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Abstract—Analysis of 2D-periodic structures is often carried
out with the Method of Moments, which is capable to obtain
simultaneously the phase velocity and attenuation constant of
surface- or leaky-waves (i.e. eigenmodes). However, to find the
eigenmodes associated with a given geometry, many samples
of the impedance matrix are needed, whose evaluation can
be computationally expensive. To overcome the computational
burden, efficient interpolation procedures have been proposed,
which are based on the decomposition of the impedance matrix
into Floquet modes and the proper extraction of some of them.
However, the evaluation of a given Floquet mode with the reaction
integral can be difficult when the integration regions of the source
and test basis functions overlap along the z-axis. In this work,
we deal with this difficult case: we propose a fully analytical
solution and validate it numerically. Our work paves the way
to the generalization of existing fast interpolation procedures to
arbitrary structures and, eventually, to the fast analysis of general
2D-periodic geometries.

Index Terms—periodic structures, metasurfaces, method of
moments

I. INTRODUCTION

Periodic structures find many uses in antenna engineering

and are therefore frequently implemented, for example as

antenna arrays [1], metasurfaces [2], [3], reconfigurable intel-

ligent surfaces [4], and electromagnetic bandgap materials [5],

[6]. For the analysis of periodic structures, the Method of

Moments (MoM) is frequently employed, for example in [6]–

[10].

Recently, some of the authors have proposed an MoM mod-

elling procedure [10], especially tailored for glide-symmetric

structures. The MoM was able to robustly yield the source-free

solutions and is capable of evaluating the stopband attenuation.

However, its main drawback is the search for resonances of

the structure as singularities of the impedance matrix, which

can be prohibitively expensive if each impedance matrix is

directly computed. This computation can be accelerated with

the use of interpolation schemes, as is done in other works [6],

[11], [12]. In a recent paper [12] of some of the authors, the

behaviour of the interaction between two impedance matrix

elements is regularized by extracting the first few Floquet

modes, which are difficult to interpolate. These are then re-

added after interpolation. However, the formulation is valid

only when there exists no vertical component in the basis

functions (BF) and is therefore not applicable to non-planar

geometries.

In this work, we present preliminary results for an inter-

polation method based on [12], which is applicable to 3D

geometries. Specifically, we present an analytical solution

to the interaction between two Rao-Wilton-Glisson (RWG)

BF which may overlap along the z-axis. The solution is

validated with the help of a custom quadrature scheme. This

development is key in developing a fast interpolation technique

for general geometries, and could pave the way to dramatically

speed up any periodic MoM problem.

II. DERIVATION OF ANALYTICAL EQUATION

In general, a single impedance matrix element interaction

can be computed in the spectral domain as [13]:

Z(kt00) = −
ηd
kd

1

Su.c.

∑

mn

1

2kmn,+
z

k2d

∫∫∫

r

ctft(r) · J
⊥
u.c.(k

mn,±
t |z) exp(−jkmn,± · r) dr, (1)

where kd and ηd are the wave vector and impedance in free

space, Su.c is the area of the unit cell, and ft is the test

basis function r is the observation (test) position vector. The

integration is done over the support of the test basis function.

The wave vector kmn,± is obtained as

kmn,± = kmn
t ± ẑ

√

k2d − kmn
t · kmn

t , (2)

where the m and n are the indices of the Floquet mode with

its transverse wave vector kmn
t :

kmn
t = kt00 +m

2π(s2 × ẑ)

Su.c.
+ n

2π(ẑ× s1)

Su.c.
. (3)

The value of kt00 is a freely chosen simulation parameter and

may take complex values. The choice of the correct branch ±,

and therefore the value of J⊥
u.c. depends whether z′ is below

or above z:

J⊥
u.c.(k

±|z) =

∫∫∫

{r′|±z′<±z}

f⊥s (r′,k±) exp(jk± · r′) dr′ ,

(4)

where the f⊥s is the component of fs transversal to k̂±

f⊥s (r′,k±) = csfs(r
′)−

(

csfs(r
′) · k̂±

)

k̂± . (5)

For z < z′, we must choose the “− “ branch and for z > z′

the “ + “ branch of the equation. This branch choice is the

core of the problem discussed in this paper. It arises due to

the condition that the electric field, created by a source at z′,



vanishes as z tends towards infinity. In (5), k̂± = k/kd,

and fs is the source BF. Both fs and ft in this work are the

unnormalized RWG BF [14]:

ct/sft/s(r) =







c+t/s(r− r+v,t/s), if r on + triangle

c−t/s(r− r−v,t/s), if r on − triangle

0, if r elsewhere

,

(6)

where the ct/s is a normalization coefficient of RWG and

rv,t/s = {xv,t/s, yv,t/s, zv,t/s} is the position vector to the

vertex opposite to the shared edge. In the following discussion,

we will focus on a single pair of source and test triangles, as

the solutions are identical for both + and − triangles.

