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Abstract  Thin-wall shells (steel plates, steel cylin-
drical shells, steel spherical shells, etc.) are widely 
used in many engineering fields such as construction, 
machinery, chemical industry, navigation, and avia-
tion because of their light weight and high strength. 
Their failure modes under static pressure or impact 
dynamic load are mostly buckling instability, and the 
failure is very sudden, often causing structural failure 
or even catastrophic accidents without obvious symp-
toms. In this framework, the significance of this paper 
is that it considers the influence of external environ-
ment corrosion on steel shells’ bearing capacity using 
plate and shell classical stability theory, and inves-
tigates the stable bearing capacity of thin-wall steel 
shells in view of corrosion impact. By this approach, 
a theoretical calculating method for the time-varying 
stable bearing capacity of plate and shell thin-walled 
steel members under the simultaneous action of cor-
rosion and temperature changes is obtained, provid-
ing a useful theory for complex engineering practices 
such as corrosion and temperature changes, includ-
ing fire actions. Noted that for this method with no 

analytical solution found, its numerical solutions are 
given in the appendixes.

Keywords  Corrosion · Variable temperature · Fire · 
Thin-walled shell · Stable bearing capacity

1  Introduction

Thin shell structures (thin plates, thin cylindrical 
shells, thin spherical shells, etc.) often work in envi-
ronments with corrosion a0nd temperature changes. 
According to relevant research, most of their failure 
problems are controlled by stability. The ultimate 
goal of this topic is to find the exact solution for the 
stability performance of shells in this specific envi-
ronment. From an electrochemical perspective on 
metals, the paper examines the corrosion process as 
a time-varying dissolution [1], assuming uniform cor-
rosion across the cross-section [1, 2]. This process not 
only results in a reduction in shell thickness (which 
subsequently alters the corrosion rate due to geomet-
ric changes) but also typically involves the displace-
ment of the shell boundary (e.g., spherical shell).

In this scenario, it is noted that this uniform dis-
solution differs from those typically categorized as 
geometric defects [Liu Response Surface Method] in 
corrosion. As a result, methodologies based on geo-
metric defect foundations like the Koiter method [3] 
and perturbation method [4] are deemed unsuitable 
despite their precision goals. Similarly, it is distinct 
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from random or pitting corrosion defects, making 
high-energy solid modeling FEM [5] and multi-
scale phase-field methods [6] currently inappropri-
ate for directly addressing stability performance (as 
they are more suited for local cracks or ductility). 
Additionally, practical approaches like Hutchinson’s 
knock-down factors [7] and NASA’s reliability-based 
analysis [8] are found to be ill-suited for this case, 
primarily reliant on experiments and empirical data. 
As a result, the authors of this paper have chosen to 
employ an analytical theoretical approach [9, 10], 
focusing on classical theory, over other methods.

Actually, for their stable (unstable) behavior at 
this time, classical thin-walled shell theories, e.g., 
small or large deflection theories, can no longer 
be used directly. Gutman [1, 2, 11] proposed a 
series of calculation methods for cylindrical shells 
and spherical shells, mainly in corrosive environ-
ments. When dealing with temperature, he does 
not consider the temperature stress, but only the 
influence of temperature on the corrosion rate. 
Lacidogna also mentioned the problem of spheri-
cal shell stability after corrosion in literature [12]. 
But it focuses on the estimation of the stable bear-
ing capacity based on the non-destructive testing 
data of the shell, and does not discuss the tempera-
ture stress in depth. Pronina in the literature [13, 
14] took the spherical shell as an example, consid-
ered the influence of corrosion and temperature 
stress, and gave its stable bearing capacity calcula-
tion equation, and obtained a segmented analyti-
cal solution. However, as for the corrosion kinetic 
equation it uses comes from Gutman’s metal 
immersion corrosion experiments and has not been 
verified to be applicable to the type of air corro-
sion. Also, during the derivation, it doesn’t men-
tion constraints (eg: elastic constraints). Although, 
this has little effect on spherical shells, which are 
usually considered free constraints. But once it is 
applied to cylindrical shells or other flat shells, 
the deficiency will appear. Because cylindrical 
shells or plate shells often have different levels of 
restraint at the ends. More importantly, in prac-
tice, temperature also changes the physical prop-
erties of the shell, such as elastic modulus, yield 
strength, and possibly even its mode of failure (eg, 
stability control or strength control). And those 
things should be discussed. However, research on 
this type of content has yet to be found.

Among the factors that cause temperature changes, 
such as: temperature difference between day and 
night, seasonal temperature difference and fire, fire is 
more harmful. Therefore, as a special kind of variable 
temperature environment, its influence on the stability 
of corroded thin shells should also be discussed. In 
fact, no relevant research has been found so far.

In this regard, in order to obtain a better and appli-
cable calculation method for thin shells in corrosive 
and variable temperature environments, this paper 
starts from the theory of small deflection and large 
deflection of classical plate shells (in the range of 
thin walls), and establishes a more general corrosion 
kinetic model, discusses the post-corrosion stable 
bearing capacity of thin shells, and establishes cal-
culation methods for them. Then, on this basis, con-
sidering the influence of variable temperature on the 
physical properties of steel and the influence of dif-
ferent levels of constraints on the temperature stress 
caused by variable temperature, the calculation equa-
tion for the stable bearing capacity of thin shells after 
variable temperature corrosion is established. Finally, 
aiming at a special and dangerous variable tempera-
ture environment—fire, a calculation method for the 
stable bearing capacity of the corroded thin shell is 
proposed by introducing the fire variable temperature 
control curve.

