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Abstract

We prove the conjectured first order expansion of the Levy—Lieb functional in

the semiclassical limit, arising from Density Functional Theory (DFT). In particu-
lar, we prove a general asymptotic first order lower bound in terms of the zero point
oscillation functional and the corresponding asymptotic upper bound in the case
of two electrons in one dimension. This is accomplished by interpreting the prob-
lem as the singular perturbation of an Optimal Transport problem via a Dirichlet
penalization.
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1. Introduction

A revolutionary approach to finding the ground state energy of a many-body
electron system was developed in the 19s by Hohenberg and Kohn [24]: The Density
Functional Theory (DFT). Their idea, subsequently formalized mathematically by
Lieb and Levy [30], can be seen as breaking up the minimization over all wave
functions into a first minimization over those wavefunctions having a given one-
particle density and then minimizing the resulting function over the one-particle
density. In particular we define that

F®(p) = inf {/ (fww2 - Vee|x/f|2) dx ...de} v e H'RMN), ¢ > p,
RIN \2
(1.1)

where ¥ +— p means that the one electron density of ¥ is p, that is, for all
i=1,...,N,werequire p(x;) = [[ [¥|*(x1,...,x)dx1 ... dx; ...dxy, and,
moreover,

1
Vext(¥1, + o) = ) ——.

lx; — xjl

i<j
Then, for any external potential V,,, the corresponding energy of the ground state
will be equal to

E(Vex) = inf {th(p) + /R i vextdp} p e MR, p(RY) =N.

In particular, F w (p) is a universal functional in the sense that depends only on
the number of electrons, whereas the dependence on the external field appears only
in the term f Vextdp in the outer minimization. It becomes then fundamental for
applications to approximate F”(p) and compute this value efficiently. In recent
years a new approach gained importance, relying on the analysis of the Strictly
Correlated Electrons (SCE) case. The interest in this approach resides in two main
reasons: it is mathematically rigorous since it is a limiting procedure starting from
the exact functional, and it is highly non-local in nature, thus it can be thought as
complementary in some sense to the more classical Local Density Approximation
(LDA) approach [27] (see also [28] for other universal approximating functionals).
The idea is to have a parameter § > 0 which tunes the strength of the interaction
between the electrons and the functional

hZ
F (o) = inf {/ﬂw (2|le2 +ﬂvee|w|2> dxy ...de} Ve H'®RM), ¥ p.

The SCE limit considers the case 8 — o0, the asymptotic expansion of F gz(p)
in B, to then deduce information about 8 < oo. This limiting procedure has more

equivalent formulations. Using the homogeneity of V., F gz is computed from

Fr by scaling, namely ngz (p) = ,Bthz (pg) where pg(x) = B~4p(x/B). An-
other equivalent approach considers a varying kinetic energy coefficient: since
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ngz(p) = ﬁth//3 (p), the asymptotic expansion of Fﬂh2 as B — 400 can be
studied by means of the asymptotic expansion of F¢(p) as & — 0, which is math-
ematically convenient since the zeroth-order term of the expansion does not need
to be renormalized. This is formally the same as changing the value of 7 in the
original definition of the Levy-Lieb functional, but the rigorous justification of
this non-physical procedure (since 7 is a physical constant) relies on the previous
explanation.

Seidl was the first to conjecture the SCE limit case for ¢ — 01in [39] and further
investigated in [23]. This new functional found its use, for example in [6,32,33,43]
it states that

lim F*(p) = For(p) := inf {f Veedy : y € nN<p)},
e—0 R3N

where Ty (p) is the set of probabilities in R¢Y which induce p, namely such that

its push-forward through any projection ¢; : (x1,...,xy) — x; is p. We denote
with TTp(p) the set of y € Iy (p) which are minimizers for For(p). Moreover,
in the physics literature, ansatz of minimizers in the 1D case and radial case were
conjectured in [39,40]: in the 1D case the conjecture was proven to hold in [9],
while in the radial case various counterexamples were found in [3,11,38]. The
functional Fpr has been studied in the last years also with regard to the limit of
infinitely many particles: the zeroth order expansion for N — oo was investigated
in [15], proving the mean field limit, while the first order was proven independently
in [26] and [16,17], with ideas coming from the seminal papers [36,37], and in
connection with the Lieb-Oxford inequality [29,31]. We refer the reader also to the
recent review [20].

Already in [39], the next order in the asymptotic expansion of F¢ for ¢ — 0
was conjectured in some cases, while the most general formulation appears in [22]:

F¥(p) = For(p) +VeFzpo(p) + 0(e¥/%). (1.2)

Inboth [22,39] there is an explicit conjecture for the zero point oscillation functional
Fzpo(p) inthe case d = 1, involving the eigenvalues of the Hessian of an effective
potential described in the following. As in [8], we introduce the potential # which
solves the dual problem for Fpr; its existence and regularity have been studied
in [7,10,18,21]. This is known to be unique if the support of p is connected, u is
Lipschitz, For(p) = N [udp,

Vxt, ..., xn) = Vee(X1s ooy xn)—u(x)—. . .—u(xy) >0 Vxi,...,xy € R?,
(1.3)

and the optimal plans are supported in the set {V = 0}. In particular, D>V is well

defined y-almost everywhere for every optimal plan y and so we can define that

1
szo(p)zu’lf{zf tI‘(\/ D2V)d)/})/ € Ip(p).
RAN

In the physics literature V is called the effective potential; u is the Lagrange multi-
plier associated with the constraint on the marginals, thought as a confining potential
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which keeps the optimal plan concentrated on minimal energy configurations with
respect to the effective potential; %tr (v D? V) is the lowest eigenvalue of the

harmonic oscillator associated with the quadratic form given by D?V.

From the mathematical viewpoint, the 0-th order approximation was obtained
in [13] for the bosonic case and for the fermionic case only when N = 2. Then it
was settled in [2] for N = 3 with the help of spins; in [25] with a different approach
involving mixed states (that is, considering the convex relaxation F. (p) of Fe(p));
finally, [14] provided a proof using only pure states for every N.

Regarding the 1st order, the best known bound in [25] proves that F, (p) <
For(p)++/€C, for every admissible p, namely an upper bound on the conjectured
order of the next term. Our main contribution can be summarised as follows:

Theorem 1.1. Let N > 2 and d > 1 be fixed integers. Let p € P(R?) be such
that F'(p) < oo, u the optimal Kantorovich potential associated to the problem
For(p) and suppose that V as in (1.3) is such that V € C> ({V = 0}). Then

loc

e we always have
. F*(p) — For(p)
liminf ——————

e—0 \/E

e ifin addition N = 2, d = 1 and p € C'(R) is a positive probability density,
we also have

> Fzpo(p); (1.4)

i F#(p) — For(p)
msup ——————

e—0 \/E

A few comments on the previous statement are listed below. Firstly, the regular-
ity condition on V is natural when computing linear expansions and is automatically
guaranteed under assumptions on p, namely the finiteness of its kinetic energy and
a condition on its decay, see the observation following Theorem 1.3. Secondly, the
restriction to N = 2 in the upper bound (1.5) is just used to simplify technical
details and not make the notation heavier, the general case N > 2 will be treated
in a forthcoming note. In turn, a different strategy would be needed in dimension
d > 2. In fact we rely heavily on the one dimensional setting for the existence,
regularity and structure of optimal maps; even the existence of optimal maps is an
open problem if d > 2 and N > 3. Thirdly, in d > 2, one may wish to study the
problem with the addition of the constraint of the antisymmetry on ¥ (instead in
d = 1 it is sufficient to consider carefully the signs): however we believe that, as
in [25], this issue is just of technical nature and can be circumvented considering
mixed states.

We now describe the approach to Theorem 1.1 and provide in Theorems 1.2
and 1.3 below two strengthened statements, which easily imply respectively the
lower bound (1.4) and the upper bound (1.5). Our approach is based on the varia-
tional formulation for the quantity W. Usingthat For(p) = N f udp =

< Fzpro(p). (1.5)

fRdN (u(x)+...+ u(xN))|1p|2(x1, ..., xy)dx for every ¥ — p, we obtain that

F0) = For®) _ i (B oy v p, (1.6)
NG
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2
E-(¥) Z/er sl/zw + & 2V () |1y (x) P dx. (1.7)

The core of Theorem 1.1 relies in a precise convergence result on E,. Firstly
we study the convergence when we drop the marginals constraint, which simplifies
our analysis but is not the one of physical interest, and we show, roughly speaking,

that
1[ tr(\/D2V>dy ify({(V >0}) =0
2 RdN

+00 otherwise.

E.(y) - (1.8)

The notion of convergence in (1.8) is the so called I'-convergence, the right varia-
tional tool to take the limit in sequences of minimizers, as it happens in Theorem
1.1. For brevity, we don’t introduce this abstract notion here but we just present its
outcomes in Theorem 1.2. For pu,,, i € .4 (R%), we denote with 1, — p the weak-
* convergence in duality with Co(R¢) functions (continuous functions tending to
zero at infinity).

Theorem 1.2. (I"-convergence with free maginals) Let V € CORY) with V > 0
and V locally C? in a neighborhood of {V = 0}. Then we have

(a) for every sequence ¥, € H'(R?) with f [¥e|? = 1 and liminf E, () < 00,
there exists y € M (RY) with y({(V > 0}) = 0 and y(R?) < 1 such that
[V = y up to subsequences and

1
lim inf E. (¢,) > -/ r (\/D2V> dy;
e—0 2 JraN

(b) for every y € P(RY) with y({V > 0}) = 0, there exists a recovery sequence
Ve € HU(R?) with [ |Y|> = 1 such that || — y and

limsup E;(¥¢) < = / tr (\/ D2V> dy.
RAN

e—0

In order to deal with the actual first order expansion of F¢(p) we have to en-
force the marginal constraint. For the lower bound we can use Theorem 1.2 (a),
since the weak-* convergence preserves marginal constraints. In order to prove the
upper bound we need to construct a recovery sequence ¥, with an almost opti-
mal energy, but with the additional constraint on the marginals. This is in general
nontrivial, since the Lavrentiev gap phenomenon could appear as happens for in-
stance in an example of [14], where the constrained limit energy is smaller than the
unconstrained one. This result is established in Theorem 1.3.

Theorem 1.3. Let p € C'(R) be a strictly positive probability density with finite
kinetic energy

2
p(x)| dx

KE(p) = 5

/ |8xp(X)| N (19)
C8p(x)
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let y be the optimal transport plan for the problem with Coulomb cost and marginals
p, let u be its Kantorovich potential, and assume that u” € L (R). Let V (x, y) =
lx =y —u(x) — u(y).

Then there exists a recovery sequence Y, € H'(R?) such that f Ve l> =1,
Vel = y, |We|? has the same marginals as y and

. : 121V el 12 2
lim sup E. (V) = hmsup/ e/ — +e7V Viye|” |dx
R2

£—0 e—0

< l/ tr(\/ D2V)dy.
2 RZ

Theorem 1.3 is stated with a rather implicit assumption, namely that u” €
L*(R). This is essentially equivalent to the condition (1.10) on the growth of the
tails of p. For instance, we show in Lemma 4.1 that Theorem 1.3 can be applied to
any strictly positive C! probability density p such that KE(p) < oo and

liminf |x|*p(x) > 0. (1.10)
|x]—00

It would be interesting to prove the ZPO conjectured asymptotics for every p
and in any dimension, in particular removing the heavy tails assumption (1.10)
since one expects physical densities to have exponential tails.

Singular perturbations of optimal transport. Since, without loss of generality,
we can assume that ¢/ > 0, we rewrite the functional F(p) in terms of y = |y|?
as

FE(p):inf{/ Vee(xl,...,xn)dy—l—sf
RAN RAN

We think F¢ as a penalized multi-marginal optimal transport problem, where the
penalization on the plan y is the Fisher information with respect to the Lebesgue

IVy|?

dx : y € HN(,O)}.

measure [ (y) = [ vy dx.The ZPO conjecture is about the asymptotic expansion
of this penalized OT problem. Other results in a similar spirit regard only the case
N = 2 with the entropic penalization Ent(y) = f y In(y) dx and either the Monge
cost ( [19], only in 1D), or the quadratic distance ( [12] in a general Riemannian
manifold) or a smooth convex cost ( [35], in R?). However, in [12] and in [35]
the peculiar structure of the problem and an additivity property of the entropy
are heavily used. The approach closest to ours is [19], but the construction of the
recovery sequence is heavily simplified by taking advantage of working in the region
{T = id}. To our knowledge, the present result is the first next-order asymptotics
with marginal constraint proven with a rather general strategy.

Theorem 1.2 works in a rather general setting and for any nonnegative potential
which is locally C? around its zero set (we recall that here p does not play a role).
Its proof is also short and flexible, sharing analogies with other previous results
in the literature. For instance, similar studies look at the spectrum of the operator
A+ Wase >0 (see for example [41,42] and subsequent literature), but
our point of view is slightly different. Instead of focusing on the behavior of the
eigenvalues we want to know what is the minimial asymptotic energy given the
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asymptotic behavior of the wavefunction (that is, their weak limit y). This is in
view of applying the result to a generic y € I1y(p) which might not come from a
sequence of eigenvectors.

Theorem 1.2 builds on the idea that, to have the correct minimal energy, the
wavefunction must localize around {V = 0} and behave locally like a gaussian
with variance depending on D?V . Moreover this minimal energy can be achieved
by a recovery sequence built superposing these gaussians, which will be elongated
along the zero set of V. In the proof of Theorem 1.2 we construct a wavefunction for
& > 0 which has the proven almost correct energy and therefore can be of interest
also for numerical purposes.

Ansatz on wavefunctions with asymptotically minimal energy. The ansatz of
a recovery sequence obtained as a superposition of Gaussians is already present
in [22], but then, instead of superposing elongated Gaussians, a local nonlinear
change of variables is considered, as well as Gaussians in the variable perpendicuar
to the manifold {V = 0}. In our opinion, there are no guarantees on the smallness
of the kinetic energy in the direction tangent to the manifold. In [22] the constraint
on the marginals is also diuscussed via the introduction of a Lagrange multiplier.
However, the latter has no reason to exist for ¢ > 0 and it is not clear the claim that
it intervenes in the asymptotic expansion only at higher order terms.

