\j §

e ky, kY ey, ky, kY

Figure 10: Topology of the 2B-RZT{(3",’2)} element.

According to the finite element notation, the unknown quantities interpolated

by the nodal values of the 2B-RZT,}"), element are grouped in the two vectors q)

and q'° as follows:

dd(xl;l) _ N,(x)) 0 que)(l) (4.46)
dx (xl’t) 0 Ns (xl) qi'e) (t) .
where the shape function matrices that interpolate the kinematic and strain
quantities, respectively, have the following expressions

L 0 00 0 0
L 0 00
N, = L oo 4.47
d ™~ L 0 0 ( * )
sym. L 0
— L_
L 0 0
N; = L 0 (4.48)
sym. L

In Eqs (4.47) and Eq. (4.48) the elemental shape functions matrices are
constituted by the Lagrangian shape functions defined in the natural coordinate
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2x,
system &=——1€&[-L1], where L' is the beam element length. Moreover, the

(6)

vector of the linear shape functions is defined as follows,

L(£)=[L(5) L(9)]=
-|30-9) 20+9)]

(4.49)

Furthermore, the vectors of the nodal degree of freedoms divided according to
the two groups of variables are defined as follows:

qgle)r Lqur qwor qwlT qwzr an qy/TJ

" =[q" ¢" q""| (+50)
with the nodal values vectors:
=|_”1 %J;q _LW(O) 0>J’q _Lw(n ng)J;
q’“” [w? W e =8 6Lq" =Ly, w.; @0
q"=le e]:d" =k k|iq" =k K] (4.52)

The elemental stiffness, mass matrices, and the elemental load vector
2B-RZT{(3’Z12)} element are derived according to the mixed variational statement, 1.e.

Eq. (4.12). The variational statement, neglecting the applied distributed loads,
reads:

1= [[ (5ot + oy ey, + 5,08 ) |aV +

14

+I[5rl3 yfé‘) 7/1(;‘)“)+50'33(833—gg)“)]dV+

(Su, —5e)(u, —e)+ o (4.53)
_J +(50, 5k)(9 K)oy, — ok Yy, k)|

it _ 2
_J’ pPsdTd dv - ZFf (5w(0)(xf) +§§w(”(xf)+%5W(2)(xf)j =0
v J=
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where I:}is the /" generic transversal concentrated force applied in the X, point

on the top beam surface.

By substituting Eq. (4.46) into Egs. (4.53) and taking into account the Egs.
(4.3), (4.20) and (4.26) it is possible to obtain the full expression of stiffness and
mass matrices and consistent load vector

(mOLUL 0 0 0 UL »®UL 0 o 0]
mLU'L m"L'L m®L'L 0 0 000

mPL'L mL'L 0 0 000

mYL'L 0 0 0 0 0| (4.54)

M = m?L'L m{L'L_ 0 0 0
mPL'L 0 0 0

0 00

sym. 0 0

- 0_

_ (@)
Kll K12 K13 I<14 KIS K16 K17 K18 K19
K22 K23 K24 K25 K26 K27 KZS K29
K33 K34 K35 K36 K37 K38 K39

K44 K45 K46 K47 K48 K49 (4 55)
(&) — .

K" = Kss Kso K57 Kss K59
K66 K67 K68 K69
I<77 K78 K79
K88 K89

L Ky |

with
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K§i>=Lf21L,l+h—,foL,l KY=L’AL K9=L 4L

K{=L'4'L K{?=L/BL, K{Y=L4L, K{= —FbLJTL

KY=K{{=0 K}=L'DFL+L'D)L,+L,DL-LD{'L,

K¢ =UDYL+L' DL, +L,DiL-L,DEL,
K¢ =L'DYL+L DL, +L,"DiL-L,DYL,

K =L/BYL, +L, D)L K =L C¥L, +L,"D!L
K3 =L'AL, -L/ 4L, K§ =LUBiL,-L, 5L,

ng) = LTCHL,J - L,ITClkle,l
K¢ =LU'DYL+L DyL, +L, " DyL-L,"DSL,
K =L'D¥L+LDyL, +L,"DiL-L, DL,

Kg‘;) = LTCZJ\{ZL,1 + LJTDZ"’IL Kg‘;) = LTBZJ\IIZL’1 + L’ITDZBIL
K(;;) = LTAIMZ,L,I - L,lTAII;vL,l Kg? = LTBSLJ _L,xTBIZkWL,l

K§ =(LU'CiL, -L¢hL,)

K =(UDYL+L DAL, + L, DiL—L, DL,

K¢ =(UBYL,+LDIL) K =(LUCYL, +L,DiL)
K =(U45L, -1/ 450,) K =(UBL, LB,
K§ =(U'CiL, -L/CYL,)  KY=L"DL,+ h—;LJTLJ

K¢ =L/'B’L, K{=L'AL,
hb

K =L'BL, —;LJTL K =L'C’L,
K(é? = L,lTG¢L,1 +h_:L~1TL,1 Kgi) = LT;IWLJ Ké? = LTBWLJ
. . 4.56

K9 =L'C"L —@LITL K =@LTL—L1TA‘?L1 (436

—_ 7 : :
Kg? = _L,erkL,l K(73) = _L,erkwL,l
K© = @LTL_ L TBkL K9 =—L TBku/L K© = @LTL -L Tévkl//L

88 — n 1 1 89 — 1 1 99 = n 1 1
he I !
F7 {0 F EF TF 0 0 0 0 OJ (4.57)
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—0 = = o )
where F = LFnl F,'QJ represents the vector of the forces applied to the

e’ element left and right node, respectively.

4.4.2 A new 2-node mixed RZT anisoparametric constrained

beam element: 2Bc—RZT{(;f'2)} element
This paragraph presents the formulation of another new mixed beam element.

As shown in the previous Section, the 2B-RZT{(3’Z12)} element presents all the

kinematic and strain variables interpolated by the linear Lagrangian shape
functions. In this newly formulated element, the attention is focused on the
penalty term. The kinematic variables that appear as derivatives in the penalty
term are approximated with a polynomial function of one order degree higher than
the strain counterparts. It results in an anisoparametric interpolation
configuration. This strategy introduces a mid-node for the uniform axial
displacement for bending and zigzag rotations. The topology of the three-node
B-RZT}), element, here named 3B-RZT",, is represented in Figure 11.

0 1 2
W1( )'W1( )'W1( ) WZ(O)'WZ(I)'WZ(Z)

Uq Um Uz
I—) — I—)

D @ R
91,1#1( ! j b & ! } 3

9 )]
O thy 022

e ki, k¥ e, ky kY

Figure 11: Topology of the new 3B-RZT{(3"72)} element

According to the finite element notation, in a similar way to what has been
done for the 2B-RZT}", element, the kinematics and strain variables of the

3B-RZT}}%, element are approximated as follows:

[l e 0 EOL g
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where the new shape function matrix that interpolates the kinematic variables
reads:

S 0 0 0 0
0 0 0
o 0 0 0
N = L oo (4.59)
sym. S 0
L S_
Moreover, the shape function matric for the strain variables reads:
L 0 0
N, = L 0 (4.60)
sym. L

In Eq. (4.99), L(f):LL1 (&) Lz(g)J are the linear Lagrangian shape
functions defined for the 2B-RZT(), element, and the higher order shape

functions are the Serendipity shape functions defined as follows:
S(&)=1S(&) S.©&) S(&H]=

|36y (=) e o

According to this interpolation, the nodal dof’s vectors are rewritten as
follows:

a7 =l g =
qwlT:\_Wl(l) ng)J;qwzrz‘_wl(z) WEZ)J; (4.62)
Q" =16 6, 6:q" =y, v, v,;

0 =le e lid" =k k:a"" =K K] (4.63)
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The total number of dof’s can be reduced by enforcing a constraint condition
on the distribution of the derivative of the strain variables at the element level.
The constraint conditions read:

d*u _de
a’xl(e)2 dxfe)
2
490 _ dk (4.64)
dx\?  dxl®
d’y _dk”
a’xl(e)2 dxfe)

By adopting Eq.(4.64) it is possible to condense the mid-node nodal dof’s,
reobtaining a simple two-node configuration. In fact, after some mathematical
passages, the internal degrees of freedom are made dependent on the external
dof’s, it yields,

L(e) L(e)

u=L(u +L2(§)uz—5m(§)?€1 +Sm(§)?ez (4.65)
L(e) L(e)

0=L(5)0 +L, ()6, - Sm(f)?kl + Sm(f)?kz (4.66)
L(e) L(é‘)

y =Ly, +Ly,—S,(S) ] k' +8,(&) 3 ky (4.67)

Thus, the shape function matrix is rewritten as follows:

L 0
L

o — I — I —)
- o o o o

7
Il

(4.68)

H o o o o o
N o o oo o

sym.

N oo oo o o
N oo o oo oo
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L(e)

where S (&)= |_ -S.(&) S,(&)] is the new shape function introduced by

the condensation procedure. The resulting element is named after with the
acronym 2Bc-RZT}}", .

The 2Bc-RZT(", elemental stiffness, mass matrices and load vector are

obtained according to the mixed variational statement, i.e. Eq. (4.12). For the sake
of clarity, the variational statement, neglecting the applied distributed loads, is
here briefly recalled reads:

N1 =[[ (65 'al)) + 7'ty + e 0% |V +

Vv

o (0 - yf?“)wa;(en &) v +

(Su, —5e)(u, —e)+ (4.69)
—J. dVv +
+(o0, 5k)(¢91 —k)+(Sy, -5k )(w, - k")

y 2
_J.p(k)éddT&ddV_ZFf (é‘w(o)(xf)_,_gé‘w(l)(xf)_k%é‘wﬁ)(xf)]=0
v I

where Ff is the generic transversal concentrated force applied in the x, point

on the top beam surface.

By substituting Eq. (4.46) into Egs. (4.53) and considering the Egs. (4.3),
(4.20) and (4.26), the full expression of stiffness and mass matrices and consistent
load vector are obtained:

(m”L'L 0 0 0 UL mOUL mOLS 0 o 17
2 y
mLU'L m"LU'L m®L'L 0 0 0 m®L'S, 0
mPL'L m®L'L 0 0 0 0 mPL'S,
mL'L 0 0 0 0 0
M© = mPLU'L m"LL 0 0 0 (4.70)

mPL'L 0 0 0
mS,’s, 0 0
sym. m»S’S, 0

m?s,’s, |
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4.71)

(o)

SHVIEVEVIVIG SV Y
VEVEVEVEVEV VI
VHVEVEVEVESSY)
SRR,
SRVIVIO
SRV,

VRV

i

—
—

-
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[\
N

= = = o
with F = LFnl F,'QJ represents the vector of the forces of the e’ element

applied to the left and right node, respectively. It is worth noting that the
elemental nodal force vector has the same expression for both elements.

Moreover, for 2Bc-RZT];", element, due to the constraint condition to condense

the mid-node dof’s, the elemental mass matrix have not null values on the
diagonal for the strain degrees of freedom and presents coupling terms with the
corresponding in-plane displacement and rotations.
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4.5 The static condensation procedure

As a result of the previous element formulations, both elements involve
eighteen dof’s (nine dof’s for each node), which could be computationally
expensive. Therefore, it is possible to adopt the static condensation technique to
reduce the computational cost but maintain the same accuracy. At the element
level, the governing equations are expressed as follows

MY§© + K9q© = F© (4.74)

Explicitating in Eq. (4.74) the two groups of variables:

mg M far) [ke k)[R
M(di)T M(é) q(f) Kfii)T K(é) q(e) 0 (4.75)

The second line of Eq. (4.75) could be solved statically by making q'

depending on the q'{’variables. It reads:

(dev)Tq(E) +K(6)q(f) 0> q(e) (e) 1K(€)Tq§le) 4.76)

Substituting Eq. (4.76) into Eq. (4.75), it yields a new expression of the
equations of motions:

ME§ +(KS - KK ) g = F (4.77)
Moreover,

(e);:(e) (e) ,(e) __ y(e)
M,./q, +K 4s =F, (4.78)

; ) _ (e) (e)-lyz(e)T
with K = (K - KK,

It is important to note that for 2Bc-RZTY),, MY %0 and M'” # 0. This

(3,2} 2 ds
effect introduces an approximation on the mass matrix that neglects the inertia
effect of the strain quantities introduced by the constraint element conditions.
However, the condensation of the strain dof’s is able to provide the exact stiffness
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matrix for both reduced elements when the static analysis with only concentrated
nodal forces is considered.

The total number of dof’s of both elements is reduced from eighteen to
twelve. For clarity, the full expressions of the reduced mass and stiffness matrices
of 2B-RZT\", and 2Bc-RZT;%, elements are not reported here; however, they

could be easily obtained by substituting the expression of elemental stiffness and
mass matrices in Eq. (4.77).
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Numerical assessments

In this Chapter, the previously developed plates and beams models are
numerically assessed to evaluate the global and local response of multilayered
composites and sandwich structures. The numerical results are compared with
those coming from the three-dimensional solutions available in the current
literature. Whenever the exact elasticity solutions are unavailable, the reference
results are obtained through appropriate high-fidelity FE models using MSC -
PATRAN®/NASTRAN® commercial codes.

In this numerical assessment, particular attention is paid to lamination
schemes in which the effect of transverse shear coupling is not negligible. The
angle-ply multilayered structures represent a class of laminated plates studied in
this chapter. In the following sections, the novelties and limitations of the

enhanced models (en-RZT and en-RZT{(;Q}) in predicting the global and local
responses of multilayered angle-ply structures are presented. Moreover,

multilayered cross-ply and sandwich plates are also assessed to highlight the
computational advantages introduced by the newly developed mixed model the

en-RZT{(fz)}. In particular, the latter model is applied to the analysis of thick

multilayered structures for bending and free vibration analysis since the transverse
normal deformability has been considered in the formulation.

The newly mixed beam model has been used to evaluate the global and local
responses of displacement, strain and stress distributions, and natural frequencies
of thick multilayered composite and sandwich beams. In addition, analytical and
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finite element solutions have been assessed with the high-fidelity FE models with
NASTRAN® finite elements, better representing those created for the
experimental campaign.

Some of this Chapter’s contents have been subjected to publications in
International Journals [136,137,150] or presented at International Conferences
[149,167,168]. However, in this thesis’s work, some of the already presented
results are further commented on and better explained to highlight the significant
novelties and the limitations of the presented approaches.

5.1 En-RZT assessment

In this Section, the linear en-RZT plate model is assessed for static, dynamic
and stability analysis. For simplicity, numerical examples are related to
rectangular flat plates with the edges parallel to the axis (x;,x2), as shown in
Figure 12. The length of the plate (in the x; direction) is denoted with a, and the
width (in the x> direction) is denoted with b. The origin of the axes corresponds to
the lower-left corner of the plate.

xZ

X1

Figure 12: Rectangular plate dimensions and coordinate system.

Table 1 and Table 2 report the materials properties and laminate stacking
sequences, respectively, of the investigated multilayered composite and sandwich
plates for the en-RZT assessment.
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Table 1:Material nomenclature and properties. The elastic moduli are given in GPa,
and the mass density in kg/m°.

Material E1 E2 Es viz vz vz Gn Gi3 Gas p
Name
A 175 7 7 0.25 025 025 35 3.5 14 -
B 1574 9.584 9584 032 032 049 593 593 3227 -
C 0.104 0.104 0.104 03 03 049 0.5 05 035 -
D 40 1 1 0.25 0.25 025 0.6 0.6 05 1
E 15 1 1 03 03 035 05 05 035 1
F 1 1 1 03 03 03 039 039 039 -
G 14 1 1 0.3 0.3 049 0.533 0.533 0323 1

Table 2: Laminate stacking sequences (starting from the bottom layer) and
nomenclatures. The orientations are given in degrees.

Laminate Normalized thickness Lamina Lamina orientations [°]

ID h® /h materials ami ! !

L1 (0.5/0.5) (A/A) (0/90)

L2 (0.25/0.5/0.25) (A/A/A) (0790/0)

L3 (0.5/0.5) (A/A) (=Y /+Y)

L4 (0.05/0.05/0.8/0.05/0.05) (B/B/C/B/B) (30/-45/0/45/-30)

L5 (0.25/0.5/0.25) (A/A/A) (30/-30/30)

L6 (0.25/0.25/0.25/0.25) (D/D/D/D) (=Y/+Y /=Y /+Y)
1,1

L7 (; / ;] (E/E)n (=Y /+Y )

L8 (0.25/0.5/0.25) (E/E/E) (+45/-45/+45)

L9 (0.1/0.1)s (E/E)s (=Y /+Y)s

L10 (0.3333/0.3333/0.3333) (A/A/A) (45/-45/45)

L11 (0.25/0.25/0.25/0.25) (G/G/G/G) (45/-45/45/-45)
1,1

L12 (; / ;) (D/D)n (45/-45)n

S1 0.05/0.05/0.8/0.05/0.05  (D/D/F/D/D)  (+45/-45/0/-45/+45)

S2 0.05/0.05/0.8/0.05/0.05  (D/D/F/D/D) (+45/-45/0/+45-45)

5.1.1 Enhanced zigzag functions

As shown in Chapter 2, one of the major novelties of the en-RZT is its
generalized formulation for the analysis of multilayered plates. The enhanced
zigzag functions are characterized for general laminated structures in which the
effect of transverse shear coupling is assumed to be present. However, if the
lamination scheme does not exhibit this behaviour, the zigzag functions
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formulated according to the standard RZT are easily recovered. In order to
highlight this important aspect of generalization, in the following examples, the
enhanced zigzag functions and the standard ones are computed and compared for
several lamination schemes that include/neglect the effect of transverse shear
coupling. In the following figures, the label “standard” means the zigzag functions
computed according to the formulation of the standard RZT. Whereas the label
“enhanced” refers to the zigzag functions computed according to the enhanced

linear RZT model.

The first laminate considered is a two-layered anti-symmetric cross-ply
named L1. A second laminate type that does not include the transverse shear

coupling effect, named L2, is a three-layered symmetric cross-ply.
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Figure 13: Standard and enhanced zigzag functions for anti-symmetric cross-ply

(L1).
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Figure 14: Standard and enhanced zigzag functions for symmetric cross-ply (L2).

It is clear from Figure 13 and Figure 14 that the zigzag functions ¢, and ¢,
are not evaluated in the standard zigzag formulation. However, as expected in the
enhanced formulation, they remain null across the entire thickness because the
effect of transverse shear coupling is not present in these laminate configurations.
Moreover, the through-the-thickness distributions of the two zigzag functions
reported in Figure 13 and Figure 14 are the same and no differences in their
values are obtained.

The novelty introduced by the enhanced model is shown in Figure 15. A two-
layered anti-symmetric angle ply (L3) is considered with 15° as absolute value of
the lamination angle. The standard zigzag functions are null due to the anti-
symmetric lamination scheme in which the transformed transverse shear stiffness

coefficients, 1.e. Cv'flf) and Cv's(é‘) , are constant along the whole thickness. In addition,

the standard RZT cannot describe the expected transverse shear coupling, whereas
the en-RZT is able to include it. Moreover, it is worth noting that in the enhanced

model, zigzag functions, ¢, and ¢@,,, are still null. Furthermore, considering the
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three-dimensional elasticity solution provided by Savoia and Reddy [13], the
transverse shear coupling effect produces layer-wise distributions very similar in

their shapes to those represented by ¢, and ¢, functions. Moreover, the two

enhanced zigzag functions allow using the RZT kinematics to investigate these
structures.

Thus, the standard RZT is not able to investigate this typology of multilayered
structures, in which the lamination scheme is characterized by periodic laminates
with the same absolute value for the lamination angle. As a result, the zigzag
functions are null in such cases, and the RZT model degenerates into the FSDT.

L3 L3
05 T T T T T T 0.5 T T T & T T T
\
0al ———Standard | | 04 : \ — — — Standard
--4¢— Enhanced | ‘-\ --¢—Enhanced
03t 1 03} | N 1
(A,+15°) (A,+15°%) [
02} 02 | A\
| \
\
01+ ] 01r i A\
= < \ \
S S o — ! o
8 8 !
| s
01t 1 01 l ;
1 7
02F 1 02t : ;
(A,-15°) (A-15°%) | /
03 g 031 iy
’
i
04+ 1 04 3
I/
05 | i 05 & i
02 -015 -01 0.05 0.05 0.1 015 02 02 015 -01 005 0 0.05 0.1 015 02
P11 b12
L3 L3
0.5 &: T 05 r r T T
} AN — — — Standard — — — Standard
04f . 1 04t J
I .. |79~ Enhanced —-4¢—Enhanced
03t } S 1 03f 1
(A,+15°) | Bes (A,+15°%)
02 | . 1 02}
N
I <.
01 i RS 1 01 F
= | g <
5 0 | o S of—
= | - 8
-0.1 | i 1 -0.1
I i
I -
02+ ‘ X 1 0.2
(A-15°) | e (A,-15°)
03 | e B -0.3
I pEdt
04} [ 1 04|
I,
05 & 05 -
02 -015 -0.1 0.05 0 0.05 0.1 015 02 02 -015 -0.1 0.05 0 0.05 0.1 015 02
(% P20

Figure 15: Standard and enhanced zigzag functions for anti-symmetric angle-ply
(L3).

Figure 16 reports the computed standard and zigzag functions related to an
anti-symmetric multilayered sandwich plate. The same plate has been studied
statically in the original standard RZT formulation, see Ref. [103]. The presence
of the isotropic core layer in the laminate stacking sequence allows the standard
formulation to compute the zigzag functions. However, it is important to note that
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the enhanced formulation can also compute the coupling functions. Particular
attention should be paid to the order of magnitude of the coupling function: its
value is almost negligible with respect to the values of the other two functions.

Although the ¢, and ¢@,, seems to be the same for the two formulations, very few
differences are present. However, the coupling effect neglected in the original

formulation has been a valid approximation explained a-posteriori, thanks to the
enhanced zigzag functions.
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Figure 16: Standard and enhanced zigzag functions for an anti-symmetric angle-ply
sandwich (L4).

Even if the standard RZT model works well, i.e. angle-ply sandwich plates,
the enhancement must be considered in a general way to achieve more reliable
results without any approximations.
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5.1.2 Static, free vibration and stability problems

In the following examples, the static, stability and free vibration problems are
assessed. Specifying the boundary conditions and loads applied to the plate is
necessary to compute the structure's response. The boundary conditions provided
in Chapter 2 for the en-RZT plate are expressed in terms of the plate dimensions
and lamination schemes.

For cross-ply multilayered composite and sandwich plates simply-supported
on all edges, the set of boundary conditions, here named SS-1, reads

e Along the edges x,=0,a: uzzszH:Mn:Mﬂ:O
e Alongthe edges x,=0,b: w=w=N, =M, =M}, =0

For anti-symmetric angle-ply simply-supported on all edges, the boundary
conditions, here named with SS-2, read

e Along the edges x,=0,a: u=w=N,=M, =M{¢1=0
e Along the edges x,=0,b: wu,=w=N,=M,, =M}, =0
The traction-free boundary conditions read,

e Along the edges x,=0,a:
Ny =N,=M, =M, :M1¢1 :M{’jz =0,=0

e Along the edges x,=0,b:
Ny =Ny =M, =M, :]Ml¢2 :Mz¢z =0,=0

At last, the clamped boundary conditions read
e Along the edges x, =0,a:u,=u,=w=6=0,=y, =y, =0
e Along the edges x, =0,b:u,=u, =w=6 =0, =y, =y, =0

Due to the mathematical difficulty in obtaining an exact analytical solution of
the governing equations for any boundary conditions and load cases, the en-RZT
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analytical solutions using Navier’s method are obtained only for plates with
simply-supported edges under bi-sinusoidal load pressure.

