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1. Introduction

Recently superstring and M-theory compactifications on manifolds admitting globally de-

fined spinors [1 – 9] (for a recent review on string/M-theory flux-compactifications see

also [10]), but with broken supersymmetry, have renewed considerable attention in as

much as they offer examples of theories with a low-energy effective lagrangian exhibit-

ing spontaneously broken local supersymmetry as well as Higgs phases of certain gauge

symmetries.

A popular example of this class of theories corresponds to the compactification on

twisted tori with form-fluxes turned on [11 – 18]. These models [19 – 26], depending on

the choice of fluxes, can give rise to no-scale supergravities [27] with partially broken

supersymmetry or other type of vacua. These solutions can have either Minkowski or AdS

geometry. In the case of M-theory it turns out that the 4-form flux on the internal space has

to be trivial. The solutions with AdS geometry are characterized by non trivial 7-form flux

and define eleven dimensional backgrounds of Freund-Rubin type [28] with flat directions.

This has to be contrasted with the maximal N = 8 model when the internal space in S7

and no flat directions remain [29].

Twisted tori can be described as seven dimensional group manifolds whose isometries

are part of the gauge group of the theory [11]. This seven dimensional gauge algebra,

which is always spontaneously broken for flat groups [11], enlarges to a bigger symmetry

when the vectors (or their dual) coming from the 3-form are also included, thus realizing

a non-trivial 28-dimensional subalgebra [30] of the maximal rigid symmetry E7(7) [31]. In

this context we show how a suitable choice of fluxes of M-theory, different from the torus

twist, gives rise to the N = 8 gauged SO(8) supergravity [29], which is known to exhibit

an AdS vacuum with maximal unbroken supersymmetry. Other choices, which still have a

7-dimensional interpretation, are also possible and some examples are presented here.
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The main issue discussed in this article (sections 2 and 3) is the supersymmetric com-

pletion of the set of curvatures and gauge transformations which modify the free differential

algebra (FDA) of M-theory compactified to four dimensions with fluxes [32 – 34, 30, 35, 36].

As a result we also give the spin 3/2 and spin 1/2 curvatures as well as the gauge trans-

formation laws of the fields and the local supersymmetry transformations. These results

allow to give the full structure of the super-FDA, with the curvatures turned on, as it is

in general the case if we consider configurations other than the vacuum, which, in many

cases, would not even exist. This is the case for instance of massive type-IIA supergravity

which does not admit a (zero curvature) vacuum solution.

In section 4 we discuss different classes of gaugings, using the embedding tensor

method, introduced and developed in [37 – 41], and retrieve some examples of M-theory

vacua discussed in the literature, which do not necessary fall on group manifold compacti-

fications.

2. Curvatures of the supersymmetric FDA

In this section we give the supersymmetric FDA in four dimensions as obtained by di-

mensional reduction of eleven dimensional supergravity [42] on a twisted seven-torus with

4-form flux turned on [35].

We shall denote by r, s, t = 0, . . . , 3 and by a, b, c = 4, . . . , 10 the rigid four and seven

dimensional indices, and by µ, ν = 0, . . . , 3 and I, J,M,N = 4, . . . , 10 the curved ones

respectively. The eleven dimensional vielbein V
â (â = 0, . . . , 10) is chosen of the form:

V
r = eαφ V r ; V

a = V a = φa
I (σ

I − AI) , (2.1)

where σI is the basis of 1-forms on the twisted torus, which satisfy the Maurer-Cartan

equations:

dσI +
1

2
τJK

I σJ ∧ σK = 0 . (2.2)

The vector fields AI
µ are the Kaluza-Klein vectors. The internal metric GIJ is given by:

GIJ = φa
I φJa . (2.3)

The ansatz for the eleven dimensional 3-form is:

Â(3) = A(3) + BI ∧ V I + AIJ ∧ V I ∧ V J + CIJK V I ∧ V J ∧ V K , (2.4)

where A(3) is a four-dimensional (non-propagating) 3-form, BIµν are seven four-dimensional

antisymmetric tensors, AIJµ are 21 vector fields and CIJK are 35 scalar fields.

The ansatz for the eleven dimensional gravitino ψ̂ reads:

ψ̂(x, y) = (ΨA + ηAa V a) ⊗ µA , (2.5)

where µA are spinors on the twisted torus. In these notations we will define ηAI = φa
I ηAa.

