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Abstract—Vector Fitting (VF) is a widespread algorithm for
building macromodels of complex linear time invariant electro-
magnetic components. One of the main reasons for its success is
the possibility of easily enforcing model stability, a requirement
that is essential for transient analysis. In this contribution, we
generalize the standard VF stability enforcement through a novel
rational fitting algorithm that enforces D-stability, by placing
the macromodel poles within arbitrary convex regions of the
complex plane. The method is practically applied to improve the
performance of VF in the presence of noisy data and to remove
unwanted out-of-band poles.

I. INTRODUCTION

Vector Fitting (VF) [1] is currently the main algorithm for
the generation of accurate macromodels and equivalent circuits
of complex electromagnetic structures described in terms of
sampled Network Functions (NF). Virtually all commercial
Computer Aided Design (CAD) tools focusing on signal and
power integrity analyses provide users their own version of this
algorithm due to its robustness, efficiency, and effectiveness
for speeding up computationally demanding transient analyses.

One of the main reasons for the success of VF is the
possibility of easily imposing the asymptotic stability of the
resulting equivalent circuit, since this feature is essential for
transient analysis [2]. Compared with other similar state-of-
the-art techniques based e.g. on interpolation of the target
NF [3], VF follows an iterative optimization process in which
the poles of the underlying rational model representation are
iteratively estimated by solving a small eigenvalue problem.
Any unstable pole estimated in this way is simply mirrored to
the left-half of the complex plane to guarantee the asymptotic
stability of the resulting rational model.

Although effective for the enforcement of stability, the pole
relocation step implemented in VF does not allow users to
constrain the location of the macromodel poles to regions that
differ from the left-half complex plane. However, the availabil-
ity of a more precise pole placement algorithm would enable
the construction of more robust and/or reliable macromodels.
Two notable scenarios that are often advocated in applications
involve preventing the occurrence of out-of-band poles [4]
(which may lead to uncontrolled spurious dynamics as well as
difficulties in passivity enforcement algorithms) or poles that
are too close to the imaginary axis (often arising in presence
of noise in the input data).

In this contribution, we introduce a modified VF scheme that
constrains the poles of the resulting rational model within a
general Linear Matrix Inequality (LMI) region of the complex
plane, rather than restricting them solely to the left-half plane.
This class of regions can approximate, with arbitrary precision,

any convex set that is symmetric about the real axis [5].
Linear Time-Invariant (LTI) systems with poles confined to
such regions are referred to as D-stable [5]. Building upon
recent developments in asymptotic stability within the inter-
polatory AAA framework [6], we enhance the VF optimization
by incorporating explicit pole location constraints. Following
the approach in [6], the resulting optimization problem is
reformulated as a convex semidefinite program through a re-
laxation enabled by a weighted cost function, that is iteratively
minimized during the fitting process.

We show experimentally how the proposed approach can
be effectively applied to improve the performance of VF in
presence of noisy samples and to avoid the presence of out-
of-band poles in the macromodel.

II. NOTATION AND PROBLEM STATEMENT

Most of the notation used in the paper is standard. We
highlight that bold letters will be used for vectors and matrices,
whose size will be always made explicit (e.g. x ∈ Rn and
X ∈ Rn×n). The matrix AT is the transpose of A. The notation
A⊗B denotes the Kronecker product of A and B. The symbol
In denotes the identity matrix of size n. Writing J ≻ K
(J ⪰ K) means that the matrix J−K is positive (semi)definite.
A collection of numbers indexed by subscript k, e.g. xk with
1 ≤ k ≤ K, will be shortly denoted as {xk}.

We consider the following problem: given a collection of
(possibly noisy) samples {Ĥk} representing the NF of a P -
port complex electromagnetic structure retrieved at a set of
locations {sk} over the complex plane, our objective is to fit
the available data to a rational function

H(s) =

n∑
i=1

Ri

s− pi
+ R∞, (1)

such that:
C.1 the order n of the rational approximation is as small as

possible
C.2 H(s) ≈ Ĥ(s) ∀s ∈ {sk}
C.3 {pi} ⊂ D, where D is an arbitrary convex region of the

complex plane that is symmetric with respect to the real
axis.

A set with the properties of D is known as a Linear Matrix
Inequality (LMI) region [5], [7] defined as

D = {s ∈ C : L + sM + s∗MT ≺ 0}, (2)

where L = LT and M are real matrices that uniquely
determine the region. LMI regions of particular interest are,
e.g., half planes, disks, cones, and strips.