For cross-ply plates (SS-1) under bi-sinusoidal transverse pressure and free
vibration problems, the assumed solution involves the following trigonometric
expansions [135]:

w=Wsin(zx, /a)sin(7zx, /b)

u, U

6, =10, rcos(zx, /a)sin(zx, / b)

¥ Y

u, vV

0, p =10, psin(zx, /a)cos(zx, /b)

¥, \Pz (51)

where {U,V,W,0,,0,,¥,¥,} are the unknown amplitudes of the kinematic

variables.

For simply-supported (SS-2) anti-symmetric angle-ply laminates, the
trigonometric expansion that satisfies the equations of motion and BCs differs
from Eq. (5.1) only for the u; and u; variables. They are given by

u, =Usin(zx, /a)cos(7zx, /b) (5.2)

u, =V cos(zx,/ a)sin(zx, / b)

For any other boundary conditions cases or more general lamination scheme,
the en-RZT exact analytical solution does not exist, and an approximated method
should be used. An approximated solution has been developed using the Ritz
method and has been implemented in Ref. [169], where it has been assessed that
11 orthogonal polynomials in each direction are enough to obtain the converged
approximate solutions.

The non-dimensional quantities, if not otherwise specified, are defined as
follows:

111



Chapter 5 Numerical assessments

EVR _ EOR

{Ul,‘2}=100—132 = U,U,}; U, =100—]32 = Us;
0 0
_ _ _ ., Khlo,o,.1 _ _ . hir,t
{0-1190-229712}_ {%Oajz 12}; {713»723}: {;;a23}; (5.3)
& [p0
TN ED

where E!" and p" are the Young modulus in the in-plane transverse

direction and the mass density of the first layer, respectively. Moreover, in Eq.
(5.3), p,is the maximum intensity of applied transverse pressure.

5.1.2 Linear bending

In this section, the linear bending analysis of general simply-supported
multilayered composite and sandwich plates is assessed. Since the enhanced
zigzag functions are able to give the same results as the standard ones for cross-
ply lamination schemes, only angle-ply stacking sequences are considered in this
study. The three-dimensional solution for the investigated angle-ply plates has
been obtained by Savoia and Reddy [13].

Problem 1

This first numerical assessment considers a simply-supported (SS-2) two-
layered angle-ply plate (L3) subjected to a bi-sinusoidal transverse pressure

75(x,,x,) = pysin(mx, / a)sin(mx, /b). Table 3, Table 4 and Table 5 report the

normalized central maximum deflections computed using the en-RZT compared
with the 3D solution of Savoia and Reddy [13] for various span-to-thickness ratios
and plate geometry. For comparison purposes, other models are also considered,
the CLT [170], FSDT [29] with Raman and Davalos shear correction factor [33],
Reddy’s TSDT [54] and the linear Di Sciuva’s ZZT [89]. The shear correction
factor for the investigated laminates has been reported at the bottom of each plate.
As remarked previously, the RZT has not been considered in this assessment since
the null zigzag functions lead to degenerating into the FSDT.
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Table 3: Normalized maximum deflections for simply-supported (SS-2) thick
(a/h=4) square (a/b=1) angle-ply plates (L3) under bi-sinusoidal transverse pressure.

FSDT
Y=[] 3D[I13] En-RZT ZZT TSDT , , CLT
(k3 = k3 = ad hoc)
15 1.7059 1.6054 1.5111 1.6594 1.7571® 0.6205
30 1.7297 1.6358 1.3250 1.6005 1.8765® 0.6842
45 1.6887 1.5926 1.2106 1.5497 1.9154© 0.6547

@ 2 = k2 = 0.8384; ® k2 = k2 = 0.7605; ©k? = k2 = 0.7176.

Table 4: Normalized maximum deflections for simply-supported (SS-2) moderately
thick (a/h=10) square (a/b=1) angle-ply plates (L3) under bi-sinusoidal transverse

pressure.

FSDT
Y=["] 3D[13] En-RZT ZZT TSDT CLT
(k3 = k3 = ad hoc)
15 0.8027  0.7821 0.7724 0.7952 0.8062® 0.6205
30 0.8568  0.8388 0.8085 0.8355 0.8751® 0.6842
45 0.8250  0.8068 0.7774 0.8028 0.8564 0.6547

@ k2 = k2 = 0.8384; ® k2 = kZ = 0.7605; ©k? = k2 = 0.7176.

Table 5: Normalized maximum deflections for simply-supported (SS-2) thick
(a/h=4) rectangular (a/b=1/3) angle-ply plates (L3) under bi-sinusoidal transverse

pressure.

FSDT

Y=['] 3D[13] En-RZT ZZT TSDT ., CLT
(k3 = k3 = ad hoc)

15 24903 23578 22711 24302 2.5883® 1.0778

30 34118 32606 2.8696 3.2462 3.6599® 1.8257

45 47596 45650 3.9749 4.5582 5.1791¢ 2.8142

@ k2 = k2 = 0.8384; ® k2 = kZ = 0.7605; ©k2 = k2 = 0.7176.
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As shown in Table 3, Table 4 and Table 5, the en-RZT is able to provide
enough accurate results for maximum deflection of thick and moderately thick
square and rectangular angle-ply plates. Although the FSDT seems to give more
accurate results, the en-RZT does not require any shear corrector factor to achieve
the same level of accuracy. Therefore, the TSDT can give accurate results in this
case, but it is known that from a computational point of view, this theory requires
C'-continuity of the shape functions. Moreover, it cannot predict the correct
transverse shear stress distributions at clamped edges and satisfy the transverse
shear stress continuity at the layer interfaces. In addition, the TSDT, when used
for thick angle-ply laminate, cannot predict the correct variation of stiffness with
the lamination angle. As a further comparison with other existing zigzag models,
the linear ZZT is accurate enough for moderately thick plates to predict the
maximum transverse displacements. However, it leads to higher errors for thick
cases, in which the non-linear effect on the through-the-thickness distributions
and the transverse normal deformability are predominant.

Problem 2

In this second problem, an anti-symmetric angle-ply sandwich plate (L4)
under bi-sinusoidal transverse pressure and simply-supported on all edges (SS-2)
is here considered. This kind of laminate could be investigated using the standard
RZT since the presence of the core layer in the lamination scheme guarantees the
model's ability to compute the zigzag functions.

In Table 6, the results of maximum central displacements are reported and
computed using different methods in defining the zigzag functions. It is important
to remark that the standard RZT is able to investigate this multilayered angle-ply
structure only because it is a sandwich structure. Moreover, the reported results
indicated with the label RZT(C},) are obtained through the standard formulation
of RZT but compute the zigzag slope differently. Its expression is here reported
from Ref. [134], and it reads:

1 S
Clo= D hS0 =T (@=12) (5.4)
k=1

CI
where St(f) = %;(k) and S;ZIZ{) = %(k) .
13 23

«
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It should be noted that this particular expression is able to give the same
zigzag slope of en-RZT only for g (%, but it cannot compute the transverse

shear coupling contributions necessary for the most general angle-ply laminates.

Table 6: Normalized maximum deflections for simply-supported (SS-2) thick
(a/h=35, a/b=1) angle-ply sandwich plate (L4) under bi-sinusoidal transverse pressure.

3D[134] En-RZT RZT[134] RZT (Cis) [134] ZZT [134]

442299 44.1582  44.1629 44.1663 36.7866

As shown in Table 6, the en-RZT and RZT with the (Ci) method for the
zigzag functions are more accurate than the other models if compared with the
three-dimensional result. As anticipated in the previous section in the enhanced
zigzag function assessment, a transverse shear coupling is expected to be
negligible for this laminate configuration due to the presence of the isotropic core
layer. In fact, as reported in Table 6, the values for the normalized maximum
deflection given by these models are almost the same. Furthermore, despite its
ability to include the transverse shear coupling effect and enforce the complete
transverse shear continuity across the entire laminate, the Di Sciuva’s zigzag
model overestimates the core layer's stiffness resulting in lower values for the
displacements with respect to the exact 3D solution.

Problem 3

To further assess the accuracy of en-RZT, especially in through-the-thickness
distributions of local quantities, the case of a three-layered symmetric angle-ply
laminate (L5) is studied. The problem considered here is the case of cylindrical
bending under transverse pressure. For this problem, the three-dimensional
elasticity solution has been obtained by Pagano [5]. In order to study this
configuration according to the provided Navier’s solution, it should be replicated,
as highlighted by Pagano [5], the plane strain condition in which the kinematic
variables do not have any variation along the x, axis. This condition could be
reached using the proposed Navier’s method with the trigonometric functions
indicated previously by considering the plate along the x, axis of infinite width or
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a value sensibly higher (such as b/ a =1000) than the length in x, direction. This

particular configuration guarantees that the simply-supported edges at x, =0,b

do not influence the plate behaviour under cylindrical bending assumptions, and
the applied load tends to assume the form of a single sine along the x, direction,

ie. py(x,)= p,sin(mx, /a) .

The three-dimensional elasticity solution for anisotropic laminated structures
in cylindrical bending has been provided by Pagano [5], and it has been used as
reference solution. The FSDT has also been used for comparison purposes, and
the provided results consider a shear correction factor k! =k, =5/6.

The transverse shear stress distributions obtained using the FSDT, Di
Sciuva’s ZZT and en-RZT are compared with the exact three-dimensional
solution. The transverse shear stresses are evaluated by integrating the 3D local
equilibrium equations to evaluate the prediction capabilities of through-the-
thickness behaviour better. Even if the transverse shear stresses computed using
the constitutive material relation are correct in an average sense, the integrated
ones are considered only in evaluating the maximum values and the distribution at
the layer interfaces.

Figure 17 shows the through-the-thickness distributions of in-plane and
transverse displacement and stresses of thick (a/h=4) angle-ply laminate (L5).
The effect of transverse normal deformability has made less influence in the three-
dimensional solution by dividing equally the transverse normal load into two
pressures applied on top and bottom external surfaces.
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Figure 17: Cylindrical bending of symmetric angle-ply laminate (L5), simply-
supported under sinusoidal transverse pressure (a/h=4). In f) and g), the values are
computed using the integration of local equilibrium equations.

As shown in Figure 17-a) and b), the en-RZT through-the-thickness in-plane
distributions are very close to the three-dimensional ones. In Figure 17-c), the en-
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RZT is the constant value closer to the transverse displacement pattern. Although,
as expected, the three-dimensional behaviour demonstrates a through-the-
thickness non-linear pattern of the displacements and stresses, see from Figure 17-
a) to Figure 17-¢), the linear en-RZT distributions agree with the 3D Pagano’s
solution, whereas the other theories are less accurate.

The transverse shear stress distributions, computed a-posteriori through the
integration of local equilibrium equations, are very close to the exact 3D results,
especially at the layer interfaces. Furthermore, the en-RZT with respect to Di
Sciuva’s zigzag model gives a through-the-thickness distribution closer to the
exact one in the internal layer. One of the advantages of the en-RZT and the
standard RZT is the partial transverse shear stress continuity for the definition of
the zigzag functions that are able to predict the transverse shear deformability
more precisely.

5.1.3 Linear buckling

This section evaluates the critical buckling loads of multilayered angle-ply
laminated plates computed using the en-RZT. Based on the static results'
accuracy, this numerical investigation aims to provide some benchmark results for
future comparisons. In addition, the effects of in-plane load combination,
boundary conditions, geometries and lamination stacking sequences are addressed
to investigate the critical behaviour of laminated angle-ply plates. Due to the lack
of three-dimensional results in the literature framework related to the buckling of
angle-ply structures, the numerical comparisons shown in this Section are made
with other existing refined higher-order models. The results reported in this
section have been presented in Ref. [137] and are further explained. If not

otherwise specified, the normalized critical buckling load (4, ) is computed as

follows:

la’
ﬁ“cr = EOp3 (55)
2

where E{"is the Young’s modulus in the in-plane transverse direction of the

by

first layer. Note that A =P, and 7, = 5
11

As highlighted in Chapter 2, for anti-symmetric angle-ply lamination
schemes, the pre-buckling state where the plate remains flat is possible only when
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only in-plane normal loads are applied and for simply-supported and clamped
boundary conditions. Thus, no in-plane shear loads are applied in the investigated
examples for these multilayered plates. Clearly, this condition does not apply to
the symmetric angle-ply structures since the plate remains flat till the buckling
load is reached when in-plane compressive and shear loads are applied

Problem 1

This first numerical example for buckling analysis considers a simply-
supported (SS-2) four-layered (L6) antisymmetric angle-ply plate subjected to a

uniaxial compressive load (1311) acting in the x, direction. The solution has been

obtained using the Ritz method, where eleven orthogonal Gram-Schmidt functions
have been used. The results taken as reference solution for this problem have been
provided by Matsunaga [171]. However, as stated by Matsunaga in Ref. [171], his
developed two-dimensional higher-order theory underestimates the stiffness of
laminated structures when applied to the bending problems with respect to the
three-dimensional solution. Thus, this similar behaviour is expected for critical
buckling loads and needs to be addressed in the comparison.

Table 7: Critical buckling loads (in N/mm) for uniaxial compressive loads of
laminate L6, simply-supported on all edges (SS-2).

a/b

ah Y =] 0.5 1 2

Ref. [171] En-RZT Ref.[171] En-RZT Ref.[171] En-RZT
30 0.1592  0.1786  0.2889  0.3381  0.7939  0.9833
10 45 01269 0.1425 03134 03714 10806  1.3760
60  0.08547 0.09378  0.2889  0.3381  1.2924  1.6228
30 05307 05512 0.1054  0.1115 03417 03751
20 45 004114 0.04269 0.1169  0.1244  0.5078  0.5699
60  0.02630 0.02706 0.1054  0.1115  0.6369  0.7142
30 0.009377 0.009440 0.01939 0.01959 0.06927 0.07057
50 45  0.007188 0.007234 0.02174 0.02199  0.1093  0.1120
60  0.004503 0.004525 0.01939 0.01959 0.1416  0.1452
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The comparison provided by Table 7 shows the combined effect of lamination
schemes, plate geometry and span-to-thickness ratio. As expected, the en-RZT
critical values are slightly higher than the reference ones. Furthermore, with the
increasing of the span-to-thickness ratio, the en-RZT results are closer to those of
Matsunaga’s model. In fact, the effect of shear deformability decreases when the
span-to-thickness ratio reaches the values of thin plates. As expected, the critical
buckling loads are very sensible to the lamination angles and geometry for thicker
plates. Therefore, the combination of them could increase/decrease its value,
confirming the tailoring properties of composite material to optimize the structural
response.

Problem 2

In this second example, the effect of various design parameters, such as the
number of layers, ply orientations, aspect ratio, boundary conditions, and
lamination symmetry/asymmetry, has been addressed in the computation of the
critical buckling loads.

Due to the impossibility of obtaining the analytical solution for the various
cases, the provided results are computed through the approximated Ritz method.
The minimum number of orthogonal Gram-Schmidt polynomials used to reach the
converged solutions is eight. In the following, S stands for the edge simply-
supported and C for clamped edge. In the next examples, the simply-supported
condition is referred to the SS-2 case since antisymmetric angle-ply lamination
schemes are considered.

In Figure 18 and Figure 19, the normalized buckling loads are reported for
different boundary conditions, number of layers and lamination angles. Figure 18
and Figure 19, respectively, address the effect of uniaxial or biaxial (r;;=1)
compressive loads. All the plates have a span-to-thickness ratio equal to eight
(a/h=8). Three different sets of boundary conditions are considered: simply-
supported on all edges (SSSS); simply-supported (SS-2) on two edges
perpendicular to x; axis, the other two edges are clamped (SCSC); fully clamped
plate (CCCC).
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Figure 19: Biaxial buckling parameters for L7 square plate.

The effect of the number of layers on the critical buckling loads is represented
in Figure 18 and Figure 19. As expected, the critical load parameter is higher for
plates with more layers at the same geometric configuration (aspect ratio and
span-to-thickness ratio). In fact, this typical behaviour could be commonly found
in the literature framework, and its trend is to approximate the isotropic behaviour
of metal panels. It is interesting to note the effect on the buckling load parameter
given by the material anisotropy as a consequence of the lamination angle. In the
SSSS case for the uniaxial compressive load, the maximum values of the critical
buckling load do not correspond to the 45° case, as Jones [2] reported for the
Classical Laminate Theory. In fact, the en-RZT is able to predict more precisely
the effect of transverse shear coupling due to the more pronounced laminate
anisotropy. Differently, when the plates are under biaxial compressive loads, the
effect of anisotropy of the lamination angle in two-layered structures is almost
irrelevant at the various boundary conditions. In addition, in biaxial compressive
cases and multilayered plates with more than two layers, the highest value for the
critical buckling load is reached at 45°.

Figure 20 shows for a four-layered antisymmetric angle-ply (a/b=1) plate (L6)
the effect of boundary conditions on the buckling loads for uniaxial and biaxial
cases. As expected, the boundary condition strongly influences the buckling load
parameter, and the fully clamped case can give the highest critical values for any
orientation angle.
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Figure 20: Effect of BCs on buckling parameter for a) uniaxial (r;,=0) and b) biaxial
(r1i=1) compressive load on L6 plate.

In the following examples, symmetric square and rectangular angle-ply plates
are investigated. Due to the symmetric lamination scheme, the simply-supported
SS-1 conditions are considered here. Moreover, different combinations of
boundary conditions and load combinations are addressed.

The laminate (L8) is manufactured with three layers oriented with an absolute
value of the lamination angle of 45°. Table 8 reports the buckling load parameters
computed for a span-to-thickness ratio of eight, varying the boundary conditions
and the aspect ratio.

Table 8: Buckling load parameters for symmetric angle-ply rectangular plate (L8).

rir=0 ri=1
a/b 0.5 1 2 0.5 1 2
SFSF (SS-1) 2.444 2.044 1.369  2.118 1.774 1.254
SSSS (SS-1) 5384 12942 21.783 4299 6.569 10.618
SCSC (SS-1) 9.659 14.369 21.773 8.081 8.524  11.030
CCCC 9.931 15288 21.898 8.145 9.743  14.606

As expected, Table 8 shows a significant reduction in critical values for
biaxial load compression cases. On the contrary, the geometry effect could
increase or decrease these values, depending on the boundary conditions.
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As a final comparison, the effect of boundary conditions and lamination
scheme is investigated for sandwich plates with symmetric and antisymmetric
face-sheets. For this numerical example, two cases are considered: simply-
supported on all edges (SS-1) and fully clamped on all edges (CCCC). In Figure
21 are displayed the corresponding buckling mode shapes and normalized
buckling loads for uniaxial compression.

It is interesting to note, from Figure 21, that for the lowest buckling load
value, the corresponding buckling mode shape is not typical, with one half-wave
in each direction.
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Figure 21: Buckling mode shape for sandwich S1 (a-b) and S2 (c-d) under uniaxial
compressive load. Simply-supported on all edges (SSSS) for cases a) and c), fully
clamped (CCCC) for ¢) and d).

5.1.4 Free vibrations

In this Section, the free vibration problem for general multilayered composite
plates is numerically assessed using the en-RZT. More specifically, the en-RZT
results for the fundamental frequencies have been compared with those available
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in the current literature, coming from the three-dimensional elasticity or other
higher-order models. According to Navier’s method, the analytical solution can be
obtained for the simply-supported condition on all plate edges. The trigonometric
functions that satisfy the boundary conditions of simply-supported (SS-2) angle-
ply multilayered plates read:

w(x;t)=Wsin(zx, / a)sin(7zx, / b)sin(wyt)

u, (x;1) 14

6,(x;t) p =10, pcos(zx, /a)sin(zx, / b)sin(emyt) (5.6)
¥ (X;I) ¥,

u, (x;t) U

6, (x;t) t =10, tsin(7x, /a)cos(x, / b)sin(ayr)

¥, (X;t) ¥,

where {U,V,W,0,,0,,¥,¥,} are the unknown amplitudes of the kinematic

variables and ¢, is the fundamental circular frequency.

An approximate solution is available using the Ritz method for the other
boundary conditions or different lamination schemes. The converged solution for
the fundamental frequency is ensured by using eleven orthogonal Gram-Schmidt
polynomials.

Problem 1

In this first example, the fundamental frequencies of a squared ten-layered
anti-symmetric angle-ply (L9) plate are evaluated using the en-RZT. The square
plate (a/b=1) is simply-supported (SS-2) on all edges, and for this laminate,
various span-to-thickness ratios (a/h) are considered. The exact three-dimensional
solution of the fundamental frequencies varying the lamination angle has been
obtained by Noor and Burton [12], and it has been considered here as the
reference solution.

In Table 9 are listed the fundamental non-dimensional frequencies computed
using various models. In the FSDT, it has been considered a shear correction
factor k# = k2 =1 to compute the fundamental frequency. The CLT results
include the contribution of rotary inertia. From Table 9, the fundamental
frequencies are predicted using the en-RZT with errors that do not exceed 7% for
very thick plates (span-to-thickness ratio of 4). Although the en-RZT includes the
effect of transverse shear coupling in its formulation, the transverse normal
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deformability is still neglected, and this assumption limits the range of
applicability. Similar results have also been obtained using the linear Di Sciuva
ZZT. Reddy’s TSDT seems to predict the fundamental frequencies of angle-ply
structures quite accurately, but it should be noted (from the static analysis) that the
transverse shear description is not always correct. As expected, the FSDT results
are sensitive to the shear correction factor and when it is not considered, the
predicted frequencies differ from the exact solution. As expected, CLT
overestimates the non-dimensional fundamental frequencies but is considered a
benchmark test when the en-RZT is applied for thin plates. As shown in Table 9,
the en-RZT non-dimensional frequencies are coherent with those computed with
other theories, especially with the linear ZZT in which the local kinematic field is
formally consistent. The differences in the zigzag function formulation are the key
to the predictivity capabilities of the two zigzag models.

Table 9: Non-dimensional fundamental frequencies @, = wy+/p"h* / ESY of simply-
supported (SS-2) ten-layered anti-symmetric angle-ply square plate (L9).

Y =15°
a’h 3D[12] en-RZT ZZT [89] TSDT [54] FSDT [29] CLT [170]
4 04934 05192 05157 04958 05202  0.7898
5 03588 03748 03729  0.3601 03755  0.5147
10 0.1162 0.1184 0.1182  0.1163 0.1185  0.1319
100 0.001328 0.001328 0.001328 0.001328  0.001328  0.001330
Y =30°
4 05286 05629 05456 05374  0.5666  0.8992
5 03889 04105 03983 03940 04127  0.5858
10 0.1296 0.1328  0.1305  0.1303 0.1331 0.1500
100 0.001510 0.001511 0.001510 0.001510 0.001511 0.001513
Y =45°
4 05400 0.5773 05547 05517 05825  0.7854
5 03993 04231 04056  0.4061 04263  0.6186
10 0.1351 0.1388  0.1349  0.1361 0.1392  0.1585
100 0.001595 0.001595 0.001594 0.001595 0.001595 0.001598

Problem 2

Another example shows the analysis of the fundamental frequencies of a
square symmetric angle-ply plate (L10) under different boundary conditions. Due
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to the lamination scheme and the considered boundary conditions, an
approximated solution using the Ritz method has been used to compute the
fundamental undamped frequencies. Since the three-dimensional solution is not
available, the results of the higher-order zigzag model of Di Sciuva and Icardi
[172] have been compared. The author combined Reddy’s TSDT and the linear
zigzag model in their model, obtaining the Refined Higher-order Shear
Deformation Theory (RHSDT). In Table 10 are quoted the non-dimensional
fundamental frequencies obtained by Di Sciuva and Icardi [172] using finite
elements formulated with RHSDT. Further comparisons are made with finite
elements formulated using the FSDT with shear correction factor k% = k5 = 5/
6, the TSDT and the linear Di Sciuva’s ZZT (RFQ40). The fundamental
frequencies are evaluated for three sets of boundary conditions: the first is the
simply-supported (SS-1) on all edges, here named SSSS; the second considers two
opposite edges simply-supported clamped the others (SCSC); the third assumes a
fully clamped plate (CCCC). The fundamental frequencies computed using the
en-RZT, as shown in Table 10, agree with those predicted by other models. As
expected, the frequency estimation differences using various models decrease
with the increase of the span-to-thickness ratio.

