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Strongly interacting fermions represent the key constituent of several intri-
guing phases of matter. However, due to the inherent complexity of these
systems, important regimes are still inaccessible. Here, we derive a realistic
and flexible setup based on ultracold magnetic lanthanide atoms trapped in a
one-dimensional optical lattice. Leveraging their large magnetic moments, we
design a fermionic ¢t~/ model with independently tunable hopping, spin-spin
couplings, and onsite interaction. Through combined analytical and numerical
analysis, we uncover a variety of many-body quantum phases-including
superconducting and topological states. Crucially, in the regime of attractive
onsite interaction, we reveal that topology and superconductivity coexist, thus
giving rise to an exotic state of matter: a topological triplet superconductor.
We also outline a practical protocol to prepare and detect all discovered
phases using current experimental techniques. Our results establish an alter-
native and powerful route for a deeper understanding of strongly interacting

fermionic quantum matter.

The discovery of some of the most fascinating quantum phenomena,
such as magnetism'?, superconductivity>*, and topology*®, has put
strongly interacting fermionic systems at the forefront of research in
modern quantum physics. However, the intrinsic complexity of such
systems challenges a complete understanding of relevant many-body
regimes. In this regard, ultracold fermionic atoms in optical lattices’*
have emerged as a powerful means of unraveling the properties of a
wide variety of complex states of matter, ranging from Mott’, flavor-
selective Mott'’, magnetic"™”, and topological*" insulators to con-
ducting phases characterized by bad metallic transport'®, non-local
pairing”, finite Hall response'®, stripe formation'’, and pseudogap
behavior?®. Notably, the trait d’union of these spectacular achieve-
ments is the iconic Fermi-Hubbard model”, which, in the strongly
interacting regimes, is accurately described by the equally celebrated
t -/ Hamiltonian®. This paradigmatic model captures the dynamics of
fermions subject to a weak and isotropic magnetic coupling induced
by large onsite interactions. Crucially, the strongly repulsive regime, in

which double occupancy is energetically suppressed, constitutes the
only configuration available to alkali atoms for the realization of
t - J Hamiltonians'>*?*, Further theoretical”® and experimental®*?’
developments have enlarged the scope to t-/ models with large and
anisotropic spin-spin interactions. However, they also remain limited
to the regime characterized by strong onsite repulsion.

In this paper, we perform a substantial step beyond current
available models. In particular, we derive a t -/ model featuring strong
and anisotropic spin-spin interactions and where the formation of a
significant fraction of double occupancy is energetically permitted. As
we show, this configuration becomes accessible in ultracold systems of
magnetic lanthanide atoms, where advanced manipulation techniques
of the large spin manifold® can be integrated with the established
capability to independently tune onsite interactions®*°. Importantly,
our analytical and numerical analysis unveil that the ground state of
this novel Hamiltonian is characterized by some of the most intriguing,
yet experimentally unrealized, states of matter: one-dimensional
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superconductors, a topological liquid, and a topological super-
conductor, all within experimentally accessible regimes. Finally, we
derive rigorous state preparation and probing protocols that pave the
way for experimental realization and, more broadly, a deeper under-
standing of states of matter characterized by topological and/or
superconducting order.

Results

Model derivation

Our setup involves N fermionic magnetic atoms of either erbium or
dysprosium, trapped in an effectively one-dimensional optical lattice
of length d,L, where d, is the lattice spacing. As widely explored in
ultracold atom experiments, the one-dimensional regime can be
achieved either by using a three-dimensional lattice with large depths
along two directions to suppress tunneling, or by employing a quan-
tum gas microscope combined with established layer-cleaning
techniques®. In analogy with bosonic realizations®, this system can
be accurately described by the following effective Hamiltonian

H=—-t3 (CZmFCHl,mF +hc)
i,mp
@
v
+ 2 Z ni,ani.m;r
i, me#my

1 L
SV |FEF D)
i<j

where mg denotes the projection along the quantization axis of the
total angular momentum F, which reaches the notably large values of

Fgr = 19/2 for erbium and Fpy = 21/2 for dysprosium. The fermionic
operators CZ my (c;, m,) create (annihilate) an atom with spin projection
mpg at lattice site i, while ¢ and U represent the tunneling amplitude and
onsite interaction energy, respectively. We underline that higher-spin
t —/ models with preserved rotational symmetry can also be realized in
SU(N) systems™®. Unlike in standard Fermi-Hubbard implementations
with alkaline atoms*, U also includes a contribution from the magnetic
dipole-dipole interaction (DDI), thus offering a further control
parameter. This aspect, combined with standard techniques®**° allows
for the exploration of various regimes of onsite interaction. The spin
operators F and F;* capture long-range spin-spin couplings between
sites { and j, with interaction strength given by
Vij=v(- 3c0s26) /(i —j)°, where Vs a fixed amplitude determined
by the atomic species, and 6 is the angle between the dipole
polarization direction and the lattice axis, see Methods.

Notably, recent work has shown that the large tensorial polariz-
ability in magnetic lanthanides can be used to perform spin-selective
engineering of the quadratic light shift’®*. This allows to isolate and
restrict the system’s dynamics only to the my = + 1/2 states, while
putting out of resonance all the other states, as illustrated in Fig. 1a.
This reduction allows to rewrite Hamiltonian (1) as a generalized spin-1/
2 t-/ model

Hy = — tz Z (CZmFCHLmF +h.c)

T mp=21/2
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l
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Fig. 1| Illustration of the model. a The spin selection mechanism. The atoms are
pumped from the ground state my = - F to the target states via transfer through a
long lived clock-like state at Ag, = 1299 nm and Apy = 1001 nm for Er and Dy
respectively®. Due to hyperfine splitting, once initialized into (F, m; = +1/2| the
atoms form an isolated spin-1/2 system. b The model. The Hamiltonian we derive
and analyze in this work comprises three terms: the hopping term ¢, the onsite

1<J

interaction U and the spin-spin interaction/, . In our illustration, the states my=-1/2
and m = +1/2 are denoted by the colors blue and red, respectively. The accom-
panying illustration highlights these processes: the hopping term t is depicted by a
black arrow, the spin-spin interaction (/) is represented by the exchange of colors
(blue to red and vice versa), and the onsite interaction (U) is illustrated as acting on
pairs of atoms with different spin states on a single lattice site.
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Table 1| Calculated Hamiltonian parameters for erbium (Er)
and dysprosium (Dy) atoms in a one-dimensional optical lat-
tice with spacing d, = 266 nm

Atom sx(Er) © as(ao) t/h J,/t U/t Phase
(Hz)

Er 21 90° 0.3 8.8 +1.0 1.0 TL

Er 24 90 -0.3 5.2 +1.7 -1.5 TTS
Er 19 o -1.5 12.6 -1.4 -3.0 LSS
Er 24 o 0.5 5.2 -3.4 2.6 ESS
Dy 18 90 0.6 15.8 +1.1 1.0 TL

Dy 20 90° -0.6 10.9 +1.6 =l TTS
Dy 16 o -3.0 23.4 -1.6 -3.2 LSS
Dy 21 o 1.0 9.1 -3.9 3.0 ESS

Listed for each configuration are the lattice depth s, (in recoil energies Eg), the angle 6 of the
magnetic field relative to x, and scattering length a; (in Bohr radii ap); followed by the tunneling
amplitude t/h (in Hz), the spin-flip interaction strength J, /t, the onsite interaction U/t; and finally
the many-body phase associated with the parameters.

with the effective spin-1/2 operators defined as S7 = (n; 1, — 1; _12)/2,
S’ = cjl/zc _1j2» and §; —c _1/2€;,1/2, acting within the constramed
local Hilbert space of the prOJected total angular momentum, i.e.
10,0), 10,1/2), | —1/2,0), and | —1/2,1/2), see Fig. 1b. It is fair to
mention that for U > ¢, i.e., where the state | — 1/2,1/2) is prohibited,
Eq. (2) shares similarities with polar molecules setups®. Importantly, in
our derivation, the reduction of the spin space leads to a significant
enhancement of the spinflip processes J =1yV;; o with
y=F(F+1)+ }*, in comparison to the Ising magnetic term J,=1V, .
As a consequence, this results in a boost of /, by approximately two
orders of magnitude for both erbium (yg, = 100) and dysprosium
(vpy =121), thereby allowing us to neglect the much smaller /, term. For
a realistic lattice spacing d, = 266 nm*>**™*°, it is possible to accurately
derive the relevant Hamiltonian parameters-/,, U, and t-for both Er
and Dy by integrating over the lowest-band Wannier functions®, see
Methods. Table 1 presents these values for representative combina-
tions of model parameters, as will become clear in the following
sections.

