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 A B S T R A C T

In this study, we present a novel approach for the multi-scale simulation and optimisation of Micro Channel Heat 
Exchangers (MCHX) with lattice-like topology. By treating the Triply Periodic Minimal Surface (TPMS) lattice 
as an equivalent porous medium, the model enables fast and accurate simulations of full-scale 3D MCHX for 
industrial applications without requiring high-resolution meshing or computationally demanding high-fidelity 
CFD runs. Micro- and meso-scale effects are accounted for thanks to variable permeability, Forchheimer, and 
heat transfer coefficients, modelled as non-linear functions of local flow conditions and lattice geometry. These 
closure relationships are inferred using a multi-fidelity machine learning model, trained on a combination of 
low- and high-fidelity CFD data. This allows the model to capture the effects of fluid flow phenomena occurring 
at the smallest scale (such as boundary effects and head pressure losses) without the need to rely on high-
fidelity simulations. The presented framework offers a favourable balance between accuracy and cost, enabling 
optimisation within realistic industrial timelines. As a demonstration, the proposed methodology is applied to 
the optimisation of a heat exchanger used by Rolls-Royce Plc for the thermal management of high-power 
electronics in aeronautical applications. In particular, three representative configurations are extracted from 
the Pareto front, respectively optimised for maximum heat transfer, minimum pressure drop, and a balanced 
trade-off, thus demonstrating the flexibility of the proposed method in targeting different design priorities.
1. Introduction

Micro Channel Heat Exchangers (MCHX) are Heat Exchangers (HX) 
in which the coolant flows in lateral confinements with the dimension 
of millimeters. Due to their high volumetric heat flux, compactness, 
and efficient flow distribution, they offer superior specific performance 
and reduced weight compared to conventional designs [1–3]. However, 
the traditional design of MCHXs involves costly, iterative Research and 
Development (R&D) cycles with limited testing budgets, often leading 
to sub-optimal results. Multi-Scale Optimisation (MSO) enables advanced 
geometries that are unreachable via conventional design; on the other 
hand, these designs are expensive or impossible to manufacture by 
means of standard Computer Numerical Control (CNC) or injection mold-
ing. Meanwhile, the Technology Readiness Level (TRL) of Additive Manu-
facturing (AM) techniques such as laser-sintering has rapidly matured, 
enabling the fabrication of complex geometries with shorter lead times 
and improved design freedom. While AM unlocks MSO potential for 
MCHX, it also introduces challenges, such as manufacturability limits 

∗ Corresponding author at: Politecnico di Torino, Department of Mechanical and Aerospace Engineering (DIMEAS), Turin, Italy.
E-mail address: alessandro.chiodi@polito.it (A. Chiodi).

(e.g., minimum channel wall thicknesses), thermal distortion, difficult 
post-processing, and altered surface roughness, affecting fluid flow and 
heat transfer.

In this work, we present an efficient multi-scale simulation and 
optimisation strategy for MCHXs based on lattice structures. Though 
applicable to other families of lattices, we focus on Triply Periodic 
Minimal Surfaces (TPMS), specifically gyroids, with variable geometric 
parameters across the design space. TPMS offer smooth curvature 
and high surface-to-volume ratio, thus promoting balanced designs 
and improved perfusion [4]. However, optimal spatial distribution 
of parameters such as frequency, wall thickness, and orientation re-
mains challenging due to their strong impact on thermo-hydraulic 
performance [5,6].

Accurate Conjugate Heat Transfer (CHT) simulations of MCHXs re-
quire high-resolution models to solve the physics at the micro-scale 
level. Mesh generation is a major bottleneck: geometric complexity 
often requires manual clean-up, and resulting grids may suffer from 
https://doi.org/10.1016/j.ijheatmasstransfer.2025.128035
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 Optimisation Nomenclature
 𝑁 population size [–] 𝑚 # of objective functions [–]  
 𝐽 generic objective function [–] 𝐖 RBF weights matrix [–]  
 𝑁𝐶 # of porous domain cell centers [–] 𝑁𝑅𝐵𝐹 # of RBF control nodes [–]  
 {𝐱𝑖}𝑁𝐶

𝑖=1 porous domain cell centers [m] {𝐱𝑗}
𝑁𝑅𝐵𝐹
𝑗=1 RBF nodes [m]  

 𝝉 RBF nodes wall thicknesses [m] 𝐑 residuals of the CHT problem [–]  
 𝐲 CHT discrete state unknowns [–] 𝝍 porous medium parameters set [–]  
 Physical Modelling Nomenclature
 𝑇 temperature [K] 𝜌 density [kg/m3]  
 𝑡ℎ gyroid wall thickness [m] 𝐭𝐡 gyroid wall thickness vector [m]  
 𝑝 pressure [Pa] 𝑝◦ total pressure [Pa]  
 𝑝𝑖𝑛 inlet-averaged pressure [Pa] 𝑝𝑜𝑢𝑡 outlet-averaged pressure [Pa]  
 𝛥𝑝 unit cell pressure drop [Pa] 𝛥𝑝 inlet-outlet pressure drop [Pa]  
 𝑇 𝑚𝑎𝑥

(𝑠) max solid phase temperature [K] 𝑇 𝑚𝑎𝑥
(𝑓 ) max fluid phase temperature [K]  

 ∇𝑇 𝑚𝑎𝑥
(𝑠) max solid temperature gradient[K] 𝑇 𝑜𝑢𝑡

(𝑓 ) fluid phase outlet temperature [K]  
 𝐮 velocity [m/s] ⟨𝐮⟩𝑚𝑎𝑥 max Darcy velocity [m/s]  
 𝑖 enthalpy [J] ℎ heat transfer coefficient [W/m2 K]  
 𝑄̇ thermal power [W] 𝑞𝑤 wall heat flux [W/m2]  
 𝜈 kinematic viscosity [m2/s] 𝜇 dynamic viscosity [Pa s]  
 𝑐 specific heat capacity [J/kg K] 𝑘 thermal conductivity [W/m K]  
 𝜖 porosity [–] 𝑑 hydraulic diameter [m]  
 𝐿 reference length [m] 𝑎 specific surface area [1/m]  
 𝛺 reference elementary volume [m3] 𝐴 wet surface area [m2]  
 𝐾 permeability [m2] 𝐶𝐹 Forchheimer coefficient [–]  
 𝝉 deviatoric stress tensor [Pa] 𝐒𝐦 porous source [Pa/m]  
 𝐃 impedance tensor [1/m2] 𝐅 resistance tensor [1/m]  
 𝐱 position vector [m] 𝑡 time [s]  
 𝑓 dimensionless spatial frequency [–] 𝜑 phase-shift [rad]  
 𝑅𝑒 Reynolds number [–] 𝑃𝑟 Prandtl number [–]  
 𝐶1 1st exponential fitting constant [–] 𝐶2 2nd exponential fitting constant [–] 
 Gaussian Process Nomenclature
 𝐷 dataset 𝑛 # of observations  
 𝑑 # of latent variables 𝜎2 variance  
 𝑙 length-scale 𝑘𝑀𝑎𝑡32 Matèrn 3∕2 Kernel  
 𝑚(𝐱) mean function 𝑘(𝐱, 𝐱′) covariance function  
 Brackets and Subscripts
 ⟨⋅⟩ phase volume averaging ‖ ⋅ ‖ Euclidean norm  
 𝑓 fluid 𝑠 solid  
 𝑠𝑓 solid-fluid interface 𝛼 generic phase  
cell skewness or poor orthogonality, thus affecting stability and con-
vergence. Mesh sizes can range from tens to hundreds of millions of 
cells. While simulating a single configuration is feasible using High Per-
formance Computing (HPC), optimisation runs involve the evaluation of 
hundreds of variants, making it impractical within industrial timelines.

In recent years, several studies have adopted computationally de-
manding strategies for the simulation and optimisation of MCHXs. Most 
rely exclusively on High-Fidelity (HF) CFD to evaluate each design. 
While accurate, this involves enormous computational effort, espe-
cially for parametric sweeps or optimisation loops. For instance, [7] 
conducted detailed CHT simulations of cross-flow MCHXs, capturing 
fine-scale interactions at the cost of heavy meshing and long runtimes. 
In [8], HF CFD was used to enhance thermal performance in heat sinks 
via flexible vortex generators, again requiring intensive computation. 
In [9], the combination of a response surface method with CFD has 
been used to optimise air–water MCHXs, showing both accuracy and 
high computational cost. Similarly, [10] performed multi-objective op-
timisation of cold plates (based on gyroids) using HF CFD, accounting 
for pressure drop and heat transfer, but at a significant computational 
effort. These examples highlight the need for reduced-order modelling 
as a credible alternative for scaling up the exploration of the design 
space.