– 2 –
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Supersymmetric Free Differential Algebra

Let us introduce the four dimensional curvatures, written as forms on superspace and

expanded in the super-vielbein basis {V r, ΨA} (rheonomic parametrization [43]):

Dφa
I = Drφ

a
I V r − i φb

I ηAbγ
5ΨB (Γa)AB ,

F̂ I ≡ dAI +
1

2
τJK

I AJ ∧ AK +
i

2
ΨAγ5 ∧ ΨB Γa

AB φI
a

F̃ I
stV

s ∧ V t + i φIa ηAa γr ΨA ∧ Vr , (2.6)

F (4) ≡ dA(3) − BI ∧ F I − gIJKL AI ∧ AJ ∧ AK ∧ AL − 1

2
e2αφ ΨAγrs ∧ ΨA ∧ Vr ∧ Vs

= F̃
(4)
rstu V r ∧ V s ∧ V t ∧ V u ,

HI ≡ DBI + 2AJI ∧ F J + 4 gIJKL AJ ∧ AK ∧ AL + eαφ ΨAγ5 γr ∧ ΨB Γa
AB φIa ∧ Vr

= H̃rstIV
r ∧ V s ∧ V t + e2αφ ΨAγrs ηAI ∧ Vr ∧ Vs ,

F
(2)
IJ ≡ DAIJ − 1

2
τIJ

K BK − 3CIJK FK − 6 gIJKL AK ∧ AL − 1

2
ΨA ∧ ΨB Γab

ABφIaφJb

= F̃
(2)
stIJ V s ∧ V t + 2 eαφΨAγ5 γr ηB[I φJ ]aΓ

a
AB ∧ Vr ,

F
(1)
IJK ≡ DCIJK − τ[IJ

L AK]L + 4 gIJKL AL = F̃
(1)
rIJKV r + ΨA ηB[I φJaφK]bΓ

ab
AB ,

F
(0)
IJKL = −gIJKL − 3

2
τ[IJ

M CKL]M − 1

2
ηA[I ηBJφKaφL]bΓ

ab
AB , (2.7)

where antisymmetrization in the above formulas involve only the internal space indices

I, J, . . .. In (2.7) we have denoted by F I the following quantities:

F I = dAI +
1

2
τJK

I AJ ∧ AK . (2.8)

The fermionic curvatures have the following parametrization:

ρA = DΨA +
1

4
φI

aDφbI (Γab)AB ∧ ΨB

= ρ̃rs V r ∧ V s +
α

2
∂rφγr

t V t ∧ ΨA +
i

8
eαφ ηCaγrηCb (Γab)ABV r ∧ ΨB +

+i eαφ φIaηAI ηBa γr ΨB ∧ V r +
1

2
e−αφ F̃ I

st φIa (Γa)AB γ5γ
sV t ∧ ΨB −

− i

2
(ηCaγrΨC) γ5γr(Γa)AB ∧ ΨB − i

4
ηCaγ

5ΨD(Γb)CD (Γab)AB ∧ ΨB −

− i

2
ΨBγ5ΨC(Γa)BC ηA − i

24
eαφ F̃

(0)
abcd(Γ

abcd)ABγrΨB ∧ V r +

+
i

3
F̃

(1)
rabc(Γ

abc)AB

(

δr
s +

1

2
γr

s

)

γ5ΨB ∧ V s −

−i e−αφ F̃
(2)
rsab(Γ

ab)AB

(

γrδs
t +

1

4
γrs

t

)

ΨB ∧ V t +

+i e−2αφH̃rsta(Γ
a)AB

(

γrsδt
u +

1

6
γrst

u

)

γ5ΨB ∧ V u − i

3
e−3αφF̃

(4)
rstuγrst ΨA ∧ V u ,

ρAa = DηAa +
1

4
φI

bDφcI(Γ
bc)ABηBa

– 3 –
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= ρ̃Aa,r V r +
1

2
e−αφ φI

(aDrφb)I(Γ
b)ABγ5γrΨB + i ηAb (ηBaγ

5ΨC) (Γb)BC +

+
i

4
(ηCbγrηCa)γ

5γr(Γb)ABΨA − i

2
(ηCbγrΨC)γ5γr(Γb)ABηBa +

+
1

4
e−2αφφIaF̃

I
rsγ

rs ΨA − i

3
F̃

(0)
bcde

[

Γbcdδe
a +

1

8
Γbcde

a

]

AB

γ5ΨB −

−i e−αφF̃
(1)
rbcd

[

Γbc δd
a +

1

6
Γbcd

a

]

AB

γrΨB −

−i e−2αφF̃
(2)
rsbc

[

Γbδc
a +

1

4
Γbc

a

]

AB

γ5γrsΨB − i

3
e−3αφH̃rstb

[

δb
a +

1

2
Γb

a

]

AB

γrstΨB −

− 1

24
e−4αφF̃

(4)
rstuεrstuΓa|ABΨB − 1

4
ωbc,a(Γ

bc)ABΨB −

− i

4
ηCbγ

5ΨD(Γc)CD(Γbc)ABηBa . (2.9)

In (2.6), (2.7) and (2.9) we have denoted by F̃ , H̃, ρ̃ and ρ̃A the components in superspace of

the curvatures along the space-time vielbeins. The supercovariant field strengths originate

by projecting these components on the dxµ basis.