Based on these considerations, two key features of H,_, are parti-
cularly important to highlight. First, unlike alkaline atoms, the strength
of the spin-spin interaction can be entirely decoupled from both the
tunneling amplitude ¢ and the onsite interaction U. Second, the con-
dition /, > J, implies that the effective SU(2) spin-rotational symmetry
is explicitly broken, thus phases of matter where such symmetry does
not hold can take place without violating the Mermin-Wagner
theorem*’. These characteristics stand in stark contrast to the con-
ventional derivation of the ¢-/ model, which is obtained in the strong-
coupling limit ¢ < |U] of the Fermi-Hubbard model®. In that case, the
magnetic interaction J is necessarily isotropic, preserving the SU(2)
symmetry, and its magnitude is constrained to/ < ¢ since it scales as £/
|U|. Notably, this is the precise scenario occurring in experimental
setups using alkaline atoms in optical lattices'*****. More experimental
flexibility has recently been achieved in dipolar lattice systems®?,
where the SU(2) symmetry is also explicitly broken, and the magnetic
interaction is decoupled from both ¢ and U. However, as mentioned,
these realizations are restricted to regimes with very large U/t, which
strongly suppress double occupancy. As a consequence, the local
Hilbert space is effectively constrained to |0, 0), |0,1/2) and | — 1/2, 0)
and regimes with intermediate interaction strengths are inaccessible. It
is also worth emphasizing that for magnetic lanthanide atoms, the
derivation of H,_; is completely independent of the average particle
density n=N/L. In contrast, alkaline-atom implementations require
that n7#1, while polar molecule experiments typically operate at much
lower densities. Taken together, these features underscore the

remarkable versatility of our proposed setup. In the following, we show
that this tunability is accompanied by a variety of interesting many-
body phases.

Topology and superconductivity in the low-energy regime

We are interested in the ground state properties of Eq. (2) in the
regime n<1 and vanishing total magnetization, §;,,=>",5; =0. (We
expect our results to remain stable in the sector of tota] magneti-
zation S, = +1. For higher/lower magnetization phase separated
regimes, should occur. Here the system presents a region of zero
total magnetization where the phase that we discuss persists, and
one or more fully polarized Luttinger liquid regions*?). A first insight
can be unveiled by employing the bosonization technique****. This
method, which is valid in the low energy regime of H,, i.e. when
U, J. < t, allows mapping (see Methods) the microscopic Hamilto-
nian in Eq. (2) onto a Sine-Gordon model Hg;="H, +H,, with
decoupled charge and spin sectors, where

Moo= o8 / XL (B 00 + K 0,0 )2
gC S

X

(©)

cos(v/8m ¢ ((x))].

The phase diagram of Eq. (3) is governed by the behavior of the dual
bosonic fields ¢ s and 6., obtained by replacing the creation/annihi-
lation operators in Eq. (2) with continuous fermionic fields and then
expressing these in terms of bosonic fields (see Methods). The labels ¢
and s refer to the charge and spin sectors, respectively. Upon a
renormalization group (RG) analysis44 the bosonic fields depend on
the interaction coupling g, = an o (U+2/)) and the Luttinger para-
meters K. s

_ 1 _
Kes=T 5 (U+2, cosmm), )

with corresponding excitation velocities v, s = v¢/K. s, where the Fermi
velocity v =2td, sin(mn/2) and d, is the lattice spacing. Specifically,
this RG analysis allows us to determine the relevance of the cosine term
in Eq. (3). This term becomes relevant when the corresponding field
¢.s is pinned to a constant value, and a finite gap in the ¢, s excitation
spectrum develops (see Methods). Importantly, in the regime n <1, the
charge sector remains gapless, as the cosine term in H,. is always
irrelevant-i.e., ¢, does not pin. Within this analysis, we also know that
@5 can pin to the specific values 0, +/m/8***, As a consequence, a
finite spin gap

s =limy L G [E(Stor =1) — E(Stor = 0)] ©)
develops, where E(SZ,,) denotes the ground-state energy at fixed total
magnetization. Physically, 4s corresponds to the energy cost of
flipping a single spin. The different pinning values of ¢ are associated
with gapped phases with different properties. In particular, when the
field is pinned at ¢ = 0, the system ordering is uniquely captured by
the long-range order (LRO) of the parity correlation function

050 = ("2, ©6)
which, in its bosonized form*®*%, is written as
O3(r) ~ (cos(v/21¢h(0) cos(v2hy())). @)

Importantly, phases of matter with such a feature are characterized by
the formation of local or nonlocal pairing of fermions with opposite
spin*®*%, On the contrary, upon bosonizing the string correlation
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Fig. 2 | Topology and superconductivity in a -/ model for magnetic atoms.

a Phase diagram of the t-/ model Hamiltonian H,, with total magnetization S, =0,
density n=1/2, and L = 240, as a function of /,/t and U/t. White and gray areas
correspond to gapless regimes with 44/t = 0, while the colored regions indicate a
finite spin gap, A4/t # 0, accompanied by long-range order in either the parity O}(r)
(blue) or string O3(r) (orange) correlation functions. Solid black lines indicate phase
transitions, while dashed lines denote crossovers. b—e Schematic representations
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of the topological and superconducting phases, highlighting their key character-
istics. The full phase diagram reveals seven distinct phases: Extended Singlet
Superconductor (ESS), Local Singlet Superconductor (LSS), Luther-Emery Liquid
(LEL), Luttinger Liquid (LL), Topological Liquid (TL), Luttinger Triplet Super-
conductor (LTS), and Topological Triplet Superconductor (TTS). For |J,| > ¢, |U]
(not shown), we find a regime of phase separation where empty and occupied sites
are totally demixed.

function

jer-1
Oé(r): <Sjgelmzl,=j+1 I~Sj+r>' 8)
it is possible to obtain the following expression*®*54°
O5(r) ~ (sin(v/21¢h(0)) sin(v/2hs(r)) - 9

Thus, it is straightforward to understand that when ¢, = + /m/8 the
latter acquires LRO. In analogy with the celebrated Haldane phase®®,
the LRO of this string correlation function signals the onset of
interaction-induced  symmetry-protected  topological  (SPT)
regimes® . Furthermore, in the SPT regime, a fractional spin
accumulates at the edge of the system. This can be seen by integrating
the smooth component of the spin operator, given by Sj ~ g—;,ax¢s(x),

at the edge of the system™. The calculation gives
Stage=limy .o A= j:“ix dxd,¢,(x)= + 1, where we take the limitdy,> 0

to find the accumulated spin at the edge x.. This implies that the SPT
phases are characterized by the LRO of the string correlation function
as well as the appearance of protected edge modes. The latter also
admits a direct quasiparticle interpretation. Specifically, the pinning of
the bosonic field implies a gapped bulk, while the boundary enforces a
solitonic interpolation between symmetry-related minima. This
domain wall behaves as an emergent edge quasiparticle carrying a
fractional spin quantum number, in close analogy with fractionalized
excitations discussed in topological soliton theories of one-
dimensional systems®*’,

In addition to the behavior of the correlation functions in Egs. (6)
and (8), further important information can be derived from the Lut-
tinger parameters K_ ;. Here, the condition K. > 1 represents indeed a
strict criterion® indicating the appearance of a one-dimensional
superconducting phase. Based on this discussion, our analysis of the
Hamiltonian in Eq. (3) shows that for repulsive interactions U > 0, and

J1 < - U, the field ¢, pins at 0, thus implying the appearance of fer-
mionic pairing captured by the LRO of Op(r). It has been shown that for
open boundary conditions, this regime presents zero energy solutions
that reflect the presence of edge bound states™. A similar behavior also
takes place when the conditions/, <— U/2 and U< 0 are simultaneously
fulfilled. This regime turns out to be particularly interesting, as the
corresponding values of /, and U further imply that the Luttinger
parameter satisfies K. > 1. As a consequence, we expect one-
dimensional superconductivity to occur. In contrast, when U > 0 and
J1 > 0, the bosonization analysis reveals that ¢ = £ , /Z, indicating the
emergence of an SPT phase. Interestingly, the conditions U < 0 and
J1 > — U/2 also support the emergence of a regime characterized by
topological order. Crucially, for this range of parameters, we also find
that K. > 1. As a result, our low-energy analysis suggests the appearance
of an important scenario: the coexistence of topological order and
superconductivity. Finally, for all other combinations of U and /, we
find that ¢ is unpinned, and thus a gapless Luttinger liquid char-
acterizes the ground state of Eq. (3).

