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1 | INTRODUCTION

Let g be a polynomial on R¢ with real coefficients. We consider in this paper the multiplication operator T = T, with
g(x) = 17 defined by

(Tf)(x) =9 f(x), xeR (1.1)

This operator is unitary on L2(R%) and obviously acts continuously on the Schwartz space S(R%) of smooth functions
whose derivatives decay rapidly. The Schwartz space can equivalently be defined as the space of functions f that decay
superpolynomially at infinity, plus the same condition on the Fourier transform f

Our goal is to sort out for which parameters of Gelfand-Shilov spaces the operator T is continuous. The Gelfand-Shilov
spaces are scales of spaces smaller than the Schwartz space. In fact a Gelfand-Shilov space has two parameters 6,s > 0
and can be defined by the exponential decay conditions

1 LN
sup e?*I7|f(x)| < 0o, sup e!* |f(£)] < oo, 1.2)
x€Rd £eRd

for some a > 0. The parameter 0 thus controls the decay rate of f, and the parameter s controls the decay rate of f, that
is, the smoothness of f.

We use two types of Gelfand-Shilov spaces: the Roumieu spaces S;(Rd) for which (1.2) holds for some a > 0, and the
Beurling spaces Zg (RY) for which (1.2) holds for all a > 0.
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FIGURE 1 The (6,s)-parameter quadrant with behavior of the operator T acting on Gelfand-Shilov spaces indicated when m > 4 and
d=1.

Our first result concerns sufficient conditions for continuity on Gelfand-Shilov spaces.
Theorem 1.1. Define T by (1.1) where q is a polynomial on R® with real coefficients and degree m > 2, and let 5,6 > 0.

() Ifs
(i) If s

m—1)0
m—1)6

1 then T is continuous on S;(Rd).
land (8,s) # (% 1) then T is continuous on EQ(Rd).
m—

VoWV

> (
> (

/ /
An immediate consequence is the corresponding claim for ultradistributions <S§> (RY) and (Z;) (RY), see
Corollary 4.1.

Second, we prove negative results for d = 1in a parameter region which is close to complementary to s > (m — 1)6. The
first result generalizes [1, Proposition 2].
Theorem 1.2. Define T by (1.1) where q is a polynomial on R with real coefficients and degree m > 2, and let 5,6 > 0. If
1<s<6m—max(6,1),
and 0 > 1ifm = 3, then TSé(R) o S;(R).
Theorem 1.3. Define T by (1.1) where q is a polynomial on R with real coefficients and degree m > 2, and let 5,6 > 0. If
1< s <60m—max(6,1),

and 6 > 1ifm = 3, then TZ;(R) o ZZ(R).

Note that the statements in Theorems 1.2 and 1.3 are stronger than the lack of continuity on the spaces Sg (R)and Zg (R),
respectively. We illustrate Theorems 1.1, 1.2, and 1.3 in Figure 1.
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Our results can be applied to well-posedness of the initial value Cauchy problem for linear evolution equations of the
form

{atu(t,x) +ip(Du(t,x) =0, xeR?Y teR, 13)

u(0,-) =uy

where p : RY = R is a polynomial with real coefficients of degree m > 2. This generalizes the Schrodinger equation for
the free particle where m = 2 and p(§) = |£|%. The solution operator (propagator) to (1.3) is

. _d . )
u(t’x) = e_ltp(Dx)uO — (271') 2 / e1<x’§>_ltp(§)ﬁ0(§)d§
Rd

for uy, € S(R?). This means that the propagator e 1/P(Px) = 1T is the conjugation by the Fourier transform of the mul-
tiplier operator (T f)(x) = e P f(x) of the form (1.1). Since the Fourier transform maps the Gelfand-Shilov spaces into
themselves with an interchange of indices as F : Sg(Rd) - Sse RYand F : E;(Rd) - Z?(Rd) we obtain the following
consequence of Theorems 1.1, 1.2, and 1.3.

Corollary1.4. Let p : R% — R be a polynomial with real coefficients of degree m > 2, consider the solution operator e~*P(Px)
to the Cauchy problem (1.3), let 5,6 > O and lett € R.

() If6 > (m —1)s > 1 then e~ 'P(’x) s continuous on S;(Rd).
(i) If6 > (m —1)s > 1 and (s,0) # (% 1) then e~ 'P(Dx) s continuous on Zg(Rd).
m—
(iii) Ifd =1,1< 60 < sm —max(s,1), s > 1ifm = 3, and t # 0 then e‘”P(Dx)Sg(R) ¢ S3(R).

(iv) Ifd =1,1 <0 < sm—max(s,1), s > 1ifm = 3, and t # 0 then e‘”p(Dx)Zg(R) ¢ Z3(R).

VoWV

The proof of Theorem 1.1 uses Debrouwere and Neyt’s recent results [4] concerning characterization of smooth functions
that acts continuously by multiplication on Gelfand-Shilov spaces, plus a result from [10]. The proofs of Theorems 1.2 and
1.3 are based on ideas from the proof of [1, Proposition 2] which concerns the multiplier function emitx? together with
an investigation of the polynomials p that appear upon differentiation as 8¥el4™) = p,(x)el?™ for k € N, where q is
a monomial.

The paper is organized as follows. In Section 2, we specify notation, conventions and background material. Then in
Section 3 we work out the structure and estimates for the derivatives of exponential monomials in one variable of the
form e?"/™ for x € R,m € N, m > 2and 1 € C \ {0}. The results are used as tools for the negative results Theorems 1.2
and 1.3. Finally, Section 4 is devoted to the proof of Theorem 1.1 and Section 5 to the proofs of Theorems 1.2 and 1.3.

2 | PRELIMINARIES
2.1 | Notation

The floor function is denoted as | x | for x € R. Multiindices « € N¢ are measured with the 1-norm || = Zj

_; @j, Whereas
1

1

vectors x € R are measured with the 2-norm |x| = <Z;.i=1 x12> ? We use the bracket (x) = (1 + |x|2) 2 for x € RY. Partial

differential operators on R? are denoted 8% for « € N9, and D* = i~1%/3%, The normalization of the Fourier transform is
d .
FIE) = &) = @r) / fe O dx,  £eRr,
Rd

for f € S(RY) (the Schwartz space), where ( -, - ) denotes the scalar product on R%. The conjugate linear action of a
(ultra-)distribution u on a test function ¢ is written as (u, ¢), consistent with the L? inner product (-, -) = (-, -);2 which
is conjugate linear in the second argument.
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2.2 | Gelfand-Shilov spaces
The Schwartz space S(RY) is the subspace of the smooth functions for which the seminorms

f - sup [x*DFf(x)| := Cup 2.1

xeR4

are finite for all o, § € N¢.

