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Abstract

The experimentation of state observers for the reconstruction of the angular velocity of
the links of a flexible industrial manipulator is investigated in this paper, in the presence
of unmodeled or uncertain parts. Considering only one axis moving at a time, a study
is done to understand how faithfully the dynamics of the machine can be reconstructed
using simple single axis models, extending them to take into account the multi-variable
dynamics of the system and trying to reconstruct the action of non-linear friction as well.
The goal is to show how a good estimate of the interactions between the links can be
obtained, with the final aim of including it into a control architecture. Various models
of different complexities have been tested with both the asymptotic Luenberger observer
and the steady-state Kalman filter. The presence of friction is taken into account by a
feedforward compensation or by the addition of a disturbance observer synthesized as a
pole placement regulator. First, the observers are tested in simulation, then on real data
from a Comau Racer 7-1.0 robot. To evaluate the quality of the reconstruction, a virtual
sensor obtained from the identification of the manipulator is used, and then a final test
is carried out using a real Xsens gyroscope. An accurate analysis of the achieved results
is provided, devoting a particular attention to the trade-off between model complexity,
estimate accuracy and computational burden in view of a possible future insertion into the
control architecture of an industrial robot.

Keywords: flexible-joint manipulators; observers; friction; disturbance observer

1. Introduction
In recent years, industrial robots are playing an increasingly important role in different

applications and their performances are required to be much more accurate. In addition,
there is also the desire of reducing costs, improving safety, and reaching high-speed and
precision during the process of performing tasks. The nonlinear flexibilities and high
frictional losses found in lightweight industrial robots with harmonic drive transmissions,
make this objective a challenging operation. Furthermore, costs reduction of the mechanical
hardware of the manipulators, if not compensated by a better performance of the control
system, results in a dry loss of the quality of movement, loss of dynamic and static accuracy
and, therefore, results in a loss of value for the end customer. This fact, over the years, has
led all the major robot manufacturers to invest in more refined and advanced control and
trajectory optimization techniques.
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This paper is focused on flexible joint manipulators. The standard assumption that is
made for the design of robot kinematics, dynamics and control is that manipulators consist
only of rigid bodies. This is, however, an ideal situation that can only be considered valid
for slow movements and small interacting forces [1]. In a real case, the elasticity of the joints
must be taken into account. Considering elastic phenomena is important when high speeds
or higher levels of accuracy must be achieved. There are several contributing factors that
lead to the presence of resonances (linearized models are good for an approximate analysis,
assuming that the elasticity is concentrated in the joints, but they are only an approximation).
However, resonance phenomena can never be attributed to transmissions alone.

It is possible to identify sources of oscillation mainly in:

• Drive shafts
• Gearboxes
• Elastic deformations of the mechanical structure
• Non-ideal and distributed constraint reactions.

Nonlinearities are attributable to the transmission components (nonlinear friction,
backlash). The lower resonance frequencies are primarily due to elastic deformations of the
links and their inertial loads. Under certain conditions, the first resonant frequency is cor-
rectly predicted by the well-known model of two masses connected via an elastic element.

Harmonic drive systems can be modeled with joint flexibility in order to reduce
modeling error and improve control [2], but incorporating this phenomenon in the dynamic
model requires the knowledge of the rotation speed and rotation position of the mechanical
arms about the controlled axes. These state variables are not generally measured, since
on-board sensors, in most cases, measure the position and angular speed of axis motors.

Modern control architectures often include a state observer, which can be considered
as a mathematical sensor. This component processes available signals from the plant to pro-
vide physical signals that are not already available for controlling the plant. It reconstructs
the state vector through direct calculations using available output (motor positions) and
input (motor current references) sequences, together with a model of the plant.

1.1. State of the Art

The literature focused on the development of observers for flexible industrial manipu-
lator in the presence of uncertain parts is wide.

An extended Kalman filter (EKF) is developed in [3] for precise estimation of the
position of the end-effector of a two-axis robotic arm with flexible links by employing direct
end-effector position measurements in addition to the standard joint position ones. Two
states are added to the EKF’s model in order to partially compensate for the joint angle
encoder calibration errors and kinematic ones. The dynamics of these states is represented
by a zero-derivative, since they reflect bias errors in the joint angle measurements.

In [4], an adaptive controller is proposed for flexible-joint space manipulators. An
extended state observer (ESO) with two extended state variables is developed to accurately
estimate the manipulator’s velocity states as well as the joint stiffness uncertainties.

In [5], a linear extended state observer (LESO) is designed to implement a feedback
linearization-based control law, proposed for the trajectory tracking control of a single-link
flexible-joint robotic system. The goal of the ESO is to estimate the state vector, as well as
the uncertainties, unmodeled dynamics, and external disturbances. Assuming a small rate
of change of uncertainty, the ESO error dynamics shows asymptotic stability.

In [6], it is shown that, when compared to the first-order ESO, the higher order ESO
can provide better state estimation for sinusoidal disturbances as long as the observer band-
width is chosen to be substantially larger than the disturbance’s frequency and sufficiently
smaller than unmodeled high frequency dynamics.
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In most practical cases, the system output is corrupted by measurement noise. The
influence of the noise on system performance is greater, if the observer bandwidth is wider.
In order to reduce the influence of noise, in [7] a first order low-pass filter is designed and
added into the design of ESO. This procedure separates most of the noise from the input
signal, and the observer’s estimation ability is improved. However, the low-pass filter also
introduces a time-delay.

In [8], an extended state observer is used to estimate both the unmeasurable system
states and acting lumped disturbance. A structure composed by a Kalman filter and ESO is
proposed in order to get over the sensitivity to measurement noise. While the latter is in
charge of online state and disturbance reconstruction, the former acts as noise filtering.

In [9], a state observer for a two-link flexible arm has been analyzed. It receives as
measured inputs the joint angular position and velocity and three deflection measurements
obtained through an optical transducer. The presence of vibration modes and noisy de-
flections requires the observer to perform a filtering action, achieved with a Kalman-Bucy
filter, which finds the best linear estimate of the state by calculating the steady state filter
gain matrix.

For robots with flexible joints, both the friction torques at the input of the gearbox and
those acting downstream of the transmission can strongly influence the system performance,
especially for robots with high gear ratio and for high-speed applications. For these reasons,
friction modelling, identification, and compensation have been addressed by a number
of researchers.

A simple method is model-based friction compensation that requires to know a precise
friction model. However, friction is a highly nonlinear, complex phenomenon and its
parameters can vary with time, joint position, load or with temperature. So, this method
is often quite inaccurate. Furthermore, static friction torques highlight the existence of an
internal state of friction which introduces the need for a dynamic and non-static model, as
a function of speed. For these reasons, it is appropriate to model friction using advanced
models such as Lu-Gre [10] or Dahl [11]. However, these friction models can work in real
world applications only introducing strong identification, model calibration techniques
and adaptive updating of parameters in real time. This means that the complexity does not
reduce with these approaches. Some research projects (as [12]) demonstrate that, probably,
generalized Maxwell-Slip Model is the best approach for modeling and compensation of
friction in mechatronic systems. It is oriented to integration with state observers, but it
appears complex and requires tuning of many parameters.

One of the most promising methods is observer-based control, where a Disturbance
Observer (DO) or a Proportional-Integral Observer (PIO) is used to estimate friction and
unknown inputs affecting the system [13]. This method has the advantage of being model-
free and has been shown to be effective in practice to reject frictional effects.

In [14], a linear disturbance observer for friction compensation was proposed for flexi-
ble joint robots with joint torque sensing in order to increase the positioning accuracy and
the performance of torque control. For the analysis, a standard friction model containing
Coulomb friction and viscous friction is considered.

A Nonlinear Disturbance Observer (NDO) for two-link robotic manipulators is pre-
sented in [15]. A revised friction model is used, due to the discontinuity of the friction
characteristics at zero velocity. By carefully selecting the observer gain function, global
convergence is guaranteed, based on Lyapunov theory. The disturbance is assumed to vary
slowly with respect to the observer dynamics.

In [16], a systematic design procedure is derived for a disturbance observer for the
compensation of low-frequency disturbances. The principle of separation, which ap-
plies for an asymptotic state observer, also holds for the disturbance observer. Therefore,
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the poles of the closed-loop system can be placed independently from the poles of the
augmented observer.

It must be underlined that in the papers in the analyzed literature, the focus is either on
the use of a state observer, modeled as a Luenberger observer or a Kalman filter with some
additional states ([3–6]) or on the specific estimation of the friction components ([14–16]).
First, refs. [3,4] use a model with only two additional states, not considering friction. In [5],
only one additional state is used in the extended state observer, but it does not include
friction and a less complex single link manipulator is considered in the experimental phase.
In [6], a more complicated model is used for the extended state observer, but it does
not have a practical verification in an industrial scenario and it does not include friction.
In [14–16], the focus is only on friction estimation, without using an extended model to
obtain state estimation.

The present work introduces an innovative solution with respect to the analyzed litera-
ture, combining both the adoption of an extended state observer and the friction estimation,
and carrying out an extensive experimentation with models of different complexities and
even a verification on an industrial robot, as illustrated in the next subsection.

1.2. Innovative Contribution of the Paper

The objective of this paper, which comes from a collaboration between Comau and
Politecnico di Torino, is the experimentation of state observers for the reconstruction of
the angular velocity of the links of a Comau Racer 7-1.0 industrial non-rigid manipulator,
in presence of unmodeled or uncertain parts, taking into account friction, too. The Racer
7-1.10 robot is an anthropomorphic robot with 6 degrees of freedom, but the analysis is
restricted to axes 2 and 3 only (while the other links are kept at a fixed joint position, with
minimum mutual interaction with joints 2 and 3), like in a 2 link, vertical SCARA robot.