To address the problem of mesh generation, several works pub-
lished in recent years employ mesh-less methods. For instance, in [11], 
a thermal-hydraulic characterisation of TPMS periodic structures is 
2 
presented using a mesh-less Radial Basis Function - Finite Difference
(RBF-FD) method. The proposed approach results in a high-accuracy 
assessment of fluid dynamics and heat transfer properties of simple 
lattices (or single lattice cells) with variable wall-thickness, and is 
validated against literature results. While the use of mesh-less methods 
allows bypassing the problem of computing the mesh connectivity, the 
number of degrees of freedom might still be large since a dense point 
cloud is needed to resolve the smallest space scale. As a consequence, 
when scaling the mesh-less approach to 3D full-scale HX, the number of 
problem unknowns increases to roughly the same order of magnitude 
of standard Finite Volume (FV) solvers, rendering optimisations runs 
still challenging from the computational point of view. Furthermore, 
in [11] (and other works), only structures with periodic Boundary Con-
ditions (BCs) are considered. In real-world problems, boundary effects 
(i.e., near solid walls) and head pressure losses are not negligible. As a 
result, the actual lattice permeability may differ significantly from the 
one computed by means of periodic homogenisation (as demonstrated 
in Section 5).

In [12], a multi-objective topology optimisation of heat sinks with 
TPMS lattice is presented based on density mapping approach and 
validated against experimental results. While the work proposes an el-
egant and mathematically well-grounded framework, the optimisation 
is performed for 2.5D lattices, i.e., the optimisation is performed on a 
2D domain, and the lattice with variable shape is obtained by extrusion 
along the 3rd dimension. In our approach, we consider 3D lattices with 
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variable shape in all the space directions. Furthermore, the approach 
proposed in [12] still relies on HF simulations, which can be prohibitive 
expensive for industrial configurations.

Lastly, in [13], a mesh-less method is used to compute the optimal 
design of a two-fluid TPMS HX. In this work, the frequency and 
wall thickness of the lattice are encoded by implicit functions, which 
are the results of the optimisation. This method does not require to 
generate the mesh, but again relies on HF simulations, which can have 
prohibitive costs, as discussed earlier.

The innovative aspect of our methodology is two-fold. On one hand, 
we rely only on Low-Fidelity (LF) simulations during the optimisation 
loop. On the other hand, smaller-scale effects (which would require 
HF computations) are incorporated by means of a multi-fidelity model, 
which provides an estimate of the equivalent permeability and heat 
transfer coefficients based on the local average flow and the local 
shape of the lattice. Our computational meshes are in the order of 
10K-100K cells, which is 3 to 4 order of magnitude lower than the 
typical computational meshes used in HF computations. Only a handful 
of HF simulations are used to train the multi-fidelity model. With 
this approximated model, we can obtain predictions with an accuracy 
similar to HF models, but with a computational cost that is 3 to 4 order 
of magnitude smaller.

This is achieved by applying homogenisation theory: the lattice 
matrix is treated as a porous meta-material characterised by perme-
ability and heat transfer coefficients, avoiding direct simulation of the 
full micro-scale geometry. This philosophy has been used in other 
fields with satisfactory results. For example, in structural analysis of 
lattice materials, elasticity equations are solved using ‘‘equivalent’’ 
Young’s modulus and Poisson’s ratio [14–16]. In fluid dynamics, creep-
ing flows through porous media are described macroscopically by 
the Darcy-Forchheimer model [17–19], where both permeability and 
Forchheimer coefficients depend on geometry and local flow, and are 
usually determined through HF CFD. A key difference in our case 
is that local flow regimes span from laminar (𝑅𝑒 ≈ 100) to transi-
tional (𝑅𝑒 ≈ 1000), making inertial effects significant and invalidating 
classical Darcy–Forchheimer assumptions [20]. To address this, we 
assume both permeability and heat transfer coefficients to be non-linear 
functions of the geometry and flow field, leading to a fully non-linear 
model that requires suitable closure relationships. These are difficult 
to derive analytically; even simple flows yield closure laws only under 
restrictive assumptions on geometry and packing (e.g., spherical pores 
or staggered rods) [21].

In recent years, Machine Learning (ML) has obtained tremendous im-
portance due to the technological advancements in training algorithms 
and data availability. Many techniques originally developed to solve 
computer vision problems are now employed as routines in more tra-
ditional disciplines, including CFD (see [22,23] for a general review). 
Among others, two promising applications are the use of ML models to 
infer closure relationships from Direct Numerical Simulation (DNS) data 
and the acceleration of CFD simulations. Some examples include the 
determination of transport coefficients in turbulence modelling [24], or 
acceleration of CFD runs in turbomachinery applications (see [25,26], 
and [27]).

In this work, we propose a multi-fidelity framework to provide 
closure relationships for the homogenised model. The method is based 
on the Non-Linear Auto-Regressive Gaussian Process (NARGP) [28,29], 
linking macroscopic lattice properties to the non-linear micro-scale flow 
behaviour. The ML model bridges the fluid dynamics at the level of 
the gyroid unit cells (micro-scale) and the averaged equations on the 
entire MCHX (macro-scale). It is trained on abundant LF data and a 
smaller set of HF data for accurate predictions [30,31]. While the multi-
fidelity model offers a remarkable speed-up of CHT runs and enables 
an efficient exploration of the design space, it also has drawbacks. 
The homogenisation procedure, with the consequent approximation 
of the complex micro-scale flow with an equivalent porous medium, 
neglects micro-scale phenomena (e.g., recirculation zones, secondary 
3 
flows, velocity gradients), introducing a trade-off between fidelity and 
computational tractability. However, the learning framework is phys-
ically grounded and interpretable: unlike black-box models, it reflects 
the structure of the governing equations. Moreover, the integration of 
HF data enhances accuracy, especially where LF data fail to capture 
boundary effects or head pressure losses. These benefits are evident in 
transitional regimes and non-uniform lattice configurations. Thus, the 
method balances efficiency, accuracy, and physical consistency, making 
it well-suited for industrial design loops. To test it, we optimise the 
TPMS-based lattice of a HX used in the thermal management of aero-
nautical high-power electronics, a test case provided by Rolls-Royce Plc 
as proof-of-concept for real-world use.

The structure of the present work is presented hereafter. Section 2 
focuses on the overall optimisation workflow, with emphasis on the 
rationale behind the choice of the optimisation algorithm. Section 3 
describes the macro-scale mathematical model, based on the equiv-
alent porous media approximation. Sections 4 and 5 describe the 
thermal/fluid dynamic characterisation of individual lattice cells. In 
Sections 6 and 7, we discuss the methodology used to incorporate HF 
data into the characterisation process. We also explain how LF and HF 
data are integrated in the multi-fidelity model. The application of the 
proposed methodology to our target test case is presented in Section 8. 
Finally, concluding remarks and future perspectives are summarised in 
Section 9. 

2. Optimisation strategy

In a general framework, the aim of optimisation is to compute the 
best distribution of gyroid lattice parameters, such as wall thickness, 
local orientation, and anisotropic frequency, to minimise or maximise 
given objectives under constraints. Lattice anisotropy and orientation 
can improve fluid perfusion and reduce pressure drop, but may also 
reduce coolant residence time, adversely affecting heat transfer. Objec-
tives and constraints are typically defined using macro-scale integral 
quantities. Common goals include maximising thermal exchange and 
efficiency, and minimising pressure losses. Constraints often enforce 
upper limits on temperature and its gradient to avoid thermal crack-
ing, and manufacturing constraints are imposed via bounds on wall 
thickness.

This work focuses on thermo-fluid optimisation, though the same 
workflow can be extended to structural or process simulations. Assign-
ing lattice parameters per computational cell leads to high-frequency 
variations and checkerboard patterns [32], which hinder manufactura-
bility. To avoid this, filtering strategies are used. We adopt a reduced-
DOF approach: lattice parameters are optimised at a subset of control 
nodes scattered in the domain. Using Radial Basis Functions (RBF), we 
interpolate these values across all cells. This suppresses checkerboard-
ing and speeds up convergence. Once interpolated, a macro-scale CHT 
simulation is run. During each CFD iteration, the multi-fidelity ML 
model is queried to compute local permeability, Forchheimer, and heat 
transfer coefficients. The results feed the objective and constraint func-
tions, which are passed to the optimiser. A schematic of the workflow 
is shown in Fig.  1.

The optimisation workflow is implemented in modeFRONTIER (ES-
TECO, [33]), using the proprietary HYBRID algorithm, which combines 
a steady-state Non-Dominated Sorting Genetic Algorithm (NSGA-II) with
Sequential Quadratic Programming (SQP) [34]. NSGA-II was chosen since 
it alleviates the main limitations of earlier multi-objective evolutionary 
strategies with non-dominated sorting. In particular, previous meth-
ods suffered from high computational complexity in ranking solutions 
(𝑂(𝑚𝑁3), with 𝑚 objectives and 𝑁 population size), the absence of 
an explicit elitism mechanism to preserve the best individuals, and 
the need for a problem-dependent tuning of a sharing parameter to 
control solution diversity along the Pareto front. NSGA-II overcomes 
all the above-mentioned difficulties [35], by introducing a ‘‘fast’’ non-
dominated sorting approach with 𝑂(𝑚𝑁2) complexity, an explicit elitist 
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Fig. 1. Schematic depiction of the multi-scale optimisation workflow.
approach, and the crowding-distance metric that preserves diversity 
without requiring user-defined similarity thresholds. With those de-
vices, both diversity and the spread of the solutions on the Pareto front 
are guaranteed without the need for problem-specific tuning.