It should be noted that, for the proposed calcula-
tion methods, this paper gives priority to finding their 
analytical solutions. If they are not found or they do 
not exist, this paper will use numerical methods to 
solve and verify with examples. It will be noted that 
some of these results are given in the appendix. The 
purpose of this is to keep the text flowing, reasonable 
in length and readable.

2 � Problem description

2.1 � Objectives of the research

Our purpose is to study the calculation method of 
the stable bearing capacity of common thin shells 
(plates, cylindrical shells and spherical shells, shown 
in Fig. 1) in corrosion and variable temperature envi-
ronments in the elastic range, and give their possible 
analytical or numerical solutions.
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2.2 � Stability theory under known ideal environment

This paper begins by examining the stability theories 
of small deflection and large deflection. Their conclu-
sions on the critical stress formulae are illustrated in 
Eqs. (1)–(21), with a detailed derivation process pro-
vided in reference [15]. And only essential results and 
key steps are presented here.

2.2.1 � Plate

The discussion on plates is prioritized due to the plate 
being a unique type of shell. There are two types of 
buckling that can occur in plates: small deflection 
buckling and large deflection buckling. Small deflec-
tion buckling involves calculating critical loads for 
the linear elastic stability theory of thin plates using 
static equilibrium and energy methods, as demon-
strated by [9] and [10]. Interestingly, when a plate 
reaches its critical load, it may not immediately lose 
its load-bearing capacity. Instead, it can continue to 
support the load, a phenomenon known as delayed 
buckling or post-buckling strength of the plate. This 
enhanced load-bearing capacity is a result of the plate 
undergoing large deflection deformation (finite defor-
mation). To analyze the characteristics of delayed 
buckling, one must employ the theory of large deflec-
tion of plates. For instance, researchers often utilize 

a square plate with four sides simply supported and 
subjected to uniformly distributed axial pressure Nx 
(as depicted in Fig. 1a) to investigate stable calcula-
tion methods incorporating post-buckling behavior, 
such as the Worthington method. The subsequent der-
ivation outcomes from these analyses are as follows.

Small deflection buckling:

Large deflection buckling:

where, �xa is the average value of the stress at the 
edge under loading; �cr is the critical stress of a sim-
ply supported rectangular plate; f is the deflection of 
the plate due to buckling; b is the length of the loaded 
edge of the plate; D is the flexural rigidity of the 
plate.

The ultimate load of the plate is:

(1)�x,cr(t) =
k�2E ⋅ h2(t)
12

(

1 − �2
)

b2
,

(2)px,cr(t) = �x,cr
(t) ⋅ h(t) =

k�2E ⋅ h3(t)

12
(
1 − �2

)
b2

,

(3)�xa =
4�2D

hb2
+

E�2f 2

8b2
= �cr +

E�2f 2

8b2

(4)Pu = beh�s,

Fig. 1   Thin-wall shells: plates, cylindrical shells, spherical 
shells. a A rectangular plate simply supported on all four sides 
and uniformly compressed in one direction: with dimensions 
of length, width, and height a, b, h, respectively, experiencing 
a distributed pressure of unit length px in the x-direction. b A 
cylindrical shell uniformly compressed along its axis: assum-

ing simply supported ends, with radius r, thickness h, and 
length L, experiencing uniform axial pressure p at both ends. 
The relationship between p and the axial force N is given by: 
p = N/(2πr). c A spherical shell subjected to uniform external 
pressure q
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where, Pu is the ultimate load of the plate; be is the 
effective width of the plate; h is the thickness of the 
plate; �s and is the yield strength of the plate.

Regarding be the calculation of, it is suggested to 
take for a simply supported plate:

where, be is effective width; �cr is the critical stress 
of a four-sided simply supported plate; �s is yield 
strength.

According to a large number of test results, it is 
suggested to take:

where, be is effective width; �cr is the critical stress 
of a four-sided simply supported plate; �s is yield 
strength.

In view of the above-mentioned many empirical 
parameters for the large deflection of the plate, only 
its small deflection results are adopted in the subse-
quent equation derivation in this paper.

2.2.2 � Cylindrical shell

Similar to the plates mentioned above, a cylindri-
cal shell’s stability also falls into two types: large 
deflection and small deflection

where, σcr(t) is the buckling critical stress of cylindri-
cal shell varying with corrosion time; E is modulus 
of elasticity; µ is elastic modulus and Poisson’s ratio 
of materials; h(t) is wall thickness of cylindrical shell 
varying with corrosion time; r is radius; pcr(t) is criti-
cal load that varies with time; Ncr(t) is buckling criti-
cal axial force varying with corrosion time.

(5)be = b

√
�cr

�s

(6)be = b

√
�cr

�s

(1 − 0.25

√
�cr

�s

)

(7)

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

�cr(t) =

⎧

⎪

⎨

⎪

⎩

E
√

3(1−�2)
h(t)
r , small deflection buckling

1
3

E
√

3(1−�2)
h(t)
r , large deflection buckling

pcr(t) = �cr(t) ⋅ h(t)
Ncr(t) = �cr(t) ⋅ 2�r ⋅ h(t)
�cr(t)�h(t)pcr(t)Ncr(t)

2.2.3 � Spherical shell

Similarly, the stability of the ball shell can be clas-
sified into two types: large deflection and small 
deflection.

where, h(t) expresses wall thickness of spherical shell 
with corrosion time; �cr(t) expresses the stable bear-
ing capacity of spherical shell varies with corrosion 
time); qcr(t) expresses critical load of spherical shell 
with corrosion time).