Table 10: Non-dimensional fundamental frequencies for symmetric angle-ply square
plate (L10) for various boundary conditions.

FSDT[172] TSDT[172] ZZT[172] RHSDT[172] en-RZT

a/h SSSS

10 13.766 13.163 12.692 12.909 12.604

50 16.606 16.545 16.505 16.467 16.594
CCCC

10 18.969 17.586 17.606 17.242 15.934

50 27.207 26.936 26917 26.794 26417
SCSC

10 15.571 15.519 15.487 15.177 14.084

50 22.253 22.088 22.061 21.981 21.633

A second plate case with a different lamination scheme is also considered.
The fundamental frequencies of an anti-symmetric four-layered angle-ply (L11)
under various boundary conditions have been computed using the en-RZT and
compared with the reference results provided by Di Sciuva and Icardi [172] using
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finite elements for FSDT, TSDT and RHSDT models. In Table 11 are reported the
results for the non-dimensional fundamental frequencies considering a span-to-
thickness ratio of 20.

Table 11: Non-dimensional fundamental frequencies for relatively thick
(a/h=20) anti-symmetric angle-ply square plate (L11) under various boundary
conditions.

FSDT [172] TSDT [172] RHSDT [172] en-RZT

SSSS 13.769 13.645 13.576 13.364
SCSC 18.117 17.814 17.783 17.298
CCCC  21.710 21.255 21.242 20.650

Results of Table 10 and Table 11 prove that en-RZT is able to guarantee the
same accuracy as the higher order zigzag theory (RHSDT) to predict the
fundamental frequency for relatively thick angle-ply plates.

Problem 3

As a final comparison, the non-dimensional frequencies of various simply-
supported (SS-2) anti-symmetric angle-ply square plate is done. The laminate
named (L12) presents three different lamination schemes (reported in Table 12).
For each lamination scheme and various aspect ratios, the fundamental frequency
of the en-RZT is compared with the reference results computed using a twelve-
variable refined theory developed by Swaminathan and Patil [173]. It is revealed
that the en-RZT results are coherent with those provided by other refined models
for a wide range of lamination schemes and span-to-thickness ratios.

Table 12: Non-dimensional fundamental frequencies for simply-supported angle-ply
(L12) square plate.

a/h 4 5 10 25 50 100
Ref. [173] 8.8426 10.0350 12.9115 14.3500 14.6012 14.6668
en-RZT 8.7596 9.9353 12.8211 14.2899 14.5481 14.6150
(45/-45)2 Ref. [173] 10.0731 11.9465 17.8773 22.2554 23.1949 23.4499
en-RZT 114573 13.4370 19.0657 22.5932 23.2830 23.4660
(45/-45)4 Ref. [173] 10.7473 12.7523 19.1258 23.8713 24.8959 25.1741
en-RZT 11.6321 13.7316 19.9614 24.1221 24.9647 25.1900

(45/-45)
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5.2 Assessment of the en—RZT{(S’”Z)}

In this section, the en-RZT};), is numerically assessed for static bending and

free vibration problems. As anticipated, some of the contents of this assessment
have been published in Ref. [150]. However, the published results are here further
commented on and assessed. By considering a rectangular plate, the boundary
conditions expressed in Chapter 3 can be specified as follows:

e SS-1 - Simply-supported cross-ply and sandwich plates

@x,=0,a
u, =w” =w = =0,=y,=¢,=k,=kl;=0
N, +%(uu _e“) - M, +%(au k) =M, +%(Wu k)=
— HREleZZ — HREleIZ HRKkZZ HRKAIZ HRKkZZy/ HRKlleu/ — HRKI/(ZIW -0 (57)
@x,=0,b
u=w"=w"=w? =0 =y =¢,=k,=kl;=0
N, +%(u2,2 —ey) =M, +%(e“ k)= MY, +%(%,2 k%)=
= HRpell _ HRE2612 _ HRszll HRKkIZ HRKklly/ HRKkIZu/ HRKkZIW 0
e SS-2 - Simply-supported antisymmetric angle-ply
@x,=0,a
u=w"=w"=w?=0,=y,=¢,=k,=k/| =0
N, +%(”1,2 +u,, —elz) =M, +%(6’1,1 —k“) =M, +%('//1,1 —kl"{) =
— HRElell — HREIBZZ HRKkZZ HRKkIZ HRKlkzzW — HRKIkIZy/ — HRKlk21|y -0 (58)
@x,=0,b

w=w"=w"=w" =0 =y =¢,=k,=k;=0
1 1 1 ,
N, +;(”1,2 +uy, _elz) =M, +;(€2,2 _kzz) =Mz¢2 +;(‘/’2,2 _kgz) =

_ HREell _ HRE@22 _ HRKkll HRKkIZ HRKkllu/ HRKkIZy/ HRKkZIu/ 0
- - 2 = 2

Due to the lack of numerical results available in the literature that consider the
effect of the in-plane tractions and in order to use the analytical solution provided
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by Navier’s method, the in-plane prescribed tractions on top and bottom surfaces
are neglected, thus:

ﬁl(B) =0; ]_?1(7') =0, 1_72(3) =0, 1_72(7) =0 (5.9)

If not otherwise specified, the transverse pressures (assumed as sinusoidal
functions) applied to the bottom and top surfaces have the following expressions:

Pss) = Gy sin (7 / ax, )sin (7 / bx, ) 5.10)
Psry = @y sin (7 / ax, ) sin (7 / bx,)

where ¢, 5 and g, are the maximum values.

The exact analytical solution is available through Navier's method for this
boundary value problem. For cross-ply rectangular multilayered plates with
simply-supported boundary conditions (SS-1) under bi-sinusoidal transverse
pressure, the equilibrium equations and the boundary conditions can be satisfied
by the following set of trigonometric functions:

u,(x) =Ucos(4,x,)sin(4,x,); u,(x)=Vsin(4,x,)cos(4,x,);
w®(x) =W sin(4, x,)sin(4,x,); w"(x)=W"sin(4,x,)sin(4,x,);
w?(x) = W? sin(4,,x, )sin(4,x,);

0,(x) =0, cos(4,x,)sin(4,x,); 6,(x)=0,sin(4,x )cos(4,x,);
v (x) =", cos(4,x,)sin(4,x,); w,(x)="¥,sin(4,x )cos(4,x,);
e, (x)=E} sin(4,x,)sin(4,x,); e,(x)=E,sin(4,x)sin(4,x,);
e, (x) = E}, cos(4,x,)cos(4,x, );

ki, (x) =K, sin(4,x,)sin(4,x,);  ky(x) =K, sin(4,,x,)sin(4,x, );
k,,(x) = K,, cos(4,x,)cos(4,x,);

k! (x)= K] sin(4,x,)sin(4,x,); ki, (x)= K}, sin(4, x,)sin(4,x,);
kl(x) =K/, cos(4,x,)cos(4,x,); ki (x)=KY cos(A,x,)cos(4,x,)

(5.11)

n

where A :m% ; A, =" 3, (m, n are half-wave numbers in x; and x;

directions, respectively).

Furthermore, for antisymmetric angle-ply laminated plates, simply-supported
(SS-2) on all edges is possible to use Navier’s method to obtain the exact
analytical solution. In this case, the trigonometric functions that satisfy the
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governing equations and the consistent boundary conditions are the following
ones:

u,(x) =Usin(4,x,)cos(4,x,); u,(x)=Vcos(4,x,)sin(4 x,);
w(x) =W sin(4,x,)sin(4,x,); w"(x)=W"sin(4,x,)sin(4,x,);
w?(x) = WP sin(4_x,)sin(4,x,);

6,(x) =0, cos(4, x,)sin(4,x,); 6,(x)=0,sin(4, x,)cos(4,x,);

v, (x)="Y, cos(4, x)sin(4 x,); w,(x)="Y,sin(4 x, )cos(4x,);

e, (x) = E, c0os(4,x,)c08(4,X,);  €,(X)= E,, cos(4,x,)cos(4,x,);  (5.12)
e, (X) = E,, sin(4,,x,)sin(4,x,);

k,(x) =K, sin(4,x,)sin(4 x,); ky(x)=K,,sin(4 x )sin(4,x,);
k,(x)=K,, cos(4,x,)cos(4 x,);

K (x) = KY sin(4, %, )sin(4,x,); K4 (x) = K3 sin(,x,)sin(4,x, );
kl(x) = K}, cos(4,x,)cos(A4 x,); Kk (x)=K} cos(4,x, )cos(4,x,)

When the applied load corresponds to the bi-sinusoidal pressure, as those
described by Eq. (5.10), in the trigonometric expansions, it is posed: m=n=1.

The non-dimensional quantities, if not otherwise specified, are defined as
follows:

(12 n,3
{(71,(72}:1000E_2 h3 {U,.U,}; U, :1()0E_2 }f‘ U,;
o e (5.13)
2 .
{511,522,533,7'12}:}1 {0115f22’2033a712}; {?13,?23}=M;
bsa Dia

Note that p; =g, 5, + G5, » and E;"is the Young’s modulus in the in-plane

transverse direction of the first layer.

Table 13 and Table 14, respectively, report the materials and laminate
stacking sequences of the investigated multilayered composite and sandwich
plates for the RZT mixed assessments.

131



Chapter 5 Numerical assessments

Table 13: Material nomenclature and properties. The elastic moduli are in MPa, and
the mass density is in kg/m’.

M£;e£lal E1 | ) E3 viz viz v2z Gz Gi G2 p
A 25 1 1 025 025 025 05 05 02 1000
B 110000 7857 7857 0.33 0.33 0.49 3292 3292 1292 1600
C 403 403 403 03 03 03 12 12 12 112
D 15 1 1 03 03 035 05 05 0.35 1

Table 14: Laminate stacking sequences and nomenclature. The orientations are in
degree.

Laminate Normalized
D thickness Lamina materials ~ -2™ina ()[I;;entations
h /h
L1 A/A/A 0.25/0.5/0.25 0/90/0
L2 A/A 0.5/0.5 -15/15
L3 A/A/A/A 0.25/0.25/0.25/0.25 -30/30/-30/30
L4 A/A/A 0.3333/0.3333/0.3333 0/90/0
L5 (D/D)s (0.1/0.1)s (-6/+6)s
S1 B/B/C/B/B 0.05/0.05/0.8/0.05/0.05 0/90/Core/90/0

5.2.1 Penalty parameter estimation

As highlighted in Chapter 3, the accuracy of the en-RZT,(S”fZ)} results strictly

depends on the value considered for the penalty parameter n. This quantity is
related to the penalty functional for the weak enforcement of the strain quantities
compatibility.

For lower values of 7, the compatibility between the assumed strain variables
and the strains derived from the kinematic field is significantly important in the
governing functional. Vice versa, for increasing 1 the compatibility is less
important in the global functional, and discrepancies could arise.
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In order to evaluate the best range of n values that can guarantee good
accuracy of the results, firstly, a parametric investigation has been performed.
Both simply-supported (SS-1) cross-ply laminate L1, and the simply-supported
(SS-2) anti-symmetric angle-ply L2 have been considered under a bi-sinusoidal
transverse pressure. The central deflection has been computed for both cases and
compared with the three-dimensional analytical solution of Pagano [4,5]. Since
the en-RZT;), and Pagano’s model are able to describe through the thickness

variation of the transverse displacements, to compare the percent errors, an
average value integrated along the thickness direction is computed. The results
varying the value for 1 parameter are reported in Table 15. At the same time, the
sum of absolute errors is evaluated between all the new strain variables and the
components of the corresponding strains derived from the displacement field in

X, =a/2,x, =b/2for both plates.

Table 15: Percent errors for averaged central deflections and sum of absolute strain
errors in the central point.

n_1.00E-04 1.00E-05 1.00E-06 1.00E-07 1.00E-08 1.00E-09 1.00E-10

=
-% L1 0.00 0.00 0.00 0.00 0.00 0.00 0.00
]
=
= L2 021 0.21 0.21 0.21 0.21 0.21 0.21
.% L1 1833.03 209.02 21.20 2.12 0.21 0.02 0.00
]
@ L2 047 0.05 0.00 0.00 0.00 0.00 0.00

The percent errors on the displacements decrease with the decreasing of the
penalty parameter value and after the valued n = 107> the deflection is almost
insensible to any variation. Similarly, the lower the penalty parameter's value, the
better the strain compatibility is enforced between the new strain variables and the
strains obtained by the displacement field.

Thus, the selected penalty parameter value for this numerical analysis is n =
10719, that can guarantee good accuracy on the maximum displacement and, at
the same time, good compatibility between the strain quantities.
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5.2.2 Linear bending

This Section assesses the linear bending problem behaviour of general
multilayered structures. Firstly, multilayered cross-ply and sandwich plates are
studied to highlight the novelties introduced by the new mixed formulation.
Secondly, angle-ply antisymmetric multilayered plates are statically assessed.
Finally, the exact three-dimensional solution for cross-ply and angle-ply plates
has been obtained by Pagano [4,5] and are used to obtain the reference results.

Problem 1 - Cross-ply laminated plate

This first numerical example considers a three-layered square (a/b=1) cross-
ply plate (L1). The plate is simply-supported (SS-1) on all edges, and the span-to-
thickness ratio is a/h=4, corresponding to the case of a thick plate. The distributed
load is applied on the top surface only, i.e. g, = 0, to assess the plate behaviour

when the transverse normal deformability is not negligible. This load condition is
able to exacerbate the transverse normal deformability of the structure. In Figure
22 (a-i), the through-the-thickness distributions of the normalized quantities are
shown for the simply-supported three-layered symmetric cross-ply.

z3/h
-F:;/h
o
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Figure 22: Normalized through-the-thickness distributions for displacements and
stresses in a simply-supported (SS-1) square (a/b=1) thick (a/h=4) three-layered cross-
ply under bi-sinusoidal pressure on the top surface.

Figure 22 a) and b) show how the en-RZT]}?, is able to match the exact three-

dimensional distributions for in-plane displacements. Moreover, the assumed
parabolic expansion for the transverse displacement can predict the exact 3D
transverse displacement distribution with good agreement. As expected, the non-
linear distributions for in-plane stresses obtained using the constitutive relation of
the en-RZTy,, are very close to the exact three-dimensional ones. Also, the

transverse normal stress agrees with great precision with the exact three-
dimensional result. Finally, the transverse shear stress distributions given by the
assumed functions precisely match the three-dimensional through-the-thickness
distributions.

Problem 2 - Cross-ply sandwich plate

In the next example, a multilayered thick sandwich plate with cross-ply face-
sheets (S1) and simply-supported (SS-1) edges is considered. Again, the length-
to-thickness ratio is a/h=4 and a/b=1, with the ratio between the core's thickness
and each face's thickness equal to h./h=8. Like in the previous example, the bi-
sinusoidal transverse load is applied only to the top surface of the sandwich plate.

Figure 23 (a-1) shows the normalized through-the-thickness distributions of
non-dimensional displacements and stresses for the simply-supported square
multilayered sandwich plate.

x3/h
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z3/h
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Figure 23: Normalized through-the-thickness distributions for displacements and
stresses in a simply-supported (SS-1) square (a/b=1) thick (a/h=4) sandwich with cross-
ply face-sheets and soft core, under bi-sinusoidal pressure on the top surface.

As expected, in sandwich structures with a soft core, the effect of transverse
normal deformability is more pronounced, affecting the through-the-thickness
distribution of the transverse displacement and leading to more complex
distributions of in-plane displacements and stresses. However, the assumed
transverse normal stress can still follow the three-dimensional distribution,
although some discrepancies exist in the core layer. Also, the parabolic transverse
displacement provided by the present model is very close to the exact one, but the
in-plane displacements approximation is accurate only in the face-sheets. The
main reason is that the higher-order zigzag functions cannot represent the non-
symmetric distributions of displacements in the core. On the other hand, the in-
plane stresses are very close to the exact ones, especially at the layer interfaces.
Also, the prediction of the transverse shear stresses computed according to the
assumed functions is very accurate compared to the three-dimensional solution.
The differences in the transverse shear distributions detectable in the core layer
are due to the simplified description of the transverse displacement and transverse
normal stress.

Problem 3 - Angle-ply multilayered plates

In this Section, the family of angle-ply multilayered structures is investigated.
In this first example, a two-layered antisymmetric angle-ply plate (L2) is
considered. The simply-supported conditions (SS-2) are considered here, and to
use Navier's solution and to compare the results with the exact analytical solution
provided by Pagano [5] under cylindrical bending assumptions specialized for the
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anisotropic structures, the length b (along the x> direction) is assumed to be much
higher than the size along the x; direction (b/a=1000). This particular

configuration guarantees that the simply-supported edges at x, =0,b6 do not
influence the plate behaviour under cylindrical bending assumptions, and the
applied load tends to assume the form of a single sine along the x; direction, i.e.

D5(x) =D, sin(7rx1 /a). In addition, the length-to-thickness ratio here is a/h=4,

typical for a thick plate. As observed in the previous numerical examples, the
transverse normal stretching effect is typical of sandwich structures, where the
core has a very low stiffness with respect to the face-sheets. In fact, in monolithic
multilayered structures, the transverse normal deformability has an almost
negligible effect on the laminate behaviour. For this reason, in the next examples,
the bi-sinusoidal transverse pressure has been equally divided between the top and
the bottom surfaces.

Figure 24 (a-1) show the through-the-thickness normalized quantities for the
antisymmetric two-layered angle-ply plate.
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Figure 24: Normalized through-the-thickness distributions for displacements and
stresses in a simply-supported (SS-2) thick (a/h=4) antisymmetric two-layered angle-ply
[-15/15] under bi-sinusoidal pressure acting on top and bottom surfaces.

From Figure 24, for through-the-thickness in-plane displacements and stresses

coming from the en-RZT\), the same accuracy with respect to the three-

dimensional solution is observed. The novelty of this mixed model in the
transverse shear stresses assumption can provide remarkable accuracy in
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predicting these quantities. As shown in Figure 24 h) and 1), the percent errors
between the en-RZT};, and the exact results for the peak values are 1.93% and

6.54% for 7, and 7,,, respectively.

In order to assess the ability of the present mixed model to predict more
complex transverse shear stress distributions for angle-ply multilayered structures,
an anti-symmetric angle-ply laminate with more layers is considered (L3). Also,
for this case, the simply-supported condition (SS-2) and cylindrical bending
assumption for the exact three-dimensional solution are considered to compare the
numerical results with Pagano's solution [3]. Figure 25 shows the results for
normalized through-the-thickness quantities.
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Figure 25: Normalized through-the-thickness distributions for displacements and
stresses in a simply-supported (SS-2) thick (a/h=4) antisymmetric four-layered angle-ply
[-30/30/-30/30] under bi-sinusoidal pressure acting on top and bottom surfaces.

As expected, thanks to the mixed formulation, the en-RZT(%, is able to

provide very accurate results for transverse shear stress distributions also with
more complex lamination schemes. Furthermore, the third-order zigzag functions
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are able to provide the non-linear through-the-thickness distribution for in-plane
displacements and in-plane stresses. As a result, the parabolic transverse
displacement and all the transverse stress distributions are in very good agreement
with the exact three-dimensional solution.

5.2.3 Free vibrations

In this Section, the natural frequencies of simply-supported multilayered
composite and sandwich plates are evaluated using the en-RZT{g”f;} .

For cross-ply and sandwich plates with simply-supported edges, the boundary
conditions correspond SS-1 case, see Eq. (5.7). Whereas for anti-symmetric angle-
ply multilayered plates with simply-supported edges, boundaries correspond to the
SS-2 case, see Eq. (5.8).

According to Navier's method, the exact analytical solution can be obtained
for cross-ply rectangular multilayered plates with simply-supported boundary
conditions (SS-1) using the following approximation:

M N
u,(x;t) = z ZUW cos(4,x,)sin(4 x,) sin(a)mnt);

m=1 n=1

M N
uZ (X’ t) = z zl/mn Sin(ﬂ’m'xl ) COS(Z’nx2 ) Sin (a)mnt);

m=1 n=1

M N
W(O) (X’ t) = Z 2 W:r(lg) Sin(ﬂ’mxl ) Sin(/,i’n 'x2 ) Sin ( a)mnt)5

m n

M N
wl(x;6) =D D W) sin(4,x,)sin(4,x,)sin(@,,t);

m n

M N
w2 (x;)= DD WD sin(A4,,x,)sin(4,x,)sin(@,,1);
M mN n
6,(x;0)=.>"0, cos(4,x,)sin(4,x,)sin(a,,1);

M N
0,(x;t) = Z z ©, sin(4,x,)cos(4,x,) sin(@,,,t);

m n

M N
v, (x5t) = ZZ‘Pl cos(4,x,)sin(4,x,)sin(@,,t);

m n

M N (5.14)
v, (x5t) = Z z ¥, sin(4,x,)cos(4,x,) sin(@,,,t);

and for the strains variables:
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N
e, (x;t)= ZZ sm(/lmxl)sin(/”tnxz)sin(a)mnt);
N
e, (X;t) = ZZ _sin(4,x,)sin(4,x,)sin(,,1);
o
612(X;z) = ZZEIZW Cos(ﬂ’m‘xl)Cos(ﬂ’n'xz)Sin(a)mnt)
"
k,(x;t)= ZZKUW sin(/lmxl)sin(lnxz)sin(a)mnt);
u
k,,(x;t) = Z ZKHW sin(imxl)sin(/inxz)sin( mnt)
ki (x:0) ="K, cos(4,x,)c08(4,x,)sin(@,,1);
N
k(x0)=D" DK sin(4,x,)sin(4,x,)sin(@,,1);
v
kpy(x;0) =" D K, sin(4,x,)sin(4,x,)sin(a,,1);

kL (x;t) = iﬁ:K{’gm cos()tmxl)cos(/lnxz)sin(a)mt) (5.15)

m n

M N
kL (x;t) = z Z K3, cos(4,x,)cos(4,x,)sin (o,.)

Moreover, it is possible to obtain an exact analytical solution by Navier’s
method for antisymmetric angle-ply laminated plates simply-supported (SS-2)
boundary conditions. In this case, the trigonometric functions that satisfy the
governing equations and the consistent boundary conditions differ from the
previous only for the following variables:

u(x;t)= ZZUW sin(4,,x,)cos(4, xz)sm( o, )

m=1 n=1

u,(x;1) = iﬁ:an cos(4,,x, )sin(ﬂnxz)sin(a)mt)
et o (5.16)

e, (x;t)= ZZEH cos(4,,x,)cos(4, x2)51n( m)

e, (X;t)= z:z:E22 cos(A,x,)cos(4, x2)51n( @,, )

M N
e, ()= D > E, sin(4,x)sin(4,x,)sin(w,,1);
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n

where A :m% ; A, =" 3, (m, n are half-wave numbers in x; and x:

h

directions, respectively). In the previous expressions, @, is the mn™ circular

frequency.
If not otherwise specified, the circular frequencies are normalized as follows:

(O]

5mn = a)mna2 p E(l) (517)
2

where p" E{" are the mass density and the in-plane transverse Young’s

modulus of the first layer.