Strongly interacting topological and superconducting phases
The preceding analysis reveals that the perturbative low-energy
regime of Eq. (2) hosts a variety of intriguing many-body phases. In
this section, we go beyond these findings by employing a Density-
Matrix-Renormalization-Group (DMRG)***° analysis. As shown in
Fig. 2a, this numerical approach enables us to accurately explore the
full phase diagram of H,_;, overcoming the limitations of bosonization
and revealing the structure of the ground state across a broader range
of parameters, including strongly interacting non-perturbative
regimes.

We begin our analysis by fixing a repulsive onsite interaction and
gradually decreasing /, from zero to negative values. Along this tra-
jectory, Fig. 3a shows that for J,/t large enough, the spin gap A
becomes slowly finite, signaling a Kosterlitz-Thouless transition from a
gapless Luttinger liquid (LL) to a gapped regime. As revealed in Fig. 3b,
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Fig. 3 | Characterization of the Extended Singlet Superconductor (ESS) phase.
a Opening of the spin gap A/t for a negative spin-flip coupling /, induced by an
attractive dipolar interaction. b Asymptotic value of the parity and string correlator
0;(r) (blue squares), O3(r) (red circles). ¢ The Luttinger parameter K. The inset
shows K, plotted as a function of the inverse length L™, for three values of /, /¢ near
the ESS to LEL transition (diamonds for /,/t = — 2.0, circles for J,/t = - 2.2, and
squares for /,/t = — 2.4). The length L in the inset represents the chain length after
excluding 78 boundary sites (39 from each side) to minimize edge effects.

d Asymptotic value of the spin density wave (SDW), charge density wave (CDW) and
extended singlet superconductor (ESS) correlation functions (see main text). In
order to minimize boundary effects, the quantities in (b-d) are calculated over the
central r = 162 sites. In all panels, we set U/t = 1.0, density n=1/2 and the chain
length L = 240.

the onset of a finite A is accompanied by the emergence of LRO of
the parity correlation function Op(r). To further characterize this
range of parameters, we compute the charge structure factor
S(@)=132;,€9((nny) — (ny)(my)), where n; = ngy, + 1y From its
low-momentum behavior, we extract the Luttinger parameter using
the relation*

.. T
K= lim ©5(0). (10)

As shown in Fig. 3c, decreasing /, further drives the system into a
regime where K. > 1, indicating the possible emergence of dominant
superconducting correlations. We reinforce this by performing a finite-
size scaling analysis of the Luttinger parameter K. around the
transition point. This extrapolation to the thermodynamic limit
(TDL) not only corroborates the transition to a superconducting

phase, but also shows that the finite-size results at length L = 240
closely approximate the TDL. As this prediction is only completely
reliable in the low-energy limit, we now explicitly examine the decay of
relevant correlation functions. In particular, in one-dimensional
systems, the leading order of a quantum phase is determined by the
correlation function that decays most slowly-or equivalently, main-
tains the largest value at long distances, see Methods. As shown in
Fig. 3d, in the regime where 4, = 0, the spin ordering is dominant. This
behavior is indeed unveiled by the largest asymptotic value of the spin
density wave (SDW) correlator

Copw(r) =41(S7 S5,y — (ST (St ). 1)
For intermediate negative values of / /¢t giving rise to a finite spin gap,
the dominant ordering becomes the charge one. This is evidenced by
the charge density wave (CDW) correlation function,

Coow(N) =1 ) — () (g, (12)
which exhibits the highest value at large r. Such a behavior allows us to
identify this regime as a Luther-Emery Liquid (LEL)®, characterized by a
finite spin gap and dominant CDW correlations. Notably, by further
decreasing/, /t Fig. 3d indicates that the charge ordering is replaced by
an emergent extended singlet superconductor (ESS) phase captured
by the slow decay of

Cess(r) = 1(Ofss ()Ogss i+ )1 (13)
with Ofe()=(1/~2)(C] | 5¢le1 12 = €} 12614112~ Interestingly, the
specific structure of Cgss(r) reveals that, in the ESS phase, the singlets
are formed by bound pairs occupying two adjacent sites whose
effective large tunneling amplitude gives rise to an interesting example
of one-dimensional superconductivity, see Fig. 2b. Importantly, as
indicated in Fig. 2a, the ESS phase spans a wide range of U/t values,
including both repulsive and attractive interactions. This broad
stability range points to a high degree of experimental flexibility in
realizing this superconducting phase.

We now turn our attention to the case where both U/t and /, /t are
positive. As shown in Fig. 4a, the system remains in a gapless Luttinger
liquid (LL) phase for weak spin-flip interactions, as indicated by the
vanishing spin gap, 4; = 0. However, for larger values of /,/¢t, a phase
transition occurs, marked by the emergence of a finite spin gap. In
contrast to the previously discussed case, we find that the parity cor-
relator Op(r) vanishes in this regime, while the string correlator O%(r)
exhibits LRO, see Fig. 4b. As discussed earlier, this behavior is a key
signature of the emergence of symmetry-protected topological order.
A well-known distinctive feature of topological phases is the appear-
ance of edge states, which in a spin-gapped system manifest as finite
edge magnetization (§5) = — (S7)#0***°. This prediction is clearly con-
firmed by the results shown in Fig. 4c. As a final hallmark of the
appearance of topological order, we consider the entanglement
spectrum (ES) whose even degeneracy provides a rigorous diagnostic
of the SPT nature of a quantum phase®* **, Specifically, we compute the
reduced density matrixp, =3, ~ANpN where A =L1/2 is our considered
system bi-partition and pY describes a pure state with N particles with
the corresponding eigenvalues /lﬁ being the ES. In Fig 4d we show that
even ES degeneracy signaled by a vanishing £=AY — A +2) — A}
occurs exclusively in the region where the string order parameter O3(r)
has LRO and the edge magnetization is finite. This unambiguously
confirms the presence of an interaction-induced topological phase.
Our DMRG analysis further shows that increasing /, /t beyond a critical
value destabilizes the SPT phase: both the spin gap 44/t and edge
magnetization vanish, and the entanglement spectrum no longer
exhibits even degeneracy, with £ # 0. To gain more precise insight into
the nature of these different regimes, we once again turn to the

Nature Communications | (2026)17:5328



Article

https://doi.org/10.1038/s41467-026-71248-8

~ 0.05

0.4

w (0.2

—A— Cgss(r) —m— Cspw(r) ]
—0— Cepw(r) —4— Crs(r)

0 0.5 1 1.5
JoJt

=
1

Fig. 4 | Emergence of the topological liquid. a Opening of the spin gap 4/t for a
positive spin-flip coupling /, induced by a repulsive dipolar interaction.

b Asymptotic values of the parity and string correlators Op(r) (blue squares), O(r)
(red circles). ¢ Edge magnetization | (S} )|. d Measure of the entanglement spectrum
degeneracy &, where & = 0 implies topological order (see main text). e Asymptotic
value of the spin density wave (SDW), charge density wave (CDW), extended singlet
superconducting (ESS) and triplet-superconducting (TS) correlation functions. In
all panels we set U/t = 1.0, density n=1/2 and chain length L = 240. In order to
minimize boundary effects, the correlation functions in (b) and (e) are calculated
over the central r = 162 sites.