2.3 � Other required unknown conditions or governing 
equations

From the basic equations of critical stress theory 
known above (see formulas (1)–(9) in Sect.  2.2), 
it can be observed that before achieving the goal 
of this paper, three related sub-problems need to 
be improved or discussed. Firstly, an applicable 
dynamic corrosion model; secondly, the perfor-
mance of steel materials at different temperatures; 
thirdly, the relationship between temperature stress 
and constraints; and fourthly, the control equation 
for the fire temperature curve.

2.3.1 � A more general and improved kinetic corrosion 
model

The current corrosion models mainly come from 
the fitting of experimental data, one of which comes 
from the experimental data of air corrosion [16], 
and its expression is:

(8)

�cr(t) =

⎧⎪⎨⎪⎩

1√
3(1−�2)

Eh(t)

R
, smalldeflection buckling

1

4
⋅

1√
3(1−�2)

⋅
Eh(t)

R
, large deflection buckling

(9)

qcr(t) =
2ht)

R
�cr(t) =

⎧
⎪⎨⎪⎩

2E√
3(1−�2)

h(t)2

R2
, small deflection buckling

E

2
√
3(1−�2)

h(t)2

R2
, large deflection buckling

(10)D = Atn
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where, D is corrosion depth; A is corrosion rate; t 
is time (year); n is development trend of corrosion 
process.

When at natural exposure σ = 0, formula (10) 
becomes:

We treat it as a reference value (when σ = 0).
The other model obtained from the corrosion 

experimental data of metals in solution [1], and its 
expression is:

where, v0 is initial corrosion rate of a metal in a bor-
derless stress state); V is the molar volume of a sub-
stance); � is the absolute value of stress in a metal 
under unidirectional loading below the elastic limit); 
R is 8.314 J/(mol·K)(ideal gas constant, which is usu-
ally 8.314 J/(mol·K)); T is absolute temperature.

This model can consider the effect of different lev-
els on the corrosion rate. It is easy to see that when at 
natural exposure σ = 0, formula (12) becomes:

(11)
dh

dt
= −v0 ≈ −A

(12)
dh

dt
= −v0���

V�

RT

However, the formula (13) deviates greatly from 
the reference value (10b), and this error reflects that 
the proof formula (14) is not applicable at σ = 0.

To illustrate this deviation more graphically, 
we use an example of a naturally exposed board 
at room temperature. Its physical and geometric 
parameters are, the wall thickness of the rectangu-
lar steel plate is 5  mm, and the material is 1 6 Mn 
steel. Corrosion occurred in the Qingdao area, cor-
responding to A = 0.055, n = 0.65. The temperature 
is 20  °C (i.e. 293  K) at room temperature. Accord-
ing to the power function prediction model (Eq. 10), 
the relationship of thickness with time can be 
obtained as: h = h0 − 0.055t0.65 . Take the molar vol-
ume of the steel V = 7 × 10−6m3∕mol , the gas con-
stant R = 8.314J∕mol ⋅ K = 8.314N ⋅m∕mol ⋅ K , 
R = 8.314  J/mol·K = 8.314/N m/mol·K, and the tem-
perature T = 293 K, that is, the normal temperature of 
20 °C.

We used formula (13) and (11) models respectively 
to plot the corrosion thickness and time curve of this 
plate, and the results were shown in Fig. 2. The figure 

(13)
dh

dt
= −Antn−1

Fig. 2   Variation curve of 
wall thickness with corro-
sion time
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shows as the two models have different results when 
there is no stress. The initial pressure on the shell, 
represented by p0, remains constant during corrosion, 
and it is clear that the blue curve (from Eq. (10)) and 
the other curves (from Eq.  (13)) show a significant 
dispersion.

It can be seen than Fig.  2 vividly shows that we 
need a new and improved corrosion model to elimi-
nate this difference to obtain a corrosion model that 
is more general to the environment. In this regard, on 
the basis of these two models, this paper proposes an 
improved empirical model, as follows:

where, A is initial corrosion rate); n is development 
trend of corrosion process; t is exposure time (years); 
V is the molar volume of a substance; � is absolute 
value of stress in a metal under unidirectional loading 
below the elastic limit; R is ideal gas constant, usually 
8.314 J/(mol·K); T is absolute temperature.

This paper uses this new model in Eq. (14) instead 
of the model shown in Eq.  (12) to draw the curves 
again (firstly shown in Fig.  2), and finds that they 
(the red stars and the blue line) fit well now shown 

(14)
dh

dt
= Antn−1���

V�

RT

in Fig. 3. This shows that the improved model can be 
consistent with the experimental data of the two types 
of environments at the same time, and it is a more 
universal model.

2.3.2 � Material properties of structural steel 
at varying temperatures

The elastic modulus expression of steel at high tem-
perature is as follows:

where, Ts is the temperature of steel; E(Ts) is the elas-
tic modulus of steel at high temperature (N/mm2); 
Es is the elastic modulus of steel at normal tempera-
ture (N/mm2); mm2), it can be taken as 206 Gpa [18] 
according to the literature [17].

The Eq. [19] for calculating the strength design 
value of steel at high temperature is as follows:

In the equation,

(15)E
(
Ts
)
=

{ 7Ts−4780

6Ts−4760
Es, 20◦C ≤ Ts < 600◦C

1000−Ts

6Ts−2800
Es, 600

◦C ≤ Ts < 1000◦C

(16)fT = �sT f

Fig. 3   Wall thickness-cor-
rosion time curve obtained 
based on the improved 
corrosion model
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where, fT is the strength design value of the steel at 
high temperature; f  is the strength design value of 
the steel at room temperature; �sT is the yield strength 
reduction coefficient of the steel at high temperature; 
Ts is the temperature of the steel.

It was found that Poisson’s ratio is less affected by 
temperature changes, therefore, in the temperature 
range discussed in this paper, Poisson’s ratio is con-
sidered as a constant value.