Problem 1 - Cross-ply three-layered plate

A simply-supported (SS-1) three-layered cross-ply square (a/b=1) plate is
considered. The span-to-thickness ratio considered is a/h=4. The reference
solution for the first seventeen flexural frequencies has been obtained using a
high-fidelity 3D FE NASTRAN model, which used 134400 solid HEXAS
elements, as shown in Figure 26. In the three-dimensional NASTRAN® model,
the boundary conditions corresponding to the simply-supported case consider the
constraints given by Eq. (5.7). In Table 16, the non-dimensional circular
frequencies of the en-RZT{(;t’Z)} and the relative errors are presented. As anticipated,

the circular frequencies for the computed modal shapes are given in terms of m
and n, which are half-wave numbers in the x; and x> directions, respectively. As
observed, it is clear the exceptional accuracy of en-RZT;3, to predict the first
natural frequencies with a maximum value below 1.5%. As expected, the effect of
transverse normal deformation is more pronounced for more complex modal

shapes, and the simplified assumption on the assumed transverse normal stress
and transverse displacement is no longer valid.
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Figure 26: Three-layered cross-ply (L1) square plate using solid HEXAS
NASTRAN® elements (in red, the layers oriented at 0°, in blue, the layer oriented at 90°).

Table 16: First seventeen non-dimensional circular frequencies and percent errors of
laminate L1 (a/b=1, a/h=4), simply-supported on all edges.

m N AS:;"})R_AN(@ en-RZT{(sn"z)} Yoerr
1 1 6.9220 6.9300 0.11

1 2 11.5628 11.5538 -0.08
1 3 17.8022 17.6968 -0.59
1 4 24.4050 24.1394 -1.09
1 5 31.0484 30.5973 -1.45
2 1 14.0877 14.0804 -0.05
2 2 16.9297 16.9312 0.01

2 3 21.7052 21.6240 -0.37
2 4 27.3999 27.1672 -0.85
2 5 33.4689 33.0604 -1.22
3 1 21.8757 21.7745 -0.46
3 2 23.8554 23.7895 -0.28
3 3 27.4805 27.3489 -0.48
3 4 32.1934 31.9200 -0.85
4 1 29.7903 29.5193 -0.91
4 2 31.3149 31.0986 -0.69
4 4 34.1902 33.9223 -0.78
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Problem 2 - Cross-ply sandwich plate

In this second example, a simply-supported (SS-1) multilayered cross-ply
thick sandwich plate (S1) is considered. The square sandwich plate (a/b=1) has a
core-to-face thickness ratio of 8, representing a typical value for sandwich
applications. The span-to-thickness ratio is a/h=4, a value to assess the
en-RZT{), also for thick sandwich case. The first thirteen nondimensional

circular frequencies are compared with the reference solution obtained using a
high-fidelity FE model with NASTRAN® 153600 solid HEXAS element to ensure
an accurate 3D solution. In Figure 27, the discretized solid model is shown.

Figure 27: Cross-ply sandwich (S1) square plate discretization using solid HEXAS8
NASTRAN® elements (in red, the layers oriented at 0°, in blue, the layer oriented at 90°
and in green, the core layer).

In the three-dimensional NASTRAN® model, as done for the previous model,
the boundary conditions corresponding to the simply-supported case consider the
constraints given by Eq. (5.7).

In Table 17, the first thirteen transverse flexural non-dimensional circular
frequencies and the corresponding relative percent errors are reported. The 3D
frequencies are given in terms of m and n, which are half-wave numbers in the x;
and x directions of the corresponding modal shape, respectively.
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Table 17: First thirteen non-dimensional circular frequencies and percent errors of
sandwich S1 (a/b=1, a/h=4), simply-supported on all edges.

m N AS’})R_AN® en-RZT{(;’Z)} %err
1 1 1553.44 1552.88 -0.04
1 2 2890.63 2887.52 -0.11
1 3 5093.03 5073.77 -0.38
1 4 8085.80 8025.21 -0.75
2 1 2977.16 2980.10 0.10
2 2 3974.27 3977.32 0.08
2 3 5914.13 5899.67 -0.24
2 4 8745.63 8684.72 -0.70
3 1 5224.87 5221.16 -0.07
3 2 5984.38 5899.67 -1.42
3 3 7583.41 7560.59 -0.30
4 1 8251.34 8188.65 -0.76
4 2 8866.66 8802.04 -0.73

The results of Table 17 confirm the accuracy in frequency prediction with
errors below the 1.5%. In sandwich structures, the effect of transverse shear and
normal deformability is more pronounced than the cross-ply multilayered plates;

however, the en-RZT}}"), is sufficiently accurate to predict even the frequencies of

more complex modal shapes.

Problem 3 — Multilayered angle-ply plate

In this example, a square anti-symmetric ten-layered angle-ply plate (L5) is
considered. The plate is simply-supported on all edges, according to the SS-2
conditions, since the plate belongs to the class of anti-symmetric angle-ply
structures. The exact three-dimensional solution for the fundamental frequency is
provided by Noor and Burton [12] and is considered as the reference result. The
fundamental frequencies are evaluated using the en-RZT;%, for different values

of span-to-thickness ratio and different lamination angles. In order to avoid ill-
conditioned stiffness matrix due to some combinations of the values for the span-
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to-thickness ratio and the penalty term, the penalty parameter has a value of le-5,
still valid to accurately enforce the strain compatibility as reported in the previous
section.

Table 18 shows the non-dimensional fundamental frequencies and the
percent errors with respect to the frequencies computed by the exact three-
dimensional solution of Noor and Burton [12]

Table 18: Non-dimensional fundamental frequencies W, = w4/ lo(l)h2 / Eél) and

percent errors (in brackets) of simply-supported (SS-2) ten-layered anti-symmetric angle-
ply square plate (L9).

Y[°]
a/h 15 30 45
100  0.001328 (0.02) 0.001511 (0.05)  0.001595 (0.01)
10 0.1163 (0.07) 0.1296 (0.03) 0.1352 (0.06)
6.667  0.2307 (0.14) 0.2533 (0.03) 0.2618 (0.04)
5 0.3594 (0.17) 0.3890 (0.03) 0.3993 (0.00)
4 0.4944 (0.20) 0.5286 (-0.01) 0.5397 (-0.06)
3333 0.6321(0.22) 0.6687 (-0.07) 0.6801 (-0.13)

Table 18 confirms the accuracy of the en-RZT,(S”fZ)} to compute the frequencies

1

for angle-ply multilayered plates accurately. It should be noted that remarkably
low errors are obtained for the highly thick case.

5.3 Assessment of the new B-RZT{(ZZ)} beam model

In this section, it is assessed the new beam B-RZT\", model for the analysis

of thick multilayered composite and sandwich beams. The boundary conditions
expressed in Chapter 4 are here specified for a beam of length L and simply-
supported on both edges:
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@x, =0,L

WO =wO=w =¢ =k, =kl =0

(5.18)

Mo (=) = My (8 ) = M+ 1 =) =0

(0)

The constraints on w'”,w" and w*® variables in Eq. (5.18) assume in an

ideal way the supported condition, i.e. the transverse displacement is enforced to
be null along the whole beam thickness.

The numerical results provided for this model assume only a transverse
pressure applied on the beam structures, i.e. the in-plane tractions acting on the
bottom and top surfaces are neglected

171(3) =0, EI(T) =0; (5.19)

If not otherwise specified, the transverse pressures applied to the bottom and
top surfaces have the following expressions:

Dacgy =Gz SIN( 7/ Lx

1_’3<B> z3<B> ' ( 1) (5.20)
Dy = Dr) sm(ﬁ / Lxl)

where ¢ 5 and ¢y, are the maximum values.

Using Navier’s method, the exact analytical solution able to satisfy both

governing equations and boundary conditions involves the following
trigonometric expansions:
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M
u(x;;t)= ZUM cos(4,x,)sin(@,);

m=1

M
w® (x;0) =D WV sin(4,x,)sin(@,1);

m=1

M
w30 =D W sin(4,x,)sin(@,1);

m=l1

M
W(Z)(xl;t) = z VVn(zz) Sin(ﬂ’m‘xl ) Sin(a)mt);

m=1

M
O, (x;;t)= z 0, cos(4,x,) sin(a)mt);

m=1

M
v, (x;5t) = Z ¥, cos(4,x,)sin ( w,1);

m=1

M
e, (x;3t)= ZEI L, Sin(/lmx1)5in(wmt);

m=1

M
ki (x50) = ZKUM Sin(/lmxl)sm(wmt);
m=1

o (5.21)
ki (xst) =Y K, sin(4,x,)sin(@,1);
m=1
where ;Lm:mﬂ/L and m is the half-wave number in x; direction. For the
bending problem of the simply-supported beam under sinusoidal transverse

pressure, M is equal to 1.

The non-dimensional quantities, if not otherwise specified, are defined as
follows:

_ E(l)hz _ Ez(l)h3

U, = 1000?@; U, = 100?(]3;
W ,
{5119533}:M; 7 :%; (5.22)
psL L
, [p0
w,=o,L 0

Note that p, =g, 5, + g5, and ES) is the Young's modulus in the in-plane

transverse direction of the first layer.
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5.3.1 Linear bending

In this Section, the linear bending analysis is performed to assess the response
of two types of beam structures. The first problem considers a simply-supported
cross-ply (L1) thick beams. The second problem assesses the behaviour of a
simply-supported cross-ply sandwich (S1) thick beam. Both beams have a length-
to-thickness ratio equal to four (L/A=4). The transverse sinusoidal distributed load
is applied only on the top external surface to observe the effect of transverse
normal deformability. The reference solution has been obtained by a high-fidelity
FE model using 40000 membrane QUAD8 NASTRAN®™ elements. In Figure 28
and Figure 29, the high-fidelity FE parabolic QUADS elements are shown,
respectively, for L1 and S1 beams.

.

Figure 28: High-fidelity FE model: beam L1, 40000 parabolic quadrangular QUADS
NASTRAN® elements (in red, the layers oriented at 0°, in blue, the layer oriented at 90).
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S oy

Figure 29: High-fidelity FE model: beam S1, 40000 parabolic quadrangular QUADS

I
NASTRAN® elements (in red, the layers oriented at 0°, in light blue the layer oriented at

The normalized through-the-thickness distributions of the displacements,
stresses and strains for cross-ply L1 and sandwich S1 beams are reported in

90° and in blue, the core layer).

Figure 30 and Figure 31, respectively.
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Figure 31: Through-the-thickness distributions of normalized displacements, strains
and stresses of cross-ply sandwich (S1) simply-supported thick beam (L/A=4)

The through-the-thickness distributions of the local quantities provided by the
B-RZT{(;’Z)} model are in good agreement with the high-fidelity FE solution using

Nastran. The in-plane and transverse displacement patterns shown in Figure 30 for
the cross-ply beam correctly represent the three-dimensional behaviour.
Moreover, the effect of transverse normal deformability identified by the
transverse normal stress distribution is well described. Only a few discrepancies
are detectable in the transverse normal stress slope next to the external surface,
but they do not affect the transverse shear distribution in that area. As highlighted
in the plate model, some differences in shear stress evaluation are noticeable only
in the middle layer. This effect could be explained by considering the third
Cauchy’s equation relating the transverse shear stress with the transverse normal
stress, that in this model is not enforced.
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Concerning the behaviour of the cross-ply sandwich beam shown in Figure
31, the same considerations done for the plate case are valid here. More
specifically, the effect of transverse deformability in the core layer is higher than
in the other layers. Therefore, it results in a less accurate representation of the
transverse normal stress distribution and a less accurate prediction of the core
layer's displacements, strain and stresses. However, the values of strains and
stresses reached at the layer interfaces are very close to the exact ones.

5.3.2 Free vibrations

In this section, the dynamic behaviour of B-RZT, model is assessed by

evaluating the natural circular frequencies of multilayered composite and
sandwich thick beams. Two beam structures are considered: a three-layered cross-
ply beam (L1) and a cross-ply sandwich beam (S1). The simply-supported
condition has been considered in both examples, and the length-to-thickness ratio
is equal to 4. The reference results for the flexural modal shapes and
corresponding circular frequencies are obtained using a high-fidelity FE model
with Nastran 40000 QUADS membrane elements, as reported in the static
analysis, see Figure 28 and Figure 29.

Table 19: First ten flexural normalized circular frequencies and percent errors of
simply-supported cross-ply L1 beam (L/A=4).

Mode NASTRAN® B-RZT™,  err%

{3.2}
1 968.8 968.8 -0.04
2 2278.7 2277.8 -0.08
3 3622.7 3618.9 -0.13
4 4991.6 4981.5 -0.22
5 6369.6 6350.5 -0.30

156



Chapter 5 Numerical assessments

6 7746.6 7718.0 -0.37
7 9116.0 9081.6 -0.38
8 10473.0 10440.9 -0.32
9 11813.0 11796.3 -0.17
10 13131.7 13148.6 0.08

Table 20: First six flexural normalized circular frequencies and percent errors of
simply-supported sandwich S1 beam (L/h=4).

Mode NASTRAN® B-RZT(Y  err%

1 177.0 177.0 -0.07
2 430.9 431.1 0.02
3 796.2 797.2 0.12
4 1276.2 1273.3 -0.23
5 1853.0 1835.6 -0.98
6 2474.7 2450.4 -1.11

Table 19 and Table 20 report the first ten and six flexural normalized circular
frequencies of L1 and S1 beams, respectively. The B-RZT{g”jz)} model predicts the

first frequencies of both beams with less than 1.2% error. The percent errors for
the cross-ply L1 beam are generally lower than the sandwich one due to the more
accurate representation of the transverse normal deformability. In sandwich
structures, both frequencies and through-the-thickness quantities are very sensible
for correctly modelling the transverse normal deformability.

5.4 The new RZT™ finite elements assessment

This section is dedicated to the numerical assessment of the proposed finite
beam elements based on the B-RZT(), model described in Chapter 4. The

implemented elements are employed to solve static and free vibration problems of
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cross-ply and sandwich thick beams. The aim is to assess the elements'
improvements in predicting global and local quantities and their limitations.

The first part is dedicated to the convergence analysis of the 2B-RZT"), and
2Bc-RZT{(3”fZ)} elements. Then, based on the convergence analysis results performed

on different simply-supported thick beams, the element response capabilities are
assessed for the three-point bending problem and for the free vibration of simply-
supported beams.

5.4.1 Convergence analysis

In this Section, the convergent behaviour of the 2B-RZT,}"), and 2B¢-RZT};",

elements is performed. The problem of simply-supported multilayered cross-ply
(L1) and sandwich (S1) beams under a concentrated force is considered to
evaluate the convergence behaviour. The reference solution is based on the same
high-fidelity FE model with NASTRAN® using 40000 QUADS8 membrane
elements, as considered in the previous Section. Since all the elements assume a
transverse displacement varying along the thickness coordinate, an averaged value
has been considered for the convergence analysis evaluated at the beam mid-span.
It reads:

1
erm/ref = ZJ-U3(X3 )dx3 (523)
h

Due to the numerical approximation introduced by the finite element method,
the n value is settled to be 1e-5 to avoid ill-conditioning problems of the stiffness
matrix. This assumption for the n value makes the strain compatibility given by
the penalty functional term less important. However, this problem could be easily
overcome by increasing the number of elements that discretize the beam structure.

For the convergence study, the beams are simply-supported on both edges
according to constraint conditions adopted for the analytical model, see Eq. (5.18)
, in which the whole through-the-thickness transverse displacement is enforced to
be null on the supported edges. It should be noted from Eq. (5.18) that also the
strain nodal dof’s need to be constrained at the edges. However, they do not
appear in the element formulation, and only the kinematic variables are
constrained as follows:
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@x,=0,L W@ = =@ =0
(5.24)
@x,=L/2 u=0
The concentrated force is applied at the mid-span point on the top surface. For
the sake of clarity, the nodal force vector of the structure limited to the central
node, where the force is applied, has the following expression:

_ h— h_
F(x,=L/2)=|0 F —F —F 0 0 (5.25)

[\

4

It is evident in Eq. (5.25) that the force is applied on the top surface by the
term that multiplies the w” nodal dof.

Moreover, the span-to-thickness ratio considered is 4 for both beams,
representing a typical value for very thick beam. In Figure 32, the convergence
ratios of the L1 (Figure 32-a)) and S1 beam (Figure 32-b)) are shown.

After some solution oscillations, when the structure is discretized with few
elements, both proposed elements converge to the solution. For the L1 beam case,
the error induced by the approximated solution for 4096 beam elements is 0.05%.
Whereas for the S1 beam case, the error induced is 2.78. This different behaviour
is due to the different transverse normal deformability, which is more pronounced
in the sandwich beam.

For the static analysis and free vibration problem, to guarantee the accuracy of
the approximated solutions, 4096 elements are used to study the beams. As a
result, the computational cost involved by high-fidelity FE Nastran model consists
of 242002 nodal dof’s, whereas considering 4096 elements are involved, only
24582 dof’s, which is a remarkable advantage.

In addition, the convergence results show that for the considered
discretization, both 2B-RZT}"), and 2Bc-RZT("), elements give the same results.

Therefore, the following numerical analysis is focused only on 2B-RZT{‘3”72)}

elements.
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Figure 32: Convergence analysis for the maximum displacement of a) cross-ply (L1)
and b)sandwich (S1) simply-supported beams under a concentrated force in the mid-span.

5.4.2 Linear bending

In this Section, the linear bending problem using the 2B-RZT{(3”72)} element is

numerically assessed. After the convergence analysis, the converged solution is
obtained using 4096 beam elements for both laminations. The beams are simply-
supported on the two end edges, according to the definition provided earlier, and a
concentrated force of intensity —10N is applied at the mid-span length of the
beam on the top external surface.

In Figure 33 and Figure 34 are reported the results for the through-the-
thickness distributions of in-plane displacement at the supported edge (a), and the
transverse displacements at the beam mid-span (b). The in-plane distribution is in
very good agreement with the reference solution, especially for the values
assumed at the top and bottom beam surfaces. The transverse displacements
evaluated at the top, bottom and on the axis in the beam mid-span point are close
to the Nastran solution, especially for the L1 beam. Whereas for the sandwich S1
beam, the effect of transverse normal deformability is more pronounced. In fact,
the assumed parabolic function for the transverse displacement cannot follow
exactly the through-the-thickness variation of the transverse displacement.
Moreover, in the applied force point, the effect of transverse normal deformability
is sensible higher, and the assumed transverse normal stress could not correctly
represent the correct through-the-thickness variation. This effect is also noticeable
in the transverse shear stresses, showing more discrepancies in the through-the-
thickness patterns, especially in the middle layer.
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In Figure 33 and Figure 34 (c), the distributions of the top and bottom
transverse displacements along the axis are reported. As expected, the transverse
displacement results are in good agreement with the reference solution, except for
the area near the applied force. Furthermore, in Figure 33 and Figure 34 (d), the
distributions of the axial strains evaluated at the bottom and top interfaces of the
internal layer are displayed. The results provided by 2B-RZT {(3”,’2)} element are able

to predict the variation of the axial strains at the interfaces along the longitudinal
direction, except for the area closer to the applied force in which the reference
strain field is more complex to follow. However, for the first time, a model based
on the RZT kinematics has reached this accuracy has been reached for the value
of the span-to-thickness ratio considered.
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Figure 34: Through-the-thickness in-plane and transverse displacements a)-b) and
transverse shear stress ¢). Distribution of the bottom and top transverse displacements d)
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5.4.3 Free vibrations

In this section, the free vibration analysis of simply-supported multilayered
cross-ply and sandwich beams is assessed using the 2B-RZT{‘3”72)} elements. As

anticipated, the results for the dynamic analysis involve 4096 beam elements.
Also, in this dynamic assessment, the span-to-thickness is typical for very thick
structures, i.e. L/h=4. The constraint conditions on the nodal dof’s are those
reported by Eq. (5.24). Such as been done for the static bending analysis, the
reference model is a 2D high-fidelity FE model using 40000 membrane QUADS
Nastran elements. Only the frequencies corresponding to the flexural modes in the
high-fidelity FE model are compared with the results provided by the 2B-RZT}}%,

elements.

Table 21 and Table 22 report the normalized natural frequencies of the
flexural modes corresponding to the cross-ply L1 and cross-ply sandwich S1
beams. The results agree with those obtained by the high-fidelity FE model taken
as reference. With respect to the investigated bending case, in this analysis, the
effect of applied forces is not considered; thus, the assumed transverse normal
stress and transverse displacement patterns are sufficiently accurate to describe
the exact three-dimensional behaviour.

Furthermore, the accuracy of the 2B-RZT}", is also shown in the low error

values for the sandwich beam frequency predictions, where the highest is for the
third transversal symmetric mode is less than 1%, which is a remarkable result.

Table 21: Normalized circular frequencies and percent errors of simply-supported
cross-ply L1 beam (L/h=4), discretized with 4096 2B-RZT/;"), elements.

Mode NASTRAN®  2B-RZT3Y  err%

1 968.8 968.7 -0.05
2 2278.7 2277.6 -0.09
3 3622.7 3618.1 -0.15
4 4991.6 4980.5 -0.23
5 6369.6 6349.8 -0.31
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6 7746.6 7717.7 -0.37
7 9116.0 9080.3 -0.39
8 10473.0 10436.1 -0.36
9 11813.0 11784.2 -0.27
10 13131.7 13123.6 -0.12

Table 22: Normalized circular frequencies and percent errors of simply-supported
cross-ply sandwich S1 beam (L/h=4) discretized with 4096 2B-RZT}"), elements

Mode ~ NASTRAN®  2B-RZT3%  err%
1 177.0 176.9 -0.09
2 430.9 430.8 -0.08
3 796.2 796.8 0.05
4 1276.2 1272.7 0.28
5 1853.0 1815.2 0.97
6 2474.7 2304.1 -0.04
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Chapter 6

Experimental validations: static
and dynamic analysis

In this Chapter, a static and dynamic experimental assessment is performed to
investigate displacements, strains and natural frequencies of sandwich structures.
This experimental campaign aims to provide a set of experimental results that can
be used to validate statically and dynamically the numerical models. The
experiments are focused on evaluating displacements and strains of sandwich
beam specimens by using three- and four-point bending tests and natural
frequencies and modal shapes in free boundary conditions.

The sandwich beams specimens are made of EN-AW 7075T6 Aluminium
alloy (Ergal) and Rohacell® foam cores. The specimens have been divided into
two groups due to the different core materials and test purposes. The first is
represented by the beam specimens tested statically, whose cores are made of
Rohacell® 1G-31 soft foam, whereas the second is tested dynamically, and the
core material is of Rohacell® WF110 rigid foam.

The experimental results for static and dynamic problems are compared with
the new B-RZT(;), model. Due to the boundary conditions and load case, the

formulated beam finite elements have been used.

The experimental campaign has been conducted at the LAQ-AERMEC
laboratory of the Department of Mechanical and Aerospace Engineering
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(DIMEAS) of the Politecnico di Torino. The specimens have been manufactured
by the Department of Science and Aerospace Technology of Politecnico di
Milano.

6.1 Specimens properties

As introduced, the beam specimens present a typical sandwich lamination
scheme used for aeronautical applications, two face-sheets of 7075 Aluminium
alloy separated by a thick core made of Rohacell® polymethacrylamide foam.

In order to investigate the effect of foam material, length-to-thickness ratio
and core-to-face thickness ratio, different specimens have been manufactured.