behavior of correlation functions. As shown in Fig. 4e, both in the
gapless Luttinger liquid (LL) and in the SPT phase, the SDW correlator
Cspw(r) captures the dominant spin ordering. This observation allows
us to classify the SPT regime as a topological liquid (TL), protected by
particle-hole and time reversal symmetries®™. An illustration of this
regime is provided in Fig. 2d. It is important to emphasize that our
system offers a concrete platform for realizing such an unconventional
topological regime-markedly distinct from the interacting SPT insu-
lators that have been experimentally observed in ultracold atomic
systems'*'>¢¢_ Special attention must also be given to the regime that
emerges for large positive values of /,/t. In this case, the spin gap
remains closed (45 = 0), and consequently, both the string and parity
correlators, O%(r) and Op(r), vanish. Nonetheless, as shown in Fig. 4e,
the correlation function that decays most slowly-hence dominating

the long-distance behavior-is the triplet superconducting correlator,

Crs(r) = {0} (D015 i+ 1)), (14)

where the triplet pairing operator is defined as
Ols())=35(€] 12C111, 12+ €] _12C1+1,1/2)- This regime thus constitutes
a compelling example of a gapless Luttinger triplet superconductor
(LTS), a phase previously studied in other variants of the t-/ model>*’.
Notably, as shown in Fig. 2a, the LTS phase occupies a substantial
portion of the phase diagram. This highlights once more the potential
of our proposed setup for exploring unconventional superconducting
states of matter in ultracold atomic systems.

The versatility of our model allows us to explore even more
intriguing states of matter by accessing the regime of positive /,/t in
combination with attractive onsite interactions. In particular, by
varying U/t < 0, Fig. 5areveals a phase transition, marked by the closing
of the spin gap at a specific value of the onsite interaction. As shown in
Fig. 5b, for strongly attractive U/t, the finite spin gap is associated with
the LRO of the parity correlator Op(r). In contrast, as the onsite
interaction becomes less negative, the string correlator O(r) acquires
LRO, signaling a qualitative change in the underlying phase. In this
latter regime, the emergence of SPT order is confirmed by two key
features: the appearance of finite edge magnetization, (S7) = — (57)#0,
shown in Fig. 5c, and the even degeneracy of the entanglement spec-
trum, £= 0, shown in Fig. 5d. Additional insight into the U/t < O regime
is provided by the behavior of the correlation function

Ciss(N = (0] ss(DOss(i+ 1)), 1s)
with O[s(D=c] | ,c] _ ,. As shown in Fig. Se, this correlator becomes
dominant in the regime where O3(r) has LRO, namely for strongly
attractive interactions. In this phase, singlet pairs are formed by
fermions occupying the same lattice site, a feature made possible
by the large attractive U/t, and characteristic of a local singlet
superconductor (LSS). Importantly, this mechanism of onsite
pairing-enabled by the combination of positive /,/t and negative
U/t-is a unique feature of the t-/ model introduced in Eq. (2).
The relevance of our results becomes even more striking upon
examining the SPT phase found at U/t < 0. As indicated in Fig. 5e, the
string order coexists with dominant triplet superconducting correla-
tions, Cys(r), which exhibit the slowest decay. This coexistence
unambiguously points to the realization of a topological triplet
superconductor (TTS), a phase where superconductivity and topology
are intertwined. While similar phases have been predicted in models
with competing magnetic couplings***°, here we uncover a novel
mechanism: the emergence of TTS driven by strong spin-flip
interactions combined with a small, but finite, density of doubly
occupied sites. Finally, Fig. 6 demonstrates that the TTS phase remains
robust across a wide range of U/t and particle densities 77, providing
significant flexibility for experimental realizations. We conclude this
section by emphasizing a key point: as shown in Fig. 2a, the topological
phases-TL and TTS-are absent when U/t > <. This observation
underscores once more the crucial role played by tunable onsite
interactions, which, in our setup, can be varied independently of the
anisotropic spin-spin coupling strength.

State preparation and detection scheme

Based on the previous analysis, it is clear how H,_; can be realized and
how such a versatile Hamiltonian can pave the way toward a deeper
understanding of some of the most fascinating quantum phenomena
in many-body states of matter-namely, topology, superconductivity,
and topological superconductivity. However, two additional aspects,
crucial for achieving these goals, must be carefully considered. The
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Fig. 5 | Phase transition from local singlet to topological triplet super-
conductor phases. a Spin gap A/t for attractive onsite interactions. b Asymptotic
value of the parity and string correlator O;(r) (blue squares), O3(r) (red circles).

¢ Edge magnetization |(S7)|. d Measure of the entanglement spectrum degeneracy
& where § = 0 implies topological order (see main text). e Asymptotic value of the
extended singlet superconducting (ESS), local singlet superconducting (LSS), and
triplet-superconducting (TS) correlation functions. The parameters are fixed to/,/
t =1.25, density n=1/2, and chain length L = 240. In order to minimize boundary
effects, the correlation functions in (b) and (e) are calculated over the central

r =162 sites.

first is how to prepare these exotic phases; the second is how to
observe them.

To achieve the first objective, we propose to use spin-polarized
fermions in their lowest hyperfine state |[F, — F) confined to a single
(x, y) layer of an anisotropic three-dimensional optical lattice. Within
this layer, the unit cell is rectangular, characterized by lattice spacings
dy and d,, where dx < d,. To constrain the system to one-dimensional
dynamics along the x-axis, the lattice depth in the y-direction is
increased until tunneling along this axis becomes negligible. In prac-
tice, we intend to have d, > 2d, in order to suppress the magnetic
interactions between different rows. Using an adiabatic loading of the
atoms into the lattice, we expect to reach a low-entropy one-dimen-
sional band insulator along x. The system size L can be set by pro-
jecting hard walls onto the 1D systems via blue-detuned light sheets®’.
For erbium and dysprosium, a blue-detuned repulsive potential can be
reached using laser light in the UV region <400 nm. While engineering

02 03 04 05 06 07 08 009

n
Fig. 6 | Persistence of topological phases across densities. Phase diagram of Eq.
(2) at fixed /, /t =1.25 as a function of U/t and particle density 7, for a chain of length

L =240. Colors and phase labels match those in Fig. 2a. Solid black lines indicate
phase transitions, while dashed lines denote crossovers.

the desired density and spin population, we plan to freeze the atom
dynamics also along x by increasing the corresponding lattice depth.
The target density of n ~ 0.5 can be achieved by selectively removing
atoms every second lattice site with a resonant light pulse®. For this,
we will implement local addressing, realized using local AC-Stark shifts
induced by either a superlattice?, light-patterns formed by a spatial
light modulator®’, or a movable, tightly focused laser beam®®. For spin
manipulation, we will use a protocol recently demonstrated, which
employs a sequence of Rabi-pulse pairs coupling the ground state to
an excited clock-type transition at 1299 nm, see Fig. 1la. With this
scheme, we will prepare |F, +1/2) with resolved spin population. At
this stage, the on-site interaction U and the spin-spin coupling/, can be
set to their desired values by tuning the magnetic field magnitude and
orientation®*®, Finally, tunneling dynamics will be restored by adia-
batically lowering the lattice depth along x, allowing the system to
relax close to the ground states described above.