2.3.3 � Relationship between temperature stress 
and constraints.

The constraints discussed in this paper mainly refer to no 
constraints, elastic constraints and rigid constraints [20]. 
In this paper, under these three different constraints, the 
stresses caused by variable temperature are discussed.

Under arbitrary elastic constraints, the temperature 
stress equation s of plates and cylindrical shells are as 
follows.

Plate:

Cylindrical shell:

where, E(Ts) is elastic modulus of steel ball shell at 
corresponding temperature; �cr(tc, Ts) is the stable 
bearing capacity of steel ball shell with corrosion 
time; kr is constraint degree coefficient; T0 is initial 
time temperature; T is the temperature of the current 
moment; �T  is linear thermal expansion coefficient of 
material.

The spherical shell is considered free and uncon-
strained, so its temperature stress is:

(17)�sT =

⎧

⎪

⎨

⎪

⎩

1.0 , 200C ≤ Ts ≤ 3000C
1.24 × 10−8T3

s − 2.096 × 10−5T2
s + 9.288 × 10−3Ts − 0.2168

300 ≤ Ts ≤ 8000C
0.5 − Ts∕2000, 800 ≤ Ts ≤ 10000C

(18)

�cr(tc, Ts) =
k�2

⋅ h2(tc) ⋅ E(Ts)

12(1 − �2)b2
− kr�T (Ts − Ts0)E(Ts)

(19)

�cr(tc, Ts) =

⎧⎪⎨⎪⎩

h(tc)
r

E(Ts)√
3(1−�2)

− kr�T (Ts − Ts0)E(Ts)

1

3

h(t)

r

E(Ts)√
3(1−�2)

− kr�T (Ts − Ts0)E(Ts)

�cr(tc, Ts) is the stable bearing capacity of steel ball 
shell with corrosion time;E(Ts) is elastic modulus of 
steel ball at corrosion time; h(tc) is thickness of the 
spherical shell changes with the corrosion time. The 
meanings of other parameters are the same as the pre-
ceding ones; thickness of the spherical shell changes 
with the corrosion time. The meanings of other 
parameters are the same as the preceding ones.

Their derivation is shown in Appendix A using a 
cylindrical shell as an example.

2.3.4 � Governing equation of fire temperature curve

The variable temperature control equation of fire is 
the temperature control curve of steel members with 
light fire protection layer under standard fire [21]:

In the equation: t—fire duration (s); Ts0—initial 
temperature of steel member before fire, which can be 
taken as 20 °C; Fi—fired surface area per unit length 
of steel member with fire protection (m2); V—unit 
length of steel member volume (m3);�—comprehen-
sive heat transfer coefficient [W/(m2°C)].

In short, based on the basic Eqs. (1)–(9) mentioned 
above, as well as the related boundary or control 
Eqs.  (10)–(21), and by using analytical and numeri-
cal methods, we will gradually achieve the goal of 
this paper in three steps: developing a stability calcu-
lation method for temperature-corrosion thin-walled 
shells. The first step involves deriving a stability cal-
culation method for thin shells in a corrosive environ-
ment. In the second step, building upon the first one, 
the temperature factor is introduced to derive a stabil-
ity calculation method for thin shells under corrosive 

(20)�cr(tc, Ts) =

⎧
⎪⎨⎪⎩

h(tc)

r

E(Ts)√
3(1−�2)

1

4

h(t)

r

E(Ts)√
3(1−�2)

(21)

Ts =

(√
0.044 + 5.0 × 10−5�

Fi

V
− 0.2

)
t + Ts0 Ts ≤ 700oC
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temperatures. The third step further incorporates the 
fire temperature control equation based on the second 
step to derive a stable calculation method for fire-
induced temperature-corrosion shells. The specific 
key derivation steps for these methods are outlined in 
Sects. 3, 4, and 5, respectively.

3 � Stability calculation method for thin shells 
in corrosion environment

In this section, we will systematically derive the 
stability of corroding thin-walled shells (including 
plates, cylindrical shells, and spherical shells) based 
on the Eqs. (1)–(14) provided above. We will outline 
key derivation steps for each type of thin shell and 
discuss the implications of these calculations.

3.1 � Plate

The stress of the plate can be expressed as,

where, p0 is the constant load (here is the line load at 
both ends of the plate); h(t) , �(t) is the time-varying 
thickness and time-varying stress of the plate, respec-
tively. Substituting Eq. (17) into (12) we get:

where, A is initial corrosion rate; n is the development 
trend of corrosion process; t is exposure time (years); 
V is the molar volume of a substance; � is absolute 
value of stress in a metal under unidirectional load-
ing below the elastic limit; R is the ideal gas constant, 
usually 8.314 J/(mol·K); T is absolute temperature.

We write Eq. (23) as:

We integrate it in the range of h0- h, t0- t to get:

(22)�(t) =
p0

h(t)
,

(23)dh

dt
= −Antn−1���

V�

RT
= −Antn−1���

Vp0

RTh
,

(24)−
1

A
���(−

Vp0

RTh
)dh = −ntn−1dt.

(25)t = [−
1

A∫
h

h0

���(−
Vp0

RTh
)dh]

1

n

Ordering t = f (h) = [−
1

A
∫ h

h0
���(−

Vp0

RTh
)dh]

1

n , f 
expresses the corresponding rule between variable h 
and variable t.

Since there is a one-to-one correspondence 
between plate thickness h and corrosion time t, the 
inverse operation exists: h = f −1(t).