A first group of beam sandwich specimens was tested via three- and four-
point bending tests. The group is represented by four specimens beams made with
IG-31 foam core with different length-to-thickness ratios. Each beam has a 3 mm
face-sheet thickness bonded to the core layer with 0.25 mm 3M™ Scotch-Weld™
Structural Adhesive Film AF 163-2K.

A second group of four sandwich beam specimens was tested dynamically to
obtain the experimental natural frequencies and corresponding modal shapes. The
beams’ cores are made of WF-110 foam. Different face-to-core thickness and
length-to-thickness ratios have been considered in these specimens. Two beams
have a 2 mm face-sheet of 7075 Aluminium alloy bonded to the core layer with
0.25 mm 3M™ Scotch-Weld™ Structural Adhesive Film AF 163-2K.

The sandwich beam specimens were designed by considering nominal values
for the geometry and materials. Therefore, it is evident that in the design phase,
the manufacturing process to produce the specimens has not been considered.
Thus, it is necessary to measure and characterize the mechanical properties of the
constituent materials of the specimens.

The nomenclature and geometries of the sandwich beam specimens, statically
and dynamically investigated, are reported in Table 23. The reported dimensions
refer to the quantities shown in Figure 35. In addition, for the group of specimens
considered for bending analysis (e.g. BO1, B02, B03 and B04), the effective

bending length (Lejf) related to the distance between the supports is also reported

in Table 23. The same distance is not reported for the sandwich beam specimens
of the dynamic analysis (e.g. D01, D02, D03 and D04).
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A third group of specimens is made to experimentally determine the
mechanical characteristics of the beam constituent materials, except for the
adhesive layer, whose properties have been assumed from the producer
datasheets. Table 24 presents the list of the specimens considered for the material
characterization. Moreover, the Rohacell® 1G-31 and WF-110 foam specimens
(e.g. PO7, P08, P09, P10 and P11), and Ergal specimen (e.g. P12) are also tested
statically. The effective bending length of the beam specimens is also reported in
Table 24.

Figure 35: Geometry of the sandwich beam specimens

Table 23: Sandwich beam specimens nomenclature and dimensions (in mm).

Specimen Core

D Material L Loy B h hy L/h hos/hy
B01 IG-31  640.00 600.00 90.00 44.60 3.00 14.35 12.87
B02 IG-31  490.00 450.00 90.00 4330 3.00 11.32 12.40
B03 IG-31  340.00 300.00 90.00 43.50 3.00 7.82 12.50
B04 IG-31  280.00 240.00 90.00 43.10 3.00 6.50 12.37
D01 WEF-110  500.00 - 80.00 43.32 2.00 11.54 19.66
D02 WEF-110 500.00 - 80.00 41.18 1.00 12.14 39.18
D03 WEF-110  500.00 - 80.00 33.53 2.00 1491 14.77
D04 WEF-110  500.00 - 80.00 31.54 1.00 15.85 29.54

Table 24: Nomenclature and specimens’ dimensions for material characterization
(values are given in mm).
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Specimen ID Material L Ly B h
P01 WEF-110 80.50 - 50.25 27.10
P02 WF-110 80.53 - 50.20 18.28
P03 WEF-110 95.25 - 80.402 39.63
P04 WEF-110 179.75 - 80.45 49.99
P05 IG-31 89.70 - 40.21 3533
P06 IG-31 107.17 - 89.90 40.17
P07 IG-31 587.00  540.00 80.04 40.12
P08 IG-31 427.67  400.00 64.74 40.10
P09 IG-31 603.00  560.00 89.59 40.14
P10 WEF-110 1105.00 1000.00 80.36 39.83
P11 WEF-110 1105.00 1000.00 80.38 39.93
P12 EN AW 7075T6 1017.500 400.00 40.13  3.00

6.2 Material characterization

In this section, the procedure adopted to characterize the mechanical
properties of the 7075 Aluminium alloy (Ergal) and the Rohacell® IG-31 and WF-
110 foams is reported. It is evident that material characterization is necessary to
determine the effective properties of the specimens to make the proper
comparisons between the numerical models and the experimental tests.

Table 25 reports the nominal values of the material mechanical properties as
given by the corresponding producers’ datasheets. The mass density of the
adhesive layer has given for 0.25 mm thickness.

Table 25: Material mechanical properties: nominal values, the Young’s and shear
modulus are in MPa, and the mass density is in kg/m?.
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Material E G p
EN-AW 7075 T6 (Ergal) 73000 28007 2700

Rohacell® IG-31 36 13 32
Rohacell® WF-110 180 70 110
AF-163-2K 1110 4142 1210

6.2.1 Mass density

The material mass densities of Rohacell® foams are estimated by averaging
each density mass of the PO1, P02, P03 and P04 for the WF-110 and P05, P06 and
P07 for the IG-31. The measured weights of each specimen are then divided by
the corresponding specimens’ volume. In the same way, the material mass density
of the 7075 Aluminium alloy (Ergal) is obtained by considering specimen P12.
The obtained experimental results are reported in Table 26.

Table 26: Experimentally measured material mass density in kg/m?.

EN AW 7075 T6 (Ergal) Rohacell®IG-31 Rohacell® WF-110

p 2750.6 36.5 109.5

6.2.2 Young’s and shear moduli evaluation

In this section, the mechanical properties are estimated experimentally. The
Young’s modulus of the Rohacell® WF-110 and IG-31 foams are characterized by
following the standard test method described by the ASTM D790 [174]. A three-
point bending test has been performed on simply-supported beam specimens to
determine the maximum central deflection and the deflection at a quarter of the
effective bending length. The beam specimens tested to determine Young’s
modulus are P07, PO8 and P09 for the IG-31 foam and P10 and P11 for the WF-
110. A load cell (HBM — strain gauge load cell, 200 kg) measures the load
applied to the beam specimens. In Figure 36, the experimental set-up used for the
three-point bending test on the Rohacell® foam specimens is shown: A rigid
support; B displacement control system; F load cell; W1, W2, W3 and Wiru
Linear Variable Transducer Displacements (LVDTs).
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Figure 36: Rohacell® three-point bending test: sensor disposal and configuration.

Two LVDTs (e.g. W1 and W2) have been positioned directly in contact with
the load cylinder to measure the deflection at the top surface of the foam

specimen. From the two measures, an average value, i.e. w;, is calculated. The

third LVDT, i.e. W3=w,, measures the deflection at the bottom surface of the

foam beam specimen. The three LVDTs, (e.g. W1, W2 and W2) are positioned at
the mid-span length of the foam specimens. The maximum central deflection is
then obtained by averaging the w, and w, measures. A fourth LVDT (W, ,) is
placed on the top surface at the point corresponding to the quarter effective beam

length. A simplified scheme of the experimental set-up for the foam specimens is
reported in Figure 37.
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Figure 37: Three-point bending test on foam specimens and nomenclature for
displacements.

A high-fidelity 2D FE model with QUADS membrane Nastran® elements has
been made for each tested beam specimen. In addition, a preliminary numerical
analysis has been performed using the nominal values for isotropic materials.

The effect of the transverse shear deformability is considered in the high-
fidelity 2D model, although its influence is almost negligible. However, a more
simplified beam model, Timoshenko beam theory, which includes the effect of
transverse deformability, can be used to estimate deflections. They read:

_FL, FL,
Win = T
48FE1 4k°GBh

_UF Liatf’ FLy
Wi = T

768El 8k GBh

(6.1)

where G and E the shear and Young’s modulus, respectively, k’the shear
correction factor (equal to 5/6), F' the applied force, L, the effective bending

length and 7 the inertia of the beam section. Considering the beam specimens'
lengths and section areas, the contribution due to the shear deformability to the
central deflection is less than 3.4%, whereas for the quarter-length beam
deflection is negligible. Thus, using as inputs the measured deflections to
determine at the same time both Young’s and shear moduli using the Eq. (6.1)
leads to an erroneous evaluation of the shear moduli. In fact, in literature, the
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same issue has been encountered in Iurlaro’s work [140], where similar beam
specimens were used.

Based on these considerations and the high-fidelity 2D results on the models
using the nominal material’s values, the beam bending behaviour can be
approximated as the Bernoulli-Euler beam model, in which only the elastic
modulus is considered. According to the Bernoulli-Euler model, the maximum
deflection and the deflection at a quarter of the effective bending length are
obtained by the following formulas:

_FL,
Wip =
48FE] (6 2)
1 lFLf_,ﬁ.
Wria =
T68E]

It can be seen from Eq. (6.2) that, for a beam geometry known, Young’s
modulus is a function only of the force-to-transverse displacement ratio for both
displacements. Based on this consideration, for each beam foam specimen
statically assessed (e.g. P07, P0OS, P09, P10 and P11), the elastic modulus is
determined using the linear regression method on the experimental data. The
experimental force-displacement curves of Rohacell® 1G-31 and WF-110 are
shown in Figure 38 - Figure 42 and are used to determine the corresponding
Young’s modulus. The linear fitting curves for central and quarter-length
displacements have been determined for each beam foam specimen; from the
computed curves, the elastic modulus is then obtained using Eq. (6.2). Based on
these results, Table 27 shows the results of the Rohacell® IG-31 and WF-110
experimental Young’s moduli in terms of mean value and standard deviation.
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Figure 38: Three-point bending test on specimen P07 (Rohacell® 1G-31), force-
displacement curve.
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Figure 39: Three-point bending test on specimen P08 (Rohacell® I1G-31), force-
displacement curve.
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Figure 40: Three-point bending test on specimen P09 (Rohacell® 1G-31), force-

displacement curve.
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Figure 41: Three-point bending test on specimen P10 (Rohacell® WF-110), force-

displacement curve.
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Figure 42: Three-point bending test on specimen P11 (Rohacell® WF-110), force-
displacement curve.

The elastic modulus of the Aluminium alloy (Ergal) has been determined by
evaluating the maximum deflection at the end of the beam specimen P12. The
beam specimen has been clamped to one edge, whereas a concentrated force has
been applied to the other, as shown in Figure 43. The deflection has been
measured from the reference position using a ruler positioned next to the beam
end, as reported in Figure 43. The maximum beam deflections have been
measured for the following value of the applied forces 0.5 kg, 1.0 kg and 1.5kg,

considering an effective bending length (L, )of 400.00 mm. Three tests on the

beam specimens are conducted. The tests results are reported in Figure 44.

176



Chapter 6 Experimental validations: static and dynamic analysis

Figure 43: Aluminium alloy specimen P12 tested for Young’s modulus evaluation,
clamped boundary condition and concentrated tip force.
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Figure 44: Maximum deflection vs the applied force of specimen P12 (Aluminium
alloy, Ergal).
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Taking into account the Bernoulli-Euler beam model, the transverse
displacement can be computed as follows:

w, =—2 (6.3)

From Eq. (6.3), the elastic modulus can be easily obtained, and the result is
reported in Table 27. Due to the material property of the 7075 Aluminium alloy,
the typical Poisson's ratio has a value of 0.33 and assuming the isotropic
behaviour, the corresponding shear modulus is obtained.

The second step is dedicated to determining the transverse shear moduli of the
foam specimens. It is evident from the previous results that testing a
homogeneous isotropic material cannot provide an accurate value for the shear
modulus. It should be addressed in a structure in which the effect of transverse
shear deformability is pronounced. A typical example of such structure is
represented by sandwich-like structures where the core takes the most shear
deformability.

Two sandwich beam specimens were considered to determine the shear
modulus of Rohacell® 1G-31 and WF-110. A three-point bending test has been
performed on specimens BO1 and DOl using the same LVDT configuration
considered for pure foam specimen tests. The experimental deflection results have
been compared with a 2D high-fidelity model using membrane QUADA4
NASTRAN® elements representative of the BO1 and D01 beam specimens to
evaluate the value of shear moduli numerically. Due to the symmetry of the
problem, only half of the beam is discretized in the FE model, using 227840
QUADA4 elements, taking advantage of computational cost save. In the FE model,
the material mechanical properties for Ergal face-sheets and Young’s moduli of
the Rohacell® foams are those determined experimentally in the former step; for
the adhesive layer, instead, are considered those given by the producer (the
adhesive thickness is considered 0.25mm). In the NASTRAN® elements, the
Ergal and the adhesive material are modelled as isotropic materials.

A parametric analysis is performed to determine the shear modulus values that
match better the experimental and numerical deflections with less than 1% of
errors. The shear modulus, instead, assumes different values in the range
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[0.8G,:G,], since the expected values are below the nominal ones. The

corresponding values have been obtained for the three measured displacements,
top and bottom central beam and a quarter of the beam length. In this case, due to
the possibility of having G values that could not satisfy the Poisson’s relation for
isotropic materials, the core material properties are assumed as 2D orthotropic
where the Poisson’s ratio value is nominal. Figure 45 and Figure 46 report the
percent errors for IG-31 and WF-110 between the FEM and experimental results
for central top and bottom deflection and top deflection at a quarter of the
effective beam length. It is worth noting that for the 1G-31 foam, the numerical
shear moduli that give an error below 1 % are not almost identical for the bottom
and quarter-length deflections, see Figure 45. Whereas, for WF-110 foam, a shear
modulus is obtainable if the quarter-length and central bottom deflection are the
only displacement considered. It is important to note that for both cases, the
experimental central displacement at the top surface is always greater than the
bottom one. Although the Rohacell® foams are made of the same plastic material,
Polymethacrylamide (PMI), the differences in the material properties are due to
the foam manufacturing process.

15
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Figure 45: Percent errors of numerical displacements versus the normalized shear
modulus (B01).
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Figure 46: Percent errors of numerical displacements versus the normalized shear
modulus (DO1).

It is interesting to note from the datasheets of the material properties given for
the IG-31 foam that two values of Young’s modulus have been given, one related
to the traction case and the other for compression, which is sensibly lower than
the first one. It can be seen that the traction elastic modulus is very close to those
determined experimentally. However, this thesis’s work does not consider a
different definition of the value for elastic modulus if the material is in traction or
compression condition, nor is it included in the high-fidelity FE model. However,
considering the high-fidelity FE model of BO1 with nominal values for the
material properties, it can be easily seen from the transverse normal stress plot
Figure 47 that the core in the transverse thickness direction is mostly in
compression or has very low-stress values. A similar effect is expected to be
reproduced for the D01 beam, as reported in Ref. [175], where the core has been
made of WF-110. However, from the producer datasheet for WF-110 foam, an
elastic modulus for compression has not been given. It is reasonable that the top
displacement where the load is applied produces a local nonlinear effect that is not
noticeable with the current models. Thus, the shear modulus of the WF-110 foam
is determined only by considering the bottom central and quarter-length
deflections.
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Figure 47: Normal transverse stress distribution 05, in core layer for beam BO1

considering nominal material properties of Rohacell® IG-31.

For the IG-31 foam, based on this numerical consideration, it seems
appropriate to consider the value of Young’s modulus in the transverse direction
as the corresponding compression modulus. Therefore, taking advantage of the 2D
orthotropic material definition in the NASTRAN® model, a new parametric
analysis has been performed to determine the shear modulus that better matches
the displacements, considering the compressive modulus for the transverse
mechanical property. The numerical results of the displacements, in terms of
percent errors with the experimental results, are shown in Figure 48.
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Figure 48: Percent errors of numerical displacements versus the normalized shear
modulus (B01), considering the compressive elastic modulus in the transverse direction.

The central bottom and quarter-length displacement error curves shown in
Figure 43 are closer than those in Figure 45. Thus, it is possible to obtain a value
for the shear modulus that can ensure an error for these displacements of less than
1%. However, considering a compressive value for Young’s modulus in the
transverse direction guarantees a lower error also for the central top displacement.
For the assumed value of the shear modulus of IG-31 foam, the error on top
central deflection is less than 5% for beam BO1. It should be noted that the central
top deflection is very sensible to Young’s modulus in the transverse direction. It is
expected that for other beam specimens, the error could be greater due to the more
pronounced compression of the core given by the manufacturing process (the
nominal thickness of the core has been reduced by 3 mm).

The results of the experimental characterization are reported in Table 27. In
addition, these values are used in the following numerical comparisons between
the experimental and the new model results.
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Table 27: Experimental material mechanical properties. Young’s and shear modulus
are in MPa.

Material E G
EN-AW 7075 T6 (Ergal) 67545.6+£1947.9 25393.1
Rohacell® IG-31* 43.2+2.0 12.1
Rohacell® WF-110 194.1+4.8 66.9

* for the transverse direction, the compressive modulus is considered (E=17
MPa).

6.3 Static assessment

In this Section, the experimental static responses of three- and four-point
bending tests on sandwich beams (B01, B02, B0O3 and B04) are shown and
compared with the new RZT mixed model.

The novelty aspect of this static analysis is the experimental evaluation of the
strain quantities at the interfaces between 1G-31 core and Ergal face-sheets. The
optical fibre sensors have been made by Politecnico di Milano and embedded in
the sandwich during the manufacturing layup before the curing process. The
sensors, of different lengths, are placed parallel to the beam's longitudinal axis.
The sensor placement scheme is reported in Figure 49.
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Figure 49: View from above of the optical fibre sensor positioning at the layer
interface, the radius R=15 mm (data in mm).

Moreover, a groove guide on the Ergal face-sheet has been done to keep the
sensor in position during the curing process, and the adhesive layer is placed, as
shown in Figure 50. Finally, the bonding process and the following cure process
have been done in the autoclave. Then, the sandwich beams were placed in a
mechanical press to restore the planarity between the Ergal face-sheets, modified
as a consequence of the protecting supports for the optical fibre sensors, see
Figure 51.

The optical fibre sensors are connected to the acquisition system (Luna Inc.
ODISI 610x series) through the remote modules to the first two channels, see
Figure 52.

In addition to the optical fibre sensors, some strain gauges were placed on the
beams. Four strain gauges (E1, E2, E3 and E4) were placed for each beam, two on
top and two on bottom surfaces, to measure the axial deformations. Moreover, a
further strain gauge (E5) has been placed to verify the symmetry of the boundary
and applied load condition during the test. The transverse displacements at the top
and bottom surfaces have been measured using three LVDTs. Two have been
positioned in the corresponding point of applied force (W1 and W2), and the third
is positioned on the bottom surface at the centre of the beam (W3).
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The load cell, LVDTs and strain gauges positioned on the beam specimen are,
respectively, shown in Figure 53, Figure 54 and Figure 55.

Figure 50: fibre optic sensors placed on the Ergal face-sheets, adhesive layer (in red)
and Rohacell®1G-31 foam.

Figure 51: manufactured beam specimen (B02) after mechanical pressing.
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Figure 53: HBM strain gauge load cell (200kg)
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Figure 54: strain gauges embedded on beam top (a) and bottom (b) surfaces.
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Figure 55: LVDTs positioning and nomenclature for the top (a) and bottom (b)
displacements.
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Figure 56: Supported condition on the sandwich beam specimens.

The supported edge of the beam specimens is shown in Figure 56. For the
numerical model, the transverse displacement of the contact point between the
supporting cylinder and the beam specimen is prescribed to be null.

In the numerical comparison of the experimental results with the 2B-RZT};%,

elements, differently from how it has been done for the numerical analysis, the
simply-supported condition is modelled differently. In this case, the constraint on
the transverse displacement has been enforced only on the contact point on the
bottom beam surface. The constraint conditions are:

@x, ==Ly /2,+L, /2 Us(x; = X35) =0

@x =0 W ~ ~ ~ (6.4)
X = U"(x)=0>u=0,0=0, yw=0

A discretization using 2B-RZT};3, beam element of 0.25 mm of length has

been used for each beam. Concerning the high-fidelity FE model, the beams are
discretised using membrane QUAD4 elements. In Table 28, the number of
elements and the corresponding total dof’s for the sandwich beam models are
reported.
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Table 28: Number of elements and dof’s in 2B-RZT{(3”2} and Nastran models for

static analysis.

2B-RZTS), NASTRAN
Beam ID I\Iel::l:ee;t:f Dof’s I\Iel::l:ee;t:f Dof’s
B01 2560 30726 227840 458458
B02 1960 23526 169540 341388
B03 1360 16326 118320 236640
B04 1120 13446 96320 194106

6.4.1 Three-point bending tests

The three-point bending test is performed according to the scheme given in
Figure 57. The nomenclature for the measured displacements and strains is
reported in the same figure. The experimental axial strains are also evaluated
across the thickness at the layer interfaces in two sections x,, =-20mm and

x5, =—75mm . The position of strain gauge E5 is x = +20mm .

Figure 57: Scheme for three-point bending test and nomenclature for strain gauges
and displacements (in mm).
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The measured axial strains along the axis coordinate of the three rectilinear
lines are averaged to obtain a single strain function representative of the beam
behaviour. The reason is dictated by the high resolution of the optical fibre
sensors that are very sensitive to geometry imperfections.

The experimental results are compared with those from the mixed RZT beam
finite element model and those obtained by the high-fidelity FE Nastran model.
The test was performed by increasing the applied load and reaching four different
load levels to measure the quantities appropriately.

In Table 29, the experimental and numerical normalized displacements and
corresponding percent errors are compared. Figure 58, Figure 60, Figure 62 and
Figure 64 show the axial strain distributions along the longitudinal axis for each
beam specimen at the bottom and top interfaces between the Ergal face-sheets and
the 1G-31 foam core. Moreover, in Figure 59, Figure 61, Figure 63 and Figure 65,
the trough-the-thickness distributions of the axial strains at the prescribed sections

X, and Xxg, are reported for each beam specimen. The Nastran solution is

reported only for half-beam length since the symmetry of the problem has been
considered to save computational costs.

Table 29: Comparison of normalized displacements for three-point bending test
between numerical and experimental, in brackets the percent errors.

Beam ill))emmen d};ﬁgiﬁi; Experimental 2B-RZT{(;"2)}
BO1 Us(zz)) 3.354E-03 3.601E-03 (7.4)
Us(z3)) 3.009E-03 2.913E-03 (-3.2)
802 Us(z)) 2.891E-03 2.737E-03 (-5.3)
Us(z3)) 2.269E-03 2.051E-03 (-9.6)
BO3 Us(zz)) 2.283E-03 1.865E-03 (-18.3)
Us(z3)) 1.713E-03 1.178E-03 (-31.2)
Bo4 Us(z)) 1.589E-03 1.544E-03 (-2.9)
Us(z3)) 1.062E-03 8.571E-04 (-19.3)
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Figure 58: Axial strain distributions along the longitudinal axis for beam BO1 (three-
point bending).
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Figure 59: Through-the-thickness distributions of axial strains, beam BOl, at
Xg, =—20mm and xg, = =75mm .
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Figure 60: Axial strain distributions along the longitudinal axis for beam B02 (three-
point bending).
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Figure 61: Through-the-thickness distributions of axial strains, beam BO02, at
Xg, =—20mm and xg, = =75mm .
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Figure 62: Axial strain distributions along the longitudinal axis for beam B03 (three-
point bending).
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Figure 63: Through-the-thickness distributions of axial strains, beam BO03, at

Xg, =—20mm and xg, = =75mm .
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Figure 64: Axial strain distributions along the longitudinal axis for beam B04 (three-

point bending).
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Figure 65: Through-the-thickness distributions of axial strains, beam BO04, at

Xg, =—20mm and xg, = =75mm
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For three-point bending, the 2B-RZT{(3”f2)} elements are able to estimate the top

and bottom central deflection with errors in some cases lower than 5%. However,
the discrepancies are due to the geometry imperfections in the thickness and the
material characterization uncertainties, i.e. Young’s modulus in the transverse
direction. However, for the first time, the longitudinal axial strains at the
sandwich interfaces are evaluated and compared with the numerical models. Both
Nastran and 2B-RZT}}%, elements are able to predict the strain variations at the

bottom and top interfaces. In particular, the 2B-RZT,(3’:’2)} elements are able to

1

predict the strains in the corresponding point of the supported cylinder at the
bottom interface with remarkable precision. Moreover, the zigzag effect along the
transverse direction has been experimentally observed. Finally, it is important to
highlight the low computational cost given by the 2B-RZT}%, elements with

respect to the high-fidelity FE model.
6.4.2 Four-point bending tests

The four-point bending test is performed according to the scheme reported in
Figure 66, where the strain gauges and displacements have been considered. Note
that the two sections where are evaluated the axial strains at the sandwich
interfaces are x;, = —20mm and x,, = —75mm . Whereas, the strain gauge E5 that

controls the symmetry of the loads and supported conditions is at x = +20mm .