III. BACKGROUND: VECTOR FITTING

We review here the basic VF iteration, for an in-depth
analysis of the algorithm see [1]. Given the model structure (1),
the approximation condition C.2 is enforced by optimizing
the model unknowns {pi}, {Ri},R∞ to fit the available data
samples in a least-squares sense. This is done by iteratively
representing (1) in barycentric form as

H(µ)(s) =
N(µ)(s)

D(µ)(s)
, N(µ)(s) = Γ

(µ)
0 +

n∑
i=1

Γ
(µ)
i

s− q
(µ)
i

, (3)

and

D(µ)(s) = 1 +

n∑
i=1

δ
(µ)
i

s− q
(µ)
i

(4)

where µ is the current iteration and H(µ)(s) is the correspond-
ing representation of H(s), expressed in terms of the unknown
coefficients Γ(µ)

0 , {Γ(µ)
i }, {δ

(µ)
i } and the instrumental (known)

“basis” poles {q(µ)i }. Each iteration performs the optimization
of the current unknowns and an update of the poles {q(µ)i }.
Upon convergence of {q(µ)i }, a linear least-squares estimation
is performed to return H(s) in pole-residue form, as in (1).

Optimization. The optimization stage performs the enforce-
ment of the requirement H(µ)(s) ≈ H(s) ∀s ∈ {sk}. To
overcome the difficulties of solving the associated nonlinear
least-squares problem, the condition is relaxed as

N(µ)(s) ≈ Ĥ(s)D(µ)(s) ∀s ∈ {sk}, (5)

that is linear in the unknowns of the current iteration. The
resulting least-squares problem is manipulated via the QR-
based preprocessing introduced in [8], which eliminates the
numerator unknowns Γ

(µ)
0 and {Γ(µ)

i } and produces an op-
timization problem in terms of the denominator coefficients
{δ(µ)i } only. These unknowns are found by solving a problem
of the form

min
C̃(µ)

∥∥∥GC̃
(µ)T − b̃

∥∥∥2
2
, (6)

where C̃
(µ)

collects the denominator variables as

C̃
(µ)

= [δ
(µ)
1 , δ

(µ)
2 , . . . , δ(µ)n ] ∈ R1×n (7)

while G, b̃ are a data matrix and a data vector. Notice that
the number of unknowns of (6) does not depend on the number
of electrical ports.

Pole Relocation. The objective of this step is to update
the basis poles {q(µ)i } defining the model structure (3). The
basis poles at iteration µ+1 are chosen as the actual poles of
Ĥ

(µ)
(s). These poles can be computed once the optimal value

of C̃
(µ)

is obtained by solving (6), since they coincide with
the zeros of D(µ)(s) in (4). From the numerical standpoint,
they are found by solving a small eigenvalue problem that
is formulated based on the state-space representation of the
denominator

D(µ)(s) = C̃
(µ)

(sI− Ã
(µ)

)−1B̃
(µ)

+ 1. (8)

In the above, Ã
(µ)

, B̃
(µ)

, are known matrices while C̃
(µ)

is
the solution of (6). By applying standard state-space inversion
formulas, one checks that the zeros D(µ)(s) are the eigenval-
ues of the matrix Ã

(µ) − B̃
(µ)

C̃
(µ)

. Hence the pole relocation
step performs the assignment

{q(µ+1)
i } ≡ eig{Ã(µ) − B̃

(µ)
C̃

(µ)}. (9)

To enforce the asymptotic stability of the model, the updated
basis poles exhibiting a positive real part are simply flipped
to the left-half complex plane. No further control is allowed
on the poles location.

Residues Optimization. Ideally, the optimization and the
relocation steps are repeated until VF converges to a fixed
estimate of the model poles, that is when {q(µ+1)

i } = {q(µ)i },
which is equivalent to C̃

(µ)
= 0. Assuming this condition

vierified at iteration µ̄, the algorithm performs the assignment

{pi} ← {q(µ̄)i } (10)

in model structure (1). Once the poles of H(s) are fixed, the
residues {Ri} and the direct coupling R∞ are estimated by
solving an additional least-squares problem. Different termi-
nation criteria can be applied in case convergence is not met,
not discussed here. In the following we will denote the last
VF iteration as µ̄.

IV. ENFORCING D-STABILITY

Our main contribution is a strategy that constrains the pole
relocation step (9) to place the updated basis poles over a
prescribed D region of the complex plane. The starting point
for our derivations is the following theorem, proved in [5]:

Theorem 1. Given an LMI region

D = {s ∈ C : L + sM + s∗MT ≺ 0}

with L = LT and M real matrices and a matrix X, it holds
eig{X} ⊂ D if and only if there exists a symmetric matrix
Q ≻ 0 such that

L⊗ Q + M⊗ (XQ) + MT ⊗ (XQ)T ≺ 0. (11)

Theorem (1) provides the necessary and sufficient condi-
tions for embedding the eigenvalue spectrum of a given matrix
X in a prescribed LMI region D. Hence, the problem of D-
stability enforcement can be solved by applying this theorem
to the matrix involved in the pole relocation problem (9). We
have the following as an immediate consequence

Proposition 1. Let D be an LMI region defined as in
Theorem 1, and let µ be an arbitrary VF iteration. Under
the barycentric model representation (3) and the state-space
realization (8), it holds

{q(µ+1)
i } ⊂ D (12)

if and only if there exists Q ≻ 0 such that

L⊗ Q + M⊗ (Ã
(µ)

Q− B̃
(µ)

C̃
(µ)

Q)

+ MT ⊗ (Ã
(µ)

Q− B̃
(µ)

C̃
(µ)

Q)T ≺ 0. (13)



The model H(s) is D-stable if (13) is verified at the last VF
iteration µ = µ̄.