Substituting h into Eq. (25) can obtain the calcu-
lation expressions of the buckling critical stress and 
critical load of the plate:

3.2 � Cylindrical shells

The stress of the cylindrical shell is expressed as

Considering Eq. (12), we have

where, A is initial corrosion rate; n is the development 
trend of corrosion process; t is exposure time (years); 
V is the molar volume of a substance; � is the absolute 
value of stress in a metal under unidirectional load-
ing below the elastic limit; R is the ideal gas constant, 
usually 8.314 J/(mol·K); T is absolute temperature.

Integrating it over h0 to h and 0 to t gives:

After integral operation, we can get:

Lett = f (h) = [−
1

A
∫ h

h0
���(−

VN

2�rhRT
)dh]

1

n , f express 
the correspondence rule between variable h and vari-
able t, since there is a one-to-one correspondence 
between plate thickness h and corrosion time t, we 
have: h = f −1(t).

(26)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

t = f (h) = [− 1
A
∫ h

h0
���(− Vp0

RTh
)dh]

1
n

h = f −1(t)
�x,cr(t) =

k�2E
12(1−�2)

[f−1(t)]2

b2

px,cr(t) = �x,cr(t) ⋅ h(t) =
k�2E

12(1−�2)
[f−1(t)]3

b2

(27)�(t) =
N

2�r ⋅ h(t)

(28)
dh

dt
= −Antn−1���

V�

RT
= −Antn−1���

VN

2�rhRT

(29)∫
h

h0

−
1

A
���(−

VN

2�rhRT
)dh = ∫

t

0

ntn−1dt,

(30)t = [−
1

A∫
h

h0

���(−
VN

2�rhRT
)dh]

1

n
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Putting h into the above equation, the calculation 
method of critical buckling stress, critical line load 
and critical axial resultant force of cylindrical shell 
can be obtained:

Among them, f −1 is f the inverse function of the 
function.

3.3 � Spherical shell

The stress of the spherical shell is expressed as

Considering Eq. (14), we have:

where, A is initial corrosion rate; n is the development 
trend of corrosion process; t is exposure time (year); 
V is the molar volume of a substance; � is; R is the 
ideal gas constant, usually 8.314 J/(mol·K); T is abso-
lute temperature.

It over h0 to h and t0 to t:

Available after operation

Ordering t = f (h) = [−
1

A
∫ h

h0
���(−

Vqr

2hRT
)dh]

1

n , f 
expresses the corresponding rule between variable h 
and variable t.

Since there is a one-to-one correspondence 
between plate thickness h and corrosion time t, it can 
be obtained by inverse calculation h = f −1(t).

(31)
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Putting h into the above equation, the calculation 
method of buckling critical stress and critical load 
can be obtained as follows:

where, f −1 is f the inverse of the function.

4 � Calculation method of stable bearing capacity 
of thin shell under corrosion temperature 
change

In this section, we can build on the equation derived 
in Sect.  3, and then continue the derivation by con-
sidering the effect of varying temperature (stress) 
(Eqs.  (18)–(20)). Their related results are shown 
below.

4.1 � Plate

Critical stress expression when the loaded edge of the 
plate is subject to arbitrary elastic constraints is:

In the Eq.  (37), T0 represents the temperature at 
the initial moment, T s represents the temperature of 
the plate at the current moment, �T and represents the 
linear thermal expansion coefficient of the material, 
E(Ts) represents the elastic modulus of the plate that 
changes with temperature; h(tc) Indicates indicates the 
thickness of the plate that changes with the corrosion 
time; �cr(tc, Ts) is the stable bearing capacity of steel 
ball shell with corrosion time, represents pcr(tc, Ts) 
represents the stable bearing capacity of the plate that 
changes in real time with the corrosion time and tem-
perature; kr is the constraint coefficient of the loaded 

(36)
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side; k is the critical load coefficient. The remaining 
parameters have the same meaning as before.

4.2 � Cylindrical shell

When the two loaded sides of a cylindrical shell are 
subjected to arbitrary elastic constraints, its critical 
stress can be expressed as

In the Eq. (38), T0 represents the temperature at 
the initial moment, Ts represents the temperature 
at the current moment of the cylindrical shell, and 
�T  represents the linear thermal expansion coef-
ficient of the material, E(Ts) represents the elas-
tic modulus of the cylindrical shell that changes 
with temperature; h(tc) represents the thickness of 
the cylindrical shell that changes with the corro-
sion time; �cr(tc, Ts) is the stable bearing capacity 
of steel ball shell with corrosion time; represents 
pcr(tc, Ts) represents the stable bearing capacity of 
the cylindrical shell that changes in real time with 
the corrosion time and temperature; is kr is the 
constraint coefficient of the loaded side; k is the 
critical load coefficient. The remaining parameters 
have the same meaning as before.

(38)
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pcr(tc, Ts) = h(tc) ⋅ 𝜎cr(tc, Ts)

Ncr(tc, Ts) = 2𝜋r ⋅ h(tc) ⋅ 𝜎cr(tc, Ts)

4.3 � Spherical shell

The spherical shell is considered as a free structure 
in this paper. Therefore, its thermal deformation is 
not limited, that is, the temperature stress caused 
by the temperature change in the spherical shell 
cannot be considered, but only the change of the 

elastic modulus caused by the temperature change 
can be considered. Therefore, its critical stress can 
be expressed as:

In the Eq. (39), E(Ts) represents the elastic modu-
lus of the steel spherical shell at the corresponding 
temperature; represents the thickness of the spherical 
shell h(tc) that changes with the corrosion time; h(tc) 
represents the thickness of the cylindrical shell that 
changes with the corrosion time; �cr(tc, Ts) is the sta-
ble bearing capacity of steel ball shell with corrosion 
time; qcr(tc, Ts) represents the stable bearing capacity 
of the steel spherical shell that changes with the cor-
rosion time and steel temperature.