Outline of the paper. The main idea in Theorem 1.2, once we show that every finite
energy sequence needs to concentrate on the set {V = 0}, is to analyze the energy
locally around the zero set of V: being at a minimum, the first non-zero term in the
Taylor expansion of V is the quadratic form corresponding to the second derivative.
But then the energy is analogous to that of an anisotropic harmonic oscillator, of
which we know the ground state (a Gaussian with proper covariance) and ground
energy (see Lemma 2.1 and Lemma 2.2). On one hand, an approximation of V with
its Taylor expansion will provide the lower bound, while in order to get an upper
bound, we use Gaussians elongated along the zero set of V, and then we superpose
them to obtain

Fo) = / Fov(x = XYy (), (L11)

where f; ,/(x) is a suitable truncation of the Gaussian C, ,’exp (—s‘l/zx’

VV2V (x! )x). The convexity of E, when written in terms of y = [ |2 lets us con-

clude the upper bound with no marginal constraint. Along our recovery sequence
the contribution of the two competing functionals, namely the rescaled kinetic and
potential energies, is asymptotically equal. This equipartition of energy is expected
since, in the case of convergence to a single 8 and V' quadratic, the kinetic energy
rescales as KE(y,) = A2 KE(y) and the potential energy as [ Vdy, = 272 [ Vdy,
where y (x) = Ay (Ax).

To tackle Theorem 1.3, namely to modify our ansatz (1.11) to keep the marginals
constraint, we split the total mass in two components: a main portion of the mass
and a remaining mass. The main part consists of most of the mass and must have
the correct asymptotic energy. In Sect. 4 we prove that a suitable superposition
of truncated Gaussians (introduced in Sect. 3), similar to the one adopted for
Theorem 1.2, produces a sequence with asymptotically optimal energy. The super-
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position is carefully chosen so as to leave a remaining mass with good properties
for the subsequent construction.

The remaining mass is used to correct the marginals (see Sect. 5) with asymptot-
ically vanishing cost (see Sect. 6). In the literature general methods for re-instating
the marginals have been proposed, but they usually miss the correct order of mag-
nitude for the kinetic energy or the potential energy: the only construction that
controls in a fine way both of them has been proposed by [1], and then used then by
[25] to retrieve in fact an upper bound with the correct order of magnitude. How-
ever the problem of this approximation is that it does not catch the correct local
behavior because it is a superposition of gaussians with a fixed variance throughout
the space. The latter issue motivates our choice of applying the deconvolution pro-
cedure in an unconventional way, namely only to the remaining mass, to connect
the remaining marginals. Here we use the construction by Bindini in [1] since we
are not interested in the sharp local energy but only the correct order of magnitude:
in this way we have better control on the kinetic energy, which is bounded by the
kinetic energy of the remaining marginals. This construction is presented in Sect.
5, where we show that this deconvolution procedure does not degrade too much
the energy estimates. In particular, we estimate the potential energy energy of the
deconvolved plan in terms the potential energy of the original plan connecting the
remaining marginals up to the correct order in ¢. This section unveals the most
delicate issue of the paper, needed to meet the assumption of the deconvolution. In
Sect. 6 we prove that there exists 7y such that [ 'V dy = o(/e).

This last estimate of the potential energy means that the remaining marginals
po— ,051 and p— ,052 can be connected by a plan which is concentrated near {V = 0} =
graph T'. To prove it, we show that Ty (o — ,ogl) is close to p — pg in the Wasserstein
sense. The marginals are obtained by convolution with very anisotropic kernels with
size ¢1/4 by B1/2, which is much larger. A naive argument about balance of mass
can show that the Wasserstein distance is at most 172 but this is not sufficient. To
show the desired estimate, we therefore need to employ a delicate analysis based
on the Benamou-Brenier estimate of the transport cost, the linearization of the map
T and a technical Proposition 6.3 to take advantage of the special structure of the
projections of our truncated Gaussian kernels, introduced in Sect. 3.

2. I'-limit of the unconstrained problem

In this section we prove Theorem 1.2. The strategy is to prove that for a finite
energy sequence, the measure |/¢|> dx will concentrate around {V = 0}, and here
the potential term can be well approximated by its second order Taylor expansion.
More precisely, at each minimum point V will have some degenerate directions,
and some other nondegenerate directions along which it is bounded from below by
a suitable quadratic form.

We can thus look at the linearized problem: using the explicit solution (a gaus-
sian with known variance) when V is a positive definite quadratic form, we estimate
locally from below the energy around minimal points (Lemma 2.1), proving in par-
ticular Theorem 1.2(a) for V' a nondegenerate quadratic potential. In Lemma 2.2
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for any semidefinite quadratic form we build a sequence that attains the minimum
energy in the limit, while concentrating the mass at a point. This proves Theo-
rem 1.2(b) for y = §p and the construction is inspired by the equality cases in
Lemma 2.1, but needs to deal with the possible degeneracy of V at 0 and with a
localization, since we have no information on the potential outside the origin.

Lemma 2.1. Let A be a positive definite symmetric matrix such that A\ld < A <
Ald for some A > A > 0. Whenever B, (0) C Q C R", there exist a constant C
depending only on A and r, such that if \J& < A*r*/nA, we have

2 2012 tr(A)«/E/ 2 1
fg(sww + | Ax Py >dx2—1+c¢z WP weH'@. @D

Moreover, if 2 = R" we can take C = 0 in the previous formula and equality holds
if and only if Y is a multiple ofe—xtAx/%/g.

Proof. First let us prove that we can take C = 0 if Q = R”". In fact, for every
Y € C° we can define g(x) = W(x)exle/z. Then we have

Yy = )Vge—fox/z _ gmce—fox/z)2
= (V&P —V(g)) - Ax + g Ax) 4%,
Integrating this identity R” and then using the integration by parts formula we get
/ VY| dx = / |Vg|2e ™ A% gx +/ |Ax|2g2e 'A% gx
Rn R)l Rﬂ
+/ g2V - (Axe ™' 4Y) dx
> / |Ax|2gzefxrAx dx —l—tr(A)/ gzefxtAx dx
Rﬂ n
—2f |Ax|2g2e 'A% gx

= —/ |Ax 2|y | dx + tr(A),

where we used that |Vg|? is nonnegative and that gze_"tAx = |y|%. Using this
inequality with A/,/¢ and using the density of CS° in HO1 (R") we have that

/(s|vw|2+|Ax|2|w|2)dxzrr(A)JE/ WIPdx vy e H'R"; (22)
R” R”

moreover we can have equality in (2.2) using g = C,. In particular the previous

. t . o« . . .
computation shows that ., = C.e™ Ax/2/% i the minimizer for Eﬁin (here C; is
the normalization constant such that f W2 = 1.1

! This is a standard fact about the ground state energy of an n-dimensional harmonic oscil-
lator: in fact the ground state energy of the 1-dimensional harmonic oscillator Hamiltonian
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In the general case let us consider the cut off function f,(x) = min{1, (% —

2)+}. We have that |V f,.| < %XBZr\Br and f, = 1 on B, while f, =0on Bj,..In
particular, for every function ¥ € H'(Q), we have f, ¢ € HO1 (R™). However, we
can then apply (2.2) in order to obtain

(v eumP 1asPivR ) ax = Ve [ Wiz @y
Now, by Young’s inequality, we have that, for every § < 1,

VWP = VU P2+ VAP +2V - Vg
<A+ OIVY P24+ 0+ HVLEP v (2.4)

Notice also that, since |Ax|2 > )lel2 > 222 if |x| > r, we have

vl =2 s < 2 A @5)
Sr2 MUEATT = sp2 Z2p27
moreover we also have that
2 5. _ nA|Ax|? 2
tr(A)(1 — f7) < nAxp,\5,(1 = f7) = W(l - (2.6)

Now, starting from Equation (2.3) and then adding the term /e tr(A) fQ (1 —
frz) on both sides, we can use (2.6), (2.4) and (2.5) to obtain

/8(1+8)|vw|2f,2+<f,2 A{(l A+
Q

> ﬁtr(A)/ [y dx;
Q

= W)m Pyl dx

In particular, as long as 72A% > nA /s we have fr2 "A“[(l - f, ) < 1 and then
V2e

we optimize in 8, choosing § = 7=

(1 + Jz—%) -/(e|vw|2+ |Ax|2|w|2) dx > ﬁtr(A)/ ¥I” dx,
reA Q Q

, getting

which is precisely (2.1), with C = ‘é; O
Lemma 2.2. Let us consider a continuous potential V- > 0 such that V (0) = 0 and
V is twice differentiable in 0. Then there exist a sequence V. such that |y;|> — 8o

and

\V/ 2
limsup/ (sl/zﬂ +8*1/2V(x)|%|2> dx <
R4 2

e—0

r (\/ D2V(0)> X))

N =

2
h; = —83)% + (ajx;)? is /€a; and the corresponding wave function is v; = e—2aixy/2VE)
After an orthonormal change of variables, any quadratic potential is equivalent to the n-
dimensional Hamiltonian ) ; h;, which has ground state energy /¢ Y ; ¢; and ground state
Qivi.
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Proof. First, for a positive definite symmetric matrix A, let us consider consider

the function
xlAx
fo = (ezﬁ —eN> )
+

Then, letting Q. = {f: # 0} = {x’ Ax < 2N./¢}, we claim that

Jga €IV fol? + |Ax | fo|? dx
Jga | fol? dx

for some universal function #(N) such that A/(N) — 1 as N — oo. We postpone
to the end the proof of the claim.

Now, since V has an absolute minimum at x = 0 we have that D2V (0) is a
positive semidefinite symmetric matrix .

Since V is twice differentiable at 0, for n > 0 there exists an increasing con-
tinuous function §(n) > 0 with §(n) — 0 for n — 0 such that

= Jetr(A) - h(N) (2.8)

2V(x) < x' D>V (0)x + nlx|* < (A + /ld)x|> V¥x € B, (0).
Ji

Since the function oz

is continuous and strictly increasing, for every ¢ suffi-

N0

Tozn Now, let
A =/D?V(0)+ /nld, N = —logn and ¥, = f./,/ [ | fe|>. With this choice of
parameters, we get Q. C Bs(0) (using that A > ,/nld). Since v, is also normal-
ized, we get that || — 80. Moreover 2V (x) < |Ax|? in €, and hence, we can
say that

ciently small there exists a unique n = 7n(¢) such that /e =

\v/ 2
[ (PRSP v o) dx

1 2 2 2
< m/w(sww + 1Ax e l?) dx
%tr(A) - h(—logn)
% (tr(\/DZV(O)) +d. ﬁ) - h(=1logn).

Letting ¢ — 0, hence n(e) — 0, we deduce (2.7).
‘We now prove the claim (2.8). First of all,

xlAx

1 _xlAx
IV fel? = E|Ax|2e Ve X

Xl Ax Xl Ax

el = xa.(e” V7 —2¢ 2 eV 72,
We make the change of variable z = ‘f—gx which maps €2;) in B ;55(0) = B. We

obtain
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det VA

e1/2

2
= / Vel Az - (2(3_|Z|2 — Ze_LTl_N +eNydz
B

tr(A 2%
= e r(d )/ 2P — 27N 4 ey g,
B

eV fol® + |Ax|?| £l dx

where in the second step we used that in z'Az = }~, ; A;;z;z; every term with
i # j integrates to 0 (when multiplied by the function in brackets) because the
function is antisymmetric and every term ziz gives the same integral as |z|>/d by
symmetry. Performing a similar calculation for [ | f, |2, we find that

Jo, eV fel? + HAXPIfPdx  r(A) [22Qe —2e” TN +eNydz.
. -
Jo, el dx d [ple=% —2e~ 5 N 42Ny dz

Since [ 2220 d; = d [pa e it is easy to see that h(N) :=

2
20267 2" T N 1 Wy dy |
Jpz e ¢ te ) * is such that A(N) — 1 as N — oo. O

2
d[p (=P —2e" T N ye2N)y g,

Proof of Theorem 1.2. Starting from point (a) first of all we have that |1/ |> —
for some y € M (R") with y(R?) < 1. Then, assuming liminf,_, o E;(¥¢) =
C < o0, we have that for every § > 0, as {V > §} is an open set

<

(V> 8)) < nmigff el?

{V>5}

<11?1)1ng «/_/ 4ONA
< lim —C =0.
e—>09

By the arbitrariness of § we conclude that y ({V > 0}) = 0.

Now we define the energy density pu, = (sl/zw + 5_1/2V(x)|1ﬂ5|2) £,
by hypotesis we know that the sequence i, is uniformly bounded and in particular,
up to subsequences, there exists a weak limit 1. By the semicontinuity of the mass,
it will be sufficient to prove that the Radon-Nikodym derivative of u with respect
to y is greater or equal than % tr(v/ D?V). In particular, using a result by [34] (see
Theorem 5.3 and Theorem 5.7 in [4] for a clearer explanation) we have that

— lim n(Cyr)
( ) r—>0 ]/(Cr)

where C, are cylinders centered in vy, that is a set of the form BX (x0) x B, Y (y9) for
an orthogonal splitting R? = X x ¥ and vy = (xo, yo). Itis cru01al to notice that any
such cylinder is convex and B, (vg) € C, C Bfr(vo). in particular C, € Yf(vo)
in the notation of [4].
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Thus we are done if for every vg € {V =0} andevery 0 <6 < 1,forr > 0
small enough there is an open cylinder C, such that

v 2
1/2% + e—l/ZV(stde}

2.9)
JT=3
> tr(x/DQV(vo))y(C,). (2.10)

w(C,) > liminf e (C,) = liminf {f £
e—0 e—0 C,

In order to do this let us suppose that D>V # 0, otherwise the statement is trivial.
In that case, denote A = 1/ D2V (vg) and make an orthonormal change of coor-
dinates such that D>V (vp) becomes diagonal with the eigenvalues in decreasing
order. Then, letting n = tk(D?V (vo)) we consider X the span of the first n eigen-
vectors and Y the remaining ones. In particular we have cId < D?V (vp)|x < CId
for some C > ¢ > 0 (depending on vp) and D?*V|y = 0. Moreover, we
have that Vx V(xp, yo) = 0 and VxVxV(xg, yo) = DZV(v0)|X is invertible,
therefore by the implicit function theorem there exists » > 0 and a C! function
m : By (yo) — B} (xo) such that VxV (m(y), y) = 0 for every y € B} (). The
gradient of the implicit function is

Vym(y) = —(Vxx V(m(y), y)) "' Vxy V(m(y), y),

which vanishes for y = yg since Vxy V (vg) = 0. Therefore, up to possibly reducing
r, we have that |m(y) — xo| < 8|y — yol| for every y € B} (o). By the continuity
of D?V, up to reducing r a second time, we have also D>V (x, y)|x > (1 —
8)D?V (xo, yo)|x forevery (x, y) € B} (xo) X BY (y0). Therefore, forevery (x, y) €
B} (x0) x B} (y0), we consider the second order Taylor expansion of V at (y, m(y))
(recall that V > 0 and that Vx V vanishes at this point) to find that

1
Vix,y) =

-4 T 2 1-46 2
x =m(y)" DV (@wo)lx(x —m(y)) = ——|Ax —m)I,

where we denoted that Ax = A(x, 0); since A is non degenerate only in the x
directions in particular, we have |Ax| > c|x| for some ¢ > 0 and tr,(A) = tr(A).
Since B;‘(l 5)(m(y)) C Bj(xp), we can use Lemma 2.1 in order to say that
there exists a constant C such that, for every y € B} (yo),

IV ¥e (x, y)I?
/ a%wa,ynwsu,yn%
B (x0)

1 2 20, 2
> 5/ elVitel” + (1 = O)IA(x —m(y)|"|e|"dx
B (x0)

V1 =46 tr(A)

e (x, y)|* dx.
1+Ce 2 B (x0) ¢

> el

Integrating with respect to y and then passing to the limit as ¢ — 0 we obtain (2.9).
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In order to prove part (b) we use Lemma 2.2 in case ¥ = §,, and in the rest of
the cases we argue by convexity: let us consider ¥ (x) 1= ¥ (x — v) a recovery
sequence for 8, and let us define f = |} |2. We notice that

1 IVyr|? 5 1 IV 22
ﬁRd(g S+ VOlYL ) dx fRd( S

denoting by H,(f?) the functional in the right-hand side, we observe that H; is
convex. Let us consider moreover the set V, C {V = 0} defined as

Ve = {v e{V=0}: H(f) < %tr(\/DZV(v)>+l}.

