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Abstract

The design of optimal intervention policies by a central regulator in networked
multi-agent systems is investigated in this dissertation. Modeled as games ex-
hibiting strategic complementarities, these systems are characterized by interac-
tions wherein an increase in the effort of one agent incentivizes corresponding
increases among peers. While this specific class of interactions, formally defined
as super-modular games, guarantees the existence of Nash equilibria, it is fre-
quently observed to exhibit equilibrium multiplicity. Such multiplicity typically
induces severe coordination failures and systemic inefficiencies. To address these
inefficiencies, mechanism design principles are applied to compute minimum-cost
interventions. These interventions are structured to guide decentralized systems
deterministically toward socially optimal, maximal equilibria, without directly
commanding the individual actions of the agents.

For finite, non-binary unimodal games, interventions are modeled as lower-bound
restrictions on action sets, effectively raising the minimum effort required by
agents. A distributed algorithmic approach leveraging time-reversible Markov
chains is proposed, establishing that minimum sufficient interventions can be
identified by iteratively tracing weak improvement paths from the maximal strat-
egy profile. Furthermore, the scalability limitations inherent to large-scale binary
network games are systematically addressed. In these environments, optimization
problems such as Optimal Seeding and Least-Cost Influence are strictly NP-hard,
and complete topological data is rarely accessible to a central planner. By apply-
ing a directed configuration model and Local Mean-Field approximations, these
computationally intractable network optimization problems are rigorously refor-
mulated as dimension-independent linear programs. This analytical transforma-
tion enables the design of near-optimal intervention strategies reliant exclusively
on aggregate network statistics and degree distributions, thereby circumventing
the requirement for exact topological knowledge.
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Chapter 1

Introduction and Methodological
Overview

The analysis of strategic interactions among agents connected through complex
networks constitutes a central focus in modern game theory, economics, and ap-
plied mathematics. In numerous economic, social, and technological systems,
decisions are executed by individual agents whose payoffs depend not solely on
their own actions, but significantly on the actions of interacting peers.

Network games are employed to model populations of agents whose decisions
are rendered interdependent by a graph-structured interaction, capturing empir-
ical patterns of influence, information exchange, or physical connectivity. This
dissertation primarily focuses on games exhibiting strategic complementarities,
formally designated as super-modular games. Within these strategic environ-
ments, heightened action levels by one agent strictly increase the marginal in-
centives for adjacent peers to similarly elevate their actions. This specific class of
games has been extensively analyzed due to its highly structured equilibrium prop-
erties, monotone comparative statics, and broad applicability. Crucially, super-
modularity facilitates the application of powerful mathematical frameworks, such
as lattice-theoretic methods, which enable sharp equilibrium characterizations
even within highly complex or large-scale systems.

From a theoretical perspective, network games characterized by complementari-
ties introduce fundamental challenges regarding equilibrium selection, coordina-
tion, and systemic robustness.



Although the existence of Nash equilibria is mathematically guaranteed in super-
modular games, the system remains highly susceptible to equilibrium multiplicity.
It is empirically and theoretically observed that this multiplicity acts as a pri-
mary catalyst for coordination failures, systemic inefficiencies, and stochastically
unpredictable outcomes. The reduction of equilibrium multiplicity constitutes a
primary objective in the mechanism design of multi-agent systems, particularly
within economic and financial networks where uncoordinated decision-making
frequently yields severe inefficiencies. Without regulatory intervention, these sys-
tems are susceptible to suboptimal equilibria.

To address these inefficiencies, regulatory mechanisms are introduced to constrain
the strategic environment. By restricting the domains of suboptimal equilibria, tar-
geted interventions are utilized to guarantee deterministic convergence toward the
maximal, Pareto-optimal equilibrium. Consequently, the formulation of coordina-
tion protocols designed to structurally shape the equilibrium landscape and max-
imize aggregate social welfare is established as the central thesis of this analysis.
From an applied perspective, a multitude of real-world systems are regulated indi-
rectly via policy instruments rather than through direct, authoritative commands.
Examples include:

* Policy Design: Interventions are frequently aimed at influencing local inter-
actions to maximize social welfare. Network effects make direct prediction
difficult, highlighting the importance of network-aware interventions.

* Decentralized System Coordination: In engineered networked systems,
such as smart grids or autonomous vehicle ecosystems, actions are executed
based strictly on local information. Incentive mechanisms are required to
ensure stability and desirable collective behavior.

* Platform Design: Online market platforms implement design choices, such
as pricing rules, matching algorithms, and information disclosure policies,
to influence user behavior and market outcomes.

The main objective of this thesis is to rigorously investigate the mechanisms
through which interventions on network games with strategic complementarities
can be optimally designed by a central regulatory authority. It is strictly assumed
that the individual strategies of the agents cannot be directly dictated by the plan-
ner. Instead, a regulatory policy, such as the modification of localized incentive
structures or the explicit imposition of action-set restrictions, is deployed.



This policy is mathematically calibrated to ensure the induced game satisfies spe-
cific topological and strategic properties, such as equilibrium uniqueness, dynamic
stability, or the implementation of socially optimal outcomes, while strictly pre-
serving the decentralized autonomy of the decision-making process. This formu-
lation raises the following fundamental questions:

* Under the constraint that agents retain autonomy over their individual strate-
gies and that intervention budgets are finitely bounded, how can regulatory
policies be designed to reduce equilibrium multiplicity?

* Can convergence to stable, maximal equilibria be guaranteed, particularly
in time-critical systems (i.e., dynamic environments where delayed coordi-
nation results in severe financial losses, cascading defaults, or catastrophic
infrastructure failures)?

* How can strategic complementarity effects be leveraged to promote coordi-
nation that is efficient with respect to the maximization of aggregate social
welfare and the minimization of intervention costs?



1.1 Context and Motivation

A central problem in the analysis of multi-agent systems is the design of regu-
latory interventions intended to direct network dynamics toward socially optimal
states (Riehl et al.,[2018b). Given that individual actions in decentralized environ-
ments are generally unobservable, direct control by a central planner is precluded.
Consequently, the strategic environment must be regulated through indirect mech-
anisms. Coordination is thereby achieved strictly through the targeted modifica-
tion of systemic parameters, such as incentive structures, information topologies,
or network connectivities (Sakhaei et al., [2023)).

Diffusion and cascading processes constitute a widely investigated class of net-
work dynamics. These processes mathematically describe the local propagation
of behaviors, information, or structural failures strictly through peer interactions.
Examples include:

* Insocial sciences, viral marketing campaigns are studied to promote the dif-
fusion of social trends and/or products through word-of-mouth effects; these
mechanisms are formalized in foundational literature concerning influence
maximization (Kempe et al., 2003, Richardson and Domingos, |2002)

* In economics, the focus is placed on understanding cascading effects that
may lead to the bankruptcy of financial institutions; such dynamics are rig-
orously analyzed through network-theoretic models of systemic risk (Ace-
moglu et al., 2015}, Elliott et al., 2014).

* Cascading failures in brain networks are investigated within neuroscience;
these vulnerabilities are typically illustrated through the graph-theoretical
analysis of complex neural topologies (Bullmore and Sporns, 2009).

* Failure propagation in critical infrastructure systems is addressed by infras-
tructure engineering; these phenomena are formally modeled through the
mathematical study of load-based attacks and interdependent spatial net-
works (Buldyrev et al., 2010; Motter and Lai, 2002).

* The propagation of financial distress within interbank lending systems is
analyzed through financial networks models; the characterization of default
probabilities and interbank liquidity contagion is provided by classic ana-
lytical frameworks (Allen and Gale, 2000; Gai and Kapadia, 2010).



These phenomena are characterized by information cascades, where agent behav-
1or is highly correlated and driven by peer decisions. Although global cascades are
statistically infrequent, they can be initiated by minor exogenous shocks. A priori,
shocks leading to large cascades cannot be distinguished from those causing lo-
calized effects. Consequently, the propagation of influence or failure is strictly de-
termined by the underlying network topology. Understanding diffusion therefore
requires analyzing the network embedding of individual components and their
susceptibility to neighborhood actions.

From a dynamical perspective, a central question concerns how initial perturba-
tions propagate through the network and potentially disrupt systems that were
previously stable. In many models, the state of each agent evolves according to
local interaction rules depending on the states of its neighbors. For monotone dy-
namics, a stationary configuration is eventually reached by the system, raising the
question of whether the diffusion process results in a global cascade affecting a
large fraction of the population or if it remains confined to a small subset of nodes.

The study of influence propagation in social networks has attracted significant
attention in recent years. These models capture situations in which individuals
choose among alternatives or levels of engagement, with payoffs that depend on
the behavior of others. In many social and economic environments, the observed
behavior of peers is relied upon because individuals possess limited information
or constrained cognitive capacities. It is observed that equilibrium multiplicity
frequently leads to coordination failures, systemic inefficiencies, or unpredictable
outcomes (Ramazi et al.,|[2016). From an applied viewpoint, many real-world sys-
tems are regulated indirectly through policy instruments rather than direct com-
mands. Furthermore, in complex decision-making scenarios, such as the evalu-
ation of novel technologies, risky financial assets, or prospective job candidates,
insufficient information frequently exists. In such environments, an inherent in-
centive is generated for individual decision-makers to monitor and emulate the
decisions of others, thereby leading to the emergence of information cascades.

In economic environments characterized by bounded rationality or asymmetric
information, agents rely upon the observable actions of connected peers, thereby
generating decision problems with externalities. Threshold-based diffusion frame-
works provide a mathematically tractable formalization of these externalities.

A canonical example is the Linear Threshold Model (LTM), introduced by Gra-
novetter, 1978. In this framework, the network is represented by a directed graph,
where the vertices represent individuals and the edges represent influence rela-
tionships. Each agent can be in one of two states, typically referred to as inactive
or active (mapping directly to the binary actions 0 and 1, respectively).



Each node is endowed with a threshold, and each incoming edge carries a weight
measuring the strength of influence from a neighbor. At each time step, an inactive
agent becomes active (i.e., switches to action 1) if the sum of incoming influence
from active neighbors exceeds its threshold. Once activated, nodes remain active,
and the process continues until no further activations are possible.

A central optimization problem in this framework is Influence Maximization:
identifying a small but effective set of initially active nodes whose activation
leads to a large diffusion throughout the network. This problem is motivated by
numerous applications, including viral marketing, targeted advertising, and the
protection of critical infrastructure components. More generally, one can consider
optimization problems such as selecting a fixed number of initial adopters in or-
der to maximize the final number of active agents, or determining the minimal
set of initial adopters required to trigger a cascade that eventually activates the
entire population. In practice, the overall dynamics of the system can be con-
trolled at a relatively low cost through the identification of an appropriate seed
set. For instance, a product may be promoted by a firm by targeting a small num-
ber of influential individuals in a social network, whereas a limited number of
structurally important components may be strengthened or protected by policy-
makers to prevent cascading failures in infrastructure systems. Similar considera-
tions arise in systemic-risk analysis, where identifying highly sensitive or highly
contagious nodes may help prevent large-scale financial crises. Despite its con-
ceptual simplicity, the problem of optimizing the trajectory of a diffusion process
over a network remains computationally challenging. Interventions affecting a
single individual may have complex indirect effects on the entire network, and
these effects are typically highly nonlinear. Existing theoretical results are often
limited to deterministic infinite graphs or rely on local structural conditions that
must be verified node by node (Morris, [2000). In networks characterized by sig-
nificant heterogeneity among nodes, such approaches become difficult to apply in
practice. These dynamics are described by network games exhibiting strategic
complementarities. This connection provides a bridge between the literature on
diffusion processes and the theory of super-modular games.



1.2 Literature Review

The problems addressed herein lie at the intersection of Economic Theory (super-
modular, network games), Operations Research, Control Theory (network opti-
mization, equilibrium selection and mechanism design), and Applied Mathemat-
ics (lattice methods, learning dynamics). Each of these fields provides comple-
mentary tools for studying coordination, strategic interaction, and policy design
in networked systems. The most relevant contributions are subsequently reviewed
to position the present work within this interdisciplinary literature.

Strategic Complementarities and Network Games

Games with strategic complementarities have been extensively studied in eco-
nomic theory because of their ability to capture coordination phenomena and
the emergence of multiple equilibria. The concept of super-modularity was in-
troduced and lattice-theoretic methods for analyzing equilibrium behavior were
established in the foundational work of Topkis, 1978) 1998, Building on these
ideas, the role of increasing differences and monotone comparative statics was
formalized by Milgrom and Roberts, 1990, providing powerful tools to character-
ize how equilibrium outcomes respond to parameter changes. These techniques
were subsequently applied by Vives, 1990 to several economic environments in-
cluding oligopolistic competition, technology adoption, and macroeconomic co-
ordination. A central insight from this literature is that complementarities often
generate equilibrium multiplicity, making coordination failures a central concern
in many economic settings. At the same time, the existence of extremal equilibria
in super-modular games allows for partial equilibrium selection through monotone
parameter changes. This framework is extended by network games by explicitly
modeling the interaction structure among agents.

The economic importance of network structures in shaping strategic outcomes was
highlighted in early contributions such as Jackson and Wolinsky, |1996. A partic-
ularly influential contribution is found in Ballester et al., 2006, wherein linear-
quadratic games on networks were studied and the dependence of equilibrium
actions on network centrality was demonstrated. Subsequent work has further ex-
plored how network topology affects equilibrium behavior and welfare outcomes.
In games with complementarities, network structure plays a crucial role in deter-
mining the diffusion of behaviors and stability of equilibria. These models have
been widely applied to social interactions, peer effects and technology adoption.
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Optimization and Control of Networked Strategic Systems

Operations research and control theory provide complementary perspectives by
focusing on the design of interventions and regulatory mechanisms in networked
systems. Classical operations research models analyze resource allocation, flows,
and congestion in networks, often under decentralized decision-making. The in-
teraction between individual optimization and system-level performance has mo-
tivated the study of equilibrium concepts such as Wardrop equilibria and Nash
equilibria in networks. More recently, this literature has increasingly incorporated
strategic interactions and network externalities.

In many settings, the regulator’s problem can be formulated as a bilevel optimiza-
tion problem, where the upper level represents the regulator’s intervention and the
lower level captures agents’ equilibrium responses. These models naturally arise
in applications such as transportation networks, telecommunications, and energy
markets. Control theory offers a systems-oriented framework for studying the
regulation of such decentralized environments. When agents are strategic, regula-
tory policies can be interpreted as control inputs that modify the incentives faced
by agents while preserving decentralized decision-making. This perspective has
led to the development of research areas such as distributed control, mechanism
design for control systems, and mean-field control.

Super-modular games are considered particularly attractive from a control per-
spective because their monotone best-response structure often leads to stable ad-
justment dynamics and predictable equilibrium selection. Regulatory interven-
tions can therefore exploit these structural properties to guide the system toward
desired outcomes. Applications to energy systems are particularly prominent.
Electricity markets involve decentralized decisions by producers and consumers,
whose incentives are dependent upon network constraints, prices, and the behavior
of others. Complementarities arise through congestion effects, demand response,
and technology adoption (for example, renewable integration). Regulatory instru-
ments such as pricing rules, subsidies, and capacity mechanisms can be interpreted
as parameters shaping the strategic environment.

Targeted interventions in networked strategic environments have also been stud-
ied in the economic and control literature, including Acemoglu et al., 2015| and
Galeotti et al., [2020, analyzing how interventions directed at specific agents or
nodes can influence aggregate outcomes. Related work has further examined op-
timal intervention in network games through centrality-based policies and optimal
taxation or subsidies in network interactions (Elliott et al., 2014, Bloch, [2016).
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Mathematical Foundations and Learning Dynamics

From the perspective of applied mathematics, the analysis of super-modular games
relies heavily on lattice theory, fixed-point results, and monotone operator meth-
ods. A central tool is Tarski’s fixed-point theorem (Tarski, [1955), which guaran-
tees the existence of equilibria in games with complementarities and provides a
constructive basis for equilibrium computation via monotone iterative procedures.
Order-theoretic methods have been widely used to study convergence of iterative
algorithms and equilibrium computation.

In many network games with finite or partially ordered action spaces, these tools
allow for the characterization of the structure of equilibrium sets and to analyze
comparative statics with respect to parameters.

These mathematical properties are closely connected to the study of learning dy-
namics. In many practical applications, Nash equilibrium strategies are not in-
stantaneously played by agents; rather, actions are adjusted over time based on
observations and beliefs, a process that frequently leads to the eventual emer-
gence of an equilibrium. As a consequence, adaptive processes such as best-
response dynamics, fictitious play, or reinforcement learning frequently converge
to extremal equilibria (Ramazi and Cao, 2017). Furthermore, recent work on
mean-field approximations demonstrates that discrete fluctuations in such binary
best-response dynamics almost surely vanish as the population size increases, re-
sulting in predictable continuous dynamics (Aghaeeyan and Ramazi, [2025)). In
games with strategic complementarities, learning dynamics are often particularly
well behaved because best responses are increasing in the actions of others.

Such dynamics are especially relevant in social networks, where behavior spreads
through imitation, reinforcement, and local interaction. The study of diffusion
processes in networks has therefore become an important bridge between eco-
nomic theory, algorithmic network science, and applied mathematics.

A major contribution in this direction is the work of Kempe et al., 2003, who in-
troduced the Influence Maximization Problem (IMP). In this framework, a planner
selects a limited number of initial “seed” agents with the objective of maximiz-
ing the eventual spread of adoption under the Linear Threshold Model (LTM).
Although the Influence Maximization Problem is NP-hard, Kempe et al., 2003
showed that when individual thresholds are drawn independently from a uniform
distribution over [0, 1], the expected spread becomes a submodular function. This
property allows the use of greedy algorithms, achieving a (1 — %) approximation
guarantee, where e denotes Euler’s number.
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Additional control methodologies for asynchronous best-response dynamics on
binary decision networks have been explored to design optimal incentive-based
interventions (Riehl et al., 2018a). Subsequent research was directed toward im-
proving algorithmic scalability and refining the seed-selection process (see, Goyal
et al., 2011). Parallel work examined cost-minimization variants of the problem.
The Target Set Selection (TSS) problem, introduced by N. Chen, 2009, seeks the
smallest set of initial adopters capable of activating the entire network.

Surveys and further developments can be found in W. Chen et al.,|[2013|and Como
etal., 2021, Weighted extensions such as the WTSS problem allow heterogeneous
activation costs Cordasco et al.,2015; Raghavan and Zhang, 2019l A particularly
relevant extension for policy design is the Least-Cost Influence Problem (LCIP),
introduced in Gunnec, |2012| and further studied in Giinneg et al., [2020a} 2020b.
In this framework, the planner can assign fractional incentives that effectively
reduce individuals’ adoption thresholds. This allows the modeling of realistic
interventions such as targeted subsidies or discounts, where the objective is to
minimize intervention costs while ensuring large-scale adoption.

Related fractional formulations have been considered by Demaine et al., 2014,
who show that allowing fractional allocations can substantially alter diffusion out-
comes without increasing computational complexity. Similar problems appear un-
der different names, such as the Targeting with Partial Incentives (TPI) problem
studied by Cordasco et al.,[2015.

The scalability of these approaches remains a major challenge in large social net-
works. To address this issue, analytical tools have been developed within the
study of diffusion processes on random networks, based on configuration models
and branching process approximations. Mean-field techniques enable the char-
acterization of cascade behavior in terms of degree distributions and threshold
statistics, thereby enabling tractable analysis of large populations without explic-
itly enumerating all nodes (see Rossi et al., 2017 and Ravazzi et al., [2023).

Additional work has connected diffusion models with game-theoretic learning dy-
namics and coordination processes in networks (e.g., Morris, 2000, Acemoglu
and Ozdaglar, 2011). Building on these mathematical and algorithmic founda-
tions, the present dissertation investigates how regulatory interventions affect both
equilibrium outcomes and the dynamic paths leading to them. By focusing on
subclasses of super-modular network games, it identifies conditions under which
interventions preserve monotonicity and ensure convergence toward socially de-
sirable equilibria in decentralized systems.

13



1.3 Contributions and Outline

Several contributions to the theory of network games and mechanism design un-
der complementarities are established herein.

Specifically, a comprehensive framework for Intervention Design on Super-
Modular Network Games is introduced. By explicitly modeling the choice of
payoff parameters by the regulator, equilibrium theory is connected with design
problems. By leveraging methods from lattice theory and monotone comparative
statics, specific conditions are identified under which interventions can induce
equilibrium uniqueness or dominance solvability.

Furthermore, subclasses of network games are isolated where coordination can be
achieved through minimal or localized interventions, advancing the literature on
equilibrium selection. Finally, a unified mathematical treatment is provided, capa-
ble of addressing both finite, deterministic action spaces and large-scale networks.

The structural organization of the manuscript reflects these methodological ad-
vances. The thesis is structured as follows:

* Theoretical Foundations: Game Theory and Network Dynamics.

This chapter establishes the mathematical and theoretical foundations for
the dissertation. It introduces the fundamental notation and core concepts
of game theory, with a focus on network games characterized by super-
modular payoffs. A key component of this chapter is the formalization of
policy interventions, describing the mechanisms through which a central
regulator can influence incentives and system parameters to steer the sys-
tem toward social optima. Additionally, it presents the learning dynamics
which provide the computational framework for analyzing the emergence
of equilibria in decentralized environments.

* Optimal Intervention in Non-Binary Super-Modular Games.

This chapter examines mechanism designs aimed at steering decentralized
systems toward their maximal Nash equilibrium. Focusing on finite uni-
modal games (a concept formally defined in Chapter (3] Definition 3.1.1)),
interventions are modeled as lower-bound restrictions on action sets, ef-
fectively preventing agents from adopting strategies below a designated
threshold, thereby pruning suboptimal branches of the decision space. A
distributed algorithmic approach based on time-reversible Markov chains
is proposed to compute minimum-cost sufficient interventions by tracing
weak improvement paths.

14



* Optimal Seeding in Large-Scale Super-Modular Network Games.
Shifting the focus to binary-action environments, this chapter tackles the
scalability and information limitations of the Optimal Seeding Problem in
large populations. To overcome the inherent NP-hardness of exact solutions,
the analysis leverages a directed configuration model and Local Mean-Field
approximations. This methodology rigorously reformulates the seeding prob-
lem into a dimension-independent linear program that relies exclusively on
aggregate network statistics rather than exact topological data.

* Optimal Intervention in Large-Scale Super-Modular Network Games.
Building upon the statistical framework of the previous chapter, this sec-
tion generalizes the intervention scope to address the Least-Cost Influence
Problem (LCIP). It expands beyond binary seed selection by allowing the
central planner to assign fractional incentives (e.g., targeted subsidies) that
continuously lower individual adoption thresholds. This complex optimiza-
tion problem is successfully recast as a highly scalable linear program.

* Conclusions and Future Research.
The final chapter synthesizes the main theoretical and algorithmic contri-
butions of the work. It also outlines potential avenues for future research,
including the extension of these frameworks to environments with mixed
externalities and dynamically evolving (endogenous) network topologies.
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Chapter 2

Theoretical Foundations: Game
Theory and Network Dynamics

In this chapter, the notation, theoretical concepts, and mathematical tools utilized
throughout this dissertation are introduced.

Notation

Initially, the fundamental notation employed throughout this work is established.
Vectors are denoted by bold lowercase letters, matrices and random variables by
uppercase letters, and sets (as well as set-valued functions) by calligraphic sym-
bols. All vectors are assumed to be column vectors. The transpose of a vector x
is denoted by x "; the same notation applies to matrices. The vector of all ones is
denoted by the symbol 1, while the identity matrix is represented by 1, with the
respective dimensions being dictated by the mathematical context. Throughout
the dissertation, the standard componentwise partial order on R™ is considered. In
particular, for x,y € R", the relation x < y is understood to hold if and only if
r; < y;foralls = 1,2,...,n. Moreover, x < y indicates that x < y and that
the inequality is strict for at least one component. Additional notations will be
introduced throughout this work and explained when needed.

16



2.1 Strategic Interactions on Networks

In this section, the foundational concepts of game theory, a mathematical frame-
work utilized for the analysis of competitive environments characterized by in-
teracting decision-makers, are established. These decision-makers are formally
designated as agents (or players). A defined set of feasible strategies is avail-
able to each agent, and a specific strategy is selected with the strictly rational
objective of maximizing a utility function. This utility is contingent upon both
the agent’s individual strategy and the strategy profile adopted by the comple-
mentary set of agents. Formally, a (strategic form) game is defined as a tuple
I'= (V,{Ai}iev, {ui}iev) where

* V ={1,...,n} is the finite set of agents (or players),
while, for each agenti € V

» A, is the set of strategies (or actions). Throughout most cases examined in
this dissertation, the set A; is assumed to be finite subset of R.

* u; Ay x -+ x A, — Ris the utility function (reward or payoff function).