Unlike conventional hybrid approaches, where SQP is employed 
only after the genetic algorithm has converged, the HYBRID frame-
work integrates the Adaptive Filter SQP (AFilterSQP) directly within 
the evolutionary cycle, as a third operator besides crossover and mu-
tation [36]. During optimisation, selected non-dominated individuals 
from the NSGA-II population undergo local refinement through SQP, 
which, thanks to its filtering strategy, accepts only iterations that im-
prove objectives or reduce constraint violations. The refined solutions 
are continuously reinjected into the NSGA-II population, ensuring a 
dynamic exchange of information: the genetic algorithm provides di-
versity and broad exploration, while SQP contributes locally converged, 
high-quality solutions. This parallel cooperation enhances convergence 
compared with the traditional sequential ‘‘GA plus refinement’’ ap-
proach.

The motivations behind the choice of the HYBRID optimisation 
algorithm (NSGA-II + SQP) over a traditional gradient-based method 
lie in its low intrusiveness, its ability to rapidly explore the parameter 
space and detect global minima, and its robustness when dealing with 
complex, non-differentiable objective functions or constraints. In addi-
tion, HYBRID offers high scalability and is naturally suited for problems 
involving multiple objectives in multi-disciplinary settings. By contrast, 
gradient-based optimisation typically requires ad hoc regularisation 
strategies to handle non-differentiable objectives and often suffers from 
convergence difficulties in the presence of noisy gradients.

3. Macro-scale modelling

At the macro-scale, we identify three regions in the HX: a fluid 
region which contains only the fluid phase (e.g., inlet/outlet port), a 
solid region which contains only the solid phase (e.g., the outer case of 
the HX), and the porous matrix, which contains both the solid and fluid 
phases. In the solid phase, we integrate only the energy equation for a 
static phase, whereas in the fluid region, we integrate the incompress-
ible Navier–Stokes equations, including the energy equation. Generally 
speaking, while the Reynolds number within the gyroid lattice can vary 
between laminar to transitional, fully turbulent flow can sometimes be 
observed in the inlet/outlet channels of the MCHX. In the present study, 
we only focus on transitional flow, i.e., the Boundary Conditions (BCs) 
4 
are such that a fully turbulent flow never develops in the inlet/outlet 
channels.

The porous matrix represents the porous lattice whose parameters 
are subjected to optimisation. In this region, the model equations are 
the ones stemming from the standard theory of multi-phase flows 
through porous media, and they are obtained by suitable volumetric 
averages of conservation laws for mass, momentum, and energy over 
a Reference Elementary Volume (REV) [17]. In our case, the REV 𝛺 is 
represented by a single lattice cell. It consists of two separate phases, 
solid (𝛺(𝑠), with boundary 𝜕𝛺(𝑠)), and fluid (𝛺(𝑓 ), with boundary 𝜕𝛺(𝑓 )), 
s.t. 𝛺 = 𝛺(𝑠) ∪ 𝛺(𝑓 ), where the bar indicates the closure of the set. 
From now on, subscripts (𝑓 ) and (𝑠) will be used to indicate fluid and 
solid phases, respectively. It is possible to introduce the phase volume-
averaging [17] (indicated as ⟨−⟩) of an arbitrary field quantity 𝜙(𝛼)(𝐱, 𝑡), 
related to the 𝛼 phase, as follows: 
⟨

𝜙(𝛼)
⟩

(𝑡) = 1
𝛺 ∫𝛺(𝛼)

𝜙(𝛼)(𝐱, 𝑡) 𝑑𝛺(𝛼) (1)

The vast majority of studies on heat and fluid flow through porous 
media rely on Darcy’s law, which relates the phase volume-averaged fluid 
velocity ⟨𝐮⟩ (called Darcy velocity) to the pressure gradient ∇ ⟨𝑝⟩ as 
follows [17]: 
⟨𝐮⟩ = − 𝐾

𝜇(𝑓 )
∇ ⟨𝑝⟩ (2)

where, 𝐾 is the permeability tensor and 𝜇(𝑓 ) the dynamic viscosity of 
the fluid. Since the solid phase is stationary, we will denote fluid-phase 
averages simply as ⟨𝐮⟩ and ⟨𝑝⟩ throughout this work. This principle 
remains the foundation of most porous media flow models, where 
permeability 𝐾 serves as an analogue to thermal conductivity in heat 
transfer. Deviations from Darcy’s law occur when the local Reynolds 
number 𝑅𝑒, based on the mean pore diameter 𝑑, exceeds unity [17]. 
The local Reynolds number and mean pore diameter are defined as 
follows: 

𝑅𝑒 =
𝜌(𝑓 ) ‖ ⟨𝐮⟩ ‖ 𝑑

𝜇(𝑓 )
, 𝑑 = 4𝜖

𝑎(𝑠,𝑓 )
(3)

where 𝜖 is the porosity, and 𝑎(𝑠,𝑓 ) = 𝐴∕𝛺 is the specific surface area 
(related to the wet surface, 𝐴). In this regime, inertial effects become 
significant as boundary layers develop along solid surfaces, leading to 
a non-linear relationship between the pressure gradient and velocity. 
To account for these inertial effects, Darcy’s model is modified by 
introducing the well-known Darcy–Forchheimer correction [17]: 

−∇ ⟨𝑝⟩ =
𝜇(𝑓 )

⟨𝐮⟩ + 𝜌(𝑓 )
𝐶𝐹
√

‖⟨𝐮⟩ ‖ ⟨𝐮⟩ (4)

𝐾 𝐾
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Fig. 2. Schematic depiction of the periodic TPMS lattice, together with the gyroid unit cell at different wall thicknesses. (a) 𝑡ℎ = 1.25mm, (b) 𝑡ℎ = 2mm, (c) 
𝑡ℎ = 3mm, (d) 𝑡ℎ = 3.5mm, and (e) 𝑡ℎ = 3.75mm.
where 𝜌(𝑓 ) denotes the fluid density. On the right-hand side of Eq. 
(4), the first term represents the viscous (Darcy) contribution, while 
the second term accounts for inertial effects through the Forchheimer 
coefficient 𝐶𝐹 . At the scale of the HX, besides the incompressibility 
condition, the fluid flow is governed by , where 𝐒𝐦 acts as a sink term: 

⎧

⎪

⎨

⎪

⎩

∇ ⋅ ⟨𝐮⟩ = 0
𝜕 ⟨𝐮⟩
𝜕𝑡

+ (⟨𝐮⟩ ⋅ ∇) ⟨𝐮⟩ = 1
𝜌(𝑓 )

(

−∇𝑝 + 𝜇(𝑓 )∇2
⟨𝐮⟩ + 𝐒𝐦

) (5)

In the previous equation 𝐒𝐦 is the Darcy–Forchheimer momentum sink 
term, expressed as: 

𝐒𝐦 =
(

𝜇(𝑓 )𝐃 ⟨𝐮⟩ + 1
2
𝜌(𝑓 ) tr(⟨𝐮⟩ ⋅ 𝐈) 𝐅

)

⟨𝐮⟩ (6)

which is the generalised tensor form of Eq.  (4) where 𝐃 is the
impedance tensor, and 𝐅 is the resistance tensor (also referred to as 
Forchheimer tensor [37]). For the isotropic case, 𝐃 and 𝐅 can be 
simplified as 𝐷𝑖,𝑖 = 𝐾−1

𝑖,𝑖 , and 𝐹𝑖,𝑖 = 2 𝐶𝐹 𝑖,𝑖∕
√

𝐾𝑖,𝑖.
The energy equations are formulated separately for the fluid and 

solid phases. These equations characterise the evolution of phase
volume-averaged temperature fields (⟨𝑇(𝑓 )

⟩ and ⟨𝑇(𝑠)
⟩

) within each 
phase, capturing the interfacial convective heat transfer. Mathemati-
cally, they are expressed as follows [38]: 

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜖𝜌(𝑓 )𝑐(𝑓 )

(

𝜕
⟨

𝑇(𝑓 )
⟩

𝜕𝑡
+ ⟨𝐮⟩ ⋅ ∇

⟨

𝑇(𝑓 )
⟩

)

= ∇ ⋅
(

𝑘(𝑓 )∇
⟨

𝑇(𝑓 )
⟩)

+

+ ℎ(𝑠,𝑓 )𝑎(𝑠,𝑓 )
(⟨

𝑇(𝑠)
⟩

−
⟨

𝑇(𝑓 )
⟩)

(1 − 𝜖)𝜌(𝑠)𝑐(𝑠)
𝜕
⟨

𝑇(𝑠)
⟩

𝜕𝑡
= ∇ ⋅

(

𝑘(𝑠)∇
⟨

𝑇(𝑠)
⟩)

− ℎ(𝑠,𝑓 )𝑎(𝑠,𝑓 )
(⟨

𝑇(𝑠)
⟩

−
⟨

𝑇(𝑓 )
⟩)

(7)

Here, the coefficients 𝑐(𝑓 ), 𝑐(𝑠), 𝑘(𝑓 ), and 𝑘(𝑠) are the specific heat 
capacities and thermal conductivities for the fluid and solid phases, 
respectively. ℎ(𝑠,𝑓 ) is the heat transfer coefficient. In standard porous 
media, low Reynolds numbers 𝑅𝑒 allow inertial effects to be captured 
via the Forchheimer term. In contrast, local 𝑅𝑒 in lattice channels can 
exceed 1000, requiring 𝐾, 𝐶𝐹 , and ℎ(𝑠,𝑓 ) to be treated as non-linear 
functions of local geometry and Reynolds number.

are numerically integrated at the macro-scale in ImmerFLOW (Opti-
mad), a Finite Volume (FV) CFD solver based on the immersed boundary 
conditions paradigm to efficiently handle complex geometries [39]. To 
avoid the cost of a monolithic solver, the temperature equations of the 
two phases are weakly coupled. An initial guess for the second-phase 
temperature provides the source term for the first. Each equation is 
solved using pseudo-time stepping until the steady state is reached, 
5 
and the updated solution is used to refresh the other phase. This 
loop continues until both pseudo-time derivatives converge. For the 
momentum , which includes convective, Darcy, and Forchheimer terms, 
fixed-point iterations are used: starting from a velocity guess, the 
ML model provides 𝐾 and 𝐶𝐹 ; these are updated at each step until 
convergence.