The final aim of the work carried out through this collaboration will be the future
development of a control architecture of manipulators, representing a trade-off between a
simple decentralized control and a complex centralized control. The envisaged architec-
ture will include estimates of the interactions between the links, achieved by observers
implementable in an effective way, i.e., compatible with performances and computational
burden required by an industrial control software architecture.

The main specific contributions of this paper, investigating different solutions for the
structure and complexity of the observers, can be summarized as follows:

• Study and experimentation of observer models using simple single axis models so
that the complexity is reduced, extending them to take into account the multi-variable
dynamics of the system. Some additional observable (non-measurable) state is used to
reconstruct the interaction with the outside world, that otherwise would not be taken
into account in the nominal model of the joint.

• Ability to distinguish between the driving torque that changes the state of the system
and friction. An additional external observer for each axis (an input disturbance
observer synthesized as a pole placement regulator with cancellation of the closed
loop poles of the inner asymptotic observer), reconstructs the friction components that
are not immediately estimated, as well as the effect of other motor input disturbances
not modeled at low frequency.

For each model, two different approaches are tested:

1. Luenberger observers, whose gain matrix have been evaluated through a pole place-
ment technique.

2. Kalman Filter, whose gain matrix have been obtained tuning Q and R covariances.

The rest of the paper is organized as follows. Section 2 provides an analysis of the
specific problem: the dynamics of flexible manipulators and the linear reduced model are
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described. In Section 3 the basics of observers are presented. In Section 4 the models of
the tested observers are described. Section 5 illustrates the friction management methods,
the approach applied to estimate the friction parameters and the method used for gravity
compensation. Section 6 presents the experiments conducted in simulation, along with the
obtained results. In Section 7 the results of the tests on real data coming from the robot are
reported, both using a virtual sensor and a real gyroscope. Section 8 discusses the achieved
results and suggests potential future works.

2. Manipulator Dynamic Model
The dynamics of a non-rigid manipulator can be approximated with a lumped param-

eter model, in which the links are considered as rigid bodies and concentrated stiffness
parameters are associated, in the form of torsional (and/or linear) springs in revolute
(and/or prismatic) joints. Considering only elastic joints, actuated by motors, the Spong’s
model [17] is obtained, that is the basic model in which robots are considered as non-rigid
systems. The model is nonlinear and is divided into three groups of equations:

M(q)q̈ + C(q, q̇)q̇ + G(q) + fl(q̇) + βlq̇ = τl (1)

Jmq̈m + βmq̇m + fm(q̇m) + Ntr−1τl = KtIre f (2)

τl = K(Ntr−1qm − q) + βml(Ntr−1q̇m − q̇) (3)

where q is the vector of angular positions that describe the trajectory of the centers of
mass of the link, qm is the vector of the angular positions of the motors, K is the diagonal
joint stiffness matrix, βml is the matrix of dampers, Ire f is the vector of the (quadrature)
currents of the motors, Ntr is the matrix including the reduction ratios of the mechanical
transmissions (it is considered diagonal assuming that there are no significant kinematic
coupling terms), G(q) is the gravity torque, C(q, q̇) includes the centripetal and Coriolis
terms, fl(q̇) is the vector of non-linear friction on the links, fm(q̇m) is the vector of non-
linear friction on the motor, βl is the diagonal matrix of viscous linear friction coefficients
on the links, βm is the diagonal matrix of linear friction coefficients on the motor, τl is the
torque provided through the elastic elements in the mechanical system, Jm is the inertia
matrix of the motor, M(q) is the inertia matrix of the manipulator.

Equation (1) is the Lagrangian equation of the links, constituted by rigid bodies.
Equation (2) is the dynamic equation on the motors side. Equation (3) is the Hooke’s law.

In this model, concentrated torsion springs are considered, which represent both the
elastic torsion of the transmission but also bending effects of the real robot, which lie
in the plane of rotation of the links, about the motorized axis. Therefore, they are less
rigid torsional springs than those that define the elastic characteristics of the transmission
only. Gyroscopic coupling effects between links and motors are assumed negligible: this
hypothesis is acceptable, in practice, when considering high gear ratios in Ntr.

Starting from the Spong’s model, we are looking for a reduced, simpler model, valid
in the considered case, i.e., when only one joint is moved at a time. To do this, we consider
a certain q = q0 and then we take into account the variations of q, to determine a Linear
Parameter Varying (LPV) model.

Remark 1. The minimum-order strategy is a necessity because plausible-order MIMO observers
would present implementation difficulties due to the high order structure. The standard pole
placement solution, for extended asymptotic observer, is extremely time and resources consuming.
In the case where multiple axes are in operation, the low-frequency part of the inertial interactions
can be calculated with rigid multi-body models and introduced into state estimation (as an additive
external input signal to LPV observer), as a current practice in industrial control. High-medium
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frequency mutual interactions (interaction at the level of vibration modes) should be reconstructed
from the additional state variables, as it will be experimentally verified in the performed tests.

The nonlinear parts of the complete model are considered as known torques calculable
based on q and q̇. Then, in q = q0, the following equation appears as linear.

M(q0)q̈ + βlq̇ + τext = τl (4)

where τext includes the nonlinear parts of the model (the vector of gravitational torques,
the vector of Coriolis torques, the vector of nonlinear components of the friction torques
acting on the links, the mutual inertial torques of any degrees of freedom not modeled
but present in the system). The mutual inertial torques relating to the modeled degrees of
freedom are represented by the off-diagonal terms of the product M(q0)q̈.

However, as the position in the operational space varies, the matrix M(q0) changes,
so the system is LPV. The matrices should be recalculated, because the inertia matrix varies
as the position of the robot varies. However, the investigation is done moving only axis
2 and keeping axis 3 at rest, while the other axes are all stationary in a certain condition.
For the purposes of the reduced model the working condition of the manipulator does not
change, because the inertias of axes 2 and 3 remain the same.

State estimation and control algorithms are implemented at discrete-time. The dis-
cretization of the model is done using a sampling step Ts = 400 µs under the hypothesis of:

1. synchronous sampling step
2. a transport delay of 650 µs, representing the network transmission delays. The drive

dynamics, i.e., the relationship between the reference current Ire f and the torque τm

generated by the motor (τm = KtIre f ), is assumed to be instantaneous and static.
3. adoption of a zero-order-hold filter.

The zero-order-hold filter is used in the discretization process, because it is the solu-
tion adopted in the industrial control architecture. No predictive interpolation of values
is performed (as it would be done using a first-order hold filter). The considered trans-
mission delay of 650 µs, too, is coherent with the real functioning of the industrial control
architecture. In particular, it results from:

• buffering delays in the information exchange between the tasks that constitute the
controller (i.e., between the encoders data acquisition and the control command
computation);

• communication delays between processors on the signal field bus;
• actuation delays for the current control (performed by the drive), which has a limited,

even if very wide, bandwidth.

3. Basics of Observers
An observer is a dynamical system which, having as inputs the output y(t) and the

input u(t) of the considered dynamical system, generates an estimate x̂(t) of its state x(t).
The estimate error is defined as:

e(t) = x̂(t)− x(t) (5)

An estimator is an asymptotic state observer if it holds:

lim
t→∞

∥e(t)∥ = lim
t→∞

∥x̂(t)− x(t)∥ = 0 (6)

In particular, a Luenberger observer [18] is an asymptotic state estimator for
linear systems.
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Considering the state space equations of a discrete-time Linear Time Invariant (LTI)
system, given by: x(t + 1) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)
(7)

the asymptotic estimator takes the form:x̂(t + 1) = Ax̂(t) + Bu(t)− L(ŷ(t)− y(t))

ŷ(t) = Cx̂(t) + Du(t)
(8)

where L is the gain matrix. The condition limt→∞ ∥e(t)∥ = 0 is satisfied only if (A − LC)

has asymptotically stable eigenvalues.
In the case of the Luenberger observer, the rapidity with which the estimate error

converges to zero is established through the frequencies imposed to the eigenvalues. In-
creasing their frequency, the convergence speed of the error increases, but also the noise
increases as well.

The Kalman filter [19] is a recursive filter that evaluates the state of a dynamic system
starting from noisy measurements. Systems subject to uncorrelated process noise v1(t) and
measurement noise v2(t) are considered. The state space equations of a discrete-time LTI
system with noise can be expressed as:x(t + 1) = Ax(t) + Bu(t) + v1(t)

y(t) = Cx(t) + v2(t)
(9)

where the noises v1(t) and v2(t) are assumed to be uncorrelated, white and Gaussian.
The Kalman filter works by propagating the estimate of the mean and covariance of

the state over time. Like many other state-of-the art observers, it is based on the following
two phases:

1. Prediction: at time t − 1, compute a prediction x̄(t) of the state x(t) and a prediction P̄
of the covariance P of the estimation error, using the system model:

x̄(t) = Ax̂(t − 1) + Bu(t − 1) (10)

P̄ = APAT + Q (11)

where Q is the covariance matrix of v1(t).
2. Update: at time t, the prediction x̄(t) is corrected using the output measurement y(t),

thus providing a more accurate estimate x̂(t) of the state as:

x̂(t) = x̄(t) + K(y(t)− Cx̄(t)) (12)

with

K = P̄CTS−1 (13)

S = CP̄CT + R (14)

P = (I − KC)P̄ (15)

where K is the gain matrix, and R is the covariance matrix of v2(t).
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Through simple operations, we obtain:

P̄ = A(P̄ − P̄CT(CP̄CT + R)−1CP̄)AT + Q (16)

K = P̄CT(CP̄CT + R)−1 (17)

The first of these equations is called discrete algebraic Riccati equation. The second one
provides the filter gain matrix.