L V) f;) dx

By construction we have that lim sup, H.(f;) < % tr(v D2V(v)) for every v; in
particular this implies that yy, — x{v—o) pointwise.

Now given a measure y € P(RY) with y(RY) supported in {V = 0}, by
dominated convergence we get y(V,) — 1. In particular for ¢ sufficiently small
y(Ve) > % and for such ¢ we define the functions

) = / £ dy.

(Ve
Consider now ¥, (x) = +/ fgy (x). By construction we have f |w,3|2 = 1; moreover,
by testing with a continuous function we see that |1/,|> — y and thanks to the
convexity of H, we get that

lim sup E. () = limsup H.(f})) < limsup / H.(f))dy
e—0 e—0 e—0 (Vs
. XV,
= lim su f E.(y))dy.
eor Jaa y (v A

Now let us consider the functions g, (v) = );V(e‘f:)) Ec(y)and g(v) = tr(y/ D2V (v));

if g is not y-integrable there is nothing to prove; so we can assume g € L' (y). By
the definition of V, for ¢ sufficiently small we have that

1Oy < (VDY W) + 1

y(Ve)

and we notice that the right-hand side is y -integrable, otherwise there is nothing to
prove. By Fatou’s lemma, using also that y (Ve) — 1, xy, — 1, we have

lim sup E¢(¥¢) < lim sup/ AVe E.(y))dy
£—0 e—0 Jrd Y (Ve)

/Rd lim sup 7 U B2 () dy

1/ tr(v D2V) dy.
2 R4

IA

IA
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3. Rectangular truncation of Gaussians

As described in the introduction, Gaussian densities are asymptotically optimal
for the energy of a single delta, therefore, to approach the general case, it is natural
to construct a recovery sequence which is a superposition of Gaussian kernels.
However, since we do not have global estimates on the potential V, only short-
range interactions can be allowed, hence we need the kernels to have compact
support. To achieve this, we truncate the densities with a slowly growing parameter
N. The construction we present in Sect. 4.3 of the recovery sequence for Theorem
1.3 is then given by a convolution of x-dependent suitably rescaled and truncated
Gaussian-like kernels, whose major axis is parallel at each point to graph 7.

The requirements discussed above leads us to introduce some kernels which
resemble Gaussian densities but have compact support, built in a suitable way that
guarantees good properties for both the kinetic and potential energy.

Let M be a positive definite symmetric 2 x 2 matrix with eigenvaluesa > b > 0
and let w and z be the orthonormal coordinates in the direction of the corresponding
eigenvectors. For N € R we define the unnormalized Gaussian and unnormalized
truncated Gaussian

~ _ T 2 32
1—~1V1’00(x):exMx:eawebz7

Fae) = (e 02— NRY? (o022 oY’

+ +

In the definition of these truncated kernels, we adopt a rectangular truncation,
which leads to kernels of product form; we call it rectangular because the support
of the truncated Gaussian is a tilted rectangle, aligned with the eigenvectors of the
matrix. This structure is crucial to do the computations in Sect. 6.1. Moreover, in-
stead of the obvious truncation, we have to truncate the square root of the Gaussian,
and then put a square outside, to guarantee the finiteness of the kinetic energy.

In the proof of the main theorem we will apply the results of this section to the
matrix

A) T

MZMS’ﬂ(x):ng_FE

)

where A(x) = ,/V2V(x, T(x)), hence a = q(x)/e"/?> + 1/ and b = 1/B, with
¢g(x) being the non-zero eigenvalue of A(x). The parameter 8 > ¢!/2 is required
to ensure that the resulting Gaussian has compact support, since VZV(x, T(x))
is a singular matrix, hence the natural choice of M = A(x)/e!/? wouldn’t work
properly. We will discuss more about 8 when we present all the parameters in Sect.
4.2.

Define now the one dimensional integrals

2 JT
G = / e ¥ dr = X2,
,00 e \/&

VNTa
Gan = / (7 - e_N/2>2 dr =/ ) (e - e_N/2)2dt,
R + —J/Nja
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and the integrals of the two dimensional densities

T

/det M '

GM.oo = f i Th.00(x)dx = G4.00Gpoo =
R

Gu.n = /2 Tyn)dx = GunGp .
R

‘We can now introduce the normalized Gaussian and truncated Gaussian, which are
probability densities, given by
FMN(x)er’—N(x), N e RU {oo)}. (3.1)
' Gm.N
Finally, let nas, o and 1y, n be the first marginal of I'jys o and I' sy, respectively.
We present here two lemmas, but we postpone their proof to Sect. 7.

Lemma 3.1. With the definition above, there exists a constant C > 0 such that, for
every N > 3, we have

GuN <Guoo<Gun~+Ce V2Gy o, (3.2)
ITM,N — Titoollos < CV/det Me™V/2, (3.3)
ITs.N — Caioolll < CNe™N/2, (3.4)
Inm.N — m.oollos < Cav/Ne M2, (3.5)

Let us now compute the kinetic and potential energies of a Gaussian. In analogy
with (1.9) we define the kinetic energy of a plan I" € P (R?) as

1 2 VI (x)[?
KE(T) = -/ ‘v,/r(x)‘ dx =/ VTR, (3.6)
2 Jr2 r2 8I'(x)
A direct computation shows that, if Be,, = fe,, and Be, = ge., then

Jab

b
/ |Bx|*Tp1. 00 (x)dx =/ (F2w? + g2 Y2 pmaw’ =02 gy
R2 R2 T

1 2 2
)
2\ a b
Therefore, using \V,/FM’OO|2 = % |V[log 1"M,Oo]|2 I'oo = |Mx|2FM,oo(x) and
the previous identity with B = M we get

1 5 tr M
KE(T'y,00) = 3 IR{2|Mx| M oo(x)dx = = 3.7

The following lemma compares the potential energy associated to the quadratic
potential induced by the matrix M and the kinetic energy of the Gaussian I'y/ o
and the truncated Gaussian I"y x.

Lemma 3.2. There is a universal constant C > 0 such that
/ |Mx]* T, v (%) = Tt 00 (x)|dx < Ctr(M)Ne V2, (3.8)
]RZ

IKE(I'y,n) — KE(Ta,00)| < CKE(Tpy,00)e™ V2 = Cir(M)e /2.
3.9)
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4. Construction of the recovery sequence

4.1. Structure of optimal plans, maps and potentials in one dimension

In this section we comment on the assumption on the boundedness of the second
derivative of the Kantorovich potential # in Theorem 1.3 and we provide a class
of p for which this assumption is satisfied and the main Theorem 1.3 is applica-
ble: we will use the structural results for the 1D Coulomb multimarginal optimal
transport problem contained in [9], which allows us to transfer the regularity of p
to information on V and the optimal maps.

Let p € CIIOC(R) be a strictly positive probability density. Without loss of
generality, by translating we may assume that the origin O is the median of the
probability p, i.e. p((—o0, 0]) = p([0, 00)) = 1/2. By the resultin [9], the unique
optimal plan is induced by a map T from p to itself which can be written explicitly
in terms of the repartition function of p, which is C? with strictly positive first
derivative. As a consequence, we have that T € C 2R\ {O)), T is increasing in R_
and Ry, T(R_) =R, T(R4) =R_ and

Iim T(x)=0, Ilm T(x)=o00, lim T(x)= —o0, lim T(x)=0.
X—>—00 x—0~ x—07t x——+00

The Kantorovich potential # : R — R satisfies by definition u(x) + u(y) <
|x —y|~! with equality if and only if y = T (x); hence, using the first order condition
of the maximality of u(x) +u(y) — 1/|x — y| at points (x, y) = (x, T (x)), we get

sign(x — T(x i
 sign( (2)) _ sign@) . VxeR\(0) @n
(T(x) — x) (T(x) — x)

therefore u is determined up to a constant. Let V be as in (1.3), whichind = 1 and
N = 2 reads as

u'(x) =

Vix,y) =|x — y|_1 —u(x) —u(y) forx,yeR. 4.2)

Assuming that x < 0 and y > 0O (the other case is analogous), we can compute the
gradient of the potential

1 /

—u'(x)
Yoy = 0 )
_(y_x)z —u ()’)

notice that VV(x, T(x)) = 0. Differentiating again, we get the Hessian

2 _ 2 1 -1 u’(x) 0
ViV(x,y) = O —xp (_1 | ) - < 0 u”(y)) : (4.3)

In the proof of Theorem 1.3 we are interested in its behavior in a neighborhood of
the graph of T, i.e. when y = T (x).

The aim of the next lemma is twofold: first, we provide an assumption on the
tails of p which is sufficient to obtain boundedness of the second derivatives of u.
Second, we show how the assumption on the boundedness of u” will be used in
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the rest of the paper: through the computation of the Hessian of V, it will provide
a sufficient condition to control the growth of V with a (uniform) parabola around
the graph of 7. We expect Theorem 1.3 to hold even without the uniform growth
condition (4.4) below, but at the price of several technical complications that we
don’t address here.

Lemma 4.1. Let p € ClloC (R) be a strictly positive probability density, let u be its
Kantorovich potential and let V as in (4.2).

(i) If u” € L (R), then there exists &y, C > 0 such that

2
V(x,y) < Cd((x, ), graph(T))”  V(x,y) s.t.d((x, y), graph(T)) < &o;
4.4
(ii) if p satisfies also (1.10), then u” € L®(R) and V>V is locally Lipschitz in a
neighborhood of graph(T).

Proof. Since p € L'(R), there exists § > 0 such that every interval / of length
< 8 has [, p(x)dx < 1/2. Since fxT(x),o(x’) dx’ = 1/2 for every x < 0 and
f;(x) p(x")dx" = 1/2 for every x > 0, we obtain that |7 (x) — x| > §, namely
that graph(T') has positive distance from the diagonal. The hessian of V is given
by (4.3) and,

in a neighborhood of graph(T'), the first term is bounded because we are far
from the diagonal y = x, whereas the second term is bounded everywhere since we
have proved that u” € L°°(R). This implies that V has controlled quadratic growth
in a neighborhood of graph(7"), namely that V (x, y) < Cd((x, y), graph(T))2 in
R?\ {|x — y| < & for any ¢ > 0. The size ¢ of the neighborhood only depends on
p (and in particular on the positive distance between the graph of the optimal map
T and the diagonal {x = y}). This establishes (i).

Let us now prove (ii). From the formula (4.1) and the factthat T € C lloc R\ {0}
we deduce that u € CIZOC(R \ {0}). We need to check that u”(x) stays bounded as
x — 0% and x — +o00. For x < 0, we have that

oy = L 1 _5 1 B T (x)
dx (T(x) — x)2 (T(x) — x)3 (T(x) — x)3'

In both cases when x — —oo or x — 07, the first fraction goes to 0, therefore
u” (x) has the same asymptotic behavior as 7/(x)/ (T(x) — x)3, let it be having
a limit, being bounded or diverging. By the change of variable formula, we have
moreover that

T'(x) p(x)

(T —x)°  (T) —x)p(Tx)

so our goal is to show that this fraction stays bounded as x — —ocoorx — 0.
The quantity is clearly non-negative, so we need to prove that the lim sup is finite.
It is immediately appearent that
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lim sup & = lim sup L = lim sup r©
—0- (Tx)—x)’  xo0- T(TM)  y=oe ¥p()
p(0)

== <X
liminf y3p(y)
y—00

because of (1.10). Let us now turn to studying the limit for x — —o0. Since
T(x) — 0% for x - —o0, we have
T'(x) p(x) p(x)

limsup ———— =limsup ———— =limsup —— < o0,
x—>—o£) (T(x) —x)3 x—)—og —)C3,O(T(X)) x—)—og —x3,0(0)

because p € L*(R).

Exactly the same can be said for x — 01 and x — o0, and therefore we have
that u € C*(R) and u” € L®(R).

Notice moreover that by (4.1) and the fact that 7 € C 2(]R \ {0}) it follows that
u € C3(R\ {0}). Hence, denoting D C R? the diagonal, by (4.3) we have that vy
is locally Lipschitz in (R \ {012\ D, which is a neighborhood of graph(7T). |

Observe that (1.10) and KE(p) < oo are simultaneously satisfied if

llillninf Ix|*F1p'(x) >0 and  limsup [x[#*1p/(x) < 00
X|—> 00

|x|—o00

fora, B € (1,3)withl < 8 <a <28+ 1.

4.2. Choice of the parameters

The construction of y, depends on the choice of many parameters. Here we
introduce them and specify which inequalities between them are necessary for the
construction. First of all, we fix a parameter H > 1. All the constructions in the
following sections depend on H, which is considered as a fixed parameter, but to
ease the notation we don’t always make this dependence explicit. This parameter H
will play a role in the proof of Theorem 1.3 where we then use a diagonal argument
to extract a recovery sequence.