(39)
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5 � Calculation method of stable bearing capacity 
of corroded thin shells under variable 
temperature in fire

In this section, we further develop the equations 
from Sect.  4 by including the fire protection curve 
(Eq.  (18)) without considering the change in wall 
thickness h during the fire exposure. Here, we assume 
that h(tc) = h(t0) since ignition times are generally 
much shorter than the corrosion period. This assump-
tion enables us to determine the stable bearing capac-
ity of variable temperature corrosion shells under 
fire conditions. The outcomes for plates, cylindrical 
shells, and spherical shells are detailed below:

5.1 � Plate

The plate behavior under variable temperature in fire 
is as follows:

(40)
⎧⎪⎪⎨⎪⎪⎩

T
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6Ts−4760
E
s
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s
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cr
(t
c
, T

s
) =

k𝜋2
⋅h2(tc)⋅E(Ts)

12(1−𝜇2)b2
− k

r
𝛼
T
(T

s
− T

s0)E(Ts), 20
◦C ≤ T

s
< 600◦C

where, �T and represents the linear thermal expansion 
coefficient of the material, E(Ts) represents the elastic 
modulus of the plate that changes with temperature; 

h(tc) indicates the thickness of the plate that changes 
with the corrosion time; �cr(tc, Ts) is the stable bear-
ing capacity of steel ball shell with corrosion time; 
pcr(tc, Ts) represents the stable bearing capacity of 
the plate that changes in real time with the corrosion 
time and temperature; kr is the constraint coefficient 
of the loaded side; k is the critical load coefficient. 
The remaining parameters have the same meaning as 
before.

Among them, the third equation can also be writ-
ten as:

(41)
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E
(
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5.2 � Cylindrical shells

The thin cylindrical shell under variable temperature 
in fire is as follows:

The third equation can also be written as:

(42)
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5.3 � Spherical shell

The calculation method of the stable bearing capac-
ity of a thin spherical shell under fire temperature 
changes is as follows:

The third equation can also be written as:

Note: The calculation methods proposed in 
Sects.  3, 4, and 5 of this paper are difficult to find 
analytical solutions (mainly because of the exponen-
tial part existing in the corrosion kinetic model, the 
explicit integral result is difficult to obtain in the field 
of elementary function field). Therefore, a numerical 
analysis of them is carried out in this paper, and the 
relevant diagrams and descriptions can be found in 
Appendix B–J.

6 � Conclusion

From an electrochemical perspective, based on the 
assumption of uniform and time-varying dissolu-
tion of visual metal corrosion, we have conducted a 
solid theoretical derivation work with the goal of sta-
ble shell analysis method in a corroded temperature 
changing environment. In this paper, we have con-
ducted some solid theoretical derivations. A more 
general corrosion kinetic model is first proposed. 
Then, based on the model, starting from the basic 
stability theory, the calculation method of the stable 
bearing capacity of the thin shell under different cor-
rosion temperature is deduced by combining the tem-
perature stress and the change of steel physical prop-
erties under different constraints. Finally, considering 
the special variable temperature-fire control curve, 
the calculation method of the stable bearing capacity 
of the fire variable temperature corroded thin shell is 
deduced.
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Appendix A

Stress expressions for cylindrical shells subject 
to arbitrary elastic constraints

If the two loaded sides of the cylindrical shell are 
elastically constrained arbitrarily, following [12], 
the constraint coefficient is defined as kr. Under the 
action of temperature, the stress–strain relationship in 
the cylindrical shell is:

In the equation, �T is the temperature stress; E(Ts) 
is the elastic modulus of �T the steel; is the strain (or 
constraint strain) that produces the temperature stress, 
and its calculation expression is:

In the equation, �T is the linear expansion coeffi-
cient of the material; ∆T is the temperature change; 
�c is the actual strain; �TΔT  is the free strain gener-
ated when it is not restrained. Substituting Eqs. (47) 
into (46), we have:

In fact, fixed constraints and free constraints can 
be seen as the two extremes of elastic constraints. In 
the fixed constraint state, the actual strain produced 
by �c = 0 the cylindrical shell has the maximum 
temperature stress�T = −E(Ts)�TΔT  ; in the free 
state, the actual strain �c = �TΔT  has the minimum 
temperature stress �T = 0 . It can be seen that the 
temperature stress in the structure is related to the 
restraint degree of the structure. In order to scien-
tifically describe the relationship between tempera-
ture stress and degree of restraint, the restraint coef-
ficient is defined as follows:

(46)�T = �TE(Ts)

(47)�T = �c − �TΔT .

(48)�T =
(
�c − �TΔT

)
E
(
Ts
)
.
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It can be known from the above equation: (a) 
when the structure is in a fixed restraint state, the 
actual strain εc = 0, the restraint coefficient kr = 1; 
(b) when the structure is in a free state, the actual 
strain�c = �TΔT  , the restraint coefficientkr = 0 ; (c) 
when When the structure is in any elastic constraint 
state, the actual strain �c is between 0 and�TΔT  , 
that is, there is 0 < kr < 1.

Substituting (46) into (45), �T the relationship 
between temperature stress and constraint coefficient 
and other variables can be obtained as follows kr:

In the equation,

where, is �c the actual strain of the cylindrical shell 
in the loading direction (axial direction); Δl is the 
actual deformation of the cylindrical shell, l0 and is 
the original length of the cylindrical shell. �c It can be 

(49)kr = 1 −
�c

�sΔT

(50)�T = −kr�TΔT .E
(
Ts
)
.