The strategy executed by an agent ¢ € V is denoted by z; € A; and the strate-
gies of all agents are gathered in a vector x € A; X --- x A, which is formally
referred to as a strategy profile or configuration. The configuration space is uni-
formly denoted by A = A; x --- x A,. The utility function v; : A — R
returns the payoff u;(x) received by agent i when a strategy profile x € A
is collectively realized, meaning each agent j executes strategy z; € A;. Let
x_; = (z1,...,%i_1,Tit1,...,T,) be the vector obtained from the strategy pro-
file x by removing its i-th entry, such that x_; € A_;, = H#i A;. Then, with a
slight abuse of notation, it can be written

wi(Ti, X—i) = wi(X)

for the utility received by agent ¢« when strategy x; is selected by agent 7, and strat-
egy profile x_; is executed by the remaining agents. A foundational assumption of
non-cooperative game theory dictates that every agent 7 € ) operates rationally,
selecting a strategy z; to maximize their individual utility u;(x;,x_;).

17



Given the dependence of the utility on the strategies of the opposing agents x_;,
the (set-valued) Best Response correspondence is introduced as:

Bi(x—i) = argmax u; (ZEZ‘, X—z’) (21)

T, €EA;

Under the assumption that agent ¢ € V possesses complete information regarding
the static strategies executed by the remaining agents, the best-response corre-
spondence identifies the mathematically rational choice; specifically, it identifies
the strategy (or strategies) z; € A; that maximizes the utility function, conditional
upon the opponents playing x_;. Notice that 5;(x_;) can be an empty set when
A; is not finite.

The definition of a (pure strategy) Nash equilibrium is thus formalized as follows.

Definition 2.1.1. Given a game I' = (V,{A;}iev, {uitiev), a (pure strategy)
Nash equilibrium is a strategy configuration X* € A such that

x; € Bi(x",), Viel. (2.2)

The Nash equilibrium is strict if, moreover, |B;(x* ;)| = 1 for every agent i.

Consequently, a Nash equilibrium constitutes a strategy profile wherein no agent
possesses an incentive to unilaterally deviate from the selected strategy; the utility
derived is optimized relative to the strategies fixed by the other agents. It should
be noted that a Nash equilibrium does not preclude the possibility that coordinated
deviations by multiple agents could yield higher collective or individual utilities.

Throughout, the notation A* will denote the set of Nash equilibria of a game,
which can be empty or include one or more elements. Existence and uniqueness
of Nash equilibria are not guaranteed in general.
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Network Games

Within this subsection, a class of games particularly relevant to the study of in-
terconnected systems, designated as network games, is examined. In these theo-
retical models, players are structurally represented as nodes within a graph, and
their corresponding utility functions are strictly contingent upon their own strate-
gic choices as well as the actions executed by their connected peers. Prior to
the formal introduction of network games, foundational graph-theoretic concepts
must be established; comprehensive notation and extended structural details are
provided in Appendix Specifically, for a graph G = (V, £) where the node set V
corresponds to the individual agents, the out-neighborhood of an agent 7, formally
expressed as N; = {j € V| (4,) € £} is defined as the subset of nodes to which
agent ¢ directs a connection. Furthermore, the out-degree, denoted by k; = |V
is utilized to quantify the total number of these outgoing connections, effectively
capturing the scope of the agent’s interactions. In weighted configurations, k;
is generalized as the weighted out-degree of agent i, given by k; = > sev Wi
These topological constructs are strictly required to formalize the localized de-
pendencies of the utility functions within the network.

Definition 2.1.2. Let G = (V,E) be a graph. A game T' = (V, { A }icy, {ui }icv)
is called a network game over G (or simply a G-game) if, for every player i € V),
it holds that

ui(x) = ui(y)
for any configurations x,y € A such that

T = Yj, forall j € N; U {i}

Naturally, every game is a network game with respect to the complete graph.

The foundational premise of a network game dictates that interactions among
players are structurally constrained by the underlying graph topology. The util-
ity derived by any individual player is evaluated strictly based on their chosen
strategy and the specific action configuration adopted by their out-neighborhood.
When individual decisions are restricted to binary spaces, strategic preferences
for one action over another frequently emerge based on the proportion of peers
selecting the identical action. For instance, in models concerning the diffusion
of innovations and beliefs, the utility derived from adopting a specific behavior
increases as a function of the number of neighbors adopting that same behavior, a
dynamic that is formally illustrated in the subsequent example.
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Example 2.1.1. A Network Coordination Game on a weighted graph G = (V,E,W)
is defined as a game I' = (V,{A;}iey, {wi}icv) characterized by binary action
sets A; = {0, 1}, Vi € V. The utility functions are formulated as:

JEV

where the term W; ; > 0 denotes the non-negative weight of the directed connec-
tion. Furthermore, a constant parameter b; in [—k;, k;] is introduced to model a
possible bias of player i toward action 0 (if b; < 0) or action 1 (if b; > 0).

Given an agent i € V and any choice of actions x_; € A_;, action 1 is determined
to be a Best Response, in accordance with Equation [2.1)), if and only if:

ui(l,x_i) > u,-((),x_z-) <~ Z VVZ‘JZL']‘ +b; > ZVVZ'J(l — ZEj).

JjeV JjeV

This condition implies that the best response evaluates to 1 if and only if the cu-

mulative weighted sum of active neighbors strictly exceeds a defined threshold.

Given that k; =) jev Wi j, the inequality is algebraically reformulated as:
22 I/Vi,jl'j Z kl - bz

JEV

Therefore, the best response correspondence for an agent 1 € V is given by

{1} if Z Wi jx; > 1
jev
Bi(x_;) = {01} if Z;Wi,ﬂ?j = (2.4)
je
{0} if Z Wi jx; <
jev
where
k; —b;
2

(2.5)

r, =

denotes the threshold of player i € V.
While the intrinsic bias b; is naturally constrained within the interval [—k;, k;]
for agents susceptible to peer influence, relaxing these bounds provides a rigor-

ous theoretical mechanism to model stubborn agents, individuals whose strategic
choices remain invariant to network effects.
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Specifically, an agent i is classified as stubborn if their baseline bias strictly dom-
inates the aggregate network influence:

o If b; > k; (vielding a threshold r; < 0), action 0 is strictly dominated,
and the agent’s best response is invariably B;(x_;) = {1} for any feasible
configuration of opponents x_;.

* Conversely, if b; < —k; (yielding r; > k;), action 1 is strictly dominated,
fixing the best response at B;(x_;) = {0} regardless of peer actions.

In the absence of such stubborn agents, that is, when —k; < b; < k; forallt € V),
strictly dominated actions do not exist, allowing the system to sustain multiple
equilibria, notably including the consensus configurations x = 0 and x = 1.

Example 2.1.2. Quadratic Games constitute a family of games that has garnered
significant attention recently and appeared in various applicative scenarios within
the social and economic sciences.

In the general form, quadratic games possess continuous strategy sets, i.e., A; C
R, for all i, and the utilities are given by

JEV

where p; : A; — R.

These games model situations wherein agents are engaged in some common ac-
tivity: x; is the level of activity of agent i and p;(x;) represents the utility in the
absence of social interactions. Social interactions are captured by 0W; ;, where 0
parameterizes the importance of social interaction and W; ; quantifies the strength
of the influence of j on i.

In the special case when each p;(x;) = bjx; — %:cf, i.e., is quadratic in x;, the
canonical quadratic game is obtained, with utilities formulated as, for i € V

L,

Ui(ZL‘Z‘, X—i) = bz + ) E ‘/Vi,jxj T; — §$Z (27)
JEN N
~ -~ - private costs of own strategy

returns from own strategy

where z; € R, is the activity level of agent i, b; is the marginal individual reward
Jrom activity level x;, %xf is the cost for providing activity level x; and W,; ; > 0
is the benefit from peer interaction.
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It is noted that the best response of agent i is always a singleton and is linear in
xj forall j € V\ {i}. More precisely, it is given by

Bi(x_;) = b+ Wiz, (2.8)
JEV
Then, if they exist, Nash equilibria are the solutions of the system
x =b+ 0Wx. (2.9)
If 6p(W) < 1, the game possesses a unique Nash equilibrium given by
X" =(1-0W)'b

Remark 1. The unique Nash equilibrium is fundamentally linked to the Katz-
Bonacich centrality (Ballester et al., 2006; Bonacich, 1987). While traditional
network centrality measures are frequently formulated to evaluate prestige via
incoming links (as detailed in Appendix [A)), in the context of network games
with strategic complementarities, an agent’s equilibrium action is governed by
the influence exerted by their observed peers.

It is observed that, under the assumption §p(W) < 1 the equilibrium profile x*
corresponds precisely to the weighted Katz-Bonacich centrality vector, which ac-
counts for the number and discounted length of all outgoing walks. The centrality
of agent i can thus be explicitly expressed as:

ot = Zi (*W*). by,
JeV k=0 !

where b; represents the intrinsic baseline utility of agent j, and VVZ’“J is the weight
of walks from i to j of length k.
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2.2 Mechanism Design and Policy Interventions

The concept of interventions in network games is introduced in this section. A
game-theoretic framework is developed for the analysis of these games and the de-
sign of computationally efficient interventions implementable by a central planner,
both in deterministic networks and in large-scale networks generated by stochastic
formation models when exact network data are unavailable.

In networked systems, agent decisions are governed jointly by direct incentives
and strategic interactions. Due to the unobservability of individual actions, indi-
rect interventions are required to shape equilibrium behavior and facilitate coor-
dination. Because agent responses to these interventions are contingent upon both
individual utility maximization and the strategic adjustments of peers, policy de-
sign must explicitly account for these interdependencies. This is accomplished by
evaluating how parameter modifications alter the equilibrium landscape to maxi-
mize the aggregate action.

Intervention Mechanism

In non-cooperative environments, suboptimal collective behavior are frequently
generated by the uncoordinated maximization of individual payoffs. To mitigate
these systemic inefficiencies, targeted interventions are implemented by the cen-
tral regulator to steer the system toward socially optimal configurations.

From the perspective of a central planner (CP), the previously developed charac-
terization of equilibria is frequently exploited to determine the optimal interven-
tion required to maximize a system-level objective. An intervention parameter

h e H,

is selected by the central regulator, where H is a nonempty design parameter space
(finite-dimensional vector space, function space, or abstract parameter set).

The game I' = (V,{A;}icy, {ui}icy) is modified by an intervention by altering
payoffs, action sets, information, or feasible outcomes. This is modeled through a
game transformation mapping,

T :H— 6,

where & is a class of strategic-form games with the same player set.
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Foreachh € H,

['(h) :=T(h) = <V7 {Ai(h) ]y, {uzh}zev>

Common special cases include:

* Payoff Intervention

Action sets remain unchanged and utilities are modified:
Ai(h) = A;, w(wi,x) = ui(w,x-3) + fi(w;,h).

The term f;(x;, h) represents the intervention-induced perturbation to the
marginal utility of agent i. It is quantified as the net deviation in standalone
returns resulting directly from the implemented regulatory policy.

¢ Action-Set Intervention
The regulator restricts feasible actions: A;(h) C A,.

Under this intervention mechanism, the underlying utility functions of the
agents are preserved, while the set of permissible actions is strictly con-
strained by the central regulator. Rather than altering the intrinsic payoff
structures, the strategic environment is modified by imposing direct limita-
tions on the feasible choices available to individual players.

Practically, this is frequently modeled as the imposition of a lower bound on
the action space, thereby ensuring that a minimum level of effort or engage-
ment is exerted by the targeted agents. This condition is formally expressed
by restricting the action set to

Furthermore, this mathematical formulation naturally encompasses specific
deployment scenarios, such as the seeding problem, wherein selected agents
are compelled to adopt a predetermined action, effectively reducing their
viable strategy set to a single mandatory element. By directly restricting the
configuration space, decentralized systems can be effectively steered toward
socially optimal equilibria.

Figure 2.1 illustrates a sample network of agents, and how the regulator’s inter-
vention h; influences their payoff. This graph highlights the local interactions that
determine best response updates.
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\{éentral Regulator]

.,

Local strategic complementarities

Figure 2.1: Network interaction graph. Players interact locally through the net-
work, while a central regulator influences incentives via parameters h;.

Target Class of Games. The game structure is reshaped by the central planner
through interventions, ensuring its membership within a subclass of games char-
acterized by specific properties. Let ['* C & denote a target class of games
defined by structural or equilibrium properties. Examples include:

* Games with unique Nash equilibrium
* Games whose equilibria satisfy a system-level constraint

* Games implementing a desired social choice rule

Planner’s Objective. To every intervention h is associated a cost
C:H—=R,. (2.10)

Intervention mechanisms h € H must be designed such that the induced game

['(h) = <V7 {Ai(h)},cy {u?}zev>

resides within a target class ['*.
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The regulator, therefore, aims to solve the following problem

minimize  C(h)
he# 2.11)
subject to T'(h) € T*

Remark 2. Note that while the constraints on the action set are local, namely,
x; € Aj;, the interventions constraint set H allows both local, e.g., H = RY , and
coupled constraints, e.g., H = {h € RY : ||h| < ¢}, for some ¢ > 0. Another
notable example is given by

H={heRY : heR VicTandh;=0,ViecV\I},

where I C 'V denotes a specific subset of targeted players subject to intervention.

Without intervention Policy intervention
2 %
& Target Region 3 Target Region
> ° >
= =
= S
3] I3
= ' =
= ' ) =
B~ inefficient® / =~
2 . oy
5 inefficient S
X X

Figure 2.2: Policy intervention in a network game. Inefficient equilibria (red) arise
before intervention. By redesigning game parameters, the planner eliminates these
equilibria and ensures convergence toward the target region (green).

The effectiveness of the designed interventions is illustrated in Figure It is
shown how the modification of game parameters geometrically eliminates sub-
optimal equilibrium regions, thereby steering the network toward a target space
characterized exclusively by efficient equilibria.

Example 2.2.1. Consider the canonical quadratic game with utility functions
specified by Equation (2.7), where the central planner intervenes by modifying
the individual marginal reward via the parameter h;, ¥i € V. The induced game

D) = (V. {A M) 0y ) o)
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without imposing restrictions on the action sets (i.e., A;(h) = A;, foralli € V),
and with the modified utility function:

1
uf‘(xl, X_i) = bix; + hiv; — 533@2 + 0% Z Wi,
JEY
1

JEV

Prior to targeted interventions, the existence and uniqueness of an equilibrium
configuration, xX*,cannot be guaranteed. To establish well-posedness, strict spec-
tral bounds, Sp(W') < 1, must be imposed. Provided this criterion is satisfied, the
resulting Nash equilibrium is analytically derived as x* = (1 — 6W)~!(b + h).
The planner seeks to minimize the intervention cost while ensuring the aggregate
effort exceeds a target threshold «. This yields the following convex program:

1

minimize  =||h|?
heRV 2

subject to 17(1 —6W) ' (b+h) >«

The associated Lagrangian function is defined as

L(h,p) = %hTh —p (1T (1 =6W) ' (b+h)—a)

The optimal solution must satisfy the Karush-Kuhn-Tucker (KKT, Kuhn and Tucker,
2013) conditions:

Stationarity:

VL =h—p((1—6w) ") 1=0

—h=p((1-sW)") 1

Primal feasibility:

1'(1—6W) '(b+h)>a
—=1"(1-W)" ' h>a—-1"(1-6W)'b

* Dual feasibility: p > 0.

Complementary slackness: 11 (17 (1 —6W)™ (b +h) — a) = 0.
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If the constraint is assumed to be inactive, then it holds that
1"(1—-W) ' h>a—-1"(1—-6W)'b.

complementary slackness forces p = 0. From stationarity, this implies h = 0.
the condition 17 (1 — §W)~'h = 0 is mathematically consistent if and only if the
original inequality is strictly satisfied in the absence of intervention, meaning:

a—1"(1—-6W) b <0.
If the constraint is assumed to be active, 17 (1 — W) tTh =a—1T(1-5W)"'b

and complementary slackness implies 1 > 0.

From stationarity: h = ju (1 — 6W)~)" 1, and imposing the active constraint:
1T (1= W) "= p1T(1— W) (L=6W)™) 1=a—1T(1—6W) b
a—17(1-5W)" b

H«ﬂ—&V)qur>0

:M:

Thus, the optimal solution is

0 ifo <17(1 — 6W)"'b

1’14< — oa— T(1— -1 1IN T . —
\miﬁﬁzﬁ%(@_éw)” 1 ifa>1T(1—6W)'b

The derived optimal policy dictates that a non-zero intervention (h* > 0) is imple-
mented if and only if the target aggregate effort o strictly exceeds the autonomous
equilibrium level ) .., x{. Otherwise, the optimal intervention is null.

Example 2.2.2 (Seeding Problem). Consider the coordination game of Example
(2.3). Consider a setting where initially all agents have selected strategy 0, except
for an initial set S(0) of agents playing strategy 1. The set S(0) is called the
seed set and represents early adopters (e.g..first adopters of a new product or
innovation, initial bank failures, etc.). At every iterative step t + 1 each agent
takes a best response action according to [2.4):

{1 i ;}Wi,jﬂfj(t) >y
{0} lf Z Wi’jl’j(t> <7T;

JEV

and therefore selects strategy 1 if at least r; of their neighbors have selected strat-
egy 1 at step t and 0 otherwise.
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Algorithm 1 Diffusion Dynamics for the Coordination Games

Set: k£ = 0, Initialize z; = 1 for all : € §(0) and z; = 0, otherwise.
Iterate:

St+1)=qieV: > Wy>n
)

JES(t

The process defines a monotone update, such that
S(t) CSt+1), forallt > 0.

Since the network is finite (of order n = |V|), the sequence stabilizes in at most
n iterations. The set of final adopters, given the initial seed set S*(S(0)), is
therefore defined as

S(S(0) = JS(t) =Sn).

By construction, this terminal set constitutes a stable configuration, inherently
satisfying the fixed-point condition wherein no further activations occur.
Intervention: The central planner’s objective is to select an optimal initial seed
set S(0) C V to maximize the cardinality of the final adopting population, sub-
ject to a strict budget constraint k on the number of initially active agents. This
intervention strategy is formalized by the following optimization problem:

maximize |S*(S(0))]

S0)CcV

subject to  |S(0)| =k

The identification of targeted individuals to maximize information propagation,
known as the seeding problem, represents a well-established paradigm in the
study of viral marketing, financial contagion, and technology adoption. Various
network-centrality-based heuristics have been proposed in the literature to select
seeds in a manner conducive to boosting diffusion. The determination of opti-
mal ’seeds’ for maximizing information spread is maintained as a critical policy
question in contexts like brand awareness (Richardson and Domingos, 2002), mi-
crofinance (Banerjee et al., 2013|), and technology adoption (Beaman et al., 2021)).

This optimization problem is not computationally tractable for large populations.
When agent i threshold is selected from [0, ... k;] uniformly at random, (and one
aims at maximizing the expected size of the final set given the randomness on
thresholds) the problem in NP-hard, as shown by Kempe et al., 2003,
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2.3 Strategic Complementarities and Super-Modular
Structures

Super-modular games constitute an essential class of games (Milgrom and Roberts,
1990), utilized to model “strategic complementarities” (Jackson and Zenou, 2015)),
wherein an increase in strategy by one agent incentivizes others to respond sim-
ilarly. Complementarities are expressed both in terms of constraints and payoff
functions. In terms of constraints, two activities are complementary if an increase
in one activity does not reduce the feasible domain of the other. This is math-
ematically captured by lattices. In terms of payoffs, complementarity between
two activities is established if an increase in one enhances the marginal benefit of
the other. These games possess significant properties in terms of existence and
structure of Nash equilibria.

In the general setting, the definition of super-modular games requires that the
strategy sets .A; be partially ordered sets satisfying the properties of a lattice.

The set A; is assumed to be a finite (or countable) compact subset of R for all
¢ € V. Then, a component-wise partial order < is considered on the strategy
configuration space A, formally defined by x < y if and only if z; < y; for
all ¢ € V. The fundamental feature of super-modular games is the increasing
difference property, defined as follows.

Definition 2.3.1. A utility function u; defined on a lattice A satisfies the increas-
ing differences property if for all y; > x; and 'y _; > X_;, it holds that:

wi(Yi, y—i) — wi(z, y i) > wi(yi, x) — ug(x;, x) (2.12)

This condition can also be written as

Wi(Yi, Y—i) — wiYs, X—) > w2, y—i) — w2, X-;).

Consequently, the variation in a player’s utility resulting from an increased action
is monotonically non-decreasing with respect to the actions executed by other
players. The class of games with the increasing difference property models the
so-called strategic complements effect in economics: an increase in the effort ex-
erted by opponents incentivizes a corresponding increase in an individual player’s
effort. Such effects are frequently observed in the modeling of phenomena such
as technology adoption or social behaviors.
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The increasing differences condition in Equation (2.12)) is structurally equivalent
to the defining properties of A-coordinating games, formalized by Sakhaei et al.,
2023, Within this framework, strategic complementarities induce a monotonic
alignment of marginal utilities. Consequently, unilateral upward deviations by any
subset of agents monotonically increase the best-response thresholds across the
network. This property facilitates the iterative elimination of strictly dominated
strategies, thereby ensuring the existence of extremal equilibria. The formal char-
acterization of these extremal equilibria is required to establish the predictability
necessary for robust mechanism design. Specifically, the deterministic conver-
gence to maximal equilibria, guaranteed by these coordinating properties, enables
the rigorous formulation of optimal intervention mechanisms.

This theoretical progression is directly exemplified by Como et al., 2021, wherein
it is demonstrated that optimal targeting strategies relies upon exploiting such
underlying strategic complementarities to predictably steer network dynamics.

A notable example of games with the increasing difference property is the network
coordination game discussed in the previous section.

Example 2.3.1. Network coordination games posses the increasing difference
property. From expression (2.4)), the Best Response for player i is monotonically
non-decreasing function in any of the components of X_;.

The increasing difference property is fundamental to many important properties of
a game. For games with non-finite action sets, additional regularity assumptions
are required, which motivates the following definition.

The definition of super-modular games is formally established as follows.

Definition 2.3.2. A game I' = (V, {A; }icv, {1 }iev) is super-modular if:

» A; is a compact subset of R;
o u;(x;,Xx_;) is upper semi-continuous in x; and continuous in X_;;

o u;(x;,x_;) satisfy the increasing difference property (2.12)),

foralli € V.
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Within continuous action spaces, the verification of the increasing differences
property is rendered analytically tractable by restricting the payoff mappings to
C%(A,R), the class of real-valued functions over a domain A endowed with con-
tinuous second-order partial derivatives, thereby constraining the game’s differen-
tial structure sufficiently to enable local characterizations of global phenomena.

Lemma 1. Let a strategic game I' = (V,{A; }icy, {ti}icv) be considered. It is
assumed that the global configuration space is given by A = Hjev A;, where
each individual action set A; C R is defined as a compact interval. Furthermore,
it is assumed that the utility functions u; : A — R belong to the space C*(A,R)
forall i € V. Under these conditions, it is established that the game exhibits the
increasing differences property if and only if the cross-partial derivatives of the
utility functions are everywhere non-negative; that is:

32ui

8%8%

(x) >0, VxeA Vj#i. (2.13)

Proof. The necessity of the differential condition is established by assuming the
utility function u; possesses the increasing differences property. For any y; > x;,
the incremental difference u;(y;,x_;) — u;(x;,x_;) is observed to be monotoni-
cally non-decreasing with respect to the complementary profile x_;. By dividing
this difference by the strictly positive scalar (y; — «;) and evaluating the limit as
y; — x;, the first-order partial derivative g_Zi<X) is obtained. Since the pointwise
limit of a sequence of non-decreasing functions strictly preserves monotonicity,
the marginal utility g—;zj(x) is guaranteed to be non-decreasing with respect to any

opposing variable z;, for j # i. Consequently, when the differential operator %
J

is applied to this marginal utility, the established monotonicity dictates that the

ensuing second-order cross-partial derivative is non-negative. Thus, the condition
2,,. . .

#;;j(x) > 0 is obtained.

On the other hand, for every a;,b; € A; with b; > a; and every x_; € A_; the

following can be written

Uz‘(bz’,Xﬂ') - Ui(ai,Xﬂ‘) = —(Ci,Xfi)

8a:j
for some ¢; € [a;, b;] by virtue of the mean value theorem.

If relation (2.13) holds, this last expression is non-decreasing in x; for every j # <.
This yields the increasing difference property (2.12). |
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Example 2.3.2. Quadratic games with 6W; ; > 0 for every i, j qualify as the type
of super-modular network games defined over positively weighted graphs that are
studied in this thesis.

The following fundamental statement summarizes the key properties that charac-
terize these games features.

Theorem 2.3.1. For a super-modular game T' = (V,{A;}icy, {ui}iev) the fol-
lowing facts hold:

* the set of pure Nash equilibria A* is non-empty;

* there exist two extremal (i.e., maximum and minimum) pure Nash equilibria,
denoted as the least equilibrium x* and the greatest equilibrium X*, such
that every pure Nash equilibrium x* satisfies x* < x* < X*.