In this paper, we work with Gelfand-Shilov spaces and their dual ultradistribution spaces [5]. For Gelfand-Shilov spaces
you impose certain restrictions of the constants C,g in (2.1) which leads to spaces that are smaller than § (RY).

Let 6,5, h > 0. The space denoted as Sggh(Rd) is the set of all f € C*(R?) such that

|x“DF £ ()

hla+Bl 16 Bls 22)

1flls;, = sup
is finite, where the supremum is taken over all a, 8 € N¢ and x € R%. The function space Sg , is a Banach space which
increases with k, s and 6, and S; , € S. The topological dual (S; h)’ (R%) is a Banach space which contains the tempered
distributions: §’(R%) C (S; h)’ (RD).
The Beurling-type Gelfand-Shilov space Zz (RY) is the projective limit of S 5 h(Rd) with respect to h [5]. This means

TR =) S5 ,(RY) (2.3)
h>0

and the Fréchet space topology of Z;(Rd) is defined by the seminorms || - || s, for h > 0.

We have Eg (R%) # {0}if and only if s + 6 > 1 [8]. The topological dual of Z;(Rd) is the space of (Beurling type) Gelfand-
Shilov ultradistributions [5, Section 1.4.3]

@Y ®RY = S5, ®D. 23")

h>0

The Roumieu-type Gelfand-Shilov space is the union

dy — d
S3RY = [ 53,RY
h>0

equipped with the inductive limit topology [9], that is the strongest topology such that each inclusion S; h(Rd) cs, (RY)

is continuous. We have Sg(Rd) # {0} if and only if s + 6 > 1 [5]. The corresponding (Roumieu type) Gelfand-Shilov
ultradistribution space is

(SR = [(S5,) R,

h>0

For every s,6 > 0 such that s + 6 > 1, and for any € > 0 we have
Ty(RY) € SHRY) € THE(RY). 24

The dual spaces (Zg)’ (R%) and (S;)’ (R%) may be equipped with several topologies. In this paper, we use the weak”
topologies on (Zg)’ (RY) and (Sg)’ (RY), respectively.

The Gelfand-Shilov (ultradistribution) spaces enjoy invariance properties, with respect to translation, dilation, ten-
sorization, coordinate transformation, and (partial) Fourier transformation. The Fourier transform extends uniquely
to homeomorphisms on §’(RY), from (Sg)’ RY) to (S%Y(R?), and from (Zg)’ RY) to (%Y (R?), and restricts to
homeomorphisms on S(R?), from S;(Rd) to Sf (RY), and from Zg(Rd) to Z?(Rd), and to a unitary operator on L?(R%).
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Chung, Chung, and Kim characterized in [3] the Roumieu space S: (Rd) as the space of functions f € C®(R%) that
satisfy (1.2) for some a > 0. It also follows that the Beurling space %} (Rd) can be characterized as the space of functions

f € C*(RY) that satisfy (1.2) for all a > 0.
We need the following result which says that we may use an alternative family of seminorms instead of the seminorms
(2.2) indexed by h > 0 for the spaces Zg (R9) and Sg (R%). This is the family of seminorms

1
Iflle=  sup  e@XI°BI=salfl|DP f(x)| (2.5)
BENC, xeRd

indexed by a > 0. The result may be considered quite well known but we write down a proof for the benefit of the reader.

Lemma 2.1. Suppose 6,s > 0and 6 + s > 1. For any a > 0 there exists C, h > 0 such that
Iflla <ClIfllss,  f € Z5RD. (2.6)
For any h > 0 there exists C,a > 0 such that
Iflls;, <Cllfllas f € Z5RD. @.7)
Proof. Let f € ZE(Rd). From (2.2) we have for any h > 0
DP ()] < IIfllsy, al®BERIFI, @, 8 € N, x € R™
This gives for any n € N and any 8 € N¢

|x|"|DF f(0)| < d> max |x*DF f(x)| < d2||f||ss nOprhHAL - x e RY

Thus for a > 0 we have

IS

1 s et (i) a(an)’
exp <g| |é> IDF f(x)]5 = Z — 3

181
he

IIfII BIeh 2 " xeRY peNd,

1

1 \o
provided 2a (di h) < 8. Hence

o7 D8 )] < 2 fllsg, B0
which gives

1flla < 21111y,

1
provided h < min < -1d2 (62‘1a‘1)9> . We have shown (2.6).
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In order to show (2.7) we let f € Eg(Rd). From (2.6) we know that || f||, < oo for any a > 0. Hence, we have for any
a>0,8eN%and x € R?

(D\»—A

a 181

o0 z ﬁ l a 1 l N
Y PO (4)" _ 217 pi s < iz piias

n=0

0

which gives

6n
|X|*|DP f (o) < NI lqnt®Bra~ '6'<6> ., neN, BeN’ xeRY

and thus, using [7, Eq. (0.3.3)],

ang 655181 [ 4° e d d
[x*DF f(x)| < I flla!”Ba , a,feN? xeR%L

From this it follows that

Ifllss, <Ifllas £ € ZHRD,

1
for any h > 0 provided a > max(h~!,d6h" ¢). This proves (2.7). O

2.3 | FaadiBruno’s formula

Of the several available versions of Faa di Bruno’s formula, we will use the following two. If f,g € C*(R) then we have
foranyk € N

k )]
%(f(g(x))h > k—f"”1+ +'"k>(g<x>>1'[<g (x)> . (238)

mylm,! - j!
my+2my+---+kmy =k s =1 J

The second version of Faa di Bruno’s formula concerns f : R - Rand g : RY = R with f € C*(R) and g € C®(RY),
and reads

et J
o (g = 3, L E) (g("” Y T 29
) il

ap+taj=a
lag |21, 1<E<)

for any a € N \ {0} [6, Eq. (2.3)]. For an even more general version of Faa di Bruno’s formula, we refer the reader to [2,
Proposition 4.3].

3 | DERIVATIVES OF EXPONENTIAL MONOMIALS
Letm € N,m > 2,1 € C\ {0}, and consider the function

g (x) ="M x eR. 3.1
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This function can be considered a generalized Gaussian. Clearly we have for k € N

0k g (x) = pai(x) g2 (x) (3.2)

where p;  is a polynomial of degree deg p; ; = k(m — 1). In fact we have p; o(x) = 1, p; ;(x) = Ax™~1, and the recursive
relation

Pajer1 () = Ax" 71 p; (%) + pf () (3:3)
for k € N. When m = 2 = —1 then (—1)* Da x are the Hermite polynomials.