Our construction relies on several structural assumptions. First of all, we need
to split the mass in two components: the main part, where most of the energy comes
from, and a remaining mass, used to fix the marginals of the recovery sequence.
In order to do so, we need to lower the mass p by some constant, and for this
reason we have to restrict ourselves to the bulk of the mass and avoid the tails at
F00. Moreover, in order to be able to estimate the potential energy, we require
a linearization of the map T (for the application of Proposition 6.3), whose error
depends on T". Again for the application of Proposition 6.3, we want the slope of
the linearized map to be far from 0 and oco. Since T has asymptotes at 00 and
0, we want then to work in a domain that stays away from those regions. Finally,
we need a control on the eigenvalue of V>V evaluated on graph 7', as this will
determine the width of the Gaussians used in the construction.
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All these reasons motivate the introduction of a set where we have good es-
timates of the objects intervening in the construction. The invariant domain that
we will use is the following. Given H > 0 such that p([H , oo)) < 1/4, define
0 < ryg < H such that ,o([O, rH]) = p([H, oo)) and consider the set

Qu =T (rn), T(H)U[ry, H] 4.5)
and the enlarged set
Qy =I[Trus+1), T(H+DIU[rgs1, H+ 1] D Qp. (4.6)

Wehavethat T (Qy) = T~ (Qy) = Qp and Qp /" R\{0}, hence foq p(x)dx —
0. Moreover p(Qp N (=00, 0]) = p(2x N ([0, 00)) and similarly for Q.

Let g(x) = A1 (V?V(x, T (x))) the positive eigenvalue. Notice that ¢ (x) > 0
because, as already mentioned, from (4.3) follows that V2V cannot be the zero
matrix. Moreover, g is a continuous function because the roots of a polynomial are
continuous with respect to the coefficients.

As mentioned above, we want a control on some crucial quantities that influence
the estimates of our construction. We therefore introduce the constant

L=L(H)= maX[Hﬂ”LO@(Q/Hy 11/pll oo,y 11/ T oo,y 1T llc2(e,):

lulic2yys glliLe@,)s 11/qliLe@y,)s

Lip (plgy, ) - Lip (4"lgy, )}
(4.7)

We now introduce the parameters on which our construction depends. They
all depend on ¢ > 0, the variable that indexes the sequence of energies and the
recovery sequence. First of all, we fix a parameter N = N(¢) — oo faster than
log ¢, which will be used to truncate the Gaussian-like kernels so that they have
compact support such that

N(e) = |loge|”/*; (4.8)

then a parameter 8 = () — 0 such that
2N « B« &3, (4.9)

used to desingularize the matrix v/ V2V (x, T (x)); then a parameter § = 8(¢) — 0
such that
(BN)'/? « 8 < e BNT33, (4.10)

which controls the resolution of the linearization of the map 7'; and finally a pa-
rameter T = 7(¢) — 0 such that

82 81/2N2 ,BBN ’362 |
/4 —_— - /27172 1/4
t>>81/4, T> 5 T> o172 >>81/2, > B/ENYE > e/ > B,

.11

which controls the amount of mass that we subtract from p in order to subdivide it
in main mass and remaining mass.
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In the following sections, we will write many of the estimates relying only on
these inequalities, so that their use will be easier in the future. Finally, we provide
a choice of the parameters that fulfills the previous inequalities:

N(e) = logeP’*, B(e) =e'?[log(e)’, 8(e) = e'/Blloge| ™",
7(e) = [loge|™!/3. (4.12)

4.3. Construction of y.

Let T be the optimal map between p and itself with respect to the Coulomb
cost, which induces the plan y. For every (x, T(x)) € R? on the graph of T, let us
consider the truncated Gaussian I'y, , ., n given by (3.1) with covariance matrix
M g(x) =+/ D2V (x, T(x))/e"/? +1d/B and truncated through N.

We subdivide Q2 into intervals Iil = [a;j, b;j] of length §/2 < b; —a; < 4. Let
Ts be the piecewise linear interpolation of 7 on the intervals / [.1 = [a;, b;], namely
a map that is affine in each Il.1 and which coincides with 7' at the boundary of each
interval. We define also 75 = T outside of Q2. With this definition, writing 7 (a;)
and T (b;) in terms of the Taylor expansion of T at x, we observe that

X —a b — x
[Ts(x) — T(x)] < T(a;) + Tb)—T(x)
i — aj b; — a;
< N7l @u8* < L8* (4.13)

for every x € Il.l and for every i. Let Il.2 = T(Il.l) = Tg(Iil). Fix also points x; € Iil
such that 77 (x;) = Ts/ (x;) that will be used to freeze the coefficients of the truncated
Gaussians. The existence of such a point is ensured by Lagrange Theorem.

For convenience, in the following we use the notation Fi[! N(x’ =Ty n@E —
Xx) to denote the Gaussian with covariance matrix M, truncated at level N, centered
atx.

Ideally, we would like to build a recovery sequence which is a superposition of
Gaussians on supp y = graph T as

r) = [ T on@ e = [ T (e,
R2 O R

Unfortunately, this plan has the wrong marginals, and there isn’t a simple way
to fix them without changing too much the energy. For instance one can notice
that the construction in [1] pays an excessive price in the deconvolution step (this
is analogous to applying Proposition 5.1 to the whole transport plan). We follow
therefore a different route.

The actual construction of the recovery sequence is more involved. We split the
total mass p in two components: a main portion of the mass and a remaining mass.
The main part is dealt with in this section by superposing some truncated Gaussian
kernels, whereas the remaining mass is used to bring back the marginals to what
they need to be (see Sect. 5) without disrupting the energy estimates (see Sect. 6).
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The main part of the recovery sequence is a suitable approximation of y,, which
is given by the plan
7o) =Y Feilx), (4.14)
i=1
where each piece is built by superposing along the graph of 75 Gaussians with
frozen covariance matrix M, g(x;) with x; € Iil, wheighing them with the density
p — T (which is positive in Q’H for 7, and hence ¢, sufficiently small):

Pei(x') = /1 TR @) — o)

1

= [ Thpeon (s = T — e 19
= (Id, Ts)#((p — T)lll.l) # U1, ) v (X).
We denote that two marginals by
pi = Projg7e.  p; = Projg Ve (4.16)

The next proposition collects the properties of . First, it shows that its marginals
are quantitatively below p, a property which crucially relies on the presence of t
in the definition of y, and on the regularity of p and V. Second, it proves that this
is still a recovery sequence (without prescribed marginals) as the one build in the
proof of Theorem 1.2 was.

Proposition 4.2. Under the same assumptions of Theorem 1.3, let y, be as defined
in (4.14), with y, constructed with parameter H. Then,

1
lim E:(\/7:) < -/ tr( V2V (x, T(x))) p(x)dx. “.17)
e—0 2 Qy
Moreover, there exists 0 < cy < 1 such that, for ¢ sufficiently small,
pi(x) < p(x) —cyt  fori=1,2andx € Qy, (4.18)
and '
(p— PR =1 - 7:(R?) = p(Q) + 7IQn|. (4.19)

Proof. We use here the notation introduced in Sects. 3 and 4.

Step 1: proof of (4.18). Let us deal first with the case of pel. First of all, notice
that supp p! C Q; and p > 7 on Q7.

We have that

Pl =Y ([0 = 1p] 0! )0, (4.20)

1

where ! = proj} 'y, s(x;).N - For every x there can be at most two non zero terms
contributing to the sum, because the convolutions kernels 77,~1 have support with
diameter diam (supp nil) <CB 17251/ 2, whereas two non-consecutive intervals are
further away than d(7_|, I, ) > C8 > B'/2N'/2, thanks to (4.10).
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If d(x, (1)¢) = CBY/>N'/2, there is actually only the i-th term in the sum.
Since the functions (o —7)1;1 and (o — 7) coincide in B(x, C,BI/ZNI/Z), when we

convolve them with nl.l they give the same value at x, and therefore we can compute
that

P = ([0 = 01T 0 )0 = (0 =%} ) )
= p() — T+ CLip (plgy, ) BY/2N'2.

Otherwise, let x be a point where the two non zero terms in the sum (4.20) are
i — 1 and i. Then, since the functions 1, ol and 1 coincide in B(x, CB'/?N1/?),
we have

ol = ([0 -0t T )@+ ([0 - 1]l ) o)
= ([ =01, upl=nl) @ + ([0 = D1 ]+ 61l = D))
= (G =nxnl) @+ ([0 =01 ]* @ =nlp) )
< p() = 7+ CLip (play, ) BN+ plloolin) = 0l
<p@x)—t+CLBY2NY?2 4 Cpye'48% 4 Ce™1/?Bs

because [0} —n/_ Il < ITwmpeon — Tepoannlli < Che /482
+ Cpe 1285 by Lemma 4.3 (with x| = x» = 0). Therefore (4.18) follows (with
any cy < 1) because, from (4.8)—(4.11), we have t > ¢~ '/288N > ¢ 1/?88,
> BY2N/2 and © > 717452

Let us now deal with the case of ,03. From the definitions (4.14)-(4.16), we
have

P2 = Y profg 7ei () = Y proii ({14, T)s((0 = 1) * Dat v ) )

= >~ (proi3ad. T)e((p = 1,1)) # (proid ",y ) )
=> ([TS#((P —DL)]* nf) () = Z([Ta#(p —Dlp]* nf)(y),

where 77,~2 = projﬁ FMM;,N- For y € Qy we have

[Tsu0(y) — oW = |Ts4p(y) — Tap ()| =

p(T7' ) p(T7' ) ‘
T(T; ') T(T'O))
_ (07 @) = p(T7 )
- T'(T-(y)
(1) |T5/(,T§_1,(1y)) — T/({*l(ym
Ta(Ts (Y))T/(T l(y))
< Lip(plg, )CSL + LLip(T'|g; YCSL? < Cps$,
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where we used (4.7) to bound the norms of p and T and the Lipschitz constants. In
particular, if y € I2, then Tsy(p — 1) (y) = Tsyp(y) — 7/ T'(x7) < p(y) + Crd —
/L.

We have, therefore, that

p(y) < Z([(p —t/L+Cpé)1p] * nf)(y).

We observe the similarity with (4.20), where p — 7, [ il and 71,-1 have been replaced by
p—1/L+Cqé, I,.2 and 17,.2 respectively. We have diam(ll.z) > CS§/L > BY2N1/?
and diam (supp niz) < CBY2N1/2 5o with the same argument as before we obtain

PZ(y) < p(y) — /L + C (8 + BN 4 671452 4 ¢71/25),

from which the thesis follows with any cy < 1/L(H) because 7 is asymptotically
larger than all the error terms.

Step 2: proof of (4.19).

Since Fz(é;,i}((;)f, 18 a probability measure, we have

ACSEDY /R /1 T v @) (o) = Tdx’
= Zfll(p(X) —1)dx = /Q (p(x) —D)dx = p(Qp) — 7IRH|,

from which
1— 7R =1 —[p(Qn) — t1IQull = p(Q5) + tIQul.

Step 3.
For every i and x € Il.l,
we claim the estimate

(x,T5(x)) (x,T(x))
Ee (V FMs.ﬂa(xi)aN) — E. (V FMs,ﬂ(X)W)

< Cr(e73/48% +e7188)(5* + &!/>N + BN&?) + Cye'?e™ N2 4 Cys.
4.21)
Notice that the right hand side of (4.21) goes to 0. In fact, thanks to (4.10) and
the fact that N — oo we have

BNS* < 8* < e'? « &'?N,
therefore, thanks to (4.8)—(4.10), the right hand side of (4.21) is less than

Cu(e3*8% + e7188)e' 2N + Cpe'?e N2 + Cys
< Cp(e V4% 4+ &7 12BN + Cye'?e N2 4 Cys
& Nlloge| ™2+ /ON2S 4o N2 45 « 1.
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We observe that by (4.13) the points x| = (x, T5(x)), x2 = (x, T(x)) € R?
and the symmetric matrices A} = /V2V (x;, T(x;)), A2 = /V?V (x2) which
generate M| = M, g(x;) and My = M, g(x) satisfy

Ix; —x2| < L8> and |A; — As| < Cysé. (4.22)

In fact, (xl-, T(x,-)) and (x, T(x)) belong to a region of graph(7) where V2V is
Lipschitz. As a consequence,

Ay T Ay 1 ~12 ~1/2
() en
(4.23)

As regards the potential energy, denoting by E the union of the supports of the
probability measures appearing in (4.21)

My — M| =

. Ty () (. T(x))
E = supp FAZ,;(;),N U supp thz,ﬁ();),N

we have

N (6, Ts(x)) ’ / N @ T (x)) 1 ’
/sz(x )FMg,ﬂ(x,-),N(x )dx' — /];QZ Vx )FMaﬁ(x)yN(x )dx

= () [

Observe that, by Lemma 4.3, we have

(4.24)

(x,T5(x)) l / (x,T(x)) / ’
Uty gy v (D" =T oy () | dx

/ 050 e =T 00 (| de’ < e 82 Cye 2. (4.25)

Me,ﬁ(x[)»N Me,ﬁ(x)aN

We claim that E is contained in a strip of size C(8% + ¢!/4N1/2 4 gl/2N1/25
Lip(T")) around the graph of the affine map which equals T in Il.1

E C S ={x e R* : d(x, graph(Ty)) < C(8* + &'/*N'/2 + BY2N/2s Lip(T"))}.

(4.26)
Indeed, by construction supp F](é;?&)))’ y 18 a rectangle centered on the graph of
Ts and with the longer side alignéd with the graph of Ts. Moreover, its width is
e!/4N1/2; hence the claim (4.26) is proved for the first rectangle in the definition

of E.
On the other side, we observe that the rectangle supp F](;;zgi)]v is centered in

the point (x, T (x)), whose distance from the graph of T} is estimated by || T"|| L0082
by (4.13); moreover, this rectangle is tilted with respect to the previous one pro-
portionally to |T’(x) — T§(x)| < §Lip(T’), which in turn gives a contribution of
BY2N1/28 Lip(T"). This proves (4.26).

Since for every x the point (x, 7(x)) and the point are at distance at most
(x, Ts(x)) |T” || 18> by (4.13), from (4.26) we deduce that S is contained in the
strip of width C(1 + ||T” || =) (8% 4+ ¢'/#*N1/2 4 g1/2N1/28) around the graph of
T. Hence, recalling that both V and VV vanish along the graph of 7', and more
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precisely recalling that V has uniform quadratic growth around the graph of T has
stated in we obtain that

supV < C(1 4 ||T" || ) (8% 4 e /AN2 4 g2 N125)2, 4.27)
E

Hence we deduce by (4.24), (4.25), and (4.27) that

/ V(x’)[‘l(‘z’i‘s((xxl_)))’ Vv @)dx' — / v<x/>r;;;;g;;? v (@)dx’

< Cy(e1/452 +8_1/2,33)(82 T el/AN12 +,31/2N1/28)2
< Cp(e V462 4 ¢717285)(5* + ¢'/>N + BN§?).