Proof. Consider a super-modular game where the strategy sets .4; are compact
subsets of R. The configuration space A is thus a complete lattice under the
component-wise partial order. Under the assumption of strategic complementar-
ities (increasing differences), the best response correspondence 3(x) maps the
lattice A into the collection of its sub-lattices. By Tarski’s Fixed Point Theorem,
the set of Nash equilibria .A* is non-empty. Furthermore, the set A* itself consti-
tutes a complete lattice, which implies the existence of two extremal pure Nash
equilibria, x* and X* such that every Nash equilibrium x* satisfies x* < x* < X*.
For a complete treatment, reference is made to Topkis, |1998. [ |

Comparative Statics

In this subsection, the variation of equilibrium behavior with respect to exogenous
parameters is analyzed. To avoid notational conflict with the policy interventions
h € H defined previously, the parameter is modeled as a vector § € ©, where ©
is a partially ordered set. Although comparative statics results are applicable to
more abstract settings, focus is maintained on © C RY, which is a partially or-
dered set with the usual componentwise order. The mathematical formalization of
parameterized super-modular structures and their associated comparative statics
relies on foundational framework elements established by Milgrom and Roberts,
1990 and Topkis, 1998,
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Definition 2.3.3. Let O, the parameter space, be a partially ordered set.

A parameterized super-modular game T'(0) = (V, {Ai}icy, {ul}, ev) is defined
as a family of super-modular games with payoff functions parameterized by 0 in
O, such that for each i € V:

o A, is a compact subset of R;

o ul(x;,x_;) is upper semi-continuous in x;, for a fixed strategy profile x_;

and parameter 0.

o uY(z;,X_;) satisfies the increasing differences property with respect to the

parameter 0:
(e v — (2 v_) > (. %) — vl (2. X 714
w; (Yi, Y—i) — U (6, Y-i) > v (Yi, Xg) — g (25, X_;) (2.14)
forall y; > x;, y_; > x_;and 0" > 6

Theorem 2.3.2. Assuming I'(0) = <V, {Aiticy s {uf}iev> is a parametrized
super-modular game, the maximum and minimum Nash equilibria, denoted re-
spectively by X*(0) and x*(0), are both non-decreasing functions, for each 6 € ©.

Proof. Let I'(f) be a parameterized super-modular game where the design pa-
rameter space O is a partially ordered set. The utility functions u/ satisfy the
increasing difference property not only with respect to the strategies (z;,x_;) but
also between the strategies and the parameter 6. This structural property guar-
antees that the best response correspondence shifts monotonically upward as 6
increases. By applying the theory of monotone comparative statics to the equi-
librium lattice, it is established that the maximum Nash equilibrium X*(#) and
the minimum Nash equilibrium x*(#) are non-decreasing functions of #. For a
complete treatment, reference is made to Milgrom and Roberts, [1990. |
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2.4 Learning and Best-Response Dynamics

Equilibrium analysis based on Nash equilibrium forms the foundation of most
economic theory. In strategic environments characterized by equilibrium multi-
plicity, classical rationality and common knowledge assumptions are frequently
insufficient for equilibrium selection. Consequently, the emergence of an equilib-
rium is typically modeled as the asymptotic limit of an iterative learning process,
wherein strategies are sequentially adjusted over time. In contexts where the game
is used as a modeling tool to solve multi-agent decision and optimization prob-
lems, such evolutionary dynamics can be interpreted as distributed algorithms.

The individual payoff function is maximized by each player, given the aggregated
actions of their neighbors and the current value of the intervention signal. To
capture this, it is assumed that the action of each player ¢ € V evolves over time
according to the following dynamic

Maximal Best Response Dynamics

In this subsection, a game-theoretic learning process is introduced: the Maximal
Best Response Dynamics. To ensure that such dynamics are well-defined, suffi-
cient topological regularity is imposed on the strategic environment.

Assumption 1. For a strategic-form game T' = (V, {A; }icy, {w;}iey), it is as-
sumed that for every player i € V), the action set A; is a non-empty compact
subset of R, and the utility function u; (x;,x_;) is upper semi-continuous with
respect to x; for any fixed opponents’ profile x_;.

By Assumption [I] the extreme value theorem ensures that the utility function at-
tains its maximum on the action space. Consequently, the set of maximizers (the
best-response set 3;(x_;)) is both non-empty and compact.

Consequently, for each player ¢ € )V and opponents’ profile x_;, the maximal
element of the best-response set is always uniquely determined. Formally:

Bi(x_;) = max {B;(x_;)} = max {argmax w; (x4, X_Z-)} (2.15)

T, EA;

Thus B;(x_;) is inherently a single-valued map.
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The maximal best-response operator is definedas B : A — A, by
E(X) = (Bl (X71>7 s 7Bn(xfn>)

Thus, the discrete-time synchronous maximal best response dynamic is the se-
quence x(t) with state space A,

x(t+ 1) = B(x(t)), t>0. (2.16)

Equivalently,

wherein updates are executed simultaneously by every agent at each step, accord-
ing to the maximal best response (2.15). It is noted that, because the choice is
unique, this constitutes a deterministic dynamic.

It is observed that Assumption || constitutes a strictly weaker topological require-
ment than the formal definition of super-modularity (Definition [2.3.2)).

While Assumption [T[f merely demands the compactness of the action sets and the
upper semi-continuity of the utility functions with respect to a player’s own action,
super-modularity necessitates these fundamental properties alongside continuity
with respect to opponents’ actions and the increasing differences property.
Consequently, the regularity conditions established in Assumption 1| are inher-
ently satisfied by any super-modular game.

Given that super-modular network games represent the primary focus of this dis-
sertation, this structural assumption is naturally subsumed and implicitly main-
tained throughout the remainder of the analysis.

The majority of the properties inherent to super-modular games are derived from
the following proposition.

Proposition 2.4.1. LetT" = (V, {A; }iev, {ui }iev) be a super-modular game, then

* For every player i € V and X_;, the best response set B;(x_;) is nonempty
and has a maximum element B;(x_;), (2.15).

e B;(x_;) is monotone non-decreasing in x_, i.e.
X/,,L- > X_; = Ei(X/ ) > l_/))l(X,,L)

—1
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Proof.

The non-emptiness of the best response set B;(x_;) and the existence of its
maximum element B;(x_;) are directly guaranteed by the regularity con-
ditions established in Assumption [I| Specifically, since the action set A;
is compact and the utility function u; is upper semi-continuous in z;, the
existence of a maximum is ensured by the extreme value theorem.

The monotonicity of the operator B;(x_;) is established by leveraging the

increasing differences property inherent to super-modular functions. Let

two strategy profiles of the opponents be considered, x’ ; and x_;, such that
. -

x', > x_; Lety; = Bi(x',) and x; = B;(x_;). It must be proven that

)

y; > x;. It is assumed, for the sake of contradiction, that y; < x;.

Since x; is best response to x_;, the utility derived from playing z; is at
least as great as the utility derived from playing any other feasible action,
including ;. Thus, it is written:

Ui (74, X—i) > ui (Yi, X—i)
which implies that the marginal difference is non-negative:
w; (25, %X_;) — u; (Y3, X—3) >0

By the property of increasing differences (Definition [2.12)), since x; > v;,
and x’_;, > x_;, it follows that:

wi (2, %) —wi (v, X)) > w (2, %) — ws (i, x4)

Substituting the non-negative difference from the best response condition,
it is obtained that:

which yields:
wi (4, %) > w (yi,x;) -

This result implies that, the action z; is also an element of the best response
set B;(x";). However, y; is explicitly defined as the maximum element
of B;(x";). The condition z; > y;, with z; € B;(x",) constitutes a direct
contradiction to the maximality of y;. Therefore, the initial assumption must
be false, and it is concluded that y; > x;, which proves the monotonicity of
the maximal best response operator. |
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Strategy profile

Target region

, » Time (¢)
Monotone best response dynamics

Figure 2.3: Best response dynamics in a super-modular network game. Strategic
complementarities induce monotone trajectories that reach a Target region.

A fundamental question subsequently arises regarding the assumptions under which
the dynamics (2.16)), initiated from a specific state x, € .A, are guaranteed to con-
verge to the set of Nash equilibria A*.

Best response dynamics are visualized in Figure [2.3] where strategies are iter-
atively updated by agents over time. Convergence toward a target region is
achieved, as discussed previously with Figure with arrows indicating the
monotone trajectory of updates. In super-modular games, this convergence is
guaranteed under monotone dynamics, and interventions can accelerate conver-
gence to finite time.

Example 2.4.1 (Best response quadratic games). Consider a quadratic game I =
(V,{A;}iev, {ui}iev), with utility functions defined in equation (2.77). The Best
Response in (2.8) is unique, and therefore coincides with the maximal Best Re-
sponse (2.13). If the strategies are updated by the agents simultaneously to their
current best response, the following dynamical system is obtained:

x(t+ 1) = b + §Wx(t).

If §p(W) < 1, the evolution x(t) converges to the unique Nash equilibrium x* =
b+ 0Wx*. Notice that this is also an algorithm to compute the Nash equilibrium.
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Transition graphs

This subsection introduces several graphs in the configuration space of a game
that play a key role in the analysis of learning systems.

Let I' = (V,{Ai}icv, {ui}icy) be strategic form games. For every player i € V,
consider 4; to be a finite subset of R and denote by

m; =min{A;} and M; = max{A;}

the minimal and maximal actions of player 7, respectively. Then, m = (my, ..., m,)
and M = (M, ..., M,) are the least and the greatest strategy profiles.

Definition 2.4.1. Consider a finite game T = (V, {A; }icv, {ui tiey). The follow-
ing directed graphs are defined on the configuration space A = [],.,, A;
* The hypercube graph is defined as Gy, = (A, &) where
E={(xy) i€V, xi=y_i xi # yi}
 The Improvement graph (I-graph) is defined as G; = (A, Er) where
Er={(xy)|FieV,x =y, 2 #yi, wi(x) <u(y)}
* The Best Response graph (B-graph) is defined as Gg = (A, Eg) where

Ep={(xy)|FieV,x;, =y, vy € Bi(x_;)}

Remark 3. Notice that the Gg C G; C Gy. In the special case when all A; are
binary sets, the I-graph and the B-graph coincide.

Definition 2.4.2. Let I" = (V, {A; }icv, {wi }iev) be a finite game, then

(i) A B-path from x to z is a path in Gg = (A, Ep), i.e., a tuple of strategy

profiles (X(k)>0<k<l such that x© = x, x = z, and for every 0 < k < |
there exists a player i), in'V such that
k+1 k k+1 k
e () K=

(ii) a B-path is a B-path such that

g ¢ Ek (X(k);) , 0<k<l

1k



Remark 4. Analytically, a Best Response path (B-path) represents a sequence of
strategic updates wherein, at each discrete step, a single agent unilaterally devi-
ates to any strategy that is an element of its best-response set, conditional on the
fixed strategies of the opponents. In contrast, a B-path imposes a strictly tighter
algebraic constraint: the updating agent is required to systematically select the
maximal element from the set of available best responses. In strategic environ-
ments characterized by complementarities, where best-response correspondences
are frequently multi-valued, the B-path deterministically tracks the highest at-
tainable trajectory of rational deviations, structurally guaranteeing monotonic
convergence toward the maximal, extremal equilibrium.

Proposition 2.4.2. Consider a finite super-modular game. For a strategy profile
X, the following conditions are equivalent:

(i) there exists a B-path from x to M;

(ii) there exists a B-path from x to M.
Proof. For a strategy profile x € A

(ii) = (i) By definition
(i) = (ii) Consider a B-path (x(k))o o<
with y® = xand y**" = B <y<_ki>k> 5 —y® forevery 0 < k < 1.

Tk i
Clearly, (y(k))ogk;gz
strate that y(!)’ = M. Tt is proven by induction that

k
, from x to M and construct a new path (y( ))0 <k<l

IA

is a B-path, leaving only the requirement to demon-

y ) > x*) VO < k<L (2.17)
Clearly, y@ = x = x(©. Moreover, if y*) > x*) for some 0 < k < I,
(h+1) ® ) -
then, 2.4.1) and z; "~ € B;, (x_.k> imply that

7

yr Y =B, <Y(k-) ) > B, (X(_ki),) >z,

i —lk ik

so that y(**1) > x(*+1)  This proves (Z.17). For k = [, it follows that
M < x() <y < M, thus completing the proof. [

This yields an important consequence on the structure of the set of M-attracted
profiles, stated in the following result.

Corollary 2.4.3. If x is M-attracted, then everyy > x is M-attracted.
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Proof. By virtue of Proposition , there exists a B-path (x*))g<;<; from x to
M. Consider now the B-path

yO =y, 4B, (yﬁ@k) . Y0<k<l

By induction, utilizing the monotonicity of B as demonstrated previously, it is
proven that y*) > x(*) for every k. Hence y!) = M. |

The maximal strategy profile M is defined as being globally reachable from a B-
path if, for every initial configuration x € A, there exists at least one directed se-
quence of best-response updates (B-path) originating at x and terminating strictly
at the maximal strategy profile M.

Corollary 2.4.4. M is globally reachable from a B-path if and only if m is M-
attracted

Proof. For a strategy profile x € A

— By definition

<= By Corollary if m is M-attracted then, every x > m is M-attracted.
Since m is the minimal element, then every configuration reaches M by a
B-path. |

Theorem 2.4.5. Let " = (V, {A; }icv, {uwi }iey) a finite super-modular game, then
M is globally reachable from a B-path if and only if the discrete-time synchronous
maximal best response dynamic (2.16)) converges to M, with x(0) = m.

Proof.

= It is initially assumed that there exists a 3-path
m=x®<x®W<...<x®) =M
The synchronous sequence is defined as
y(0)=m,  y(t+1)=DB(y(t))

Base case:
y(0) = m = x!
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By induction, given that synchronous updating applies all maximal best re-
sponses simultaneously, whereas asynchronous updating applies only to a

single coordinate
B (X(k)) > x(k+1)

Since B is a monotone non-decreasing map and y (k) > x(*)
y(k+1) = B(y(k)) 2 B (x) > x**V,

thus
y() > x¥ =M.

But M is the maximal element of the configuration space, hence
y(l) =M.
Therefore synchronous dynamics reaches M.

Conversely, it is assumed that
y(0)=m,  y(t+1)=B(y(),
and there exists some 7', such that
y(T) = M.
An intermediate time step is fixed 0 < ¢ < T'; the configuration

y(t+1) = B(y(1)
differs from y(¢) in some coordinates, () # Z(t) C V.

A path is defined (x* ))0<k<l with x(¥) = y(0), wherein players in Z(t) are
updated sequentially, in any order, by interpolating the sequence of profiles
from y(t) to y(t + 1) with a subsequence x**) with 1 < s < |Z(t)| such
that

2 =g+ 1), XU =x" Vi, eZ()

infact, for any intermediate profile z such that
y(t) <z <y(t+1),
then for any player ¢,
Bi(z-:) < Bi(y-i(t +1)) = it + 1).

But since y;(t) < y;(t +

1), t
profile moves toward y; (¢ +

<B;
the maximal best response at the intermediate
1) |
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Example 2.4.2 (Best response Coordination games). The network coordination
game I' = (V. {A;}icv, {u;:}iey) provides a foundational framework for under-
standing contagion dynamics over networks.

The best response dynamics of this game (Example|2.1. 1) are of particular interest
because they naturally yield the well-known linear threshold model (Granovetter,
1978), where choosing action 1 represents the adoption of a new behavior, tech-
nology, or innovation. By equation (2.4), the discrete-time synchronous maximal
best response dynamic (2.16)), is given by

{1} if Y- Wigz(t) >

JEV

{0} lf Z WiJiL'j(t) <7T;

JEV

This iterative process captures the evolution of the set of adopters S(t), over time
as studied in Algorithm[l]

The theoretical equivalence between the synchronous maximal best-response dy-
namic and the previously formalized B-path framework must be rigorously estab-
lished. It is mathematically demonstrated that the synchronous update mechanism
formulated herein is topologically isomorphic to a synchronous B-path evaluated
over a directed configuration graph.

While the Permanent Activation Linear Threshold Model (PALTM) (detailed in
Appendix|B) is defined as an irreversible process, whereby an agent cannot revert
to state O once state 1 is adopted, the dynamic described herein allows for re-
versibility in principle. However, due to the inherent super-modularity of the coor-
dination game, if the network is initialized at the minimal configuration x(0) = 0
(or initialized via a predetermined seed set), the resulting B-path is strictly mono-
tonically non-decreasing.

Consequently, along this specific trajectory, state reversions do not occur, render-
ing the B-path functionally equivalent to the classical irreversible LTM. The LTM
can thus be rigorously interpreted as the traversal of a directed B-path.

An agent i joins the set S(t + 1) if and only if adoption is the optimal unilateral
response to the current state S(t). The literature on diffusion and coordination
games (e.g., Acemoglu et al., 201 1)), demonstrates that the limiting set of adopters,
S*, depends critically on the structural properties of the network, the distribution
of thresholds, and the influence of initially seeded agents.

Once reached, this limiting set represents a Nash equilibrium: a stable configura-
tion where no individual agent has an incentive to deviate.
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To systematically analyze these dynamics, it is useful to define the normalized
threshold value for each agent i € V
T
0, == €l0,1].
Lel
In the complete graph, where the population is fully mixed, the evolution of the

fraction of adopters, Y (t) = L 3" x;(t), is governed by a one-dimensional non-
i€V
linear recursion characterized by the threshold distribution function:

1
FO)=—ieV : b <0}
Then, the sequence of adoptions Y (t) satisfies
Y(t+1)=F(Y (), t>0

Since F(-) is non-decreasing and such that F'(1) = 1, standard dynamical system
arguments imply that Y (t) — 1 as t grows large if and only if

F(Y)>Y, VY€1)

It is observed that the threshold distribution function F'(-) is rightcontinuous and,
for a finite population of n players as is the present case, it is piecewise constant
on [0,1]. Consequently, if a fixed point F(Y*) = Y* exists in |0, 1), it must hold
that F(Y) = Y* <Y forY in a right neighborhood of Y*. This macroscopic
Sformulation elegantly bypasses the need to track a discrete state space that grows
exponentially at 2", resulting in a dramatic reduction in complexity.

However, this analytical simplicity is lost when the population interacts along
an arbitrary, structured graph G = (V,E). To evaluate dynamics on complex
networks, a standard approach is to assume homogeneous thresholds, assigning
identical normalized thresholds 0; = 0 € [0,1], Vi € V to all players. In this
setting, the fixed points of the threshold model dynamics can be characterized
through the graph-theoretic notion of cohesiveness introduced in Morris, 2000,

Specifically, a subset of nodes S C V is defined as 6-cohesive if the total weight

of out-links from any node i € S towards other nodes within S constitutes at least
a fraction 0 of its total out-degree. Formally, for every i € S,

1 .
EZWM >0, Vies. (2.18)

v jes
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By definition, a 0-cohesive set is also 0'-cohesive for any 0" < 0. In a simple
unweighted graph, this implies that every node in S has at least a proportion 6 of
its neighbors inside S.

This structural property maps directly to the equilibrium states of the game. A
specific configuration of the network, expressed as the vector v = 1ls — 1y\s
forms a Nash equilibrium if and only if the adopting set S is 0-cohesive and the
non-adopting set V \ S is (1 — 0)-cohesive.

Furthermore, cohesiveness is essential for identifying optimal seeding strategies—the
initial nodes that can trigger a global cascade. This requires a stricter boundary
condition: a subset is uniformly no more than 0-cohesive if none of its subsets are
0'-cohesive for any 0’ > 0. Building on this, an initial set of adopters S C 'V
functions as a sufficient control set (guaranteeing global adoption) if and only if
the remaining network V \ S is uniformly no more than (1 — 0)-cohesive.

While translating the linear threshold model into the language of cohesiveness
elegantly links network topology to game-theoretic equilibria, it introduces signif-
icant computational hurdles. Moving away from the macroscopic approximation
of the complete graph sacrifices analytical tractability. Verifying whether the non-
adopting set is uniformly no more than (1 — 0)-cohesive iequires evaluating every
possible subset of V \ S. Even in the simple (possibly infinite) network, find-
ing 0-cohesive sets with (1 — 0)-cohesive complements remains a computationally
hard problem, highlighting the inherent trade-off between topological realism and
algorithmic efficiency in diffusion models.

The complete characterization of reachable configurations and stationary distri-
butions within fully connected networks under heterogeneous thresholds is pro-
vided by Ramazi and Cao, |2020, The structural analysis presented in Example
serves to connect the abstract topological concepts of directed graph paths
directly to concrete diffusion processes. Specifically, the deterministic progres-
sion of the threshold model corresponds precisely to the synchronous execution of
B-path over the hypercube of configurations. This demonstrates that topological
features like cohesiveness act as the underlying structural conditions that govern
the existence and convergence of paths within the graph Gp.
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Chapter 3

Optimal Intervention in Non-Binary
Super-Modular Games

Within multi-player game theory, the design of optimal intervention policies ca-
pable of steering a system toward a desirable configuration remains a fundamental
problem. Super-modular games are typically endowed with multiple Nash equi-
libria that admit a Pareto ordering; consequently, determining the minimal effort
required to transition the system from a suboptimal to an optimal equilibrium con-
stitutes a natural and relevant problem across these applied contexts.

In this chapter, intervention problems within finite super-modular games are in-
vestigated, with a specific focus directed toward mechanisms designed to drive
players to the highest Nash equilibrium. A related contribution is found in Gale-
otti et al., 2020, wherein an intervention problem concerning marginal individual
utilities is considered for quadratic games with continuous action sets, aiming to
maximize social welfare subject to a bounded cost. Although these proposed re-
sults are also applicable to non super-modular games (e.g., public good games),
the mechanism of their intervention is quite specific and the corresponding solu-
tion relies on the explicit expression of the Nash equilibrium, which exhibits a
linear dependence on marginal utilities.

The intervention on a finite super-modular game is modeled as the imposition of a
lower bound on the actions selected by the participating players. The optimization
problem of finding the minimum cost intervention is considered (for general cost
functions) for which, in such restricted game, there exists a best response path
that leads to the maximal configuration in the action profile.
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This model is a natural generalization of the seeding problem considered in the
binary case (Como et al., 2021; Cordasco et al., 2015 Giinnec¢ et al., 2020b)
thereby demonstrating that it can be interpreted within economic applications as
an intervention offering a fixed incentive (granted if a player maintains its effort
above some prescribed level).

3.1 Finite Super-modular Unimodal Games

Given a weighted graph G = (V, £, W), finite strategic form network games I =
(V,{Ai}icv, {ui}icy) with player set V are considered. An action x; is chosen
by each player ¢ € V from a non-empty finite set .4; C R; consequently, each
player’s set of actions possesses minimal and maximal actions denoted

m; = min A; and M,; = max A;

Then, m = (mq,ma,...,m,) and M = (M, My, ..., M,) are respectively the
least and the greatest strategy profiles. For every non-maximal action x; < M;
(respectively, non-minimal action x; > m;), the following are defined
zf =min{fy € A : y>ux;}, z; =max{y e A; : y <}

Every player 7 is endowed with a utility function u;(x) : A4 — R satisfying the
increasing difference property (2.12), hence the game satisfies super-modularity
[2.3.2] The analysis is subsequently restricted to finite super-modular games that
satisfy the following additional property.

Definition 3.1.1 (Unimodal Games). A game is unimodal if the function x; —
w;(z;,%x_;) is unimodal for every player i and strategy profile x_;, i.e., if there
exists 7;(x_;) in R such that x; — w;(x;,x_;) is non-decreasing for x; < r;(x_;)
and non-increasing for x; > r;(x_;).

Example 3.1.1. For a nonnegative square matrix W = (W, ;) in R"*" and a
parameters vector b = (b;);—1__, in R™, consider the game where every player
t =1,...,n has nonempty finite action set A; C R and utility

1
ui(xi,x_i) = szL’Z — El’? + Z; g Wi,jxj-
JFi

Such games can be interpreted as quantized versions of the quadratic games
(2.1.2) with strategic complements.
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Super-modularity is satisfied by this game, given that, for every two actions x; and
y; in A; such that z; = x; — y; > 0,

2 _ 2
wi(wi, X-q) = ui(yi, X—) = biz; — % + 2 Z Wiz,
JjEV
is a nondecreasing function of the strategy profile x_;. This game is also uni-

modal, since the map x; — u;(x;,X_;) = rix; — 12 /2, wherer; = b;+ > W, jz;,
jev
is non-decreasing for x; < r; and non-increasing for r; > r;.

Intervention Optimization

Interventions on finite super-modular unimodal games are formulated as restric-
tions imposed on the respective action sets. Specifically, for a vector h in H =
A, referred to as an intervention vector, the restricted game I'(h) is considered,
wherein the action set for player ¢ is restricted to

Hence, in particular, I'(m) = I" coincides with the original (unrestricted) game. It
is observed that the original game I is super-modular and unimodal if and only if
the restricted game I'(h) maintains these properties for every intervention vector
h in A. A separable cost is associated with every intervention, defined as:

C(h) = 7i(hi), (3.1)
i€V
where, for every player i in V, v; : A; — R, is a non-decreasing cost function
such that ~;(m;) = 0.