Lemma3.1. Letm € N, m > 2, A € C\ {0}, and let g, be defined by (3.1) and p, i by (3.2) for k € N. Then, the polynomials
Dk have the form

k==
pik()= ) Aknxm-bk=nmey (3.4)
n=0

fork € N\ {0}, where Cy,, e N\ {0} for0 < n < [ka_IJ, and Cy =1forallk € N\ {0}.

Proof. First, we note that for k > 1 we have

ot 8] [t e

If k = 1, then the sum (3.4) contains only one term of the stated form as confirmed above, with C; ; = 1. In an induction
argument, we suppose that (3.4) holds true for a fixed k > 1. By (3.5) we have

k+1
2

)5 £

so the sum (3.4) with k replaced by k + 1 does contain the term with index n = 1. We obtain from (3.3) and the induction
hypothesis (3.4) with Cy o = 1
Pk (%) = Ax" 71 p; (%) + p} ()
= Jk+1y(m=1)(k+1) + Z /lk+1—nx(m—1)(k+1)—nmck "
1<n< [k |
+ Akxm=Dk=1( — 1)k

+ 2 Afmnxm=Dk=nm=1c,  ((m — 1)k — nm)
1<n<km7_1 (3.6)

= Jk+1y(m=1)(k+1) + Z /lk+1—nx(m—1)(k+1)—nmck,n

1<n< [k |
+ /lkx(m—l)(k+1)—m(m -k

+ Z /lk+l—nx(m—l)(k+1)—nmck’n_1((m — Dk —(n—1)m).

2<n<k ™=t 41
m
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Note that the term AXx(m=Dk+D=m(y _ 1)k fits into (3.4) with k replaced by k 4+ 1 and index n = 1. In the last sum, the
indices n satisfy 2m < mn < (m — 1)k + m — 1 which gives 2 < n < (k + l)m—_l. Hence,
m

2<n< l(k+1)mT_1J.

We may conclude that all terms in (3.6) can be absorbed into formula (3.4) with k replaced by k + 1 for cer-

tain coefficients Cj.;, €N\ {0} for 0 <n < [(k+ 1)m—_1J. In fact the coefficients Cy,,, are linear combinations of
m

{Ck,n}o <n< k™) with positive integer coefficients. It also follows that Cj o = 1. This proves the induction step which

guarantees that (3.4) holds for any k € N \ {0}, and C o = 1forall k € N \ {0}. O
In order to understand more about the polynomials p; ;, we would like to gain knowledge about the coefficients Cy ,,.
We know from Lemma 3.1 that C; o = 1 forallk € N \ {0}.

We need a simple lemma.

Lemma 3.2. Supposem € N, m > 2and k € N \ {0}. Then

m-—1 m-—1
kemN = |ee+DT | =[] (.7)
and
k¢ mN  — [(k+1)m—_1J—[km_1J+1 (3.8)
— | = - . .
Proof. If k € mN then there exists p € N \ {0} such that k = mp which gives
m—1 m-—1
k m _p(m—l)_[k m J
and(k+1)m—_1=p(m—1)+1—l.Sincel<1—l<1weget
m m 2 m
m-—1 m-—1
|+ D= = pom - 1) = [k

which proves (3.7).
If instead k ¢ mN then there exist p,q € N with 1 < g < m — 1 such that k = mp + q. Then, (g + 1)(m —1) > gm
which yields

m-—1

(k+ D™= = pm = 1) +(@+ D™ > pim = 1)+

>p(m—1)+ q<1 — %) =k——.

The implication (3.8) follows. O
The following result gives a recursion formula for the coefficients Cy ,,. First, note that

Cpy=m—1. (3.9)

Lemma3.3. Ifm > 2and k > 2 then

m- 1J (3.10)

Civin = Cin + Cpr (M= Dk =m(n-1)), 1<n< [k =,
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Ifk > 2 and k ¢ mN, then we have also
m-—1
Covin = Cina (=Dl =m(n-1), n=|te+D" =] (1)

Proof. We use (3.3) and (3.4). If k € mN, then the last term in (3.4) is constant. Thus, (3.3) gives

k=2 )
p/l,k+1(x) = Z ﬂk+1_"x(m—1)(k+l)—nmck,n
n=0
k721
+ Z Ak—nx(m—l)k—nm—lck’n((m ~ 1k — nm)
n=0
™2
= ) Akrtonylmelern-mnmc,
n=0 ’
k™=
+ Z Aeti=nym=Dk+D-nmey ) ((m — Dk — m(n — 1)).
n=1

In view of Lemma 3.2 and (3.7), thlS proves (3.10) when k € mN
If k ¢ mN then Lk—J kT In fact if we assume k— = p € N then we get the contradiction k = m(k — p) €
mN. Thus, the last term in (3.4) contains a positive power of x. Thus again using (3.3) we get

™= )
p/l,k+1(x)= Z /‘lk+1_"x(m—1)(k+1)—nmck,n

n=0
m—1
L

+ Z Afmnym=Dk=nm=1c,  ((m — 1)k — nm)
n=0

k™2
Z /lk+1—nx(m—1)(k+1)—nmck’n
n=0

[ka_l 141
+ 2 Ak+1—nx(m—l)(k+1)—nmck’n_1((m _ l)k _ m(n _ 1))

n=1

Again, Lemma 3.2 and (3.8) prove (3.10) when k ¢ mN, and it also shows (3.11) when k ¢ mN. O

Remark 3.4. Note that (3.9), written as C,; =m —1 = Cy; 4+ C;o(m — 1) using C; o = 1 and forcing C; ; = 0, fits into
formula (3.10) for k = n = 1 (without the upper bound for n). Indeed C; ; is not well defined due to [m—_lj =0.
? m

In general, it is challenging to find explicit expressions for the coefficients Cy , when n # 0, but n = 1 is an exception.

Lemma 3.5. Ifk > 2, then

Ciea = 50m = Dk(k = 1) (.12)
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Proof. We observe that C, ; = m — 1 may be written as (3.12) for k = 2. If k > 3 then (3.5) implies | (k — l)m—_lj > 1. From
’ m
Ck-10 =1,Lemma 3.3 and (3.10) we getfork > 3andn =1

Ck1=Cko11+(m—1)(k—-1).
If we assume that (3.12) holds with k replaced by k — 1, then we get

Ck1=Ckp+(m—-1)(k-1)

%(m — )k = D)k —2) + (m—1)k — 1)

(m — 1)k — 1)(%@ 2+ 1)

20m = Dk(k — 1),
By induction this proves (3.12) for all k > 2. O
In the next proposition, we need the following lemma.