The 7-form flux [44], which we shall denote by g̃MNPQRST = g̃εMNPQRST , transforms

in the 1+7 of GL(7, R) enters our discussion as an intregration constant which comes about

when integrating the eleven dimensional field equation [35]:

d(V7 P ) = −1

4
F

(1)
IJK F

(0)
PQRS εIJKPQRS , (2.10)

where

P =
1√−g

εµ1...µ4 F (4)
µ1...µ4

. (2.11)

The fermion fields ΨA, ηAa yield the four dimensional gravitino ψA and dilatino χAa

through the following combinations:

ψA = e−
1

2
αφ ΨA +

1

2
e

1

2
αφ γrγ5(Γ

a)ABηBa V r ,

χAa = e
1

2
αφ ηAa . (2.12)

The above redefinitions are needed in order for the resulting kinetic term in the four

dimensional lagrangian to be diagonal.

3. Local symmetries

Let us consider the eleven dimensional gauge transformation:

δÂ(3) = dΣ̂(2) . (3.1)

If we introduce the parameters Σ(2), Σ
(1)
I , Σ

(0)
IJ through the following expansion:

Σ̂(2) = Σ(2) + Σ
(1)
I ∧ V I + Σ

(0)
IJ ∧ V I ∧ V J , (3.2)

– 4 –
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and the gauge parameter ωI associated with the Kaluza-Klein vectors AI , the lower di-

mensional theory is invariant under the following four dimensional tensor/vector-gauge

transformations [15]:

δA(3) = dΣ(2) + Σ
(1)
I ∧ F I ,

δBI = DΣ
(1)
I + 2Σ

(0)
IJ F J + ωK τKI

N BN − 12 gIJKLωJ AK ∧ AL ,

δAIJ =
1

2
τIJ

K Σ
(1)
K + DΣ

(0)
IJ − 2ωN τN [I

K AJ ]K + 12 gIJKLωK AL ,

δAI = DωI ,

δCIJK = −Σ
(0)
M [I τJK]

M + 3ωL τL[I
M CJK]M − 4 gIJKL ωL . (3.3)

We have denoted by D the covariant derivative with respect to the gauge group with

parameters ωI :

DTI1...Ik
≡ dTI1...Ik

+ (−1)k k AL τL[I1
K TI2...Ik]K . (3.4)

We shall use a different symbol D to denote the covariant derivative with respect to the

spin connection.

Under the gauge transformations (3.3) the field strengths in (2.6) and (2.7) transform

covariantly. In particular they are invariant under the transformations parametrized by

the Σ-parameters, while transform covariantly under those parametrized by ωI . The su-

persymmetry variation of the various fields are computed by contracting the correponding

curvatures by the supersymmetry parameter εA and keeping in mind that:

iεA ψB ≡ ψB(εA) = δA
B , (3.5)

except for the gravitino for which the supersymmetry transformation is computed as [43]:

δψA = DεA − 1

4
φI

aDrφIb(Γ
ab)AB εB V r + iερA . (3.6)

As an example let us compute the variation of the Kaluza-Klein vectors keeping just the

two-fermion terms, using the parametrization of the corresponding field strength given

in (2.6) and taking into account (2.12):

δAI
µ = iεF

I = i eαφ φIaχAa γrεA V r
µ − i eαφεAγ5

[

ψBµ − 1

2
γsγ5(Γ

b)BC χCb V s
µ

]

(Γa)ABφI
a .

(3.7)

Let us now consider the local supersymmetry transformations as deduced from the rheo-

nomic parametrization of the four dimensional curvatures.

δCIJK = εA(Γab)ABχB[IφaJ φbK] , (3.8)

δφa
I = −iχAIγ

5εB(Γa)AB , (3.9)

δBI = εAγrsχAIV
r ∧ V s − 2e2αφεAγ5γr

[

ψB − 1

2
γsγ5(Γ

b)BCχCbV
s

]

(Γa)ABφIa ∧ V r +

– 5 –
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+2i eαφAIJ ∧ gJKχAK γrεA V r −

−2i eαφAIJ ∧ εAγ5

[

ψB − 1

2
γsγ5(Γ

b)BCχCb V s

]

(Γa)ABφJ
a , (3.10)

δAIJ = 2 eαφεAγ5γr χB[IφJ ]a(Γ
a)AB V r + eαφ εAψB (Γab)AB φIaφJb +

+3i eαφ CIJK gKMχAM γrεA V r −

−3i eαφCIJKεAγ5

[

ψB − 1

2
γsγ5(Γ

b)BCχCb V s

]

