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Abstract

The present paper proposes a method for analyzing reinforced thin-walled structures based on high-order one-, two- and
three-dimensional finite elements (FE). Refined finite elements are developed in the domain of the Carrera unified formu-
lation (CUF). The node-dependent kinematic approach (NDK), which allows to connect in an easy manner elements with
incompatible kinematics, has been used to connect elements with different dimensions without the need of ad hoc connection
techniques. The formulation ensures the continuity of the displacement at the interface preventing the onset of singularities
that lead to inaccurate results when beam, plate and solid elements have to be coupled to solve complex structures. The
effectiveness of the present method has been confirmed by comparing the results with those from literature and with those
obtained using commercial finite element codes. Static and free-vibration analyses of reinforced panels have been carried
out to demonstrate the capabilities of the present models. The results show that the limits of classical structural models can
be easily overcome using the present approach, and at the same time, a quasi three-dimensional solution can be obtained

with a large computational cost saving.

Keywords Thin-walled structures - Finite element - Local modes - Free vibration - CUF

1 Introduction

Reinforced thin-walled structures are largely used when
a high strength-to-weight ratio is required. Finite element
models (FEM) are widely used to design complex rein-
forced structures. The finite element models allow each
structural component to be discretized into a finite number
of elementary elements. One- (beams/rods), two- (plates/
shells) and three-dimensional (solids) elements can be used
for the design of complex structures. Beam elements are
suitable for the analysis of slender bodies, e.g., stringers,
while two-dimensional elements are adopted for thin-walled
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components, e.g., plates. The kinematic assumption behind
the formulation of beam and plate elements are usually
based on classical models. One-dimensional elements are
based on Euler—Bernoulli [1] or Timoshenko [2] theories.
Two-dimensional finite elements are generally based on
the assumptions of Kirchoff-Love [3, 4], Reissener [5] and
Mindlin [6]. When the assumptions of one- and two-dimen-
sional models are not respected, three-dimensional elements
can be used to directly solve the equation of elasticity in
their complete formulation, as shown by [7]. The accuracy
of the FE models depends on the number of elements used
to discretize the domain and on their kinematic assumptions.
The use of refined mesh can led to a more accurate solu-
tion of the problem, but cannot overcome the limitations
due to the kinematic assumption used by the model, e.g.,
a beam model based on the Euler—Bernoulli theory cannot
predict the shear stress whatever mesh is used. To avoid
limitations introduced by the kinematic model, the use of
three-dimensional models is obviously the best choice and
lead to accurate results but can require huge computational
costs, especially when thin-walled structures are considered.

Many numerical models have been proposed for the
analysis of reinforced panels. When the reinforcements are
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equally spaced, an equivalent orthotropic homogeneous
panel of constant thickness can be obtained by smearing out
the stiffness property of the ribs over the plate, as proposed
by Olivie et al. [8]. This approach evaluates the contribu-
tion of each component locally, then superimposed onto the
global properties of the panel. In this case, the results do
not provide detailed information about the behavior of each
component of the structure. Deb et al. [9] and Civan et al.
[10] proposed a method able to consider separately plate and
ribs considering both the unknown interface forces, due to
the coupling between the components and the direct loads.
The interface forces, unlike direct loads, are unknown, and
as a result, they must be computed iteratively to satisfy the
compatibility between the components. This method does
not include the effect of torsion or shear transfer from the
ribs to the plate. More detailed models have been presented
by [11] and [12], which introduced some ad hoc finite ele-
ment models that are able to deal with reinforced structures.
Recently, Alaimo et al. [13] introduced a strategy for the
modelization of thin-walled reinforced structures by consid-
ering each structural component, e.g., skin, flange and web,
as layers of the plate structure. When classical FE models are
adopted, 1D-, 2D- and 3D-dimensional elements are mixed
together to provide accurate results with an acceptable num-
ber of degrees of freedom (DOFs). The coupling between
these different elements is a challenging problem, since clas-
sical FEM models approximate the kinematics using three
displacements and three rotations at each node and the nodes
usually are not placed on physical surfaces. Appropriate cou-
pling techniques should be introduced to ensure an accurate
solution. The coupling between elements characterized by
different kinematics becomes more complex when refined
formulations are used, because the assumption of three dis-
placements and three rotations in each node is not verified.
Hoseini et al. [14] proposed a method to joining full three-
dimensional finite element with 1D finite element using the
variation asymptotic method [15, 16] to find the interaction
between the solid and the beam parts.

The limitations introduced by classical structural mod-
els can be overcome by refining the kinematic model, as
proposed by Carrera et al. [17] in the review of advanced
beam models. Cavallo et al. [18] and Carrera et al. [19]
have shown various approaches used to study reinforced
structures by means of refined beam elements. The Carrera
unified formulation (CUF), first proposed in 1995 [20] and
developed in [21, 22], provides a unified approach able to
derive variable kinematic models. One-, two- and three-
dimensional theories are expressed in terms of a few funda-
mental nuclei, FN,, the structures of which do not formally
depend on the assumptions (type of functions or order) that
have been used to describe the displacement field over the
cross section and through the thickness for the 1D and 2D
elements, respectively. The use of Lagrange multipliers to
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connect beam models has been shown by Carrera et al. [23].
In 2013, Carrera and Zappino [24] proposed for the first
time a case of study where elements with different kinemat-
ics have been connected without the use of an ad hoc tech-
niques. Carrera and Zappino [25, 26] later presented a gen-
eral approach to build variable kinematic models, including
1D, 2D and 3D elements, for the free-vibration analysis of
complex structures. The introduction of the node-dependent
kinematic (NDK) approach presented by Carrera and Zap-
pino [27, 28], and recently extended for the global-local
analysis of smart structures by the same authors [29], can
be used to switch between models with different kinematics
without the need of any ad hoc formulation or compatibility
equations.

The present paper aims to explore the use on these
advanced numerical techniques to investigate the static and
dynamic response of reinforced panels. Multidimensional
models and variable kinematic approaches will be used to
provide a high-fidelity description of the model and to pro-
vide an accurate solution with a general reduction of the
computational costs with respect to full three-dimensional
solutions. The paper is organized as follows. Section 2
describes the CUF models applied to beam, plate and solid
elements. Section 3 is devoted to the description of the cou-
pling method between one-, two- and three-dimensional
models including the NDK approach. The results are pre-
sented in Sect. 4, where the present model is assessed with
experimental and reference solutions. The final considera-
tions and conclusions are reported in the last section.