A final remark deals with the validity of the Darcy–Forchheimer 
model, which requires strictly positive 𝐾 values. Permeability equal to 
zero implies blocked channels, while negative values are unphysical. 
While pseudo-density optimisation methods [32] often apply near-zero 
values, these may introduce numerical stiffness requiring the usage of 
implicit solvers. Instead, we impose lower bounds on the channels’ wall 
thickness during optimisation, thus avoiding blocked paths, preserving 
solver compatibility, and meeting manufacturing limits, though this 
restricts the formation of fully solid barriers in the porous matrix, like 
septa or dividers.

4. Micro-scale modelling

To train the ML model for the prediction of porous media pa-
rameters (i.e., the entries of 𝐃, 𝐅, and ℎ(𝑠,𝑓 )), a database of CFD 
simulations at the micro-scale was created for lattice cells with vary-
ing thicknesses and flow conditions. The present work focuses on 
gyroids, a subset of TPMS, which are particularly suitable for CFD 
applications, especially CHT, due to their smooth curvature and high 
surface-to-volume ratio, which enhances the convective heat transfer. 
In transitional/turbulent regimes, the gyroid’s internal shape promotes 
mixing via turbulent advection, increasing both pressure drop and 
heat transfer. TPMS geometries are also structurally advantageous: the 
absence of sharp corners prevents stress concentrations. The lattice 
geometry was generated using MIMIC (Optimad) [40]. The equation 
of the gyroid is: 

𝑓 (𝑥, 𝑦, 𝑧) = sin
(

2𝜋𝑓𝑥
𝐿

𝑥 + 𝜑𝑥

)

cos
(2𝜋𝑓𝑦

𝐿
𝑦 + 𝜑𝑦

)

+ sin
(2𝜋𝑓𝑦

𝐿
𝑦 + 𝜑𝑦

)

cos
(

2𝜋𝑓𝑧
𝐿

𝑧 + 𝜑𝑧

)

+ sin
(

2𝜋𝑓𝑧
𝐿

𝑧 + 𝜑𝑧

)

cos
(

2𝜋𝑓𝑥
𝐿

𝑥 + 𝜑𝑥

)

(8)

where 𝑓𝑥, 𝑓𝑦, and 𝑓𝑧 are the spatial frequencies along the coordinate 
axes, while 𝜑𝑥, 𝜑𝑦, and 𝜑𝑧 represent the phase shifts, and 𝐿 = 1 cm is 
the reference length of the unit cell. Gyroid with varying wall thickness 
can be generated by computing the Signed Distance Function (SDF) of the 
0 - contour of Eq.  (8) and then extracting the iso-contour corresponding 
to the desired thickness from the SDF (see Fig.  2).
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Fig. 3. Summary of the Boundary Conditions (BCs) on each gyroid unit cell.
To estimate the equivalent permeability, Forchheimer, and heat 
transfer coefficient for each gyroid geometry, two types of CFD sim-
ulations were performed. First, a cold run is conducted, in which only 
the continuity and momentum equations are solved to characterise the 
impedance and resistance tensors, 𝐃 and 𝐅, as a function of the pressure 
gradient acting across the lattice cell. Then, a hot run is performed to 
characterise the heat transfer coefficient ℎ(𝑠,𝑓 ), starting from the steady-
state solution of the cold run. In this second simulation, the temperature 
field is introduced by imposing a fixed heat flux BC at the gyroid 
walls, while the momentum solution is kept unchanged. Since the 
thermo-physical properties of the coolant are assumed to be constant 
with respect to the temperature, the momentum and energy equations 
are completely decoupled. As a result, the heat transfer coefficient 
can be considered approximately constant with respect to temperature 
variations.

Both hot and cold runs were performed using the buoyantPim-
pleFoam solver from the OpenFOAM suite [41], where the imple-
mented model equations are the standard Navier–Stokes equations for 
unsteady, laminar, and incompressible flows. The energy equation is 
written in terms of the enthalpy 𝑖. 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∇ ⋅ 𝐮 = 0
𝜕𝐮
𝜕𝑡

+ (𝐮 ⋅ ∇)𝐮 = − 1
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∇𝑝 + 𝜈(𝑓 )∇2𝐮

𝜌(𝑓 )
[ 𝜕𝑖
𝜕𝑡

+ 𝐮 ⋅ ∇𝑖 + 𝜕
𝜕𝑡

(1
2
‖𝐮‖2

)

+ ∇ ⋅
( 1
2
‖𝐮‖2 𝐮

)]

−
𝜕𝑝
𝜕𝑡

=
𝑘(𝑓 )
𝑐(𝑓 )

∇2𝑖

(9)

In the target application of this work, the fluid phase is water. The 
following properties were considered in the cold/hot runs: - density 
𝜌(𝑓 ) = 998.2Kg/m3 - specific heat capacity 𝑐(𝑓 ) = 4, 182 J/Kg K - 
dynamic viscosity 𝜇(𝑓 ) = 1.003 × 10−3 Pa s - kinematic viscosity 𝜈(𝑓 ) =
1.0047 × 10−6m2/s - thermal conductivity 𝑘(𝑓 ) = 0.6W/m K - Prandtl 
number 𝑃𝑟 = 6.9909. In cold runs, a pressure gradient is imposed 
along one lattice direction at a time to characterise the corresponding 
row of the permeability tensor. Periodic BCs on pressure are applied 
in the remaining two directions orthogonal to the gradient. Periodic 
BCs on velocity are used in all directions. This setup corresponds to 
OpenFOAM cyclicAMI BCs and is commonly used to emulate fully 
developed flows in the bulk region of a porous medium [41]. For low 
Reynolds numbers (𝑅𝑒 = 0 − 300), the Darcy velocity ⟨𝑢⟩ is computed 
as the (phase) volumetric average of the velocity component along 
the pressure gradient at the steady state. (see Fig.  4(a)). Starting from 
𝑅𝑒 > 400, numerical simulations at the micro-scale exhibit unsteady 
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behaviour. For these cases, the Darcy velocity was computed as the
phase volume-average of the velocity component along the pressure 
gradient averaged over a time window of 1 s at statistical convergence. 
In the performed numerical experiments, statistical convergence is 
reached after approximately 1.5 s (see Fig.  4(c)). Hot runs are performed 
starting from 𝑡 = 1.5 s. The initial temperature assigned to the domain is 
𝑇0 = 293K, and cyclicAMI BCs are imposed on the external patches 
(i.e., inlet, outlet, top, bottom, front, and back). A fixed heat flux is 
imposed at the wet surface, 𝐴, equal to 𝑞𝑤 = 104W/m2. A summary 
of the applied BCs can be found in Fig.  3. The heat transfer coefficient 
ℎ(𝑠𝑓 ) is computed as: 

ℎ(𝑠𝑓 )(𝑡) =
𝑄̇(𝑡)

𝐴
(

𝑇𝐴(𝑡) −
⟨

𝑇(𝑓 )
⟩

(𝑡)
) (10)

where 𝑄̇ is the total heat power exchanged on the wet surface 𝐴, 
𝑇𝐴 is the surface-averaged wall temperature, and 

⟨

𝑇(𝑓 )
⟩ the phase 

volume-averaged fluid temperature. After an initial transient due to the 
impulsive activation of the thermal solver, ℎ(𝑠𝑓 ) reaches a steady value 
for 𝑅𝑒 = 0 − 300 (Fig.  4(b)). For higher 𝑅𝑒, similarly to Darcy velocity 
estimation, it is averaged over a 1 s time window once statistical 
convergence is reached (Fig.  4(d)).

Simulations use a first-order implicit time scheme (Euler), second-
order gradient (Gauss linear), upwind divergence (Gauss up-
wind), and second-order conservative Laplacian (Gauss linear 
corrected) [41]. A total of 120 cases were run on 𝐿 = 1 cm gyroid 
lattices with 15 wall thicknesses (0.25−3.75mm, with steps of 0.25mm) 
and 8 pressure drops (0, 10, 25, 50, 100, 250, 500, and 510Pa). 
Each case ran in parallel on Optimad’s HPC cluster using 12 MPI 
processes and 30GB RAM. Representative results for 0.5 and 2.5mm
wall thicknesses are shown in Fig.  4, while velocity fields appear in 
Fig.  5. Meshes were generated with snappyHexMesh, using 500,000
mixed cells (tetrahedral and hexahedral), and 7 prism layers with a first 
layer thickness of 0.1 relative to the closest undistorted cell size outside 
the layer, and expansion ratio of 1.2.