Fig. 1. Interaction between the test and the source triangles. The overlapping
regions are presented with stripes. The non overlapping regions are presented
with dots.

In obtaining an analytic equation for (1), the main challenge

occurs when there are regions of source and test triangles

which overlap. Since we must always select the positive branch

of the equation when z′ < z, and the negative branch when

z′ > z, the integrals are not separable. We treat the integration

in the following manner. First, we parameterize the triangles

in the xz-plane, depicted in Fig. 1. Therefore,

y = a1x+ a2z + a3, y′ = a′1x
′ + a′2z

′ + a′3. (7)

Note that the parametrization above is valid for almost all

orientations of the triangles, except if their normals are aligned

with the x̂ or ẑ. Then, we split the integral in both z and z′

at the middle vertices, here defined as zs for the test and z′s
for the source triangle. This situation is presented in Fig. 1.

As can be seen from the figure, the integration region along

x and x′ is bound by the linear functions

g(z) = sz + n, g′(z′) = s′z′ + n′ , (8)

where the subscripts l and u denote the lower and upper

boundary and indices indicate the change of the slope s and

offset n. Depending on the triangle geometry, at least two of

the equations are equal (g2u = g1u and g′2u = g′1u in Fig. 1).

Next, we subdivide the region of integration in z and z′ by

splitting the triangles, such that the vertices of the test triangle

split the integration along z′ of the source triangle and vice-

versa, presented in dashed lines in Fig. 1.

We have thus split each triangle in smaller subdivisions,

where boundaries are clearly defined for both source and test

integration. Furthermore, for each subregion of the source

triangle, there is at most one corresponding subregion of the

test triangle where the integration domains of z and z′ overlap

(“mixed” subregions), for the rest either z ≤ z′ or z ≥ z′

(“separable” subregions), as depicted in Fig. 1. For any two

subregions, the integral in (1) is:

K

∫ z2

z1

dz

∫ gu(z)

gl(z)

dx exp(−jk± · r)ft(r)·

[

K ′

∫ z′

2

z′

1

dz′
∫ g′

u
(z′)

g′

l
(z′)

dx′ f⊥s (r′,k±) exp(jk± · r′)

]

, (9)

with K = ct
√

1 + a21 + a22 and K ′ = cs
√

1 + a′21 + a′22 .

In the following subsections, we shall provide the derived

expressions for both separable and mixed subregions. The end

result can then be obtained by carefully summing the solution

for interaction of individual subregions. By analyzing (9), we

see that a key integral identity is a polynomial multiplied with

an exponential function:
∫

(c1ξ
2 + c2ξ + c3) exp(c4ξ + c5) dξ = const.+

1

c34

(

c1(2−2c4ξ+c24ξ
2)+c4(c3c4+c2(c4ξ−1)

)

exp(c4ξ+c5) .

(10)

As can be seen from (10), the integration results in the same

kind of function. Therefore, the multiple integrals can be done

with a repeated use of the integral identity and careful tracking

of constants. For brevity of this paper, a detailed derivation

shall be omitted.

A. Separable regions

This formulation is applicable in cases where the intervals of

integration in z′ and z do not overlap, that is all regions with a

different pattern for striped patterns in Fig. 1, or the complete

other triangle for regions with a dotted pattern (which do not

overlap at any point). For two subregions ∆′
b of the source

and ∆a of the test triangles, depicted in Fig. 2, the integrals

can be computed independently from one another:

I
∆a↔∆′

b

total = I∆a

dxdz · I
∆′

b

dx′dz′ . (11)

Here, I∆a

dxdz can be obtained with solving the integral:

I∆a

dxdz = K

∫∫

r∈∆a

ft(r) exp(−jkmn,± · r) dr , (12)

whereas I
∆′

b

dx′dz′ can be obtained with:

I
∆′

b

dx′dz′ = K ′

∫∫

r∈∆′

b

f⊥s (r′,kmn,±) exp(jkmn,± · r′) dr′ .