As done for the three-point bending test, the average axial strain is
representative of the beam behaviour.
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Figure 66: Scheme for four-point bending test and nomenclature for strain gauges
and displacements (in mm).

The experimental results are compared with those from the mixed RZT beam
finite element model and those obtained by the high-fidelity FE Nastran model.
The discretizations and dof’s of both 2B-RZT};), and Nastran elements are

reported in Table 28.

In Table 30, the experimental and numerical normalized displacements and
corresponding percent errors are compared.

Table 30: Comparison of normalized displacements for four-point bending test
between numerical and experimental, in brackets the percent errors.

Beam i[l))eamen d':;l;)al:zzzzzt Experimental ZB-RZT{(;’Z)}
BO1 Us(z()) 2.881E-03 2.938E-03 (2.0)
Us(z(4) 2.886E-03 2.858E-03 (-1.0)
BO2 Us(zr)) 2.238E-03 2.070E-03 (-7.5)
Us(z(s) 2.050E-03 1.991E-03 (-2.9)
BO3 Us(z()) 1.334E-03 1.209E-03 (-9.4)
Us(z(s) 1.226E-03 1.125E-03 (-8.2)
BO4 Us(zr)) 9.176E-04 8.907E-04 (-2.9)
Us(z(4) 7.857E-04 8.047E-04 (2.4)
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Figure 67, Figure 69, Figure 71 and Figure 73 report the axial strain
distributions along the longitudinal beam axis at the interfaces between the 1G-31
foam core layer and the Ergal face-sheets. Moreover, the through-the-thickness
distributions of numerical axial strains at the two sections are compared with the
experimental results provided by the optical fibre sensors and the strain gauge are

shown in Figure 70, Figure 68, Figure 72 and Figure 74.
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Figure 67: Axial strain distributions along the longitudinal axis for beam BO1 (four-
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Figure 68: Through-the-thickness distributions of axial strains, beam B01, at
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point bending).
Ts1 Zs2
25 —_ 25 ; ;
20 == 2 [ .
e
15 | I P 15} \ S
! ™ \ E
[} \ N
10+ | \ 10 - \ \ .
v \ \
I ! \ \
51 ! ! __5F \ i R
El 1[ /‘I g \\ !
B 9 [ e Exp I i E0f e B \ i
g -~ - 2B-RZT{M) ‘ / £ 5l |- ——2B-RzT() \ !
Sy e | / 1 Sy T2 \ /
—-—-—2D-Nastran 1 ! —-—-—2D-Nastran \ 7
1ol - J 10 R
i \ioaf
I 7 7
151 | 7 150 X ]
I B L 3
20 F e e i [ 20 LT T 1
L IR = 7 =
25 prizomipirn s 5 ! ‘ ! ! !
03 -025 -02 -015 -01 -0.05 0 005 01 015 02 -03 -02 -0.1 0 0.1 02 03 0.4
per/F pen/F

Figure 70: Through-the-thickness distributions of axial strains, beam B02, at

Xg, =—20mm and xg, = =75mm .
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Figure 71: Axial strain distributions along the longitudinal axis for beam B03 (four-
point bending).
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Figure 72: Through-the-thickness distributions of axial strains, beam BO03, at

Xg, =—20mm and xg, = =75mm .
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Figure 74: Through-the-thickness distributions of axial strains, beam B04, at
Xg, =—20mm and xg, = -75mm .

The four-point bending tests' results confirm the ability of 2B-RZT(}),

elements to follow the experimental deformations along the axis direction for all
the beam specimens. Moreover, the errors between the experimental and
numerical displacements are lower than those of the three-point bending tests.
This effect is due to the lower local value of the applied force on the top beam
surface. Furthermore, the ability of 2B-RZT;"), elements to predict the bottom

interface strains in the area closer to the boundaries confirms the accuracy of the
zigzag model with an affordable computational cost lower than the high-fidelity
FE model. Finally, the numerical results provided by the through-the-thickness
values of the axial strains at the two considered sections are in good agreement
with the experimental ones. The discrepancies between 2B-RZT};), elements and

the experimental axial distributions at top and bottom interfaces are probably due
to the symmetry distributions of the third-order zigzag functions that are only
dependent on the transverse shear material properties and are insensitive to the
effect of the transverse normal stress induced by the applied load as also shown
for the three-point bending case.

6.5 Dynamic assessments

In this Section, the experimental results regarding the natural frequencies and
the corresponding modal shapes are presented. The beam specimens D01, D02,
D03 and D04 have been tested for free-free boundary conditions. The
experimental modal analysis has been performed using the Laser Doppler
Vibrometer (LVD) methodology. A Polytec PSV-500 scanning laser head and its
frontend equipment have been used to measure the velocity responses of the
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relevant scanning points without using accelerometers. The excitation force was
applied using an electrodynamic shaker (K2007E01 — up to 9kHz and up to 67 N
of applied force). Moreover, an impedance head (PCB Piezotronics, Inc. — model
288D01) has been glued on the beam at the excitation point to measure the force
intensity and the corresponding response acceleration.

The specimens were hanged to the support system made of steel using cable
ties and rubber bands to simulate the free-free boundary conditions, see Figure 75.
The impedance head was glued to the beam structure and, due to the support
system of the shaker, was able to excite both torsional and flexural modes. The
experimental modal analysis to determine the modal parameter has been
conducted on both kinds of deformation modes; however, only the results for the
flexural frequencies and Frequency Response Functions (FRFs) have been
considered in this assessment.

Figure 75: Experimental set-up for dynamic analysis of sandwich beams.

The scanning points are preliminary selected by a numerical modal analysis
on a high-fidelity FE model using membrane QUAD4 Nastran elements. The
high-fidelity FE models of the sandwich beam specimens considered for the
dynamic experimental assessment (e.g. D01, D02, D03 and D04) model the entire
beam length since the aim is to observe both symmetric and anti-symmetric
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flexural modes. The effect of the adhesive layer is taken in consideration in the
finite element models. In the Nastran model, the QUAD4 membrane elements
reproduce the plane-stress condition typical of the beam structures. In the Nastran
model, the coupled mass matrix has been considered in the modal analysis. In

Table 31 are reported the number of 2B-RZT(;5, and NASTRAN® elements

considered in the dynamic assessment for each beam specimen.

Table 31: Number of elements and dof’s in 2B-RZT};%, and NASTRAN® models for

dynamic analysis.

2B-RZT) NASTRAN
BammD s "™ emens Do
D01 4096 24576 87000 175350
D02 4096 24576 41500 84344
D03 4096 24576 34000 69314
D04 4096 24576 32000 66162

The position of the scanning points along the (x,x,) coordinate reference

system is reported in Table 32, whereas the graphical representation is reported in
Figure 76. All the points are positioned on the external top surface of the beam,

i.e. x; =+h/2. The reference point 0, where the force is applied, is on the bottom

surface at the coordinates x, =350mm, x, =—15mm and x; =—h/2.
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Figure 76: Scanning points representation in (xl,xz) plane.

Table 32: Scanning points, data are in mm.

Point Point Point
D X1 X2 D X1 X2 D X1 X2
1 10 0 24 10 -30 47 10 30
2 40 0 25 40 -30 48 40 30
3 73.3 0 26 73.3 -30 49 73.3 30
4 83.3 0 27 83.3 -30 50 83.3 30
5 933 0 28 93.3 -30 51 93.3 30
6 125 0 29 125 -30 52 125 30
7 156.6 0 30 156.6 -30 53 156.6 30
8 166.6 0 31 166.6 -30 54 166.6 30
9 176.6 0 32 176.6 -30 55 176.6 30
10 210 0 33 210 -30 56 210 30
11 240 0 34 240 -30 57 240 30
12 250 0 35 250 -30 58 250 30
13 260 0 36 260 -30 59 260 30
14 290 0 37 290 -30 60 290 30
15 3234 0 38 323.4 -30 61 323.4 30
16 3334 0 39 3334 -30 62 3334 30
17 3434 0 40 343.4 -30 63 343.4 30
18 375 0 41 375 -30 64 375 30
19 406.7 0 42 406.7 -30 65 406.7 30
20 416.7 0 43 416.7 -30 66 416.7 30
21 426.7 0 44 426.7 -30 67 426.7 30
22 460 0 45 460 -30 68 460 30
23 490 0 46 490 -30 69 490 30

203



Chapter 6 Experimental validations: static and dynamic analysis

Due to the material reflection, the quality of the laser measurements in the
scanning point has been increased using reflectors. The frequency bandwidth
investigated starts from 400 Hz to 4kHz since no frequencies were expected
below this value. The excitation force signal is a periodic chirp function of
constant amplitude. The amplitudes and the laser sensibilities have been chosen
differently due to the different beam specimens. Both input force and output
acceleration and velocities have been measured to compute the experimental
FRFs. A complex base averaging of forty FRF scan measurements has been done
to guarantee the accuracy response signal for each scanning point.

The experimental FRFs of the whole scanning points have been processed by
LSM-Siemens Test.Lab. The Polymax algorithm implemented in Test.Lab and
based on the least square complex exponential algorithm was performed to
estimate the modal parameters. In Table 33, Table 34, Table 35 and Table 36, the
experimental natural frequencies of the flexural modes up to 4kHz and those
computed with 2B-RZT{(3””2)} elements are reported. The Polymax algorithm has

been able to compute also the torsional modes due to the distribution of the
scanning points. However, they are not considered since the numerical model
cannot include the torsional modal shapes. In addition, the corresponding
experimental modal damping computed using the Polymax algorithm has been
reported for each flexural mode. The relative errors with the experimental results
are shown in brackets, and from Figure 77 to Figure 80 are reported some of the
experimental FRFs of the four beam specimens considered for the modal
parameter estimation.

The new mixed-RZT beam results appear more flexible than the experimental
ones. An explanation of this aspect is due to the dispersion of the material
properties (Young’s moduli and shear moduli) experimentally determined, which
affects the numerical results. A further contribution in higher experimental
frequencies than the numerical one is due to the effect of the stiffness induced by
the shaker stinger. In fact, the application force point is a circular surface area of
10 mm in diameter, which constrains displacements of that point. Moreover, the
cable ties and rubber bands contribute to increasing the experimental frequencies,
although their mechanical properties have a minor effect. However, these effects
could affect the experimental results due to their uncertainties in modelling, and
mechanical characterizations are not considered in the mixed-RZT model. A
further explanation is the coupling between some torsional and flexural modes
observed experimentally, which could affect the experimental frequency
estimation. As highlighted in Chapter 5, the numerical frequencies computed
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using the 2B-RZT\), elements are very accurate if compared with the high-

fidelity FE model, with a maximum error of 2.5% for the highest flexural mode of
beam DO04; for this reason, the results using Nastran 2D elements are not reported.
As expected, the errors between numerical and experimental results increase with
flexural mode number. However, the maximum error values for higher modes do
not exceed 15%, which is a remarkable result considering the large frequency

range considered.

Table 33: Experimental and numerical frequencies (in Hz) of the D01 sandwich

beam (in brackets, the percent errors).

Mode Experimental - ZB-RZT{(;TIZ)}
1 764.95 0.68 703.67 (-8.0)
2 1277.75 1.71 1148.85 (-10.1)
3 1859.23 1.68 1635.65 (-12.0)
4 2368.74 1.81 2050.93 (-13.4)
5 2881.96 2.19 2514.79 (-12.7)
6 3348.54 1.65 2902.10 (-13.3)
7 3931.40 1.14 3374.78 (-14.2)

Table 34: Experimental and numerical frequencies (in Hz) of the D02 sandwich

beam (in brackets, the percent errors).

Mode Experimental

é/l’l

2B-RZT ™

{3,2}
1 794.30 1.15 734.12 (-7.6)
2 1434.06 1.66 1309.77 (-8.7)
3 2120.12 1.84 1894.03 (-10.7)
4 2768.03 1.94 2416.09 (-12.7)
5 3315.51 1.92 2956.34 (-10.8)
6 3800.49 1.92 3440.83 (-9.5)
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Table 35: Experimental and numerical frequencies (in Hz) of the D03 sandwich
beam (in brackets, the percent errors).

Mode Experimental g, 2B-RZT,
1 662.34 0.84 610.60 (-7.8)
2 1160.15 1.57 1035.37 (-10.8)
3 1688.45 2.08 1484.22 (-12.1)
4 2198.60 1.54 1885.44 (-14.2)
5 2659.24 1.87 2316.86 (-12.9)
6 3107.86 2.16 2713.92 (-12.7)
7 3678.10 0.84 3151.30 (-14.3)

Table 36: Experimental and numerical frequencies (in Hz) of the D04 sandwich
beam (in brackets, the percent errors).

Mode Experimental - ZB-RZT{(;TIZ)}
1 654.10 1.33 629.75 (-3.7)
2 1287.40 1.42 1175.62 (-8.7)
3 1942.27 1.79 1721.04 (-11.4)
4 2568.28 1.97 2222.18 (-13.5)
5 3094.25 1.98 2727.28 (-11.9)
6 3683.74 1.92 3203.43 (-13.0)
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Chapter 7

Concluding remarks

The research work presented in this Thesis is devoted to the refined zigzag
model formulations, numerical assessments and experimental validations. The
theoretical zigzag models formulated in Chapters 2-4 are numerically assessed in
Chapter 5 for various problems, static and dynamic. In Chapter 6, an experimental
campaign is conducted to evaluate global and local quantities responses to
compare with the numerical results provided by the newly formulated models.

The starting point of this research activity has been represented by the
structural models available in the current literature. In Chapter 1, a detailed
overview of the existing structural theories for structural analysis in the aerospace
engineering field has been presented. Among them, the zigzag models represent
an interesting field of investigation thanks to their accuracy compared to the
reduced computational cost.

In the recent literature, the Refined Zigzag Theory (RZT) has represented a
valuable alternative in the structural analysis of multilayered composite and
sandwich structures. Thanks to its formulation, the global first-order kinematics
have been improved with appropriate zigzag functions, allowing a layer-wise
description of the in-plane displacements and more accurate in-plane strain and
stress distributions. The through-the-thickness piecewise constant distribution
with jumps at the interfaces of the shear stress is able to predict the global
response of the multilayered structure without involving any shear correction
factor. Moreover, if computed by integrating Cauchy’s equations and compared
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with the three-dimensional elasticity solution, the obtained shear stress
distributions have demonstrated to describe the transverse shear deformability
with higher precision than the FSDT. Moreover, thanks to the partial fulfilment of
transverse shear stress continuities at the layer interfaces, the RZT do not
encounter the same inconsistencies as the ZZT in transverse shear stress
evaluation at the clamped edge. From the provided literature, the transverse
stresses (shear and normal) of the RZT could be improved by using the mixed
formulation. With particular attention to Reissner’s Mixed Variational Theorem
(RMVT), some mixed versions of the RZT have been developed and applied to
the analysis of the multilayered cross-ply and sandwich beam/plates.

However, it has been highlighted that a class of laminates, the angle-ply
multilayered structures, in which the lamination angles assume the same absolute
value for each layer, cannot be investigated by the RZT. In fact, the RZT standard
formulation of the zigzag function is not able to predict the transverse shear
coupling induced by the material anisotropy of the lamination scheme. As a result,
the RZT degenerates into the FSDT model. The generally adopted procedure to
make the RZT useable is to slightly modify the lamination angle of each layer;
however, this numerical strategy does not solve a problem insight in the model
formulation.

Taking inspiration from the literature on the previously developed zigzag
models and from the works on the transverse shear coupling in anisotropic
multilayered structures, in Chapter 2, the Refined Zigzag Theory has been
enriched with two additional zigzag functions able to couple the in-plane local
displacement refinement. The new enhanced zigzag functions are formulated
according to the standard procedure that defines their zigzag slopes through the
partial enforcement of the transverse shear stress continuity at the layer interfaces
and the vanishing condition at the top and bottom external surfaces. The
governing equations and consistent boundary conditions have been formulated for
the static and dynamic analysis of more general laminated plates. In Chapter 5, the
new enhanced-Refined Zigzag Theory (en-RZT) is assessed for the static bending,
stability and free vibration problems to investigate the benefits and relative
limitations. The numerical comparisons on the evaluation of the enhanced zigzag
function reveal that the new enhanced model is a generalization of the standard
RZT. In fact, for multilayered cross-ply and sandwich plates, the standard RZT
kinematics is re-obtained since the new coupling zigzag functions are null. This
result should not be surprising since, for such cases, the transverse shear coupling
induced by the material anisotropy is not present, and the enhanced formulation is
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capable of including the particular one. The numerical results also reveal the
accuracy of the en-RZT model in displacement and stress predictions for
multilayered symmetric and anti-symmetric angle-ply structures. The analytical
solutions provided for the simply-supported cases are considered benchmark
solutions enriching the list of cases treated in literature and possible comparisons.
With respect to other zigzag or higher-order models, the en-RZT is able to provide
the same degree of accuracy in predicting global quantities and through-the-
thickness distributions. From the results provided in Chapter 5, the en-RZT
provides superior prediction capabilities over the FSDT and the TSDT.

Consistent with the en-RZT assumptions, the transverse shear stress
distribution computed using the constitutive material relation is a piecewise
constant function with jumps at the interfaces. In an average sense, it provides an
accurate global description of the transverse shear deformability, but it is not able
to ensure the transverse shear stress continuity. Moreover, the model assumes a
transverse displacement that is uniform along the whole laminate thickness, which
is not able to describe the transverse normal deformability typical of thick
multilayered and sandwich structures. As anticipated, a mixed version of the RZT
has been formulated in conjunction with using the RMVT to analyse multilayered
composite and sandwich thick structures. However, the hypothesis of cylindrical
bending is necessary to avoid inconsistencies in transverse shear stress predictions
due to the weak enforcement of transverse shear strain compatibilities. This
hypothesis to determine the expression of the assumed transverse shear stresses
cannot be applied to the multilayered anisotropic plates in which the effect of
transverse shear coupling is not negligible. Therefore, it has been necessary to
formulate a new mixed model based on the enhanced zigzag kinematics.

In Chapter 3, a novel higher-order zigzag model is proposed. Among the
aims of this research activity, one represents the inclusion of the non-linear
trough-the-thickness distribution of the displacement field. This nonlinearity is
typically encountered for thick multilayered composite and sandwich structures.
Starting from the en-RZT kinematics, the displacement field is enriched with
through-the-thickness parabolic and cubic contributions for the in-plane
displacement and linear and parabolic contributions for the transverse
displacement. The total number of kinematic variables is reduced by taking
advantage of the partial fulfilment of the transverse shear stress continuity at the
layer interfaces and a further condition on the partial null in-plane traction
conditions at the top and bottom surfaces. The resulting displacement field has a
new set of third-order enhanced zigzag functions. The transverse normal and shear
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stresses are assumed independently from the displacement field. More
specifically, the transverse normal stress is assumed as a smeared cubic through-
the-thickness continuous function that satisfies the traction condition at the top
and bottom external surfaces. The assumed transverse shear stresses are obtained
from integrating Cauchy’s equations without any simplifications. The variational
statement involves the Hellinger-Reissner principle since a new set of strain
variables is used to interpolate the assumed transverse shear stresses. In addition,
a new penalty term is added to the governing functional to enforce the
compatibility conditions with the strains derived from the displacement field.
Finally, the governing equations and consistent boundary conditions of the new
en-RZT{"), model are derived and specialized for the static bending and free

vibration problems. In Chapter 5, the governing equations of en-RZT/;>, model

are solved analytically for simply-supported multilayered cross-ply/angle-ply and
sandwich plates. The provided results show the accuracy of the newly mixed
model in displacements and through-the-thickness stress predictions if compared
with the available three-dimensional solutions. More specifically, the transverse
shear and normal stress distributions are very accurate, even for very thick
multilayered plates and, for the first time, also for multilayered angle-ply plates.
Furthermore, the accuracy in dynamic analysis has been confirmed by the results
on the natural frequencies that agree with three-dimensional results.

In Chapter 4, the en-RZT{(Z’z)} model has been restricted to the analysis of

beam structures. The obtained displacement field is formally equivalent to
Iurlaro’s third-order RZT kinematics; however, the variational statement is the

same as the new en—RZT{(;fz)} model, including the Hellinger-Reissner and

penalty terms for the weak strain compatibilities. In addition, the governing
equations and consistent boundary conditions are specified for the beam problems
and solved for some numerical examples in Chapter 5. The results confirm the
predictivity capabilities and transverse normal and shear stress distributions due to
the mixed formulation via the HR principle. Furthermore, remarkably accurate
results have also been obtained for the free vibration problems.

A finite element formulation is proposed in Chapter 4 to investigate
multilayered thick beam structures under the action of concentrated forces on the

top surface. Two beam elements are formulated, 2B-RZT\", and 2Bc-RZT\?,,

with different interpolation strategies for the kinematic and strain variables. The
linear Lagrangian shape functions have been used for 2B-RZT{(3””2)} element,
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whereas an anisotropic-constrained strategy with Serendipity shape functions has

been considered for the 2Bc-RZT(}"), element. Both elements have been assessed

in Chapter 5. They are able to give the same results in terms of displacements,
natural frequencies and strain distributions for the investigated numerical cases.
The free vibration study on the element behaviours reveals the accuracy of
frequency prediction when the model is compared with other high-fidelity FE
models. However, it has also been revealed that for static problems, the effect of
transverse normal deformability induced by concentrated loads is more complex
to investigate. However, the solution regarding displacements and axial strains is
quite accurate except for the area next to the applied force.

Finally, in Chapter 6, an experimental campaign is conducted on a different
series of thick sandwich beams considering different length-to-thickness ratios,
foam core materials and boundary conditions. For the first time, the results of the
axial strains at the interfaces between the sandwich core and face-sheets are
measured and compared with the newly zigzag elements. Thanks to the fibre optic
sensors, the axial deformation can be measured along the longitudinal beam axis.
Three- and four-point bending tests have been performed to evaluate deflections
and strains. The provided results highlight the ability of the new RZT mixed
model to predict accurately at the bottom interfaces the axial deformations in the
boundary area and the top interface axial deformations close to the applied force.
It is a remarkable result since the number of dof’s involved in using the
2B-RZT(;"), elements is fifteen times lower than the high-fidelity FE models. An

experimental modal analysis has been conducted using the Laser-Doppler-
Vibrometer to evaluate the natural frequencies of another set of thick sandwich
beam specimens. The experimental results have revealed that the beam exhibits a
stiffer behaviour with respect to the 2B-RZT("), elements; however, due to the

accuracy of the dynamic analysis presented in Chapter 5, the discrepancies are
due to the standard variation of the mechanical properties of the beam and the
disturbed induced by boundary conditions adopted in the experimental tests. The
provided numerical results agree with the experimental ones for a wide range of
frequencies investigated with limited errors on the wide range of frequencies
investigated.