The assumption of a separable cost structure, as formulated in Equation [3.1] is
required for the subsequent analysis of the minimization problem. Specifically,
separability ensures that the variation in the global cost resulting from a unilateral
deviation by a single agent depends solely on that agent’s individual cost function.
This property is strictly necessary for the definition of the transition probabilities
of the time-reversible Markov chain introduced in Section [3.3] as it allows the
detailed balance equations to be satisfied using purely local cost differentials.

The objective is subsequently established to determine a minimum-cost interven-

tion vector h such that the maximal profile M is globally reachable via a B-path
within the restricted game I'(h), as formalized below.
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Definition 3.1.2. For an intervention vector h in H.:

(i) A strategy profile x in A(h) is M-attracted in I'(h) if there exists a B-path
in Gg = (A(h); Eg) from x to M;

(ii) An intervention h is sufficient if every x in A(h) is M-attracted.

The optimal intervention problem is subsequently formulated as follows:

minimize C(h) = i(h;
puinge C(1) =3 (h) 62

where O denotes the set of sufficient interventions, and let

O* = argmin C'(h)
heO

denote the set of minimum cost sufficient interventions.

In the context of finite super-modular unimodal games, the abstract target class
of games I'*, initially introduced in Section is explicitly characterized by the
structural property of M-attractivity. Specifically, ['* is defined as the collection of
restricted games I'(h) in which the maximal strategy profile M is globally reach-
able via a Best-Response path (B-path) from any feasible configuration x € A.
Consequently, the intervention problem formulated in Problem i1s mathemat-
ically equivalent to identifying a parameter vector h of minimum cost such that
the induced game strictly belongs to I'*, thereby ensuring that the decentralized
system is inexorably steered toward the highest Nash equilibrium.

Proposition 3.1.1. Assume an asynchronous, discrete-time best-response dynamic,
where at each time step a single agent, selected uniformly at random, updates its
strategy to a best response within the restricted game I'(h) (resolving ties uni-
formly at random). If an intervention h is sufficient, almost sure convergence
to the maximal profile M is guaranteed in finite time from any initial profile

x € A(h).

Proof. Under the assumption of a strictly sufficient intervention h, it is observed
that the restricted configuration space A(h) contains no absorbing states other
than the maximal profile M. Due to the finite nature of the discrete state space,
the asynchronous dynamic is modeled as a Markov process exhibiting strictly
positive transition probabilities along the established B-paths directed toward M.
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Consequently, because the dynamic follows a strictly non-decreasing probabil-
ity sequence along these directed paths, it is mathematically guaranteed that the
system reaches the absorbing state M in finite time with probability one. |

Example 3.1.2 (Continued). Let the network coordination game defined in Ex-
ample be considered, under the assumption that the minimal action for all
agents is exactly m; = 0, forall i € V.

Given an intervention h € A, it is assumed that a feasible intervention consists of
granting each player i an extra utility \; > 0 whenever x; > h;. Let a game

I'(A\h) = <V, {Ai(Ah)} oy, {u;’\’h}iev>

be considered, with no restriction on the action sets, i.e., A;(\,h) = A, for all
1 € V and utility function

u?’h(]}i, X—i) = U; (X) + A’Ll[hz,Mz] (xl)

The objective is subsequently established as finding a pair of vectors (A, h) for
which every configuration x is M-attracted and the cost associated with the in-
tervention, Yy \; is minimized. This problem can be formulated as (3.2).

i€V
Initially, the minimum value of {\;},_,,, for which

i€V’

P x) 2 0w,

—_— 7

holds for every x; < h; and every X_; must be determined.

U;\’h(hi, X—z’) > u;\’h(xi, X—z’) < U?’h(hi, X—i) — U?’h(l’i, X_i) > 0

1 1
blhl — §h22 + h'z Z VVZ'JZEJ‘ + >\z — bll'z + 53312 — X; Z Wiyjl‘j Z 0
JjEV IS%
1

JEV

Ai >

N | —

Given that jev Wi jx; > 0, the term > eV W, jx; strictly decreases the overall
expression, as it is multiplied by the positive factor h; — x; (since x; < h;). Hence,
the maximum possible gain from deviating occurs when jev Wiz = 0.

The condition ) _ ., W; jz; = 0 is evaluated strictly to isolate the minimum in-
centive \; required to render x; > h; a dominant strategy. By calibrating the
incentive magnitude against this zero-peer-support lower bound, strategic com-
pliance is mathematically guaranteed across all feasible network configurations.
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Consequently, it follows that X; > 1(hi — 2b;h;) — 5 (27 — 2b;).

1
2
By completing the square, it is obtained that

1

Ai > 5 ((hi = b:)* = (2 — b;)?) .

N —

1
((hi = b;)* = b}) — 2 (@i = b:)* = b}) =
Since (z; — b;)* > 0 for all x;,
1
Ai > 5 (hi — b;)?

Equality is achieved when x; = b; (which is feasible whenever b; < h;).
If b; > h;, the maximum gain is 0. Therefore,

1
Ai = %(hz) = i[hz - bz]i

The notation |-+ is employed to denote the standard positive-part operator. Within
this framework, the operator ensures that only strictly non-negative incentive val-
ues are allocated by the central regulator. Let

r(h) = (V. (A b))
be defined as the game with restricted action sets previously introduced.

A comparison is established between T'(\, h) and the game T'(h). It is noted that,
for configurations x > h, the two games are equivalent, in the sense that best
response sets are always equal. This implies that if h is a sufficient intervention
vector for T'(h), then every configuration x is M-attracted also for T(\,h). In-
deed, by construction, starting from any initial configuration there exists a B-path
in f()\, h) leading to a configuration x > h and from x the same B-path that
leads to M in T'(h) also leads to M in T'(\, h).

Conversely, it is assumed that h is such that every configuration x is M-attracted
in T(\, h). If the process is initiated from x > h, any B-path in T'(\, h), from x
to M, will pass through profiles x'¥) > h, hence it will also be a B-path in T'(h).
This shows that the optimal intervention problem for this example is equivalent to
the minimization problem with a cost function

Clh) = S milh) = 3 5lha— b2 .3

SY 1S
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3.2 Equilibrium Characterization

In this section, an equivalent description of the optimal intervention problem is
proposed, allowing for the design of a low-complexity algorithm for its solution.

A distinct type of path is defined below, wherein modifications are constrained to
be monotonic and of a minimum step, requiring only that utilities do not decrease.

Definition 3.2.1. For a finite game I' = (V,{A; }icv, {u; }icv) a weak Improve-
ment path (wl-path) from the strategy profile x to z is a path in the improve-
ment graph Gr = (A; &), i.e., a tuple of strategy profiles (X(k))0<k<l such that
x0 = x, xU = z and, for every 0 < k < [ there exists iy, in V such that
FD — %) ana

X*”c —k

ik i

A (@), () > a, (x9). G4

A weak improvement path characterizes a sequence of unilateral strategy updates
wherein, at each step, a single player increases their action by exactly one atomic
increment (to the immediate next available action), provided that such an incre-
ment does not result in a strictly lower utility for that player. This mechanism
introduces a minimum-step constraint on the action variations, distinguishing it
from general best-response paths by strictly limiting transitions to adjacent strate-
gies within the lattice.

It is observed that, unlike B-paths, wl-paths originating from any x > h remain
invariant in the restricted game I'(h) for every intervention vector h.

The following technical result builds upon the unimodality assumption and is in-
strumental for subsequent derivations.

Lemma 2. Let a finite super-modular unimodal game and a strategy profile x in
A be considered. If there exists a player i such that x; < M; and u;(z;,x_;) <
ui(z),x_;), then

Bi(x_;) > .

Proof. Given a strategy profile x_;, since wu;(w;,x_;) < wu;(z],x_;), the uni-

modality assumption (Definition (3.1.1))) implies
x; < xj <7

i.e., z — u;(z,x_;) is necessarily non-decreasing on the set {z € A; : = <z},
This implies that the maximal best response must necessarily belong to the set
{re A : x>z} |
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The following result shows that M-attractivity can be equivalently studied through
weak Improvement paths.

Proposition 3.2.1. For a finite super-modular unimodal game and a strategy pro-
file x, the following are equivalent:

(i) there exists a B-path from x to M;

(ii) there exists a wl-path from x to M.
Proof. For a strategy profile x € A

(i) = (i) Assuming the existence of a B-path, due to the super-modularity assump-
tion, Proposition [2.4.2| guarantees the existence of a B-path (y(k))o bl

from x to M. A new path (x(k))0<k<l is defined, with x(© = y(© and

A mmax [y 0L = )

1k

where i, denotes the player moving according to B;, ( *) ) at time instant

k and y(kﬂ) =y Z)k for 0 < k < [. It should be noted that x*) > y(*) for
0<k< l Furthermore, it is observed that
(k+1) (k) (k) (k)
uik ( ’Lk 7y 7‘]9) 2 U’Lk <$'Lk 7y,ik> 9 (3.6)
indeed,
- if mgfﬂ) = (k), (3.6) trivially holds true as an equality;

- if foH) k“ (3.6) holds true since yl(kH) = B;, (y@k> is a best
response to y( )
Equation (3.6)) together with x(*) > y(*) and super-modularity imply
(k+1) _ (k) (k) (k)
0 <y, (xzk >Y—ik) — Ui, ( Lip H Y~ Zk)

<y, (o0 x0)) =, (2 x5

1k 7 1 T

for0 <k <.

53



(i) = (@)

This shows that (x*)) _, _, satisfies all the requirements for a weak im-
provement path, except for possibly the first equation in ((3.4), as it could

_l’_
still be the case that ngﬂ) > (xi?) .
(k)

_l’_
In such cases, the intermediate actions z; = (x% ) < Ty = xf < <

T, = x§f+1), are considered, interpolating the sequence of profiles from
x*) to x(*+1) via a subsequence x**) (for 1 < s < r) such that g k9)

i
li:k = x(_ki)k for all s. It should be noted that, by the unimodality

(k)

—= IS
and x
assumption, necessarily  — u;, (x,x

in the interval [xg:), x§f+1)] ; namely u;, (x®5T1) > u,, (x*) for every 1 <

) is necessarily non-decreasing

s < r. If this interpolation is systematically carried out for every k& where

(k+1) &)\ : L
T, > (xlk ) , a wl-path leading from x to M is ultimately constructed.
Let a wl-path (x*))g<z<; from x to M be considered, and let a path be
defined as (y*)g<r<; with y(@ = x(© and
ytY = B, (yg?k) oyt =yl vo<k <l

By construction, (y(k))ogkgl constitutes a B-path leaving only the require-
ment to prove that y() = M. This follows directly from demonstrating that
y®) > x(*) for every k. This condition is proven by induction, noting first
its trivial validity for £ = 0. Assuming its validity for some arbitrary k, the
monotonicity of 5;, implies that

vy "V =B, (yg?k) > B, (x‘fi-L) 3.7)

+
Since 2" = <x(k)> and u;, (x*+D) >y, (x*), Lemmaimplies

i i
that B;, (x(_ki)k> > :EEEH). This and (3.7) imply that y*+) > x(*+1) thus
proving the claim. u

The following conclusive result provides a simpler characterization of the set of
sufficient interventions, establishing the theoretical basis for the algorithm pro-
posed in the subsequent section.

Corollary 3.2.2. For a finite super-modular unimodal game U, the set of sufficient
interventions can be characterized as

O = {h € A| 3 awl-path from h to M} (3.8)
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Proof. To prove that the two sets are equal, a double inclusion is demonstrated.

(D) If there exists a wl-path from h to M, then, by Proposition|3.2.1}, there exists
a B-path from h to M in I'(h). From Corollary [2.4.3| it is deduced that all
profiles x € A(h) are M-attracted in I'(h), so thath € O.

(©) If h € O, then there exists a B-path from h to M in I'(h). Then, by
Proposition [3.2.1}, there exists also a wl-path from h to M. |

The following example demonstrates that unimodality is necessary for the above
result to hold true.

Example 3.2.1. Consider the 2-player 3-action game with A; = {—1,0,1} for
1 = 1, 2 and utilities

wi (i, 0_) = —x; + 222 + ww_;, i=1,2

A direct check shows that the two possible B-paths are (0,0) — (=1,0) —
(—1,-1) and (0,0) — (0,—1) — (—1,—1), showing that (0,0) is not (1,1)
attracted. However, (0,0) — (1,0) — (1,1) is a wl-path leading to (1,1).
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3.3 A Markovian Algorithmic Approach

In this section, a simple, provably convergent iterative algorithm is proposed to
compute sufficient interventions of minimum cost, based on the characterization
of O in Corollary This indicates that minimum sufficient interventions can
be identified by initiating the search from the maximal strategy profile M and
iteratively tracing a wl-path backwards.

Assuming a fixed finite super-modular unimodal game and non-decreasing cost
functions v; : A; — R, the quantity d;(z;) = 7; (z]7) — 7i(x;) is defined for

A family of discrete-time Markov chains (Zf),-, is introduced on the strategy
profile space A, parameterized by a scalar e in [0, 1]. It is subsequently proven that,
for 0 < e < 1, the Markov chain (Z),., is time-reversible and that, as e vanishes,
its stationary distribution concentrates on the family of minimum cost sufficient
interventions. The dynamics of the Markov chain Z; are described as follows:
at every time ¢t = 0, 1..., given that Zf = x, a player ¢ is selected uniformly at
random from the entire player set V, and a movement direction (up or down) is
selected with probability 1/2. If the downward direction is chosen, then

o if u, (xi_,x_i) > wu; (z5,%X_;), then
Ly = Zy;
o if U; (.Z’;, X_i) < U; (.I’Z', X—i)’ then
(Zte—i-l)l' = (ZtG)z_ ) (Zte—i-l),i = (Z:)fz .
Conversely, if the upward direction is chosen, then:
o ifu; (2], x;) < w (2;,%_;), then
Zt6+1 = Zy;
e if U; (a:;r, X,i) > Uy (33'1', X,i), then
€. =2,  with probability 1 — ("),

whereas

(Zi), = (2D} (Ziy)_, = (Z;)_;,  with probability e(").
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For a strategy profile x € A the following sets are defined

nt(x)={ieV: wlx,x_) > ui(r;,x4)}
n (x)={ieV: w(r,x_;) > u(z; ,x_;)}
along with the quantity

1 (2 -
a(x) = o Z i) 4 n~ (x)]

ient(x)

Consequently, the transition probabilities of this Markov chain are formally for-
mulated as:

1/2n ify = (z;,%;) and u;(y) < u(x)

Pl _ @) 2 ify = (27, x_;) and u;(y) > u(x) (3.9)
Xy o .

I —a(x) ify=x

0 otherwise .

The transition probabilities defined in Equation reflect a Metropolis-Hastings
update mechanism. The parameter € governs the acceptance probability of utility-
decreasing transitions. The function o (x) ensures that the transition matrix is
stochastic. Consequently, downward transitions (corresponding to the relaxation
of action constraints) that do not reduce utility are accepted with a baseline proba-
bility of 1/2n. Conversely, upward transitions, which strictly increase the minimal
action and the associated intervention cost, are accepted with a probability penal-
ized by the factor e (*),

Initial considerations are directed toward the special case where e = 0. It is
observed that, in this scenario, only transitions from higher to lower actions are
permissible; thus, convergence to an absorbing state is guaranteed for the Markov
chain Zt(o). The set of all states reachable by the Markov chain Zt(o) starting from
M is defined as

zZ = {x c AP <3t0 >0: 2 = x|z = M) > 0} (3.10)

The following result is established.

Proposition 3.3.1. For a finite super-modular unimodal game, let Z be the set
defined in (3.10). Then, the equality O = Z holds.
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Proof. By definition, x € Z if and only if there exists a tuple of strategy profiles
(y(k))0<k<l, such that y(® = M, y( = x, and for every 0 < k < [ there exists

1. such that
(k+1) (k)\ (k+1) (k)
Yy, = ( ik ) ) Yo, =Y.

and
i (y*Y) < wi, (y).

It is noted that this condition is equivalent to stating that the reversed path (x(k))

0<k<l
with x*) = y(=%) for 0 < k < [ constitutes a wl-path from x to M. By Corollary
this property is shown to be equivalent to the condition x € O.
his property is sh be equivalent to the conditi O m

However, given that the absorbing states of the chain Zt(o) do not generally belong
to O*, the execution of this Markov chain is not deemed useful for the present
objectives. The perturbed Markov chain Z; for € > 0 is subsequently analyzed,
beginning with the following technical lemma.

Lemma 3. Let a discrete-time Markov Chain Z, on A with transition matrix P be
considered, satisfying the following properties:

(a) if x # y differ in more than one entry or are such that'y_;, = x_; and
y; ¢ {x;, x]}, then Pyy = 0;

(b) ifx #y are suchthaty ; = x_; and y; = x, then

Pyy = Py e®),

Then, Z; is reversible with respect to the invariant distribution

Proof. Forx #y suchthaty ; =x_;andy; = =,

By _ evi(zi) _ dilen) _ nyy'
Lx E’Yi(ﬁvi) Py,x

For all other x # y, Pxy = P, x = 0 holds. Hence, the detailed balance equation
pxPxy = pty Py x is satisfied for all x,y in A. |
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Theorem 3.3.2. Let a finite super-modular unimodal game be considered. For
€ > 0, the Markov chain Z; with transition probabilities (3.9)):

(i) keeps the set Z invariant;
(ii) is time-reversible and ergodic on the set Z;
(iiii) has stationary probability distribution
ple = e2zim@ /e xeZ (3.11)
where K, = 5 eXii(@),

XEZ

Proof.

(1) Let x in Z be a strategy profile that is reachable from the profile M by the
Markov chain Zt(o), and let y in A be a strategy profile such that P,Ei), > 0.
It must be proven that y belongs to Z. If y = (x; , x,i) for some player
i € V such that u;(y) < u;(x), then it follows that 0 < P = 1/2n and
P,g,y = 1/2n > 0, thus implying that the strategy profile y belongs to Z.
Conversely, if y = (x;’ , x_i) for some player 7 in V, the following argument
applies. Since x in Z is a strategy profile reachable by the Markov chain
7% from the profile M, a sequence of profiles can be found (x"), o
such that x(¥) = M and x! = x and P)?(k_l)’x(k) > 0 for1 < k < (. From

(3.9), this is equivalent to

= (7)) g () < (<)

Let s in {1,...,1} be such that iy, = 7 and consider (Z(k)>0<k;<1 such that

+
z®) = x®) for k < s — 1 and 20 = ((xgkﬂ)) ,x(_’“j”) for k > s.
Notice that

20 — ((x(k+1))+ X(kﬂ)) _ ((x(k+1))+ (:E(»k) )— MON )
(3 »Th—1 (3 ? 41 iy Pk 7 N |
_ ((xwﬂ)* () x®, >: ((xw ) (59) )
? ’ k41 [ Zea VPR § k41 ’ ? [ Zea V'R §
(e n) = () )
k41 Tk+1 Tk+1 Tk+1
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Using this relation and the super-modularity property,
(<) < wigs, (2570) = sy, (2)

for every k > s — 1. This implies that P, ,, , > 0forevery 1 <k <.

0< uik+1(x(k)) = Wigyy

+
Since z(!~1) = ((xi”) ,x(l).) =y, this proves that the strategy profile y

—1

belongs to Z.

(ii) It follows from Lemma [3|that

for every two strategy profiles x and y in .A. This implies that Z; is time-
reversible with respect to the stationary distribution (3.11). Since the transi-
tions that have positive probability for Z have also positive probability for
Z;, all profiles in Z can be reached from the profile M by the Markov chain
Z;. Moreover, (3.12) implies that a transition probability P,@ is positive
if and only if the reverse transition P)Si)( is positive. This implies that M
is reachable from any other profile in Z and thus it is concluded that Z is
ergodic on Z.

(iii) Ergodicity and (3.12) imply that, for every ¢ > 0, the unique stationary
distribution of Z{ on Z is (3.11). [

Asymptotic Behavior of the Stationary Distribution

An analytical characterization of the stationary distribution (9 is required to es-
tablish its continuity and asymptotic concentration properties as the perturbation
parameter ¢ — 0. By Theorem [3.3.2 for any strictly positive ¢, the invariant

. . . C(x)
measure over the state space Z is explicitly defined as: pﬁf ) = ot

To rigorously evaluate the asymptotic limit, the state space Z is partitioned into
the set of minimum-cost sufficient interventions, denoted by O* = argmin C'(z),
zEZ

and the complementary set of sub-optimal states, Z \ O*. Let C* = mig C(z)
z<

denote the globally optimal cost. The partition function /C. can be algebraically
factored by extracting the dominant exponential term

ICGZEC* |O*|+ Z EC(Z)—C*

z€ Z\O*
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Consequently, the probability of state x € Z can be analytically rewritten as:
(Cx)—C
1o =
x 0 [+ 5 Cm-C
z€Z\O*

The limit of this expression as ¢ — 07 is subsequently evaluated. If a state belongs
to the optimal set (x € O*), the numerator exponent evaluates to zero, yielding a
numerator of 1. For any strictly sub-optimal state z ¢ O, the exponent is strictly
positive (i.e., C(z) — C* > 0). Therefore, the exponential term ¢“*)~C" vanishes
asymptotically. As the summation in the denominator vanishes, the probability
mass converges strictly to 1/|O*|. Conversely, if x ¢ O*, the numerator expo-
nent remains strictly positive, dictating that the probability mass converges to 0.
This algebraic factorization rigorously proves that the stationary measure exhibits
a continuous extension to ¢ = 0, at which point it perfectly degenerates into a
uniform distribution supported exclusively on the optimal intervention set O*.

Corollary 3.3.3. Let a finite super-modular unimodal game be considered. For
any € > 0, let {9 denote the stationary distribution of the Markov chain Z¢
governed by the transition probabilities defined in (3.9). Then, the asymptotic
behavior of the invariant measure is given by:

* 0 ifx ¢ O

Proof. As the perturbation e vanishes, the stationary distribution, 1), converges
to a uniform distribution supported exclusively on the subset argmin, .z > . 7;(2;).
By virtue of Proposition [3.3.1] the reachable state space Z strictly coincides with
the set of sufficient interventions . Consequently, this set coincides exactly with
the set of minimum-cost sufficient interventions, O*. [ |

Operationally, this continuity result allows the stochastic process (Zf), for arbi-
trarily small € > 0, to be utilized as an approximation for exact combinatorial min-
imization. The minimal cost intervention is identified by simulating the Markov
chain (Z) initialized at the maximal configuration M. Since the state space Z
strictly coincides with the set of sufficient interventions O, any state visited by the
chain constitutes a feasible intervention. The established asymptotic properties
ensure that the process concentrates on the optimal set O*. Consequently, termi-
nation of the algorithm is guaranteed to yield a sufficient intervention, although
global optimality remains dependent on the mixing time.
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3.4 Computational Results

In this section, numerical simulations of the algorithm proposed in Section[3.3|are
presented. Specifically, the algorithm is applied to the game presented in Example

with n players and action set A; = {0,1, ..., M }.

Cost Intervention (C(h))

Minimum Cost Intervention

* Markovian Optimal (M=10) *
Markovian Optimal (M=20) *
* Markovian Optimal (M=30) x *
*

80 100

Number of players (n)

Uniform Cost / Optimal Cost

w

w
5

5

5

Algorithmic Efficiency Gain

m  Efficiency Ratio (M=10)

Efficiency Ratio (M=20)
m  Efficiency Ratio (M=30) a®
--- NoBenefit Ratio=1) W

20

Number of players (n)

Figure 3.1: Minimum cost of sufficient intervention and algorithmic efficiency
gain for Erd6s-Rényi random graphs F(n,p) with p = 4n~'logn. The inter-
vention cost, computed via the Markovian algorithm for maximum action bounds
M € {10, 20, 30}, is illustrated in the left panel. The efficiency ratio relative to
the optimal uniform intervention is plotted in the right panel.

The Erdos-Renyi random graph E(n,p) is considered, with n nodes where links
between nodes are present with probability p, independently from one another.
The regime p = 4107% " is considered, leading to a sparse graph that nevertheless
remains connected with high probability as n grows large. The intervention cost
is evaluated in accordance with Equation (3.3), C'(h) = 1 >, ., h?.

The randomized algorithm Z is executed with a perturbation parameter ¢ = 0.01
over T' = 100n? steps. The computational outcomes are detailed in Figure
for maximum action set bounds M = 2,5, 10. As illustrated in Figure [3.1] (left),
the minimum cost of sufficient intervention, identified along the Markov chain
trajectory, is presented. It is observed that the absolute intervention cost scales
monotonically with both the network order n and the maximal strategy profile M.
To rigorously evaluate the algorithmic performance, these results are benchmarked
against the optimal sufficient homogeneous intervention, wherein an identical
lower bound h; = h is uniformly imposed across all agents.