5. Lattice-cells characterisation

The equivalent permeability 𝐾 and Forchheimer coefficient 𝐶𝐹  are 
computed by inverting the Darcy–Forchheimer law written along the 
direction of the external pressure drop applied to the gyroids: 

𝛥𝑝
= − 1 −

𝐶𝐹
√

𝜌(𝑓 ) ⟨𝑢⟩ (11)

𝜇(𝑓 ) ⟨𝑢⟩𝐿 𝐾 𝐾 𝜇(𝑓 )
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Fig. 4. Results of Darcy velocity, ⟨𝑢⟩ (left), and heat transfer coefficient, ℎ𝑠𝑓  (right), for a gyroid with wall thickness 2.5mm (top row) and 0.5mm (bottom row).
which corresponds to a straight line in the plane of 𝛥𝑝∕(𝜇(𝑓 ) ⟨𝑢⟩𝐿)
versus 𝜌(𝑓 ) ⟨𝑢⟩ ∕𝜇(𝑓 ). Therefore, 𝐾 and 𝐶𝐹  can be computed by simply 
estimating the intercept and slope of the above line. To do that, only 
a single additional point is required. However, instead of relying on a 
single auxiliary point, we decided to use 4 additional points to account 
for noise in the training data. The 4 auxiliary points are selected in a 
close neighbourhood of a query point, (𝛥𝑝, ⟨𝑢⟩), as shown in Fig.  6(b). 
Knowing the value of the Darcy velocity ⟨𝑢⟩ at such additional points 
allows us to compute the line that fits the auxiliary points in a least-
squares sense. Next, the values of 𝐾 and 𝐶𝐹  can be estimated from 
the slope and intercept of this line. However, since the auxiliary points 
are not part of the dataset, the Darcy velocity is first interpolated in 
the space (𝑡ℎ, 𝛥𝑝). A preliminary study showed that the trend is well 
described by the following exponential fitting: 

⟨𝑢⟩∗ = 𝐶1 𝛥𝑝∗𝐶2 (12)

where ⟨𝑢⟩∗ is the resultant Darcy’s velocity at the generic pressure drop 
𝛥𝑝∗, while 𝐶1 = 𝐶1(𝑡ℎ) and 𝐶2 = 𝐶2(𝑡ℎ) are two constants depending on 
the wall thickness 𝑡ℎ (see Fig.  6(a)).

5.1. Preliminary validation using low-fidelity (LF) data

The characterisation described in the previous section relies solely 
on LF simulations, i.e., CFD runs performed on individual lattice cells 
assuming an infinite periodic lattice. However, lattice cells near the 
solid walls exhibit lower permeability due to boundary effects. As such, 
we expect the homogenised model to underestimate the pressure drop 
across the full HX. To verify this, we ran CHT tests on a simplified 
HX composed of a 4 × 4 × 1 gyroid matrix (𝐿 = 1 cm, 𝑡ℎ = 1.5mm). 
The domain includes an aluminium case with two heat sources. The 
material properties of aluminium are: - density 𝜌 = 2719 kg/m3
(𝑠)
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- thermal conductivity 𝑘(𝑠) = 202.4W/m K - specific heat capacity 
𝑐(𝑠) = 871 J/kg K. A pressure gradient drives the flow across the HX. HF 
simulations used the steady incompressible Reynolds Averaged Navier–
Stokes (RANS) solver in ANSYS Fluent [42], with the 𝑘–𝜔 Shear Stress 
Transport (SST) model [43], suitable for capturing local unsteadiness 
when 𝑅𝑒 > 400. Total pressure drops tested were 𝛥𝑝◦ = 100, 500, and 
1000Pa. The heat equation was solved in the solid domain with a uni-
form heat flux 𝑞𝑤 = 94,500W/m2 on the heating plates. The solid-fluid 
interface was treated as thermally coupled; other walls were adiabatic. 
Gradient approximation used Least Squares Cell Based, Second 
Order for pressure, Second Order Upwind for momentum, and
First Order Upwind for 𝑘 and 𝜔 equations. The mesh, generated 
in BOXER [44], contains approximately 63 million mixed cells with 
8 prismatic layers. The first layer thickness was 10% of the adjacent 
undistorted cell, with an expansion ratio of 1.1. Simulations ran for 
1000 iterations on 80 Intel(R) Xeon(R) Gold 6148 CPUs to ensure 
convergence.

The homogenised model used the same domain and BCs. However, 
the lattice was replaced with a porous medium, where permeability and 
resistance depend on local Darcy velocity and gyroid wall thickness. 
These coefficients were inferred using an RBF regressor trained on LF 
data. Due to their non-linear dependence, fixed-point iterations have 
been used (see Section 3). Impedance and Forchheimer’s tensors were 
computed at 16 control points (centres of gyroid cells), with values 
elsewhere interpolated via RBFs (see Fig.  7). Mass flow rates from HF 
simulations were imposed as inlet BCs for the homogenised model, 
and the resulting pressure drops were compared. Fig.  11 shows that 
the homogenised model consistently underestimates the pressure losses, 
meaning that the LF-trained regression overestimates permeability. 
This underestimation arises from two factors: Boundary effects, cells 
at the periphery are less permeable due to nearby solid walls, which 
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Fig. 5. Velocity magnitude fields at pressure drops 𝛥𝑝 = 50, 100, 250, 500Pa for a gyroid with wal thickness equal to 1.25 (first row), 2 (second row), and 3mm
(third row).
are ignored in LF runs, where the unit cells are provided by periodic 
BCs. Head losses, at inlet/outlet transitions, aligned channels saturate 
early, forcing redistribution and causing local pressure rises, which the 
homogenised model cannot capture due to its uniform interface.

To improve the accuracy, LF data were enriched with HF simulation 
results on a full HX. Permeability and Forchheimer coefficients were 
extracted for each cell and combined with LF data to train separate 
multi-fidelity models for 5 gyroid cell families: boundary, inlet, outlet, 
bulk, and inlet-wall-adjacent cells. Given the cost of HF runs, only a 
limited number of gyroid wall thicknesses and flow conditions were 
assessed. LF data gives the general trends, while HF data is used as a 
correction to enhance the model fidelity. As with 𝐾 and 𝐶𝐹 , the heat 
transfer coefficient ℎ(𝑠𝑓 ) depends on wall thickness and flow conditions. 
However, since solid walls and inlet/outlet transitions have minimal 
impact on ℎ(𝑠𝑓 ), a regression only based on LF data is sufficient to 
get accurate results (see Section 7). The HF data generation strategy is 
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detailed in the next section, while the multi-fidelity model is discussed 
in Section 7.

6. Generation of the high-fidelity (HF) database

Due to the computational cost of HF runs, only a subset of gyroid 
wall thicknesses and flow conditions are considered for the building 
of the HF database. Specifically, we considered the following wall 
thicknesses: 0.25, 0.75, 1.5, 2.5, 3.25, and 3.75mm, which represent 
a good compromise between computational cost and a good coverage 
of the parameter space. The following total pressure drops are applied 
across the HX: 10, 25, 50, 100, 500, 1000, and 2000Pa to guarantee 
sufficient variability. Simulations are performed in ANSYS Fluent using 
the same setup described in Section 5. Examples of HF results are shown 
in Fig.  8 for different wall thicknesses, at 𝛥𝑝◦ = 2000Pa.
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Fig. 6. (a) Exponential fitting of the Darcy velocity ⟨𝑢⟩ as a function of 𝛥𝑝 in the parameter space 𝑡ℎ − 𝛥𝑝. (b) Estimation of 𝐾 and 𝐶𝐹  for a wall thickness 
1.5mm and 𝛥𝑝 = 250Pa. Given a point (𝛥𝑝, ⟨𝑢⟩) in the dataset, we consider four neighbouring points (i.e., 𝛥𝑝 = 247.5, 𝛥𝑝 = 249.5, 𝛥𝑝 = 250.5, and 𝛥𝑝 = 252.5Pa). 
The value of the Darcy velocity at such points is computed using the exponential fitting in Eq.  (12). 𝐾 and 𝐶𝐹  are then computed as the slope and intercept of 
the line which best fits (in a least-square sense) the auxiliary points and the query point.
For each of the 16 gyroid cells in the lattice matrix, the Darcy veloc-
ity ⟨𝑢⟩ was computed using the same approach described in Section 5. 
The main difference here is that the characterisation is performed 
separately for each cell, depending on its location within the lattice. To 
this end, we distinguish 5 families of lattice cells (see Fig.  9(a)): cells 
close to solid boundaries; cells located near the inlet; cells located at 
the outlet; cells located near the inlet and close to the solid walls; and 
cells located within the bulk of the lattice. For each of these families, 
we build a different multi-fidelity model using LF characterisation data 
together with 𝐾 and 𝐶𝐹  extracted from the HF simulations. Fig.  9(b) 
shows that solid walls and head pressure losses are responsible for 
a reduction of the lattice permeability. The effect of boundary walls 
and head pressure losses is even more evident by looking at Fig.  10, 
where 𝐾 and 𝐶𝐹  computed from both LF and HF data are compared. In 
particular, it is shown that the effect of including solid walls and head 
pressure losses is to reduce the permeability coefficient and increase 
the inertial effects, as reflected by the larger Forchheimer’s coefficient.