The research activity herein presented, supported by the numerical and
experimental results, wants to offer a more general and complete methodology
based on the refined zigzag models to investigate multilayered composite and
sandwich structures. In particular, the newly formulated models could be used to
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analyse structures in which the material transverse anisotropy is not negligible.
Moreover, the mixed formulation of the new models could be used to investigate
even thick multilayered structures. The formulated elements make these new
mixed models appealing in their predictivity capabilities and affordable low
computational cost compared to other available models.
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Appendix A

Derivation of the assumed
transverse normal stress

In this appendix, the details are given for the solution of the weak form of the
compatibility constraint between the transverse normal strain derived from the
kinematic field and that derived from the assumed transverse normal stress. The
procedure adopted here takes inspiration from those addressed by lurlaro et al.
[131]. However, in this newly developed model, a more general lamination
scheme is considered that involves the enhanced higher-order zigzag functions.

Due to the arbitrary variation of the unknown stress vector (. (x), the Eq.

(3.34) can be solved as follows:

_[50-;3(‘933 —g;)dV:<5o-§’3(g33 _‘9;3(]{))> =0 (A.1)
v

where the symbol <> denotes the integration over all the plate thickness.

Using the material constitutive relation for the transverse normal strain, it
reads:

E5(X,X;) = S3(§)(73a3(x:x3) - R(k)gfyk)(xax3) (A.2)
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Appendix A Derivation of the assumed transverse normal stress

where R% =[ng‘ » R Rg)]

Performing the virtual variation of the transverse normal stress and
substituting the expression of Eq. (A.2) into Eq. (A.1), it follows:

<5qj1> "(Hiw- s (L. +Pq, - R(")a(p")))> -0 (A3)

o

Substituting the expression for in-plane strain quantities, as defined by Eq.
(3.8), yields the following expression:

(P,/H,)w—(SYPL)q. —(SWPP )q, +

+(P,"R®)e, +(P,/R™x,)e, +(PR¥M® e, =0 (A

From which it is possible to solve in terms of the vector q(xX)that contains

the unknown stress quantities:

4,0 =(SPP 7P ) (B TH: ) w(x) (SR 7P ) (SVP,TL) g (x) +

(PR e, (x) +

>1 (A.5)
+(SYP,P, ) (P,/R™z)e,(x)+
+(sOPR,) (PRVM®Y e, (x)

Substituting expression (A.5) into Eq. (3.23), after some mathematics, the
final expression reads:

03(X,x) = AL (%), (X) + Az (3)8,(x) +

_ (A.6)
+AY (x,)e, (X) + A7 (x)W(X) + AL (x,)q, (X)

where
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Appendix A Derivation of the assumed transverse normal stress

AL () =P, (x,)(SEP, (x,) P, (x)) (P,(x,) R®);
AY(x,) =P, (5){SYP, (1) P, (x)) (P, () R¥x, );

A% (x) =P, (x)(SUP,R,) (P, (x) ROMP(x,)); (A7)
Al(xy) = Pg(x3)<S3(§)PUTPU> (P/H):;

A% () =| L(5) =P, () (S8R, () B, () (SR, () L)

are the shape functions of the thickness coordinate for the transverse normal
stress.
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Appendix B

Derivation of the assumed

transverse shear stresses

In this appendix, the mathematical passages to obtain the full expression of
the transverse shear stress are reported.

Using the assumed transverse normal stress expression defined by Eq. (3.36)
and substituting into the mixed material constitutive relations, the in-plane stress

quantities are here defined in a compact matrix form:

k)
o-1(1 (X,xs)
o5 (x,x;) p =6 = CPe (x,x,) + RVoi (x,x,) =

715 (X, %)
=(CP +RVAL(x))e, () +(x,CF + RPVAL(x,))e,(x) + (B.1)

+(COM®O + RDAY (x))) g, () + ROAL (x)w(x) + ROAL (x,). (x)

Before substituting into the expression of local equilibrium equations defined
by Eq. (3.25), it will be performed the substitution of the strain quantities with the
new set of independent variables as defined by Eq. (3.26). This procedure results

in the following:
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Appendix B Derivation of the assumed transverse shear stresses

o'l =(CL +RVAL(x,))e(x) +(xCY +RVAL (x,) ) k(x)+
+(CPM® + ROAY (x) )K" (x) + (B.2)
+ROA] (x,)w(x) + RV AL (x,)q. (%)

Deriving the expression of Eq. (B.2) with respect to x; and x> directions and
substituting into Eq. (3.25) the integration along the thickness direction is
performed, resulting in the following expression:

T/ (X,x;) =P (%) + A" (x;)de(x) + B (x; )oK (%) +

()R O+ E (om0 F()og. 0 )

where A”(x,), B*(x;), D*(x,), E*(x;), F*(x,) are the shape functions in the

transverse direction, and the derivative of the independent strain variables are
defined as follows:

de(x)" = I:ell,l €1 C21 G2 G 612,2];

ok(x)" = I:kll,l ko kg ki kyn, ki, s

akW(X)T = I:klyi,l kZWZ,l klu;,l kZWI,l kllq,z kzwz,z kllg,z kzwl,z:l; (B.4)
ow(x)" = [wflo) w W W w) W

aqz(X)T=|:]73(B),1 ﬁB(T),l 173(3),2 ﬁs(r),z:l

The shape functions are expressed as follows:
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Az (x3 )T —

B*(x, )T =

-| [ (C+ RO A, ),
- (Cw + RO 41, ) d,
-| [ (C+ RO A ),
_ j (é{§>+Rg§)A"
| [ (c¥+rG A, d,

- I (é(sfl)()-i-Ré(é{)A;lS)dx}

X3

| —h/2

X3

L—h/2

3

L -h/2

( ) dx,

oll
| —h/2

X3

L—h/2

3

L -hi2

[ (nC+ RO, ),

oll
L-h/2

R
(k) (k) 40
'[ (x3C12 +Ry; Ao'lZ)dXS
| —h2
F Z
~(k) (k) 40
I (xzcm + Ry Acrl})dx3
—h/2

) dx,

X3
~(k) (k) 40
I (xzcm + R A,
L—h2

X3
(k) (k) 40
I (x3czo + R Ao‘lZ)dx3

L—h/2

3
~(k) (k) 40
I (x3C6g + R Ao'l3)d'x3

L-h/2
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X3

~ (k) (k) qu
- j (Cl() + R Ao‘ll)dx3
L -h2

X3

~(k) (k) qu
- I (Czs + Ry Ao‘lZ)dx3
-

X3

~ (k) (k) qu
- I (C66 +R63 Aalz)dxz
L -hi2

X3

~(k) (k) qu
- I (C12 + Ry Ao—ll)dx3
| —h2

X3
~(k) (k) qu

- I (sz +R,; Ao—lz)dx3

L —h/2

X3
~(k) (k) qu
- I (C26 +R23 Ao‘l}

L -h/2

dx,

X3

- '[ (xsél(sk)'i'Rﬁ(;{)Agn)d%

L —h/2

A3

- I (x36§§)+Ré§)Aglz)dx3

| —h2

3

- I (x3éé§)+R6(§)A§13)dx3

| -h2

A3

- '[ (x3él(2k)+R2(§)A§“)dx3

| —h/2

A3

- I (xség)"'Rz(f)Aglz)d%

L2

X3

- J. (x3é2(§) +R§§)A§13)dx3

L-h/2

|
|

(B.5)
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D*(x, ) =

" -
(k) , (k) (k) , (k) (k)

- I ( Wt Qi ty Ry A:n)dxz
L-h/2 i
-

(k) (k) (k) (k) (k) qv

- j ( i My + Qi iy + Ry Aa'lz)dx3
L-h/2 J
- Z

(k) , (k) (k) , (k) (k)

- I ( 2 iy + Oty + Ry Arls)dxs
L-h/2 i
-

(k) (k) (k) (k) (k)

- j ( Wt + Qi by + Ry A(urlm)dxs
L-h/2 J
- Z

(k) , (k) (k) , (k) (k)

- I ( o'ty Oty + R A:n)dxz
L-h/2 i
-

(k) (k) (k) (k) (k)

- j ( ho doy + Qg iy’ + R A(urllz)dxs
L-h/2 J
- Z

(k) , (k) (k) , (k) (k)

- I ( bty Oge iy + Ry Arls)dxz
L2 i
m

(k) (k) (k) (k) (k) qv
- j ( o My’ + Qe oy + R Aam)dxs
L-h/2 J
C oo _
_ (k) qw
I Ry Az, dx,
| -2 ]
. _
_ (k) 4w
I Ry A5, dxy
—h/2 ]
o _
k )
- R A\ dx,
—h/2
T L .
E*(x;) = Z
X3
_ (k) qw
I Ry Az, dx,
| -2 ]
. _
_ (k) 4w
I Ry A5, dxy
—h/2 ]
o _
_ (k) 4w
j Re3' A5 5dx,
| L-he2 )
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- -
(k) (k) (k) (k) (k) v

I ( ot + O by + Ry Aan)dx3
L-h/2 |
m Z

(k) (k) (k) , (k) (k) qv

j ( ety +Cog iy + R ArrlZ)dXS
L-h2 i
- Z

(k) (k) (k) (k) (k)

I ( bt + O iy + R Aglz)dxz
L-h/2 i
m

(k) (k) (k) , (k) (k) qv

I ( o Mz’ + Oty + R Aam)dxs
L k2
- Z

(k) , (k) (k) , (k) (k)

I ( 2ty + O by + Ry Arn)dx3
L-h/2 |
m

(k) (k) (k) (k) (k) qv

I ( oty + Os 1y + R AJIZ)dXS
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- Z

(k) , (k) (k) (k) (k) qv

I ( oty + Qs tyy + Ry Aa]})dx3
L-h/2 i
-

J(O0ud +00 ) + R 42 ), || (B.7
B ’ ( ’ )

- -

_ (k) qw

I Rey" Az, dx,
| 12 ]
o _
_ (k) gw
I Ry Az, dx,
| -hi2 ]
. _
_ (k) 4w
Ry Az 5dx,
| /2 ]
X3 7
_ RE 47 dx (B.8)
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o _
_ (k) 4w
I Ry Az dx,
| -hi2 ]
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Appendix B Derivation of the assumed transverse shear stresses

F m -
(k) 44- (k) 44-

- I R13 Acrndx3 - I R63 Ao—ndx3
L —h/2 L —h/2

| s | | | e

L —h/2 L —h/2

Fx) = } - . (B.9)

| [ R

L —h/2

| | RO

L—h/2

(k) 44 (k) 49-
- J. AO'IZ - I R23 Aal2
L —h/2 L —h/2 ]

Since the expression (B.3) is not able to satisfy the traction condition at the
top surface, a further term 1s added:

T/ (X,x;) = -pP(x)+ A*(x;)0e(x)+ B*(x;)0k(x)+
+D*(x;)0k" (x)+ E*(x;)ow(x) + F*(x,)0q_(x)+a(x;+h/2)

(B.10)

The expression of a is obtained by integrating the transverse shear stresses
along the whole laminate thickness and enforcing the traction conditions in both
directions at the top surface. It reads:

R,

1o [y /e A
—Z<D )ok” +Z<E )ow +Z<F )oq.
Substituting the expression of Eq. (B.11) into (B.10) yields:

T/ (X,x;) = ﬁ“”(x)(—l - %(}@ +h/ 2)) - %(x3 +h/2)p"(x)+ Az(x3)6e(x)+

+B7(x,)0k(X) + D7 (x;)8k" (x) + E* (x; )W (x) + F* (x,)0q.(x) = (B.12)
=7 ,(x,)q,(x)+Z,(x;)q,(x)+Z,.(x,)0q.(x)

where, the terms of Eq. (B.12) and Eq. (3.37) are defined as follows:
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Appendix B Derivation of the assumed transverse shear stresses

A%(x) = A%(x,) = (x, + 1/ 2)

>|
—

A")

B (x,)=B*(x;)—(x,+h/2)

—
%

~—

D*(x,) = D*(x;) = (x, + 1 / 2)—(D*

> =

—

E*(x,)=E*(x;)—(x, +h/2)—(E*

—
~ ~

F(x;)=F*(x,)—(x, + h/ 2)—(F*

—

S

Zp(x3)=[(—l—%(x3+h/2)j —%(x3+h/2)}
Z,(x)=[A'(x) B(x) D(x) E(x)]
Zqz(x3) =F (x;)

Qp (X)T = I:ﬁ(B) ﬁ(T)iI = I:pl(B) Pysy  Pun pzm:l
q(x)" =[0e" ok’ ok ow'] (B.13)
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Appendix C

Full expressions of the equilibrium
equation and boundary conditions
terms

In this appendix, the full expressions of the terms that appeared in the
en-RZT{g”f;} equilibrium equations, i.e. Egs. (3.40) - (3.56) are expressed as

follows:

AW _ AW, (0) Aw . (1) AW, (2) Aw . (0) A1) AW (2) NE N s AV
0 —_(an.n +D12W,11 + D) + D'y + Diswh; + Diw',) + D6, + Do, + Dy, +D12‘//z,1)+
AW, (0) AW (1) AW (2) AW ., (0) AW . (1) AW .. (2) N N AV AV
_(D4|W‘|2 +Dpwy; + Dgwiy +Dywiy +Dswyy + Dygws) + D0, , + D6, , + Dy, +D42'//2.2)+
Sk o how Shw Shw o hw v
FAy e+ Ay ey Ay ey F A e A e A e +
Bk 4Bk, + Bk, + Bk + Bk, + Bk, +CP kY +CRY - CR Y+ CRRY L+
1 K T Doy Ky + Dy Ry gy T Dy Ky o+ Bsy Ko o By Ky 1o + Gy Ky + Cgp Koy + G K + Ca Ko
Akw 7y Akw gy Akw 1y Alw 7w Alow (0) Ahw . (1) Nw (2) Aw_ (0) Akw_ (1) Akw. (2)
+Ci ki + Ci' kg n + Gkl 1 + Gk + Diwy + D' whi + DEwiY + Difwiy + Dif'wiy + Digdwyy) +
e Ie e e e
g€ Ty T Ay, T Ay +Asyglyy T Ay e,
Bk + Bk + Bk 4 Bk 4 B+ Bk GRS+ G 4 G 4 GO +
14 Kinga Doy Kop 1o T D3y Kypjp + Dy Ky 0 Dsy Koy 5y F DBy Ky pn Gy Ky o + Cog Ky T Cag Ky 1p 0y K110

Akw 7y Ahkw 7.y Alw gy Alw 7w ANkw_ . (0) Nl (1) Ak (2) Al (0) Akw (1) ANkw_ (2)
Ok + C ko + Coi ks 5y + C kg op + Dy Wiy + D wiy + Diwiy) + Dgwhy + Digwiy + Digwiy) + (C 1)

240



Appendix C Full expressions of the equilibrium equation and boundary conditions
terms

0" =~(Diwsy + Dl + Diywiy) + Dlowiy + Diows) + Digw!i) + D16y, + D56, + D, + Dy ) +
(D + Diwtl + Diw) + Diw) + Diswty) + Digw's) + D40, + D46, + Dy, + Dby, ) +
+’:11kzw€11.11 + ‘212"5"922,11 +’:1;{zwelz,n + Iafzwell,n + ‘askzwezz,lz + ‘:1:;612,12 +
+élk2wkl 1,11 + é;{ZWkZZ.ll + ng + é:;kl 1,12 + Bé{zwkZZJZ + 36,(;]{ +

12,11 12,12

+C kL +Co ki, + Gkl + Gk + CER 1 + Gk 1 + Gk + GRS +
+DSwY + D wi! + DEwS) + D) + DEwll) + Digw') +

+’:11k5w€11,1z + ‘:1;;’622,12 + ‘azkswelz,lz + ‘az’eu.zz + ’zlskswezz,zz + 26,(5“’612,22 +

+é1kswkn.12 +é;5wkzz<1z +1§3kswk12.12 + ézf:kn.zz +1§5k5wk22‘zz +1§ekswklz.22 +

Mhw gy Ahw v Mkw g w Mkw gy Akw pw Mhw w Ahw v Ahw gy
+Cis kn,lz +Cys kzz,lz +Css klZ,]Z +Cys kzuz +Cs kn.zz +Ces kzz.zz +Cis k12,22 +Cys k21,2z +

Abe (0 L Ake (1) L B2 L Blw, 0, Alw, (1), Akw. (2)
+D5{ Wiy + Doy wiy + Dy wiy) + Doywiyy + Degwiy + Digwyy + (C2)

DA;W,(lol) +DA;Wflll) +DA3‘§W,(121) +b3”z;w,(1? +D;§V"fllg + A;;W.(lzz) +DA30191,1 +DA30292.1 +D;/1’//1,1 +[)3V;'//2.1 ) +
_(b(‘»1iw,(lg) +DA6:;W,(112) +DA(:13W(122) +b$§W(z°z) +[);5W(212) +[)§6W(222) +[)6€191,2 +é69292,2 +b(':/1‘//1,2 + DA:;'//M)"'
+":11k3w‘311,11 + "azkgvezz,n + ‘asl(;velz,n + "azgven,lz +’:15k;‘322,12 + Akswelz.lz +
+Blk3wk11,11 +B2k;>k22,11 +B§"k12,11 +Bgrk11,1z +B5k3wkzz,1z +1§;‘;"k12712 +
+élk3wklvi,11 + Azk;’kzwz,n + ézkswkllg,n + égfk;/l,ll + Ask;’klvilz + A(fswkzg,lz + A;gt’klg,lz +éskswkzw1,1z +
+Dw ) + DS + DEWS + DEw + DY wil) + D wi) +
~w how ow how how v
A €+ Ay en iy Asg €y T Aig €l + Asg €y + Agg €000+
+Bllzvk11,12 + ngzz,lz + le(:klz,lz + Bzukn,zz + Bskgrkzz,zz + égklz,zz +
+élkz?’klvi,1z + A;Z’kzg,lz +ésk(;vk1'€,1z + ézyk%,lz +ésk(‘;klui,2z + Aggykzwz,zz + é;{:kg,zz + égg'k;/l,zz +

Nhw_ (0) Akw_ (1) Aw_ (2) Aw_ (0) Ak (1) Nkw_ (2)
+Dg' Wiy + Dy wiy + D wiy + Dy wiyy +Dgswopy + Dggwiy + (C 3)

EﬁR = ‘alt:w,(lol) + ‘al‘gw.(lll) + ‘a;;W,(lzl) + ‘aI:W,(I(;) + ‘:11“5""(112) + ‘ZI;ISW(IZZ) + ‘2116161,1 + ‘:116;32,1 + ‘;ilvll//hl + ‘211‘4;'//2.1 +
+/:11;j W.,(loz) + /azyzw(l‘z) + /ZII;;W’(,ZE’ + A:wazoz) + fazysw(zlz) + /:14‘2"",(222) + 121:71‘912 + Afz'gz,z + ":1:(1‘//1,2 + 121:/2'//2,2 +
‘alplﬁl(s),l + ‘alpzﬁzw).l + ‘al!;il(r),l + ‘alzﬁz(T),l +‘:1;1€11,1| + ‘arzezz.ll + ‘:11«3612,1| +‘:1|(:‘oe]1,12 +‘:11(‘5€22.12 + g.‘},@u,]z +
+‘:11A|k11,1| + ‘alkzkzz,n + ‘alksklz.n + ‘211A4k1|,1z + ‘a]kSkZZ,IZ + ‘alkékll.lz +
+‘:11A|Wk|w1.11 + ‘alkzvkzwz,n +‘:11k3vk|u§.11 + ‘alkavkzwl,n +‘:1:‘5wkﬁ,|2 +‘:1Ik6vk;2,12 +‘a;‘7wk|u2,1z + ‘alkswkéyl,lz +
AW+ AT+ AW+ ATWE AW+ AT +
- +/afﬁﬁl(ﬂ).2 + 12141121772(5)3 + “Ezﬁlm,z + /azzzljzw),z + /azflell,lz + ‘:1:2322‘12 + /:1:3912,12 + /:1:4811,22 + A:sezz,zz + /a:ﬁelz.zz +
+‘21:1k1|,12 + ‘afzkzz.lz + g:lklz,lz + ‘21:41‘711.22 + ‘a:skzz,zz

qkv v Ak v qkv v Ak v kv Ly Ak v Ak v Ak v
FAN Ko+ A gy A K gy + A o+ A K gy F A K 5y A K oy + AR+

ok
+ A46k|2.22 +

Jhw (0) | Jhw_ (1), Hkwo (2) | ghw_ (0) , Hkw_ (1) , kw_ (2)
+4, Wi, + Ay Wi+ AW + Ay Wy + A Wy + A wsy +
115 117 115 49 75 41 75 195 1175 115
+A1|P3(B),11 + Alzpz(r),u + AlsP}(B).lz + A14P3(r),12 + A4|p3(15'),|2 + A42p3(7),12 + A43173(3).22 + Amps(r).zz (C 4)
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Ezlék = /:Izwl W,(lol) + A;Wflll' + Azhzw(lzl) + ‘le‘zw,(lozj + ‘zlzusw(l‘z) + ’az‘gw,(lzz) + /:1201911 + 12120292,1 + /:1% Vit 121;/2‘//2,1 +
AW+ A+ A S+ AL+ A+ AW + A0, + A0, + Ay, + Ay, +
/:12'"11771(5),1 +1212”2i’zw;,1 + "azpzﬁlm,l + ‘:1212172(7).1 + ‘:1;1911.11 + /azgzezzu +121§ze|zu + /:122491L12 + /:1225922,12 +1212€belz.|z +
+;1;1k1“1 +“]fzkzz.n + ‘afaklz,u +‘212A4k11,12 +‘2’2Askzz,1z +‘:1;5k12,|2 +
AL+ ARG ARG+ AR+ A o+ ARG+ ARG AR +
AW AW AW + AW + AW + AW+
- +‘:15P1171(E),2 + ‘asyzﬁz(m,z + ‘asﬂzﬁl(r),z + ‘:15’;1772(”,2 + ‘:1;1611.12 + ‘:1;‘2@22,12 + ‘:15(‘3612,12 + ‘21§4611,zz + ‘:1565622,22 + ‘asﬁéelz,zz +
+1215k1k1|,12 + faﬁkzkzzm +1215A3k12,|z + /:1:4]‘11‘22 +1215A5kzz,zz +/:15A6k|2,22 +
ATy A gy A 1 ASYRY 1 AR SR 5y + A K + AR

AW+ AG W+ ATWE AW o+ ASWE) + AW+

195 19 = 195 19 = 195 19 = 49 = 19 =
+A21P3(E),11 +A'zzp3(r),11 +Azaps(ﬁ),lz + A24p3(r),12 + A51p3(3>,12 + A52p3(T),I2 +A53p3(5‘),22 +A54p3(7),22 (C 5)

HR _ Hw_ (0) Sw (1) cw o (2) Sw (0) “w o (1) qw o (2) "o o v v
Ep = Ajwi) + Agwiy + Agwiy + Agwhy) + Aiwhy + Agowy) + A0, + A0, + Ay + Ay, +
wo (0) 4 Gwo (1) L qwa(2) . qwo(0) . w1 w2, 40 0 qv qv
FAGWY + AWy + AW+ Agwyy) + AWy + AWy + A0, + g0, + Ay, + Aqw, +
. N

’21;171(3),1 + ’azpzﬁzw),l +’aff;l71m,1 + ’213‘74}772(7),1 + ‘:1;1611,11 +’azzezz,u +’:13Eselz,1| + A;seu,lz + ’asﬁsezz,lz + ’:1;6612,[2 +
+’:13‘1k11,11 + ’:13‘2/{22.11 + ’213‘3/‘12,11 + ’:1;{4/{11,12 +":13‘5/‘22,12 + ‘23‘6/{12‘12 +