On the whole, the Kalman filter can be expressed in a general form similar to Luen-
berger’s as: x̂(t + 1) = Ax̂(t) + Bu(t)− K(ŷ(t)− y(t))

ŷ(t) = Cx̂(t) + Du(t)
(18)

The Kalman filter has quadratic stability based on a Lyapunov function. The observer
asymptotically provides an estimate of the state, but the speed of convergence to zero of
the estimate error cannot be established.

The Kalman filter design is based on the choice of the covariance matrices Q and R.
These matrices can be defined from the available information on v1(t) and v2(t).

• R is the diagonal covariance matrix of the measurement noise and is chosen as the
standard deviation of the measured values from the real values obtained from mea-
surements on a real machine.

• Q is a positive symmetric covariance matrix, which represents all process noises
affecting the system (e.g., unmodeled dynamics and parameter uncertainties). The
values on the diagonal are directly related to the corresponding states. Off-diagonal
values represent interactions between different states. This matrix is usually obtained
with trial-and-error techniques, which rely on users’ experiences and background.

In [20], an estimation approach is proposed to adaptively adjust Q and R matrices at
each step of the Extended Kalman filter (EKF) to improve dynamic state estimation accuracy.
Different from the state-of-art Kalman filter, which keeps the covariance matrices constant,
they are updated during each correction step. An innovation-based method is used to
adaptively adjust Q. A residual-based method is used to adaptively adjust R. However,
users need to select adequate initial values for Q0 and R0 in the initialization step.

In this paper, we prefer to apply a trial-and-error technique to define the initial values
of the matrices, and keep them constant during the estimation. This option is the most used
in literature, since it is highly flexible and useful for finding practical, immediate solutions,
providing a structured way to explore possibilities. It is worth noting that, despite the
empirical method adopted for the initial values of the Q and R matrices, the structure of
the covariance matrix, which introduces the presence of state error noise, is designed just
to represent uncertainty and the unmodeled parts of the plant in a non-random way.

4. Implementation of Different Observers
In the considered situation, the manipulator dynamic model is reduced to the double

pendulum case (relative to axis 2 and 3 only), analytically eliminating the other 4 axes
considered as braked and ideally rigid (they have no elastic contributions). Axis 2 is
considered as the observed system, and axis 3 as additional dynamics.

The simplified model thus obtained, which will be used in the construction of the
observers, can be divided into two blocks, connected by mutual inertial torques in feedback,
as shown in Figure 1, where the same notations used in Equations (1)–(4) are adopted:
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1. The nominal part of the model coincides with the modeled dynamics of the center of
mass of the robotic arm, referred to the rotation axis 2.

2. The higher order part is defined as the “uncertainty function”.

Figure 1. Simplified model for axis 2 to be used in the observers’ structure.

The mutual inertial action, which introduces higher order modes of vibration, can be
represented in the nominal model as an external torque disturbance ∆(ω), which acts on
the torque balance at the output of the elastic joint. The ∆(ω) signal changes the nature
of the system from an isolated and single-variable system to a multi-variable system. It is
reconstructed by introducing additional state variables that could be observable, but not
controllable. The various types of observers considered in this paper will be distinguished
by the way such signal ∆(ω) is modeled.

The structure of the observer model, in state-space representation, is expressed by the
following strictly proper (D = 0) system of equations:x̂(t + 1) = Ax̂(t) + Bu(t) + B1τpred − L(ŷ(t)− y(t))

ŷ(t) = Cx̂(t)
(19)

where:

• u = Ire f2 , where Ire f2 is the joint quadrature current induced by the motor of axis 2.
Note that only axis 2 is controlled, while axis 3 is considered as a parasitic (driven)
axis, with motor braked in a fixed position;

• y = q2m, where q2m is the motor position of axis 2;
• x̂ is the state vector, whose size and definition depend on the specific observer

model adopted;
• τpred is the deterministic part of the τext torque, that can be calculated based on the

dynamic model of the manipulator, as detailed in Section 5. It is taken into account as
an additional input to the model;

• L is the gain matrix, whose computation depends on the type of observer adopted
(i.e., the Luenberger observer or the Kalman filter).

The complete expressions of matrices A, B, B1 and C are available in Appendix A for
the cases that are investigated in the following subsections, where four different models are
taken into account for the observer. They are distinguished according to the state variables
included in the state vector. The first three models correspond to state-of-art solutions,
whereas the last one is given by a more complex system here proposed. In the first case,
a 6-state observer is adopted, in which the complete model that also contains the braked
axis 3 is used to better describe the reality of the physical plant. This representation is very
demanding, since in addition to the parameters of axis 2, the rest of the structure should
be known well. In the 5-state observer, only one state is added to the nominal model to
take into account all the unmodeled parts. In the 4-state observer, no states are added to
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the nominal model of the isolated axis 2. Finally in the 7-state observer, the additional
state is powered by its own dynamic block, i.e., a filter with the pass-band aligned with the
frequency range in which the interaction between axes 2 and 3 takes place.

4.1. 6-State Observer

In this case, the state vector is defined as:

x̂ =
[
q̇2 q̇3 q̇2m q2 q3 q2m

]
(20)

The degrees of freedom that correspond to the braked actuator (axis 3 motor) are
eliminated, whereas the elastic dynamics of link 3 is present (since the link is not braked),
even if the motor is braked.

The frequency response of the transfer function between the current reference and the
speed of the motor of axis 2 computed using the parameter values of the considered robot
(i.e., a Comau Racer 7-1.10), is shown in Figure 2.

Figure 2. Frequency response of the 6-state observer transfer function.

It is worth to notice that in the frequency range between 10 and 100 Hz there are
alternating transmission zeros and resonant poles. This behaviour is typical of non-rigid
systems and it represents the mutual interaction between the axes.

4.2. 5-State Observer

In this case the state vector is reduced to:

x̂ =
[
q̇2 q̇2m q2 q2m τext

]
(21)

Axis 2 is considered as an isolated system and the additional state τext represents all
the torques acting on the link’s center of mass that are not explicitly modeled in the observer.

Figure 3 shows the the frequency response of the corresponding transfer function.
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Figure 3. Frequency response of the 5-state observer transfer function.

4.3. 4-State Observer

The state vector is here further reduced to:

x̂ =
[
q̇2 q̇2m q2 q2m

]
(22)

It is the simplest model in which axis 2 is alone and mutual inertial torques are not included.

4.4. 7-State Observer

A more complex structure is here considered, in which the state vector is defined as:

x̂ =
[
q̇2 q̇2m q2 q2m τext τ̇ext x7

]
(23)

In this case, while the first four states in (23) are given by velocities and positions
of the axis 2 (on link and motor sides), the last three ones correspond to an additional
dynamic block that accounts for the interaction between axis 2 and 3. In particular, the fifth
state, τext, is powered by a filter with the pass-band aligned with the frequency range in
which the interaction between axes 2 and 3 takes place. The state becomes longer and more
difficult to manage, since there are more gains to calibrate, but it is much more focused on
the description of the interactions between the two axes.

Various types of filters have been investigated, but the only one that makes the overall
system completely observable is a resonant low pass filter of the following type:

H(s) =
τext

X7(s)
=

ω2
n

1 + 2ζωns + ω2
ns2 (24)

where ωn = 50 · 2π rad/s, ζ = 1
2·Q , Q = ωn

bw
, where bw is the bandwidth that in this case is

bw = 90 Hz.
The frequency response of the transfer function between the current reference and the

speed of the motor of axis 2, computed for the 4-state and 7-state model using the parameter
values of the considered robot, keeps the form shown in Figure 3 for the 5-state case.

Table 1 summarizes and compares the characteristics of the various observer models
that have been tested in terms of model, main features, computational complexity and
applicability to industrial scenarios.

https://doi.org/10.3390/app16041743

https://doi.org/10.3390/app16041743


Appl. Sci. 2026, 16, 1743 12 of 36

Table 1. Summary of the characteristics of the observer models.

Model
Structure Main Features Computational

Complexity
Applicability to

Industrial Scenarios

4-states
model

“Basic” Spong elastic
joint model for axis 2.
No state is added to
model inter axes
interaction or
unmodelled dynamics

Low

Poor/No applicability.
Not enough robust
against not modeled
dynamics. This model
can cause increase
of robot repeatability
error when applied to
feedback control (due
to bias on the link
rotation speed estimate)

5-states
model

Extended Spong elastic
joint model for axis 2.
One state added to
model inter axes
interaction and/or
unmodelled dynamics

Low

Improved applicability.
Lower estimation errors
and no bias on the link
rotation speed estimate
(reduction of repeatability
error)

6-states
model

“Basic” Spong elastic
joint model for axis 2
is integrated with 2
additional states and
an inertia sub-matrix.
This introduces the
explicit model of
multi axes interaction.
The identified modal
vibrations on axis 2 are
fully represented

Higher
complexity
but still fully
reasonable/
cheap in a
modern robot
control
architecture

“Optimal” applicability.
The inertial interaction
between the axes should
be estimated with an
optimal trade-off
between effectiveness
and complexity

7-states
model

Evolution of 5-states
model. The state added
as inertial torque node
additional input is
modeled as output of a
dynamic system, which
introduces 2 additional
states to shape
uncertainty in
frequency domain

Higher
complexity
but still fully
reasonable/
cheap in a
modern robot
control
architecture

Compared to 6-states
model, it is a less
structured and more
general way to represent
interactions with the
MIMO system that
“contains” the dynamics
of axis 2. It is the most
innovative model.
Performance are aligned
with that of the 6-states
model. The actual
effectiveness still requires
further investigation in
future research activities

5. Friction and Gravity Management
This section illustrates the methods used to manage the presence of friction, and details

the role and definition of the predictable torque in the observer equations.
The predictable torque τpred in (19) is a feedforward term that allows to take into

account the dynamic components that are not included in the observer’s model, thus
enhancing the robustness of the observer itself. It is the deterministic part of the τext torque,
that can be calculated before the simulation based on the dynamic model of the manipulator.
As said before, the investigation is done moving only axis 2 and keeping axis 3 at rest,
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while the other axes all stationary in a certain condition. Therefore, the predictable torque
acting on link 2 is made up of:

• Gravity torque
• Inertial torque: apart from axis 3, which is more influenced by the movement of axis 2,

it is assumed that the other axes do not vibrate, and therefore they do not generate
mutual inertial torque impacting on link 2.