In sparse network configurations, the variance in nodal degrees and localized

structural properties is significantly amplified.
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Consequently, homogeneous policy interventions fail to capture the underlying
graph topology, inducing economically inefficient over allocations of incentives
within highly connected subgraphs. The algorithmic efficiency gain, defined as
the ratio of the optimal uniform intervention cost to the minimal targeted cost,
is illustrated in [3.1] (right). The efficiency ratio exceeds unity, increasing mono-
tonically with the network order n and decreasing as a function of the maximum
action bound M. These computational results empirically verify the economic
suboptimality of homogeneous policies within heterogeneous network topologies.
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Players Players
. o L. . 1 .
Figure 3.2: For Erd6s-Rényi random graphs E(n,p) with p = 4=2%, comparison

between the average cost of the random-node with Eigenvector centrality (left)
and Bonacich centrality (right).

The average cost, illustrated in Figure [3.2] is defined as the expected intervention
effort required for each individual node, computed over a series of independent
stochastic simulations. Mathematically, the average cost for a generic node 7 € V),
denoted as C;, is evaluated as the arithmetic mean of the interventions hl(-t) applied
across 71" independent iterations. This relationship is formally expressed as:

1 T
Ci==S p¥
7"

For the average cost to be structurally compared with standard probabilistic cen-
trality measures (namely, Eigenvector and Bonacich centralities), it is transformed
into a relative metric. This normalization is executed by calculating the ratio of
the individual average cost to the aggregate sum of average costs across all nodes
within the network, C;/ 3~ ), C;. By means of this normalization, it is ensured
that the global cost distribution sums to unity. Consequently, the relative frac-
tion of the total systemic effort attributable to node 1 is directly described by this
metric, thereby providing an exact quantification of its topological relevance as a
function of its responsiveness to intervention policies.
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A fundamental parameter of the proposed algorithm is established as the number
of steps 7' increase.

4500
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3500

3000

Cost

2500

2000

1500

1000

D 10000 20000 30000 40000 50000
Time

Figure 3.3: Cost on the Facebook ego network, with n = 334 and action set
A =10,1,...,9}, averaged over 1000 runs.

The evolution of the algorithm is reported in Figure The input to the model
constitutes an ego-network ¢, that is a model of social network formed by an in-
dividual, the ego, and all the people with whom the ego has a social connection.
The center node u of the ego-network (i.e., the “ego”) is included in G, so that
G consists of node u’s friends (the “alters”). The topological data representing
the Facebook ego networ utilized as the input model for these computational
simulations. The algorithm was simulated across 1000 independent iterations to
evaluate the trajectory of the average intervention cost. Although the topological
structure of the central ego-node remains invariant, the initial threshold param-
eters were stochastically resampled for each realization. This variation demon-
strates that localized interventions within ego-networks are highly sensitive to the
initial state parameters of the central node. As illustrated in Figure the cost
function exhibits a rapid initial decay, subsequently converging asymptotically
to a minimal intervention bound. This asymptotic stabilization empirically sub-
stantiates the scalability and computational efficiency of the Markovian algorithm
when applied to complex, highly clustered empirical topologies. Consequently,
the randomized Markov chain is shown to systematically minimize policy costs
over the execution horizon, achieving robust convergence toward the optimal suf-
ficient intervention set.

IRetrieved from https://snap.stanford.edu/data/
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Chapter 4

Optimal Seeding in Large-Scale
Super-Modular Network Games

In this chapter, super-modular network games I' = (V,{A;}icv, {u;}icy) with
binary action sets A; = {0, 1}, for all agent i € V), are examined.

In this restricted binary setting, the unimodality assumption of Chapter [3|becomes
a trivial consequence. A payoff function defined over a two-point domain in-
herently exhibits unimodality for any fixed configuration of the opponents’ ac-
tions. Consequently, the convergence guarantees and the path-finding logic es-
tablished inherently extend to the binary-action framework, preserving computa-
tional tractability without necessitating further structural assumptions.

For binary-action super-modular network games, the maximal best-response dy-
namic is mathematically equivalent to the Linear Threshold Model (LTM)
(Granovetter, |1978). This equivalence is established by Proposition and
Theorem (2.4.5), which demonstrate that the LTM corresponds to the synchronous
dynamic evolution of the M-attracting B-path determined by the game’s super-
modular structure. Consequently, applying lower-bound restrictions

A;(h) ={x; € A; | & > hi},
via an intervention vector h € {0, 1}" is equivalent to forcing a subset of agents
S={ieV|h=1}CV

to adopt action 1.
This theoretical formulation corresponds to the standard Seeding Problem.
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The problem of identifying a minimal-cost seeding that guarantees at least a pre-
defined fraction of players adopt a certain action in every Nash equilibrium is
systematically studied. In the context of large-scale network games, two key ana-
lytical challenges are faced by a central planner during the design of interventions.

First, optimal intervention strategies do not scale well with the network size: e.g.,
many formulations of optimal seeding problems are inherently NP-hard, necessi-
tating the development of approximation algorithms to achieve sub-optimal solu-
tions (Como et al., 2021; Kempe et al., 2003; Messina et al., [2023)).

Second, full information on the network structure is rarely available to the plan-
ner, as it is either computationally prohibitive to collect or severely constrained
by privacy and proprietary issues. In such instances, it is required that the central
planner rely on a stochastic network model that accurately matches the available
statistical information to design the intervention (Parise and Ozdaglar, 2023). Fur-
thermore, the necessity of exact topological data for designing effective interven-
tions has been critically re-evaluated in the recent literature. It has been formally
demonstrated that the theoretical value of complete network information for diffu-
sion processes is frequently inflated; specifically, augmenting a randomly selected
seed set by a marginal fraction can often yield larger cascades than optimally tar-
geted seeding derived from exact network topologies (Akbarpour et al.,[2023)). In
a similar vein, it has been established that contagion outcomes and optimal inter-
ventions in large populations can be rigorously predicted and designed by utiliz-
ing graphons as a stochastic network formation model, thereby entirely bypassing
the requirement for precise network realizations (Erol et al., |2023). Motivated
by these limitations and recent findings, the optimization problem is formulated
within this chapter to rely exclusively on aggregate network statistics.

Building upon the local mean-field approximation of linear threshold dynamics on
configuration model random graphs (Rossi et al., 2017), an optimization problem
is formulated that relies exclusively on network statistics. It is demonstrated that
this optimization problem assumes the structure of a linear program subject to an
infinite set of constraints. Subsequently, a methodology is presented to approxi-
mate the solution using standard linear programs with finitely many constraints.
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4.1 Binary-Action Semi-Anonymous Games

Networks are modeled as finite directed multi-graphs G = (V, &, 7, 0), where V
is the node set, £ is the set of directed links, and 7 : £ — Vando : £ — V
are the maps associating to each link its tail and head node, respectively. Let
n = |V| be the network order, and T in RY*Y be the adjacency matrix, with
entries W, ; = [{e € £: 7(e) =i,0(e) =7}

Letd = W'1 and k = W1 denote the in- and out-degree vectors, respectively.
It is assumed that G contains no self-loops, i.e., 7(e) # o(e) for every e in &.
Given a network G = (V, &, 7, 0), binary-action semi-anonymous (BASA) games
are considered Arditti et al., [2023; Jackson et al., [2008; Ravazzi et al., 2023,
i.e., strategic games I' = (V, {A; }iev, {u; }icy) with player set V, whereby every
player ¢ in V has action set .A; = {0, 1} and utility function

U; (l‘u X—i) =U; (l’u Z Wi,jxj) s V x < ./4. (41)

JEV
whereu; : A; X Z, — R.

The payoft of the players depends on their action and on the weighted number
of neighbors choosing action 1, 3 W jx;, rather than on the specific action
profile of individual peers.

JEV

It is further assumed that the function
fi (Z m,jxj> = (1, > m»,j:cj> —u; (0, > Wi,jxj) (4.2)
jev jev jev

returning the net utility gain of a player ¢, when unilaterally switching from action
0 to action 1, is a non-decreasing function in the number } ., W; ;z; of the out-
neighbors that are playing action 1.

For BASA games, this is equivalent to the increasing difference property (2.12)),
hence super-modularity. Consequently, BASA games exhibiting a non-decreasing

function f; (Z ey Wi,jmj> defined in (4.2)) are designated as BASASM games.

The following result states that the best response correspondence admits a thresh-
old structure, and that a minimal Nash equilibrium of I" exists.
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Lemma 4. For a BASASM game 1" on a network G, let
ri=1inf{0 € Z : f;(0) > 0}, (4.3)

for every player i in V. Then:

(i) the utility of a player i in V satisfies

Ui(l,X_i) > Ui(O,X_Z'> A Z Wi,jmj > T (44)
JjEV

(ii) there exists a minimal Nash equilibrium of T, i.e., x* in A* such that x* <
x* for every other Nash equilibrium x* in A*.

Proof.

(1) Forevery player € V, action 1 dominates action 0 if and only if
U’i(lax—i) - U,Z‘(O,X_Z') > 07
and by considering a utility of the form (4.1]), the following is obtained
u; (1, Z m,jdfj) —Uu; (0, Z VV@jZL‘j) Z 0.
JEV JEV
By (4.2) this is equivalent to f; (Z I/Vi’jmj> > 0. Since f; is non-decreasing,
J

this is in turn equivalent to » Wijx; > ;.
JEV
(ii) That f;(-) is non-decreasing for every i in V implies super-modularity of
the game I'. Existence of a minimal Nash equilibrium x* then follows from
standard results for super-modular games [2.3.1 |

Remark 5. Lemmad|implies that the minimal Nash equilibrium x* of a BASASM
game I' = (V,{A;}icv, {ui}icv) depends solely on the couple (G,r) of the net-
work G and the threshold vector r defined in (4.3).
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4.2 The Optimal Seeding Problem

In this chapter, seeding interventions are considered, which consist of selecting a
subset of players
SCV,

termed the seed set, who are compelled to play action 1 independently of the
actions taken by other players. Formally, let the intervention space be defined as
H = 2V, the power set of players. An intervention parameter is therefore:

h=§CV.

Given S C V, let the seeded game be defined as T'(S) = (V, {A;(S) }iev, {uf }iey),
where the action space is

A(S)={xe{0,1}V : a; =1foralli € S}.

Remark 6. Seeding interventions, instead of restricting action sets, can be for-
mulated by incentive-based implementation,

uf(x) = u(x) + M1jcs, o= (),

for sufficiently large M > 0 that exceeds any possible gain from deviation, action
0 becomes strictly dominated for seeded players. This corresponds to an inter-
vention wherein players i in S are assigned the utility function u$ (z;,x_;) = 1,
while the remaining players i in V \ S retain the utility function specified in @.1).

Remark 7. Lemmal|implies that including a player i in the seeding S effectively
amounts to replacing its threshold r; with a value r{ = 0.

Let v; > 0 be the cost associated with including player 7 in the seeding S.
Without loss of generality (Remark [7)), it is assumed that v; = 0 for every agent
i such that r; = 0. For a given tolerance value € in [0, 1], a seeding S of minimal
aggregate cost is sought, which guarantees

1

—» zi(S§)>1—¢, 4.5)

eV

i.e., that the minimal Nash equilibrium of the game I'(S) has all but at most a
fraction e of players playing action 1.
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Hence, the subsequent optimization problem is formulated

minimize Yi
sy X
1 (4.6)
subject to — ng(é’) >1—¢
n
i€V

Problem (#.6) is always feasible since x*(V) = 1 (c.f. Remark[J)), so that (.3) is
always satisfied by S = V.

The minimal equilibrium is established as the primary quantity of interest because
it mathematically represents the worst-case coordination outcome of the network
game. Due to the super-modular structure of the game, multiple Nash equilibria
may exist, ordered from a minimal to a maximal configuration. By enforcing the
constraint that the targeted adoption fraction is satisfied even in the minimal Nash
equilibrium, global systemic activation is mathematically guaranteed regardless
of the equilibrium ultimately selected by the decentralized system. Consequently,
designing interventions based on this strict lower bound provides a robust guaran-
tee against coordination failures.

An instance of the optimal seeding problem (4.6)) is thus fully parameterized by the
tolerance value € and the triple (G, r, ), comprising the network G, the threshold
vector r dictating the minimal Nash equilibrium (Remark (3])), and cost vector ~.

Within the binary-action framework explored in this chapter, the intervention
mechanism is constrained to the selection of a seed set S.

Accordingly, the target class of games ['* corresponds directly to the feasibility
constraint formulated in Equation It is formally established that I'* encom-
passes the set of all seeded games I'(S) wherein the minimal Nash equilibrium,
denoted by x*(S), yields an aggregate adoption level of at least 1 — €. Thus, forc-
ing the network game into the target class I'* via seeding ensures that, irrespective
of the initial configuration, the dynamics converge to a state where the fraction of
non-adopting agents is strictly bounded above by the tolerance parameter e.

Example 4.2.1 (Optimal seeding in network coordination games). Let the network
coordination game (2.3)) on a graph G be considered, where agents i choose their
binary action x; € {0,1} so as to maximize their utilities

'LLZ'(.T,L',X,» = Z Wi,j ((1 — SCZ> (1 — l’j) + l’il'j) + bIZCZ

JjeEV
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The utility function above can be rewritten in the form (4.2)) with
jev jev jEV

ZQZm,]x]_k1+bz

JEV

that is increasing in Y, W, ;x;.
jev

Figure 4.1: Network for optimal seeding in network coordination games.

Let the network coordination game I' on the network G displayed in Figured.1{a)
be considered, with bias parameter b = 0. The in- and out-degree vectors are
respectively,

d=(2,2,2,5,3,3,2), k=(1,3,3,4,3,3,2)
while the threshold vector is
r=1(0,1,1,2,1,1,1)

Let the cost vector be v = (2,1,1,4,1,1,2) and the tolerance value € in [0,1/7).
Then, S* = {2,3,5} (see Figure b)) can be shown to be an optimal seeding
with aggregate cost 3 (also {2,3,6}, {2,5,6}, and {3, 5,6} are optimal seedings).
On the other hand, S = {4} (see Figure[d.1{c)) satisfies @.3)), however its cost is
4, hence it is not an optimal seeding.

71



4.3 Mean-Field Approximations

The exact resolution of the optimal seeding problem (4.6)) is known to be NP-hard
(Como et al., 2021} Kempe et al., 2003). The proposed methodology involves ini-
tially formulating an equivalent dynamical representation of constraint (4.3)), and
subsequently approximating these evolutionary dynamics, which represent the ex-
pected fraction of agents playing action 1, via a recursive equation in the spirit of
Rossi et al., 2017, This equation, termed the Local Mean-Field dynamic, dictates
the evolution of expected activation on infinite (locally tree-like) random networks
possessing the same statistical properties as the original network. A concentration
theorem is proven: for a generic instance of the network, the probability that the
activation process remains bounded close to the Local Mean-Field dynamic con-
verges to one exponentially fast with respect to the network size. Consequently,
the analysis is reduced to examining the fixed points and corresponding trajec-
tories of a scalar autonomous system. Finally, the optimization problem is re-
formulated within this framework. Beyond analytical simplification, the primary
advantage of this approach lies in enabling the design of optimal seeding strategies
for families of large-scale networks based solely on aggregate statistics, thereby
bypassing the requirement for full topological knowledge.

Seeded Linear Threshold Dynamics

For a given binary-action semi-anonymous super-modular (BASASM) game [ =
(V,{A;}iev, {ui }iey), parameterized by the network topology G and the intrinsic
threshold vector r, a modified threshold vector r® is defined with respect to a
designated seed set S C V. The components of this seeded threshold vector are
formally assigned as follows:

s JO0 ifies
| ifi ¢S

The Seeded Linear Threshold Dynamics over the configuration space A are dic-
tated by the application of the LTM transition operator, evaluated utilizing the
modified thresholds r®. The discrete-time state evolution is thus governed by:

x(t+1) = Os(x(t), V>0,

The operator ®,.s is defined strictly in accordance with the standard LTM mechan-
ics, the theoretical properties of which are detailed in Appendix [B]
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Remark 8. The Seeded Linear Threshold Dynamics on the strategy profile space
A is equivalently described by the Linear Threshold Dynamics defined on
the seeded strategy space A(S). A detailed treatment of the Linear Threshold
Dynamics can be found in Appendix|B|

Then, the following result is achieved.

Proposition 4.3.1. Given a BASASM game on a network G. Then,

1
- * >1—
nE i (8) > 1—¢,

1SY

holds true if and only if the linear threshold dynamics (B.1)) is such that

lei(t)Zl—e, Vit>n, 4.7)
=y
for every x(0) in A(S).

Proof. Let Xy, € A(S) denote the minimal configuration in the seeded action
space, defined such that x; € S and x; = 0 for all i ¢ S. As established in
Example [2.4.2] the Linear Threshold Model (LTM) acts as the discrete-time syn-
chronous maximal best response dynamic for this class of coordination games.
According to Lemma in Appendix B, the operator @, is monotone and non-
decreasing component-wise. This is theoretically grounded in Proposition (2.4.1)),
which confirms that best responses in super-modular games are non-decreasing.
Because the operator ¢ is monotone non-decreasing, initializing the dynamics
at x(0) = Xpyin produces a monotonically non-decreasing sequence of states,
x(t) < x(t+ 1) for all ¢ > 0. As discussed Example this sequence must
converge to the minimal fixed point (i.e., the minimal Nash equilibrium of the
seeded game), x*(S), in at most n steps. Therefore, when x(0) = X1y, it follows
that x(t) = x*(S) forall t > n.

= Assume that £ > 27(S) > 1 —.
i€V
For any arbitrary initial configuration x(0) in .A(S), it holds by definition
that x(0) > Xpu. By the monotonicity of the dynamics, the trajectory
starting from x(0) will always dominate the trajectory starting from X,.
Consequently, for all t > n, it holds x(¢) > x*(S).

Summing over the components yields:



< Assume that = 3~ 2;(t) > 1 — e for all t > n, for every x(0) in A(S).
i€V
This condition must natively hold for the specific minimal initial config-
uration x(0) = xu,,. As established, the trajectory from x,,;, converges
exactly to x*(S) by time step n. It directly follows that:

%Zg(s) — %in(n) >1—c¢

(1% eV

This concludes the proof. |

By Proposition the minimal Nash equilibrium is established to coincide
precisely with the steady-state configuration of the LTM when initiated from the
absolute minimal state. Due to the monotonicity of the LTM transition operator,
all feasible activation sequences are strictly lower-bounded by this specific trajec-
tory. Consequently, a deterministic guarantee is provided: if the targeted adoption
fraction is satisfied by the minimal equilibrium, the required systemic activation is
achieved within finite iterations, strictly independent of the initial configuration.

Mean-field Approximation of the Linear Threshold Dynamics

Agent Types. The statistical representation of the network via agent types is
theoretically adopted from the framework established by Rossi et al., 2017, In
large-scale systems, typically only statistical information regarding the network’s
topology (e.g., degree distribution) is available; furthermore, acquiring more de-
tailed topological knowledge is generally computationally unmanageable.

For the analysis of such diffusion processes, a large, random network model,
specifically, a directed version of the so-called configuration model, is considered
to effectively incorporate the degree distribution of the agents.

The objective is to predict the behavior of networked systems strictly in a sta-
tistical sense. Consequently, the distribution of agents with specific features is
modeled by assigning to every agent ¢ in ) a type w; that uniquely determines its
in-degree d;, out-degree k;, threshold r; and associated cost ;.
Let ) be a countable set of types and let d, k, 7,y in R® be such that

dwi = di, ]{?wi = /{Zi, Tw.

K3

=Ti Y = Vi, ViIE.
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The vector p® in [0, 1] is then defined by

1
p&o):EHiEV : wi:w}|, Yw € €, (4.8)

which denotes the empirical distribution of types and is referred to as the initial
statistic of the problem prior to any intervention.

Remark 9. The statistic pﬁ?) is computed after degree and threshold sequences
have been established. A prior distribution may be utilized to sample the degrees
and thresholds, under the assumption that the empirical statistics converge to the
prior as n — oQ.

Analogously, a vector-valued function 7 : 2 — [0, 1] can be associated to every
seeding S C V, with n,, denoting the fraction of agents of type w that are included
in the seeding. Consistently with such interpretation, 7 must satisfy

0<n <p?  Vwen 49)

w

Moreover, since the number of nodes of type w included in the seeding has to be
an integer, 7 needs to satisfy

nn, € Ly, Yw € €. (4.10)
A pair (n,n) is considered feasible if conditions (4.9) - (4.10) are met. Now, let
Qw) =" €Q:d, =duy, ko =k, Yo = Vool Tr > T}

denote the set of types w’ that differ from type w only in the threshold and such
that r,, > r,. By decreasing the agent thresholds, an intervention generates a new
network statistics p(n) defined by
p&o) — N, if 0 <r, <k,
=99+ Y g, ifr, =0. (4.11)

w'eN(w)
for every w in (2.

Remark 10. Note that the null statistical seeding, denoted n'°), has entries
©0) = Yw e Q.

w Y

With such intervention, p(n®) = p©).
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Well Posedness. Given a statistic p(n) and a finite set of nodes V of cardinality
n = |V|, a vector of types w in 2V with statistics p(n) exists if and only if

npw(n) € Z, Yw € €. 4.12)

Remark 11. Note that, since the intervention modifies only the agent thresholds
and not the degrees, it follows that

The Configuration Model. The construction of the directed configuration model
follows the methodologies derived from Rossi et al., 2017.

The directed configuration model is generated in two phases.

First, a finite set of n independent nodes V is defined, with each node ¢ € V
assigned an in-degree d; and an out-degree k;. For a well-defined topological
structure to emerge, these sequences must be strictly compatible; that is, the total
sum of in-degrees must perfectly equate to the total sum of out-degrees, yielding
a global edge cardinality of |E| = )., d; = > .., ki.

Within this framework, each agent can be conceptualized as possessing d; distinct
inbound half-edges “plugs” and k; distinct outbound half-edges “sockets”. All
such half-edges across the network are subsequently indexed by the integer set
{1,2,...,|€|}. Furthermore, each node i can be assigned its activation threshold
sequence 7; (assumed to be known a priori) and its initial state x;(0).

For a network G to exist with node set V and in- and out-degrees d; = d,,, and
k; = k,, forall 7 in V, it is necessary and sufficient that

<p(77)7 d> = <p(7])’ k) ) (4.13)

dy + ko <nlp(n),d),  YweQ : py(n) >0. (4.14)

Eq. (4.13) guarantees that the total out-degree equals the total in-degree, while
(@.14) ensures the existence of a set of links compatible with the degree distribu-
tion and that does not contain any self-loops.

A pair (n, p(n)) is said to be compatible if conditions - (.14) are met.

In particular, this is guaranteed if both (n,7) and (n, p{*)) are compatible pairs.
At this stage, only the wiring, represented by the set £, which dictates the nodal
connections, remains to be determined.

76



Second, a specific realization of the network graph is generated by selecting a
permutation 7 uniformly at random from the symmetric group defined over the
index set {1,2,...,|€|}. The outbound and inbound half-edges are then pairwise
connected in strict accordance with the bijective mapping induced by 7: (7; 7(7)).
The resultant collection of paired indices (¢, j) constitutes the directed edge set &,
thereby completely defining the multi-graph G = (V, £) upon which the diffusion
dynamics are subsequently analyzed. This random graph model is referred to as
the directed configuration model

For a consistent pair (1, p(7)), the following definition formalizes the idea of sam-
pling uniformly from the set of problems with statistics p(7).

Definition 4.3.1. Let V = {1,--- ,n} and let the type profile w in QY have empir-
ical distribution p(n). Let | = n(p(n),d) and € = {1,--- ,1}.

Define 7 : £ — V by letting 7(e) in V be the unique value such that

T 1 7(e)

(Z <D ki

forallein&. Leto : € — V, a(e) = 7(nw(e)) for e in E, where 7 is sampled
uniformly from the set of permutations of £ such that

T(e) # (m(e)), Vee&. (4.15)

Then, the (resampled) configuration model C,, () is the triple (G, r,~) of the ran-
dom network G = (V,E,71,0), the threshold vector r, and the vector of costs 7y
with entries 1; = 1, and v;(-) = V., (+), respectively, for all i in V.

In the remainder of this section, the seeding problem (4.6)) is reformulated utilizing
the mean-field approximation. The derivation of the subsequent local mean-field
recursive equations is directly adopted from Rossi et al., 2017, To better formalize
the result, let

k

o) =3 (D)=, vosrsn

u
u=r

and two maps Vp(), @p(n : [0, 1] = [0, 1] be defined by

= Z Puw (n)(pkw,rw (Z)

weN

(bp(n) ( Z pw w@kw Tw ( ) (416)

wEQ
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These two maps are polynomials with non-negative coefficients that depend on the
network statistics p(7), hence, in particular they are monotonically non-decreasing.

The polynomial maps defined in Equation describe the macroscopic dy-
namics of the system. Specifically, v,,)(2) maps the expected fraction of ac-
tive edges to the expected fraction of active nodes at the subsequent time step.
The function ¢y, (z) represents the degree-weighted probability that an outbound
link points to an active node. These operators recursively determine whether the
threshold condition for global adoption is satisfied within the configuration model.