(51)kr = 1 −
�c

�sΔT
= 1 −

Δl

�sΔT ⋅ l0

measured by a strain gauge, or the elongation Δl and 
original length l0 of the cylindrical shell can be meas-
ured with a length measuring tool. Assuming that the 
constraint coefficient of the structure does not change 
during the temperature change process kr , the con-
straint coefficient of the structure kr can be obtained 
by simple calculation.

Appendix B

Numerical solution of stable bearing capacity 
of corroded thin plate

The wall thickness is taken as 2  mm, and the four-
sided simply supported rectangular steel plate with a 
loaded side width of 60 mm is made of Q345 steel, 
which was corroded in Qingdao area. The tempera-
ture is approximately 293 K (20 °C). For a thin plate 
with a thickness of 2  mm, the uniform wiring pres-
sure loads here are respectively taken as p = 0, p = 150 
N/mm, and p = 300 N/mm. Based on the improved 
steel corrosion kinetics model, the change trend of the 
steel plate’s stable bearing capacity with corrosion 
time can be obtained as shown in Fig. 4.

Fig. 4   Variation of stable 
bearing capacity of thin-
walled steel plate with cor-
rosion time under different 
loads
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Figure 4 shows the variation of the stable bearing 
capacity of thin-walled steel plates with corrosion 
time under different loads. According to the small 
deflection stability theory of thin plates, the stable 
bearing capacity of thin-walled steel plates at the ini-
tial moment without corrosion can be obtained as:

�
cr
=

�2E

3(1−�2)
(
t

b
)2 =

�2×206×103Mpa

3(1−0.32)
(
1mm

60mm
)2 = 206.87 MPa.

The results observed at the initial moment in Fig. 4 
are consistent with it. As the corrosion time increases, 
the stable bearing capacity of the steel plate decreases 
rapidly, and the greater the external load, the faster 
the stable bearing capacity decreases.

Appendix C

Numerical solution of stable bearing capacity 
of corroded thin cylindrical shells

A simple-supported thin-walled steel cylindrical 
shell with a wall thickness of 2 mm and a radius of 
400 mm (i.e., 0.4 m) at both ends is taken here, and 
the material is Q 345 steel. Corrosion occurs in the 
Qingdao area, and the temperature is approximately 

293  K (20  °C). For a thin-walled cylindrical shell 
with a thickness of 2  mm, the uniform wiring pres-
sure loads here are respectively taken as p = 0, p = 100 
N/mm, and p = 200 N/mm. Based on the improved 
steel corrosion kinetics model, the variation trend of 
the stable bearing capacity of thin-walled steel cylin-
drical shells with corrosion time can be obtained as 
shown in Fig. 5 below.

Figure 5 shows the large-deflection buckling criti-
cal stress of cylindrical shells changing with corro-
sion time under different loads. From the large-deflec-
tion stability theory of cylindrical thin shells, it can 
be obtained that the stable bearing capacity of cylin-
drical thin shells at the initial moment without corro-
sion is:

�
cr
=

1

3

1√
3(1−�2)

Eh

r
= 0.605

206×103Mpa×2mm

400mm
= 207.79 MPa.

The results observed at the initial moment in Fig. 5 
are consistent with it. With the increase of corro-
sion time, the stable bearing capacity of the thin steel 
cylindrical shell decreases rapidly, and the greater the 
external load, the faster the stable bearing capacity 
decreases.

Fig. 5   Curves of large 
deflection buckling critical 
stress versus corrosion time 
for cylindrical shells under 
different loads
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Appendix D

Numerical solution of stable bearing capacity 
of corroded thin spherical shell

With thickness h = 1  mm and radius r = 150  mm is 
made of Q 345 steel. Corrosion occurs in Qingdao 
area, and the ambient temperature is approximately 
20  °C (i.e., 293  K). For the uniformly distributed 
pressure load on the outer surface, three cases of 
p = 0 MPa, p = 1 MPa and p = 2 MPa are considered 
respectively.

Figure 6 is the variation curve of the stable bearing 
capacity of the thin-walled spherical shell with corro-
sion time. From the large deflection stability theory of 
the thin-walled spherical shell, it can be obtained that 
the stable bearing capacity of the thin-walled spheri-
cal shell at the initial moment without corrosion is:

�
cr
=

1

4

1√
3(1−�2)

Eh

r
=

1

4
× 0.605

206×103Mpa×2mm

400mm
= 207.79 MPa.

The results observed at the initial moment in Fig. 6 
are consistent with it. With the increase of corro-
sion time, the stable bearing capacity of the thin steel 
cylindrical shell decreases rapidly, and the greater the 

external load, the faster the stable bearing capacity 
decreases.

Appendix E

Numerical solution of stable bearing capacity 
of varying temperature corroded thin plates

The width of the loaded side of the thin-walled steel 
plate is b = 60 mm, and the thickness of the plate is 
h = 2 mm. The range of temperature variation is con-
sidered to be between 20 and 600 °C, and the restraint 
degree coefficients of the plates are selected as kr = 0 
(free), kr = 0.5 (elastic restraint), and kr = 1 (fixed 
restraint). Neglect the change of constraint coeffi-
cient kr in the process of temperature change, that is, 
assume that the constraint degree coefficient kr does 
not change with temperature. Therefore, the variation 
law of the stable bearing capacity (critical stress) of 
the thin plate with the temperature of the steel plate 
can be drawn as shown in Fig. 7.

From Fig. 7 that under three different constraints, 
the stable bearing capacity of the thin-walled steel 

Fig. 6   Variation curve of 
stable bearing capacity of 
thin-walled spherical shell 
with corrosion time
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Fig. 7   Variation curves of 
stable bearing capacity of 
thin-walled steel plates with 
steel temperature for differ-
ent degrees of restraint

Fig. 8   Curves of the stable 
bearing capacity of thin 
steel cylindrical shells with 
different degrees of restraint 
as a function of steel tem-
perature
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plate decreases gradually with the increase of 
temperature.