• Coriolis terms: they tend to be naturally neglected because only axis 2 moves.

Therefore, only the gravity components need to be calculated (gravity is transferred
from a disturbance acting on the motor to a disturbance acting on the center of mass of
the link). Since gravity depends on the position, the gravitational torque acts at very low
frequency below 10 Hz (a frequency range that is separate from vibrations). Therefore the
presence of vibrations does not cause problems and the gravity torque can be computed
using the dynamic model for a rigid machine. The gravity torque is defined as a sinusoidal
function of the axis angular position, and is estimated applying the least squares estimation
method, as formulated in Appendix B. With reference to such formulation:

• The regression matrix is composed by the sine and the cosine of the angular position
of axis 2. The position values used for the computation are obtained by processing the
motor position samples in radians, and expressing them downstream of the reduction
ratio, thus obtaining the position of the link as if the machine were ideally rigid.

• The regressor is given by the motor torque KtIre f .

While the predictable and gravity torques act downstream of the elastic elements
(downstream of the transmission), friction is considered, for convenience, as a disturbance
active on the transmission, and therefore essentially on the motor. Friction appears in (2) as
composed of two terms (a linear and a nonlinear one), added to the torque transmitted by
the motor to the mechanical system (the arm) in producing the driving torque, i.e., the total
friction F on the motor is given by:

F = fm(q̇m) + βmq̇m (25)

Only the linear part βmq̇m is included in the state-space model of the observer de-
scribed in Section 4 (see the expressions of the system matrices in Appendix A). The
nonlinear part, instead, fm(q̇m) represents a missing information for the observer that
must be taken into account. The presence of friction causes anomalies in the reconstructed
states, such as offsets or fictitious accelerations/decelerations. Without distinguishing the
torque transmitted to the link and friction, it is not possible to reconstruct the operating
state of the link, starting from the knowledge of the motor current and the motor position
measurement only. This issue determines the need for accurate modeling of friction, in
particular, of friction acting on the motor.

Two solutions are tested to model the nonlinear part of friction. The first one is the
simplest and widely adopted, given by the Coulomb friction model, even if it can present
some critical issues, as discussed in Section 5.1. The second solution, which represents an
original contribution of this paper, is based on the introduction of an external disturbance
observer to model friction as an uncertain input signal to the motor, as illustrated in
Section 5.2.

5.1. Friction Modeling Through Coulomb Model

The nonlinear part of friction on the motor is here considered as purely of Coulomb
type. Its representation is a static function of velocity; the most adopted expressions
are based on arctangent or sigmoid functions of the rotation velocity. In particular, the
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arctangent function is chosen to model the term fm(q̇m) in (2) as βcarctan(q̇m). The
resulting friction force on the motor is in this case given by:

F = βcarctan(q̇m) + βmq̇m (26)

where βc and βm are the two diagonal matrices including the parameters representing
Coulomb friction and viscous friction, respectively.

The Coulomb friction term is inserted in the observer Equation (19) by subtracting it
from u = Ire f2 . This way, the observer is aware that a part of the currents applied to axis 2
are spent to balance the friction torques. The observer state equations are then modified
as follows:x̂(t + 1) = Ax̂(t) + B[u(t)− Cwarctan(x̂i(t))] + B1τpred − L(ŷ(t)− y(t))

ŷ(t) = Cx̂(t)
(27)

where Cw = βc(2,2)
Kt(2,2) and i is the index of the state vector corresponding to the state q̇2m. In

the case of the 6-state model i = 3, for the other models i = 2.
The arctangent model works very well together with viscous friction, when the system

is moving at medium-high speed, but the presence of the Stribeck effect, when the axis
begins to rotate at a very low speed, or sliding friction phenomena cannot be traced back to
such simple models, leading in general to quite inaccurate results.

In the analyzed context, the arctangent model is chosen anyway, because it is simple
and represents a good compromise between accuracy and complexity. The introduction
of a disturbance observer, constituting the focus of this paper, as illustrated in Section 5.2,
will allow to achieve good results anyway, since the estimate it provides takes into account
also the effects of the friction phenomena not explicitly included in the adopted arctangent
model. Moreover, the motor input disturbance observer is simple, robust and it does not
require strong calibration as Lu-Gre [10], Dahl [11] or the generalized Maxwell-Slip [12]
models (just frequency bandwidth definition is sufficient).

5.2. Insertion of an External Disturbance Observer Synthesized as a Pole Placement Regulator

The use of an additional observer, defined as an input disturbance observer, represents
a significant contribution of this paper to model friction as an uncertain input signal to
the motor.

The disturbance observer was built as a synthesis of a regulator via pole placement
algebraic approach, which produces a non-measurable signal at the motor input (that is
used to reconstruct the friction components that are not directly estimated), and the missing
part of the dynamics in the observer. The characteristics of this type of disturbance observer
are the following:

• It presents a trend with low frequency integrative action on the error position of the
inner observer (dimensionally corresponding in practice to a rotation velocity). It is
aimed at allowing a good representation of static and non-linear friction components.

• It allows a better estimate of input disturbances, reducing their effect on the estimate
of states that are not directly measurable.

• It fixes the position of the poles of the internal state observer, using cancellation zeros.
It allows the dynamics to be assigned to the disturbance observer independently of
the pole assignment of the inner observer. The result is a greater robustness of the
stability properties.

Pole placement control with pole cancellation process solves a Diophantine equation
(with pole assignment of the complementary sensitivity function) after having fixed the
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poles of the inner state observer by introducing transmission zeros at the poles position
on the complex plane. This cancellation by the outer loop fixes the poles of the inner loop,
known without any uncertainty, and prevents any migration along a root locus. Therefore,
the separation principle holds: the poles of the overall system are those assigned to the
inner loop plus those assigned to the outer loop and they are all stable by construction.
The detailed design of the proposed resulting structure is provided hereafter, after the
following Remark.

Remark 2. The stability of the observer’s inner loop is guaranteed by the usual assignment
of eigenvalues of a control applied to a plant which is a pure mathematical model (there is no
uncertainty). State reconstruction may not be compliant with the physical state, but the internal
stability of the observer is guaranteed. The overall stability of the full observer (inner and outer)
is ensured, robustly, by the synthesis method applied in the outer loop. A control technique is
used, classic and well-known in industrial applications, which is the pole-placement with poles
cancellation process [21]. When the internal observer is an extended Kalman filter, the closed-chain
“poles” are neither known nor assigned. However, since the EKF dynamics is stable (as it can be
proven via well-known techniques of Lyapunov stability analysis), it can be approximated with a
linear (or LPV) system, whose poles can be evaluated. Then the condition of an internal, stable
control loop, and an external control loop that uses transmission zeros to ensure the stability of the
complete system holds in this case, too.

The scheme in Figure 4 shows the system consisting of the plant and the observer,
characterized by the state-space equations in (28) and (29), respectively. The input u and the
output y are those defined in (19) and the part related to the predictable torque is ignored
for simplicity.

Figure 4. System composed by plant and observer.

In the plant model:x(t + 1) = Apx(t) + Bp[u(t) + Cwd(t)]

y(t) = Cpx(t)
(28)

the term d(t) represents a friction disturbance on the motor affecting the plant as an
additional input, Cw is defined as in (27). The plant represents the considered system,
including also the braked axis 3; the state vector is the one defined for the 6-state model
(20). The state-space matrices Ap, Bp, Cp are the same reported in Appendix A.1.

In the observer model:x̂(t + 1) = Ax̂(t) + Bu(t)− L(ŷ(t)− y(t))

ŷ(t) = Cx̂(t)
(29)
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the state vector and matrices change depending on the model used, as illustrated in
Section 4.

Given an augmented state x̃ = [x; x̂] and an augmented input vector ũ = [u; d], we
can derive the following complete system consisting of the plant and the observer, whose
output e is the observer’s estimation error:x̃(t + 1) = Ãx̃(t) + B̃ũ(t)

e(t) = C̃x̃(t)
(30)

The complete expressions of matrices Ã, B̃ and C̃ are given in (31).

Ã =

[
Ap 0

LCp A − LC

]
, B̃ =

[
Bp BpCw

B 0

]
, C̃ =

[
Cp −C

]
(31)

Starting from the scheme in Figure 4, the complete system consisting of the plant, the
observer and the disturbance observer, is developed as in Figure 5.

Figure 5. System composed by plant, observer and disturbance observer.

Here, the observer’s input is no longer the entire current that is applied to the drive,
but only the remaining part, after the sum of the disturbance observer’s contribution.

The complete system can be considered as a regulator, aimed at making the observer’s
estimation error e converge to zero. This zero-regulation technique is used to add an integra-
tive action to the system and to produce an estimate of the disturbances that conceptually
affect the input.

To construct the pole placement regulator, we consider the 1dof architecture in Figure 6,
where G(z) = N(z)

D(z) represents the transfer function of the complete system in (30) between

the friction disturbance d and the observer’s estimation error e, and Do(z) =
S(z)
R(z) is the

digital controller and represents the disturbance observer’s transfer function. As mentioned
before, r is the regulator reference and is equal to zero.