Similarly, the heat transfer coefficient ℎ(𝑠𝑓 ) is a function of the local 
lattice geometry (i.e., the gyroid wall thickness) and flow conditions, 
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so, in principle, a multi-fidelity model to regress the heat transfer 
coefficient from the local flow conditions should be built as well. 
However, in our numerical experiments, we found that a single-fidelity 
RBF model is accurate enough (see Table  1). The data obtained from 
both HF and LF computations are used for the off-line training of the 
multi-fidelity model, which will be discussed in the next section.

7. Multi-fidelity model

To infer closure relationships for lattice coefficients, we adopt a 
multi-fidelity regression model based on the Non-Linear Auto-Regressive 
Gaussian Process (NARGP) model [29]. This framework is advantageous 
for its cost-efficiency, since it balances computational resources and 
accuracy. In particular, it leverages LF data to capture the general trend 
of the function being regressed, while HF data is used to improve the 
prediction accuracy. NARGP is built upon traditional co-kriging meth-
ods [30,31,45] by recursively combining two Gaussian Processes (GPs): 
the first trained on the LF data, the second on the HF residuals. Each GP 
assumes a joint Gaussian distribution defined by a mean function and 
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Fig. 7. Fluid domain (a), and aluminium solid case (b) of the HF HX model. In (b), the adiabatic walls are in black, while the heat sources are highlighted in 
red. Equivalent homogenised HX model (c). In (c), the blue dots are used to indicate the cell centers of computational cells, while the red markers represent the 
RBF control nodes where the permeability and resistance coefficients are computed by the regression model.
Table 1
Comparison between the HF and homogenised model results for three different mass flow rates. Pressure drop 𝛥𝑝, maximum temperature of the solid phase 𝑇 𝑚𝑎𝑥

(𝑠) , 
and outlet-averaged temperature of the fluid phase 𝑇 𝑜𝑢𝑡

(𝑓 )  are reported in each column with the respective error.
 𝑚̇ [kg/s] model 𝛥𝑝 [Pa] 𝑒(𝛥𝑝) [%] 𝑇 𝑚𝑎𝑥

(𝑠)  [K] 𝑒(𝑇 𝑚𝑎𝑥
(𝑠) ) [%] 𝑇 𝑜𝑢𝑡

(𝑓 )  [K] 𝑒(𝑇 𝑜𝑢𝑡
(𝑓 ) )

 [%] 
 0.0162 homogenised 96.32 2.87 303.72 0.33 297.52 0.13  
 0.0162 HF 99.16 – 304.72 – 297.92 –  
 0.0402 homogenised 463.56 6.18 300.76 0.05 295.02 0.18  
 0.0402 HF 494.12 – 300.91 – 295.55 –  
 0.0587 homogenised 895.35 9.52 299.65 0.06 294.97 0.05  
 0.0587 HF 989.61 – 299.83 – 295.12 –  
a covariance kernel (Matérn 3∕2 kernel in this work) with hyperparam-
eters optimised via Maximum Likelihood Estimation (MLE) [28] through 
gradient-based methods. Since GP inference requires the storage in 
memory and inversion of large covariance matrices, it scales poorly 
with the dataset size. This makes NARGP best suitable for problems 
with moderate amounts of training data, where this approach can 
significantly enhance the accuracy while remaining computationally 
feasible.

7.1. Application to the equivalent porous media coefficients

The dataset for the off-line training of the multi-fidelity model 
consists of data from two fidelity levels. LF data are represented by 
the characterisation performed on individual cells provided by periodic 
BCs as described in Section 5. HF data are represented by the values of 
𝐾 and 𝐶𝐹  extracted from the HF simulations described in Section 6. 
The HF dataset represents a subset of the LF dataset. This is not a 
strict requirement of the NARGP model, albeit it is advantageous in 
some cases. To differentiate between the effect of solid walls and head 
pressure losses, we train a different regression model for each family 
of lattice cells. These models are queried during the online phase 
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based on the location of the lattice cell in the porous matrix. The 
regression model for the heat transfer coefficient consists of a simple 
RBF interpolation and was trained using only LF data. As will be shown 
later, predictions provided by this simple regression model are accurate 
enough.

We performed CHT simulations of an entire HX to validate the 
homogenised model with the new multi-fidelity regressor. The lattice 
matrix is again composed of a 4 × 4 × 1 array of gyroids with side 
length 𝐿 = 1 cm and wall thickness 1.5mm. The HF simulation setup 
is the one described in Sections 5 and 6, with the embedding of heat 
transfer. The numerical domain is the one depicted in Fig.  7 (a - b). The 
fluid phase is governed by the steady incompressible RANS equations 
with the 𝑘–𝜔 SST turbulence model, while the steady heat equation is 
solved in the solid domain. BCs for the fluid and solid are the same 
as in Section 5. The 𝛥𝑝◦ applied across the HX are 100, 500, and 
1000Pa. HF simulation results were compared to those of the equivalent 
homogenised model. For a fair comparison, the resultant mass flow 
rate from the HF simulations was imposed as an inlet condition in the 
homogenised model. The resulting pressure drop from the homogenised 
model was then compared to the pressure drop imposed to the HF runs, 
following the same methodology used in Section 5. The coefficients 
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Fig. 8. Velocity magnitude plotted on the mid-plane for an imposed total pressure drop of 2000Pa and wall thickness of (a) 0.25, (b) 0.75, and (c) 1.5mm.
𝐾, 𝐶𝐹 , and ℎ(𝑠𝑓 ) used in the homogenised model are predicted by the 
multi-fidelity model presented in this Section. Due to the non-linear 
dependence of these coefficients on the local Darcy velocity, fixed-point 
iterations were used during the momentum solution procedure.

With the improved NARGP multi-fidelity model, the agreement 
between the models is good. A quantitative comparison is presented in 
Table  1, which reports 𝛥𝑝, 𝑇 𝑜𝑢𝑡

(𝑓 ) , and 𝑇 𝑚𝑎𝑥
(𝑠)  for both models. The relative 

error in pressure drop has a maximum of approximately 10% only when 
a large pressure drop of 1000Pa is applied across the HX, as shown 
in Fig.  11. The maximum solid temperature and the average outlet 
fluid temperature show excellent agreement, with relative errors below 
0.4%.
11 
8. Results and discussion

To validate the multi-scale approach, a test case provided by Rolls-
Royce Plc, a potential end-user, was selected. It consists of the optimi-
sation of a HX used in the cooling system for high-power electronics. 
The geometry is shown in Fig.  12: the grey area represents the solid 
case, while six hot plates on the top and bottom of the MCHX act 
as heat sources (shaded red). The inlet and outlet ports are located 
on the left side of the HX (top and bottom, respectively). The shaded 
green volume represents the porous matrix. To reduce head pressure 
losses and facilitate perfusion, each port has a rectangular section, 
covering about half the HX height. The selected material is aluminium, 
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Fig. 9. (a) Distribution of the unit cell types across the HF MCHX simplified model. (b) Exponential relationship between Darcy velocity ⟨𝑢⟩ and pressure drop 
𝛥𝑝 for a gyroid unit cell with a wall thickness of 1.5mm, located in different regions of the lattice matrix. Solid walls and head pressure are responsible for a 
reduction in the permeability coefficient 𝐾, and larger values of the Forchheimer’s coefficient 𝐶𝐹 .
Fig. 10. Comparison between HF and LF data for the permeability 𝐾 (a) and the Forchheimer coefficient 𝐶𝐹  (b), for a gyroid cell located near the inlet and 
close to a boundary wall. The HF permeability is significantly lower (average relative error equal to 31.06%) than the value obtained from LF simulations. The 
opposite is true for Forchheimer’s coefficient, which HF data are significantly higher than the LF counterpart (average relative error equal to 57.43%). These 
results suggest that the flow encounters a higher resistance due to head pressure losses and wall boundary effects. The heat transfer coefficient distribution over 
gyroid wall thickness 𝑡ℎ and pressure drop 𝛥𝑝 is shown in (c).
with thermal properties already reported in Section 5. The 30 RBF 
control points where thicknesses are optimised are marked in red. A 
preliminary analysis showed that the optimiser tends to increase wall 
thickness (i.e., reduce channel width) along the centerline of the porous 
matrix. This is because narrowing (or widening) channels in that region 
increases (or decreases) the coolant path length, trading off pressure 
drop and heat exchange. Hence, a denser placement of RBF nodes is 
used near the centerline and inlet/outlet.
12 
Given the 𝑁𝐶 cell centers of the computational domain porous 
matrix {𝐱𝑖}𝑁𝐶

𝑖=1 , a subset of 𝑁𝑅𝐵𝐹  cell centers are used as RBF con-
trol nodes {𝐱𝑗}𝑁𝑅𝐵𝐹

𝑗=1 . The wall thicknesses at the control nodes 𝝉 =
[𝜏1,… , 𝜏𝑁𝑅𝐵𝐹

]𝑇 ∈ R𝑁𝑅𝐵𝐹  are chosen as design variables. The thickness 
is then interpolated in each computational cell center using standard 
RBF interpolation, i.e. 