For our second goal, namely the detection of the various pre-
dicted phases, we plan to utilize well-established techniques from
quantum gas microscopy®. Single-site imaging in our system with a
lattice spacing of d, = 266 nm along the main axis will be accomplished
by using a high numerical-aperture objective® capable of resolving the
lattice structure. Possible enhancements of detection fidelity can be
reached by employing deep learning methods for the image
analysis’®”" or magpnification techniques*®’>. The spin at each lattice
site can then be resolved via a shelving technique that uses the long-
lived excited electronic state accessed through the clock-like transi-
tion. Specifically, by first pumping the |F, +1/2) atoms into the excited
state, the remaining |F, — 1/2) atoms can be detected using ultrafast
imaging®®”>. Afterwards, the excited-state atoms are pumped back into
the |[F, —1/2) ground state, and a second image is taken. This allows
for the reconstruction of both spin and density at each lattice site in a
single experimental run. With this scheme, accurate measurements of
the local density n; and local magnetization S; become possible. This is
of crucial importance: measurements of n; is used to extract quantities
such as K., providing access to superconducting phases, while local
magnetization measurements allow one to detect edge states (e.g., §7
and S7) and evaluate the string correlation function’™. In addition, the
use of a superlattice in combination with global addressing techniques
allows for the measurement of pairing correlators’’¢, thereby
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revealing the emergence of topological superconducting phases. Note
that there might also be ways to directly measure the spin gap’” or the
entanglement spectrum’®,

Discussion

We have presented a theoretical protocol tailored to a realistic experi-
mental platform, opening a new avenue for the exploration of super-
conducting, topological, and topological superconducting phases.
Specifically, leveraging the properties of the magnetic lanthanides
erbium and dysprosium, we have derived a new version of the t-/
Hamiltonian. This model is characterized by an unprecedented level of
versatility, with independently controllable hopping, onsite interaction,
and magnetic couplings. This feature allows overcoming most of the
limitations characteristic of t-/ Hamiltonians implemented with alkaline
atoms'”??* and their recently realized analogs with dipolar systems®~.
In particular, our scheme gives access to regimes in which the formation
of double occupancies is allowed, and strong anisotropic spin-spin
interactions explicitly break the spin-rotational symmetry.

Our theoretical analysis demonstrated that the aforementioned
key aspects enable the emergence of many fascinating many-body
phases. Using both analytical and numerical methods, we have indeed
shown that the ground state of our derived model can host, among
others, different superconducting states, a topological liquid, and a
topological superconductor. In this regard, it is important to underline
some crucial points: (1) The search for superconductivity in usual 2D
Fermi-Hubbard models demands temperatures’®*° which are currently
out of reach for ultracold atomic quantum systems. On the other hand,
our setup just needs temperatures below the spin gap, i.e. of the order
of T/t < 0.2, which are instead well within reach of the current
experimental platforms using advanced entropy control schemes, with
latest results achieving 7/t = 0.05%; (2) Our results unveiled a scheme
to realize and probe symmetry-protected-topological phases where
the particle motion is allowed, thus providing a concrete scheme to go
beyond the many-body interaction induced symmetry-protected-
topological insulators, experimentally investigated in ultracold
atomic systems'*">>%¢; (3) Compared to the paradigmatic example of
one-dimensional topological superconductivity appearing in the
celebrated Kitaev chain®, the topological-triplet-superconductor pre-
sents significative aspects of novelty. The most spectacular one is
certainly the fact that such a phase is completely induced by the pre-
sence of competing interacting processes, i.e., U and /, . Furthermore,
here we do not have any evidence that the edge states are Majorana
fermions. Importantly, we also point out that in topological-triplet-
superconductivity the number of particles is strictly conserved, thus,
in principle, making its experimental realization less challenging. It is
also worth stressing that we derived a realistic state preparation and
detection protocol to realize and probe all the many-body phases we
unveiled. We also highlight the fact that our scheme turns out to be
very general, as it directly applies without substantial differences to
both Er and Dy magnetic atoms. As a consequence, our results repre-
sent a concrete and important step toward a deeper understanding of
the intriguing states of matter emerging in strongly interacting fer-
mionic quantum matter.

Methods

Details on the calculations of the Hamiltonian parameters

For the experimental values of U, J, and t reported in Table 1,
we first numerically calculate the 3D Wannier functions of the
lowest band for a given cubic lattice ¢(r) = @)@ ()P (z) with
(dy, d,, d,) = (266, 532, 532) nm and then evaluate the following terms
numerically (i and j denote lattice sites along x)

u= 20 [ e, a7
m
and
Vi= [ QeI OR YV ao(r, g0, as)
where
-y Holp8F 1 — 3c0s%0
Vq(r,r)= - 19
ada(r, 1) it r_rp 19)
ug is  Bohr's. magneton, _& s the Landé-factor and

cos20=(r — r'|B) /(\r—r/||§|). B is an external magnetic field that
polarizes the dipoles. In this work, we consider spin-spin couplings
that decay as the inverse cube of the distance. The coupling strength is
given by

1 4

=2 , 20
Ju VP (20)

where V = V;;,; represents the nearest-neighbor interaction strength
calculated through the integral of Eq. (18), and y is a prefactor
determined by the quantum numbers of the system. Specifically, y is
given by

y=VFED) = me(m; — 1\ /FF+1) — mp(m, +1) (21
with F being the total angular momentum quantum number (F = Fg, for
erbium or F = Fp, for dysprosium), and my = + 1/2 and mj= —1/2
representing the magnetic sublevels. While this expression assumes a 1/
li —JjP® scaling, the three-dimensional nature of the Wannier functions
introduces slight deviations from this ideal behavior. To assess the
accuracy of our approximation, we compute the interaction strength V;;
for up to three neighboring sites (|i —j|.x =3). By comparing the
approximate /, with the exact calculation, we find that the relative error
remains below 4% for the Dy parameters listed in Table 1. This small error
confirms the validity of the approximation and its applicability to the
system we study. Note that Er and Dy have the same scaling with
distance, and thus we expect our approximation to hold also for Er.
The on-site contact interaction U and tunneling ¢ are evaluated via
numerical integration on a grid with 1001 x 1001 x 1001 points per unit
cell of the lattice. We additionally checked that the on-site contribution
of the DDI is negligible for typical parameters. The numerical inte-
gration of Vis done on a grid with 16 x 33 x 33 points per unit cell of the
lattice. The singularity in V44 is simply omitted, leading to a slight
underestimation of the integral on the few percent level.

Bosonization analysis

In this section, we provide additional details on the bosonization
analysis, and for further technical aspects, we refer the reader to the
following references****®, The general aim of this analysis is to derive
an effective quantum field theory from a given Hamiltonian and use
that to study its ground state properties in the weak coupling limit. The
first step is to rewrite the microscopic Hamiltonian in its continuum
limit. For that, we consider the low-energy regimes which are achieved
for energies near the Fermi-points * k. This allows us to linearize the
spectrum around these points and replace the annihilation operator
with fermionic fields as

. n’v?
= — 3 . —_——_— o . .
= [ r¢’(r)< m " Vm,p(r)) o e G = /A€ Wpo(0) + W, ()], (22)
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where Wr,(x)/¥,4(x) describe right- and left-moving particles and
x = jd, (d, being the lattice spacing). We also substitute sums with
integrals with the following prescription: d,Y; > [dx. In the second step,
we bosonize the newly derived Hamiltonian according to the standard
bosonization-dictionary for fermionic bilinears. By following this
procedure, we map the microscopic Hamiltonian in Eq. (2) to the
Sine-Gordon (SG) model in Eq. (3)***. This mapping allows us to
understand the ground-state phase diagram of the original model in
Eq. (2) by studying the low-energy properties of the newly derived SG
model. This latter is described by the following set of renormalization
group equations for the effective couplings K(/) and gs(!)

dk(y 1,
a - 250 *
90 - 20— K010 @4)

where [=1In(d,). Using the flow diagram of this set of equations, we find
that, whereas the quadratic terms in Eq. (3) favor unpinned bosonic
fields ¢ s and 6. ;, the massive term = gswants the fields to be locked at
the extrema of the cosine. Furthermore, we find that for |g| > — 2(1 - K})
the system flows towards the strong coupling limit, which entails that
the theory becomes massive, thus characterized by a finite spin gap,
and that the term o g; becomes dominant with ¢4(x) pinned to the
possible values 0, +,/Z. The pinning to one or the other possible
values is given by the sign of the mass term g. If g; > O the field pins to
¢,(x)=+/m/8, whereas if g; < O the pinning is ¢ = 0. By inserting the
definitions of K. s and g, in the following conditions, we are able to find
the regions of the parameter space in which the spin gap is open and
the corresponding pinning value of the field ¢;. This in turn allows us to
associate a parity and string order parameter*

PS ~ (cos(v/2m,)) (25)
§* ~ (sin(v/2mg,)) . (26)

respectively. By directly inserting the pinning values of ¢, it is clear

that ¢; = 0 is uniquely associated with a finite parity order parameter P
and, consequently, long-range order of Cj(r). On the other hand, if
¢, = +/m/8 the string order parameter §* is finite and therefore C3(r)
displays long-range order. Finally, the regions in which K. > 1, are
proven to have dominant superconducting correlations*. Thus, we
use this condition to determine whether a specific region of the
parameter space is characterized by superconducting order.