Lemma3.6. [fm >2and 6 > 2 then
m

feo)=QQ+x)m - <1—i>x’”9‘1—1>0 (3.13)

m
forall < x < 1

Proof. We have f(0) = 0 and f(1) =2"° —2 + % > 0.If0 < x < 1then
f'(x) = mé(1 + x)"%~1 — (m6 — 1)<1 - %)xme‘2

mo—
=m6(1+x)m9-2<1+x— <1_%><1_%>(lix) 2)-

It follows that f’(x) > 0 for all 0 < x < 1. The function f is thus strictly increasing in [0,1] which proves the claim (3.13)
for0 < x < 1. Ol

We may now state and prove our main result on the coefficients Cy ,, which concerns a recursive bound.

Proposition 3.7. SupposeA € C\ {0}, me N, m > 2,0 > % and consider the polynomials p; ;. defined by (3.2) having the
form (3.4) involving the coefficients {Cy ,} € N \ {0}. Then, we have the bound
mé m-—1
Cinet < Ciumk™, k22, 0<n< k=] -1. (3.14)
Proof. If k = 2, then by (3.5) we have lka_lJ =1.WehaveC,; =m—1< C2,0m2’"9 = m2"9 50 (3.14) is true for k = 2.

In an induction argument, we suppose that (3.14) holds for a fixed k > 2.
First, Lemma 3.5 yields

Chrnn _(m—l)k(k+1)_l<1_l>;<1
m(k+1y7 — 2m(e+ 1m0 2\ m ) (k+1ymo-1 T

due to the assumption m6 > 2. Thus, (3.14) holds when k is replaced by k + 1 and n = 0.
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Next, let 1<n < l(k+ 1)m7_1J —1. If k € mN then by Lemma 3.2 and (3.7) we have l(k+ 1)m7_1J = lka_lJ

Lemma 3.3 and (3.10) give Cy1 , > Cy, and therefore by the induction hypothesis

Ck+1,n+1 Ck,n+1 + Ck,n((m - l)k - mn)

Ck+1,n Ck+1,n

Ck,n+1

<
Ck,n

+(m—-1)k

<mk™ + (m -1k

mb
— mé k _i —mf
=mk+1) <k—+1> <1+<1 m)kl )

< m(k +1)m°

in the final inequality using Lemma 3.6, in the form

for all k > 1. We have now shown the induction step which shows that (3.14) holds when k is replaced by k + 1 and
ogsn< [(k + l)mT_lJ — 1, provided k € mN.

We also need to consider k ¢ mN for which Lemma 3.2 and (3.8) yield [(k + l)mT_lJ = lka_lJ + 1. Thus, we assume
1<n< [k’"—‘lJ
m

Ifi<ng [km—_lJ — 1, then Lemma 3.3 and (3.10) give Cj;1, = Ci, and thus by the induction hypothesis
" . ,

Ck+1,n+1 _ Ck,n+1 + Ck,n((m - l)k - mn)

Ck+1,n Ck+1,n

C’k,n+1

<
Ck,n

+(m—-1k
<mk™ + (m -1k
6
k\" 1
— mo _ 1-m6
=mk+1) <k+1> <1+<1 m)k >
< m(k +1)m°

as before.
Finally, if n = lkm—_lJ then again by Lemma 3.3 and (3.10) we have Cy,; ,, > Cy . From (3.11), we obtain
m

Ck+1,n+1 Ck+1,n+1
<
C’k+1,n Ck,n

= (m — 1Dk —mn < m(k + 1)

again due to the assumption m6 > 2. We have shown the induction step in all cases. O
As a consequence of Proposition 3.7, we have

Cra < m2k?m8 (3.15)
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fork >4and 6 > —. In fact (3.5) implies lka_lJ —1 > 1ifk > 4 so Proposition 3.7 applieston = 0and n = 1.

In the next result, we improve the estimate (3.15).

Proposition 3.8. Let m € N, m > 2, 1 € C\ {0} and consider the polynomials p; . defined by (3.1) and (3.2) having the
form (3.4) involving the coefficients {Cy ,} C N \ {0}. Ifk > 4, then

lm2k4. (3.16)

Crp < >

Proof. From Faa di Bruno’s formula (2.9), we obtain if k > 1

k J
g g (X) k! Kk
Pa(x) = ’ Z mi i 2 |...k.|Hax€xm
Jj=1 mij: ky+e etk =k 1' ] =1
1<ky<m
LRI ) | fa
= ljxmj_k_'
17
Jj=1 mJ] ky+etkj=k £=1 (m kf)'kf (3 )
1<kf<m

k-1

k! m!
— /lk—n (m-Dk-nm___ *
z ¥ mk-n(k — n)! z H (m —ke)ke!

n=0 Y kytetkg_p=k €=1
lskgSm

The smallest power of x is (m — 1)k — (k — 1)m = m — k when n = k — 1. This power seems to be negative if k > m which
would be absurd. But negative powers are in fact excluded by (3.17): if k — n = 1 then the sum over k; + --- + k;_, = k
reduces to k; = k and 1 < k < m is postulated. Thus, the smallest power of x is non-negative in (3.17).

Comparing (3.17) with (3.4) we observe that the upper limits for the summation index n seem to be possibly different.

In fact by (3.5) we know that lka_lJ <k—1.Supposen =k —-1> lk—J Then

k—zzlkm_1J>km_1—1:k—1—£
m m m

which implies k > m. This contradicts the conditions in the sum over 1 < k; = k < m above, which is interpreted as zero
then. So, in fact (3.4) and (3.17) are identical.