(13)

For a given region with z ∈ [z1, z2] and x ∈ [gl(z), gu(z)],
presented in Fig. 2, the test integral (12) can be obtained with:

I∆a

dxdz = Idxdz(z2 | gu)− Idxdz(z1 | gu)−

Idxdz(z2 | gl) + Idxdz(z1 | gl) , (14)



where a single part is given by

Idxdz(z | g) =
[

x̂(sz +A11 − s/A14)+

ŷ(A12z +A13 −A12/A14)+

ẑ(z − zv,t −A−1
14 )

]exp(A14z +A15)

A1A14
. (15)

Here, zv,t is the z-component of the rv,t for the test BF and

the constants, which are a function of the integration boundary

g and the wave-vector, are given by:

A1 = −j(kx + kya1) (16)

A11 = n− xv,t −A−1
1 (17)

A12 = a1s+ a2 (18)

A13 = a1n+ a3 − yv,t − a1/A1 (19)

A14 = A1s− j(kya2 + kz) (20)

A15 = A1n− jkya3 . (21)

The source integral is given by:

I
∆′

b

dx′dz′ = I′dx′dz′(z′2 | g
′
u)− I′dx′dz′(z′1 | g

′
u)−

I′dx′dz′(z′2 | g
′
l) + I′dx′dz′(z1 | g

′
l) , (22)

where the indefinite integral is:

I′dx′dz′(z′ | g′) =
[

x̂(B16z +B17) + ŷ(B18z +B19)+

ẑ(B20z +B21)
]exp(B14z +B15)

B7B14
. (23)

The constants in (23) are:

B1 = k̂x + k̂ya
′
1 (24)

B2 = k̂ya
′
2 + k̂z (25)

B3 = −xv,sk̂x + (a′3 − yv,s)k̂y − zv,sk̂z (26)

B4 = 1− k̂xB1 (27)

B5 = a′1 − k̂yB1 (28)

B6 = −k̂zB1 (29)

B7 = j(kx + kya
′
1) (30)

B8 = B16 = B4s
′ − k̂xB2 (31)

B9 = B4n
′ − xv,s − k̂xB3 −B4/B7 (32)

B10 = B18 = B5s
′ + (a′2 − k̂yB2) (33)

B11 = B5n
′ + a′3 − yv,s − k̂yB3 −B5/B7 (34)

B12 = B20 = B6s
′ + 1− k̂zB2 (35)

B13 = B6n
′ − zv,s − k̂zB3 −B6/B7 (36)

B14 = B7s
′ + j(kya

′
2 + kz) (37)

B15 = B7n
′ + jkya

′
3 (38)

B17 = B9 −B8/B14 (39)

B19 = B11 −B10/B14 (40)

B21 = B13 −B12/B14 . (41)

Fig. 2. Computing interaction between two separated subregions.

B. Mixed regions

Consider the example of overlapping regions in Fig. 3. The

region of integration over the source triangle is ∆′
a, bounded

by z′1 and z′2 and linear functions g′l and g′u, and analogously

for the test triangle.

For such subregions, the integrals in (9) are not separable

in z and z′. Therefore, we can first integrate along x and x′,

since these directions are orthogonal to z and z′. Remaining

is a double integral in z and z′. We ensure the correct choice

of the ± branch by further splitting this integration along z′

into two subregions z′ = [z′1, z] and z′ = [z, z′2]. Interestingly,

in that case, an analytical solution can be found; it makes use

of some of the constants already developed for the separable

case (constants A and B). The solution reads as:

I
∆a↔∆′

a

total = I∆a

dxdz ·
(

I′dx′dz′(z′1 | g
′
l)− I′dx′dz′(z′1 | g

′
u)
)

+

II′
∆a↔∆′

a , (42)

where the first part of the equation is obtained through (14)

and (23) and the second part by

II′
∆a↔∆′

a =II′δ(z2, z
′
2 | gu, g

′
u) + II′δ(z2, z

′
1 | gl, g

′
l)−

II′δ(z2, z
′
2 | gl, g

′
u)− II′δ(z2, z

′
1 | gu, g

′
l)−

II′δ(z1, z
′
2 | gu, g

′
u)− II′δ(z1, z

′
1 | gl, g

′
l)+

II′δ(z1, z
′
2 | gl, g

′
u) + II′δ(z1, z

′
1 | gu, g

′
l) .

(43)

Note that the indefinite integral II′δ(z, z
′ | g, g′) is a scalar

value. Its equation is:

II′δ(z, z
′ | g, g′) =

exp(C4z + C5)

A1B7B14C3
4

(

C1

(

2− 2C4z + C2
4z

2
)

+ C4

(

C3C4 + C2(C4z − 1)
)

)

,

(44)



where the constants A and B are given in the previous section,

and the other ones are defined as:

C1 = A12B18 +B20 +B16s (45)

C2 = C2,δ +B17s−B20zv,t (46)

C2,δ = A11B16 +A13B18 +A12B19 +B21 (47)

C3 = A11B17 +A13B19 −B21zv,t (48)

C4 = A14 +B14 (49)

C5 = A15 +B15 . (50)

Fig. 3. Computing interaction between two overlapping subregions.

III. VALIDATION OF ANALYTICAL EQUATION

To validate the developed analytical solution, we can com-

pare the analytical results with a numerically obtained result.