We can further characterize the Bosonization phase diagram by
determining the dominant correlation function for each sector. To this
end we compute the relevant correlators (O'(x = 0)O(x = r)), with the
order parameters given by

Olpy ~ COS(V2IP(x) + 2k x) sin(v/ 21 (x)), (27)
OLpw ~ SIN(V2m@(x) — 2kpx) cos(v2mey), (28)
Olss ~ Olgs ~ cos(v2mp(x))e! V2m.() + 29)
SiN(v2I @, + 2k px)ev 20,
f o~ s iv/210,(x)
Ol ~ sin(v2mg(x))e’ + 30)

Sin(v/2mg, + 2k px)el~ 20

Similarly, as for the parity (7) and string (8) correlation functions,
depending on the pinning of the field ¢s we can identify power-law
decays for different correlators. In particular, in the two sectors with ¢
pinned to +./m/8, we find a power-law decay for the spin density wave
correlator CSDW=<0§DW(0)OSDW(r)) ~ r~Xe cos(mrir) and the triplet-
superconducting correlator Cyg= (O}'S(O)OTS(r)) ~ r~VK: This means
that the sector with K, <1 is characterized by dominant spin density
wave order, whereas the sector K. > 1 by triplet-superconducting
instabilities. On the other hand, when ¢; is pinned to O, the charge
density wave, as well as local singlet superconducting and extended
singlet superconducting correlators, show a power-law decay. Thus,
we identify dominant charge density wave order for K. < 1 and
singlet superconducting instabilities for K, > 1. Finally, in the gapless
regime, we observe a power-law decay for the spin- and charge
density wave correlators. More specifically, the calculation gives

Cspw =Cpw ~ rKsKe, with K, =1+ 51 /=4] [, +U). Since in this
regime J, > - Uand U > 0, we find K, >1.

Details on the DMRG analysis

For the DMRG simulations, we use the TeNPy package®® and open
boundary conditions with bond dimension up to y = 800. This ensures
a maximal error in the ground state energy of the system of
AEe, = 107°. We perform the simulation for chains of length L = 240
and check that this size allows us to correctly approximate the ther-
modynamic limit. When necessary, we apply a weak local magnetic
field to the edges of the chain to lift possible ground-state degeneracy.
We consider the long-range spin-spin interaction up to the third
nearest-neighbor.

Decay of correlation functions

In Figs. 3-5, we have characterized different phases by reporting the
asymptotic value of the relevant correlation functions. In the follow-
ing, we show the decay of the correlation functions for each of the
phases appearing in the phase diagram of Fig. 2a.

Figure 7 shows the correlation functions in (a) the Luther-Emery
Liquid (LEL) and (b) the Extended Singlet Superconductor (ESS) phases
for/,/t=-1.2and/,/t=-3.4, respectively. We fix the onsite interaction
U/t =1.0 and density n=1/2. We see that the dominant correlators are
the charge density wave Ccpw(r), and the extended singlet super-
conductor Cgss(r), respectively. In Fig. 8 we show the decay of the

[ ¢ Ors(r) & Ciss(r) * Ciss(r) o Copw(r) s Cspw(r)]

Fig. 7| Correlators for the phases in Fig. 3. a LEL phase where/,/t=-1.2 and bESS
phase where /,/t = - 3.4.In (a, b), we fix U/t = 1.0, chain length L = 240, and density
n=1/2.In order to minimize boundary effects, the correlation functions in (a) and
(b) are calculated over the central r =162 sites. For better visualization of the decay
of the correlation functions, we plot every eighth value.
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local singlet superconducting correlations, whereas in the latter, tri-
plet superconducting correlations.

Data availability
Data pertaining to this work are available via Zenodo https://doi.org/
10.5281/zenodo.18854391.

Code availability
The DMRG simulations are performed using the publicly available
TenPy package®.

References

1. Auerbach, A. Interacting Electrons and Quantum Magnetism.
Springer-Verlag, (1994).

2. Sachdev, S. Quantum magnetism and criticality. Nat. Phys. 4,
173 (2008).

3. Dagotto, E. Correlated electrons in high-temperature super-
conductors. Rev. Mod. Phys. 66, 763 (1994).

4. Lee, P. A, Nagaosa, N. & Wen, X.-G. Doping a Mott insulator: Physics
of high-temperature superconductivity. Rev. Mod. Phys. 78,

17 (2006).
5. Leijnse, M. & Flensberg, K. Introduction to topological super-

r conductivity and Majorana fermions. Semicond. Sci. Technol. 27,
Fig. 8| Correlators for the phases in Fig. 4. a LL phase where /, /t=0.2, b TL phase 124003 (2012).
where J,/t = 0.8 and ¢ LTS phase where /,/t = 1.6. In (a—c) we fix U/t = 1.0, chain 6. Sato, M. & Fujimoto, S. Majorana fermions and topology in super-
length L = 240, and density i=1/2. In order to minimize boundary effects, the conductors. J. Phys. Soc. Jpn. 85, 072001 (2016).
correlation functions in (a—c) are calculated over the central r=162 sites. For better 7. Lewenstein, M., Sanpera, A. & Ahufinger, V. Ultracold Atoms in
visualization of the decay of the correlation functions, we plot every eighth value. Optical Lattices: Simulating quantum many-body systems https://

books.google.it/books?id=WX4Xz7F6DdUC OUP Oxford, (2012).
8. Gross, C. & Bloch, I. Quantum simulations with ultracold atoms in
optical lattices. Science 357, 995 (2017).
| ¢ Crs(r) 4 Crgs(r) * Cuss(r) o Copw(r) = Cspw(r) | 9. Jordens, R., Strohmaier, N., Glinter, K., Moritz, H. & Esslinger, T. A

T T a Mott insulator of fermionic atoms in an optical lattice. Nature 455,

- 204 (2008).
W; 10. Tusi, D. et al. Flavour-selective localization in interacting lattice

000 fermions. Nat. Phys. 18, 1201 (2022).

1. Mazurenko, A. et al. A cold-atomFermi-Hubbard antiferromagnet.
Nature 545, 462 (2017).

12.  Shao, H.-J. et al. Observation of the antiferromagnetic phase
transition in the fermionicHubbard model https://arxiv.org/abs/
2402.14605 arXiv:2402.14605 [cond-mat.quant-gas] (2024).

13. Lebrat, M. et al. Ferrimagnetism of ultracold fermions in a multi-
bandHubbard system https://arxiv.org/abs/2404.17555
arXiv:2404.17555 [cond-mat.quant-gas] (2024).

14. Sompet, P. et al. Realizing the symmetry-protectedHaldane phase
in Fermi-Hubbard ladders. Nature 606, 484 (2022).

r 15. Walter, A.-S. et al. Quantization and its breakdown in a

Hubbard-Thouless pump. Nat. Phys. 19, 1471 (2023).

Fig. 9 | Correlators for the phases in Fig. 5. a LSS phase where U/t = - 2.8 and (b) . . .

TTS phase where U/t = — 1.5. In a, b we fix // = 1.25, chain length L = 240, and 16. Brown, P.T. et al. Baq metallic transport in a cold atom Fermi-

density n=1/2. In order to minimize boundary effects, the correlation functions in Hubbard system. Science 363, 379 (2019).