The assumption k > 4 and (3.5) implies that n = 2 has a nonzero coefficient in (3.4). From the identity of (3.4) and (3.17),
it follows in particular that

k-2

k!
Crp=—F/7——= -_
mk—z(k — 2)' k1+-~~§(_2 K721 (m kg)'kf!
1SkgSm

Sinceky, > 1forall1< ¢ <k—-2andk; + .-+ + kj_, = k, we have

Hence,
C K > H (3.18)
k2= T 50 v T .
mk 2(k - 2)! Ky 4ty =k £=1 (m kg)'kg!
1<k, <3
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For ky, ..., kj_, satisfying
k1+"'+kk_2=k and ngl,
we must have k, = 3forsomel1 < ¢; <k —2,andk, = 1for¢ # ¢y,0orky, =ky, =2forsomel <¢; #¢, <k—2,and

kf =1 for f ¢ {fl,fz}.
In the first case, we have

k—2
m(m -D(m—-2) , 5 K
= < 3.19
H T (m— kt’)'kf 6 " " (319)
and in the second case we have
k—2 m2 )
(m—-17° 4 _ &
< m-. 3.20
fr[ (m kf)'kg 4 m m ( )
Combinatorics give
k-2 1
D <k—2+< 5 >:§(k—1)(k—2). (3.21)
ky+-+kg_r=k
1<k <3
Finally, we insert (3.19), (3.20), and (3.21) into (3.18) which gives
k!
Cko S ———m —k—lk 2 —Zkk—lzk 2) < 2k,
2 S g gk D0 = 2) = k(e =1k = 2) m -

In the next result, we look at the particular case of (3.1) where A = +im, that is, g;(x) = e*™*", and the corresponding
polynomials p, ; defined by (3.2).

Proposition 3.9. Letm € N, m > 2, A = +im and conSlder the polynomials p; y defined by (3.1) and (3.2) having the form
(3.4) involving the coefficients {Cy ,} € N \ {0} If6 > = then there exists a sequence {k }T° C N such that lim kj = coand

Jj=1= j—oo

Okj(m—1) .
|2, 069)] >3m0, j e NN (03 (3.22)

Proof. Let j € N\ {0}. Dueto1l < i < 2, the interval [4 ji 4j + 1)i] must contain positive integers. Denote by

k; € N\ {0} the smallest of them. Hence we have 4j < k —— < 4j + 1, and therefore
4j < |k, =1] <ajs1 (3.23)
s l I m J SHF ’
as well as
1 m-—1 .

The bound k; > 4j% > 4j implies that k; > 4 for all j € N \ {0}
For notational simplicity, we write k = k;. Lemma 3.1 and (3.4) gives

==y
Pai(0) = ED EmA xR R ) m T C

n=0
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which in turn gives

==
|p,1,k(k6)| = mkK8(m—Dk Z (il)ni—nm—nk—snmck’n

kake(m—l)k Z i—nm—nk—enmck,n (3.25)

n=0
n even
15 k== 1)
= mkKbm=Dk Z (_1)nm—2nk—26nmck,2n )

n=0

Using (3.24), and noting that m~%/k=¢/mC, ,; > 0, we have

1 m—1
SLlart 2j-1
Z (_1)nm—2nk—26nmck’2n > Z (_l)nm—an—ZGnka,zn
n=0 n=0
Crka (3.26)
T m2k2em
Cra  Cues N Craej-» Ckaej-n
mAkAom  p6c60m m2C2j-2j22j-26m  p2Q2j-D22j-1em”

By Proposition 3.7, we have if 0 < 2n < [km—_lj -2,
m
Creo(n+1) S Chonm?k*M
which gives

Cr.2n Cr2(n+1)
m2nk2nom m2(n+1) [2(n+1)6m i

foralln € N\ {0} suchthat0 < 2n < [ka_lJ — 2.By(3.23) thisincludes alln € N \ {0} such that2 < n < 2j — 2. We may
conclude that

15 L™=

C
Yy, 21— — (3.27)
~ ’ m2k26m
Finally, the assumption 6 > % and Proposition 3.8 yield
Ck,2 m2k4 _ lkz(z_em) < l
m2k20m S am2k2om 2 )
for all k. Combining this with (3.25) and (3.27), we obtain (3.22). O
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4 | PROOF THEOREM 1.1

In [4, Theorem 5.7], the authors identify the subspace of g € C*®(R?) such that the multiplier operator Tof = fgis con-
tinuous on Zg (R%) and on S; (RY), respectively. They prove a characterization of the multiplier space formulated in terms
of estimates of the form

1 1
|0%g(x)| < Chl*l|a|iet °IXI° o e N4, x e R4, (4.1)

In fact T, : S;(Rd) - S;(Rd) is continuous if and only if (4.1) holds for all A > 0, some C = C(4) > 0, and some h =
h(2) > 0. Moreover, T, : Z;(Rd) - Z;(Rd) is continuous if and only if (4.1) holds for all & > 0, some C = C(h) > 0, and
some 4 = A(h) > 0.

Proof of Theorem 1.1. Theorem 1.1 concerns multiplier functions g(x) = ¢'9) where q is a polynomial of degree m > 2,
that is

qg(x) = Z X%, ¢y €R, x€RY 4.2)
loc|<m
and ¢, # 0 for some a € N¢ with |a| =
Ify € N% and |y| < m then
al
97q(x) = cg——x*7 +L.O.T. (4.3)
|“|Z:m “ (C( - 7’)'
azy
Hence,
167 q(x)| < Cgpm max(1, x|, (4.4)

where C, ,,, > 0is a constant depending only on m and on the coefficients of g.
From Fa di Bruno’s formula (2.9), one gets for « € N¢ \ {0}

la|

J
8%g(x) = Zﬂg(") Y e[l (45)
) T =1

J' ap+etaj=a
I<lag|sm, 1<E<]

Now, (4.4) entails if |x]| > 1

|| J

1 al

%8I < X 5 ) a1 L Camlxl™ !
: ‘] apt-taj=a al' aj. =1
1<|ag|<m, 1<)

lal ¢ 1

a'Z—I et ) T (4.6)
ap+taj=a 1 J*
1<|ag|<m, ISNA]

On one hand, we get from [7, Eq. (0.3.15)]

J
Y L (m+d) < 20+, (4.7)
al! !

oc1+~-~+0(j:a
Ilaglsm,  1<C<)
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On the other hand if |x| > 1 we have for any A1 > 0, using j < |a| < jm,
, ]
1 jm—|al|
im— ; Jjm—la
|x|/m-lal = G =T (jm — la)®(6°2)
J ‘ (4.8)
1 3 jim—|a|
< @D (jom — 1) (6%2)
and, using [7, Eq. (0.3.12)],
(J0m = 1) < (j(m = 1Y = (m — 1)0m=08) im0 )
4.9

< (e(m — 1))~V jiom-ve,

If |x| > 1, then insertion of (4.7), (4.8), and (4.9) into (4.6) gives, using the assumption (m — 1)6 > 1,

1 al ; -
1650)| < ke DT 3 (€, elm — 1)) ") (g22) " jrom-ve
j=1
1 o
< Clol | 10m=1B (A7 x1)® 3 A=l
j=1

for some C > 0.
If |x| < 1 then (4.4), (4.5), (4.7), and (4.8) with |x| = 1, and (4.9) give for any 1 > 0

|et| )
Jo_
18%g(0)| < at )] (Cym2™+?) ji7t
j=1
S J i1, jm=lal
<al Z (Cq7m2m+d) j!_le/1 o (](m _ 1))!9(96/1)
j=1
_1 o] i _—
Lalet ° Z (Cq,m(e(m - 1))(m_1)62m+d) (66/1)/ jitm=18-1
j=1
_1 %
< Clel|g10m=10eA & N} g jm-lal
j=1

for some C > 0.