2 One-, two- and three-dimensional models

The general and unified approach proposed by Carrera et al.
in [30] allows the matrices of one-, two- and three-dimen-
sional finite element models to be derived in a unified man-
ner regardless of the kinematic model.

The generic three-dimensional displacement field can be
written as:

u =u(x,y,2). @))]

The vector u(x, y, z) contains the three displacement com-
ponents in the case of the mechanical problem. When the
geometry allows one of the dimensions to be considered
negligible, the problem can be reduced to a two-dimensional
problem. This is the case of plate/shell elements, where the
through-the-thickness dimension, z, is negligible if com-
pared to the other two. For the two-dimensional problem,
Eq. 1 becomes:

u= UT(X»Y)FiD(Z), t=1...M, Q)
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where F iD represents a generic function expansion used to
approximate the displacement field through the thickness. M
is the number of terms in the expansion.

In the case in which two dimensions, e.g., x and z, can be
considered negligible with respect the third one, e.g., y-direc-
tion, Eq. 1 takes the following form:

u= ur()’)FfD(X, 2), T=1...M, 3)

where F ED represents the function expansion used to approx-
imate the solution over the cross section of the beam model,
and M is the number of terms in the expansion.

F!P and F?P functions can be assumed a priori whether the
problem is 1D or 2D and their choice denotes the kinematic
pf of the structural model considered for the analyses.u, repre-
sents the unknown of the structural problem. The FE approach
can be used to solve the problem through the discretization of
the domain in a finite number of elements on which the solu-
tion is approximated using the shape functions, N,. The generic
displacement field can be represented as follows:

u=uNF

L2 A

t=1...M; i=1...N, 4)

where i stands for the FE model. The index 7= comes from
the kinematics used in the structural model approximation.
N, is the number of nodes in the finite element. u;, is the
coefficient of expansion and is also the unknown factor of
the problem.

Equation 4 can be adopted for all the structural models,
since only the choice of N, and F, makes the difference:

3D —u =uiN?D(x, v,2) - 1

2D — u =, N;"(x,y)F,"(2) )
1D — u =u, N/°(y) F?"(x,2).

Figure 1 shows how the same structure can be modeled
using one- and two-dimensional models. For the 1D model,

N!P and F?P are the FEM shape functions along the y-axis
(A 2-node beam element, B2) and the expansion used over

the beam cross section (Lagrange expansion function with
4-nodes, LE4), respectively. For the 2D model, N?” and
F;D are the FEM shape functions on the middle yz-plane
(Lagrange expansion function with 9-nodes, LE9) and the
expansion used thorough the thickness (a linear Lagrange
expansion), respectively. More details can be found in the
work of Zappino et al. [31].

2.1 Node-dependent kinematic (NDK) modeling
approach

The use of higher-order models is mandatory when the
problem features do not respect the assumption of the clas-
sical theories. In this case, the solution can be improved by
the refinement of the kinematics, but, as a drawback, the
computational costs can dramatically increase. This makes
the refined kinematics model suitable for analysis of local
areas. The new class of node-dependent kinematic (NDK)
elements that have already been discussed in the work of
Zappino et al. [31] for one-dimensional models and in [32]
for the plate case are introduced in this work to increase the
model accuracy only in the area where it is required. To
explain in a simple manner the NDK approach, a two-node
1D element is considered in Fig. 2.
The displacement functions at node 1 can be written as:

1

' =u,F, r=1..M" (6)

Meanwhile, the displacements at the second node read:

v’ =u, F?, r=1..M. @)
The cross-sectional expansions, Fi and Ff, can be chosen
arbitrarily at each node. If the same expansion is used in
each FE node, it can be considered as a uniform kinematic
model. In contrast, the NDK approach allows the kinematics

to be different in each node as required by the problem. The

/N&%

1D DISCRETIZATIPON

2D DISCRETIZATIPON

Fig.1 Example of one- and two-dimensional modeling approaches for a simple structure
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Fig.2 A two-node one-dimensional element with node-dependent
kinematics

three-dimensional displacement field referred to the whole
element is:

u=u, NF +u, NF?, t=1..M. ®)
The three components of the displacement field in each
node are smeared by the FE shape functions along the beam
length, and this ensures a smooth transition between the
displacement fields of the two nodes. This approach allows
the displacement field to be continuous at each point. This
approach can be easily included in the CUF formulation and
extended to any order beam and plate models. The generic
displacement field can be written as:

u=u, NOF.(x2), t=1..M; i=1..N, (9

where the index i included into the notation states that the
function expansion F' i(x, z) is not a property of the element,
but of the ith nodes, while the index i in the M' shows that
the number of terms in the expansion, M, can be different
at each node.

2.2 Governing equations of NDK FE models

The governing equations can be derived by applying the
principle of virtual displacement (PVD). Consider the
energy of the system:

8L, = / seledV = 6L, (10)
\%4

where V is the volume of the integration domain, 6L, is the
internal energy and 6L, is the external work. In the case
of free-vibration problems, 6L,,, = 0. € and o are the strain
and stress vectors. By considering the geometrical relations,
the constitutive equations, end the generic displacement
field, the internal work can be written as:

@ Springer

Fig. 3 Reinforced structure example

8L, = 6q;, / NjFiDTCDFiNiqu[,. (11)
14

In a compact form, the above expression can be written as:
T
5Lint = 6qjskijrsqi‘r’ (12)

where k., is the generalized stiffness matrix expressed in
the form of *fundamental nucleus’:

.- 4
kj,, = /V N,F'D"CDF'N,dV. (13)

In the case of a mechanical problem, the fundamental
nucleus of the mechanical stiffness matrix ,k,_v/-”, isa3x3
matrix. The explicit formulation of the fundamental nuclei
has been presented by [30] and [31].

3 Approaches for the high-fidelity modeling
of reinforced structures

This section presents the approach used to connect 1D, 2D
and 3D CUF models to ensure the displacement continuity
at the interfaces between two different elements when rein-
forced structures are analyzed.