(Γa)ABφK
a , (3.11)

δAI = i eαφ gIMχAM γrεA V r − i eαφεAγ5

[

ψB − 1

2
γsγ5(Γ

b)BCχCb V s

]

(Γa)ABφI
a , (3.12)

δA(3) = e3αφεAγrs

[

ψA − 1

2
γsγ5(Γ

b)ABχBb V s

]

∧ V r ∧ V s +

+i eαφ BI ∧ gIMχAM γrεA V r −

−i eαφ BI ∧ εAγ5

[

ψB − 1

2
γsγ5(Γ

b)BCχCb V s

]

(Γa)ABφI
a . (3.13)

In the above formulas φI
a are the metric moduli of the internal manifold and span the

coset manifold GL(7, R)/SO(7). the scalar φ is related to the volume V7 of the torus:

V7 = det(V7) = e−2αφ . (3.14)

The value of α is tipically fixed to 7/3 in order for the bosonic fields to have the standard

grading with respect to the O(1, 1) rescaling of V7:

φ → φ − β . (3.15)

The grading of the various fields, for α = 7/3, can be computed to be:

AI

[

−9

7
α = −3

]

; AIJ

[

−3

7
α = −1

]

; BI

[

−12

7
α = −4

]

; φa
I

[

2

7
α =

2

3

]

;

V I

[

−9

7
α = −3

]

; V a

[

−α = −3

7

]

; τIJ
K

[

9

7
α = +3

]

; gIJKL

[

15

7
α = +5

]

;

ΨA

[

−1

2
α = −7

6

]

; ηAa

[

1

2
α =

7

6

]

; ψA[0] ; χAa[0] ;

ekαφ

[

−k α = −7

3
k

]

. (3.16)

As far as the spinor fields are concerned, their supersymmetry transformation rules, up to

three fermion terms, are:

δψA = DεA +
1

4
φI

aDrφbI (Γab)ABεB V r − 1

8
e−αφ F I

st φIa (Γa)ABγ5γ
stγrV

rεB −

+
i

16
eαφF

(0)
abcd(Γ

abcd)ABγr V rεB − i

2
F

(1)
abcr(Γ

abc)ABγ5 V rεB +

−3i

8
e−αφ F

(2)
abrs (Γab)ABγrs

t V tεB +
i

4
e−αφ F

(2)
abrs (Γab)ABγr V sεB −

− i

2
e−2αφ Harst(Γ

a)ABγ5γrst
u V u εB +

i

4
e−3αφF

(4)
rstuγrst V uεA −

– 6 –
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−1

8
eαφ ωab,c(Γ

cΓab)ABγ5γr V r εB .

δχAa =
1

2
φI

(aDrφb)I(Γ
b)ABγ5γrεB +

1

4
e−αφF I

st φIaγ
stεA −

− i

3
eαφ F

(0)
bcde

[

Γbcd δe
a +

1

8
Γbcde

a

]

AB

γ5εB + i F
(1)
bcdr

[

Γbcδd
a +

1

6
Γbcd

a

]

AB

γrεB −

−i e−αφF
(2)
bcrs

[

Γbδc
a +

1

4
Γbc

a

]

AB

γ5γrsεB +
i

3
e−2αφHbrst

[

δb
a +

1

2
Γb

a

]

AB

γrstεB −

− 1

24
e−3αφF

(4)
rstuεrstuΓa|ABεB −

−1

4
eαφ ωbc,a (Γbc)AB εB , (3.17)

where we have defined:

ωab,c = da,bc + db,ca − dc,ab

da,bc =
1

2
τbc,a +

i

2
e−αφ χAb γ5χBc Γa|AB ; τbc,a = φI

bφ
J
c φKa τIJ

K . (3.18)

In the transformation rules (3.17) we used the components of the ordinary field strengths

F, H in place of the components of the corresponding supercovariant field strengths F̃ , H̃

since the final expressions would differ by three fermion terms.

4. The embedding tensor description applied to different classes of gaug-

ings

In standard four dimensional maximal supergravity the electric eΛ and magnetic mΛ

charges, where Λ = 1, . . . , 28, transform together in the 56 of E7(7) and the most gen-

eral gauging can be described in terms of an embedding tensor [37 – 41] θn
σ ≡ {θΛ

σ, θΛσ}
(n = 1, . . . , 56 and σ = 1, . . . , 133), which expresses the generators Xn of the gauge algebra

g in terms of E7(7) generators tσ:

Xn = θn
σ tσ . (4.1)

In this notation consistency of the gauging requires the rank of θ, as a 56×133 matrix, not

to be greater than 28 since no more that 28 gauge vectors can take part to the minimal

couplings. Supersymmetry and closure of the gauge algebra inside E7(7) require a linear

and a quadratic condition in θ respectively [37, 38]:

θ ∈ 912 ⊂ 56 × 133 , (4.2)

θΛ[σ θΛ
γ] = 0 . (4.3)

The above constraints are all E7(7) covariant. The last condition ensures that there always

exists a symplectic rotation acting on the index Λ (electric and magnetic) as a consequence

of which all the vectors associated with the generators Xn are electric (or all magnetic).