Figure 6. 1dof architecture considered for the construction of the pole placement regulator.
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We assume that: N(z), D(z) are coprime (i.e., they have no common roots), G(z)
is strictly proper (i.e., deg(D(z)) = m > deg(N(z)), D(z) is monic (i.e., unitary leading
coefficient), N(z) has no roots at z = 1, Do(z) is proper (i.e., deg(R(z)) = v ≥ deg(S(z)).

The transfer function between the reference r and the output e is given by:

W(z) =
G(z)Do(z)

1 + G(z)Do(z)
=

N(z)S(z)
D(z)R(z) + N(z)S(z)

=
Bm(z)
Am(z)

(32)

The problem is to design a controller Do(z) to place the roots of the closed loop
characteristic polynomial Am(z) at given arbitrary locations. The problem can be solved by
imposing the following diophantine equation:

D(z)R(z) + N(z)S(z) = Am(z) (33)

Pole-placement design reduces to the algebraic problem of finding polynomials R(z)
and S(z) that satisfy (33) for given N(z), D(z) and Am(z). The problem can be always
solved if the polynomials N(z) and D(z) do not have common factors.

Collecting the poles at z = 1, G(z) and Do(z) are expressed as:

G(z) =
N(z)

(z − 1)l1 D′(z)
, Do(z) =

S(z)
(z − 1)l2 R′(z)

(34)

where deg(D′(z)) = m − l1, deg(R′(z)) = v − l2.
The closed loop transfer function from r to e becomes:

W(z) =
N(z)S(z)

(z − 1)l D′(z)R′(z) + N(z)S(z)
=

Bm(z)
Am(z)

, l = l1 + l2 (35)

The diophantine equation then becomes:

(z − 1)l D′(z)R′(z) + N(z)S(z) = Am(z) (36)

where (z − 1)l D′(z) and N(z) are coprime.
To simplify the main closed loop dynamics, stable zero-pole cancellations between

G(z) and Do(z) can be imposed:

G(z) =
N+(z)N−(z)

(z − 1)l1 D+(z)D−(z)
(37)

where N+(z) and D+(z) are the “stable” factors that can be cancelled.
To cancel N+(z) and D+(z), R(z) and S(z) must be of the form:

R(z) = (z − 1)l2 N+(z)R′′(z), S(z) = D+(z)S′(z) (38)

The controller then becomes:

Do(z) =
S(z)
R(z)

=
D+(z)S′(z)

(z − 1)l2 N+(z)R′′(z)
(39)

The diophantine equation to be solved is:

(z − 1)l D−(z)R′′(z) + N−(z)S′(z) = Am(z) (40)

In the considered case, the characteristics of the synthesis (pole placement by cancella-
tion of the dominant poles) are:
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1. cancel all the dominant poles: D+(z) = D(z), D−(z) = 1
2. keep the zeros in the output: N+(z) = 1 (and hence R′′(z) = R′(z)), N−(z) = N(z)
3. presence of an integral action: l2 = 1
4. no poles at z = 1 in the plant: l1 = 0. The disturbance observer can only be designed

on structures that do not have internal integral actions.

Combining the above information and choices, the diophantine equation to be solved
is:

(z − 1)R′(z) + N(z)S′(z) = Am(z) (41)

To obtain the feasibility of the regulator, it is necessary to specify as many poles of
the closed loop as the number of poles of the system plus 1 or 2. In the simulation and
experimental tests, the dominant pole of the closed loop was chosen at 10 Hz, the other
poles were chosen as the inner observer’s poles. The feasibility of the input disturbance
observer is affected by the model used by the observer that reconstructs the state of the axis.

Figure 7 shows the frequency response of the transfer function between the friction
disturbance and the estimation error using the 5-state model for the observer, whose state
vector is defined in (21).

Figure 7. Frequency response of the transfer function between the friction disturbance and the
estimation error using for the observer the 5-state model.

The 5th state τext, as explained in Section 4.2, represents all the torques acting on the
link’s center of mass that are not explicitly modeled in the observer. As we can see from
Figure 7, the additional state τext provides an integrative action that generates a zero at
the origin in the transfer function. This state tends to absorb all the causes of error and it
does not allow to distinguish between them: with a 5th order observer, it is not possible to
physically distinguish between mutual inertial torque, acting on the center of mass, and
friction. Therefore, in the case of the 5-state model it is not possible to add the disturbance
observer action to the system.

Figure 8 shows the frequency response of the transfer function between the friction
disturbance and the estimation error using the 4-state model for the observer, whose state
vector is defined in (22).
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Figure 8. Frequency response of the transfer function between the friction disturbance and the
estimation error using for the observer the 4-state model before (blue) and after (orange) the addition
of the disturbance observer.

The blue function represents the frequency response of the system before adding the
disturbance observer: we can see that there is no longer a zero in the origin. The orange
function represents the frequency response transformed by the addition of the regulator.
The addition of an external regulator to the observer, from the point of view of error
reduction, achieves the same objective of the 5th state case: it tends to reduce the error to
the minimum possible, but this time the integrative action is not inside the model of the
system, but is external.

The frequency response of the transfer function between the friction disturbance and
the estimation error, computed for the 6-state and 7-state model, keeps the form shown in
Figure 8 for the 4-state case. Therefore, even for the 6-state and 7-state models, it is possible
to add the disturbance observer to the system, because the frequency response before its
addition does not have a zero at the origin.

5.3. Estimation of Friction Parameters

The goal of this part is to estimate the friction parameters that are descriptive of the
axes we are considering (2 and 3). In particular, the vector of parameters to be estimated is
given by:

[βm(2, 2), βm(3, 3), βc(2, 2), βc(3, 3)] (42)

where βm(i, i) and βc(i, i), i = 2, 3, are the elements of the friction matrices in (26).
A movement program is made so that the considered axis (2 or 3) cycles back and

forth at a constant speed (it goes from negative to positive strokend). To measure friction
well, the axis must travel a fairly significant angular section at constant speed to obtain
a trapezoidal speed profile: for very fast manipulators, if the speed is maximum and the
acceleration is reduced to 40%, a triangular profile is obtained (it accelerates, reaches a
maximum value and then decelerates) and friction cannot be measured. For this reason,
a speed reduction factor is introduced. To carry out a data consistency analysis, three
movement programs are tested: two for axis 2 (one with axis 3 extended and one with axis
3 folded) and one for axis 3 (the position of axis 2 is chosen to allow the travel of axis 3 to
be extended as much as possible). The measurement cycle is repeated 5 times by changing
the speed.

Two estimation procedures are tested. The first one provides a complete regressor,
which serves to derive not only the friction terms but also the gravity torque and the
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overall inertial torque in such conditions. The least squares estimation method is applied
as detailed in Appendix B, starting from the motor differential equations; in particular:

• The regressor is the motor torque KtIre f , that balances all the acting torques.
• The regression matrix is given by the sine and the cosine of the angular position of

axis 2 (gravity), the angular velocity of axis 2 (viscous friction), the sign function
of the angular velocity of axis 2 (Coulomb friction) and the acceleration of axis 2
(inertial torques). Also in this case, the position values used for the computation are
obtained by processing the motor position samples in radians, and expressing them
downstream of the reduction ratio.

Figure 9 shows the estimate of friction motor torque (viscous and Coulumb) as a
function of the motor speed.

Figure 9. Estimate of viscous and Coulumb friction motor torque.

The second estimation procedure includes gravity detrending, i.e., the estimated
gravity contribution is subtracted from the current to remove its effects before estimating
the friction parameters. Figure 10 shows the current reference as a function of the motor
position before and after gravity detrending.

Figure 10. Motor current before (left) and after (right) gravity detrending.

At the beginning and at the end, there are the acceleration and deceleration phases,
which correspond to the positive and negative current peaks: they are cut because we
consider only the sections of constant non-zero velocity.

In this case, all friction components are condensed in the regressor as a constant veloc-
ity torque. The friction curve is constructed by points using the least squares estimation
method in each phase at constant non-zero velocity. The details of the problem formulation
and solution are given in Appendix B. Then, in this case:
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• The regressor is the motor torque KtIre f from which the gravity estimate is subtracted.
• The regression matrix is given by a constant matrix of ones.

Figures 11 and 12 show the sum of the viscous and Coulomb friction motor torque as
a function of the motor speed, obtained for the 3 movements previously described.

Figure 11. Friction curve of axis 2 with axis 3 extended (left) and with axis 3 folded (right).

Figure 12. Friction curve of axis 3.

The red dots correspond to the estimated friction per point for each constant speed
section. The blue curves correspond to the upper and lower limits of friction (there are two
curves because, depending on whether the section is traveled at decreasing or increasing
speeds, different values are recorded). The dashed red curve corresponds to the average
friction between the points. Such average curve is considered in the following, since it is a
feasible simplification in practice.

Viscous and Coulomb friction parameters are estimated through a further linear
regression, using again the least squares method, where:

• The regression matrix is composed by the velocity and the sign function of the velocity.
• The regressor is given by the average friction curve.

The green curve represents the estimate of friction thus obtained.
Tables 2–4 report the friction values obtained from the two parameter estimation

methods and the average of the tests, for axis 2 (with axis 3 extended and folded) and for
axis 3, respectively.

Table 2. Friction parameters of axis 2 with axis 3 extended

βm(2, 2) [Nm/(rad/s)] βc(2, 2) [Nm]

Method 1 0.0081085 0.27149

Method 2 0.0079172 0.41535

Average 0.0080129 0.34342
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Table 3. Friction parameters of axis 2 with axis 3 folded.