When a reinforced structure is considered, see Fig. 3,
panels and stringers can be modeled using different types
of elements depending on the desired accuracy and com-
putational costs. Models made with solid elements are very
accurate, but a large number of degrees of freedom (DOF)
may be required, that is, high computational costs have to
be expected. Beam elements, 1D, can be used to analyze
slender parts of a structure, while plate/shell elements are
commonly used for panels.

The use of refined beam models allows one-dimensional
elements to be used for both panels and reinforcements. In
this case, since the same kinematic is used in the whole
structure, at the panel/stringers interface, the continuity of
the displacements is guaranteed. When 1D CUF elements
are used for both panel and stringer, the y-axis is the beam
axis and the cross section contains panels and stringers pro-
files, as shown in Fig. 4.
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® Cross-sectional nodes
O Beam nodes

FEM approximation via
quadratic interpolation
function

Nine-points
Lagrange Element
for panel

Nine-points
Lagrange Element
for stringer

w
Fig.4 One-dimensional modeling approach for a reinforced structure

Figure 4 shows a reinforced structure modeled using only
1D refined models. Nine-point Lagrange expansion func-
tions (LE9) are used on the cross section, while on the beam
axis, the FEM approximation adopted considers a three-node
beam element B3 (quadratic functions). When 2D and 1D
elements are used for plate and stringer, respectively, the
interface between the two different elements could show
the discontinuity of the displacements since different kin-
ematic models are adopted. The use of displacement-based
kinematic models, for both plate and beam, allows the plate/
beam interface to be modeled avoiding displacement dis-
continuity end ensuring a high-fidelity representation of the
geometry.

3.1 Mixed one-/two-dimensional models

Figure 5 shows the case on which the 2D refined CUF ele-
ments are used for panels and the 1Delements are adopted
for the stringers.

Two-dimensional elements are represented as the
median surface of the element and an expansion through

® Cross-section Beam Expansion Nodes
O Beam FEM Nodes
O Middle Shell-Thickness Nodes

E Quadratic Expansion Nodes through the shell-thickness

Fig.5 Modeling approach for a reinforced structure using one- and
two-dimensional models

the thickness defines the geometry of the panel. There are
three expansion functions that can be taken through thick-
ness, linear function with two nodes, quadratic functions
with three nodes and cubic functions with four nodes.

3.2 Mixed one-/two- and three-dimensional models

A rigorous connection between plate and beam can be
obtained using a solid element at the interface. In other
cases, solid elements can be adopted in a limited area of
the structure to study static and dynamic behavior in detail.
Extensive use of solid elements is not recommended,
because the number of degrees of freedom increases rapidly
as well as the calculation costs. Figure 6 shows the details of
the coupling of 3D, 2D and 1D elements.

4 Model verification

The aim of this section is to verify the effectiveness of the
proposed method. At fist, a reinforced panel is considered
to verify the accuracy of the present models, and the results
are compared with many references presented in the litera-
ture. After that, two reinforced panel have been studied to
show the computational advantages introduced by the pre-
sent approach in terms of computational cost reduction. Both
dynamic and static analyses have been carried out.

4.1 Numerical assessment: eccentrically stiffened
panel

A reinforced plate with two longitudinal stiffeners, see in
Fig. 7, is considered as the first example to assess the present
models. Experimental and theoretical results for the same

® Cross-section Beam Expansion Nodes
O Beam FEM Nodes
O Middle Shell-Thickness Nodes

E Quadratic Expansion Nodes through the shell-thickness

A Solid Nodes

Fig. 6 Modeling approach for a reinforced structure using one-, two-
and three-dimensional models

@ Springer



418

E. Zappino et al.

Fig.8 Details of the cross-sectional mesh of the one-dimensional
model

geometry were presented by [33] in 1977. The FE model
presented in ([33])uses triangular elements for the plate,
while the stiffeners were modeled by refined beam elements
able to include bending and torsion. The same structure has
been studied in [34] using a semi-analytical solution of the
state-vector equation theory. The algebraic equation of plate

Fig.9 Details of the one-/two-
dimensional model. The blue
elements are those where the
kinematics has been changed
using the NDK approach

@ Springer

Quadratic Expansion function

and stiffeners are derived separately. Later on, the equations
of plate and stiffeners are coupled ensuring the compatibil-
ity of displacements and stresses at the interface between
the structural elements. The transverse shear deformation
and the rotary inertia are also considered in the model, and
the thickness of plate and the height of stiffeners are not
restricted. The clamped plate is made with an aluminum
alloy with a Young’s modulus of 68.7 GPa, v = 0.29 and p
= 2823 kg/m?, as reported in [35].

The models presented in this paper have been used to
investigate the dynamic response of the present structure.
Two different modeling approaches have been used. The first
model is a one-dimensional model in which the cress sec-
tion kinematic is approximated using nine-point Lagrange
elements (LE9), see Fig. 8). The cross section of the string-
ers is modeled using 2-LE9 elements. Along the beam axis,
the y-axis, eight B3 beam elements are adopted. The sec-
ond model is made by coupling two- and one-dimensional
elements; in particular, 2D elements for the plate and 1D
elements for the stringers. The mesh used is shown in
Fig. 9. The upper plate uses 8 X 12 elements in each panel
between the stringers. The stringers are modeled using one-
dimensional elements and are modeled as in the full one-
dimensional model. The second modeling approach uses
two different expansions for the plate elements, as shown in
Fig. 9. The kinematic of the elements in blue can be approx-
imated using a Taylor or a Lagrange expansion. When a
quadratic Lagrange expansion is considered, the model is
called 2D — 1D, ;. When a Taylor expansion is considered,
the models are called 2D — 1D, g rp_n, Where N represents
the order of the Taylor expansion. As an example, a model
called 2D — 1D; ¢ 15_- Uses a second-order Taylor expansion
for the plate elements, the NDK approach is used to have a
smooth transition to the Lagrange kinematic in the elements