Once θ is fixed, as a solution of (4.2) and (4.3), the structure of the gauge algebra is

also fixed. Indeed if we introduce the following E7(7)-tensor:

Xmn
p = θm

σ (tσ)n
p , (4.4)

– 7 –
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the gauge algebra has the following structure:

[Xm, Xn] = −Xmn
p Xp . (4.5)

In terms of Xmn
p, the 912 in the decomposition of 56×133 is singled out by requiring the

constraint X(mnp) = 0 (the indices in the 56 are raised and lowered by using the symplectic

invariant matrix), which can be taken as an equivalent formulation of condition (4.2).

In the standard formulation of gauged supergravity, the definition of the gauged la-

grangian is always referred to the symplectic frame (the electric frame) in which the com-

ponents of θ are all electric (namely in which θΛσ = 0) so that only the electric vector fields

AΛ
µ are involved in the gauging. Given a generic solution θΛσ, θΛ

σ of eqs. (4.2) and (4.3), the

electric frame is reached by means of a symplectic rotation whose existence, as previously

stressed, is guaranteed by eq. (4.3), and which maps:

θn
σ ≡ {θΛ

σ, θΛσ} → θ′n
σ ≡ {θ′Λσ, 0} . (4.6)

In this frame the gauge connection will have the form Ωµ = AΛ
µ θ′Λ

σ tσ. In a recent work [41]

a novel formulation of gauged supergravity was proposed in which the lagrangian can be

written in a generic symplectic frame, as function of both electric (θΛ
σ) and magnetic (θΛσ)

charges, coupled in a symplectic-invariant way to (non-abelian) electric (AΛ
µ) and magnetic

AµΛ gauge fields. The new gauge connection now reads:

Ωµ = AΛ
µ XΛ + AµΛ XΛ . (4.7)

This formulation requires the introduction of 133 tensor fields Bµνσ in the adjoint of E7(7)

which enter the lagrangian only in the combination with the magnetic charges: θΛσ Bµνσ.

The advantage of this formulation is that the E7(7)-covariance of the field equations and

Bianchi identities is still manifest (provided θ is transformad together with all the other

fields). The new fields Bµνσ and AµΛ are described in such a way as not to introduce any

new propagating degree of freedom. This is reflected by the fact that the corresponding

field equations (namely the equations obtained by varying the lagrangian with respect to

the two type of fields) are non-dynamical. In addition to this we have vector and tensor-

gauge invariance of the lagrangian, which allow us, by performing various kind of gauge

fixing, to distribute the 128 propagating bosonic degrees of freedom among all the bosonic

fields of the theory. We refer the reader to [41] for the explicit form of the field equations

and the gauge transformation laws.

A particular case in which the non-dynamical field equations are easily solvable is the

case in which the magnetic components of the embedding tensor contract only isometries

ti of the scalar manifold which act as translations on a set of corresponding scalar fields ϕi:

ti : ϕi → ϕi + ci . (4.8)

The index Λ naturally splits in the couple of indices Λ = I, U , so that θIi is a non-singular

square matrix. In this basis we have:

θIσ = 0 , σ 6= i ; θU σ = 0 , ∀σ ,

θI[i θI
j] = 0 , (4.9)
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and therefore only the tensors Bµνi enter the lagrangian. Let us consider two ways of gauge

fixing the vector/tensor gauge invariance which are relevant to our analysis. We can use

the gauge invariance of AIµ to eliminate the scalar fields ϕi, recalling that the covariant

derivative on these scalar fields read:

Dµϕi = ∂µϕi + θIi AµI + . . . , (4.10)

where the ellipses refer to the electric minimal coupings which are not relevant to our

discussion. Then we use one of the non-dynamical equations of motion to eliminate AµI

in favor of Bµνi. The resulting gauge-fixed action will describe the tensors Bµνi instead of

the scalars ϕi and the electric vectors AΛ
µ = {AI

µ, AU
µ }. In these models the original second

order constraint (4.3) becomes eq. (4.9) which has the form of the e × m = 0 constraint

found in the literature when dealing with supergravity theories coupled to antisymmetric

tensor fields [45 – 49].