𝐭𝐡 = 𝐖 𝝉 (13)
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Fig. 11. Inlet-outlet pressure drops 𝛥𝑝, and mass flow rates 𝑚̇ computed with HF CFD (blue triangles), the homogenised model with RBF single-fidelity regressor 
(red circles), and the homogenised model with NARGP multi-fidelity regressor (green circles). For each mass flow rate, the pressure drop is underestimated by 
the homogenised model which only relies on LF data. On the other hand, the homogenised HX with NARGP multi-fidelity model shows excellent agreement in 
terms of the resulting pressure drop compared to the HF CFD.
Fig. 12. Schematic depiction of the heat sink test case provided by Rolls-Royce Plc. The red markers on the porous lattice region are the RBF control nodes in 
which the thicknesses are optimised.
where 𝐖 is the RBF weights matrix, and 𝐭𝐡 ∈ R𝑁𝐶  is the vector 
containing the gyroid wall thickness in each cell center of the porous 
domain. Once the 𝐭𝐡 vector is known, a macro-scale CHT run is per-
formed on the MCHX: the equivalent porous media parameters for 
each cell center {𝐱𝑖}𝑁𝐶

𝑖=1 are estimated by means of the multi-fidelity
model as a function of the local lattice parameters (gyroid wall thick-
ness distribution 𝐭𝐡) and flow conditions. The cell-wise equivalent 
porous media parameters can be written in the form of the vector 
𝝍(𝐭𝐡) = {𝐾𝑖(𝐭𝐡), 𝐶𝐹 𝑖(𝐭𝐡), ℎ𝑖(𝐭𝐡)}

𝑁𝐶
𝑖=1 , while the discrete state unknowns 

of the CHT problems are 𝐲 = [⟨𝐮⟩ , 𝑝,
⟨

𝑇(𝑓 )
⟩

,
⟨

𝑇(𝑠)
⟩

]. By calling 𝐑(⋅, ⋅)
the discretised residual operator of the governing equations and their 
boundary conditions, the CHT problem can be expressed as: 

𝐑(𝐲; 𝝍(𝐭𝐡)) = 𝟎, (14)
13 
meaning that the goal is to find 𝐲 such that the CHT equations (de-
scribed in Section 3, Eq.  (7)) are satisfied for the set of porous medium 
parameters 𝝍 determined by the gyroid wall thickness distribution 𝐭𝐡. 
The results 𝐲 of each configuration CHT run are then passed to the 
optimiser, which accounts for them in terms of objective functions and 
constraints. The objective functions are defined as follows:

𝐽1(𝐭𝐡) = max
𝐱𝑖∈𝛺(𝑠)

𝑇 (𝐱𝐢, 𝐭𝐡) = 𝑇 𝑚𝑎𝑥
(𝑠) (𝐭𝐡) (15)

𝐽2(𝐭𝐡) = 𝑝in(𝐭𝐡) − 𝑝out(𝐭𝐡) = 𝛥𝑝 (𝐭𝐡) (16)

being 𝛺(𝑠) the solid phase domain, and 𝑝in(𝐭𝐡) and 𝑝out(𝐭𝐡) the inlet- 
and outlet-averaged pressure, respectively. The objective 𝐽1(𝐭𝐡) is min-
imised in order to maximise the heat absorption from the solid phase. 
The objective 𝐽 (𝐭𝐡) is minimised, thereby reducing the pressure jump 
2
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Fig. 13. Overview of the optimisation results and selected designs. (a) Scatter plot of all evaluated configurations during the multi-objective optimisation, showing 
feasible (green), unfeasible (yellow), and selected optimal designs (red). (b) Zoomed-in view of the Pareto front highlighting the three selected optima. (c–e) Wall 
thickness distribution and resulting geometry for the three optimised configurations: optimum 1 (c), optimum 2 (d), and optimum 3 (e). For each configuration, 
the left panel shows the gyroid wall thickness distribution on the mid-plane, while the right panel displays a mid-plane section of the corresponding MCHX 
geometry.
across the device. Constraints are applied to the maximum solid phase 
temperature 𝐽1(𝐭𝐡), inlet-outlet pressure drop 𝐽2(𝐭𝐡), module of the 
maximum solid phase temperature gradient ‖∇𝑇 𝑚𝑎𝑥

(𝑠) ‖(𝐭𝐡), and to the 
local gyroid wall thickness 𝑡ℎ𝑖 for 𝑖 = 1,… , 𝑁𝐶 , so that the complete 
optimisation problem is here formulated: 

min
𝐭𝐡∈R𝑁𝑅𝐵𝐹

(

𝐽1(𝐭𝐡), 𝐽2(𝐭𝐡)
)

s.t. 𝐑
(

𝐲; 𝝍(𝐭𝐡)
)

= 𝟎,
𝐽1(𝐭𝐡) = 𝑇max

(𝑠) (𝐭𝐡) ≤ 396 K,

𝐽2(𝐭𝐡) = 𝛥𝑝 (𝐭𝐡) ≤ 3.5 × 104 Pa,

‖∇𝑇 𝑚𝑎𝑥
(𝑠) ‖(𝐭𝐡) ≤ 1, 273 K∕m,

𝑡ℎmin ≤ 𝑡ℎ𝑖 ≤ 𝑡ℎmax, ∀𝑖.

(17)

For 𝑡ℎ < 0.4mm, distortions occurred during cool-down due to insta-
bility, while 𝑡ℎ > 3.75mm caused poor post-treatment effectiveness. 
Moreover, the gyroid cell size is fixed at 1 cm to prevent collapse during 
14 
printing. For these reasons, 𝑡ℎ𝑚𝑖𝑛 = 0.4mm and 𝑡ℎ𝑚𝑎𝑥 = 3.75mm are the 
manufacturer constraints for the local gyroid wall thickness. Objective 
functions and constraints in Eq.  (17) reflect design specifications from 
Rolls-Royce Plc. All designs assume a uniform initial temperature 𝑇0 =
294K in both fluid and solid domains. The coolant is water, with 
previously reported thermo-physical properties. The inlet mass flow 
rate is 𝑚̇ = 0.06 kg/s. Heat input is given through a uniform flux 
𝑞𝑤 = 94,500W/m2 on the heating plates, while all other walls are 
adiabatic. The outlet pressure is 𝑝𝑜𝑢𝑡 = 0Pa.

The optimisation was carried out in modeFRONTIER using the 
proprietary HYBRID algorithm (NSGA-II coupled with AFilterSQP) in 
self-initialising mode. A maximum of 500 design evaluations was set. 
However, the Pareto front was already well populated after approx-
imately 320 evaluations, which was therefore taken as a practical 
convergence criterion. The initial population consisted of 10 configu-
rations generated through Latin Hypercube sampling, where the design 
variables were the gyroid wall thicknesses at the 30 RBF control nodes. 
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Fig. 14. Numerical results plotted on the mid-plane of the configuration ‘‘optimum 1’’. (a) Magnitude of the Darcy velocity ⟨𝑢⟩, (b) temperature in the fluid phase 
𝑇(𝑓 ), (c) temperature gradient ∇𝑇(𝑠) in the solid-phase, (d) temperature in solid-phase 𝑇(𝑠).
Table 2
Summary of the adopted optimisation setup parameters with HYBRID 
algorithm.
 HYBRID algorithm optimisation setup parameters
 Number of evaluations 500  
 Crossover probability 0.90  
 Mutation probability 1.00  
 Crossover distribution index 20.00  
 Mutation distribution index 20.00  
 Approximate derivative with RBF approximation 
 Finite difference relative perturbation 1.00 × 10−7  
 Finite difference minimum perturbation policy Constant  
 Constant minimum perturbation 1.0 × 10−7  
 Range fraction minimum perturbation 0.01  
 Maximum size of training set 500  
 Fraction of SQP-generated designs 0.25  
 Random generator seed 1.00  

During the run, four concurrent design evaluations were executed in 
parallel to improve computational efficiency. The adopted HYBRID 
setup parameters are reported in Table  2.

Three optimal designs are selected from the Pareto front (Fig.  13 
(a - b)): temperature-optimal (optimum 1), pressure-optimal (optimum 
3), and an intermediate solution (optimum 2). In the heat transfer 
optimised configuration, the optimiser increases the wall thickness at 
the porous matrix centerline to create a high-impedance path that 
blocks direct inlet-outlet flow. This increases coolant residence time 
and enhances heat transfer, at the cost of higher pressure losses, as seen 
in optimum 1 (Fig.  14). Moreover, the high gyroid wall thickness area, 
which can be noticed in the top left corner of Fig.  13(c), is responsible 
for the choking of the inlet area, thus increasing the fluid velocity in 
that region, with the effect of pushing the fluid deeper inside the porous 
matrix. Again, this produces an increase in the fluid flow path, which 
has a positive effect on heat transfer due to the increased residence 
time, but has a negative effect on the pressure drop.