The nodes of the blue
plates are discretized
using Lagrange (LE) and
Taylor (TE) Expansion
functions

through the plate thickness

Nine-points Lagrange
Element for each stringer
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Table 1 Natural frequencies for
eccentrically stiffened clamped

plate with double stiffeners, Hz

Methods Mode 1 Mode 2 Mode 3 Mode 4
Experimental. [33] 909 1204 1319 1506

FEM [33] 065.3(+6:19%) 1272.3+567%) 1364.3(+343%) 1418.1(-584%)
Semi-analytical solution [34] 931.5(+248%) 1220.9¢+1:40%) 1331.8+097%) 1403.3(-6:82%)
Differential quadrature [36] 015.9(+0.76%) 1242 .2(+3.17%) 1344.4(+1.93%) 1414.1(-6-10%)

CUF models
1D (DOFs 13005)
2D — 1D, (DOFs 13005)

2D — 1D, g i1 (DOF's 9384)
2D — 1D, g 1i» (DOFs 13005)
2D — 1D, g iy (DOFs 16626)

932.3(+2.56%) 1224.6+1.71%) 1336.7(+134%) 1557.1(+3.39%)
030.3(+2.34%) 1219.7¢+1:30%) 1333.4(+1.09%) 1550.6(+2.96%)
095.5(+9-52%) 1307.7¢+8:61%) 1420.2+7:67%) 1666.4(+10.65%)
93(.3(+2:34%) 1219.7¢+1:30%) 1333.4(+1.09%) 1550.4(+2:95%)
030, 2(+2:33%) 1219.4¢+128%) 1333.1(+1.07%) 1549.9(+2.92%)

(0% :x percentage different with respect to the Experimental solution

The 1D CUF Model conteins only LE expansion function on the cross — section nodes
The 2D — 1D, ; CUF Model conteins only LE expansion function on all the 2D and 1D nodes
The 2D — 1D ¢ 7y CUF Models contein TE expansion function on the nodes of the blu plates (Fig.9)

at the interface with the stringers. The use of a Lagrange
expansion in these areas makes the joining with the beam
elements easier.

Table 1 reports the first natural frequency of the structure
evaluated using different modeling approach. The experi-
mental and numerical references are reported in the first
four lines. The proposed 1D and 2D — 1D models provide a
good accuracy in the evaluation of the dynamic response of
the structure. Both constant and node-dependent kinematic
models are able to reproduce the experimental results.

Figure 10 shows the first four modal shapes of the con-
sidered structure

4.2 Free-vibration analysis of square reinforced
panel

The geometrical features of the considered structure are
shown in Fig. 11. The material used for the analysis has
the following properties: Young’s modulus, E, of 75 GPa,
Poisson’s ratio, v, equal to 0.3, and the material density, p,
equal to 2700 kg/m>The panel is clamped at y = 0 m and
y = 0.5 m, which means that all the displacements of the
nodes placed in the end sections have been forced to be zero.

A variable kinematic model based on one-/two-dimen-
sional elements is considered. The stringers cross section
is discretized using two LE9 elements, as in the previous
case. On the y — axis, 12 quadratic beam elements (B3) are
adopted.

Six plate elements are used between two stringers, while
only one plate element is used at the interface with the beam
elements. Twelve elements are used along the panel length.
As for the previous assessment, the NDK approach has been
used to change the kinematic in some areas of the plate,

and the blue elements in Fig. 12 are those where Taylor or
Lagrange expansion are used. Model 2D — 1D, ; uses a uni-
form kinematic model, based on a quadratic Lagrange expan-
sion, on the panel. When a Taylor-based model is used in
some areas, see Fig. 12, the nomenclature 2D — 1D, pg1p_n
is used, where N denotes the order of the Taylor expansion.

Three models, developed using the commercial code
FEMAP, have been used to compare the results. The ref-
erence solution is a refined solid model, called 3DREF . A
coarse 3D model, 3Dppy4p. 1s proposed to have a solid
model with a number of DOFs comparable with the present
approach. Finally, a classical two-dimensional model called
2D pgyap has been considered.

Figure 13 shows the first ten modal shapes of the LE
model, where global and local deformations can be noticed.
Mode 8 shows a very complex shell-like shape that require
accurate kinematic model to be detected. Classical bending
model is shown in Fig. 13a. Figure 13g shows local modes
at the stringer level.

Table 2 shows the first ten frequencies for all the models
considered, and the second row reports the degrees of free-
dom required by each approach

Results reported in Table 2show the accuracy of the pre-
sent modeling approach in the analysis of the free vibrations
of the reinforced panel. A coarse 3D model, as well as a clas-
sical plate model, leads to inaccurate results compared with
the reference solution, and the results show errors up to 6%
in the value of the first ten natural frequencies. All the mod-
els based on the present theory provide an accuracy com-
parable with the refined solid model. In this case, the error
is always lower than 1% except for the fifth frequency of the
model 2D — 1Dy ¢ rin, Where it is slightly higher. The use of
refined kinematic model led to a considerable reduction in
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Fig. 10 Bending and shell-like
mode shape evaluated using the
2D — 1D, model

(a) Mode 1: 930.8 [Hz]

o

(¢) Mode 3: 1883.4 [Hz]

Fig. 11 Geometry and reference system of the reinforced square panel

the computational cost, and the present model uses only the
13% of the DOFs used by the refined solid model.

Figure 14 compares the evolution of the first ten frequen-
cies for the model 2D — 1D, g1, With respect to the classi-
cal models considered. It is clear that the coarse FEM model
overestimates the values of the natural frequencies, while
the two-dimensional model derived with FEMAP underes-
timates the stiffness of the structure, that is, lower frequency
values are detected.

@ Springer
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(d) Mode 4: 1550.6 [Hz]

4.3 Static analysis of a square reinforced panel

This section investigates the static response of a thin-walled
stiffened panel reinforced with three longitudinal stringers.
The cross section is shown in Fig. 16. The panel is clamped
iny = 0and in y = 2, as for the previous case this means that
all the displacements of the nodes placed in the end sections
have been forced to be zero.

The geometry of the structure is shown in Fig. 17, where
the edges a and b are both equal to 2 m.

The panel is subjected to a point load, F, which is applied
at point (C) with magnitude of 20000 N, as shown in Fig. 17.
As areference solution, the refined 3D model, FEM;p,_ppr,
proposed in [37] is considered. Figure 15 shows the
FEM;;,_rpr model analyzed using the commercial Nastran
with 724299 DOFs. A second coarse solid model, FEM;,,
with 14325 DOFs has been considered.