On the other hand we could start by fixing the tensor-gauge invariance by eliminating

the electric fields AI
µ through their coupling terms with the tensors Bµνi:

F I
µν +

1

2
θIi Bµνi . (4.11)

Then we can use one of the non-dynamical field equations to eliminate Bµνi in favor of the

remaining gauge fields. The resulting theory will describe 70 scalar fields, no antisymmetric

tensor field and the new electric vectors AµI , AU
µ . This procedure has thus automatically

produced the symplectic transformation which brought our original θ to the electric frame.

First example: M-theory compactification on twisted tori with flux

If we are considering toroidal compactifications of eleven dimensional supergravity to four

dimensions, the higher dimensional origin of the four dimensional fields is specified by

branching the relevant E7(7)-representations with respect to the GL(7, R) subgroup associ-

ated with the metric moduli of the seven-torus:

56 → 7−3 + 21−1 + 21+1 + 7+3 , (4.12)

133 → 7−4 + 7+4 + 35−2 + 35+2 + 480 + 10 , (4.13)

912 → 1−7 + 1+7 + 35−5 + 35+5 + (140 + 7)−3 + (140 + 7)+3 + 21−1 + 21+1 +

+28−1 + 28+1 + 224−1 + 224+1 . (4.14)

In the branching of the 56 the 7−3 and 21−1 define AI
µ, AµIJ respectively while 7+3 and

21+1 their magnetic duals. In the branching of the adjoint representation of E7(7) we de-

note by tM
N , tMNP , tP the generators in the 480 +10, 35+2 and 7+4 respectively (with an

abuse of notation we characterize each generator by the representation of the corresponding

parameter, this allows a simpler interpretation of the table below). In the solvable Lie alge-

bra representation of the scalar manifold, the metric moduli φa
I parametrize the generators

tI
J with I ≥ J , while the scalars CIJK and φ̃I (dual to BµνI) are parameters of the gen-

erators tMNP and tM repsectively. The 912 is the representation of the embeddig matrix,

which encodes all possible deformations (minimal couplings, mass terms) of the ungauged
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N = 8 theory. It is natural therefore to identify the background quantities τIJ
K , gIJKL, g̃

with components of the embedding tensor. Indeed each component representation on the

right hand side of (4.14) defines a consistent gauged supergravity. Some of them have an

immediate interpretation in terms of background fluxes, like 35+5 which represents the

4-form flux gIJKL, or parameters related to the geometry of the internal space, like the

140+3, which defines the twist-tensor τMN
P . The structure of the gauge algebra implied

by each of these representations is best understood from table:

7+3 21+1 21−1 7−3

7+4 1 35 140 + 7 28 + 21

35+2 35 140 21 + 224 21 + 224

480 140 + 7 21 + 28 + 224 21 + 28 + 224 140 + 7

10 7 21 21 7

35−2 21 + 224 21 + 224 140 35

7−4 28 + 21 140 + 7 35 1

The first row and column contain the representations in the branchings of 56 and the 133

respectively, while the bulk contains representations in the branching of 912. The table

specifies the origin of the latter representations in the branching of the product 56 × 133

and it should be read as “first row times first column gives bulk”. The grading of each

entry of the table has been suppressed for the sake of simplicity, since it coincides with the

sum of the gradings of the corresponding elements in the first row and column.

The gauged supergravity models describing the class of compactifications we are con-

sidering are thus obtained by restricting θ to the representations 140+3 + 35+5 + 1+7. If

we define on the 56 representation the following symplectic product:

V n W m
Cnm = V M WM − VM W M + VNM W NM − V NM WNM , (4.15)

the relevant components of the tensor Xmn
p read:

XMN
PQ

R = XMN,R
PQ = −τMN

[P δ
Q]
R

XMN,PQ
R = XMN

R
PQ = −1

2
δ
[P
R εQ]MNN1N2N3N4 gN1N2N3N4

,

XMN
PQ,R = −XMN

R,PQ = 3 τ[PQ
[Mδ

N ]
R] ,

XMN,RS,LT = XMN,LT,RS − 3 τPQ
[M εN ]PQRSLT ,

XM
L

S = −XM,S
L = τMS

L ,

XM
RS

PQ = −XM,PQ
RS = 2 τM [P

[Rδ
S]
Q] ,

XM,PQ,R = −XM,R,PQ = gMPQR ,

XM
PQ,RS = XM

RS,PQ = −gMM1M2M3
εM1M2M3PQRS ,

XM
PQ

N = XM,N
PQ = −g̃ δPQ

MN . (4.16)

One can verify that X(mnp) = 0, consistently with the 912 condition. If we apply to this

model the construction outlined above, we can write a consistent theory (with manifest

E7(7) global on-shell covariance) which describes among the other fields the tensors BµνM
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and their dual scalar fields φ̃M at the same time. Since in this case the magnetic components

of θ are just θMN
P = −(3/2) τMN

P , if we denote by r the rank of this 21 × 7 matrix, the

only tensor fields entering the lagrangian will be r out of the tensors BµνP . The gauge

connection has the form:

Ωµ = ÃMN
µ XMN + AµMN XMN + AM

µ XM , (4.17)

and involves also the magnetic vector fields ÃMN
µ . To obtain the model describing the

tensor fields BµνI in place of their dual scalar fields, namely the model discussed in the

first sections of the present paper, we can fix the gauge invariance associated with ÃMN
µ to

eliminate φ̃M , through the magnetic minimal coupling:

Dµφ̃M = ∂µφ̃M + τPQ
M ÃPQ

µ + . . . , (4.18)

where the ellipses denote the electric minimal couplings. Then we can use one of the

non-dynamical field equations, which reads:

τPQ
M εµνρσ (∂νBρσM + . . .) ∝ GRS τPQ

R (τNL
S ÃNLµ + . . .) , (4.19)

to eliminate ÃMN
µ in favor of BρσM in the lagrangian. The ellipses on the left hand side

of (4.19) denote topological terms involving the electric vector fields, while the ellipses on

the right hand side stand for electric minimal couplings.

We could have proceeded differently by first fixing the tensor gauge invariance associ-

ated with BµνM in order to eliminate r of the AµMN fields and then expressing the tensor

fields in terms of the remaining vector fields through one of the non-dynamical field equa-

tions. This procedure would have yield the gauged N = 8 supergravity with no tensor

field and 70 scalar fields considered in [30]. This clarifies the relation between the dual

descriptions of M-theory compactification on twisted tori with fluxes studied in the liter-

ature, namely the model with tensor fields in which the local symmetries are encoded in

a (supersymmetric) free differential algebra, and the dual model without tensor fields in

which the local symmetries of the lagrangian is described by an ordinary Lie algebra.

Second example: the CSO(p, q, r) gauging as an M-theory compactification.

From the branching of the 912 with respect to GL(7, R), we may consider the gauged

model arising from the components:

θMN = θ(MN) ∈ 28−1 ; τM ∈ 7+3 ; g̃ ∈ 1+7 , (4.20)

g̃ being the 7-form flux. These entries of the embedding tensor can be re-arranged in a

single 8 × 8 symmetric tensor θAB (A,B = 1, . . . , 8 = 1,M) transforming in the 36 of

SL(8, R), maximal subgroup of E7(7):

θAB =

(

g̃ τN

τM θMN

)

. (4.21)

Indeed with respect to GL(7, R) the following branching holds:

36 → 28−1 + 7+3 + 1+7 . (4.22)
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The corresponding gauge algebra generators have the form XAB = {XI , XIJ} and are

gauged by the vectors AAB
µ = {AI

µ, ÃIJ
µ } in the 28′ of SL(8, R). They close the following

algebra:

[XAB ,XCD] = fAB,CD
EF XEF (4.23)

fAB,CD
EF = 2 δ

[E
[AθB][Cδ

F ]
D] . (4.24)

These are the well known CSO(p, q, r) gaugings originally constructed in [50], where p, q, r

(p+ q + r = 8) represent the number of positive, negative and null eigenvalues of θAB . For

p = 8, q = 0, r = 0 we have the SO(8) gauging constructed by de Wit and Nicolai [29]. This

gauging is realized by setting θAB = δAB namely θIJ = δIJ , τI = 0, g̃ = 1. In general the

group CSO(p, q, r) describes the isometries of the following seven dimensional hypersurface

embedded in R
8 [51 – 53]:

θAB zA zB = R2 . (4.25)

and which can be written locally as the product H p,q×R
r, H p,q being a (p+q)-dimensional

hyperboloid. The Maurer-Cartan equations for this manifold have the form:

dV I + ωIJ θJK ∧ V K − τJ V J ∧ V I = 0 , (4.26)

dωIJ + ωIKθKL ∧ ωLJ + 2ωK[I τK ∧ V J ] − g̃ V I ∧ V J = 0 , (4.27)

V I and ωIJ being the vielbein and the connection of the manifold.