(a)and (b) are calculated over the central r=162 sites. For better visualization of the ~ 17- Hartke, T., Oreg, B., Turnbaugh, C., Jia, N. & Zwierlein, M. Direct

decay of the correlation functions, we plot every eighth value. observation of nonlocal fermion pairing in an attractive Fermi-
Hubbard gas. Science 381, 82 (2023).

18. Zhou, T.-W. et al. Observation of universal hall response in strongly
interacting fermions. Science 381, 427 (2023).

correlators in (a) the Luttinger Liquid (LL) phase with/,/t=0.2, (b) the 19. Bourgund, D. et al. Formation of individual stripes in a mixed-

Topological Liquid (TL) with J,/¢t = 0.8, and (c) the Luttinger Triplet dimensional cold-atomFermi-Hubbard system. Nature 637,
Superconductor (LTS) with/,/t = 1.6. In all three subplots (a-c), we fix 57 (2025).

U/t = 1.0 and n=1/2. Here, we observe that both in the LL and TL 20. Chalopin, T. et al. Observation of emergent scaling of spin-charge
phases the dominating correlator is the spin density wave (SDW), correlations at the onset of the pseudogap. Proc. Natl. Acad. Sci.
whereas in the LTS phase the triplet-superconducting correlator is 123, 2525539123 (2026).

dominant. Finally, in Fig. 9 we show the decay of (a) the Local Singlet 21. Hubbard, J. & Flowers, B. H. Electron correlations in narrow energy
Superconductor (LSS) with U/t = - 2.8 and (b) the Topological Triplet bands. Proc. R. Soc. Lond. Ser. A. Math. Phys. Sci. 276, 238 (1963).
Superconductor (TTS) with U/t = — 1.5. We fix the spin-spin interaction 22. Chao, K. A., Spatek, J. & Oles, A. M. Canonical perturbation expan-
Ju/t = 1.25, and density n=1/2. In the former, we observe dominant sion of theHubbard model. Phys. Rev. B 18, 3453 (1978).

Nature Communications | (2026)17:5328 10



Article

https://doi.org/10.1038/s41467-026-71248-8

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

1.

42.

43.

44,

45.

46.

47.

Hirthe, S. et al. Magnetically mediated hole pairing in fermionic
ladders of ultracold atoms. Nature 613, 463 (2023).

Chalopin, T. et al. Optical superlattice for engineeringHubbard
couplings in quantum simulation. Phys. Rev. Lett. 134, 053402
(2025).

Gorshkov, A. V. et al. Tunable superfluidity and quantum magnet-
ism with ultracold polar molecules. Phys. Rev. Lett. 107, 115301
(20M).

Carroll, A. N. et al. Observation of generalized t-j spin dynamics with
tunable dipolar interactions. Science 388, 381 (2025).

Douglas, A. et al. Spin squeezing with itinerant magnetic dipoles.
Phys. Rev. X 15, 041021 (2025).

Claude, F., Lafforgue, L., Houwman, J. J. A., Mark, M. J. & Ferlaino, F.
Optical manipulation of spin states in ultracold magnetic atoms via
an inner-shell Hz transition. Phys. Rev. Res. 6, L042016 (2024).
Chin, C., Grimm, R., Julienne, P. & Tiesinga, E. Feshbach resonances
in ultracold gases. Rev. Mod. Phys. 82, 1225 (2010).

Baier, S. et al. Realization of a strongly interactingFermi gas of
dipolar atoms. Phys. Rev. Lett. 121, 093602 (2018).

Gross, C. & Bakr, W. S. Quantum gas microscopy for single atom
and spin detection. Nat. Phys. 17, 1316 (2021).

Lauprétre, T., Rey, A. M., Vernac, L. & Laburthe-Tolra, B.Probing
coherences and itinerant magnetism in a dipolar lattice gas https://
arxiv.org/abs/2501.11402 arXiv:2501.11402 [cond-mat.quant-
gas] (2025).

Manmana, S. R., Hazzard, K. R. A., Chen, G., Feiguin, A. E. & Rey, A.
M. Su(n) magnetism in chains of ultracold alkaline-earth-metal
atoms: Mott transitions and quantum correlations. Phys. Rev. A 84,
043601 (2011).

Esslinger, T. Fermi-Hubbard physics with atoms in an optical lattice.
Annu. Rev. Condens. Matter Phys. 1, 129 (2010).

Lecomte, M., Journeaux, A., Veschambre, J., Dalibard, J. & Lopes, R.
Production and stabilization of a spin mixture of ultracold dipolar
Bose gases. Phys. Rev. Lett. 134, 013402 (2025).

Patscheider, A. et al. Controlling dipolar exchange interactions in a
dense three-dimensional array of large-spin fermions. Phys. Rev.
Res. 2, 023050 (2020).
de Paz, A. et al. Nonequilibrium quantum magnetism in a dipolar
lattice gas. Phys. Rev. Lett. 111, 185305 (2013).

Baier, S. et al. Extended Bose-Hubbard models with ultracold
magnetic atoms. Science 352, 201 (2016).

Lepoutre, S. et al. Out-of-equilibrium quantum magnetism and
thermalization in a spin-3 many-body dipolar lattice system. Nat.
Commun. 10, 1714 (2019).

Su, L. et al. Dipolar quantum solids emerging in a Hubbard quantum
simulator. Nature 622, 724 (2023).

Mermin, N. D. & Wagner, H. Absence of ferromagnetism or anti-
ferromagnetism in one- or two-dimensional isotropicHeisenberg
models. Phys. Rev. Lett. 17, 1133 (1966).

Montorsi, A., Fazzini, S. & Barbiero, L. Homogeneous and domain-
wall topological Haldane conductors with dressed Rydberg atoms.
Phys. Rev. A 101, 043618 (2020).

Giamarchi, T. Quantum physics in one dimension. Oxford Science
Publications. (2003).

A. M. T.Gogolin, A. O., Nersesyan, A. A., Bosonization and Strongly
Correlated Systems (Cambridge University Press, 1998).
Nakamura, M. Tricritical behavior in the extended Hubbard chains.
Phys. Rev. B 61, 16377 (2000).

Barbiero, L., Montorsi, A. & Roncaglia, M. How hidden orders gen-
erate gaps in one-dimensional fermionic systems. Phys. Rev. B 88,
035109 (2013).

Baldelli, N. et al. Deconfined quantum critical points in fermionic
systems with spin-charge separation https://arxiv.org/abs/2407.
04073 arXiv:2407.04073 [cond-mat.str-el] (2024).

48.

49.

50.

51.

52.

53.

54.

56.

56.

57.

58.

50.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

7.

Montorsi, A. & Roncaglia, M. Nonlocal order parameters for the1D-
Hubbard model. Phys. Rev. Lett. 109, 236404 (2012).

Fazzini, S., Barbiero, L. & Montorsi, A. Interaction-induced fractiona-
lization and topological superconductivity in the polar molecules
anisotropic t - J model. Phys. Rev. Lett. 122, 106402 (2019).
Haldane, F. D. M. Nonlinear field theory of large-spinHeisenberg
antiferromagnets: Semiclassically quantized solitons of the one-
dimensional easy-axisNéel state. Phys. Rev. Lett. 50, 1153 (1983).
Pollmann, F., Berg, E., Turner, A. M. & Oshikawa, M. Symmetry
protection of topological phases in one-dimensional quantum spin
systems. Phys. Rev. B 85, 075125 (2012).

Tang, E. & Wen, X.-G. Interacting one-dimensional fermionic
symmetry-protected topological phases. Phys. Rev. Lett. 109,
096403 (2012).

Senthil, T. Symmetry-protected topological phases of quantum
matter. Annu. Rev. Condens. Matter Phys. 6, 299 (2015).
Shapourian, H., Shiozaki, K. & Ryu, S. Many-body topological
invariants for fermionic symmetry-protected topological phases.
Phys. Rev. Lett. 118, 216402 (2017).

Montorsi, A., Dolcini, F., lotti, R. C. & Rossi, F. Symmetry-protected
topological phases of one-dimensional interacting fermions with
spin-charge separation. Phys. Rev. B 95, 245108 (2017).