The estimate (4.10) for |x| > 1 and the estimate (4.11) for |x| < 1 can be combined into the estimate for x € R¢

1 1 a
10%g(x)] < &F ° Clolja =18 )7 3 qjm-a
j=1

for some C > 0.

(4.10)

(4.11)

(4.12)
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Proof of Claim (i). The assumption s > (m — 1)0 and (4.12) imply if 1 >
-1 1 ||
|6%g(x)] < et ° Clel|ar| el IKDE YT glaltn-n
= (4.13)
: 1
< et @ (acam 1) g e D)8

andif0<A1<1

1 1 af
10%g(x)] < et Clelja) el DT Y -ia
=1
-3 |cx| 5
et 7 (2ca71) japte XD, (4.14)

Combining (4.13) and (4.14) we may by the criterion in [4, Theorem 5.7] conclude that T is continuous on Sg (R9). Claim
(i) has been proved.

Proof of Claim (ii). The assumptions imply that either s > 6(m — 1) > 1 or s > 8(m — 1) > 1. First, we suppose that s >
6(m — 1) > 1. Then, [10, Theorem 7.1] shows that T is continuous on Z;(Rd).
It remains to consider s > 6(m — 1) > 1. Then, ¢ := s — 6(m — 1) > 0. From (4.12) with A = 1 we obtain for any & > 0

1
09g(x)| < eCllja|15~ceI? |a|

4
Ia\

h

<2l faltel? i

1 1
< el+£h7E (ZCh)lal |a|!se|x|§ .
Again by the criterion in [4, Theorem 5.7] we may conclude that T is continuous on 22 (RY). Claim (ii) has been proved. []
Corollary 4.1. Define T by (1.1) where q is a polynomial on R? with real coefficients and degree m > 2, and let 5,0 > 0.

/
(i) Ifs>2(m—1)0 > 1, then T is continuous on (5;) (R9).

li
(i) Ifs > (m —1)0 > 1 and (6,s) # L, 1), then T is continuous on ( =5 ) (R9).
m—1 0

5 | PROOFS OF THEOREMS 1.2 AND 1.3
Lemma 5.1. Let f,g € C*®(R). If there exists A,B,a,0,v > 0, and s > 1 such that

IDK £(x)| < B*k!| f(x)|(x >"“‘a"( ) ken, (5.1)

and

IDX(g(x)f(x))| < AB*k1Se=aXI® |k eN, (5.2)
then

k max ( ! 1,0)

(D)) f(x)] < AC2B)<k!e ‘“'x'e( x) k eN. (5.3)
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Proof. Assumption (5.2) for k = 0 implies (5.3) for k = 0. In an induction proof, we let k € N \ {0} and assume that (5.3)
holds for orders smaller than k. We use

k-1
(D*g)0f () = DHef ) = 3 (©)praop= o
(5.1), (5.2), the induction hypothesis, and s > 1. If v > 1, then max (i -1, 0) = 0 which gives
k-1 k
(D*QEOF ) < IDHEEFCNI+ Y, (1 )ID (0l DA (o)
n=0

1 k-1
3 k
<ABfkre 4 3 () )Ip"g@ 1 GOl BE (ke =
n=

1 k—1 l
< ABfk1se—alx1® 4 Z (':l )A(ZB)"n!Se‘“|x|9Bk_”(k —n)!
n=0

1 k-1 | s—1
= ABFkpe—alxl? <1 +) <%> 2")

n=0

1
2n>
0

k

1
< ABFk1se—alxI® <1 +

n

1
= A(2B)kk1se~alxI?

This proves the induction step, and hence (5.3), provided v > 1.
It remains to consider 0 < v < 1. Then, max <l -1, O> =1_ 1 and we have
v v

k-1

(DRI < D0 + 3 () 1DmgCol 1Dk o)
n=0
1 k—1

<aBte 13 (K)prgeo 101 o G BEnge -y

n=0

1

1 k-1 1 _
< ABkkremal® 4 (ﬁ >A(2B)”n!se_“|x|e 0y ) Bronic -y
n=0

l k(l 1)k—1 n' s—1
— ABKk15e—alx|® b z
= ABkk1se—alx <1+<x> Z)(k!) 2">

1 1 k-1
< ABtkpeeI? <1 o)y 2n>

n=0

= ABkk!Se—alxlé <1 + (x)kG‘l) (2k - 1)>

et )
< AQ@B)Kk1Se=alxI® (x)"\5

which proves the induction step, and hence (5.3), when 0 < v < 1. O
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Consider the function (x)! = (1 + xz)é for x € Rwith t € R. We have the following estimate for its derivatives.
Lemma 5.2. Ift € R, then there exists C; > 1 such that forallk € N
|Dk<x>f| < 02kl x)k, xeR. (5.4)
Proof. First, we assume |t| < 1 and show
|Dk<x>f’ < 22K+5k1(x)k,  x €R, (5.5)
for all k € N. . .
The function (x) = (1 4+ x?)2 isa composition of f(x) = x> with g(x) = 1 + x2. The estimate (5.5) is trivial when k = 0,

and can be verified for k = 1 and k = 2 so we may assume that k > 3.
For n € N, we have

f(”)(x)z%(%—1)---(%—(n—1))xé_n (5.6)
andifmj =0for3 < j < kthen
k /oy m (2O ™
<g fo)> _ (g/(x)) 1 (g ;X)> — oMy xm (5.7)
j=1 '

If instead m i>0 for some 3 < j < k then the product is zero.
Inserting (5.6) and (5.7) into Faa di Bruno’s formula (2.8) yields by means of [7, Eq. (0.3.5)]

’Dk(x)‘|
IR

(x>t—2(m1 +my)+k—t My x

1
Z my!m,!

t/t t
my+2my=k

t 1 t t
< % Z (|_2| + 1) <|—2| +my +my + 1>(x)_(m1+2m2)+k2m1

m;'m,!
m1+2m2=k 1 2

Z 2m1_1(m1 +m, + 2)' < Z

22MAm (my + 2)(my + 1
ml!mz! A ( 2 )( 2 )