The next result is instrumental for its analysis.

Proposition 4.3.2. For every intervention n : ) — [0, 1] satisfying (£.9),

o) (2) = 00 (2) + > au(2)ns, (4.17)
weN
where L0 )
Y — Pky,rw\R
a,(z) = 5O d) > 0. (4.18)
Proof.
Dp(n) (2 pr AP (2)

(0
p wEQ

By substituting (4.11) into this expression, the following is obtained

1
O d) Yo A (D =) e+ D du [P0+ D | o (2)

wEN,r,>1 wEN,Tr,=0 w'eQ(w)

Notice that 7),, = 0 for each type w € €2 such that ,, = 0, since it is the type whose
agents are already in the seeding. Also ¢y, o(z) = 1 by property of binomial
coefficient. Then,

1
= 50 q) 2 Bl () + o (1= p () s =
we

¢p(0) (0) d Z d — Pk, Tw( )) New- |

weQ

The main result of this section, which serves as the theoretical foundation for the
subsequent problem reformulation, can now be formalized
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Proposition 4.3.3. Let p(n) be a probability distribution on Q) with finite moments

(p(n).d), (p(n), k), (p(n),d*), and (p(n), k*). Let (n,p™ (1)) be a sequence of
compatible pairs such that

p™(n) "5 p(n),
(™ (), d) "= (p(n), d)
(™ (), &) "= (M (), &%),
(p™ (n), k) "5 (p(n), k%)

Letein (0,1). If
Gpi)(2) > 2, Yz € (0,4 (1—e)], (4.19)

then @.5)) holds true on a fraction of problems drawn from the (resampled) con-

figuration model ensemble C,, ), that converges to 1 as n grows large.

Proof. Let
1 1
Y(t) =~ > w(t), Z(t) = @l > diai(t)
i€V eV
denote the fraction of state-1 agents and the fraction of links pointing to state-1

agents in the linear threshold model (B.2).
Define z(t) and y(t) recursively by putting y(0) = 2(0) = 0 and, for ¢t > 0,

Y(t+ 1) = Py (2(2)) (4.20)
Z(t + 1) = qﬁp(n)(z(t)). (421)

Then, Theorem implies that Z(t) and Y (¢) are arbitrarily close to z(¢) and
y(t), respectively, on all but an asymptotically vanishing fraction of networks
G= (V& 1,0),where o(e) = 7(m(e)) for a uniform permutation 7 of £.

Since 7 satisfies with probability bounded away from 0 asymptotically,
this implies that Z(¢) and Y (¢) are arbitrarily close to z(¢) and y(¢), respectively,
on the configuration model C,, ) (,) with probability approaching 1 as n grows
large. This asymptotic concentration bound, which guarantees that the stochastic
diffusion process remains arbitrarily close to the deterministic recursion on con-
figuration model graphs, is an established theorem derived from Rossi et al.,|[2017.

By recursive equation (4.21)), z(t + 1) = ¢p(n)(z(t))a since condition (@19) holds
Gpiny(2) > 2, Yz € (0,0, (1 =€),

imply that there exists a finite time 7 such that z(¢) > @/);(717) (1 —¢)forallt > 7.
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Equation (4.20) then implies that

y(t+ 1) = Yy (2(8)) > i) (wpf(}y)u - €>) —1—e¢  Vt>T.
since 1,(,) is monotonically non-decreasing.

This implies that, with probability converging to 1 as n grows large % doa(t) =
eV
Y(t) > 1—efort > 7,i.e., (7)) holds true, thus completing the proof. [ ]

Proposition states that, given an intervention 1 with associated statistics p(7)
satisfying (@.19)), ensures that the fraction of links pointing towards state-1 agents
will be at least 1/);(}7)(1 — €) after a certain number of iterations, By (4.20), the
fraction of nodes in state 1 will be at least 1 — ¢, thus, as far as the network is
sufficiently large, the Seeded Linear Threshold Dynamics will converge almost
surely to a configuration with at least a fraction 1 — € of agents in state 1. So
interventions 7 will drive the system towards a desirable configuration, achieving
the goal of the planner.

z(0) z(1)z(2) z(3) z(4) 1
Figure 4.2: The evolution of fraction of links pointing to state-1 agents in the

mean-field local approximation according to (4.21]) for a statistics p(n).

An example of dynamics of z(¢) with initial condition z(0) = 0 is illustrated in
Figure For this example, the fraction of links pointing to state-1 agents (and
therefore also the fraction of state-1 agents) converges close to 1 in four time steps.
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Mean-Field Optimization

In this subsection, the optimization problem (4.6)) is reformulated within the sta-
tistical framework. While the underlying mean-field approximations build heavily
upon the foundational theorems of Rossi et al., [2017, the specific integration of
targeted cost-minimization via dimension-independent linear programming con-
stitutes the novel, independent contribution of this chapter. In this framework, the
goal of the planner is to find the minimal cost intervention 7 such that (4.19) holds
true, so that Proposition .3.3] guarantees that on almost all large-scale networks
with statistics p(n) at least a fraction 1 — € nodes will converge to state 1.

To formalize the problem, the cost of an intervention 7 must be defined.

Since 7, is the cost associated with including a player of type w in the seeding,
it follows by definition of 7 that the number of nodes of type w in the seeding is
nn,.Therefore, a cost can be associated with intervention 7 as follows:

C(U) = anfyw >0,
we

with C'(n(®) = 0. The optimization problem (#.6)) is subsequently reformulated.
The Mean-field Optimal Seeding Problem is defined by

minimize C(n)
n: Ly — [0,1]7
pSJO) — Nw, if 0 < Ty S kwa
subject to Pu(n) = 9 S, ifr, = 0. Yw € €,

w'eQ(w)

Spn (2) > 2, Yz € [o,z/;;(}?)u - e)}
4.22)
Proposition states that ¢y, is linear in 7, hence constraint (4.19),

Ppn) (2) = Do) (2) + Zaw(z)m, >z, Vze [O, wp’(;)(l — e)]
weN

is linear in 7). Therefore, in contrast with the original problem (4.6), which is a
non-linear program whose size scales with the number of agents, problem (4.22)
is a linear program whose size scales with the number of types. However, (4.22))
is still highly challenging, because the domain on which constraint (4.19)) needs
to be satisfied depends on the intervention variable 7 through the function ).
Moreover, the constraint must be satisfied for a continuum of z, leading to
an infinite-dimensional optimization problem.
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4.4 Approximation Methods

In this section, a numerical method is proposed for small tolerance values € > 0
to identify near-optimal solutions and solve (4.22),

minimize C(n)
n: 7, — [0,1]%
P = oy i 0 <1y < ks,
subject to Pw(n) = pg)) + S e, ifre=0 -

w'eQ(w)

P (2) > 2, Vz € [0,%—(}7)(1 — o)

A primary technical challenge arises from the fact that the domain requiring the
constraint ¢, (z) > z to be satisfied depends upon 7.

To circumvent the computational complexity introduced by this dependence, an
alternative optimization problem is formulated, which is subsequently proven to
be a relaxation of the original formulation

Gpm)(2) > 2, Yz €[0,1 -, (4.23)

where d,,;,, = min d; and
i€y

Edmin
The relaxed optimization problem is consequently formulated as follows:
minimize C(n)
n:Z, —[0,1]%
pc(;JO) - 77w7 lfO < Tw S kwa (4 25)
subject to pu(n) =< O . _ , ’
po’ + D>, Nu, ifr, =0

w'eQ(w)
o) (2) > 2, Vze[0,1— a

This problem is computationally more tractable than (#.22), given that «. is inde-
pendent of the intervention variable 7.

The subsequent result formalizes the relationship between the two problems.
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Proposition 4.4.1. Let P, denote the set of feasible intervention 1 for problem
(4.22)and P, denote the set of feasible n for problem (4.25). Then:

i) P, CP..
ii) lim P\ Py, = 0.

Proof.

i) By imposing that
Gpey(2) > 2, V2 €[0,1 -,

the recursion z(t + 1) = ¢y, (2(t)) implies that there exists a finite time 7
such that z(t) > 1—a forall ¢t > 7, i.e., with high probability, the dynamics
converge to a configuration where at most a fraction «a, of links point to
agents in state 0. This implies that the fraction of agents in state 0 is upper
bounded by a.(p, d)/dmin = €. This, in turn, proves that 1, (z) > 1 — ¢,
so that

2>y (1= 9)

and constraint in (4.19)) is satisfied.

ii) Itis noted that 1/1;(}7) (1) = 1 for all ). By continuity of 1/, and by definition

of a.,
_ e—07F e—07F
bpyl—6) == 1, 1-a =1,
so that the set of feasible interventions for (4.22))and (4.23)) get arbitrarily
close in the limit of vanishing e. |

While the two optimization problems (4.22)) and (4.25) have the same objective
function, Proposition 4.4.1|establishes that the set of feasible interventions for the
former problem is a superset of the feasible interventions for the latter one, hence
the solution of is feasible for (4.22). Moreover, for small values of ¢, the
two sets of feasible interventions converge to each other. This suggests that the
solutions of problem (4.25)), beyond being feasible for (4.22), should also be close
to optimal when e vanishes. This is a key for the main result Theorem 4.4.2]
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Focus is now shifted to problem (4.25)), introducing a discretization to obtain
a finite-dimensional approximation. Specifically, the interval [0,1 — «.] is dis-
cretized into N + 1 equally spaced points

1- € - .
Zi:%7 7’:0717"'7N7
requiring that
Gpy(2i) — 2 = An,  Vi=0,1,--- N, (4.26)

for a properly chosen Ay > 0. The subsequent result relies on the regularity of
®p(n) for every intervention 7, proving instrumental in establishing the appropriate
value for Ay.

Lemma 5. For every feasible n,

d dmaX2kmax+1kmaX
E(gbp(n)(z) —z)| < PO, d)

where ky. = max k; and dp.« = maxd;.
Y icy

+1, Vze[0,1].

Proof. By Proposition (.3.2)), it follows that

d%((bp(n)(Z))‘ = Z( d>w d>p“(")d%%”’“(z) '

=0} (4.27)

Moreover,

d s [k
‘E%pkw,m(z)‘ = Z (:) P G U N T

U=Ty,

Z( )|—kz—|—u!<22( )max
L (k
< 2kmax Z <;> = kaax2kmaxa

u=0
where the two inequalities follow from the fact that z belongs to [0, 1]. By substi-
tuting this expression into (4.27)), it follows that

kmax+1
2 kmax Z dwpw

max max
Pu(n

o 2kmdx+1kmaxdmax 1
PO,

- (0,d)
kaax+1 k
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For a given N in N, the discretized optimization problem is defined as follows

minimize C(n)
n:Q—[0,1]°
(0) .
Do’ — N, 1If0 <1y < Ky, 48
subject to Pu(n) = pfjo) LY o ifr,—0 (4.28)
w'eQ(w)
¢p(n)(z) >z + Ap, Vi=0,1,---,N,
where ] —
1 — 2 max
A — € max max 1 . 4.29
VTN ( PO.d) ) (4.29)

The next result establishes the relation between the discretized problem (4.28)) and

the original problem (4.22). It states that (4.28)) is a relaxation of (4.22)), that is,
the interventions that are feasible for (4.28) are also feasible for (4.22).

Theorem 4.4.2. Let ¢ > 0 and N in N, and let n* and n" be the solutions of
#.22)and @.28)), respectively. Then:

i) 0V is feasible for (#22));
cer 1e . Ny *
i) lim lim C(™) = C(").

Proof.

1) Since ¢p(nN)(Z) is differentiable, by the Mean Value Theorem, for any z €
[2i, zi11], there exists some ¢ between z and z; such that

d
Do) (2) = 2 = Gpy) (20) = 2+ = (D) (€) = O) (2 = 2)

-~ -~ ,

F(2) F(z)

F(Q)

By taking absolute values, it follows that

d
Do) (2) = 2 2 Gpiymy(20) — 20 — ‘E(%(n)(o —¢

|z — z|
Because the discretization is equally spaced with z;,1 — z; = (1_—]\?5), any
z € (z;, zi+1) satisfies the inequality |z — z;| < (12_]36), thus,
d
Po(y)(2) = 2 Z Gpvy(2:) — 2 — ’@(%(n)(o = (|lz =z
d (1— o)
> Gpny(21) — 21 — ‘E(%(")(C) - C)‘ ToON
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It is observed that "V constitutes a solution to the discretized optimization
problem (@.28)); thus, n'¥ satisfies the constraints defined in (#.26)),

Gy (2) — 20 > Ay, Vi=0,---,N.
This implies that, for every z in [0, 1 — a.],

(1 - ae) d
v | GO =) 430

¢p(nN)(Z) -z > AN —

Plugging the explicit expression of Ay given in (4.29) into this equation
and using Lemma /5] it is obtained that

Ppy(2) —2 >0, Vze[0,1—al

Hence, ' satisfies the relaxed constraint (#.23)) and is therefore feasible for
relaxed optimization problem (4.25]).
Proposition i) implies that 7" is also feasible for problem (#.22).

Let < be the solution of the relaxed optimization problem (4.25)). Consider
the case where there exists a type ¢ in ) with positive empirical frequency
pq(n®<) > 0 and positive threshold r, > 0. Now, let

Ay

min a ’
i 4(¢)

En = (4.31)

well defined because a,,(z) > 0 for every z in [0, a.] and type w in §2 (cf

(4.18))). Note now from (4.29) and (4.31) that

Ay 72500, e V2500 (4.32)

Let ¢’ in 2 be the type differing from ¢ only in the threshold value 7, = 0.
Hence, there always exists a sufficiently large /V such that

Pu(n®) —&n, ifw =g,
Pu() = { Pu(n®) +&n, ifw={, (4.33)
Puw(n™) otherwise,

satisfies p(7)) € [0, 1]* and is therefore a statistics. Moreover, Proposition
[4.3.2]implies that, for every z in [0,1 — o,

¢p(ﬁ)(z) = ¢p(n“€)(z) +aq(z) - N (4.34)
> pmeey(2) + An > 24+ Ay, (4.35)
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where the last inequality follows from the fact that n“< is feasible for prob-

lem (4.235)) (in fact, it is its solution) and therefore satisfies (4.23). Eq. (4.35)
implies that 7 satisfies (4.26)) and is therefore feasible for problem (4.28)),

whose solution is ™. Moreover, 1" is feasible for problem (#.23]), whose
solution is n®<. Therefore,

C(7) = C(n™) = Cn™). (4.36)

Now, note from (4.33) that
A~ Qe N 00 a
C() = C(™) +vgén "= C(n).
This, together with (4.37)), proves that
C (™) "2EE2 Oy, (4.37)
Finally, Proposition ii) and continuity of C'(n)) together prove that
e\ € Q *
Cn*) == Cn").

Hence, for this case the proof is concluded by combining this equation with

@.37).

The case is now considered wherein p(n®<) is such that p,(n*) = 0 for
every type w in {2 with positive threshold r, > 0. Observe from (4.24)
that o, > 0 because ¢ > 0. Since n*c is optimal for problem #.25) and
o, > 0, it follows that n* = 7(®). Therefore, it follows from (4.16) that
¢, (2) = 1 for every z in [0, a.]. This, together with (4.32) and with the
fact that C'(n(®)) = 0, implies that, as N grows large, n™ = n* = n®). The
proof is now concluded. |

Theorem [4.4.2] states that the solutions of (4.28) are feasible and close to optimal
for problem (#.22) as long as IV grows large and e vanishes. Remarkably, (.28) is
a linear program with finitely many constraints whose size scales with the number
of agent types, much easier to solve than the original statistical problem (4.22),
and, even more importantly, of problem (4.6).

87



4.5 Computational Results

In this section, numerical simulations are presented to validate the solutions pro-
posed in Section #.4] To this end, the topology of the social network Epin-
ions.com'| is utilized. The network contains n = 26,588 nodes and 100, 120
undirected links, so that d; = k; for every ¢ in V. It is assumed that every node
i has unitary cost 7; = 1 and threshold r; = |©;k; ], with ©; i.i.d. random vari-
ables drawn with uniform probability from {0.25,0.5,0.75}. This defines a triple
(G,r,7). The solution " of the discretized problem {.28) is then found with
N = 10000 and € = 0.1 for the statistics p(*) extracted from (G, r, 7).

1.0

0.8

0.6

— ()

$p(2)

— f(z2) =2

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.3: The recursion functions for the problem presented in Section .

Figureillustrates the recursion functions ¢,,0) and ¢,,~) for the original statis-
tics p*) and for the seeded statistics p(n™). Note that ¢,,~(z) > z for all z in
[0, 1], so that the dynamics for a game sampled from C,, ,,v) is expected to con-
verge to x = 1 for every initial condition.

p(n

To validate this, two instances drawn from Cw,(m and Cmp(nN) are generated re-
spectively, and the linear threshold dynamics are simulated with initial condition
y(0) = 0. Figure 4.4 (left) illustrates the dynamical behaviour of the average state
Y (t) and the one predicted by the recursion (4.20), denoted y(t), with initial con-
ditions Y'(0) = y(0) = 0. As expected, since the order of the network is large, the
two are very close to each other. Moreover, the average state converges to 1 under
statistics p(n"), as predicted by Figure

IRetrieved from https://networkrepository.com
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A seeding is then applied, consistent with " to the Epinions network. Despite
the lack of theoretical guarantees for this network, the right panel of Figure {.4]
shows that the dynamics converges to a configuration with almost all ones. This
suggests that designing the optimal seeding based on the problem statistics is a

valid approach even for real networks that are not generated from a configuration
model ensemble.

Configuration Model Epinions
1.0 ,~0 0 —0— 0 -0—0- 90— 1.0 = - - -
] S
B 08 / 8 08 Pig A
© / © /’, e
+— 5 +— £ 4
WV o6 7 06 W
- pO-0—00-0-0-0—00- o pm————————————
o I o)) I
@© o4) | @O o4) |
o | — = Y(t) (Seeded) T |1 — = Y(t) (Seeded)
> |1 y(t) (Seeded) > |1 y(t) (Seeded)
0.2 0.2
< : —= Y(t) < ,' —= Y(t)
0ol & ° vy ol 1 ==y
0 10 20, 30 40 50 0 10 20 . 30 40 50
Time Time

Figure 4.4: The TM dynamics on the Epinions.com network (right) and on the
Configuration model with same statistics (left). The plot illustrates the fraction of

state-1 adopters Y (¢) for the original and the seeded statistics p, 7", compared
with the outputs y(¢) of the recursion (.20).

0.45
0.40

0.35

Cost of nM

0.30

(Y
0.25 pLLT

Moooooo.m

0 2500 5000 7500 10000 12500 15000 17500

Number of Constraints (N)

Figure 4.5: C'(n) as a function of N for the statistics p’ in Section

Finally, to investigate the sensitivity of 7" with respect to N, Problem (#.28)
is solved with ¢ = 0.1 for different values of IV for a given statistics p, 5, =
Phsia = Phsoq = Phsig = 1/12,Phgoq = Pigan = 1/3. Figureillustrates
the total cost of nN as a function of N. However, notice that NV, and therefore the
complexity of (.28), does not scale with n.

89



Chapter 5

Optimal Intervention in Large-Scale
Super-Modular Network Games

In this chapter, the problem of optimal intervention in diffusion processes gov-
erned by the linear threshold model is investigated, with a specific focus on the
Least-Cost Influence Problem (LCIP). Rather than restricting interventions to bi-
nary seeding decisions, a more flexible framework is considered wherein frac-
tional incentives can be assigned to individuals by a central planner. These incen-
tives effectively reduce agents’ adoption thresholds, thereby capturing more real-
istic policy instruments such as targeted subsidies, discounts, or information cam-
paigns. The underlying objective is to minimize the total intervention cost while
ensuring a prescribed level of diffusion (i.e., maximizing the spread of adoption).
The scalability of solutions to these problems remains a fundamental challenge
in social and economic networks, where the number of agents can be extremely
large and only aggregate information may be available. This makes classical com-
binatorial or network-level optimization approaches computationally infeasible or
practically inapplicable. To overcome inherent scalability limitations, and in con-
tinuity with the approach developed in Chapter 4} the LCIP is studied on general
directed multigraphs utilizing a formulation specifically tailored for large-scale
random networks. This methodology builds upon analytical tools derived from the
study of diffusion processes on random graphs, specifically configuration models.
By leveraging mean-field approximations, the diffusion dynamics are described at
a statistical level, thereby characterizing aggregate adoption behavior in terms of
degree distributions and threshold heterogeneity. This perspective enables a sig-
nificant simplification of the problem. In particular, the LCIP is recast as a linear
program whose dimension is independent of the size of the underlying network.
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5.1 Intervention Dynamics

Given a finite directed multi-graphs G = (V, &, 7, 0) nd a threshold vector r, the
linear threshold model introduced in Appendix |B|is recalled:

x(t+1) = 0 (x(t)), V>0,

To influence the dynamics, a central planner can assign an intervention h € ZK
that effectively decreases the agents’ adoption thresholds. The linear threshold
model with intervention is thus naturally defined as:

x(t+1) = ®,_n(x(t)), vt > 0. (5.1)

Implementing an intervention ; is equivalent to decreasing the threshold of player
1 by h; units. Because thresholds must remain non-negative, an intervention is
feasible if:

Oghigri, VZEV

The implementation of an intervention vector h is associated with a separable
cost functional, defined as C'(h) = >, ,,7vi(h;), where ~; : Z, — R, denotes
the individual cost function for node ¢. It is assumed that 7; is monotonically
non-decreasing and 7;(0) = 0 for all ¢ € V. The separable structure of the cost
function is strictly required to preserve the linearity of the objective function in
the subsequent macroscopic formulation (Problem ; without it, the mean-
field approximation would yield a non-linear optimization problem.

The objective of the planner is to design a minimal-cost intervention such that, for
a predefined tolerance value € in (0, 1], the fraction of active agents is at least 1 — ¢
after n iterations, regardless of the initial condition. This is formally expressed as:

1
sz?(t) >1—¢  Vt>n, (5.2)
%

for every x(0) € A.

Here, 21'(t) € {0, 1} denotes the binary state of agent i at time step ¢ under the in-

tervention vector h. The network configuration vector x(¢) = (z(¢),...,2(?))

is generated by the iterative application of the modified Linear Threshold Model
operator ®,_y,, such that x*(t) = (®,_,,)"(x(0)). Therefore, z(¢) represents
the deterministic trajectory of the :-th node’s activation status when the network
dynamics are governed by the effectively reduced thresholds r; — h;.
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Remark 12. By (5.1)) and the monotonicity property established in Lemma [7}
requiring (5.2)) to hold for every initial condition is equivalent to:

S (@) (0)) > 1 (53)

1Y

The optimization problem addressed by the planner is thus formulated as:

minimize vi(h;)
heZY ;
X (5.4)
subject to  — Z Pty >1—¢
n
icv

In the literature, this objective is known as the Least-Cost Influence Problem
(LCIP). By allowing integer incentives h; that lower individual adoption thresh-
olds r;, the LCIP generalizes binary seed selection problems. The target class of
games ['* is defined as the family of modified games I'(h) that satisfy the macro-
scopic diffusion bound in Equation [5.2] Constraining the induced game to I'*
mathematically guarantees that the system achieves an aggregate activation frac-
tion of at least 1 — ¢ universally across all initial configurations.

Remark 13. Problem (5.4) constitutes a variant of the LCIP evaluated on graphs
with integer weights. The general LCIP is known to be NP-complete even in sim-
plified settings (see Giinneg et al., 2020b). If the cost functions are defined as
vi(h;) = ¢; for a positive constant c; for all h; > 0, the optimal strategy restricts
interventions to either h; = 0 or h; = r; (so that necessarily z;(t) = 1 for every
positive time t). In this scenario, the framework reduces to the optimal seeding
problem analyzed in Chapter 4| Furthermore, if ¢; = 1 for all i in V, the objec-
tive simplifies to identifying a minimal-cardinality subset of agents whose forced
activation ensures the fractional adoption bound 1 — € is met for all t > n.
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Optimal Intervention in BASASM Games

The Linear Threshold Model can be interpreted as the best response dynamics in
so-called semi anonymous network games with strategic complements, whereby
the agents ¢ € ) have utilities that are increasing functions of the number of
their out-neighbors taking the same action. Given a network G = (V,&,7,0),
BASASM games are considered I' = (V, { A, }icv, {u; }iev) with utility function

U; (Ii7 X_i) =U; <(L’i7 Z Wi,jxj) s V X € A (55)
jev
Consider intervention h € H = R" that modifies utility
uzh(xl, X_i) = U, (.I'i, Z Wi,jx]’ + h1>
JEV

Remark 14. Intervening on player i with intervention h; effectively amounts to
requiring Y W, ;x; > r; — h;; i.e., decreasing the threshold of node i by h,.
J

Since the action of the agents x € {0,1}Y and the threshold r; are piecewise
constant, any vector whose components take on values h; = 0,...,r;, Vi € Vis
considered, without loss of generality, a feasible intervention.