Figure 17 shows the points on which the vertical displace-
ment is evaluated on the panel. A, B, C, D, E, A, B', D', E'
geometric coordinates are proposed in Table 3.
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Fig. 12 LE & TE-N model The nodes of the blue plates
description. The blue panels are
those where NDK strategy has

been used to impose a Taylor ~ Lagrange (LE) and Taylor

based model at the nodes (TE) Expansion functions

are discretized using

Quadratic Expansion function—_|
through the plate thickness :

Nine-points Lagrange
Element for each stringer

=
¥

iy X
o ¥ R

(a) Mode 1: 280.0 Hz (b) Mode 2: 291.8 Hz (¢) Mode 3: 470.0 Hz (d) Mode 4: 549.9 Hz

(e) Mode 5: 561.4 Hz (f) Mode 6: 568.1 Hz (g) Mode 7: 747.0 Hz (h) Mode 8: 874.5 Hz

(i) Mode 9: 894.9 Hz (j) Mode 10: 997.9 Hz

Fig. 13 The first ten modes evaluated using the 2D — 1D, ; model
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Table 2 The first ten

. . Freq[Hz]  3DFEF 3Dppy,p 2Dpgyap 2D = 1Dy 2D = 1D gergy - 2D — 1D peps

frequencies evaluated using

different models DOF 62475 8829 8568 8325 8325 9975
1 278.8 291.6 (+4.6%) 267.1 42%) 2797 +03%) 279 7 +03%) 279.7¢+0-3%)
2 288.5 294.9 (+2:2%) 272.1 37%) 289 4 (+03%) 289 4 (+0.3%) 289.4(+0-3%)
3 467.9 488.0 (+4:3%) 4543 C29%)  469.4 (H03%) 469 4 +03%) 469.4+0-3%)
4 5409 5503 *7% 5026 C71%) 5435 (05%) 543 5 (+05%) 543.3(+05%)
5 556.2 571.3 ¢+27%) 530.2 C47%) 5589 (+05%) 5649 (+1.6%) 558.9+0.5%)
6 562.2 580.8 (+33%) 5352 -48%) 5649 (+05%) 558 9 (-0.6%) 564.7+0:4%)
7 741.0 7481 HLO% 7054 (-48%) 7457 (F06%) 7457 (+06%) 745.6(+06%)
8 857.2 908.4 +6:0%) 808.1 =37%)  861.8 +05%) 861 8 (+0.6%) 861.3(+05%)
9 880.7 932.2 +3.9%) 835.4 (=31%) 8856 +06%) 885 6 (+0.6%) 885.2+05%)
10 992.0 1057.5 #66%) 941 4 =51%) 9947 (+0.3%) 994 7 (+03%) 994, 5+0.3%)

()% . *Percentage different with respect to the refined 3D model (3D®EF) from commercial femap code

oo particular the kinematic of the blue area has been changed.
) As mentioned in the previous section, the present models
are called 2D — 1D; 7 y» Where N represents the order of
Taylor expansion. The model with only Lagrange kinematic
1 isnamed 2D — 1D,

i Table 4 shows the vertical displacement in some points
of the structures (see Fig. 17). Although the 3Dpgyup
model has more DOFs than the present models, the syn-
ergistic use of one- and two-dimensional elements led to
< a remarkable accuracy, much higher than that provided
by the coarse solid model. Figure 19 shows the behavior
of the displacement field evaluated in the selected points.
i 2 s 4 s s 1 s s w0 A stress analysis is carried out in four points through
the thickness of the central stringers (a, f, v, 6, see
Fig. 16b). o, is evaluated through the thickness of the

1000

3D-REF ——
900
3Deemap - -8 -

800 2Drgyap -0

700 2D-1Dyggrer — -

600

Frequencies [Hz]

500

400

300 gr- - - -

200

Fig. 14 Evolution of the firsts ten natural frequencies evaluated using . a b
different numerical approaches central stringer for x = > and y = > Table 5 reports the
stress values evaluated with different models. Also in the
analysis of the stress field, the present approach provides
an accuracy comparable with the refined solid model with
a small fraction of the computational cost. Some discrep-
ancy could be reduced with further refinements of the
model. Figure 20a shows the oy, distribution through the
thickness of the structure. The results show that the use
of the preset approach leads to results closer to the refined
reference solution with respect to a coarse 3D model.

The present one-/two-dimensional model (see. Fig. 18)
considers for the beam elements two nine-point Lagrange
elements (LE9) for the beam cross section and 12 quadratic
(B3) beam elements on the y — axis. For the plate, six ele-
ments are used between the stringers and two 2D elements
for the free edge near the outer stringers.

As shown in Fig. 18, various combinations of LE and

Fig. 15 3D refined model
(724299 DOFs) presented in
[37]

(a) Global structure. (b) Local view.

TE expansion functions are considered for the plate and in ~ These results point out the limits of solid elements in the
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(a) Cross-sectional geometry.

Fig. 16 Cross section geometrical properties

F=20000 N

Fig. 17 Thin-walled reinforced panel under a static load

Table 3 Coordinates of the

points where the displacements Pomt xlml ylml zlml
are evaluated A al2 0 h/2
B al2 bl4 hi2
C al2 bl2 hi2
D al2 3 b hi2
4
E al2 b hi2
A 0 b2 hi2
B’ al4 b2 hi2
D’ éa b2 hi2
4
E’ a b2 hi2

analysis of thin-walled structures, where, to ensure a
high-fidelity solution, a huge computational cost is
required.

(b) Reference points for stress analysis..

5 Dynamic and static analysis-reinforced
sandwich panel

This section extends the use of the present approach to
a laminated reinforced structure. The static and dynamic
analysis of an eccentrically stiffened laminated plate with
four T-type stiffeners and clamped at edges (see Fig. 21 is
presented. Since the panel is clamped, the displacements
along the four edges are forced to be zero, both in the
panel edges and in the stringers’ ends. The geometry of
the structure has been proposed by [34].