However, since the integral (9) contains a branch cut, and we

want to obtain a highly accurate reference, it is not sufficient to

directly apply a quadrature rule to the two triangular regions.

Instead, we subdivide them into subregions of integration, as

is done in Fig. 1. In case the subregion is a quadrilateral,

it is further split into four triangles at the barycenter. Then,

each triangular subregion is integrated separately using Gauss-

Legendre quadrature [15] and the partial results are summed

up to obtain the complete interaction.

We will now compare the results for the analytical equation

from Sec. II for the two geometries in Fig. 4 and Tab. I,

and the simulation parameters from Tab. II. The results for

the geometry in Fig. 4(a) are presented in Fig. 5. The figure

presents significant digits of the analytical equation, obtained

with double (a) and quad (b) precision for different Floquet

mode indices m and n in (3). Here, the double precision solves

the analytical equation with a sufficient accuracy (above 3

digits of precision) for all Floquet indices, although there are

some where a loss of significant digits is observed.

The results for the geometry in Fig. 4(b) are presented in

Fig. 6. There is an excellent agreement when quad precision

is used, but in the case of a double precision we observe a great

loss of significant digits. For the region with indices n = 0
and n = −1, the loss is critical as the analytical solution

(evaluated in double precision) is correct to less than two

(a) (b)

Fig. 4. Studied geometries, the overlapped regions are shown in stripes.
The vertice positions are presented in Tab. I. (a): Geometry 1, BF completely
overlap and are not aligned with ŷ. (b): Geometry 2, BF partially overlap and
are aligned with ŷ.
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Fig. 5. Correct significant digits of the analytical equation. The reference is
the custom quadrature. Computed in: (a) double precision (b) quad precision.

significant digits. Most likely, this is caused by the analytical

equation consisting of many subtractions, which results in a

difference of two almost equal large numbers. This kind of

dramatic cancellation effect are typically encountered when

dealing with peculiar geometries and solving analytically high-

dimensional integrals. However, there exist several techniques

to mitigate the problem, which will be investigated in a future

work.
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Fig. 6. Correct significant digits of the analytical equation. The reference is
the custom quadrature. Computed in: (a) double precision (b) quad precision.

Finally, we will now compare the simulation time of the

two integration techniques. The time to solve a single integral

with the quadrature rule in double precision is 0.31 s, while

the analytical equation is solved in 1.6 · 10−3 s with double



precision, and 4.2 s with quad precision. The extremely rapid

solution of the analytical equation motivates future efforts for

improving this work.

TABLE I
POSITION OF VERTICES FOR BFS FOR GEOMETRY 1 (LEFT) AND

GEOMETRY 2 (RIGHT).

Vertice Value (case 1) {x, y, z} [mm]

r
+
v,s {2.7532, 1.0446,−0.025}

r1,s {2.8085, 1.1782,−0.6098}

r2,s {2.5639, 0.7578,−0.5398}

r
−
v,s {2.7532, 1.0446,−1.0250}

r
+
v,t

{2.7532, 2.1554,−1.0250}

r1,t {2.5634, 2.4427,−0.5097}

r2,t {2.8215, 1.9825,−0.5115}

r
−
v,t

{2.7532, 2.1554,−0.025}

Vertice Value (case 2) {x, y, z} [mm]

r
+
v,s {2.7532, 1.1782,−0.025}

r1,s {2.8085, 1.1782,−0.6098}

r2,s {2.5639, 1.1782,−0.5399}

r
−
v,s {2.7532, 1.1782,−1.0250}

r
+
v,t

{2.7532, 2.4427,−0.8033}

r1,t {2.8085, 2.4427,−0.2880}

r2,t {2.5639, 2.4427,−0.2899}

r
−
v,t

{2.7532, 2.4427, 0.1967}

TABLE II
SIMULATION PARAMETERS.

Parameter Meaning Value

kt00 transverse wave vector {π/||s1||, π/(2||s1||), 0}

s1 period in x 3.2 x̂ mm

s2 period in y 3.2 ŷ mm

f frequency 10 GHz

IV. CONCLUSIONS AND FUTURE WORK

This work has presented preliminary results for a fast

interpolation scheme for interaction between two RWG BFs

in a periodic structure. A key result is the development of a

fully analytical solution of the reaction integral in the spectral

form between two RWG BF. The analytical equation has been

validated with the use of a custom quadrature. The results

indicate a good agreement of the analytical and the numerical

solutions, although a loss of accuracy is observed in some

cases where double precision is used.

The future work consists of generalizing the derivation to

arbitrary orientations of the two triangles, developing a more

stable formulation and implementing it in an interpolation

scheme.
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