Jackiw, R. & Rebbi, C. Solitons with fermion number 1/2. Phys. Rev.
D. 13, 3398 (1976).

Su, W. P., Schrieffer, J. R. & Heeger, A. J. Solitons in polyacetylene.
Phys. Rev. Lett. 42,1698 (1979).

Fabrizio, M. & Gogolin, A. O. Interacting one-dimensional electron
gas with open boundaries. Phys. Rev. B 51, 17827 (1995).

White, S. R. Density matrix formulation for quantum renormalization
groups. Phys. Rev. Lett. 69, 2863 (1992).

Schollwock, U. The density-matrix renormalization group in the age
of matrix product states. Ann. Phys. 326, 96 (2011).

Luther, A. & Emery, V. J. Backward scattering in the one-dimensional
electron gas. Phys. Rev. Lett. 33, 589 (1974).

Li, H. & Haldane, F. D. M. Entanglement spectrum as a general-
ization of entanglement entropy: Identification of topological order
in non-abelian fractional quantum Hall effect states. Phys. Rev. Lett.
101, 010504 (2008).

Pollmann, F., Turner, A. M., Berg, E. & Oshikawa, M. Entanglement
spectrum of a topological phase in one dimension. Phys. Rev. B 81,
064439 (2010).

Turner, A. M., Pollmann, F. & Berg, E. Topological phases of one-
dimensional fermions: An entanglement point of view. Phys. Rev. B
83, 075102 (2011).

de Léséleuc, S. et al. Observation of a symmetry-protected topo-
logical phase of interacting bosons withRydberg atoms. Science
365, 775 (2019).

Su, L. et al. Topological phases, criticality, and mixed state order in
a Hubbard quantum simulator. https://arxiv.org/abs/2505.17009
arXiv preprint arXiv:2505.17009 (2025a).

Guardado-Sanchez, E. et al. Subdiffusion and heat transport in a
tilted two-dimensional Fermi-Hubbard system. Phys. Rev. X 10,
011042 (2020).

Weitenberg, C. et al. Single-spin addressing in an atomicMott
insulator. Nature 471, 319 (2011).

Sohmen, M., Mark, M. J., Greiner, M. & Ferlaino, F. A ship-in-a-bottle
quantum gas microscope setup for magnetic mixtures. SciPost
Phys. 15, 182 (2023).

Picard, L. R. B., Mark, M. J., Ferlaino, F. & van Bijnen, R. Deep
learning-assisted classification of site-resolved quantum gas
microscope images. Meas. Sci. Technol. 31, 025201 (2019).
Impertro, A. et al. An unsupervised deep learning algorithm for
single-site reconstruction in quantum gas microscopes. Commun.
Phys. 6, 166 (2023).

Nature Communications | (2026)17:5328



Article

https://doi.org/10.1038/s41467-026-71248-8

72. Asteria, L., Zahn, H. P., Kosch, M. N., Sengstock, K. & Weitenberg, C.
Quantum gas magnifier for sub-lattice-resolved imaging of 3D
quantum systems. Nature 599, 571 (2021).

73. Su, L. et al. Fast single-atom imaging for optical lattice arrays. Nat.
Commun. 16, 1017 (2025).

74. Boll, M. et al. Spin- and density-resolved microscopy of anti-
ferromagnetic correlations in Fermi-Hubbard chains. Science 353,
1257 (2016).

75. Impertro, A. et al. Local readout and control of current and kinetic
energy operators in optical lattices. Phys. Rev. Lett. 133, 063401
(2024).

76. Mark, D. K. et al. Efficiently measuring d-wave pairing and beyond in
quantum gas microscopes. Phys. Rev. Lett. 135, 123402 (2025).

77. Strinati, M. C., Gerbier, F. & Mazza, L. Spin-gap spectroscopy in a
bosonic flux ladder. N. J. Phys. 20, 015004 (2018).

78. Pichler, H., Zhu, G., Seif, A., Zoller, P. & Hafezi, M. Measurement
protocol for the entanglement spectrum of cold atoms. Phys. Rev. X
6, 041033 (2016).

79. Zheng, B.-X. et al. Stripe order in the underdoped region of the two-
dimensionalHubbard model. Science 358, 1155 (2017).

80. Wietek, A., He, Y.-Y., White, S. R., Georges, A. & Stoudenmire, E. M.
Stripes, antiferromagnetism, and the pseudogap in the doped-
Hubbard model at finite temperature. Phys. Rev. X 11, 031007
(2021).

81. Xu, M. et al. A neutral-atomHubbard quantum simulator in the
cryogenic regime. Nature 642, 909 (2025).

82. Kitaev, A. Y. Unpaired Majorana fermions in quantum wires. Phys.-
Uspekhi 44, 131 (2001).

83. Sénéchal, D., An introduction to bosonization, in Theoretical
Methods for Strongly Correlated Electrons, edited by Sénéchal, D.,
Tremblay, A.-M. & Bourbonnais, C., pp. 139-186 https://doi.org/10.
1007/0-387-21717-7_4 (Springer New York, New York, NY, 2004).

84. Japaridze, G. I. & Miiller-Hartmann, E. Triplet superconductivity in a
one-dimensional ferromagnetic t - J model. Phys. Rev. B 61, 9019
(2000).

85. Dziurzik, C., Japaridze, G. |., Schadschneider, A. & Zittartz, J. Triplet
superconductivity vs. easy-plane ferromagnetism in a1D itinerant
electron system with transverse spin anisotropy. Eur. Phys. J. B -
Condens. Matter Complex Syst. 37, 453 (2004).

86. Hauschild, J. & Pollmann, F., Efficient numerical simulations with
Tensor Networks: Tensor Network Python (TeNPy). SciPost Phys.
Lect. Notes, 5 code available from https://arxiv.org/abs/1805.
00055 arXiv:1805.00055 (2018).

Acknowledgements

We acknowledge A. Montorsi, E. Poli, A. M. Rey, L. Santos, and G. Val-
tolina for discussions. We also thank the other members of the Dipolar
Quantum Gases group at the University of Innsbruck for useful discus-
sions. This work was supported by the European Research Council
through the Advanced Grant DyMETEr (10.3030/101054500), the Aus-
trian Science Fund (FWF) through the Cluster of Excellence QuantA
(10.55776/COE1). This research was also funded in part by the Austrian
Science Fund (FWF) Grant (10.55776/PAT1597224). L. L. acknowledges
funding from the Austrian Science Fund (FWF) within the DK-ALM

(10.55776/W1259). T.B. thanks the Knut and Alice Wallenberg Founda-
tion (Grant no. KAW 2018.0217) and the Swedish Research Council
(Grant No. 2022-03654 VR). L.B. acknowledges funding from the Italian
MUR (PRIN DiQut Grant No. 2022523NA7). L.B. warmly acknowledges
the Institute of Experimental Physics of the University of Innsbruck for
hospitality during the conception of this project. For open access pur-
poses, the authors have applied a CC BY public copyright license to any
author accepted manuscript version arising from this submission.

Author contributions

F.F., M.J.M., and L.B. conceived the project; L.B.G. performed the ana-
lytical and DMRG calculations, with input from L.B.; F.F. and M.J.M.
developed the model implementation; L.L., F.F., M.J.M. carried out the
state preparation and detection scheme; L.B.G., T.B., T.B., L.L., F.F,,
M.J.M. and L.B. contributed to the interpretation of the results and the
writing of the manuscript.

Competing interests
The authors declare no competing interests.

Additional information

Supplementary information The online version contains
supplementary material available at
https://doi.org/10.1038/s41467-026-71248-8.

Correspondence and requests for materials should be addressed to
Francesca Ferlaino, Manfred J. Mark or Luca Barbiero.

Peer review information Nature Communications thanks the anon-
ymous reviewers for their contribution to the peer review of this work. A
peer review file is available.

Reprints and permissions information is available at
http://www.nature.com/reprints

Publisher’s note Springer Nature remains neutral with regard to jur-
isdictional claims in published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if
changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

© The Author(s) 2026

Nature Communications | (2026)17:5328

12