Example 5.1.1. Consider network coordination game (2.3) on a weighted graph
G where agents i choose their binary action x; € {0, 1} and utilities

ui(xi,x_i) = Z VVZ'J‘ ((1 — J]Z) (]_ — IL‘]‘) -+ Iil'j) —+ bll’z

jev

A parameter h € RY, corresponding to the game intervention, is selected by the
central regulator. Let the game

['(h) = <V, {Ai(h)}cy, {uzh}zev>

be considered, with no restriction on the action sets, i.e., A;(h) = A, for all
1 € V and utility function

ul (w5, %) = u;(x) + hix; =

— Z Wi (1 =) (1 — ;) + xizy) + (b + hy)x;

JjeV
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Lemma 6. Consider an initial configuration x(0) € A = {0,1}Y, the collection
of threshold sequences r € ZK and the collection of payoff parameter sequences
h. The linear threshold model and the deterministic maximal best response dy-
namic are equivalent (describe the same dynamic z(t) € A) if for every i the
sequences r and h are such that

{k:i—bi—hﬂ
= | —].
2

Proof. In the deterministic maximal best response dynamic x;(t + 1) = 1 if and
only if the argmax in gives either {1} or {0, 1}, which happens if

u; (1, Z VVZ"J'ZEJ' + h) > <O, Z VVZ‘J‘ZL’]' + h) A

JjeV JjevV

Z Wm’%j +b; + h; > Z W@j(l — LU]') <~

JEV Jjev

Z Wiz +bi + hy > ki — Z Wit <=

jev jev

ki — b — hs
S Wy > S
/ 2
%
. .o k;—b;—h;
Since > W, ;x; is integer, then > W, jx; > [H=b="]. u
JEV JeV

The linear threshold model is slightly more flexible than the deterministic best
response with parameters h; € [—k;, k;]. Each threshold r; in the LTM belongs to
{0,1,-- -, k;+1}: thresholds are allowed to be explicitly 0 or k;+1, corresponding
to stubborn behaviors. The “ties resolution” of the deterministic best response,
maps b; = k; to r; = 0, but there is no counterpart for k; + 1.
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5.2 Mean-Field Approximations

To solve problem (5.4), the same methodological approach previously adopted
in Chapter [ to address the optimal seeding problem in super-modular games is
utilized. Specifically, the linear threshold model is analyzed on a large random
network comprising heterogeneous agents. A vector-valued function  : Z, —
[0,1]% is associated with every intervention h, where 7,,(v) denotes the fraction
of agents whose initial type is w and whose threshold is decreased by v units due
to the intervention.

Consistent with this interpretation, 7 must satisfy the following condition for every
type w € (2;
nw(v) =0, Yv > 1y,

:Zjo n(v) =p.
Furthermore, given that the number of nodes of type w experiencing a threshold
decrease of v units must strictly be an integer, 7 is required to satisfy:
nn,(v) € Zy, Yv=0,1,--- .7, Ywe Q. (5.7)
A pair (n,n) is deemed feasible if conditions (5.6)) - are satisfied.

(5.6)

Given an instance of the Optimal Intervention Problem (5.4), specified by the
triple (G, r,~y) of the random network G = (V, &, 7, 0), the threshold vector r,
and of the cost functions ~ the initial statistics vector p(*) in [0, 1]* is extracted as
follows:

1
p&o):#{iey Cwp = wl, Yw € (.

Through the reduction of agent thresholds, a new network statistic p(7) is gener-
ated by the intervention, defined as:

Pw(n) :pg))—}_ Z 77w'(7“w’ —Tw)—zm(V)7 (5.8)
v=1

w'eQ(w)

for every w in €). Specifically, the second term accounts for agents of types w’
with r,, > r,, whose threshold is reduced by r,, — r,, units, whereas the final term
represents the fraction of agents of type w whose threshold is reduced, resulting
in a change of their respective types.

Given a statistic p(n) and a finite set of nodes ) of cardinality n = |V|, a vector
of types w in Y with statistic p(n) exists if and only if

np,(n) € Z, Yw € Q. (5.9)
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Remark 15. The intervention ), is implemented via a probabilistic approach
wherein every node i € V of type w;, transitions with probability 1, (v)/p., to
a new type maintaining the identical in-degree d; and out-degree k; but featuring
a modified threshold r; — v, withv = 0,1, - -- | r,. This effectively maps the node
to a set of types sharing all parameters with w;, excluding the threshold.

Proposition 5.2.1. For every intervention n : 7, — [0,1]V satisfying the feasi-
bility conditions (5.0), the perturbed recursion function evaluates to:

Bpin) (2) = D0 (2) + Z aw (v, 2)n.(v (5.10)
weQ v=1

where the linear coefficients are given by:

oy (P (=) (2) = P (2))
(P9, d)

a,(v,z) =

> 0. (5.11)

Proof. The Local Mean-Field recursive function governing the fraction of active
edges under an intervention 7 is initially established as:

Bpn) (2) pr i, v, (2) (5.12)

weQ

It is first observed that the intervention operates strictly by modifying the agents’
activation thresholds without altering the underlying network topology. Conse-
quently, the expected in-degree of the network is invariant under the intervention,

implying that (p(n), d) = (p'¥), d), (Remark [11)).

Substituting the explicitly defined post-intervention statistic p,,(7) from Equation
(5.8) into the recursive function, the expression is expanded into three distinct
summation terms:

1 =
¢p(n)(z) = W% pw +wezﬂ(w Nt (T = Twy) — ;nw(’/) dwspkw,m(z)

The first term corresponds to the pre-intervention network statistic and is trivially
identified as the baseline recursive function:

pr w(pk’w,m ) Cbp(o)(z)

wEQ
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The second term represents the probability mass transferred into type w from types
w’ with strictly higher thresholds, and requires careful re-indexing to expose its
structural form:

Z Z 770.) w’_rw)dw(pkw,rw(z)

wEQw €Q(w)

By the definition of the set {2(w), the condition w’ € (w) implies that the type
w’ is identical to w in all attributes (d,, = dr, ki, = kur, Y = 7ur) €xcept that its
threshold is strictly greater (r,, > r,).

Let the magnitude of the threshold reduction be defined as v = r,, — r,. Since
both thresholds are non-negative integers, v takes values in the range {1, ..., 7. }.
The order of summation can thus be exchanged by fixing the source type w’ as the
outer index and summing over all possible reduction magnitudes . Under this
transformation, the properties of 2(w) allow the substitution d,, = d., k, = k.,
while the threshold index becomes r, = r — v:

p<o> d) ZZ% Ao Phs v (2)

wEQV 1

The third term represents the probability mass exiting type w due to threshold

reductions:
ZZ% wwkw,rw( )

wEQV 1

By aggregating all contributions yields (5.12)). This confirms the specified linear
structure, where the sensitivity coefficient is identified as:

dw (Sokfw,("'w_V)(Z) - Sokwf”w (Z))
PO, d)

To conclude the proof, the non-negativity of a, (v, z) must be established. The
function ¢y () defines the cumulative probability of obtaining at least r suc-
cesses in a binomial distribution with £ trials and success probability z. Because
v > 1, the requirement of achieving at least r,, — v successes is a strictly weaker
condition than achieving at least r,, successes. Consequently, the cumulative prob-
ability must satisfy @y (v, —0)(2) = @r, r, (2) forall z € [0, 1]. Given that expected
degrees are strictly non-negative, it necessarily follows that a,,(v, z) > 0. [

a,(v,z) =

Remark 16. Notice that this is a generalization of Proposition indeed for
the special case of seeding problem optimal intervention on each agent is either
not to intervene, or to set the threshold to 0.
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Interventions, thus, satisfy n,,(v) = 0 for eachv = 1,...,1r, — 1. So the linear

coefficient (5.11)), restrict to be

dw ((Pkw,(m,fm)<2> — Pk ,re (Z))
(p©, d)
dw (901%,0(2) - onw,rw(z))
(p©, d)
dw (1 - ka‘w,rw(z))
(p©,d)

that is a,(z) in the expression {#.18)).

Ay (ry, 2) =

Mean-Field Optimization

In this subsection, the optimization problem (5.4) is reformulated within the sta-
tistical framework. Within this paradigm, the planner’s objective is to identify the
minimal-cost intervention 7 satisfying (4.19), such that Proposition 4.3.3] guaran-
tees that, in almost all large-scale networks with statistic p(n) at least a fraction
1 — € nodes will converge to state 1. To formalize the problem, the cost of an
intervention must be explicitly defined. Given that v, () represents the cost of
decreasing the threshold of an agent of type w by v, it follows from the definition
of n that the number of nodes of type w undergoing a threshold reduction of v
units is nn, (v). Therefore, a cost is associated with the intervention 7 as follows:

o =33 n)u®) >0

weN v=0

with C(n(®)) = 0. The optimization problem is subsequently reformulated as:

minimize C(n)
n: Z+ - [07 1]Q
subject to Z no(v) = pl9, Yw € €, (5.13)
v=0
o) (2) > 2, Vz € 0,@/1;(}7)(1 —€)].
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5.3 Approximation Methods

While the original LCIP (5.4) is a non-linear program whose size scales with the
number of agents, Proposition [5.2.1] states that ¢, is linear in 7. Consequently,
the constraint

oo (2) > 2, Vze [0, e e)]

is linear in 7, rendering the local mean-field reformulation (5.13)) a linear program
whose dimensionality scales purely with the number of types.

Remark 17. The local mean-field reformulation of the WTSS proposed in Chapter
is also a linear program, but the two problems have different sizes, since in (5.13)
the planner chooses for every type w € ) the fraction of agents whose threshold
is decreased by v units, with v = 0,...,r,, while in the WISS v € {0,r,}.
The advantage of the LCIP is that the objective of steering the network towards a
desirable configuration can be achieved with considerably smaller budget, as the
example in Section 5.4|illustrates.

Therefore, in contrast with the original problem (5.4)), which is a non-linear pro-
gram whose size scales with the number of agents, problem (5.13)) is a linear
program whose size scales with the number of types.

An alternative optimization problem is defined, which is subsequently proven to
constitute a relaxation of the original formulation. Consider the constraint

gbp(n)(z) >z, Vzel0,1—ad, (5.14)
where d,,;,, = min d; and
i€V
o Edmin
ORI
Now, consider the optimization problem
minimize C(n)
n: Z-‘r — {07 1]Q
subjectto Y nu(v) =pl,  VweQ, (5.15)
v=0

oy (2) > 2, Vz €[0,1 — o]

This problem is easier to solve than (5.13) since a. does not depend on 7. The
next result illustrates the relation between the two problems.
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Proposition 5.3.1. Let P, denote the set of feasible 1) for problem (5.13) and P,
denote the set of feasible n for problem (5.13|). Then:

i) Po. C P

ii) 11_{%736 \ P, = 0.
Proof. The proof is analogous to that of Proposition (4.4.1)), since the higher di-

mensionality of the intervention variables does not affect the properties and dy-
namic convergence of the recursion functions

y(t+1) = ¢p(n)(z(t))7 2(t+1) = ¢p(n)<z(t))

but impacts only the speed of convergence and associated cost (Remark[T7). W

By discretizing the interval [0, 1 — «| into N + 1 equally spaced points

1_ € ' .
Zi:(—]\/va)l7 7’:0715"'7]\[7
and requiring that
o) (2:) — 20 > Ay, Vi=0,1,---,N, (5.16)

the discretized version of Problem (5.13) is defined,

minimize C(n)
n: Zu,_ — [07 ].]Q
subject to Y nu(v) =p, Vw € Q, (5.17)
v=0

¢p(n)(z) >z + An, Vi=0,1,---,N,

retrieving that it is a relaxation of (5.13), alongside feasibility guarantees of its
solutions and closeness to optimality as € — 0.

Theorem 5.3.2. Let ¢ > 0 and N in N, and let n* and n" be the solutions of
(5.13) and (5.17), respectively. Then:

i) 0N is feasible for (5.13);
ii) lim lim C(n™) = C(n*).

e—0 N—+o00
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Proof.

i) The proof is identical to that of Theorem 4.4.2[1i), leveraging the structural
properties of ¢,(;(2), and is therefore omitted.

ii) Let n® be the solution of problem (5.15]). Consider the scenario in which
there exists a type ¢ in €2 characterized by a positive empirical frequency
Pqg(n®<) > 0 and a strictly positive threshold r, > 0. Now, let

Ay

min a,(r,,
(in aq(rg, )

By = : (5.18)

well defined because a,,(v, z) > 0 for every z in [0, a.], ¥ > 0 and type w

in  (cf (5.11))). Note now from (5.18) that
Ay Y250, gy =BT 0. (5.19)

Let ¢’ in € be the type differing from ¢ only in the threshold value r, = 0.
Hence, there always exists a sufficiently large /N such that

pw<na6)_ﬁN7 lfw:(L
Pu() = € pu(n®) + By, ifw=(, (5.20)
Do (n®) otherwise,

satisfies p(7) € [0, 1] and is therefore a statistics.
Moreover, Proposition implies that, for every z in [0, 1 — «],

¢p(ﬁ)(z) = ¢p(n°‘€)(z) + ay(rg, 2) - B

(5.21)
2 Gpiee)(2) + Ay 2 2+ An,

where the last inequality follows from the fact that 7« is feasible for prob-

lem (5.15) (in fact, it is its solution) and therefore satisfies (5.14). Eq. (5.21)
implies that 7 satisfies and is therefore feasible for problem (5.17),

whose solution is V. Moreover, 1" is feasible for problem (5.13]), whose
solution is n®<. Therefore,

C(7) = C(n™) = Cn™). (5.22)
Now, note from that
C(M) = Cn™) + cq(wy) By Ao C(n®).
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This proves that
C () Y220 O (). (5.23)
Finally, Proposition ii) and continuity of C'(n) together prove that

C(n) =3 C(n).

Hence, for this case the proof is concluded.

The case is now considered wherein p(n®<) is such that p,(n*) = 0 for
every type w in {2 with positive threshold r,, > 0.
Observe that a,, > 0 because ¢ > 0.

Since 7 is optimal for problem and a, > 0, it follows that n* =
1n®). Therefore, it follows from that ¢, (2) = 1 forevery zin [0, o]
This, together with and with the fact that C'(n®)) = 0, implies that,
as N grows large, ¥ = n* = 1(9). The proof is now concluded. |

Theorem states that the solutions of are feasible and close to optimal
for problem as long as NV grows large and ¢ vanishes. Remarkably, is
a linear program with finitely many constraints whose size scales with the number
of agent types, much easier to solve than the original statistical problem (5.13)),
and, even more importantly, of problem (5.4).
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5.4 Computational Results

In this section, numerical experiments on the real-world networks Epinion{] and
Power Grid Networkﬂ are presented.

The network Epinions contains 26588 nodes and 100120 undirected links. For
every type w in (), the threshold is set to r,, = |k, /2| and cost 7,,(n) = 7. This
defines a triple (G, p,). The statistics p(*) is extracted, and the optimal statistical
intervention 1"V is derived by solving problem (5.17) with ¢ = 0.1, N = 100
and A = 0.05 and the optimal statistical intervention 7”** for the related WTSS
problem studied in Chapter@ Such problem is obtained by setting v,,(0) = 0 and
Yw(n) = 1 for v > 0, so that for the planner it is optimal either not to intervene on
an agent or to set the threshold to 0. A random intervention complying with the
optimal statistical one is then implemented, and a comparison is made between
the fraction of state-1 agents observed on the network under such interventions
and the fraction of state-1 agents predicted by recursion (.20).

1.0
0.8
0.6
0.4
— 0 (2)
0.2 — Dy (2)
m— ) (2)-seeding
o — f(z) =z
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.1: Evolution function for the fraction of links pointing to state-1 agents
with initial statistics p(®), with optimal intervention statistics p(n” ), and with op-
timal seeding p(n™)-seeding, for the Epinions network.

IRetrieved from https://networkrepository.com
ZRetrieved from https://websites.umich.edu/~ mejn/netdata/
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Fig. [5.1]illustrates the recursion function driving the evolution of the fraction of
links pointing to state-1 agents in the local mean-field approximation with the ini-
tial statistics p), with statistics p(n") corresponding to the optimal intervention,
and with the statistics p(n") corresponding to the optimal seeding.

Intuitively, the seeding is suboptimal whenever the curve ¢, (z) is above z for
small values of z and below z for large values of z. While in such a case the
intervention 7" allows to target the curve in precise regions of the domain, seeding
interventions are forced to increase the entire curve, especially for small values of
z, producing suboptimal intervention costs.

To confirm the validity of the statistical approach, random interventions comply-
ing with the statistical interventions 7" and n are implemented on the network,
and the TM is simulated with initial condition 2(0) = 0 on the Epinions network.

Epinions
1.0 o 05 %WE oMY V200
» 4
/
/ ’
0.8 / 7
] // L4
]
Toe| W
3 ',.._——————————.
o
© XX X XXX xxxx
g 0.4 l
l == 1 Dynamics no intervention
| @ Recursion no intervention
0.2 I == 1 Dynamics intervention
' @ Recursion intervention
== 1 Dynamics(Seeded)
0.0 ‘ @ Recursion (Seeded)
0 10 20 30 40 50

Time

Figure 5.2: The evolution of the fraction of agents in state 1 on the Epinions
network versus the one predicted by the recursion (4.20).

Figure|5.2]illustrates the evolution of the fraction of state-1 agents on the networks
versus the one predicted by recursion based only on the statistics. Note that
the seeding intervention, due to its higher cost, is able to drive the agents towards
state 1 faster than the optimal intervention. However, also the optimal intervention
drives the system towards the desired configurations in a finite number of steps,

as predicted by (4.20).

104



It is remarked that the proposed interventions are designed without relying on the
exact network knowledge, suggesting that designing interventions based on the
problem statistics is a valid approach even for real networks that are not generated
from a configuration model ensemble. Moreover, these interventions apply to an
arbitrary threshold distribution, in contrast with those provided by Kempe et al.,
2003}, which assumes random and uniformly distributed thresholds.

To empirically validate the proposed theoretical framework, numerical experi-
ments were conducted on the Power Grid Network. This infrastructure is mathe-
matically formalized as an undirected, unweighted graph representing the topol-
ogy of the Western States Power Grid of the United States, comprising an order
of n = 4941 nodes and a size of || = 6594 edges. The Least-Cost Influence
Problem (LCIP) is analyzed on this specific topology to establish a comparative
baseline against the algorithmic approach previously developed by Cordasco et al.,
2015, Consistent with their methodology, the initial activation thresholds r; were
sampled uniformly at random from the discrete set {1, ..., k;}. Furthermore, the
individual intervention cost functions were defined as linear, such that ;(v) = v
and the macroscopic tolerance parameter was strictly fixed at e = 0.3. Utilizing
these structural assumptions, the initial aggregate statistics p(®) were extracted.
Subsequently, the optimal statistical intervention "V was derived by solving the
linear programming relaxation formalized in Problem (5.17), with discretization
parameters configured at N = 100 and A = 0.05. The experimental parameters
and primary metrics are systematically summarized in the following table:

Parameter / Metric Value / Mathematical Description

Network Topology Western States Power Grid (Undirected, Unweighted)
Network Order n = 4941

Network Size |E] = 6594

Threshold Distribution ri~ UL, ... ki)

Cost Function vi(v) =v

Tolerance e=0.3

Discretization Parameters N = 100, A = 0.05

Evaluation Framework Expected cost averaged over 10 independent instances

Performance Comparison = 25% cost reduction relative to Cordasco et al.,2015

Table 5.1: Experimental Configuration and Results for the Least-Cost Influence
Problem (LCIP) on the Western States Power Grid Network
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By evaluating the expected cost averaged over 10 independent realizations of
the random thresholds, it is demonstrated that the proposed statistical interven-
tions successfully satisfy the targeted constraint, driving the predefined fraction
of agents into the active state (state 1). Notably, this approach yields a substan-
tial improvement over the network-aware strategies proposed by Cordasco et al.,
2015, achieving an approximate 25% reduction in the total intervention cost. It
must be critically emphasized that this optimization is attained despite the rela-
tively coarse discretization parameter (N = 100) utilized in the linear program.
A primary property of this approach is that the optimal policy is derived indepen-
dently of the exact network topology. Unlike benchmark methods requiring com-
plete adjacency matrices, the local mean-field formulation depends exclusively on
aggregate statistics. This formulation is therefore scalable to large-scale networks
where only the statistical distributions of the underlying topology are known.
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Chapter 6

Conclusions

Concluding Remarks This thesis establishes a comprehensive and computation-
ally tractable framework for the formulation and resolution of optimal intervention
problems within super-modular network games. The core premise demonstrated
throughout this work is that strategic complementarities, which typically generate
systemic unpredictability via multiple equilibria, can be systematically exploited
by a central planner. By modifying individual incentives or applying action con-
straints, a regulator can steer non-cooperative agents toward a maximal, efficient
configuration. A primary theoretical contribution is the linkage of intervention
strategies to lattice-theoretic methods and maximal best response dynamics. It is
formally proven that targeted parameter changes can reliably eliminate suboptimal
equilibria and induce finite-time convergence to a designated target region. The
characterization of M-attractivity via weak improvement paths provides a robust
foundation for identifying optimal constraints using Markov chain algorithms.

Crucially, this work bridges the critical gap between theoretical mechanism design
and practical algorithmic scalability. By translating the Linear Threshold Model
into a Local Mean-Field dynamical system on random configuration graphs, the
inherent NP-hardness of the Optimal Seeding Problem and the fractional Least-
Cost Influence Problem (LCIP) is successfully bypassed. The reduction of these
complex interventions to linear programs governed strictly by macroscopic net-
work statistics provides a highly scalable tool for policy implementation.
Ultimately, this framework ensures that effective coordination and systemic stabil-
ity can be achieved in large-scale social, economic, and infrastructure networks,
even under conditions of strict topological uncertainty.
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Future Research While this dissertation provides a robust framework for opti-
mal intervention in super-modular network games, several critical avenues remain
open for future theoretical exploration and practical application.

* Mixed Externalities and Strategic Substitutability: The analytical results
presented herein rely heavily on the increasing differences property inher-
ent to super-modular games. A natural and challenging extension involves
adapting this framework to environments characterized by mixed external-
ities, where strategic complementarities coexist with strategic substitutes
(e.g., peer adoption effects occurring alongside resource congestion or mar-
ket competition). Future research could investigate the conditions under
which targeted interventions can still prevent coordination failures when
the strict monotonicity of best-response dynamics is relaxed.

* Dynamic and Endogenous Network Formation: The models developed
in this work assume either a static deterministic topology or a fixed stochas-
tic generation process, such as the directed configuration model. In many
complex systems, however, the network structure evolves endogenously;
agents continuously form, sever, or re-weight links in response to changing
economic incentives or risk exposures. Extending the Local Mean-Field
approximation to account for time-varying, state-dependent network for-
mation would broaden the applicability of these intervention strategies.

* Robust Intervention under Incomplete Information: While the statisti-
cal approach to large-scale networks successfully circumvents the need for
exact topological mapping, it remains reliant on accurate aggregate statis-
tics, such as joint degree and threshold distributions. Future research should
explore robust mechanism design wherein the central regulator operates un-
der severe uncertainty or localized data perturbations. Integrating distribu-
tionally robust optimization techniques could yield intervention policies that
guarantee a baseline level of systemic stability even when prior statistical
estimations are flawed.

* Continuous Action Spaces in Systemic Risk Modeling: The transition
from binary optimal seeding to the fractional incentives of the Least-Cost
Influence Problem (LCIP) provides a highly flexible policy instrument. How-
ever, extending these methodologies to fully continuous action spaces would
allow for highly granular modeling of continuous effort or capital allocation.
This extension is particularly vital for modeling cascading defaults and sys-
temic risk in large-scale financial and insurance networks, where continuous
policy interventions, such as targeted liquidity injections or dynamic capital
requirements, are required to stabilize interconnected institutions.
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Appendix A

Elements of Graph Theory

In this section, basic notions of graph theory are presented, and the notation and
terminology utilized throughout the remainder of this dissertation are introduced.

A.1 Network Topology and Centrality Measures

The interconnection structure of a networked system is naturally modeled by
means of a graph. A network is described by a set of nodes, representing indi-
vidual units, and a set of links encoding their pairwise interactions Nodes repre-
sent the individual units of the system, while links encode the interactions among
them. Depending on the application, a link may represent information exchange,
influence among agents, observation of neighboring states, or the possibility for a
physical or virtual quantity to flow between nodes.

Definition A.1.1. A (directed) graph is a pair
g = (V7 S)

where

* V is the (finite or countable) set of nodes (also called vertices);

o £ CV X Vis the set of links (also called edges).
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Throughout the thesis, it is assumed that the set of nodes V is finite and
n=[V|
denotes the order of the graph. Links (i,7) whose head node coincides with its

tail node are referred to as self-loops.