<X

my+2my=k my+2my=k

k k
15! 15!
< Z 22my+3my+4 — Z 22(k=2mp)+3my+4 — H2k+4 Z 27M2 g 92k+5

my+2my=k my=0 my=0

which proves (5.5) provided |¢]| < 1.
Next, we consider || > 1 and put m = ||t||. Writing

() = () = ) T eyt
j=1

we use Leibniz’ rule

m

k! . |
D) = e b e,

ko+ky+---+kp=k

j=1
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Since 0 < |t| — m < 1 we may use (5.5) which yields, using [7, Eq. (0.3.16)],
k!
Dk(x)t < _ Dko(x>+(|t| —m) H Dk) <x>+1
| | ko+ki+---+ky,=k kO!kl k ! ’ | |
k! 2ko+5 +(|t|—m)—k - 2ki+5 +1-k;
< e ALY | E A
ko+ky+-+kp=k 071 m Jj=1
< 22k+5(m+1)k!<x>t—k
ko+ky+---+kp=k
— 22k+5(m+1)k|<x>t—k<k + m)
) m
< 23k+6m+5k!<x>t—k < 23k+6|t|+5k!<x>t—k‘
Combined with (5.5) for |¢| < 1 we have now shown (5.4) for all t € R. O
Let 6 > 0 and consider the function
1
fx)=e ™ xeR. (5.8)
Lemma 5.3. If f is defined by (5.8) with 6 > 0 then there exists Cg > 1 such that for all k € N \ {0}
k £ 1 ](l—1>
If R < Chlf ) Y e,
=
Proof. Faa di Bruno’s formula (2.9), Lemma 5.2 and [7, Eq. (0.3.16)] give for some Cy > 1ifk > 1
(k) k J J 1
iR St | CREE
f(x j=1 ley etk j=k 1 JT =1
kg>1 1Sf<]
SLY et
<) = Co23ke (x)a ¢
Jj=1 ‘]! kp+eotkj=k  €=1
k1, 1<C<j
Ck23k Z <x>§_k Z
k1+-~~+kj=k
k1, 1<C<j
I kik+j—
< Cha k( )
Z -
k
Ck23k Z <x>@ 2k+j 1
Jj= 1
k (1
<ckky .l'<x>’(5‘1).
=gk [
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Corollary 5.4. If f is defined by (5.8) with 6 > 0 then there exists Cg > 1 such that forallk € N

|f(k)(x)| < Cgk!f(xxx)kmax(%—l,())‘

Proof. The estimate is trivial, when k = 0. Lemma 5.3 gives for some Cg > 1 and k > 1 with 7 = max <% -1, 0)

k
7961 < ChIF ) Y, 5 0)
=

< 2Co) K F()x) 0
Proposition 5.5. If8 > 0 and the function f is defined by (5.8) then f € S;(R).

Proof. If 0 > 1, then Corollary 5.4 gives

1
If®0)] < Chkte=)°

for some Cg > 1, and thus it follows from Lemma 2.1 that f € Sé(R).
Let0 <6 <1.Wehaveforx e Rand j € N

0

J
) 8 1
(x) = _<»;_>!_ AN
which combined with Lemma 5.3 gives for some Cy > 1and allk > 1

k
1, e
FOl < cflfe) 3 50z
j=1"
1 k
< ChLf(x) -0 3 ji11-6
=1
1
< (2C9)kk!e_6<x>9 .

Lemma 2.1 again shows that f € S;(R). O

We assume that g is a polynomial on R with real coefficients of degree m > 2, that is,
m
q(x) = chxk, ck€R, ¢,#0, xeR.
k=0

In order to show Theorems 1.2 and 1.3, we may be a rescaling argument assume that c,, = +1, that s,
q(x) = £x" + @1 (%), (5.9)
where g,,_; is a polynomial with real coefficients of degree degq,,_; < m — 1.

Lemma5.6. Letm € N, m > 2, and let 6 > % Let the polynomial q be defined by (5.9) and let f € C®(R).
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(i) Suppose® > 1ifm =3.1If

et f & U SS(R) (5.10)

1<s<fm—max(6,1)

then

I f ¢ U sm. (5.11)

1<s<6fm—max(6,1)
(i) Suppose6 > 1ifm = 3.If3 <v<0Oand
m

etiX" f ¢ U 25 (R) (5.12)

1<s<ym—max(v,1)

then

I f ¢ U =w. (5.13)

1<s<ym—max(v,1)

Proof. We start by proving statement (i) First, we discuss the case m = 2 in which g,,_; = q; is a polynomial of degree
one. By assumption 6 > 1. Suppose e* ix? fes o(R)forsome1 < s < 6. Then, el f = el (W gix? fe&ss (R) follows from
the invariance of S$ (R) with respect to modulatlon This shows a strengthened form of statement (i).

It remains to cons1der the case m > 3, in which the assumptions imply that (m — 2)6 > 1. Assumption (5.10) means
that e=x" f ¢ S;(R) for all

1<s5s<6m—max(6,1).

In a contradictory argument, we suppose that (5.11) is not true, that is, /4 f € S* (R) for some 1 < s < 6m — max(6, 1).
If (m —2)8 <5 < 6m —max(6,1) then Theorem 1.1 (i) implies that e~i9m- 1 is continuous on SS(R) which gives
et f = e7ldm-1eld f € S;(R). This contradicts the assumption (5.10).

If instead 1 < s < (m — 2)6 then €4 f € S5(R) C Sém_z)e(R). Theorem 1.1 (i) again implies that e19m-1 is continuous
on Sém_z)e(R), which gives e*X" f = e ln-1¢ld f Sém_z)e(R). This again contradicts the assumption (5.10). We have
shown statement (i) for all m > 2.

It remains to prove statement (ii). If m = 2 then q,,_; = q; is a polynomial of degree one and 6 > 1. Suppose e*ix? fé
2} (R) for some 1 <'s < v. Then, eI f = el (Meix’ f 2} (R) follows from the invariance of Z3(R) with respect to
modulation. This shows a strengthened form of statement (ii).

Let m > 3. The assumptions imply (m — 2)6 > 1. Assumption (5.12) means that etix™ fé Zg(R) for all

1< s <vm—max(v,1).