Conversely, in pressure-optimal cases, the optimiser reduces flow 
impedance. Along the Pareto front, the centerline wall thickness de-
creases progressively in pressure-optimised designs. In these, tortuosity 
and recirculation features are sacrificed to favour direct paths and 
minimise hydraulic resistance, as seen in optimum 2 (Fig.  15) and 
optimum 3 (Fig.  16). The top-left corner of optimum 2 is again char-
acterised by a large wall thickness (Fig.  13(d)). However, the wall 
thickness along the centerline becomes less pronounced, and, as a 
consequence, the impedance of the path which connects directly the 
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inlet to the outlet is decreased, which has a positive effect on the 
pressure drop (reduced by 58%). At the same time, since the residence 
time of the coolant is reduced, the dissipated heat power is reduced 
by 23%. When moving towards the bottom-right part of the Pareto 
front (where the optimum 3 is located), the optimised configurations 
exhibit improved performances in terms of pressure drops, but the 
worst heat transfer. In the configuration corresponding to optimum 3 
(Fig.  13(e)), the centerline septum is completely absent. Instead, a single 
region characterised by a large wall thickness in the bottom-central 
part appears. This thickness distribution allows the fluid to rapidly flow 
from the inlet to the outlet channel, thus reducing the pressure drop by 
75% and 37% with respect to optimum 1 and optimum 2, respectively. 
For the above-mentioned reasons, also the dissipated heat power 𝑄̇
is smaller if compared to previous configurations: 33% and 13% of 
decrease with respect to optimum 1 and optimum 2, respectively.

Uneven distribution of the flow field inside the porous matrix also 
results in a temperature maldistribution characterised by strong tem-
perature gradients. This is an undesirable effect as large temperature 
gradients lead to localised stresses due to the uneven thermal expan-
sion of the material. In the optimised configurations, the maximum 
temperature gradient is observed in optimum 3. It is located in the solid 
phase below the heating plates, and it is equal to 636.57K/m. Thermal 
gradients are also quite strong at the edges of the six heating plates. 
Other areas in which thermal gradients are particularly strong can 
be observed in the transition areas between the inlet/outlet channels 
and the lattice matrix in all three configurations. The quantitative 
comparison of results is reported in Table  3.

In order to highlight the improvement brought by the optimisation 
process, we compare each of the three optimised configurations with 
a MCHX with a uniform infill lattice composed of gyroids with a 
wall thickness of 0.4mm (see Fig.  17). As reported in Table  3, this 
configuration exhibits a slightly lower pressure drop compared, for 
instance, to optimal design 3. This is because the coolant directly 
flows from the inlet to the outlet (lowest impedance path). This, in 
turn, reduces quite significantly the residence time of the coolant, and 
ultimately has a negative effect on the exchanged power. The pressure 
drop for the uniform lattice is approximately 15Pa lower (4.85%) 
than the pressure drop observed in optimal design 3. However, due 
to the shortest residence time of the coolant, the exchanged thermal 
power is decreased by 28.89% compared to optimal design 3. This 
result is coherent with the behaviour observed along the Pareto front. 
Given that pressure drop and exchanged heat power are competing 
objectives, progression along the front reveals a trade-off. Uniform 
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Fig. 15. Numerical results plotted on the mid-plane of the configuration ‘‘optimum 2’’. (a) Magnitude of the Darcy velocity ⟨𝑢⟩, (b) temperature in the fluid phase 
𝑇(𝑓 ), (c) temperature gradient ∇𝑇(𝑠) in the solid-phase, (d) temperature in solid-phase 𝑇(𝑠).

Fig. 16. Numerical results plotted on the mid-plane of the configuration ‘‘optimum 3’’. (a) Magnitude of the Darcy velocity ⟨𝑢⟩, (b) temperature in the fluid phase 
𝑇(𝑓 ), (c) temperature gradient ∇𝑇(𝑠) in the solid-phase, (d) temperature in solid-phase 𝑇(𝑠).

Fig. 17. Numerical results plotted on the mid-plane of the uniform HEX design. (a) Magnitude of the Darcy velocity ⟨𝑢⟩, (b) temperature in the fluid phase 𝑇(𝑓 ), 
(c) temperature gradient ∇𝑇(𝑠) in the solid-phase, (d) temperature in solid-phase 𝑇(𝑠).
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Table 3
Comparison of performance indicators for the three optimal configurations obtained from the optimisation, plus the uniform 
gyroid design.
 Performance indicators optimum 1 optimum 2 optimum 3 uniform 
 𝑄̇ thermal power exchanged [W] 760.58 588.31 511.63 363.87  
 𝛥𝑝 pressure drop [Pa] 1,186.15 501.90 315.30 300.63  
 𝑇max(𝑠) max solid temperature [K] 306.71 308.34 312.36 315.83  
 ‖∇𝑇 𝑚𝑎𝑥

(𝑠) ‖ max solid thermal gradient [K/m] 614.36 603.05 636.57 573.64  
 𝑇 out(𝑓 ) outlet fluid temperature [K] 296.54 295.59 296.33 295.32  
 𝑇max(𝑓 ) max fluid temperature [K] 303.44 301.01 309.32 307.77  
 ‖ ⟨𝐮⟩max ‖ max Darcy velocity [m/s] 0.2653 0.3748 0.3493 0.3524  
lattice structures tend to yield lower pressure drops but reduced heat 
exchange, whereas non-uniform lattices result in higher pressure drops 
yet offer superior heat transfer performance.

9. Conclusions

In this work, we propose a novel methodology for multi-scale 
simulation and optimisation of MCHXs that is significantly faster than 
conventional HF CFD, which typically requires meshing complex ge-
ometries with hundreds of millions of cells at prohibitive cost. Each 
cell in the domain is modelled as a gyroid, with thickness controlled 
by the RBF method. By optimising the RBF weights, the HX geometry 
is reconstructed. A key contribution of this work is the use of porous 
media approximation to couple micro- and macro-scales. The micro-
scale fluid dynamics is resolved offline and used to train a ML model 
that captures the relationships between 𝐾, 𝐶𝐹 , and ℎ(𝑠𝑓 ) and local 
lattice geometry and flow conditions. The off-line trained ML then 
is queried in solving the macro-scale CHT problem, predicting local 
porous media coefficients and enabling the reconstruction of source 
terms. A further innovation lies in training the ML model on both 
LF (isolated gyroids) and HF (gyroids from an entire HX) CFD runs, 
enabling it to account for boundary effects and head losses, thus im-
proving the predictive accuracy. This combination of ML, multi-fidelity 
data, and offline micro-scale resolution offers a favourable balance 
between accuracy and cost, enabling optimisation within realistic in-
dustrial timelines. Some modelling aspects remain unaddressed in the 
current workflow, as discussed below.

Wall-roughness. The model does not consider surface roughness, 
which increases wall friction and pressure drop, and may trigger bound-
ary layer instability, worsening losses but enhancing heat transfer. 
Consequently, pressure drops may be underestimated. This effect could 
be included during characterisation by adding a suitable roughness 
model.

Lattice network limited to gyroid-type. The ML model is trained on 
gyroid lattices, but other TPMS structures, e.g., Schwarz Primitive, 
Schwarz Diamond, Lidinoid, Neovius, and IWP, also offer valuable 
trade-offs in manufacturability, mechanical strength, permeability, and 
thermal behaviour. The methodology is general and can incorporate 
these geometries by enriching the CFD database.

The proposed workflow is characterised by a substantial speed-up of 
CHT runs for the efficient exploration of the design space. Unlike black-
box models, the multi-fidelity framework is physically interpretable. 
HF data integration improves prediction accuracy, mostly where LF 
models fall short (e.g., boundary effects and head losses), ensuring close 
agreement with the HF validation runs results. This approach represents 
a good compromise between efficiency and accuracy, aligning well with 
time- and resource-constrained industrial design loops. Several future 
developments can be implemented, such as incorporating roughness, 
other TPMS types, and optimisation of additional lattice parameters 
(e.g., frequency and/or local orientation). It can also be extended to 
other disciplines (e.g., thermo-elastic analysis). Finally, experimental 
validation on AM prototypes is a key step towards confirming its 
industrial applicability.
17 
Glossary

 AM Additive Manufacturing  
 BC Boundary Condition  
 CFD Computational Fluid Dynamics  
 CHT Conjugate Heat Transfer  
 CNC Computer Numerical Control  
 FD Finite Difference  
 GP Gaussian Process  
 HF High-Fidelity  
 HPC High Performance Computing  
 HX Heat Exchanger  
 LF Low-Fidelity  
 ML Machine Learning  
 MLE Maximum Likelihood Estimation  
 MCHX Micro Channel Heat Exchanger  
 MSO Multi-Scale Optimisation  
 NARGP Non-Linear Auto-Regressive Gaussian Process 
 NSGA Non-Dominated Sorting Genetic Algorithm  
 R&D Research and Development  
 RANS Reynolds Averaged Navier–Stokes  
 RBF Radial Basis Function  
 REV Reference Elementary Volume  
 SDF Signed Distance Function  
 SST Shear Stress Transport  
 SQP Sequential Quadratic Programming  
 TPMS Triply Periodic Minimal Surface  
 TRL Technology Readiness Level  
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