The presence of the edge (i, j) is interpreted as a connection between node ¢ and
node j. Connections between nodes can be represented in a more compact way
using the adjacency matrix A € {0, 1}Y*Y, which is defined as follows:

1, if(z,5) €€,
Aij= e
0, if(i,j) ¢ €&.
A graph can be defined either through the pair V and &, or through ) and A.

Weighted graph

Given a graph G = (V, &), a positive weight W; ; > 0 can be associated with each
edge (i,7) € £. The weights can be gathered in a matrix W in RKXV named the
weight matrix with the property that W;; > 0 < (i,j) € &, i.e,if (i,7) is a
link or, in other words W; ; > 0 <= A, ; = 1.

A graph equipped with a weight matrix G = (V, €, W) is called weighted graph.
A weighted graph G = (V, &, W) is referred to as:

e undirected when its weight matrix W = W7 is symmetric, i.e., when a link
(7, 7) exists if and only if the link with reversed direction (j, i) exists.

* simple when it is undirected, unweighted, and the weight matrix 1/ has zero
diagonal, equivalently if G contains no self-loops.

Given a weighted graph G = (V, £, W), the following notions are formalized.

* The in-neighborhood and the out-neighborhood of a node 7 € V are, respec-
tively, the sets

N ={ieVIUieet, Ni={jeVI[(ij)e&}

Nodes in N, and N are referred to, respectively, as in-neighbors and out-
neighbors of node 7 in §.
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* The in-degree and out-degree of a node ¢ are defined, respectively, as

di = Z Wj,i; and ]{Zz = Z Wi,j-

JEV JEV

The shorter term “degree” is frequently utilized alongside the compact no-
tation:
d=w"1, k=WI.

e G is called balanced if d = k.

It is noted that in undirected graphs, no distinction exists between in- and out-
neighbors, in- and out-neighborhoods, or in- and out-degrees.

Multigraphs

It often proves convenient to consider notions of network structure that generalize
the directed weighted graphs considered thus far.

A primary step is allowing multiple links to connect the same pair of nodes. Con-
sequently, the notion of a link must be modified so it is no longer strictly identified
with an ordered pair of nodes.

A (weighted, directed) multigraph is a tupla
G=W,&E 1,0)

where V is the node set, £ is the set of directed links, and 7 : £ — Vand o : £ —
) are the maps associating to each link its tail and head node, respectively. It is
assumed that G contains no self-loops, i.e., 7(e) # o(e) for every e in &.

To every multigraph G = (V, €, 7, 0), an adjacency matrix W in RV*Y is associ-
ated, whose entries are defined as:

W,;=H{ee€&: 7(e) =1i,0(e) =7}
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Reachability and Connected Components

Let G = (V,&, W) be a weighted graph. The fundamental concepts regarding
connectivity are formally defined as follows:

* A walk from node i to node j is a finite sequence of nodes vy = (ig, i1, . .., %)
such that i = 4,9, = 7, and (i,_1,1,) € E forall h = 1,...,1, i.e., there
is a link between every two consecutive nodes. The parameter [ denotes the
length of the walk. Walks of length O represent a transition from a node to
itself.

* A node j is said to be reachable from ¢ if there exists a walk from ¢ to j.

» A walk v = (ig,41,...,%) such that (ip_1,45) # (ix_1,7x) forall 1 < h <
k <[, except for possibly 7o = 7;, is called a path.

A weighted graph G is called strongly connected if given any two nodes ¢ and
J, node ¢ is reachable from node j. In numerous applications, it is advantageous
to formalize notions of connectedness with respect to specific subsets of nodes.
Given a weighted graph G = (V, £, W) and node subset &/ C V, U is said to be
globally reachable if for every i € V \ U there exists a walk from ¢ to some node
J in U. Notice that G is strongly connected if and only if every subset of nodes
U C V is globally reachable.

Finally, another important concept related to connectedness of a graph is that of
period. Given a graph G = (V, £), the period perg(i) of a node 7 in V is defined
as the greatest common divisor of the lengths of all paths starting and ending in ¢
(with perg(i) = 1 if no such paths exist). The common period of all nodes in a
strongly connected graph G is denoted by perg. A strongly connected graph G is
aperiodic if perg = 1.

Proposition A.1.1. Let G = (V, E) be a simple graph. Then

* If G is connected, then necessarily

€l = V[ -1

* If G has no cycle, then necessarily

1<V -1
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Algebraic Graph Theory

Let G = (V,&, W) be a weighted graph. Matrix power of W encode interesting
information on the walks on the graph G, as shown below. First, the weight of a
length-l walk v = (ig, 41, ..., %;) is defined as the product of its [ link weights:

W’Y: H Wih—l:ih

1<h<l

with the convention that length-0 walks have unitary weight. In the special case of
unweighted graphs all walks have unitary weight. Observe that a walk of length
[ = 1 from node ¢ to node j is nothing but a link and its weight is simply the link
weight W, ;. The following simple but important property states that the (¢, j)-th
entry of the matrix power W' coincides with the sum of the weights of length-
walks from 7 to j.

Proposition A.1.2. Let G = (V,E, W) be a weighted graph. Then, for every
length | > 0 and every two nodes i,j €V,

(Wl>i,j - Z W,

l

where AEZJ) = {length — l walks fromito j}. Moreover, if G is unweighted, the
right-hand side coincides the number of length-l walks from i to j.

Proof. By induction on [ > 0. For [ = 0, the statement is trivial as length-0 walks
start and end in the same node and have unitary weight by convention. Then,
assume the claim to be true for some /. Observe that the set of all length-(/ + 1)
walks from node ¢ to node j can be partitioned according to the [-th visited node:
ify=(i,...,k,7)is a walk of length ({ + 1), we have that W, = W5 W), ; where
7 is the subwalk of  from i to k. The following computation can be performed

DWWy =D Wy > W

eadtD kev 5er)
- Z (Wl)zk Wi
keV
- (Wl+1)i,j
where the second equality follows from the inductive assumption. |
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Corollary A.1.3. Let G = (V,E, W) be a weighted graph. Then, for every length
[ > 0 and every two nodes 1,5 € V,

(i) (Wl)l.j > 0 if and only if there exists a walk of length [ from 1 to j;

(ii) G is connected if and only if for every two nodes i and j in V, there exists
[ > 0 such that (Wl) P> 0.

%

Proof. Proof are immediate consequences of Proposition |A.1.2) |
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Network Centrality

Measures capturing the importance of a node’s position in a weighted graph G =
(V,E, W) are analyzed. These are referred to as centrality measures.

The simplest notion is degree centrality, whereby the importance of a node i is
determined solely by its degree. In non-balanced networks, a choice must be
made as to whether the in-degree d; or the out-degree k; should be used. Both
options may be appropriate depending on the context. For instance, in the case of
a Twitter account, the number of followers (i.e., its in-degree) can be considered a
relevant measure of influence. Similarly, the number of citations received may be
interpreted as a measure of the impact of a research article. Both the number of
followers in Twitter and the number of citations in a citation network are examples
of in-degree centrality measures.

A natural extension of (in-)degree centrality is given by eigenvector centrality.
The key idea is that connections from nodes with high centrality contribute more
to the centrality of a node than connections from nodes with low centrality. For-
mally, the centrality (; of node 7 is defined to be proportional to the sum of the
centralities of its in-neighbors 7, that is,

G Y Wi
jev
If the proportionality constant is denoted by % > 0, and ( € R" represents the
vector of node centralities, the relation can be rewritten as

N =WT¢.

Thus,  is an eigenvector of W7 associated with the eigenvalue A > 0.
By selecting A = Ay, the dominant eigenvalue of W, it follows that W7 admits a
corresponding non-negative eigenvector satisfying

1

= —WT¢.
A\ ¢

¢

Under the assumption that G is connected and by imposing the normalization
¢T1 = 1, the vector ( is uniquely determined and is referred to as the eigenvector
centrality of G.

The notion of centrality can be further extended to account for the global struc-
ture of the network by incorporating the infinite summation of discounted walks.
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This concept, formalized as the Katz-Bonacich centrality (Bonacich, 1987), gen-
eralizes degree centrality by measuring the influence or prestige of a node based
on all paths originating from or pointing toward it. Depending on the theoreti-
cal application, this measure can be formulated using the adjacency matrix W to
capture influence via outgoing walks, or its transpose W7 to capture prestige via
incoming walks.

Given a decay factor § satisfying dp(W) < 1 and a nonnegative vector b rep-
resenting the intrinsic baseline weight of the nodes, the standard Katz-Bonacich
centrality vector (W, d, b) is defined as the solution to { = b + dW(, which is
explicitly given by:

C(W,6,b) = (1 — W) 'b

This formulation is particularly relevant in the study of network games, where the
matrix W encodes the outgoing observation channels of the agents.

Alternatively, a normalized, prestige-based variant of the Katz centrality can be
established by allowing nodes to possess intrinsic centrality independently of their
in-neighbors. Let a parameter 3 € (0, 1] and a nonnegative vector y be introduced
to represent this intrinsic centrality. A standard choice is ¢ = 1, implying that
all nodes are assigned identical intrinsic centrality. This specific Katz centrality
vector is then defined as the solution (/) of:

(8) = (%) WTC(8) +

It is observed that, for every 0 < (8 < 1, the dominant eigenvalue of ﬁ(l —
B)YWT is strictly smaller than 1, implying that the matrix (]l — 5o (1 B)WT> is

invertible. Consequently, the vector is well defined, unique, and can be expressed
as

(@ = (1= 5-pwT) (A

w

116



A.2 Markov Chains

In this section, Markov chains are introduced as stochastic network dynamics.
These processes evolve over a state space that can be associated with the nodes
of a graph, where the edges represent the possible transitions between states. To
formalize these dynamics, the following definitions are established:

Definition A.2.1. A non-negative square matrix P satisfying
P1=1 (A.2)

(i.e., every row sums to 1) is defined as a stochastic matrix.

In the context of a graph G = (V, &, W), the normalized weight matrix, whose

entries are defined

Wi
ki’

i.e., the (1, j)-the entry of the normalized weight matrix P is the weight of the link

(4, j) normalized by the out-weightdegree k; = >_._,, W, ; of its tail node 7, is a

stochastic matrix.

P = Vi,j €V

JEV

Notice that any stochastic matrix P can be interpreted as the normalized weight
matrix of a normal graph Gp = (V, &, P), where the node set V = X and the
link set consists of pairs (¢, j) for which P, ; > 0. The following terminology is
standardized: a stochastic matrix P is referred to as irreducible if Gp is strongly
connected, and it is referred to as aperiodic if Gp is so.

Definition A.2.2. A discrete-time Markov chain is a stochastic process X (t)i—o1,...
defined on a state space X (coinciding with a node set V), where the future
state depends strictly on the present state (the Markov property). For any states
1,] € X:

P(X(t+ 1) = jIX(0) = io,. .., X (1) = it) = Py (A3)

where P is a stochastic matrix.

The process X (¢) is usually referred to as a discrete-time Markov chain with tran-
sition probability matrix P. In order to determine the probability distribution of
the trajectories of a Markov chain X (¢), one needs to specify both a transition
probability matrix P and an initial probability distribution to be denoted by 7(0),
i.e., a probability vector with entries corresponding to the elements of X’ such that

P(X(0) =4) = m(0), i€ X
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Then, the Markov chain’s trajectory satisfies

P(X(0) =i, X(1) = ir,..., X(t) = i) =73, (0) ] Piuriis t>0.

1<s5<t

From the equation above, recursive formulas for the marginal probability distri-
bution 7(t) of X (t), for every time ¢t > 0, whose entries

m(t) = P(X(t) =4), i€ X,

coincide with the probability that the Markov chain is in a specific node 7 at time
t, as well as for the ¢-step transition probability matrix P(¢), whose entries

Py(t) = BX(1) = jIX(0) =), i.j€ X,

specify the conditional probability that the chain is in node j at time ¢ given that
it started in node ¢ at time 0. These recursive equations read as:

m(t+1) = P'r(t)
and, respectively,

P(t+1)=P{t)P, P(t+1)= PP(t),

Stationarity, convergence, and ergodicity

Let P be a stochastic matrix and let
m=P'r

be an invariant probability distribution for P. If the initial state of the Markov
chain X (0) has probability distribution 7(0) = 7, then

m(t)=m, t>0,

i.e., each X (¢) has the same marginal probability distribution 7 as X (0). That
justifies the term stationary distribution when referring to 7, if the initial distribu-
tion of the Markov chain is 7, it does not matter how long one waits; the marginal
probability distribution at any time ¢ will invariably be 7.

Proposition A.2.1. Let P be an irreducible and aperiodic stochastic matrix and
7 = P11 be its unique stationary probability vector. Let 7t(t), fort = 0,1, ..., be
the probability distribution vector of a Markov chain with transition probability
matrix P. Then,

lim 7(t) =,

t—o00
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Proof. The convergence of an irreducible and aperiodic Markov chain to its unique
stationary distribution 7 is a foundational result in the theory of stochastic pro-
cesses. Irreducibility guarantees the existence of a unique stationary distribution,
while aperiodicity ensures that the state probabilities do not oscillate, meaning the
limit tlg?o 7(t) exists and equals 7 for any arbitrary initial distribution 7(0). The
reader is referred to standard texts, such as Levin and Peres, 2017, for a formal
proof utilizing coupling methods or the Perron-Frobenius theorem. |

Proposition states that, if a Markov chain X (¢) has irreducible and aperiodic
transition probability matrix P, then the marginal probability distribution of X ()
converges to the stationary probability vector 7 as ¢ grows large.

This means that, the probability of observing the Markov chain X (¢) in a given
subset S C & approaches the aggregate stationary probability of S

TS = E T,
€S

in the limit as ¢ grows large.

Time-reversible chains

In this section, time-reversible Markov chains are considered (i.e., Markov chains
with a reversible transition probability matrix P).

A stochastic matrix P is said to be reversible with respect to a probability distri-
bution 7 if it satifies the detailed balance equation

Wif)i,j = ijj,ia VZ,j € X
Summing up both sides gives:
T = ZT(‘Z‘BJ‘ = Zﬂjpj’i’ \V/Z < X
JEX jex
so that, if P is reversible with respect to a probability distribution 7, then neces-

sarily m = P77 is a stationary probability distribution.

Consider a Markov chain with transition probability matrix P reversible with re-
spect to a stationary distribution 7, and assume that the initial state X (0) has
distribution 7.
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Then, for all ¢, 7 € X, it holds that
P(X(0) =4, X(1) = j) = mP; = m P = P(X(1) =4, X(0) = j),

i.e., the pair (X(0), X (1)) has the same joint probability distribution as the re-
versed pair (X (1), X (0)). The argument above can be generalized for all t > 0:

(X(0), X(1),....X(t—1),X(#) = (X(£), X(t — 1), ..., X(1), X(0))

where = stands for equality in distribution. I.e., reversing the arrow of time does
not change the probability distribution of a stationary reversible Markov chain.

This property is known as time-reversibility of the chain X (¢). Discrete-time
simple random walks over undirected graphs are time-reversible Markov chains.
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Appendix B

The Linear Threshold Model

The spread of new ideas and behaviors, the adoption of innovative technologies,
and the default contagion of financial institutions are dynamic processes which
may exhibit cascading effects in social, economic, and technological networks.

These phenomena generally depend on the topology of the network as well as
on the nature of the local agents’ dynamics. A popular model proposed to de-
scribe such diffusion phenomena is the Linear Threshold Model. The number of
acquaintances utilizing a new technology is assessed by each agent, and adoption
occurs if a specific, personally defined threshold is met. The adoption process can
continue in rounds until either the entire network has adopted the new technology
or no further adoption is possible.

Cascades are one core problem addressed in the literature, alongside the identifica-
tion of influential agents and the dynamic progression of adoption. From a control
perspective, the possibility of changing the decision of some agents or modifying
their adoption threshold is of significant theoretical and practical interest. In this
section, the Linear Threshold Model is formally introduced.
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B.1 Network Dynamics

Given a network G = (V, &, W) with node set G and edge set £ C V x V), each
agent on the network is endowed with a time-varying binary state z;(¢) € {0, 1},
dependent on a discrete time variable ¢.

The states 0 and 1, denoting inactivity and activity respectively, may assume spe-
cific meanings depending on the application. The evolution of each nodal state
is determined by a local deterministic rule, which is dependent upon a personal,
endogenous variable r; € {0, 1, ..., k;}, called activation thresholds.

In the Linear Threshold Model (LTM), an agent activates if the number of active
out-neighbors is greater than or equal to its current activation threshold; otherwise,
the agent deactivates.

The Linear Threshold Model is the discrete-time dynamical system on the config-
uration space X = {0, 1} defined by

x(t+1) = d,.(x(1)), vt >0, (B.1)
where @, : X — X is the map defined by

1 if Z Wi,jxj Z T
P, (x)); = hid B.2
JEV
Given an initial configuration x(0) € {0,1}” and the endogenous activation
thresholds, the network configuration evolves deterministically through the syn-
chronous application of local rules.

In the linear threshold model, agents possess no memory of previous states and
compute new states at each iteration: depending on the local condition, they can
switch state from 0 to 1 and viceversa.

Remark 18. A node with r; = 0 activates irrespective of the local condition
(x;(t + 1) = 1), while a node with r; = k; + 1 invariably deactivatese (x;(t +
1) = 0). These two special activation threshold values can be chosen to enforce
stubbornness. Thresholds smaller than 0 or larger than k; + 1 are not necessary
and have been excluded on purpose.

The following lemma captures some basic monotonicity properties of the TM
dynamics that prove particularly useful in its analysis.
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Lemma 7. Let G = (V,E, W) the network topology and r a threshold vector. Let
x(t) and X' (t) be the state vectors of the Threshold Model (B.2) on G. Then,

(i)
(it)

ifx'(0) > x(0), then x'(t) > x(t) forall t > 0.

ifri < (1 — x;(0))k; for all i, then x(t) is non-decreasing in t; hence, in

particular, it is eventually constant.

The map ®.(+) is non-decreasing component-wise

Proof.

(ii)

(i) Itis assumed x'(0) > x(0). The proof proceeds by induction.
Suppose x'(t) > x(t) for some ¢ > 0. The LTM update rule states

nit+1) =1 Wim(t) >
jev
Because edge weights are non-negative (W; ; > 0) and 2;(t) > x;(t) by the
inductive hypothesis, it follows that

D W) = Y Wi (1),

JjeV JjEV

Therefore, if the threshold is met for the configuration x(¢), it is strictly also
met for x’(¢). This implies x'(t + 1) > x(t + 1).

The objective is to show that x(¢) is non-decreasing in time, meaning x (¢ +
1) > x(t), forall t > 0. Let x(0) the initial configuration, then for any node

12

— if 2;(0) = 0, then trivially z;(1) > x;(0) since states are binary.

— If 2;(0) = 1, the hypothesis r; < (1 — z;(0))k; yields r; < 0. Since
thresholds are non-negative, r; = 0. By the update rule, a threshold of
0 guarantees activation, so x;(1) =1 > x;(0).

Since x(1) > x(0), part (i) implies x(2) > x(1), and by induction x(¢ +
1) > x(t) for all £. [
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Permanent Activation Linear Threshold Model

Dynamics allows agents to switch back from 1 to 0.

The Permanent Activation Linear Threshold Model (PALTM) is a variant of the
linear threshold model characterized by permanent active states; once a node is
activated, it remains active indefinitely.

In such one-switch-only dynamics, at every iterative step ¢ + 1 an agent selects
action 1 if the number of active out-neighbors is at least equal to its activation
threshold or if action 1 was played at step t.

1 if Z VVi,jxj(t) Z r; Or J/’Z(t) =1
ri(t+1) = JEV (B.3)
0 otherwise

The PALTM 1s progressive, meaning each agent retains a memory of its
previous state; this ensures convergence to a final set of adopters within at most |V
iterations since at every iteration either the set of adopters monotonically increases
by at least one agent or it stops growing from that point onwards. Since there are
|V| agents, after at most || steps the final set of adopters is established.
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B.2 Local Mean-Field Approximations

In this section, the activation processes obtained via the LTM with variable thresh-
olds are analyzed. The analysis is conducted on a random graph ensemble, specif-
ically the directed configuration model. Within the ensemble, the average activa-
tion can be approximated by a scalar recursive equation, referred to as the Local
Mean-Field dynamical system. Activation dynamics on a large network are ana-
lyzed, with a primary focus on aggregate behaviors.

The fraction of active agents is:

V() = 2wl

i€V

whereas the corresponding fraction of “active edges” is:

Z(t) = % Z dii(t)

ey

These two quantities will be approximated by the mean-field recursive equation.
To sample uniformly from the set of problems possessing identical statistics, the
following notions are introduced. For a probability distribution p on 2 and f in
Rﬂ, let
(0, f) = prfw € [0, o0
we

be the expected value of f with respect to p. It is demonstrated that, with high
probability, a random problem sampled from the configuration model C,, ,, can be
accurately approximated by a deterministic linear program. Let

k

Prr(2) = Z (S) 241 — z)F VO < r < k.

u=r

Then, define the maps v, ¢,, : [0,1] — [0, 1] as

Up(2) = D Py (2) (B.4)
weN
1
= 7T wdw T . BS
(z) =1 d>§p Phosra(?) (B.5)
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The Local Mean Field dynamical system is

{y<t+1> = Uy(2(t))
At+1) = dp(2(t)

with a given initial condition z(0) = 2 and y(0) = yp.

Theorem B.2.1. Let G be a network sampled from configuration model ensemble

Cpn Of size n and statistics p. Let x(t), for t > 0 be the state vector of the TM

dynamics on G, let Y (t) = = 5 x;(t) and let y(t) be the output of the recursion.
=

Then, for e > 0 and n > d’"Lk’z’zﬁ it holds true

(p,d)
Y () —y() < e

for all but at most a fraction 2P of networks G from the configuration model
ensemble C,, ., where 3 = (32(p,d)d? )"

max

Proof. This concentration bound relies on approximating the discrete diffusion
process on the random configuration model via a deterministic differential equa-
tion framework. By concentration inequalities adapted to the configuration model,
it can be demonstrated that the empirical average state Y (¢) deviates from the the-
oretical local mean-field limit y(¢) by more than e with a probability that vanishes
exponentially with the network size n. For the complete technical derivation of
this specific concentration bound, the reader is referred to the methodology estab-
lished in Rossi et al., 2017 [ |

Analysis of the Local Mean-Field dynamics

In the previous subsection, the LTM was analyzed on a large random network, the
directed version of the configuration model. The goal was to estimate the fraction
of active agents after each update round, yielding an accurate Local Mean Field
(LMF) approximation. The Local Mean Field approach consists in a scalar dy-
namical system. It is recalled that in the previous chapter, the joint in-, out-degree
distribution was denoted by p. Here, the main properties of the LMF systemare
studied. The following lemmas, collect these properties.

Lemma 8. The function ¢(z) is smooth and monotonically non-decreasing. The

minimum is $(0) = m QZ 0pwdw, the maximum is (1) = 1—@ 0 Zk X
WEQiT,= welliry,=ky+

and there exist at least one fixed point x* € [0, 1]. If there exists a triple d, k > 0
and r # {0, k + 1} such that p,, > 0, then ¢(x) is strictly increasing.
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Let the set P, contain the fixed points of ¢(z)

Fy={z€0,1]] 2= ¢(2)}

and assume it contains only isolated points. This non-empty set defines a parti-
tion on the interval [0, 1] and, since ¢(z) is monotone, in each sub-interval of the
partition the state sequence z(¢) is monotone.

Corollary B.2.2. Assume the set Py contains isolated points. Consider the aug-
mented set P, U {0, 1}. The elements define a partition on the interval [0, 1] and,
under the function ¢(z), any sub-interval maps into itself. Let [z;, z;1 1] be a sub-
interval of the partition, then ¥z € (z;, zi11), either ¢(z) > z or ¢(z) < z.

Note that previous Corollary excludes limit cycles in the state dynamic. Since
the sequence z(¢) admits a limit because is monotone and bounded, and the limit
must be a fixed points. Each fixed point z* in P, can be stable, unstable or half
stable. Suppose z* € (0,1) and consider the two sub-intervals of the partition
adjacent to z*. The fixed point z* is said to be stable if trajectories are converging
to z* from both sub-intervals, it is unstable if trajectories move away from both
sides. Otherwise it is a hybrid called half-stable: sequences started on one side of
it converge to it whereas on the other side move away. Fixed points possibly in 0
or 1 are either stable or unstable. A simple sufficient condition for the stability of
fixed points involves the first derivative of ¢(z).

Lemma 9. Let z* be a fixed point of the state function ¢. If ¢'(2*) < 1, then z* is
stable. If ¢'(z*) > 1, then z* is unstable.

The monotonicity of the state function ¢(z) of the autonomous system implies
that the fraction of active edges evolves as a monotone sequence, from the initial
condition z, until the first reachable fixed point. The output function ¢(z) has
the same properties described in Lemma [§| for ¢(z). In particular ¢(z) is non-
decreasing, thus y(t) is also a monotone sequence.
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