Suppose that (5.13) is not true, that is, €' f € % (R) for some 1 < s < vm — max(v, 1).
If (m —2)6 < s < vm —max(v, 1), then Theorem 1.1 (ii) implies that e~4m-1 is continuous on X3 o(R), which gives

et f = g7lm-1¢ld f E;(R). This contradicts the assumption (5.12).
Ifinstead 1 < s < (m —2)6 then el f € Z}(R) C Zém_z)e(R). Theorem 1.1 (i) again implies that e 7'9n-1 is continuous on
Z(Qm—Z)G (R), which gives e*'X" f = e"ldm-1¢ldf Zém_z)e(R). This again contradicts the assumption (5.12). We have shown
statement (ii) for all m > 2. O

Proof of Theorem 1.2. The assumptions for Lemma 5.6 (i) are satisfied. If m = 2, then the assumptions for Theorem 1.2
are 1 < s < 6. The proof of [1, Proposition 2] shows that there exists f € S (R) such that X’ féss (R) foralll <s < 6.

Lemma 5.6 (i) then implies that /4™ f ¢ S3 (R) for all 1 £ s < 6 which proves Theorem 1.2 when m = 2.
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Suppose next that m > 3. The assumptions imply (m — 2)0 > 1. First, we show that there exists f € SGI(R) such that
et f ¢ S;(R) for all s > O such that 1 < s < 6m — max(6, 1).

In fact for the function (5.8) we have f € SQI(R) by Proposition 5.5. In order to show e=X" f ¢ S;(R) for all s > 0 such
that1 < s < 6m — max(6, 1) we argue by contradiction. Let 1 < s < 8m — max(8, 1) and suppose that e*™*” f S,(R). By
Lemma 2.1, the estimate (5.2) with g(x) = e*X™ holds for some A, B,a > 0. By Corollary 5.4 and Lemma 5.1 with v =6
we may conclude that (5.3) holds. Thus, (5.3) for x = k° gives with 7 = max <é -1, 0)

|(D"g)(k9)f(k9)| < A(2B)kk!5e‘ak(k9)’“
<A(ZB)kk!se—akz%kfkk(l—min(e,l)) (5.14)

< A(21+rB)kkk(s+1—min(6,1))e—ak’ ke N \ {0}

On the other hand, we may apply Proposition 3.9 since the assumptions imply 6 > 2 Hence
m
1

Ck6yE 1 okim=1) ok
IDF KD FKD] = [ prame, kID|e™ V" > ik e 2, j e N\ {0}, (5.15)

for some sequence {k j};“:{ C N such that lim k; = oo, using kf > 1.

Jj—oo
Combining (5.15) and (5.14) yields

1

2 ’fj(s+1_min(9’1))e_akj

1
mki k;cjs(m—l)e—z Bkj < AR K

for j € N\ {0} which contradicts the assumption s < 6m — max(6, 1). The assumption that etix™ fe S;(R) hence must
be wrong. Thus

e ) s®),

1<s<fm—max(6,1)

and Lemma 5.6 (i) yields

Tf ¢ U s

1<s<Om—max(6,1)

Since f € Sel(R) - Sg(R) when s > 1 we have in particular TS(;(R) o S;(R) for any s > 0 such that 1 <s<6m —
max(6,1). O

Proof of Theorem 1.3. Pick v < 6 such thatv > i, l1<v<@ifé>1,and1 < s < vm —max(v, 1). Set
m

1
fx)=e ™", xeR.
By Proposition 5.5, we have f € S(R).

Let g(x) = gyim(x) = e*™" and suppose that T,f € Eg(R) for some o > O such that 1 < o < ym — max(v, 1). Then by
Lemma 2.1 the estimate

1
ID*(g(x)f(x))] < ABFk19e=aXI° | k e N,
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holds for all B, a > 0, and some A > 0 depending on B and a. By Corollary 5.4 and Lemma 5.1, we may conclude that

I(D*)(x)f (x)] < A<2B>’<k!“e-a'x'é ()X (G-19) ken,

holds for some A, B, a > 0. This gives for x = k” with 7 = max <l -1, O)
v

(DE Q)Y f (k)] < AQBY kIZe=ak? (fvyee
(5.16)

< A(21+TB)kkk(o‘+1—min(v,l))e—ak§ , keN \ {o}.

Duetov > — the assumptions for Proposition 3.9 with 6 replaced by v are satisfied. We obtain from Proposition 3.9
m

1 1
kv 1 o vkim=1) 3.
I UNSENI = [P, D] > Sm k" e h, - j e N\ {0}, (5.17)

for some sequence {k j};“fcl’ C N such that limk; = co, using k}’ >1.
- o

Combining (5.17) and (5.16) yields finally

v
kj(oc+1-min(v,1)) —ak?
. e J

J

1

1
; mkj k;{jv(m—l)e_z 2y kj S A(21+TB)kjk

for j € N \ {0} which contradicts the assumption o < vm — max(v, 1). The assumption that T,y f € Zg(R) hence must be
wrong. Thus

T.f & U 2 (R).

1<o<vym—max(v,1)

The assumptions for Lemma 5.6 (ii) are satisfied, so we obtain

Tf ¢ U ZI(R).

1<o<vm—max(v,1)
Since f € SI(R) C E;(R) and 1 < s < vm — max(v, 1), we get TZI;(R) oA EE(R). O
+ix™

Remark 5.7. When g(x) = g, (x) = e**" it is possible to prove the lack of continuity of the operator T = T, in Theo-
rems 1.2 and 1.3 on S;(R) and Eg(R) respectively, by other means. Here, we may weaken the assumptions into 0 < s <

(m—1)0and 6 > 2 In fact we may use the criterion (4.1) and [4, Theorem 5.7].
m

Consider the assumptions of Theorem 1.2 relaxed into 0 < s < (m —1)6 and 6 > 2, By Proposition 3.9, we have
m

1

zmkj kf.kf(m_l) jeN\{o}, (5.18)

|(D*UD = |Pasimi, KD)| =

for some sequence {k j};“:{ C N such that limk; = oo.

J—o®

Suppose that (4.1) holds for all 1 > 0, some C = C(1) > 0, and some h = h(1) > 0. Then, we obtain from (5.18)

6k;(m—1)

1 1
1 e L
; < ChYiket i < Chlk et TR, j e N\ {0}, (5.19)

1
_ ik
2m

If s < (m — 1) this is a contradiction. By [4, Theorem 5.7] it follows that T, is not continuous on S;(R).
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Consider finally the assumptions of Theorem 1.3 relaxed into 0 < s < (m — 1) and 6 > % Suppose that (4.1) holds for

all h > 0, some C = C(h) > 0, and some A = A(h) > 0. Again the estimate (5.19) gives a contradiction if s < (m — 1)6. It
follows by [4, Theorem 5.7] that T, is not continuous on Zg (R).
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