FAY K ARG+ ARG+ ARG ALK ARG ARG+ A+

AW+ AT + AW + AW + AW+ AW +

- 26'11171(3),2 + Afzi’zw),z + ‘5}7)1”)2 + Aﬁsi’zw),z + ’:1:1911,12 +’:1(fz‘322,12 + "a(fSelZ,lZ + ’a(fzxeu,zz +‘:1(fsezz,2z + ’a(f(aelz.zz +
+’:16‘1/‘11,12 +"Zl(le‘tzz,lz +"a:}klz.lz +"afizku,zz + ‘affskzz.zz + ’:lésklz.zz +

kv v qkv v qkv v kv v dqkv v qkv v qkv v dqkv v
FAS Ky + A k1 + AG D 1+ ALK 1+ A 5y + A g gy + A Ky + A KT o +
Shwo (0)  Skwo (D) qkwo (2)  qkw. (0)  Jkwo (1), Jkw (2)
FAG Wiy + A Wiy + AW+ Ag Wy + AWy + A, +

1975 19 5 115 195 195 19 7 115 11 5
+A31p3(3),1| +A32p3(r),11 + A33p3(3),12 +A34P3(T),12 + 4G Dysyin + Amps(r),lz + APy + APy (C 6)

HR _ fw. (0) | Aw. (), pw. (2) , Aw. (0) , pw. (1), pw. (2) | PO Y AV pY
K —an,u +B|2W,11 +B|3W,u +B14W,1z +B]5W,12 +B]6W,12 +Bn€1,1 +31292,1 +Bu'//1,1 +Blz'//z,1 +

+BywY + Byw') + Biw) + Buw) + Biw') + Buw) + B30, + BLO,, + Bl + By, , +

él,ipl(s).l +B11;152(B],1 +é1p3ﬁl(r),1 +B{;ﬁ2(r),1 + ‘alklen,u +’:I;1622,11 +’a;(1€12,11 +’a:1611,|2 + ’21:1322,12 + ‘21:1312,12 +
+é1k1k11,11 +B€1k2k22,11 + élksklz,u + éakn,lz +Blk5kzz,12 + Blksklz,lz +

+B\lklwklwl,ll + é]kzvkzvz,ll + Bl?/kly;.ll + éll;wkg,l,ll +l’élkswklug.lz +l’élkéwklflz.lz +B’lk;/k]!;,lz + é]ksvkzvl.lz +

+Bi W) + B W) + B W + B + BLw + B w) +

- +é4plpl(3).z +BS25721772(3),2 +B4p3?1(7),2 +é£&1772(n,2 + "alkAell,lZ +’:12A;tezz,12 + ’213}(4912,12 +’a:4311,22 + ’;1:4‘322,22 + A:AeIZ,ZZ +
+é:1k11,1z +B4kzk22,12 +B:3k|2,12 +B:4k11,22 +Bf5k22,22 +Bfok12,zz +

B+ B kY + B Kl + B K By + B K, + B KD o, + B K 5, +

+BwY + BEw Y + Byw) + B wS) + By w) + Bw) +

¢ =
+B4|p3(3)‘|2

RI % RI % RI % BRI % BRI & BRI 7 PRI =
+Bnp3(3),11 + BIZPS(T),H +Bnps(m,12 +BMp3(T),12 +B4zp3m,|2 +B43p3(3),22 +B44P3(T),2z (C 7)

242



Appendix C Full expressions of the equilibrium equation and boundary conditions
terms

wo (0) , pw. (1), pw
Wi+ Bywy + B

@) AW (0 L pw. (), pw. (), po ) Av Ay
Wiy +Byuwiy + Byswiy + Bywiy + By 6, + B0, + By, + Boy, +

pw . (0) pw (1) pw . (2) pw_, (0) pw_ (1) pw . (2) no no DY DY
Jrlew,lz JrBszW,lz +Bszw,lz + Bs,wh, +Bssw,zz +Bssw,zz Jr35191,2 +Bszgz,z + B, tBoy,, +

p— o - . - - - - e -
By Pusyy + BuPasyy + BuPiayy + BuPary + Apey g+ eyt Apen T Aper, + Ages 1 + Agen ), +

Rk Rk Rk
+Buk11,11 + Bzzkzz,u + Bzzklz,u

Rkv v Rkv v Rl v
+By[ ki 1y + By ke + By ki

Bk Bk Rk
+ Bk + Boskyy 1y + Bygkiy 1y +
pkv v Rk v Rkv v Rkv v pkv v
+ By kg 4 Bos ko + Bog ki + By ki + Bog K3y +
phw_ (0) nhw_ (1) nkw_ (2) nhw_ (0) nkw_ (1) nhw_ (2)
+B,) Wiy + Bywy| + By, wi+ Byywy, +Byw,, + By wi, +

- P - .- " .~ - - - .
- +B,ﬂputz),z + Bszpzuz),z + BS3p1(T).Z + Bs4p2m,2 + Alseu,lz + A25e22,12 + Assep 1, + AASell,ZZ + Assezz,zz + Ags€nn t+
Ak Ak Ak Bk Bk Ak
+B Ky 1o + Biyky 1y + Bskiy i + Bsakyy oy + Bssky 3y + Bsgkin  +
nky v Rky v Rky Ly Rky v Rkw v Rkw v nky v Rkw v
+Bs! kf{iy + By ki 1y + By ks 1 + Bsi k13 + Bsg ki oy + Bsg kyyy + Bs7 ks 5y + B kg +

Ahw. (0) | phw. (1) | phw. (2) | phw. (0) | phw. () | Hhw. (2)
+B Wy, + By Wiy + By wiy + By Wy + Bigwiyy + Bigw, +

PRI+ PRI RI & RI & PRI+ PRI RI & PRI 5
+lepz(ﬂ).n + Bzzps(r),u + stPa(s).lz + Bz4P3(r).12 + Bs1173(9).12 + BSZP}(T),IZ + Bsapz(m.zz + Bs4P3(r).2z (C 8)

Ki* = Bywt) + Bywhl) + Bty + By + Buwl + Buwty) + BL6, + BLO,, + By, + By, +

+Byw ) + B! + Buwy) + Buwy) + Baw') + BuwS) + Bo6,, + Bo6, , + Bl , + Bhy,, +
éﬁﬁl(Bl,l +é3§f’zw),1 +1§1{;pl(7),1 +l§3p4?2(7),1 +’:11k3‘311,11 + ‘azksezz,u +‘:13kselz,11 + ‘azfseu,lz +’a:1€22,|2 + Afselz,lz +
+é3k1k11,11 +é§2k22,11 +é;3k12,11 +é§4k

pky v Dky v nky v Dky 1w nky v nky v pkv v Rkv v
+By/' k), + By, kzz,u + B33 k12,11 +By] k21,11 +Byg ku,lz +By; k22,12 +By; klz,lz + By kY +

nk nk
11,12 + BZSkZZ.IZ + B}()klZ,IZ +

nkw_ (0) nkw_ (1) nkw_ (2) phw_ (0) nhw_ (1) phv_ (2)
B Wy + By Wy + By wyy + Bywy,) + Bigwiy + Bigwy +

Ay — pp— pp— P " " A " " "
- +B(>1P1(B),z +Bazl72(3),z + B{)Spl(T),Z + Bmpzm,z + Ameu,lz +Azﬁezz,1z + AS()elZ.lZ + A4n‘311,22 +A56€22,22 +Agenn
Ak Ak Ak Ak Ak Ak
+B(>1k11,12 +Bazkzz,1z + B(ﬂklz,lz + Bmku,zz +Baskzz,zz + B«nklz,zz +

kv Lv nky 1w nky 1w nky 1y nky 1w nky 1w nky 1w nky 1.y
+Bgi ku.lz +B, k22,12 +Bg; klz,l?_ +By kzuz + B ku,zz + B kzz,zz +Bg klz,zz + B k21,22 +

Nkw_ (0) nlkw_ (1) nkw_ (2) nhw_ (0) nhw_ (1) nkw_ (2)
B Wy + By Wiy + B wyy + By woy + Bigwh, + Bgwy, +

BRI % BRI T RI 7 R 7 BRI % BRI 7 BRI 7 R 7
+B31173(1f).11 + B}zps(r),n +333P3(B).12 + BS4P3(I'),12 + Bblpfs(Bj.IZ + BGZP}(T),IZ + BbBPS(B),ZZ +Bsapzu'),zz (C 9)
HR _ Aw_ (0) Aw (1) Aw o (2) Aw (0) Aw (1) Aw o (2) A6 O Ay Ay
Ku/ll - llwll +C12M/,ll +q3wll +C14Wu +C15W12 +C16W12 +C‘Hgl,l +C‘llgl,l +C‘ll‘//l,l +C‘lll//ll +

+CA‘5H1W.(|02) + Csuzw(llz) + é;‘swflzz) + é;:tw(z“z) + 6;2‘4/(;2) + é;;w(:zz) + CAvsyl‘glz + ésﬁz'gz,z + é;'//m + éswz‘//z.z +

C’\‘l’;ﬁl(ﬁﬂ + CA‘!’;ﬁZ(B)J + él’;ﬁl(T)J + él’;ﬁz(T)] + IalAlu/ell,ll +AZA:V€ZZ.” +1al}\;l/elz,ll +A:;VelLlZ +‘:15klwezzjz +A{i‘;ﬂe‘2A12 +
+B€l‘lwk| LIl + B;rkzz,ll + Bg}‘(lu/klzjl + éjrkll,lz + B?;(;Vk22,12 + B?:lu/klz,lz +

+CV K+ G I+ CV I 3 + GRS+ GRS+ GRERG 1 + ClY RG 1 + Gl R +

+CRW + CEWR + CIwY + Clwi + Cowil + Gy +

- +ésplﬁ|(3),z +és’;ﬁzw)z + és’;ﬁl(r)g +és‘z’zﬁz(r)z +’:11kswemz +"azksw€2uz +":13k5we|2A12 +’:1:Z/61L22 +’a5kswezz,22 +/aé§'€mz +
+élk5wk| 112 + BS;SW klZAlZ + B?;;Wklllz + é:swkl 1,22 + B?SASW kZZAZZ + B:S‘//klzlz +

+OI R+ CY G o+ CURY 1+ CER 1y + CHRS oy + CRRY oy + C Y + RS +

Pubw (0) Alow_ (1) Pk (2) Akw_ (0) Pkw_ (1) Ahw_ (2)
+Ciwhy) + G Wi + Cs Wi+ Cy Wa +Cwh +Cgwy, +

A - ~q = o ~q o ~g A = o
+C11173(E;,11 +C12ps(r>.11 + CISPJ(BMZ + CMP}(T).IZ + CSIPS(E).IZ + CSZP}(T).IZ + CSL”}(E),ZZ + CsAPsm,zz (C 1 0)
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Appendix C Full expressions of the equilibrium equation and boundary conditions
terms

w_ (0) Aw (1) Aw (2) Aw _ (0) Aw (1) Aw o (2) ~O ~O Ay Ay
AW+ Cpwi + Cawy) + Cowly + Coowlyy + Cow'y) + G0, + by + Gl + Coyy +

+Cowl) + Cow'l) + Cow'd) + Col) + Cow'y) + Cows) + €0, + Co0,, + Cliw,, + Clp, +

ézplﬁl(t}),l + éZI)ZEZ(B)A +éz’;ﬁl(T)A + éz’;ﬁz(rm + ‘:lrzwell,ll + AZKZWEZZAI +’alkzwelzjl +‘:1:2weu‘lz + ’askzwezmz + Iaﬁkzwemlz +
+[;|‘zwk1u| +éézwkzz.1| +é;zwk|z,|1 +é4kzwk11u +és‘;kzm +B;zu/klz,|z +

+OW IS+ I+ OV RE  + OV RY  + OIS + CRS  + ORI 1y + CRV R +

+CHW + CRwl + Clwe) + Cwl) + Clvwtl) + Clywty) +

- +é:|ﬁum.2 + é&ﬁ:w»,: *é’;ﬁur»,z +é&ﬁ:u et ‘/al‘bwell.lz + /:I:Ag'e::,lz +Aff:elz.|2 *’a::eu.zz +;15’:"en_22 +z:1::’elln +
+él‘bwkll,lz +é2kbwk22,lz +B}kewklz,ll +B:ewkll.ll + é;:kzz.zz *é:ewklz‘zz +

+C I+ CR S 1y + Co Kty 1y + Col Il 1y + Chl oy + GRS 5y + C Iy + CY RSy +

Akw_ (0) Ak (1) Akw_ (2) Ahw_ (0) Akw (1) Akw_ (2)
+C Wi + Cer Wi +Co Wi + Coa Wo + Cgwoy +Cog Wiy +

~q o ~g A = o™ A Aq - ~q -
G Pssyn + CiaPsynn + ChiPasyaz + CiaPyry + Coi Py + Cor Paria + CosPasyae + Coa Py (C 1 1 )
HR wo (0) Fw (1) Aw o (2) Aw o (0) Aw (1) Aw (2) ~O ~O A~y o~
K, Wi Wi+ Cwy + Cowyy + Ciwyy + Cyw'y) + €36, + Cpb, + Gy + Gy, +

JrCA':l W.‘loz’ + é;zw(llz) + C%w‘f; + CA'7“4W‘202’ + CA‘7“5W‘21; + C%ZszZQ + é;]lgl.z + 670292,2 + C%'/’l,z + é%Wz.z +

C}”lﬁl(B)Al + C’\‘},;.ﬁz(ﬁ).l + é}’;ﬁl(T)A +C}’2]72(T)1 + Ialk;/elljl + IzlzklweZZJl + IalklwellJl + 1:1:;/611,[2 +/a'5}\3wezllz + Ia(:(lwelZAZ +
‘*‘Elkswkn‘n +é2kswkzz.u ‘*‘Eg,klz,n +é:3wkn‘|z +é5k3wkzz,1z ‘*‘E:swklz,lz +

+C’\‘3A|Wklwlll + C’\‘l}\;kzwz,ll + C}"}“/klwz,ll + é;:/kzu/lll + C’\‘l,\:/klwllz + é;:/k;;lz + élk;yklu;ll + C’\‘;;/k;/l,lz +

+CRW + CEWY + CRw ) + Clwl + Gl + Clow'd +

- +é7,;ﬁl(3)‘2 + CA‘7p2177z(3),z + 67,;171(7).2 + 6‘7,:;1772(7)1 + 1:11"7"/(2,1‘12 + "azk;yezuz + /:1;7"/(212‘,2 + Aj;”elm + ’:1;7“/622‘22 + ’aff;/emz +
+éf7wkll,lz + é;wkzz‘lz +é:f7wk12.lz + é:g/ku.zz +ésk7wkzz.zz + é(/:fklz.zz +

Ahw_ (0) Ahw_ (1) Ahw_ (2) Ahw_ (0) Ahw (1) Ahw_ (2)
i wiy +Cywiy + Ciwiy + Ciiwiy + Criwiy + Cigwiy +

~a 5 a5 o Aq - Ag = o Ag = Ag =
C31P31B>,1| + CszPsm,n + C.spswm + CSAP}(T),IZ + C7lp3(b’).12 + C72P3m.12 +C 3Dy T Cupsm.zz (C 12)

K = Cowd) + Cill) + Gl + Gl + Gt + G + C6,, + €0, + Cliwn, + Clayr, +
+Cw + Cogwth + G2 + Cows) + Cwy + Caow) + G0, + Cb,» + Clir,, + Clry, +
éflﬁl(ﬂ),l +éfziz(ﬂ),| + é»flﬁl(ﬂ,l +CA€1§2(1),| +‘:11A4We|1,|| + "azk:/ezz.n +’:13k:/612,|| +’a4k4weu.1z +’a:4vezz,|z +’a:4welz,|z +
+é|‘4’4’k““ +[;2‘:/k22.” +é3k:,k12.ll +B:4Wk”.|2 +Z}.::,/(ZZJZ +ééawklz,12 +
+C kS +C kG +C kS + GG+ CE RS o+ Gl o + Gl 1, + GRS +
+CI W + Gl + Cw) + Clwt) + Gl + sy +
- +éx’;ﬁ|(5).2 + éx"z[?zw).z + élgﬁl(f\.z +é¥’;ﬁzﬂ),2 + /alkxwell.ll + /a;;ezz.lz + /:l;rellll + A:lzpell,zl +/a;:/822,22 +"a:;,e|z,zz +
+§Ik8u/klmz +l};xwk22,lz +B;‘kalz,ll +ngk||12 +E§8Wk22,22 +l}é8wk1222 +
+C RS+ C Iy + C G 1y + G 1y + GRSy + C Rt 3y + G Il oy + GRSy +

Fhw. (0) | Akwo (1) Akwo (2) L Akwo (0) L Ak (1) Ak (2)
+C Wy +Cywiy + Cwiy + Ciwly + Cwiy + Cgwlyy +

o o o o o o o o
+C4|P3(B),|| + CAZP!(T).II + CAJP}(B)AZ + CAAP}(T).IZ + CRIP!(B),IZ + szpz(r).lz + szpz(syzz + Cx4p3(nzz (C 1 3)

Furthermore, the terms shown in the boundary condition expression, i.e. Eq.
(3.76), can read:

MR = A"ow + A%+ Ay — (A”ﬁ +A%e+ A"k + AOKY + A ow + Aqaqz)

V- (ﬁ”ﬁ + A" e+ B 0k + B" 0k” + B™ow + B0q. )

MKV =C"ow+C0+C"y — (C”f) + A" e + B0k + Cok” +C™ow + éqaqz)

mQ =D"ow +D’0 + D"y —( D’p+ A" 0e + B™7 ok + C*Tok” + D" ow + Dogq ) (C.14)
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terms

where

HR T HR 17ell HR 17e22 HR 77el2 HR r7ell HR T7e22 HR 17el2
E' =["E; Ef Ef E ES E”;

HRyzT __ | HR 7kl1 HR 7 k22 HR 7 k12 HR k11 HR 7 k22 HR k12 |, (C.IS)
K’ =[ "k, K K K K! K"

HRyzwT __ | HR p-klly HR 7 k22y HR 7 k12y HR 7 k2ly HR 7 klly HR - k22y HR - k12y HR p-k2ly |,
K" =] "K] K K K K K! K K]

9
HR T HR Aw0 HR Awl HR Aw2 HR Aw0 HR Awl HR Aw2
Q' =["0 0 1 0y "0, )2 ]
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Appendix D

Matrix definitions of the en-RZT;",

constitutive relations

In this appendix are resumed the matrices definitions of the constitutive
relations for resultants of forces and moments:

=(CP+ROTAL); B=(x,Cl+RYTAL): Af=(CPM® +RVTAY);

A" <R(k)TA >; A% =<R(/<)Tqu>;

nz

x,CY +x,ROTAL > D=(xCY+xRYAZ); B =(xCOM® +xRVTAY); O.1)

||/\II/\

wz

xRETA ); <x RMTA% )

pjz
Il

<<M(“TC(“ +MOTROTAL ), B = (xMPTCP + MOTROTAL )
f=(MYTCHMY + MWTRWTAW)

"=(MOTROTAL); CF =(MPTRVTAL)
A =(H7AL): BY =(HTAZ) C¥=(HYAY): D¥=(HVAL); EY=(HA%)

Q@
1l

From the HR statement related to the transverse shear strain compatibility, the
constitutive matrices have the following expressions:
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Appendix D Matrix definitions of the constitutive relations

A=A A <ﬁz ) A =(ATop®); A”—(”SU‘)Z % ”f_<”zfsgk>gz>;

AX =< Ts(k)B >; < Ts(k)D > AR < TS(")E > < >’

B =(B7H); B =(B7); B =(B70w"); B'=(B7S"Z,): B'=A7=(BTSVA);

B = < TS“f)B >; B¥ = < TS“‘) > B = < ZTS“‘)E >; B = <f TS”“)F> (D.Z)
¢ =(D"H); & =(D"); ¢ =(D

Do u(k)>, (o =<DZTS£I‘)ZP>; Co =AM = < TSjk)Az>;
ék =]§kw =<ﬁsz§k)ﬁz>; ékw _< Tsik)D >’ C/m =<ﬁzTS$k)Ez>; éq < Ts(k) >

ﬁw — <E:TH2>; ﬁo — <Ezr>; ﬁv — <E2T63u(k)>; f)p — <E:Ts§k)zp>; D — A/a VT _ <E2Ts(k)l&z>;
T

B = <HZTFZ>; Be = <FZ>; fv = <63p(k)TFz>;
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Appendix E

Full expressions and constitutive
relations B-RZT")

3,2}

In this appendix are reported the full expressions of the quantities involved in
the governing equations and boundary conditions:

w0 _ Aw. . (0) Aw_ (1) AW (2) NO v
0 —_(an,u +Dpw,) + Diywy, +D11‘9,1 +D11‘//,1)+

(E.1)
Shw Dhow Skwy w Akw_ (0) Alw_ (1) Niw_ (2)
+4 e, +B k,ll +Cy k,u +Dy'wyy + Dy wyy + Dy wy)
Awl _ Aw. (0) Aw. (1) Aw. . (2) NGO Y
0" = _(D11W,11 +DLwy +Diw ) + D, .0, +D21V/,1)+ (E.2)
Zhw D kw Nkwpw Akw (0) Niw (1) Niw . (2)
+A5e), + Bk, + CL'kY, + Dyfwi) + Dyyw, ) + Dyyw
AW2 Aw .. (0) Aw . (1) Aw . .(2) ] Av
0" = _(D31W,11 +Dyjw,y + Dywyy +D310,1 +D31‘/’,1) (E.3)
~kw D kw Nkw g v Nhw. (0) Niw_ (1) Niw_ (2)
+45 e, + By k,11 +Cis k,11 +D5wiy + Dy wiy + Dy wy
HR _ Zw_ (0) Sw_ (1) “w. (2) 0 %
E™ = A11W,11 + A12W,11 +A13W,11 +A119,1 +A11‘//,1 +
(E.4)

= D= Te Nk Sk v
Allpl(B),l + A13p1(T),1 + Alle,ll + Allk.ll + All k,ll +

Thw_ (0) Thw_ (1) Shw_ (2) g = g =
+4 Wy + A, Wi+ A wip + Anpsw),n + A12P3(T),11
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Appendix E Full expressions and constitutive relations

HR _ pw_, (0) w_ (1) w_ (2)
K _Bllwll +312W11 +Bswll +B110 +B11‘//1

pP—= P = k nky v E.S
Bllpl(B)l +BBp1(T)1 +A11611 +B11k,11 + B k,11 ( )
Dkw nkw (1) D fow Ng — NG —
+B))" W11 +B W +Bj; W11 +B11p3(3),11 +Blzp3(r),11
HR _ oo (0) | Ao (D) P 2) A0
K, —C11W11 C12W11 C3W11 ""Cue +C1V/1
(E.6)

P> P35 14 Rky ky v
C11p1(3)1 +C13P1(T)1 +An en +B11 k,n +C11 k,n +

Skw - (0) Avhw (1) Shkw_ (2) ~Ng — ~Ng —
+C) Wi +C12 1+ G Wh +C11P3(B),11 +C12P3(T),11

Furthermore, the terms shown in the boundary condition expression, i.e. Eq.
(4.37), can read:

MREe = A"ow+ A0+ A"y +
_( A"p+ A%, + Ak, + A"E! + A™ow + A'0q, )
MRk — B*ow + B’O+ B"y +
—(B7p+Bre, + B'k,+ Bk + B ow+ B'oq. ) 7
HREW — Crow+C?0,+C"y, + 7
_(épﬁ +C, +C'k, + CYEY +C™ow + éqaqz)
" = LHR 0" wZJ -
=D"ow+D’0+ D"y +
_( Dp+ A’C”’Te’I +B"Tok +C*Tok” + D™ ow +D?oq, )
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