(4.28)

In view of (4.28), we deduce the corresponding statement to (4.21) for the potential
energy.
As regards the kinetic energy, defined by (3.6), we observe that it equals

KE(I‘X,I‘] N) — KE(ij;2 v) =KEI}) ) —KET}7 )

M, 00 M>,00
+ [KE(Ty ) — KET), )]
— [KE(T7, ) — KE(T)7 )]

The first difference is

tr My tr Mo q1 — q2 1)
X1 X2 _ —
KEMy, 00) = KEWp, 00) = =7 = == = T = o

M7, 00

because, by the variational characterization of the largest eigenvalue, we have

g1 = max vTAlv < max vTsz + max vT(A1 — A)v < q» 4+ Cgé.
lv|<1 vl lvl<1

Using (3.9) for the two terms in square brackets, we get

Cyé
12

Cyd
N2, CHd

< Cpge .
=LH 81/2

KE(y ) —KE(}2 ) < C(r My +1r My)e N2 4
Step 4. We conclude the proof. By convexity of the kinetic energy, since the
potential energy is linear and thanks to (4.21), with the remark following it, we

have that

lim sup E.(y/7:) < lim supZ/ E, < /FI(;;T;&)))’N> p(x)dx
£—0 e—0 i—1 IiI ”
< limsup/ E8< /rj‘;'Tg;)N)) p(x)dx.
e—0 Joy epLED

We now estimate the integrand in the right-hand side with tr (\/ V2V(x, T (x))) p(x)

up to small errors. To this end, we bound the kinetic energy by passing to the non-
truncated Gaussians with the estimate (3.9) and by the exact computation (3.7). We
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obtain

SI/ZKE ( F[(‘; 7/;((?3)]\/)> 1/2 KE ( /FMSM:;()C),N )
< e 2KE ((/Tut pior.o0) + Co 2 te(Me ()12
12

tr M, 1
= 51/2—8”3(x) +Ce™ N2 = —tr( V2V (x, T(X))> + 4oV,
4 4 28

In order to estimate the potential energy, we need to compare the V with its
second order Taylor expansion. Since V>V is locally Lipschitz in a neighborhood
of graph T, there is r > 0 such that for every x € suppy N Q%I and y € B,(0) we
have

1 ) 2 3 3 3
Vix+3) =5 VVV@s[ | < IV VIs - 1yP < Calyl,

where the L™ norm is taken in a neighborhood of size (8N)!'/? of supp y N Q%,
Then, thanks to (3.8)% and (3.7), and since |y| < (BN)/2for y € supp I'am, p(x), N
we have

8—1/2/V(y)F<M" v dy
—1/2
/ ‘ V2V(x, T(x)) y‘ UM, g, N (y)dy
+c,,g—1/2 / 9P, 0o (9)dy

—1/2
/ ‘ V2V (x, T (x)) y’ UM, (x).00(¥)dy

—|—Ca_1/2Ne N2 4 Ce 1232 N3

1
= ( V2V (x, T(x))) + Ce7V2Ne N2 4 Cpyem 2832 N3,

Overall, from the estimates in Step 4 we obtain that

ENE)s%[ tr (VVAV G T0) ) o)

Qy
12
+Cpy <8— +Ce ™ N2y cem PN N2 4 C 8_1/2/33/2N3/2
B )
which concludes the proof of (4.17) since by (4.8) and (4.9) we have

172
L Ce N2 L Ce PN 2N N2 Oy 2832 N3
B

1
<yt Ce N2 4 gl/ON3/Z 1,

2
2 When applying (3.8) to the integral of ‘\/ V2V (x) y‘ times the difference of the Gaus-
sians, we use the fact that the matrix v/ V2V (x) is bounded from above by el/2 M g(x).
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As a side note, it could be easily seen by means of the kind of computations
performed in this proof that (4.17) is actually an equality, but since we will not
need this in the sequel we do not pursue this matter here. O

Lemma 4.3. Let x1,x, € R? with lx1 —x2| < Co8% and let Ay, Ay be two
degenerate positive-semidefinite symmetric 2 x 2 matrices with |A;| < L and
|A1 — Az| < Cod; finally let M; = M, g(A;) = ;‘—/"2 + é Then there exists a
positive constant Cy only depending on H and Cy such that

I3 x = Db nli < Cue™ /%67 + Cye™'/2gs.
Observe that, under the assumptions (4.8)—(4.10), the right hand side goes to 0
when ¢ — 0.

Proof. Thanks to (3.4) we have

T3 v = Thi vl < T3 o = T2 ol + CNe N2,

My, 00

Notice that, by (4.8)—(4.10), Ne™N/2 « N2gl/* = ¢1/2N2e=1/* « BN 1/* «
827174 so we can forget about this error term because it is dominated by the right
hand side of the thesis.

We split the estimate into first changing only the center point, and then changing
the matrix. By the triangle inequality we have

I3 oo = Thn ool < 1T o = T3 ool #1757 o = T3 ol (4.29)

The first norm can be estimated in the following way. If @ and b are the eigen-
values of M|, we have VI, o (w, 2) = 2(aw, bz)TFMI,OO(w, ), therefore

2 2
IV a0l < Gofh oo /2(2a|w| +2b|z])e™ " 7P dwdz
IR

_ VA (2 2EY 2
== <ﬁ+ﬁ)—ﬁ(\/ﬁ+«/5)

< Cq) eV < cpe /A,

From this we get

I3 0 = T3 el = [ IFbos( %2 =510 = s (0)1dy
R

=/Rz

1
=< /Rz‘/(; |VFM1,oo(y+s(x2—xl))| . |x2_x1|dsdy

< C8||[VTp oollt < Cys2e™ /4,

1
/0 VI a0 (y +5(x2 — x1)) - (x2 — x1)ds|d

Let’s now turn to the second norm in (4.29). For ¢t € [0, 1], define the matrix
B, = M| + t(M, — My). Notice that

! 12
B, = Yl <A1+71+I(A2—A1)>
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and |[Ay — A| < 8 < £!/2/B, because B8 « e?/PTIBNT « &21/40 « £1/2 by
(4.9)—(4.10). Therefore we have that for ¢ small 1/2det M| < det B; < 2det M
and 1/2tr My < tr By < 2tr M. Moreover,

d . dB |tr(adj(B,)(M> — M)))|
— logdet B;| = tr | adj(B;)— || =
‘dt g et B ) r<a I8, )‘ det B,
|Bi| - My — M| g7!/2. 5712 B3
< < = _—
=Cn det B = 12T Helrn
and
d d [+/detB
_FB,,OO(x) — —te—xTB,x
dr dr T
_ 4 det B, e_xTB,x_xTﬁx«/detB,e_xTBrx
2w /det B; dt Vg
1/d
= 3 (a log det B,) I'g oo — xT(Mz — M)xI', oo
Therefore,

1 d
X X
ITS o =T = T o0 — Tappcll < / / ‘—ZFB,,oax)
0 R

d
1
d
ECH/ —logdetB,/ B, ,codxdt
o |dr R2 ’

1 J/det B
+/ |M> — M| ’/ lx2e=*" B¥dds
0 T R2

_c /35+ 8 /1 wB
TR T G2 | 2det B,
B 8 Bé

dxdr

<Cy

5. Deconvolution of plans

Let 0!, 0% € .#(R) with the same mass and [Ty € TI(c!, 0%) be a trans-
port plan. Fix a radial convolution kernel ® € C%°(R?; [0, 1]) with supp® C
B(0, 1). Define the rescaling O, (x) = 8_1/2®(8_1/4x) and the marginals 6(x) =
(proj# ®)(x), O.(x) = (proj}# O.)(x) = e Y49(¢71/4x). Define the convolved
plan

I, = Ip * O.

Let o/ = proji, T, = o' % 6, for i = 1,2, be the two marginals of the convolved
plan.
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We now define the deconvolved plan as introduced in [1, Theorem 6.3]:

Hs(x/s y/)dx/dy/

e, 3) = / o' (0)0: (x" — x) 02(y)6: (3 — )
I e T el o2(y)

- /RZ P(x,y,x', y)dx'dy'.

We verify that [T,dxdy € TI(c',0?). Indeed, for any integrable function F :
R? — R and for every x € R we perform this useful computation, integrating first
the variable y and then y’

/ F(x,x)P(x,y,x', y)dx'dy'dy
]R3

1 ’_ 20/
=/ Fa, xy T 000 — 2 o ()/,{Hg(x/,y’)dx’dy/ 5.1)
R? ol) g2y

Lol )0 (" —x) ,
= F(x, _— dx’.
/R (x,x") M gy dx

By taking the function F' = 1 this reads

/ L. (r, »)dy = o (x).
R

Analogously, one can show that the second marginal of IT, is o2. Moreover, I1,
is supported in a neighborhood of size £!/# of the support of IT, because, in the
definition of T, (x, y") is in the support of IT, and x’ — x is less than !/4.
Therefore,

I, is supported in a neighborhood of size 2674 of the support of ITg.  (5.2)

We claim in the next proposition that the operation of deconvolving a transport
plan Iy worsens its potential energy in a controlled way, namely proportionally to
the total mass of Iy, while on the other hand the kinetic energy of the deconvolution
is controlled only in terms of the kinetic energy of the marginals of ITp. The loss
in potential energy proportional to the mass of I1j is the reason why in the proof
of Theorem 1.3 we use this deconvolution procedure only on the remaining mass,
rather than on the full plan y,. Let us also point out that, in the proof of Theorem
1.3, [Ty will in turn be an e-dependent plan, built in Sect. 6 below. For this reason
we keep explicit all dependences on I in the next proposition.

Proposition 5.1. Let V be as in Theorem 1.3, H > 0 and Qp, Q’H be the sets
introduced in (4.5), (4.6). Let o', 02 € M4 (R) with the same mass, let Tly €
(o', 62), and let T1, be the plan introduced at the beginning of this section. Then
there exists a universal constant C > 0.

- C
KE(I1,) < KE(o!) + KE(6?) + —|Tpll1  foreverye > 0. 5.3)
&

NG
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Moreover, there exists a constant cy > 0 depending only on H such that if

d((x, y), graph(T)) < cHIQ/H (x)  forevery (x,y) € supp I, 54

then there exists a universal constant C > 0 and a constant Cy > 0 depending
only on H such that for ¢ sufficiently small

1
$R2

We notice that the dependence of the constants in (5.5) is of fundamental im-
portance: in particular the first term will go to O (at H fixed) by the particular choice
of I1p, while the second term will be estimated with (4.19) by the mass of p outside
Qpy (times the constant C independent of H); hence this will be small sending
H — oo uniformly in €.

. C
vdrl, < —H/ VdIly + C||TIoll;. (5.5)
\/E R2

Remark 5.2. Another estimate of the potential energy of the deconvolved plan in
terms of the original one was proposed by Lewin [25].

In our notations, tracing in his proof the dependence on || T1g||;, we would get
an estimate of the form

/(Ddlzlg—/ ® dIl
R2 R?

where the norms of V@ and D?*® are calculated in the neighbourhood of the graph
of T where Il is supported. Since I1, and Iy have the same marginals, we notice

that
/ lezlg—/ le'[():/ vfedﬁg—/ V,. dTp,
R2 R2 R2 R2

Applying the estimate above for ® = V,, and using that |x — y| > 1/2||p|ls0)
on the graph of T, we would get that for & small enough

/lezlg—/ V dTly
R2 R2

However, this estimate is not good enough for our application since the BV norm
of o1 does not go to 0 as ¢ — 0 (recall that o coincides with p in a neighborhood
of 0).

< ﬁ(||Vd>||oo / Vo] + ||Dzd>||oo||no||1) ,

< CVelpl3y/ 1Mol - (/ Vol + v/ ||1'Io||1> :

Proof. We have that

Vi/ I (x)

2 =2 o2
dx:/ 00T 4 13y L
R2 8I1,

- 1
KE(TT,) = 5 /R 2
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Let us deal with the first term; the second one is treated analogously. By Holder
inequality and since [, Pdx'dy’ = Il (x, y), we have

1 / 2 / 2
- 2 0 o )0 —x)\ 07O — y) N
Iaxné‘(xv Y)| - ‘,/];QZ ax ( O_Sl(x/) ) 0.82())/) HE(X Y )dx dy
3 / axal<x)+ax95<x/—x) Pl y.2y)dx'd |
TR\ ol Oc (x' — x) Ty YAy

2
. 3ol (x) 30: (X' — x)\ 2
e [ {( ) ()
P(x,y, X', y/)dx/dy/.

Then

3,11 2
/ |x~g(x,)’)| dxdy
rR2 8l (x,y)

(a0t )| (0 =)\ o o
_A4§|:< ol (x) > +(m> P(x,y,x', y)dxdydx'dy’.

Applying (5.1) with F(x, x’) given by the expression in square brackets above and
we find that

/ |9, ITe (x, y)I? / 1 (axalm)z (axegoc’—x))z
~—dxdy: - _— + - <
rR2 8l (x,y) R4 8 ol(x) O (x" — x)

x o1 (x)0, (x" — x)dx'dx

|30 (x)[? | 1,0, (2)|?
= —dx+ o —d
/R 801 (x) L A TRE I
= KE(01) + KE(6,)|[Tol|;.

The kinetic energy of the marginal of the rescaled convolution kernel scales as

1 2 9/ 2
E[ 8)(\/ GS(X)‘ dx = | S(X)| dx
R

R 80¢(x)

2

2/8_3/4|9/(y)| ¢!/4dy = ¢~ 12 KE(®),
R 80(y)

KE(@e)

and the kinetic energy of 0 is a universal constant since 6 is fixed. In conclusion,
putting everything together, we obtain (5.3).

Let co,z be any constant strictly less than the distance of graph 7' from the
diagonal {x = y}. For ¢ sufficiently small, supp I1; will be supported at positive
distance from the diagonal thanks to (5.2), as soon as the constant co appearing there
is less or equal than co, ;. By using the Taylor expansion of V centered at (x’, y’)
and the fact that thanks to Lemma 4.1 V2V is bounded by a universal constant C
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independent of H in the region of interest because we are far from the diagonal,
we have that

/ VdIl,
R2

< [ V60 =y = 5oy ey
[ TV =y = 5)0ur =y =T, )dxdy
+ /w Cllx =2+ 1y = y'1P)@ex — ', y = y)dTlo(x", y)dxdy
< [ vamoc [ (x =P+l =y B)orts =o',y =yl (v ¥ )drdy,
because the integral in the second line vanishes (it’s the integral of a linear function

in x, y with respect to a symmetric kernel). The terms involving |x — x’|*> and
|y — ¥/|? in the last integral can be both computed as

[y = POt =y = M+, ) dxdy
= /R 1y = Y0y = y)dTo(x', y)dy
= /R v =y (v = y)Hdydo? ()

= Cy/zllo2 |1 = CVellTols.