The plate has a sandwich layout with two external thin
orthotropic layers and an inner core. The three layers
have the material properties of the aragonite crystals (as
proposed in [38, 39]) with the following stiffness ratio:
C22/C11 = 0.543103, C12/C11 = 0.23319, C23/C11 =
0.098276, C13/C11 = 0.010776, C33/C11 = 0.530172,
C44/C11 = 0.26681, C55/C11 = 0.159914, C66/C11 =
0.262931. In the present work, C11/ has been assumed to
be 150 GPa and p/ = 1600 kg/m3 for the two outer layers,
while the core has C11°=C11//2 and p°=p//2. The mate-
rial properties of stiffeners are the same as those of the
outer layers.

The CUF model is obtained by using solid, plate and
beam elements as shown in Fig. 22. In particular, solid (3D)
elements are used to connect stringers and plates to provide
a high-fidelity description of the area. The panel is modeled
using plate elements (2D).

The stringers are discretized using beam (1D) elements,
nine-points Lagrange elements are used on the cross section
and three-node beam elements are used along the y-axis.

Different FE models, derived using FEMAP®, are used to
compare the results for the free-vibration and static analysis.
A refined solid model, called 3D g4 prefinedmodel, is used
as a reference solution. This model is made using only 3D
elements for all the components of the plate and stringers
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Fig.18 2D — 1D; g z_y model — -
with Taylor expansion function S e .... S The n°de.s or t.he blue, plates
T W e U are discretized using
on the nodes of the blue panels - .. _— - ..,. - -
-_— S - Lagrange (LE) and Taylor
.... _— _— - . .... - (TE) Expansion functions
- TN e e S e S
- - - e W - -
-- e e e
- - - - -_— -
- e e - -
-/. - .. -_—-— -
-— - -
Quadratic Expansion function—_|
through the plate thickness
Nine-points Lagrange
Element for each stringer

pobled Vertcal dispucement - Model DOF Point - C Point — B Point — A’ Point — B/
or various models
(displacement x 10~ [m]) 3DREF 724299 - 4216 —2.047 +0.239 - 2055

3Drgmap 14325 —3.819104%  _0958¢+103%) 4 024217 _ ] 768(-140%)

2D - 1Dy 9675 —4256409%  _2,037C:05%  0235-17% — 2.041C-07%)

2D —1Dypgpp, 9678 —4259¢10%  _2037C:05%  0,235(-18%) — 2.041-07%)

2D — 1D, peris 11328 — 4.2631.1%) — 2.038(-04%) 0.235-17% —2.0410.7%)

(% :x percentage different with respect to the 3D**" Model from the FEMAP commercial code

3DREF

3Dremap - -3~ -

2D-1DygatEr ——

0
-1
E €
E 2 £
€ €
[ Q
£ £
8 -3 8
) Kol
a =5
2 2
a a
5 5
L2 ©
£ £
g 3pREF 3
5 5k
3Deemap - -8 -
6L 6L
2D-1D g1 —=—
7 . . . 7
0 0.5 1 1.5 2 0
y-axis [mm]

(a) Displacement at x = a/2 in the zy-plane.

Fig. 19 Displacement field in the zy and xz-plane for the panel proposed in Fig. 18

0.5 1 15 2
x—axis [mm]

(b) Displacement at y = b/2 in the zz-plane.

Table 5 ¢, for various FEM

» A Model DOF Point — a Point — f Point — y Point — 6
models expressed in [MPa]

x=a/2,y=0b/2
3DREF 724299 —53.14 + 13.05 +74.23 +118.13
3Drgyap 14325 —24,07#7%  +10.81 C172% 4 39,87 (H463%) 470,53 (+403%)
2D — 1Dy 9675 —67.67 3% 41383000 4 6278 CISAD) 4 122,14 (34%)
2D — 1Dy e i 9678 — 67.67 +27:3%) + 13.83 (+6:0%) + 62.78 (-154%) + 122.14 ¢34%)
2D — 1D e i3 11328 — 67.66 (+27:3%) +13.80 437% + 62.80 (-154%) + 122.18 #+34%

()% :x percentage different with respect to the 3D**F Model from the FEMAP commercial code
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(a) oyy iz =a/2 and y =b/2. (b) Ty= along the central stringer, in x = a/2 and y = (3/4)b.

Fig. 20 Stiffened plate: stress field through the thickness

Fig.21 Eccentrically stiffened laminated plate with four T-type stiffeners and clamped at the edges

2D ELEMENTS FOR
THE PLATES

1D ELEMENTS FOR
THE STRINGERS

L
— B
T
(1| a
S | (|| p—— o
o]

J
JLJL
m[—

i
LI

—————

]
Q

] i
Il L

[~——— O a a —ee—

STRINGERS AND PLATES

Fig.22 CUF model composed of 3D, 2D and 1D elements

3D _ELEMENTS TO CONNECT

htbp]

A-A or B-B (type 1)

h

Geometry parameters:
L=1.2m
a=0.4m

t=0.01m,

w =0.04m,

b=0.08m

h=0.16m
Iy

T Flange
Web

T type stiffener

1c=0.02m
1:=0.02m

(see Fig. 23a). Figure 23b shows the subdivision between
the core and the outer layers.

Figure 24 shows the second solid model, derived using
FEMAP®, called 3DggypModel. The 3Dppy4pmodel
has a number of DOFs comparable with those of the
3D —2D;; — 1D model.

Figures 25 and 26 show the FEMAP® refined models
made using only 2D elements for both plate and stringers
and 2D elements for plates and 1D elements for stringers,

respectively.
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(a) Global Layout. (b) Local material configuration.

Fig.23 3Dgpyp refined model from FEMAP® commercial code

(a) Global Layout. (b) Local material configuration

Fig. 24 3Dppy.p model from FEMAP® commercial code

A

(a) Global Layout. (b) Local material configuration.

Fig. 25 2Dppy4p model from FEMAP® commercial code
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(a) Global Layout. (b) Local material configuration.