Together with the components (4.20) we may switch on also the flux gIJKL in the

35+5. The connection of the gauge algebra now becomes:

Ωµ = AI
µ XI + ÃIJ

µ XIJ + AIJµ XIJ . (4.28)

Let us consider the following basis of E7(7) generators:

{tM N , tMNP , tMNP , tP , tP } . (4.29)

We refer the reader to the appendix for the complete commutation relations among the

above generators. With respect to the basis (4.29) the gauge generators have the following

expression:

XMN = −θ[M |P tN ]
P − τ[M tN ] ,

XM =
1

2
(g̃ tM + τN tM

N + θMN tN ) + 2 gMNPQ tNPQ +
1

14
τM t ,

XMN = 3 gPQRS εPQRSMNT tT . (4.30)

where we have denoted by t the O(1, 1) generator tM
M . For this gauging the second order

condition (4.3) read:

θM [N gPQRS] = 0 ; τ[N gPQRS] = 0 , (4.31)
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which imply that the XMN generators satisfy the following constraints:

θMNXNP = 0 ; τN XNP = 0 . (4.32)

Conditions (4.31) guarantee that the generators in (4.30) close an algebra, which can be

found to have the following structure:

[XMN , XPQ] = θM [P XQ]N − θN [P XQ]M ,

[XMN , XP ] = θP [N XM ] − τ[N XM ]P ,

[XM , XP ] = τ[P XM ] −
1

2
g̃ XMP + gMPNQ XNQ ,

[

XM , XNP
]

= 3 gP1P2P3P4
εNPP1P2P3P4S XSM − 3

14
τM XNP . (4.33)

Third example: Scherk-Schwarz gauging

As a second example let us consider the model originally studied by Cremmer, Scherk

and Schwarz [54], which describes a generalized dimensional reduction of maximal D =

5 supergravity to D = 4, in which the Scherk-Schwarz twist is chosen in E6(6), global

symmetry group of the five dimensional theory. The resulting gauged supergravity [22] is

defined by an embedding tensor transforming in the 78+3 [37] with respect to the E6(6) ×
O(1, 1) subgroup of E7(7). In the basis of the 56 in which the 28 electric vector fields are

AΛ
µ = {Au

µ, A0
µ}, where Au

µ, u = 1, . . . , 27 are the dimensionally reduced five– dimensional

vectors in the 27−1 of E6(6) × O(1, 1) and A0
µ is the Kaluza-Klein vector in the 1−3 of the

same group, the embedding tensor has just electric components θσ
Λ and the gauge generators

read:

XΛ =

{

X0 = θ0,u
v tv

u

Xu = θu
v tv

,

θ0,u
v = θu

v = Mu
v ∈ E6(6) . (4.34)

where Mu
v is the twist matrix depending in general on 78 parameters, tu

v are the E6(6)

generators, and tu are E7(7) generators in the 27+2, according to the following branching

of the E7(7) generators with respect to E6(6) × O(1, 1):

133 → 780 + 10 + 27+2 + 27−2 . (4.35)

In this case the relevant components of the gauge generators are:

X0u
v = −Xu0

v = −X0
v
u = Xu

v
0 = −Mu

v ,

Xuvw = Mu
z dzvw , (4.36)

where duvw denotes the three times symmetric invariant tensor of the 27 of E6(6). To

obtain eqs. (4.36) we have used the properties (tu
v)wz = −(tu

v)z
w = δw

u δv
z − (1/27) δw

z δv
u,

(tv)
w

0 = −(tv)0
w = δw

v and (tu)vw = duvw. The gauge algebra has the following structure:

[X0, Xu] = Mu
v Xv , (4.37)

all other commutators vanishing.
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If M is non-compact the corresponding theory depends effectively only on six param-

eters and the potential is of run-away type, namely there is no vacuum solution. If on

the other hand M is compact, the theory has Minkowski vacua and depends effectively on

four mass parameters, which determine the amount of residual supersymmetry on these

solutions.
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Task C.

A. The E7(7) generators in the GL(7, R) basis

We give below the commutation relations among the E7(7) generators in the basis (4.29):

[

tM
N , tP

Q
]

= δN
P tM

Q − δQ
M tP

N ,
[

tM
N , tP1P2P3

]

= −3 δ
[P1

M tP2P3]N +
5

7
δN
M tP1P2P3 ,

[

tM
N , tP

]

= δN
P tM +

3

7
δN
M tP ,

[

tN1N2N3 , tP1P2P3

]

= εN1N2N3P1P2P3Q tQ ,
[

tM
N , tP1P2P3

]

= 3 δN
[P1

tP2P3]M − 5

7
δN
M tP1P2P3

,

[

tM
N , tP

]

= −δP
M tN − 3

7
δN
M tP ,

[tN1N2N3
, tP1P2P3

] = εN1N2N3P1P2P3Q tQ ,
[

tN , tM
]

= tM
N +

1

7
δN
M t ,

[

tM , tN1N2N3

]

= −1

6
εMN1N2N3P1P2P3 tP1P2P3

,

[tM , tN1N2N3
] = −1

6
εMN1N2N3P1P2P3

tP1P2P3

[

tM1M2M3
, tN1N2N3

]

= 18 δ
[N1N2

[M1M2
tM3]

N3] − 24

7
δN1N2N3

M1M2M3
t , (A.1)

where t ≡ tM
M .
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