Therefore
/Vdns E/le—[o—i-Cx/gllHolll.

Using again the Taylor expansion of V centered at (x’, y’) we can proceed to
estimate that

fV(x,y)dﬁs(x,y) < /4 V', y)P(x, y,x', y)dxdydx'dy’
R
+ /4 vV, Y)Y (o= x y —y)P(x, y, ', y)dxdydx'dy’
R
+ [4 Clx =2+ 1y =y P)P(x, y, ¥, y)dxdydx'dy’.
R
(5.6)

By the definition of P and integrating first the variable x and secondly the variable
v, the first integral in the right-hand side is

e(x’, y)dydx'dy’

1o A ~2 ’_
/ V(x',y)Pdxdydx'dy’ = f Vx',y') %e (/X/{U ()0 = y) I1
R4 R PO

2
= f V) B (v dy = f vdrl,.
R4 (") R2
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Given x € Q) and y such that d((x, y), graphT) < co g, let (xo, yo) €
graph(T') be a projection, i.e. a point realising the minimum of the distance, and let
v = (x — xp, y — yo) be the difference vector and d = d((x, y), graph(T)) = |v|
the distance. By looking at the Taylor expansion of V at (xg, yo), recalling that
VV(x0, o) = 0, we have that

IV (x, y) — 0T V2V (x0, yo)v| < IV?V[leed® < Cpd®,

where the L norm is taken over the set of points (x, y) such thatx € €, and y such
thatd((x, y), graph T) < cg g. This L°° norm s in turn estimated by Cy thanks to
the explicit computation of the derivatives of V (see Lemma 4.1) and thanks to the
quantities that we have under control at H fixed in (4.7). The difference vector v is
orthogonal to graph(T') at (xg, yo), therefore it is in the direction of the eigenvector
of v/ V2V (x0, yo) associated to the non-zero eigenvalue ¢ (xo, yo). Therefore

1 2
V) 20" V2V G0, 30w = IVV ad® 2 628 = Cud® = 5 (ming) d?
y
assoonasd < %C;,l (minQ/H q)z. Therefore, for

1
d((x. ). graph(T)) < min {cor. 5" (min q)’} =:cr, (5.7)
H

we have

IVV @ P < VPV <20V VIR /g1 g,V (0 3) < CaV (@, y).

(5.8)

Using Cauchy-Schwarz, the second integral in (5.6) can be bounded by
/ vV, YY) (=X y = y)P(x, y,x, y)dxdydx'dy’

R4

< f (IVVE P+ (x =X+ 1y = Y1) P(x, y, ¥/, y)dxdydx'dy’.
R4

Using (5.8) in the point (x’y’), which for ¢ sufficiently small satisfies (5.7) thanks
to (5.4) and (5.2), the first term can be estimated as

/R JVVGEL PPy, x Y )drdydx'dy' = /R IVVGEL PTG, y)dx'dy
- /R IV PO~y — )y, y)dxdy
<2 fR VYV Y)PO &,y = )T, ¥ )dxdy
+2 /R IV y) — VG Y)POL G — .y — )T, y)dxdy

< 2/ IVV (', y)PdTo(x', y') + 2(Lip(VV))*
R2
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x / (Ix ="+ 1y = ¥ [))Os(x — x', y — y)do(x', y)dxdy
]R4
<Cu / VdTlo + C/Z ol
R

The third integral in (5.6) can be computed exploiting (5.1) with F (x, x") = |x—x' |2
to get

Ix — x'|>Pdxdydx’'dy’ = / Ix — x'|?0, (x" — x)o ' (x)dxdx’
R4 R2
= ||ol||1[é|z|265<z>dz = Cello' 1 = CVellolh
and analogously for the term with |y — y’|%. Putting the pieces together, we obtain

/Rz vdfl, < Cy /R VA, + C Ve Mol

6. Potential cost of the remaining mass and Kinetic energy of its marginals

In Sect. 4 we described how to build the main portion of the recovery sequence
Ve. As stated in (4.18)—(4.19), this procedure leaves out a small positive mass that
we still have to account for. The goal of this section is to build a transport plan for
the remaining mass which satisfies suitable energy bounds and allows to apply the
deconvolution procedure of Sect. 5, namely Proposition 5.1. To this end we need
to build a transport plan 7 € IT(p — ,081, 0 — ,052) with potential energy smaller
than /¢ and to have a suitable control on how the kinetic energy of its marginals
explodes in ¢. This is the content of the following proposition and this section is

dedicated to its proof.

Proposition 6.1. Let p € C'(R), y € I(p,p), u € W>*® and V(x,y) =
|x — y|_1 — u(x) — u(y) be as in Theorem 1.3. Let y; be the plan introduced
in (4.14) and (4.15) and let p} = proj} 7. and p? = proj3 y: be its two marginals
introducedin (4.16). Then for every ¢ > 0 and for some constant Cy > 1depending
only on H

i) (construction of a plan with or (\/€) potential energy) for every ¢ sufficiently
small there is w, € TI(p — ,og, p— ,082) such that

§* eN? ps?
/Vdnsscﬂ O ENT BT ©.1)

T Bt T

and

d((x, y), graph(T)) < clg}l (x)  forevery (x,y) € supp Ip; (6.2)
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ii) (bound on the kinetic energy of the marginals) we have
CH 1
KE(p = p}) + KE(o = p?) = = (KE() + 6.3)

Notice that the right hand side of (6.1) is o (¢'/2) and the right hand side of (6.3)
is o (e=2) as ¢ — 0 because of (4.9)-(4.11).

To build the plan ., we will first estimate the Wasserstein distance between two
suitable measures. We reduce to this estimate since an essential tool of its proof is
the Benamou-Brenier formulation of optimal transport, which is not available with
a general potential V. As a matter of fact fact, even a slightly more precise estimate
than the bound on the Wasserstein distance by o7 (¢'/?) is needed: namely, we
need a map with o7 (¢'/2) cost and with a control on the support. Since this second
condition is more technical and comes naturally from the proof of (6.4), the reader
may decide to skip it at a first reading and focus on (6.4).

Proposition 6.2. Let Q7 be the convex hull of Q). Under the same assumptions
as in Proposition 6.1, there exists a constant Cy depending only on H such that

§*  eN? ,382>

W3 (p—pZ,T3#<p—p;>) < cH(T ot (6.4)

Moreover, the optimal map S, between p — ,082 and Tsx(p — p;) satisfies a
pointwise bound

54 ,382 1/3
—) IQ/H(x) forae.x e R. (6.5)

ﬁtz +

In particular, the right-hand sides of (6.4) and (6.5) are oy (\/€) and Og (1)
respectively as soon as (4.9) and (4.11) are satisfied.

|Se(x) — x| < Cy (

We immediately show how Proposition 6.1(i) can be deduced from this estimate.

Proof of Proposition 6.1(i) from Proposition 6.2. Leto; = p — pg, o =p— ,03
and let Sy be the map given by Proposition 6.2 . Let then 7, = (Id, S; o Ts)#01 €
I1(o1, 02). We observe that (recalling that Ts maps ', in itself and coincides with
T outside, and that S, (x) = x outside /)

1Se (Ts5(x)) — T (x)| < [Se(T5(x)) — Ts(X)I +T5(x) — T (x)]
§* &N 82 (6.6)
<[en (5542522 4 1] o
Bt 72
and the right-hand side converges to 0 as ¢ — 0, therefore proving (6.2) for ¢
sufficiently small. Under the assumptions of Proposition 6.1 we have that (4.4) of

Lemma 4.1 holds, that is V(x, y) < CHd((x, y), graph(T))2 in a neighborhood
(independent of ¢) of graph(T'). For ¢ sufficiently small, the plan 7, is supported
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in a neighborhood of graph(7") which converges to 0 as ¢ — 0 thanks to (6.5), so
in particular the quadratic upper bound for V applies. Therefore,

[ vesan = [ vens o
< o [ 150500 = T30 = 70 + Ty Pden ()
H

<2Cy / IS(T5(x)) — Ts(x)[*doy (x) + 2CH|IT — Ts|1%
Q,

<2Cy / IS(x) — x|?d(T5401) (x) + 2Cy (L8*)?

QH

§*  eN? ps?
<Cu|l—4+—+—).

T Bt T

0

The estimate (6.4) relies on the particular structure that the marginals of the
convolved plan have in the model case when T is (locally) a linear map, which is
the main reason why we introduce 7 in the construction. We carry out this surprising
computation in Sect. 6.1 below. This computation could be interpreted by seeing the
convolutions with Gaussian measures as the action of the heat semigroup. However,
in our context the Gaussians need to be truncated to have a finite-range interaction,
since the control of the potential is only local around its O level set rather than
global, and hence this analogy remains only formal and we proceed in a different
way.

It can be seen that p and Ty p are very close in Wasserstein distance, as well as
/052 and Tg#,og. This sole property does not guarantee in general that they remain
close when we subtract each other, namely when we consider the measures p — pg
and Ts4(p — p)): for instance, when one considers the three measures v; = 1{9,11£,
V2 = l[o,141£ and vg = 1o, 11L, then W (vy, v2) = a but Wa(v) — v, v —vp) =
Ja > aasa — 0. However, in our particular situation we can control the distance
(6.4) via the Benamou-Brenier formula, since we can provide an interpolating
curve between p — pf and Tsu(p — ,061) which enjoys some extra properties. For
instance, we estimate how close the density of the interpolating curve is to that of
the endpoints, providing then a lower bound on this density along the entire curve.

The proof of Proposition 6.2 in Sect. 6.2 deals then with this Benamou-Brenier
estimate and combines it with a linearization argument, which allows to pass from
T to its piecewise linear approximation 75, and with a suitable control of the errors
generated at the interface between two consecutive intervals where T is linear. A
crucial ingredient of the proof is the particular way the two marginals of a truncated
Gaussian can be mapped one onto the other at a low cost, which is explained in
Sect. 6.1.

Finally, we dedicate Sect. 6.3 to the kinetic energy bounds of Proposition 6.1(ii).
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6.1. Marginals of kernels of product type along a linear map

In this section we study the properties of the marginals of the rectangularly
truncated Gaussian (3.1), which is a convolution kernel of product type

2
e ) (oo
+ . +

G

U, p.n(x) = = hlw)n2(z)

N

=

where M, g = A/e'/? 4 1/B as usual, g is the positive eigenvalue of A which is
assumed to lie in a certain interval [1/L, L], z is the coordinate in the direction of
ker(A) and w is the transversal coordinate. The change of variables is given by the
rotation

y —ax ay +x

\/1+a \/l—l—a

where (1,a) € ker(A), hence ker(A) = graph(ald + b), and 6 = arctan(a).
Observe that c; < 6 < /2 — ¢, for some constant ¢;, > 0 depending only on L.

In fact, for the computations of this section the precise form of hi does not play
arole: we only need & i and hg to be positive, symmetric L' functions supported in
an interval of length Cye'/*N'/2 and B!/2N'/? respectively, and with

(W,Z)ZR(X,y)=< ):(COS@y—sin@x,sin@y—i—cos@x).

BY2N0hE @) + BIZRZ(D) 1 < C. (6.7)

This property is satisfied by our kernel, since

2
h2)'(@) = 267" Lempe2 (e ﬂ”z—e*’m) :
N B +

2
20y ] —lzz/z[(_l Z_)(—lz2/2_ —N/2)
(he) (z)—2G%7Ne P ﬂ+/32 e P e .

2

Z
+E1[*\/WW/W] (Z):Is

from which

|z|

B2 )] + BIhD) ()] < 2G 7 12 e @)
: ) I=261 g2 B [-vAN.vEN]"

integrating this inequality and disregarding the last factor 1[ (z) we get
(6.7).
We adopt the following notation to denote rescaled functions by putting a sub-

script between curly braces
() = (x)
Py = —¢ | =
{¢} ¢ c

~VBN VBN |
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and we observe that [lg@yllpr = llelip, (f * @y = fio) * 8¢y and (ald +

b)gp(y) = piay(y — b).
Let n, = projy I'y, 4. v be the two marginals of the Gaussian, namely,

nhx) = / hlw)h?(z)dy = / hl(cos6y — sin6 x)h?(sin@ y + cos 6 x)dy,
R R

n2(y) = / hl(w)h2(z)dx = / hl(cos6 y — sin6 x)h2(sin 6 y 4 cos 0 x)dx,
R R

and 7j? = (ald)sn.. We claim that we can write them as a convolution of rescalings
of h} and h2, where the only difference between 12 and 7?2 lies in the parameter of
rescaling of the first function

n2(y) = (WD isin6 coto) * (h2)(sin 0}
72(y) = (WD) sinoans) * (h2)(sino).-
—x

sinf’
and using the fact that &} is symmetric,

which rewrites also as

Indeed, with the change of variable cos y —sin6 x =

dr
sinf cos 6’

sinf y+cosf x = 5 anddy =
we can compute

1 t—x 1 t
1 1 2
= h h dr
e () /]RsiHQ 8<sin9>cosé) 8(0059)

= / () (singy (x — 1) - () (cosoy (A = [(R) (sinoy * (hY)(cos6) | (X).
R
(6.8)
In a similar fashion, with another substitution cosf y — sinf x = ——, which

cosf?
implies sin@ y + cos 6 x = % and dx = we find that

dr
sin 6 cos 6’
0z (y) =/RFMS,ﬁ,N(x,y)dx =/Rhi(w)h§(1)dx

1 t 1 —t
=/ h! — 2 (1) ar
R cos@ cosf / sinf sin 6

= /}R (hD)(cos0) (1) - (W) (sinoy (v — YAt = [(hD) (cosy * (WD) (siney ] ()
(6.9)

Finally, by the properties of the rescalings, we have that
<2 1_ 1 — 1y, . 2y
n; = (tan 0ld)#n, = (M) {tano} = (hg){sme tan 6} * (hg){sme}-

A simple consequence of these representations of 7, is for instance an L*°

bound which will be useful later: from (6.8), since ||(hé){sin0} I = ||h; g =1
and by (7.2) we have
C C C
Inflizes < Nhsino L 10D eos oy lLoe < CrllFliLe < & < == = 375,
v Ghee P

(6.10)
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The next proposition considers a plan A supported on the graph of (ald + b)
and introduces the convolved plan A * Ty, , v, its marginals pd and p? and the

pushforward :552 of the first marginal through the linear map (ald + b); it uses the
representation of the marginals in terms of convolutions of n; with the marginal of
A to provide estimates on their distance and an interpolating curve between ,052 and

pz-

Proposition 6.3. Lera € (L', L), 6 = arctan(a), b € R, A adegenerate positive-
semidefinite symmetric 2 x 2 matrix with a positive eigenvalue g € (L™, L),
ker(A) = graph(ald) and M g = A/e'/? + 1/B.