Fig.26 2D — 1D ppp4p model from FEMAP® commercial code

Table 6 First 4 modes of the Model DOF  Mode | Mode 2 Mode 3 Mode 4

eccentrically stiffened laminated

plate with four T type stiffeners  3p  refined 206079  1053.3 1695.3 1730.6 2079.0

(see. Fig.21) 3D puap 29253 1059.6+06%  1705.3+06%)  1744.0¢08%  2203.4(+6.0%)
2Dggpap 25272 1113.7¢+57%) 1762.5(+40%) 1773.7¢+25% 2218.3(+67%)
2D — 1Dpgyap 25362 1090.3¢+35%  1731.9422%) 1751, 5+12%)  N.A.
[34] Base 24512 1073.7¢H19%)  1637.5(34%)  1813.3¢+48%)  2141.7(+3.0%)
[34] Refined 79112 1072.018%  1633.9C36%  1807.9%43%)  2]13].34+25%)
3D - 2D, — 1D CUF 29253 1052.4C01%  1718.6%14%)  1778.0¢+27%)  2(077.9-01%)
3D —2D;pg7e; — 1D CUF 24918 1053.5400%) 1721 5+15%)  1783,0¢+30%)  2(79,9(+0.01%)
3D - 2D;pg7, — 1D CUF 25785 1053.3¢+00%) 1721 26+15%)  1782.00+30%)  2(79.8(+0.0%)
3D — 2D pgrp; — 1D CUF 26652 1052.5C01% (718,901 4% 1778.5(+28%)  2(78.2(+0.0%)

0

: * percentage different with respect to the 3D Refined Model

[2] : Results from Semi — Analytical Solution

5.1 Free-vibration analysis

The free-vibration analysis is presented in this section. The
first four frequencies proposed in the work by [34] are con-
sidered. Table 6 presents the first natural frequencies evalu-
ated with all the models considered.

The comparison between the the results by [34] and those
from the present models demonstrate the efficiency of the
CUF models; in fact, a higher accuracy is reached with a
reduction in the computational costs. When CUF model are
considered, four different kinematic setups have been taken
into account. The first model is based on a full layerwise
approach, while the other three models use different Taylor
expansions thought the thickness of the panels. In Fig. 22,
the blue areas are those where a Taylor model has been used
with a consequent reduction in the computational costs, the
DOFs of the 3D — 2D pg iy — 1D model are reduced by 15%
with respect to those of the 3D — 2D, ; — 1D model.

The results from the present approach are comparable
with those from the 3D 5,4 pRefined model in terms of accu-
racy, but can be achieved using 13% of the degrees of free-
dom. The large advantages of the present approach are in the
prediction of mode 4, see Fig. 27, where the modal shape in
characterized by a local deformation of the stiffeners. This
mode can be predicted only by a refined 3D model, while the
use of a full 2D approach, model 2Dz, p, leads to a large
error. Since the mode involves mainly the stringers, it cannot
be detected by the 3D — 2D, — 1D model.

5.2 Static analysis
This section presents the static analysis of the panel shown

in Fig. 21. The structure is subjected to a uniform pressure
distributed on the top of the panel as shown in Fig. 28.
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Fig. 27 The first four modes evaluated with different FEM models. Mode 4 is not found by model 2D — 1D gy 4p

5.2.1 Displacement analysis model where the NDK approach is applied in the nodes of
the 2D elements far from the bonding areas of the stiffeners.
Figure 29 shows the panel deformed under the pressure of The displacement analysis is computed on the points pro-

1000 Pa applied on the top. Figure 22) shows the whole  posed in Fig. 30 located on the top of the panel with the
coordinates shown in Table 7.
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1000 Pa

Fig. 28 Clamped reinforced panel subjected to a uniform pressure of
1000 Pa

Table 8 highlights the capability of the present models in
the prediction of the displacement field of the complex rein-
forced structure analyzed. The 2D pgy4p and 2D — 1D gy p
models allow the DOFs to be reduced compared to the
3D g4 p refined model, but led to errors that range from 5%
to 9%. The results obtained using the CUF models ensure
a high accuracy with a strong reduction of the computa-
tional cost, and the use of the NDK approach can be used to
provide an even higher reduction of the computational cost
using a poor kinematic model in the panels. Despite the use
of TE1 on the nodes of the plates, the 3D — 2D; pgrp) — 1D
model is able to provide a solution very close to the refer-
ence model by using only the 13% of the DOFs. The com-
putational advantages of the NDK approach are limited for
the present geometry, but can have a strong impact when
large-scale structures are considered and the panels areas
are predominant.

5.2.2 Stress analysis

The tensile, Oyys and the shear, ., stresses are investigated.

The stresses have been evaluated through the thickness in
the point (x = 1.005, y = 0.795).

Figures 31 and 32 show the behavior of the o, through
the thickness of the panel and the stringer, respectively. The

Fig.29 Deformation of the
3D —2D; pgri1 — 1D CUF
model under the pressure load
of 1000 Pa

(a) Upper view.

e
i1 Pointg

Point f

1‘11 i
11l Pointe i
Paint d @

Point ¢

i Point a
®

Fig.30 Thin-walled reinforced panel under a uniform pressure.
Points used for the evaluation of the displacement field

Table 7 Coordinates of the
points where the results have
been evaluated

Point x[m] y[m] z[m]

Pointa 0.6 0.0 0.02
Pointb 0.6 036  0.02
Pointc 0.6 0.44 0.02
Pointd 0.6 0.60 0.02
Pointe 0.6 0.76  0.02
Pointf 0.6 0.84 0.02
Pointg 0.6 1.20  0.02

stress distributions obtained using the present approach can
reproduce the results of the refined solid model ensuring a
strong reduction of the computational cost. The same can
be said for the stress distribution in the stringer. The coarse
two- and three-dimensional models are not able to predict
the accurate stress field, while the present approach ensures
a solution comparable with the refined solid model.