βm(2, 2) [Nm/(rad/s)] βc(2, 2) [Nm]

Method 1 0.007361 0.23871

Method 2 0.0072773 0.31747

Average 0.0073192 0.27809

Table 4. Friction parameters of axis 3.

βm(3, 3) [Nm/(rad/s)] βc(3, 3) [Nm]

Method 1 0.0065793 0.22582

Method 2 0.0066119 0.22402

Average 0.0065956 0.22492

We can see that axis 2 has a slightly lower friction when the axis 3 is folded, but the
order of magnitude does not change: this shows anyway that friction is not constant. The
gearbox of axis 3 is a little smaller than that of axis 2, therefore it is reasonable that the level
of both viscous and Coulomb friction is lower.

In conclusion, for both axis 2 and axis 3 the average values of the tests are chosen,
considering the other values as upper/lower limits.

6. Simulation Results
All models were tested in both the simulation and experimental tests except the

Kalman filter with the 4-state model and the Luenberger observer with the 7-state model,
because they did not give acceptable results.

In the simulation tests, it is important to highlight that an additional test signal
modeled as white noise is used to energize the system and to verify its behavior. In
particular, excitation signals such as multi sinusoids are used to verify the quality of state
reconstruction as the frequency content varies. In the Luenberger observer synthesis, the
bandwidth has been maximized while taking measurement noise into account. The Kalman
filter covariance matrices are designed to guarantee, under ideal simulation conditions, an
equally good or better state reconstruction.

The nominal values of the dynamic parameters of the Racer 7-1.10 are used [22].

6.1. Closed-Loop Characteristics of the Observer in the Simulation Phase

Tables 5 and 6 show the pole frequencies chosen in the simulation phase for the
Luenberger observer and gain matrices of the Kalman filter, respectively.

Table 5. Luenberger observer pole frequencies chosen for simulation.

Model Poles Frequencies

5-state ωn = 2π · [250, 300, 1000] rad/s

4-state ωn = 2π · [500, 600] rad/s

6-state ωn = 2π · [40, 80, 100] rad/s
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Table 6. Kalman filter gain matrices chosen for simulation.

Model Gain Matrix

5-state G =


0.1 1

Ntr2,2
0.1 0 0

1
Ntr2,2

0.1 1
Ntr2,2

0.1 0
0.1 1

Ntr2,2
0.1 1

Ntr2,2
0

0 0.1 1
Ntr2,2

0.1 0
0 0 0 0 500



6-state G =



0.01 0 0.1
Ntr2,2

0.01 0 0
0 0.01 0 0 0.01 0

0.1
Ntr2,2

0 100 0.1
Ntr2,2

0 0.01
0.01 0 0.1

Ntr2,2
0.01 0 0.1

Ntr2,2

0 0.01 0 0 0.01 0
0 0 0.01 0.1

Ntr2,2
0 100



7-state G =



0.01 1
Ntr2,2

0.1 0 0 0 0
1

Ntr2,2
1 1

Ntr2,2
0.1 0 0 0

0.1 1
Ntr2,2

0.01 1
Ntr2,2

0 0 0
0 0.1 1

Ntr2,2
500 0 0 0

0 0 0 0 5e6 100 0
0 0 0 0 100 1 0
0 0 0 0 0 0 1


The complex conjugate poles for the Luenberger observer are chosen as −ζωn ±

jωn
√

1 − ζ2. The simple real pole is chosen as −5ζωn. For all the poles a damping ζ = 0.9
is chosen.

The pole frequencies of the Luenberger observer listed in Table 5 are chosen using a
trial-and-error technique, assigning higher frequency values to the most uncertain states,
even if there is not a strict correspondence between each eigenvalue to a specific state,
because the A matrix is not diagonal. For example, in the case of the five-state model, a
higher value is assigned to the last state, which represents the additional and therefore
most uncertain state of the system. In general, the pole frequencies are chosen as dominant
with respect to the vibration frequencies of the structure (i.e., the closed loop zeros of the
transfer function between the current reference signal and the motor velocity).

As can be seen from Table 5, there is a tradeoff between model complexity and perfor-
mance: if the model is very close to reality (6-state observer) then the reconstruction of the
state in simulation is excellent even with low gains (there is less need to correct the estimate,
because the 6th order observer has already internally represented the dynamic interaction
between the axes); if instead a 4th order model is considered, a good reconstruction of the
state can be obtained only with very high gains (the correction action balances the missing
parts of the model), but noise sensitivity problems increase.

As far as the Kalman filter is concerned, matrix R is chosen as the standard deviation of
the measured values from the real values obtained from measurements on the real machine,
matrix Q is chosen as a positive symmetric matrix of the type Q = G · GT .

As can be seen from Table 6, the biggest diagonal value for the 5-state and the 7-state
model has been assigned to the element representing the additional state, which is the most
uncertain state of the system. For the 6-state Kalman filter, the biggest diagonal value has
been assigned to the elements representing the position and velocity of motor 2, i.e., the
measurable states. Off-diagonal values represent interactions between different states, e.g.,
the joint’s position and the motor’s position are related by the transmission ratio.
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6.2. Analysis of Simulation Results

Figure 13 shows a detail of the reconstruction of the state (speed of link 2) with the
5-state Luenberger observer without friction compensation.

Figure 13. Reconstruction of the state with a 5-state Luenberger observer without friction
compensation.

There are peaks in correspondence of passages from a situation where the axis is
blocked by the static friction to a condition where the axis begins to slip. The observer, who
is not aware of the presence of friction, interprets it as an oscillation on the mutual inertial
couple and the reconstruction of the state is wrong from the physical point of view.

Figure 14 shows a detail of the reconstruction of the state (speed of link 2). Coulomb
friction represented by the arctangent function is inserted in the 5-state Luenberger observer,
as in (27). The reconstructions are much better than before; in particular, there are no longer
peaks due to friction.

Figure 14. Reconstruction of the state with a 5-state Luenberger observer with friction compensation.

Figure 15 shows friction as reconstructed by the predictive model superimposed to
the disturbance observer estimate illustrated in Section 5.2, when the 6-state Luenberger
observer is used as internal observer.
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Figure 15. Friction estimate of the disturbance observer and friction reconstructed by the predictive
model using the 6-state Luenberger observer as internal observer.

From Figure 15 it can be seen that when friction is constant, the friction estimate of
the disturbance observer tends to be very similar to the predictive model reconstruction;
instead, when friction often changes, the disturbance observer acts as a sort of filter, because
the transition is very fast, but the regulation system has a dominant pole at 10 Hz (it cannot
follow dynamics faster than 10 Hz).

To perform a quantitative analysis of the results obtained in simulation, the fit per-
centage is used. The fit percentage is a criterion which, given two signals, measures the
similarity of the signals on average, according to the following equation:

FIT = 100 ·
(

1 − ||Y − Ŷ||
||Y − Ȳ||

)
(43)

where Y is the reference signal, Ŷ is the signal reconstruction,Ȳ is the mean of the refer-
ence signal.

In this case, Y is the angular velocity of link 2 coming from the plant and Ŷ is its
reconstruction provided by the observer. For the plant, the 6-state model defined in
Section 4.1 is used.

Table 7 shows the fit percentages obtained in simulation with and without friction
compensation, for all the observer models that have been tested.

Table 7. Fit percentages obtained in simulation with and without friction compensation.

Model Without
Friction Compensation

With Friction Compensation
(Coulomb Model)

4-state Luenberger 85.6434 91.8784

6-state Luenberger 92.5305 99.9934

6-state Kalman 99.4536 99.9998

5-state Luenberger 81.2818 96.0253

5-state Kalman 83.6964 93.9618

7-state Kalman 84.1938 93.9047

As it can be seen from the table, the results obtained by adding friction compensation
with the Coulomb model are always better than those without friction compensation.

In conclusion, in a simulation environment, a good reconstruction of the state is ob-
tained both with the Kalman filter and with the asymptotic Luenberger observer. However,
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it is an ideal and simplified scenario. In the considered context, there was a lot of informa-
tion (because with the white noise the plant was energized well) and the plant was a linear
model with simplified friction. Furthermore, all the friction components are attributed to
the motor, without any kind of friction on the load.

7. Experimental Results
This section shows the achieved results by testing the observers on real data from the

Racer 7-1.10 robot.
First, a virtual sensor obtained from the identification of the manipulator model is

used, and then the final test is done with an Xsens gyroscope [23]. Acquisitions are made at
400 Hz, then a program with more exciting characteristics is tested.

For the experimental phase, the values of the dynamic parameters of the Racer 7-1.10
are obtained from two different models:

1. A first approximation model (nominal, i.e., with data obtained from mechanical
design), which is less precise.

2. An identified model, which is local and optimized on the machine in a certain condition.

The model obtained from the identification of the manipulator provides parameters
and information to develop the observer but, also, the way to predict, with an identified
linear model, the angular speed of the axis link center of mass, starting from the motor
angular speed and keeping into account all the observed vibrating modes. The pure
predictive linear model can be used as a “virtual sensor” to predict the link rotation
speed, provided that the inertia matrix does not change significantly during the single axis
experiment. The identified linear model is effective in predicting vibrating modes excitation
and frequencies. Therefore, the virtual sensor is employed before the introduction of a
gyroscope to assess the state estimation, while using observer model with reduced order
and reduced vibrating modes representation.

Remark 3. In literature, articles that use virtual sensors often refer to model-based devices, created
and characterized using identification techniques ([24,25]). In this work, gray box identification
techniques were used, based on the estimation of the vibrating modes of the mechanical structure.
The gray box identification of the experimental frequency response, implemented as a nonlinear
fitting and based on a physical model, gives (optimal) model reduction while keeping the vibrating
modes observed on the axis under experiment.