Given A € M+ (R?) with supp » C graph(ald + b), define A = A * U, 4N
let p' = proji, A, pi = proji, A for i = 1,2 and define p? = (ald + b)yp). Then
we have that

e = (h;){sing(tane)hfl} * (WD) siney * p2, 1 €0, 1],
is a curve interpolating between pg and :552 satisfying oy = div(m,) with

12
e''*N
”;02”0@ (6.11)

e — p2lloe < CL

ur and my supported on the convex hull of supp :532 U supp ,052 and

el2N
Imel < Cor =19 oo (6.12)

Proof. Up to a translation, we may assume that b = 0. We have that ,oé = né % p!
and, recalling that the kernel hg is symmetric,
2,00y 1 1y .
() — p2() = / [ in cany- 1] — (nsing oty [ — 2)
R
(B siney * ) (2)dz
= / [(hi){sine(tang)h—l} - (h;){sinecote}](y —2)
R
: [((hg){sine} * p2) () + ((hD)(sinoy * p2) )z —y)
1
+ 5 ()sing)  p7) " (02) - (e = y)z}dz
= / [(h;){sine(tang)b—l} - (h;){sinecote}](y -2)
R
((hg){siné} * pz)//()’z)

. 5 <(z— y)zdz,
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where y. is a point in the segment between y and z. Therefore, since the integrand
is nonzero only for |y — z|> < Cye!/?>N and thanks to (6.7), we obtain (6.11)

IA

ChH H () (sin g (any2-1) — (A (sin6 cot6) Hl

N1D im0

e — P2 lloo

e!?N

]

1/2

IA

&
Cre' NI siney] 11 - 107110 < Ch 10% loo-
Define H!(x) = [*_rhi(r)dr, so that (H!)(x) is the primitive of
;—2(hi){§}(x) with the same compact support.

This allows us to express the derivative of (h é){{} (x) with respect to the param-
eter £ as

Ah)) () 1 1()6) X 1,(x> 3 <x 1()6))

— e = RS ) S (2 ) == SR =

Cle ¢2f\¢ 53(5) ¢ dx \¢2 °\¢

d [ x 32 |
=~ (Lm0bu® ) = 55 (HEh ),
Let now ¢ () = sinf(tan 0)2—1. We deduce that

3(h! .
oy = U sgt{i(t)} x 2 % p?
GO,

¢

= = Oc @ AV (HDiean * (D)) + p) = divim,).

—¢'(t) *h2 % p* = = OCOIHD con) * b2 * p?

We can bound by (6.7)
1 2 ’ 2 1 c 2
Imilloo < CHll(Hg eyl - A sinoy ] 11 - 107 loo < CHIlH, |l - B 0" lloo

and estimate the first factor in the right-hand side in terms of powers of ¢ using that
h; is supported in a set of size Cye!/4N1/2

0 X 0 0
||H81||1 <=2 f rh;(r)drdx = —2[ f rh;(r)dxdr
—00 J—0 —oo Jr
0
- 2/ r2hl(rydr < Cye'>N|hl|l; < Che!'/?N.
—00

Hence we obtain (6.12). |
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6.2. Wasserstein estimate of Proposition 6.2

Proof of Proposition 6.2. The proof is organized as follows: in steps 1 through 3
we prove the W, estimate (6.4); whereas in step 4 we show how to deduce from
this the L estimate (6.5) for the optimal map, which is our true objective.
Define the map T; = (1 — )T + tTs and define T§ to be the affine extension
of Ts|;1. Define also the marginals ,051 ; and ,0821. of ye.;. We introduce the following
three curves of measures:
o pr = Tiyp from Typ = p to Tsyp;
e &/ from ,ofj to T ,p 81 ; using the construction presented in Proposition 6.3
° g} from Tai #pgl’ ; to Tg#pgl’ ; defined by linearly stretching ,ogl’i L Il.lJrl from Tai to
Tai +1and similarly for ,081 L Iil_ | with Lemma 6.4.

We transform the remaining mass in three steps:
2 i
2 Pr=P¢ 2 Tspp—3; & i1
p—pF > Toup — pr ———> Tsgp — Y _ Ty 4p}
i

Tssp—3; & I
B2, Do = 3 Tour.

1

We estimate the W, distance of each step with Benamou-Brenier.
Step 1. For every x € R we observe that the map ¢+ — T;(x) solves the ODE

WX(t)=Ts—T)oT, o X()

with initial datum X (0) = x. Notice that (75 —T)o T,_l is alocally Lipschitz vector
field, therefore 7;(x) represents its flow. As a consequence p; = (7;)4p solves

o =—div((Ts —T) o T, ' py).

From the definition of p; we get that p,(Tyx) = p(x)/T/(x), whereas p(Tx) =
p(x)/T'(x), since Tep = p. These can be rewritten as

o(T7'(y)

(17 )
T/(Til(y))’ pt(y)

B Tt/(Tt_l ()’)) .

Our goal is to show that these two densities are close to one another for y € Qp.
We start by comparing the denominators. Let x € Il.1 and y = T(x); we have

7,7 '(y) e I} Then T'(T7'(y)) = T'(x) € T'(}); but also T/ (T, '(»)) =
(1 =0T (T, ') +T{(T, ' (v)) € conv(T’(1)) = T'(I}'). Therefore we have

p(y) =

7(1,7' ) = T'(17' 1) = Lip(T") diam (1) < L3,

1
min(T/ (T, () : y € Qu} = min{T' (1,71 () 1 y € Qu} =
(6.13)
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Let us now estimate the numerators of the densities. Differentiating with respect to
 the identity y = 7;(7,”" ()) and using the fact that d7;/dt = Ts — T we get

dr, , i dr, !
Ozd_tt(Tt ) + /(171 () d’t o),

from which we deduce, by (4.13) and (6.13), that, for y € Qp,
(T = T) (T, ()
Tt/(Tt_l(y))

This allows us to compute for y € Qg (notice that for y € ()¢ the quantity
below is 0) that

ar, !

< 1252
dt

»

ar;”! 242
dr < L“6°,
” (|dr <

o - = n o -1 o) < /0

and therefore
[o(T;7' ) = p(T7' )| = Lip()L%? = L752,
From this we conclude that
(T~ ) — (T, )]
T(T-1(y))
\T/(T,7 () = T/(T~ ' (»)]
T/(T, )T/ (T—1(»)

< L*2+ L% < Cys.

o (x) — p(x)] < + (1,71 ()

On the other hand, by (4.18) of Lemma 4.2 we have that ,082 <p-—cyr.
Combined together, these two density estimates imply that

Cy > p(x) > ,ogz(x) +cpgt/2 foreveryx € Q.

Therefore, with Benamou-Brenier and noticing that T5(y) — T(y) = 0 for y €
(R2p)¢, we can compute that

1 1 2
%m—éﬂﬁwwbsff‘———j—%%—ﬂMTWMM)Mw
0 Jay, pr(x) — pz(x)

1 C Cyé
H H
s//'—ﬂn—mém&mms
0 Q/Hf T

where in the last step we use the estimate (4.13).
Step 2. By Proposition 6.3 applied with A = (Id, Tg)#((p -1 1.1) (recall that

4

by (4.15) with this definition A, has marginals ,081’ ; and ,082’ ;) for every i there exists
acurve & connecting psl’ ; and pii such that 3,& = div(m') and

1/2
. . . g/*N
IE! = o2 iloo = lIE] — &llcc < Chr =
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; /2N
|m;| < Cg——-.

B2

The second curve to consider is Tsgp — Y_; &/, which solves 3 (Tsgp — Y_; &) =
div(}_; m') and connects Tsgp — p2 and Tsyp — > Ta’#pg,i. Since both &/ and m}
are supported in a small neighborhood of I}, at each point x at most two of each of
these objects can overlap. Therefore for a.e. x € Qpy

dE =P+ D om
i i

because the terms overlap at most twice. This means again that the density of
Tsup — > ; & isatleast Cyt/2 and
i
2. m

. 1 1
W2 ( Towp — 02, Towp — 3 Th 0l s/ / S
( ¢ Xl: o o Jay, Tsep — 3 & |5

1 eN? eN?
< Cy—dxdt < Cyg——.
o Jao, = BT Bt

Step 3. Finally, we deal with the curve Tsup — D g‘[i which connects Tszp —
Y Ta’#pgi to Tsyp — D ; Ta#pgl ;- We split each term pgll. as the sum of three
contributions

el2N

+ ﬁl/z

<4Cy

2
dxdr

1 1 1 1
Pei = 'Os,illil_1 + 'Os,illi1 + ps,il

1
Ii+1

On the interval / il the maps Tsi and T coincide, therefore we leave the central mass

P gl il ;1 still. On the interval / 1 onthe other hand, the map T coincides with Tai +1 )

i+1°
so the mass ,();J.lll_lJrl must be transformed from T(Si#(p;!illil_'_l) to TalH#(pg,illiL,)'

We perform this transformation by applying Lemma 6.4 to u© = ,081 A 12 X0 equal
T
to the point separating Il.1 and II.IH,E = BN, S, =T and S, = Ta’H. Similarly,
S| i (o1 i—1 (1
we need to transform the mass in /;_; from Tg#(pg,i llil_]) to T #(pg’illil_l ), and

we do so with a mirrored version of Lemma 6.4. In summary, the curve ;ti is
composed of three terms: a central mass p; il ;1 which does not move, and two
4 i

masses one on each side which move according to the construction in Lemma 6.4.
Notice that, when summing over i, all the contributions in Zi Cti deriving from the
application of Lemma 6.4 are disjoint, because there are two terms in every Il.1 but
they don’t overlap (since /BN < §).

The lower bound on the density of Tsup—); Cti follows from the same estimate
as in the first step and the estimate of the density in Lemma 6.4. Moreover, Lemma
6.4 also gives us the estimate on the momentum

max T’ < 1312,

i| < gli2g
il < (minT7)2 ~
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which again do not overlap. Therefore we can compute that

W3 (Ts#,o - Z T(si#p;,,-, Tsup — Z Ta#Pgl,i)

i i

1 1 2
< . — m!
/ // Tsgp — > & Z '

i

2
// ,882dxdt<CH’3

Step 4: proof of (6.5). We apply the main estimate in [5, Proposition 1.2]:
if po, i1 are probability measures on a bounded interval Iy, with 1o absolutely
continuous and with density bounded below by 7y, then the optimal transport map
S between o and g satisfies the estimate

dxdr

Cy
1500 = xlZ = —-W3 ko, ). (6.14)
Let S, be the optimal map from
p—pi= Pl — ps + plario, + plr\er,
to
Tse(p — ) = Tsu(play, — po) + Play oy + Pl
Since the tails outside 27, of both the marginals coincide with p1p, o7 , we claim
H
that S.(x) = x forx e R\ Q’I’{ and that S; is also an optimal map from
wo = (p — Py, = (plg, — p2) + Playay,
to
1 =Tsa(p — /051)19’;1 = Toy(plg, — P + Ploriay-
Applying (6.14) with Iy = Q7, and 79 = cy T (notice that in the gap Q7, \ 2, we
have o = p > t) we deduce that

Ch
15000 = 1y < = W3 (0 = Py, Ton(p = pD)1gy )

C

=2 1S.0) = xP(p(x) — p2(x))dx
T Q/ICI
C

< —”/|Se<x> —xP(p(x) — p2(0))dx

Cu
= _W2 (p pga T(S#(IO pg))

5 8N2 /2N
C )
H( IR )

IA
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As a final remark, notice that even without invoking (6.14) one could directly verify
that the map between p — ,062 and Ts(p — ,061) implicitly constructed above (via the
curves of measures proposed in Steps 1,2,3) satisfies an L™ estimate of the type
(6.5). The proof would meet more technical difficulties than this Step 4, but would
however be sufficient. m]

Lemma 6.4. Let i € A4 ([x0, x0 + £]), p < L, Ao, A1 € Rpand S, : R —
R:x = xo+A(x —x0). Then p; = (S(1—n)rg+ir, )#M solves 0; iy = div(m,) with

[A1 — Aol max{Ag, A1}

min{ig, A1}2 #]loe-

|m| <
Moreover,

. A A
Iy — psllLoe©,00) < ClAs — Ag| + £ Lip(u) max {)L—t A—S} .
S t

Proof. Without loss of generality, up to translation we may assume xo = 0. Let
A = (1 —t)Ag+1tA1. Then u;(x) = AL,'““ (Ai,) The measure y, is advected by the

A _ .
vector field v, (x) = tx = %x: in fact

31100 -+ div(op ) a[1 Y\, a [A x 0
v(v =—|— — — | =X — ) [=0.
t Lt Mt at | n 1% iy ax )\12 w "

Therefore m; = —v;u; and

[A1 — Aol max{Ag, A1}

m: <
il < e Il
because |x| < max Ag, A1£ where w(x/A;) > 0.
The L estimate comes from the explicit formula for the density of ;. O

6.3. Kinetic energy of the remaining mass

Proof of Proposition 6.1(ii). We start by showing the bound for KE(p — ,081). We
split the kinetic energy in the domain S = supp ,ogl C ), and the complement,
making use of (4.18) of Lemma 4.2 and the fact that in §¢ = (supp pg)c we have
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o — pg = p. What we obtain is

19x[0(x) — pl(0)]?
KE _ 1 :/ £
P =P = | R0 = pl 0]

19 [p(x) — pL ()12 q f 1c[p(x) — pl ()12
x + dx
s 8[p(x) — plx)] c 8[p(x) —plx)]

C_H 2 1 2 /M
T /S(Iaxmx)l + 102 (x)] )d” i

c
dx+—H/|axp;(x)|2dx
T Js

IA

- Crllelre@,) [ 8:p)?
- T s 4p(x)

190 ()|
* / o)

CylL Cy
< 1L k() + /S 100! (o) 2dx.

Let us recall that the domain Qg defined in (4.5) has two connected components
which are both covered by an essentially disjoint family of intervals Il.l = [a;, bi]
of length §/2 < b; — a; < § with

Trg)=a1 <by=ay <--- <by,=T(H),
TH = Qkg+1 < brg+1 = Qg2 < -+ < by, = H.