The accuracy of the present approach and the limits of
classical models are even more clear when the shear stress

?\ N
8\ * " AR
T\ O

i ‘—\\\‘- i R

=g
o= it I
| s LB

(b) Lower view.
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Table8 Displacement evaluated 7, 4¢] DOF Point b Point ¢ Point d

on the points proposed in

Table 7, (x 1077 m) 3D pap refined 206079 —2.604 —2.930 —3.783
3Dpuap 29253 —2.569-13%) — 2.887C15%) —3.719C17%)
2Dppap 25272 — 2.387(-83%) — 2.667C99%) — 3.456-8.6%)
2D — 1Dppyap 25362 — 2.46653%) — 2.6808-5%) — 3.495(-7:6%)
3D - 2D, — 1D CUF 29253 — 2.619(+06%) - 2.931+00%) — 3.766(-04%)
3D — 2D, gy — 1D CUF 24918 — 2.621¢+07%) — 2.925(-02%) — 3.736-12%)
3D — 2D, g7 — 1D CUF 25785 — 2.621¢+07%) — 2.927(-0.1%) — 3.739-12%)
3D — 2Dy perps — 1D CUF 26652 —2.619+06%) —2.930+00%) - 3.762-06%)

()" % percentage different with respect to the 3D refined model
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Fig.31 Behavior of o, through the panel evaluated using the consid-
ered FE models
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Fig. 32 Behavior of o, through the stringer evaluated using the con-
sidered FE models

is considered. Figures 33 and 34 show the behavior of ¢,
through the thickness of the panel and of the stringer. The
present approach confirms the capability to provide a 3D
solution comparable with the refined solid model, while
the classical approaches show a wide discrepancy with
reference results.
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Fig. 33 Behavior of o,, through the panel evaluated using the consid-
ered FE models
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Fig. 34 Behavior of o, through the stringer evaluated using the con-
sidered FE models

Tables 9 and 10 show the values of o, and o, at differ-
ent points through the thickness.

The stress results highlight the accuracy of the present
CUF models. As observed for the displacement, the present
models can provide a high level of accuracy if compared
with the 3Dgpyap Refined Model, with a fraction of the
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Table9 Values of the o

yy?

[Pa], at different points through-the-thickness of the reinforced panel

Model DOF z =+ 0.015 mm z=—0.015 mm z = —0.08 mm z=—0.15 mm
3Dppyap refined 206079 8595.2 —4618.6 —54.5 +164.2
3Dpgyap 29253 11692.70+36.0%) — 6163.54+334%) + 643 3(-12804%) +50.7C691%)
2Dgepap 25272 12961.1¢+50-8%) — 3341.8(-27:6%) — 1870.0(+3331.2%) — 998.2(=707:9%)
2D - lDFEMAP 25362 6512.8(_24'2%) - 7424.2(+60'7%> - -

3D —2D;; — 1D CUF 29253 8805.7(+2:4%) — 4585.0-0-7%) — 63.6+167%) 179.6(+94%)

3D = 2D; g — 1D CUF 24918 8395.8(-23%) — 4377.00-32%) — 60.6+11:2%) 180.3(+98%)

3D = 2D, pe i — 1D CUF 25785 8443.5(-1.8%) — 4397.0(-48%) — 61.1+121%) 180.2(+97%)

3D = 2Dy g3 — 1D CUF 26652 8772.0+21%) — 4565.7C11%) — 63.2(+16.0%) 179.6(+9:4%)
(0% : % percentage different with respect to the 3D refined model

Table 10 Values of the o, [Pa], at different points through-the-thickness of the reinforced panel

Model DOF z =+ 0.015 mm z=—0.015 mm z=—0.08 mm z=—0.15 mm
3Dppyap refined 206079 +906.4 - 1361.0 - 56.4 -2.8

3DFEMAP 20253 + 606.2(_33‘1%) _ 2.916,2(+]14'3%) + 46.6(_182'6%) + 40.5(—I546,4%)
2DFEMAP 25272 + 4292.8(+373‘6%) _ 3004.9(+120,8%) _ 2087.0<+3600‘4%) _ 1548.3(+55]96'4%)
2D — IDFEMAP 25362 _ 1385.6(_252‘9%) + 34.4(—102.5%) _ _

3D —-2D;y — 1D CUF 29253 + 827.2-8.7%) — 1294.149%) — 53.8(-46%) — 2.2(-214%)

3D — 2DLE&TE1 — 1D CUF 24918 + 840.1(77‘3%) - 1300.4(74'5%) - 54.6(73‘2%) — 4.7(+67‘9%)

3D — 2DLE&TE2 — 1D CUF 25785 + 841.6(—11%) _ 1301.8(—4.3%) _ 54.7(—3,0%) _ 2.4(—14,3%)

3D = 2D;pg i3 — 1D CUF 26652 + 828.8(-8:6%) — 1294.9(-49%) — 53.9(-44%) — 2.2(-214%)

(O®% : x percentage different with respect to the 3D refined Mmodel

computational costs. The layerwise model, 3D — 2D, — 1D,
is the more accurate in the analysis of normal stress. The
introduction of an NDK approach has a small impact of the
results, especially when high-order Taylor models are used,
3D —2D; peres — 1D.

The same conclusion can be drawn when the shear
is considered, see Table 10. The present model is by
far more accurate than the other models considered and
provide results comparable with the 3Dgg\ap Refined
Model. The use of classical approaches, €.g., 2Dggpap OF
2D — 1Dygyup, led to inaccurate results and should not be
considered for such kind of analysis.

6 Conclusion

In this paper, a multidimensional model for the analysis
of reinforced structures has been presented. One-, two-
and three-dimensional elements have been used to have a
high-fidelity modeling of the structure. Different kinematic
models have been used since the approach has been devel-
oped in the framework of the Carrera unified formation.
The use of a node-dependent approach has led to a general

reduction of the computational costs limiting the use of
refined models only in the areas where they are required.

The results obtained by combining three-, two- and one-
dimensional models have been compared with experimen-
tal results, semi-analytical solution or with finite element
solutions from a commercial tool. Static and dynamic
(free-vibration) analyses have been carried out. The fol-
lowing conclusions state:

— the present multidimensional model can be used to
develop high-fidelity models of reinforced structure,
leading to accurate results also in the areas where dif-
ferent structural elements are joined;

— the Carrera unified formulation can be used to arbitrar-
ily refine the models leading to quasi-3D results;

— the node-dependent kinematic approach leads to a
reduction in the computational cost, since accurate
models are used only where necessary;

— the synergistic use of multidimensional NDK models
leads to a continuous displacement field even at the
interface between different elements or structural com-
ponents.
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In conclusion, the present paper demonstrates that the use
of appropriate kinematic approximation leads to accurate
results without the need of expensive solid models. The
high-fidelity modeling approach presented in this paper
overcame the limitations of classical FE models based on
beam and plate elements and offers an excellent compro-
mise between computational cost and accuracy.
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