In these tests, motor torque oscillations are compensated. The torque ripple in perma-
nent magnet brushless motors appears as an irregularity in the generation of the torque,
which shows a ripple added to the nominal torque provided by the motor. A calibration
of the drives of axes 2 and 3 was made, so that the torque disturbances of the motors are
minimized in amplitude. The effects of motor saturation in the current-torque relationship
are also taken into account: it is called saturation of the magnetic flux in the air gap, and
causes apparent torque loss effects. In this case, current preprocessing is used to correct
distortions introduced by saturation.

7.1. Analysis of Experimental Results

A motion recording of axis 2 is taken by assigning a relative pose with axis 3 held
braked (there is a 90° angle between axis 2 and 3). The program moves axis 2 back and
forth at different speeds, with time intervals in which axis 2 remains still for a few seconds.

Figure 16 shows the link 2 velocity reconstruction superimposed to the virtual sensor.
The first part of the signal reconstruction has been cut to avoid the transient.
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Figure 16. Link 2 velocity reconstruction superimposed to virtual sensor.

In the following, a detail of the speed reconstructions of link 2, in which there is a
reversal of motion, is shown to see the difference in detail between virtual and real sensor.

Figure 17 shows a detail of the velocity reconstruction of link 2 with the 6-state
Luenberger observer superimposed to the virtual sensor (left) and to the real gyroscope
(right). The gains are equal to the ones chosen in simulation.

Figure 17. Link 2 velocity reconstruction using 6-state Luenberger observer superimposed to virtual
sensor (left) and to real gyroscope (right).

Figure 18 shows a detail of the velocity reconstruction of link 2 with the 6-state Kalman
filter superimposed to the virtual sensor (left) and to the real gyroscope (right). Also in this
case, the gains are equal to the ones chosen in simulation.

Figure 18. Link 2 velocity reconstruction using 6-state Kalman filter superimposed to virtual sensor
(left) and to real gyroscope (right).

Using the real data, the observers have a different oscillating transient, but the one that
works best is the 6-state Kalman filter, comparing it with the virtual sensor. The prediction
of oscillatory motion that the identification-based predictor gives does not appear in the
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result of the other observers. However, since it has very low gains compared to the other
observers, the 6-state Kalman filter works too much in prediction and not enough in
correction (since it has a predictive model that predicts oscillations, it keeps them in the
estimate). This results in a reconstruction of the state subject to vibrations, very close to
the estimate given by the virtual sensor, but different from the real behavior (gyroscope) in
which the damping effect of nonlinear friction emerges. To increase the ability of the 6-state
Kalman filter to correct the information, the gains must be increased, as it will be explained
in Section 7.2.

Figure 19 shows a detail of the velocity reconstruction of link 2 with the 6-state Kalman
filter with the covariance matrix discussed in Section 7.2.

Figure 19. Link 2 velocity reconstruction using 6-state Kalman filter (with greater correction action)
with identified data superimposed to real gryroscope.

With higher gains there is a more plausible reconstruction of the state that takes less
into account the model’s oscillations.

The Luenberger asymptotic observer, on the other hand, is more capable to reconstruct
the real velocity, including damping effects due to friction. It weights more the information
derived from measurements than the predictive estimate. This suggests that the asymptotic
observer is easier to tune to obtain realistic results. The cutoff frequency criterion more
directly guides the tuning and the observer’s ability to reconstruct the state.

The important thing that can be noticed is that the virtual gyroscope showed more
evident oscillations than the real gyroscope. Possible reasons are here listed:

• The virtual gyroscope model is linear and the effects of nonlinear friction may dampen
the vibrations a lot. The nonlinear friction acting on the output of the gearbox appears
to have strong damping capacity.

• There is also a problem of energization: if normal functioning signals are used, the
energy level is not such as to create persistent oscillations, and the friction present in
the transmissions is probably enough to dampen the signal.

The virtual gyroscope collects information from the machine when the dynamics is fast, it
is well energized and the non-linear friction that acts is unable to dampen the vibrations.

7.2. Closed-Loop Characteristics of the Observer in the Experimental Phase

The gain values using the nominal values of the dynamic parameters are the same as
those used in the simulation phase. Using the identified values of the dynamic parameters,
the gains are changed. Tables 8 and 9 show the pole frequencies values chosen in the
experimental phase for the Luenberger observer and the gain matrices of the Kalman filter
using the identified values for the dynamic parameters of the Racer 7-1.10.
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Table 8. Luenberger observer pole frequencies chosen for experimental tests with identified data.

Model Poles Frequencies

5-state ωn = 2π · [60, 80, 300] rad/s

4-state ωn = 2π · [400, 500] rad/s

6-state ωn = 2π · [200, 250, 300] rad/s

Table 9. Kalman filter gain values chosen for experimental tests with identified data.

Model Gain Matrix

5-state G =


0.1 1

Ntr2,2
0.1 0 0

1
Ntr2,2

0.1 1
Ntr2,2

0.1 0
0.1 1

Ntr2,2
0.1 1

Ntr2,2
0

0 0.1 1
Ntr2,2

0.1 0
0 0 0 0 100



6-state G =



1 0 0.1
Ntr2,2

0.01 0 0
0 100 0 0 0.01 0

0.1
Ntr2,2

0 1 0.1
Ntr2,2

0 0.01
0.01 0 0.1

Ntr2,2
1 0 0.1

Ntr2,2

0 0.01 0 0 1 0
0 0 0.01 0.1

Ntr2,2
0 1


The complex conjugate poles for the Luenberger observer are chosen as −ζωn ±

jωn
√

1 − ζ2. The simple real pole is chosen as −5ζωn. For all the poles a damping ζ = 0.9
is chosen.

As for the Luenberger observer, using the identified values of the robot parameters
allows to help the observer in estimating the state, and therefore it is possible to lower the
gain values because less correction action is needed.

In the experimental analysis, the covariance matrix Q of the 6-state Kalman filter
is changed with respect to the simulation: the uncertainty raises on what in the model
represents the interaction with the second axis (i.e., the state corresponding to link 3 velocity
in this case), because that is the most uncertain part. With higher gains there is a more
plausible reconstruction of the state that takes less into account the model’s oscillations.

7.3. Fit Percentages

Tables 10 and 11 show the fit percentages obtained with all types of observers com-
pared with the real gyroscope with a sampling time frequency of 400 Hz.

Table 10. Kalman filter results on real data (Xsens gyroscope—400 Hz).

N. States
Kalman Filter

Disturbance Observer Nominal Data Identified Data

6-state YES 97.9797 97.9565

5-state NO 97.5994 98.2280

7-state NO 97.9799 98.0004
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Table 11. Luenberger observer results on real data (Xsens gyroscope—400 Hz).

N. States
Luenberger Observer

Disturbance Observer Nominal Data Identified Data

6-state YES 97.9236 98.0433

5-state NO 97.6289 98.0528

4-state YES 97.8717 98.0949

Tables 12 and 13 show the fit percentages obtained with all types of observers com-
pared with the real gyroscope with the exciting trajectory.

Table 12. Kalman filter results on real data (Xsens gyroscope—exciting trajectory).

N. States
Kalman Filter

Disturbance Observer Nominal Data Identified Data

6-state YES 90.8822 93.5114

5-state NO 89.3559 92.7743

7-state NO 90.8286 93.9836

Table 13. Luenberger observer results on real data (Xsens gyroscope—exciting trajectory).

N. States
Luenberger Observer

Disturbance Observer Nominal Data Identified Data

6-state YES 91.3721 93.4999

5-state NO 89.6073 93.2436

4-state YES 90.1289 93.8911

Both in a normal signal context and with a more energized signal, all the tested
observers work well. The result of the 4-state Luenberger observer seems to suggest
maintaining a minimal description of the dynamics of axis 2 for the observer model. The
best Kalman filter is the 7-state one that has a simpler model, but interprets the interaction
with the outside world through a resonant low pass filter. In conclusion, if it is possible to
represent the uncertain part of reality (even in an approximate way), the observer tends to
function better. It is important to see that the results with identified data are always much
better than those with nominal data.

Remark 4. High fit percentage reported in Tables 10 and 11 can be related to the use of a typical
motion program for assessment that do not excite properly the robot dynamics. The reason is that the
robot’s position and speed control are designed to ensure indirect damping of structural vibrations.
There are transmission zeros in the closed-chain dynamic response that act as notch filters on the
signals passing through the system. The reported result means that, at least for monitoring and
diagnostic purposes of normal robot operations, the different solutions appear equally usable for
reconstructing the rotation speed of robotic arms.

8. Conclusions
In this paper, different kinds of observers have been designed to estimate the state

(link velocity) of a two-link non-rigid industrial manipulator, including the presence of
friction. In a particular simplified condition in which there is only one axis moving at a
time, the objective was to understand how faithfully the dynamics of the machine can be
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reconstructed using simple single axis models, trying to properly reconstruct the action of
non-linear frictions and defining a minimum order model.

The specific goal was to check if the complexity of the observer can be reduced, by
modeling each single axis (the second one in the analyzed case) considering only its own
dynamics (i.e., as if it were isolated) with the addition of a further term related to some
observable (not measurable) state.

This work has allowed also to understand that the friction at the transmission input,
acting on the motor axis, can be observed. Two strategies have been investigated to allow
the observer to take into account the presence of friction acting on the motor axis: the
compensation of Coulomb friction in feedforward and the addition of an input disturbance
observer, synthesized as a pole placement regulator. The friction at the transmission output
has an effect on the damping of the oscillations that the models obtained by linearization-
identification are unable to predict.