Appendix F

Numerical solution of stable bearing capacity 
of thin cylindrical shell corroded by variable 
temperature

Thickness h = 4  mm of thin-walled cylindrical steel 
shell, radius r = 400  mm. Considering the range of 
temperature variation between 20 and 600  °C, the 
constraint degree coefficients at the end of the cylin-
drical shell are respectively kr = 0, kr = 0.25, kr = 0.5, 
kr = 0.75 and kr = 1. Neglect the change of constraint 
coefficient kr in the process of temperature change, 
that is, assume that the constraint degree coefficient 
kr does not change with temperature. Therefore, the 
critical stress of the thin-walled cylindrical steel shell 
(based on the large deflection stability theory) can be 
drawn as a function of the temperature of the steel 
shell as shown in Fig. 8.

From Fig.  8 that under the five different con-
straints, the stable bearing capacity of the thin-walled 

steel cylindrical shell decreases gradually with the 
increase of temperature. And the greater the degree of 
restraint, the faster the stable carrying capacity (as the 
temperature increases) decreases.

Appendix G

Numerical solution of stable bearing capacity 
of thin spherical shell corroded by variable 
temperature

Thickness of thin-walled steel spherical shell h = 4 mm, 
radius r = 400  mm. The range of temperature varia-
tion is considered between 20 and 600 °C. Regardless 
of the boundary constraints of the spherical shell, the 
critical stress (based on the large deflection stability 
theory) of the thin-walled steel spherical shell without 
boundary constraints can be drawn as a function of the 
temperature of the steel shell as shown in Figure.

Figure 9, when the temperature of the steel spherical 
shell with a thickness-to-diameter ratio of 1/100 rises 
from 20 to 600  °C, its stable bearing capacity drops 
from the initial 311.7–155.8 MPa, a drop of 50%. The 
decrease is exactly equal to the reduction of the elastic 
modulus of the structure at high temperature.

Fig. 9   Unconstrained Thin-
walled Steel Spherical Shell 
Stable Bearing Capacity 
Variation Curve with Steel 
Temperature
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Appendix H

Numerical solution of stable bearing capacity 
of fire corrosion thin plates

The steel plate has a width of 60 mm and a thickness 
of 1 mm. The elastic modulus of the steel is 206Gpa, 
the Poisson’s ratio is 0.3, the boundary constraint 
degree coefficient of the thin plate is taken as kr = 0.5 , 
and the initial ambient temperature is 20 °C. Four dif-
ferent section shape coefficients are taken for analysis.

Figure  10 above shows the change of the stable 
bearing capacity of the thin plate with the fire duration 
under the fire temperature change. It can be seen from 
the figure that the greater the cross-sectional shape 
parameter of the thin plate, the faster the stability will 
be �Fi∕V lost in the fire temperature change. The thin 
plate with section parameters �Fi∕V=2000(wall thick-
ness h = 1  mm) has completely lost its stable load-
bearing capacity in less than 15 min.

Appendix I

Numerical solution of stable bearing capacity 
of thin cylindrical shells corroded by fire 
variations in temperature

The cylindrical thin shell has a radius of 400 mm and 
a wall thickness of 4 mm. The elastic modulus of the 
steel is 206 Gpa, Poisson’s ratio is 0.3, the boundary 

restraint degree coefficient of the thin cylindrical shell 
is taken as kr = 0.5 , and the initial ambient tempera-
ture is 20 °C. Four different section shape coefficients 
are taken for analysis.

From Fig. 11 above, it can be seen that the larger 
the cross-sectional shape parameter of the thin cylin-
drical shell �Fi∕V  , the faster it will lose stability in 
the fire temperature change. The cylindrical thin shell 
with section parameters �Fi∕V = 2000 (wall thick-
ness h = 4 mm) has completely lost its stable bearing 
capacity in less than 30 min.

Fig. 10   H1 Stable bearing capacity of the thin plate as a func-
tion of fire duration

Fig. 11   Stable bearing capacity of thin cylindrical shells as a 
function of fire duration

Fig. 12   The change of the stable bearing capacity of the 
unconfined spherical shell with the duration of the fire
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Appendix J

Numerical solution of stable bearing capacity 
of thin cylindrical shells corroded by fire 
variations

The radius of the thin-walled spherical shell is 
400 mm and the wall thickness is 4 mm. The modulus 
of elasticity of the steel is 2 06 Gpa and the Poisson’s 
ratio is 0.3. The initial ambient temperature is 20 °C. 
Four different section shape coefficients are taken for 
analysis.

From the above Fig. 12, it can be seen that �Fi∕V  
the larger the cross-sectional shape parameter of 
the thin-walled spherical shell, the faster the loss of 
stability in the fire temperature change, that is, the 
greater the decline in the stable bearing capacity 
within the same time period.

Open Access  This article is licensed under a Creative Com-
mons Attribution 4.0 International License, which permits 
use, sharing, adaptation, distribution and reproduction in any 
medium or format, as long as you give appropriate credit to the 
original author(s) and the source, provide a link to the Crea-
tive Commons licence, and indicate if changes were made. The 
images or other third party material in this article are included 
in the article’s Creative Commons licence, unless indicated 
otherwise in a credit line to the material. If material is not 
included in the article’s Creative Commons licence and your 
intended use is not permitted by statutory regulation or exceeds 
the permitted use, you will need to obtain permission directly 
from the copyright holder. To view a copy of this licence, visit 
http://creativecommons.org/licenses/by/4.0/.
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