Notice that the cardinality of the intervals is k; < Cy/§. As already mentioned in
(4.20), we have that

ki

Py =Y ([te = o1p]wnl; )00,

i=1

where 1 ; ;= proj},t UM, p(x;).n Were first introduced in the proof of Lemma 4.2. As
a consequence, using the fact that the terms in the sum overlap at most twice, we
have

k1

Z[(,o — T)llil] * 3x’7;,,~

i=1

ki
<2y
i=1

12
0xpc 117 =

2

ki
2 2
1 12
o=t anl, | <23 1) [0 =01, | 1ol a1
1=

Using the representation (6.8) we see that the function n ; ; isincreasing in (—oo, 0],

decreasing in [0, co) and vanishes at infinity, hence

13xn 1t = 200} illoo < 21 siney 1 1A (cos o) ll oo
= 2(c0s 0) |1 || oo = 2(cos 9)—1G71N <cyB~ 2.
E»
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As a consequence,
ky
12 _ CH
loxpl 15 < 7 Z

Cy H
< —IIplllllpllLoom = —

B W=

Using this inequality in the original estimate of the kinetic energy we finally get

2 Cy 5
- 7:)1]1_1 ’ = 7”/0 - f”LZ(QH)

Cy Cy
KE(p — p}) < —KE(p) + — .
T 8

Let us now move on to the analogous estimate for KE(p — ,08) With the same

argument as we did at the beginning, splitting the kinetic energy in the domain
S = supp /032 C €, and the complement we get

Cy Cy
KE(p = p7) = — KE(p) + — /R |0 p (x)[Pdx.

As already mentioned in the proof of (4.18) of Lemma 4.2, we have that
ki

P20 =Y ([T = D12+ 02, ) ),

i=1
where ng ;= projﬁ UM, 4(x;).N are the second marginals of the Gaussians. The
intervals [¢;, d;] = I? = Ts(I') = T(I') = [T (a;), T (b;)] have lengths §/(2L) <
diam(/?) < L8.1f y € I? we have that
Tsy(p — T)(y) = [p(Ty ' () — 71/ T'(x) < Llipll et
on the other hand, from (6.9), we have
12 illoo < 1D cosay 1 (A sinoylloo < (sin®) A oo < Cp™'2,

and therefore

2 2 —1/2
10yme ;1 = 2lng illoc < Cup 2,
This implies that
kl 2 k] 2
1ayof3 = | X o[Tanto — 1 2] dyng ;| <23 |[Tanto — 01 2] dyng ;|
i=1 5 =l
< 22 [ T4 =021 uayne,ul <= Z |Tss01,2] |Tse1p2]

i=1
Cu Cu Cu
< Lol Yo ||, = Lol 1oy, < 2
B L (QH); 174 B Loo(y) LI(Q2y) B
which, inserted into the original estimate of the kinetic energy, leads to

Cy Cy
KE(p — p2) < — KE(p) + —o-.
T 8
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7. Proof of Theorems 1.1 and 1.3

Proof of Theorem 1.3. Given H > 1 and L = L(H) defined by (4.7), let y. be
as defined in (4.14), built with admissible parameters N, 8, §, T satisfying (4.8)—
(4.11), for instance the explicit choice (4.12). By Lemma 4.2 we have that

lim sup E. (/7%) < ~ / tr ( V2V (x. T(x))) p(0)dx < / tr(v'D2V)dy.
e—0 2 Qy 2 Jr2

The problem is that y, is not a recovery sequence because it has the wrong mass
and marginals, so we have to use the remaining mass to fix the marginals.

Fori = 1,2, let ué = proji,(y) — projg()?g) =p— ,oé, which is a positive
measure as remarked in (4.18) of Lemma 4.2.

Let n, € H(vsl, uf) be the plan given by Proposition 6.1(i). Notice that, by
(4.19), ||Ué||1 = |Imelli < Cut + p(R4). With H fixed the first term goes to 0
when ¢ — 0, whereas the second term goes to zero as H — oo.

Let 77, € H(vgl, vf) be the deconvolved plan defined in Sect. 5 starting from
[Ty = . (whose marginals are ol = vg1 ando? = vf) . By Proposition 5.1 (notice
that the assumption (5.4) is satisfied because of (6.2)) and the bound on the mass
of ., we have

E.(V/7e :51/2KE(ﬁ8)+8_1/2f

Vd,
R2

< e'2[KE()) + KE@W2)] + Ce™'/? /2 Vdre + Clime
R

< &'2[KE@}) + KE@WD)] + Cue~'/? / Ve + Cut + Cp(9).
R

By Proposition 6.1, we have lim,_,¢ g~ l/2 f]RZ Vdr, = 0 = lim,_o&!/? KE(vé),
and therefore
lin% Ec (V) < Cp(QYy). (7.1
E—>

Finally, let ¥, = \/m ; then v, has the correct marginals to be a recovery
sequence for y. Moreover, by the subadditivity of E.(,/y) with respect to y and
(7.1), we have

lim sup E¢ () < lim sup[ Ee (v/7e) + Ee(v/7e)]
0

£—0 £—>

< limsup E, (/7.) + Co(Q5)

e—0
1
< 5/ tr(vV D2V)dy + Co(Q5).
R2
We now use a diagonal argument to conclude. For every n € N, we can find

H, large enough such that Cp(Q;'In) < 1/n. We can then find ¢, such that the ¥,
constructed as above with parameters H,, &, Bn, 6n, Tn, Ny satisfies

Ean(lﬁsy,) =< %/ztr(\/W)dy +C'O(Q;I”) +1/n
R
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1
< —/ tr(vV D2V)dy +2/n,
2 R2
which is precisely the thesis of the theorem. O

Proof of Theorem 1.1. To prove (1.4), we take a sequence ¥/, which almost realizes
the minimum in (1.6) up to a vanishing error. Up to subsequence, |1/¢|> — y where
y € [o(p) with y ({V > 0}) = 0. Applying Theorem 1.2 to this sequence we get

.. F®(p) = For(p)
liminf ———————

e—0 \/E

To prove (1.5), we take y € Ig(p) with y({V > 0}) = 0 and Fzpo(p) =
% fRdN tr (v D? V) dy.If ¥ is arecovery sequence given by Theorem 1.3, we get

1
> liminf Eq (V) = —/ tr (V D2V) dy = Fzpo(p).
e—0 2 JrdN

F¢ —F
lim SHPM < limsup E.(Y) < Fzpo(p).
&

e—0 e—0

Appendix: proof of Lemmas 3.1 and 3.2

Proof of Lemma 3.1. Notice that Gy vy < Gy, by definition, so we only need
to prove the second inequality of (3.2). We have G4,y < Gy, and we claim that

Gaco — Gan <3¢ V2G4 0. (7.2)

By a change of variable we reduce to prove it only for « = 1. We apply the pointwise
inequality
fPe(f =2 pafe NP (7.3)

to f = e /2 fort < /Nanduse N > 1 to get

Gl.0 =/ e”zdt—}—/ e dr
{It|<v/N} {It|>+/N}

< / |:(e12/2 — eiN/z)z + Zetz/zeN/2i| dr + / teftzdt
{It1<v/N} {lt|>~/N}

-N/2
e
<Gin+2V2ne™ V2 4 eV =Gy + <2\/§+ VT ) e "G o,

which proves the claim (7.2) for N > 3, because the factor inside parentheses is
less than 3. From this, (3.2) follows because
GM,00o = Gu,N = Go,00(Gp0 — Gp,N) + Gp,N(Ga,00 — Ga,N)
= Ga,oo3€_N/2Gb,oo + Gb,N3e_N/2Ga,oo

<66 V%G 4.00Gp.0o =66V 2G 100
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As a consequence, we also get that

1 I Gmoo—Gun _ 62 _ 6e~N/2 _ TN
GuN Gum GMooGuN — Gun ~— (1 =66 NGy oo ~ G(A%IZ%

Now let f = e=aw*/2 and g = ¢=2*/2_ Notice that f, g < 1 and that we can
apply (7.3) to f and g. Therefore,

T0(x) — f‘M,N(x)‘ =g —(f - 7N/2) (g — 7N/2)

=P (£ =)+ (1= (- )
(g - e—N/2)+
<2f7g+ fg)e NP < 47N

We can now use this information and (7.4) to estimate the difference of the two

normalized Gaussians as

fM’Oo_l:M’N—fMN< 1 )H

||FM,oo - rM,N”oo =

GM, 0 GuN Gumeo
IT0.00(x) — Tar v ()] . 1 1
= e 2 I Nl -
GyM,00 Gun GMmoo

4N 7N (12
< ¢ + ¢ = ¢ :—vdetMeiN/z,
GM,oo GM,oo GM,oo T

proving (3.3). To prove the L' estimate (3.4), we divide the integral on supp I"j7.x
and the complement. In the first, thanks to (3.3), we obtain

ITmN = Tato0ll Lt supprys ) = ITMN — Tt oolloo - [supp g, v |

4N
< CvdetM N/Z\/_ < Ce V2N,

ab

In the complement, only I'js o i nonzero, and by (3.2) we have that

1728 = Tmcoll L1 ((supp Tas w0

=/ I'ioo(x)dx =1 —/ M, o00(x)dx
(supp 'p n)¢ supp 'y, v

r G
<1 —/ TN ge 1 2 SN _ cpniy,
supp Ty v GM,OO M, 00

Let us now prove (3.5). Define R, to be the section above x of the rectangle
supp 'y, v, 1.e.
R = (y)(x,y) € supp Ty = {y}aw® < N, bz* < N.

Since, by? < b(w? 4 z%) < aw? 4+ bz> < a(w? 4+ z%) = a(x> + y?), we have that

{(x,y) e RYa(x* +y*) < N CsuppTy
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and
2 c 2 2
R, C {y}by” <2N,  R{ C{ylay" > N —ax".

Therefore, using (3.3), we can estimate that

800 () — Ny ()] < /RwM,oo(x, ¥) = g (e, )ldy

= / ITp,00(x, y) — Ty v (x, y)Idy + / Cyr,00(x, y)dy.
Ry Rg
The first integral can be estimated with (3.3) as

/ ITM.oo(x, y) = Ty v, Iy < [Rx| - ITM,00 — Tm, N lloo
Ry

< (2&‘/—;) (C\/Ee—N/Z)

< CyavNe ™2

For the second integral we proceed as follows. Let B = B(0,/N/b) =
{b(w?+z2) < N} = {b(x>+y%) < N}.Note thatin RS we have ¢=@%* b3 < ¢=N
because at least one among aw? > N and bz> > N is true. As a consequence, we
have that

2 4.0 2
e aw bz dy < e Ndiam(B) = —e¢ N VN,
/l‘&gﬁB N

while on the other hand,

/ efawszzzdy S/ efbwszzzdy 2/ efbxszyzdy
R$\B R$\B {by2>N—bx2)}

= ﬁe_bxz erfc (\/N——bxz>

Vb
< ﬁe—bxze—N+bx2 _ ﬁe—N’
Vb Vb

and therefore

J

Hence,

2

e—awz—bZZdy :/ e—awz—bzzdy_l_/ e aw —bzzdy < —E_N\/N.
RSNB R¢\B

Cc
X

2,52 Vab C
TM.00(x, y)dy = G,! / e (@b gy < NN
/R§ oolX, y)dy M,o0 ke y 7 Vb
§Cﬁe_NvN.

In conclusion, putting the two estimates together, we have

MM,00(X) — N (X)| < Cav/Ne N2,
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Proof of Lemma 3.2. In some computations of this proof we use the standard error
function and the complementary error function

2 < 2 2 e 2
erf(z) = ﬁ/o e ' dr, erfc(z) = ﬁ/ e " dr =1—erf(z).
z

The crucial property that we will need is the fast decay at infinity of erfc implied
by the bound

—z2

fe(z) < 2/wt_’2dt<e
erfc(z) < — —e < }
NEIW R Ve

Since

(supp 'y, 3)¢ C {lw| > /N/a} U{lz| > V/N/b},

with the aid of (3.4) we can estimate that
[ 1xPIT b )  Porc o)l
R

< / |Mx PITan () — Tag oo () dx
supp 'y, v

+/ |Mx|*T p1 o0 (x)dx
(supp 'm, N

2
= sup |[Mx|" ) ITy,n — Tm,olli
supp Tar, v

o0
_i_G;/[looz/ /(a2w2+b2z2)e_“w2_bzzdzdw
’ JVNja JR

o
"‘G;l]ooz/ /(a2w2+b2z2)e_“w2_bzzdwdz
’ JNJb JR

VN
<(@+b)CNe N2 4 (a+b) (erfc(ﬁ) + Te_N)
T
< Ct(M)Ne N2,
For the kinetic energy, we can compute that

—awe—aw?/2 (e—bzz/Z —e-N/2
—_ o2 +
Vu,z FM,N(-’C) = GM,N —bzeibzz/z (efuwz/Z _ e*N/Z) 1supp Tmns

+
(7.5)
and hence,

2
‘V /—FM.N(x)‘ _ GMlN[azwze—awz (e—hz2/2 _ e—N/z)
’ ; +

2
2.2 —b2{( —aw?/)2 —N/2
+bzPe? (e awr/z_ =N/ )+i|1aw2§N,b22§N9

2
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and the kinetic energy of the truncated Gaussian ends up being

1
KE(Ty,N) = EG;”I’N </{ azwze_“wzdw) Gy.N

aw?<N}

1
+-Gy'y / p22e 7 dz) Gan
2T \pe2<ny ’

— %G;}V\/E <g erf(v/N) — e—NW>

+ %G;}V b (? erf(v/N) — e’Wﬁ)

=(G;5\,\/E+G;}V\/E)g (erf(\/_) 7= Nf)

where to pass from the first to the second line we integrated by parts and changed
variables. Recalling that G L, = /a//7, for N = oo, this gives

ff \/_f>\/_ a+b wM

NN T4 T

as already stated in (3.7). In order to compare the two energies, we estimate sepa-

rately the difference of the terms involving a and b. Using the fact that, thanks to
(7.2),

1 I _ Guoo=Gan _ 3e=N/2 - 3e=N/2 - 4e=N/2
GO{,N Ga,oo Ga,ooGa,N o Got,N - 3e_N/z)Goz,oo a Goz,oo

KE(T'y,00) = (

’

we can estimate that

Gajv\/ag (erf(«/ﬁ) - %eN\/N)‘

< % - G;goﬁ*/Tﬁ (erf(ﬁ) - %e_N\/N)

+ ‘(GZ,IN - G;Lo)ﬁﬁ (erf(ﬁ) _ %e—Nﬁ)‘

%erfc(x/_)+Te_N\/_'+4 _N/ZGawff

X

erf(«/ﬁ) — ﬁeN\/ﬁ‘

< CC_‘e—N/z

— s

and similarly for b, and therefore

a+b _ _
|KE(I'y,00) — KE(T'g,v)]| < C——e N2 = CKE(p.00)e V2.
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