In a simulation environment, we managed to reproduce a good reconstruction of the
state both with the Kalman filter and with the asymptotic Luenberger observer. However,
it is an ideal and simplified scenario. As far as real data are concerned, the prediction made
with a linear model deduced from the identification does not allow to see the damping
action of friction, which instead it is shown by the real gyroscope. The Kalman filter for a
model that has a nominal part plus an additional one simulating the uncertainty, gives the
best reconstruction. Using a more accurate and better identified model, the quality of the
reconstruction is better than with a first approximation model, and therefore better results
can be obtained. Identification is very important in the observer’s project because the more
precise is the model, the more reliable the reconstruction is.

On the basis of the carried out investigation, we can conclude that, for a good recon-
struction of the state we must have:

• A good model, i.e., very close to reality, as it could be quite obviously expected.
• A way to compensate for the unknown part of the model (i.e., the part that is relevant

to the functioning of the real system that we cannot explicitly represent in the model)
• A reasonable calibration of the observer gains, with a very strong correction action,

because it allows to include those elements that the predictive model does not take
into account.

• A model of all the disturbance signals that act on the system: those ones that are not
represented or compensated lead to reconstruction errors. In particular, to have a very
good reconstruction of the state variables, we must reconstruct the action of friction.

It is worth to notice that the parameters used by the proposed observers are mechan-
ical parameters that are normally identified in industrial applications. Since we did not
introduce more performative and explicit nonlinear models of friction, the observer robust-
ness is not affected by thermal drift and wear acting on friction torques. The robot rigid
multi-body model computation represents the biggest burden in real time implementation,
but it is cheap for modern robotic industrial control architectures. The implementation
of independent joints LPV observers can then be considered feasible, thanks to effective
recursive computing solutions, which represent the state of art of industrial robotics since
many years.

Some analyses could be done for future applications:

1. The nature of the Linear Parameter Varying (LPV) system should be analyzed by
updating the matrices every 10 ms. Otherwise, an adaptive re-evaluation based on
the varying trend of the matrix could be applied.

2. A more complex friction model could be used.
3. Kalman filtering theory should be strengthen to understand how properly select

covariance matrices.
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4. The final test done with the real gyroscope could be improved through a fine calibra-
tion between the three axes of the sensor and the rotation axis of the link (in this case
it was done visually).
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Appendix A
This section provides the continuous time state space matrices for the observer models

described in Section 4. They are obtained combining the Equations (1)–(3) together with
the definitions of state, input and output.

Appendix A.1

For the 6-state model, the following (continuous time) state space matrices are obtained:

A =



−M(3,3)βlml(2,2)
det M

M(2,3)βlml(3,3)
det M

M(3,3)βml(2,2)
Ntr(2,2)·det M

−M(3,3)K(2,2)
det M

M(3,2)βlml(2,2)
det M

−M(2,2)βlml(3,3)
det M

−M(3,2)βml(2,2)
Ntr(2,2)·det M

M(3,2)K(2,2)
det M

βml(2,2)
Ntr(2,2)Jm(2,2) 0 βm(2,2)+βml(2,2)·Ntr(2,2)−2

Jm(2,2)
K(2,2)

Ntr(2,2)Jm(2,2)

1 0 0 0
0 1 0 0
0 0 1 0

M(2,3)K(3,3)
det M

M(3,3)K(2,2)
Ntr(2,2)·det M

−M(2,2)K(3,3)
det M

−M(3,2)K(2,2)
Ntr(2,2)·det M

0 −K(2,2)
Ntr(2,2)2 Jm(2,2)

0 0
0 0
0 0


(A1)

B =



0
0

Kt(2,2)
Jm(2,2)

0
0
0


, B1 =



− 1
M(2,2)

0
0
0
0
0


, C =

[
0 0 0 0 0 1

]
(A2)

where βlml(i, i) = βl(i, i) + βml(i, i) and det M = M(2, 2)M(3, 3)− M(2, 3)M(3, 2).

https://doi.org/10.3390/app16041743

https://doi.org/10.3390/app16041743


Appl. Sci. 2026, 16, 1743 33 of 36

Appendix A.2

For the 5-state model, the following (continuous time) state space matrices are obtained:

A =


−βl(2,2)−βml(2,2)

M(2,2)
βml(2,2)

Ntr(2,2)M(2,2)
−K(2,2)
M(2,2)

βml(2,2)
Ntr(2,2)Jm(2,2)

−βm(2,2)−βml(2,2)·Ntr(2,2)−2

Jm(2,2)
K(2,2)

Ntr(2,2)Jm(2,2)

1 0 0
0 1 0
0 0 0

K(2,2)
Ntr(2,2)M(2,2) − 1

M(2,2)
−K(2,2)

Ntr(2,2)2 Jm(2,2) 0

0 0
0 0
0 0

 (A3)

B =


0

Kt(2,2)
Jm(2,2)

0
0
0

, B1 =


− 1

M(2,2)

0
0
0
0

, C =
[
0 0 0 1 0

]
(A4)

Appendix A.3

For the 4-state model, the following (continuous time) state space matrices are obtained:

A =


−βl(2,2)−βml(2,2)

M(2,2)
βml(2,2)

Ntr(2,2)M(2,2)
−K(2,2)
M(2,2)

K(2,2)
Ntr(2,2)M(2,2)

βml(2,2)
Ntr(2,2)Jm(2,2)

−βm(2,2)−βml(2,2)·Ntr(2,2)−2

Jm(2,2)
K(2,2)

Ntr(2,2)Jm(2,2)
−K(2,2)

Ntr(2,2)2 Jm(2,2)

1 0 0 0
0 1 0 0

 (A5)

B =


0

Kt(2,2)
Jm(2,2)

0
0

, B1 =


− 1

M(2,2)

0
0
0

, C =
[
0 0 0 1

]
(A6)

Appendix A.4

For the 7-state model, the following (continuous time) state space matrices are obtained:

A =



−βl(2,2)−βml(2,2)
M(2,2)

βml(2,2)
Ntr(2,2)M(2,2)

−K(2,2)
M(2,2)

K(2,2)
Ntr(2,2)M(2,2)

βml(2,2)
Ntr(2,2)Jm(2,2)

−βm(2,2)−βml(2,2)·Ntr(2,2)−2

Jm(2,2)
K(2,2)

Ntr(2,2)Jm(2,2)
−K(2,2)

Ntr(2,2)2 Jm(2,2)

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

− 1
M(2,2) 0 0

0 0 0
0 0 0
0 0 0
0 1 0

−ω2
n −2ζωn ω2

n
0 0 0


(A7)
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B =



0
Kt(2,2)
Jm(2,2)

0
0
0
0
0


, B1 =



− 1
M(2,2)

0
0
0
0
0
0


, C =

[
0 0 0 1 0 0 0

]
(A8)

Appendix B
In this section, the formulation and solution of a linear regression problem are defined.
Given the measurements of n + 1 real variables y(t), u1(t), . . . , un(t) over a time

interval (e.g., for t = 1, 2, . . . , N), the goal is to find, if possible, the values of n real
parameters θ1, θ2, . . . , θn such that the following relationship holds:

y(t) = φ(t)Tθ (A9)

where θ =


θ1
...

θn

 ∈ Rn, φ(t) =


u1(t)

...
un(t)

 ∈ Rn.

In the actual problems, there exists always a nonzero error ε(t) = y(t)− φ(t)Tθ. By
defining J(θ) = ∑N

t=1 ε(t)2, the problem is solved by finding θ∗ = arg min
θ∈Rn

J(θ).

In order to find the minimum figure of merit J, we have to require that:

dJ(θ)
dθ

=
[

dJ(θ)
dθ1

· · · dJ(θ)
dθn

]
= 0 ⇔

dJ(θ)
dθi

=
d

dθi

[ N

∑
t=1

ε(t)2
]
=

N

∑
t=1

d
dθi

[
ε(t)2

]
=

N

∑
t=1

d
dθi

[(
y(t)− φ(t)Tθ

)2]
= −2

N

∑
t=1

(
y(t)− φ(t)Tθ

)
ui(t) = 0, i = 1, 2, . . . , n ⇔ (A10)

dJ(θ)
dθ

= −2
N

∑
t=1

(
y(t)− φ(t)Tθ

)
φ(t)T = 0 ⇔

N

∑
t=1

(
y(t)φ(t)T − φ(t)Tθφ(t)T

)
=

N

∑
t=1

y(t)φ(t)T −
N

∑
t=1

φ(t)Tθφ(t)T = 0 ⇔

N

∑
t=1

φ(t)Tθφ(t)T =
N

∑
t=1

y(t)φ(t)T ⇔

N

∑
t=1

[
φ(t)φ(t)T

]
θ =

N

∑
t=1

φ(t)y(t) (A11)

The relationship in (A11) is a system of n scalar equations involving n scalar un-
knowns θ1, θ2, . . . , θn that is called normal equation system. If the matrix ∑N

t=1 φ(t)φ(t)T

is nonsingular, then the normal equation system has a unique soltion given by the Least
Squares estimate:

θ̂ =

[
N

∑
t=1

φ(t)φ(t)T

]−1[ N

∑
t=1

φ(t)y(t)

]
(A12)

The obtained results may be rewritten in a compact matrix form by defining:
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• The regression matrix:

Φ =


φ(1)T

...
φ(N)T

 =


u1(1) · · · un(1)

...
...

u1(N) · · · nn(N)

 ∈ RN×n (A13)

• The regressor:

y =


y(1)

...
y(N)

 ∈ RN (A14)

The normal equation system becomes:

ΦTΦθ = ΦTy (A15)

and, if ΦTΦ is nonsingular, it has a unique solution given by the least squares estimate:

θ̂LS = [ΦTΦ]−1ΦTy (A16)
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