The above result shows that D-stability enforcement boils
down to the verification of the matrix inequality condition (13),
expressed in terms of the denominator coefficients in vector
C̃

(µ)
. In standard VF, these coefficients are found in an

unconstrained manner by solving (6). In order to enforce D-
stability, VF must be modified so that the optimal solution
vector C̃

(µ)
verifies (13) by construction. This property can be

enforced exactly by replacing problem (6) with the following
constrained optimization problem (in which we drop the
iteration index µ for readability)

min
C̃,Q

∥∥∥GC̃
T − b̃

∥∥∥2
2

(14)

subject to :

Q = QT ≻ 0

L⊗Q + M⊗ (ÃQ− B̃C̃Q) + MT ⊗ (ÃQ− B̃C̃Q)T ≺ 0.

Unfortunately, the above problem involves a matrix inequality
that is bilinear in the variables C̃ and Q. The techniques that
are available to tackle this kind of problems either do not
guarantee global optimality or can be practically applied only
in case of very few variables. Hence, we propose to apply a
convex relaxation of (14) in order to make the resulting fitting
scheme robust and efficient.

The strategy that we pursue is inspired by the one introduced
in [6, Sec. 4.3] to enforce asymptotic stability in the well-
known Adaptive-Antoulas-Anderson (AAA) algorithm. We
omit the details of the derivation and we present the final
result, which is cast as the following constrained optimization
problem in epigraph form

min
t,Q,δ

t (15a)

subject to : (15b)

Q = QT ≻ 0 (15c)

L⊗Q + M⊗ (AQ− Bδ) + MT ⊗ (AQ− Bδ)T ≺ 0,
(15d)[

t (δT −Qb)T

(δT −Qb) Q

]
⪰ 0. (15e)

The various matrices in (15) are derived from (14) by comput-
ing the ”thin” SVD of G = UΣVT and performing a change
of variable through a similarity transformation

A = T−1ÃT, B = T−1B̃, C = C̃T, b = UT b̃, CQ = δ
(16)

with T = VΣ.
It can be shown that (15) is equivalent to (14) up to a

weighting of the involved least-squares residues via the matrix
Q. Experimental evidence shows that such weighting does
not impair the accuracy of the fitting, see Sec. V. Contrarily
to (14), problem (15) is convex and can be solved efficiently
by means of off-the-shelf semidefinite programming solvers.

Fig. 1. The magnitude of the reflection coefficient of a transmission line
network. Black line: reference data obtained via virtual measurements. Blue
line: the same data corrupted by synthetic Gaussian noise.

Fig. 2. Comparison between the noise-free data (blue line) of the reflection
coefficient and two models built using the noise-corrupted data. Yellow line:
the model obtained by applying unconstrained VF. Spurious resonances appear
due to the presence of noise (not shown here). Red line: the model obtained
by applying the proposed constrained VF iteration.

V. NUMERICAL RESULTS

We first apply the proposed methodology to approximate the
reflection coefficient of a transmission line network originally
introduced in [9], considering the presence of noise in the
available data. A set of reference virtual measurements of the
reflection coefficient is generated using an in-house Matlab
code that integrates a quasi-static 2D field solver for the
extraction of transmission line parameters and a frequency-
domain solution of the distributed network over the band-
width [50, 1000] MHz. Within this frequency range, a total
of K = 1000 samples Ĥk are collected. These noiseless data
are depicted in black in Fig. 1.

Additive noise νk = νRe,k + jνIm,k is then introduced
into each transfer function sample Ĥk, where both νRe,k
and νIm,k are random variables drawn from zero-mean Gaus-
sian distributions. The variance of these random variables
is normalized such that the RMS value of the noise vector
ν = [ν1, ν2, . . . ν1000] is νRMS = 0.03, corresponding to
3.5% of the RMS value of the reference data. The resulting
noise-contaminated magnitude of the reflection coefficient is
illustrated in Fig. 1 (blue line). Applying the standard VF



Fig. 3. Fitting of a PCB transmission coefficient. Yellow line: unconstrained
fitting. Red line: enforcing only in-band poles (data are available up to 1 in
the normalized frequency scale).

algorithm to the noisy dataset with a model order set to n = 25
yields the approximation shown in Fig. 2 (yellow line) after 20
iterations. The approximation quality is substantially degraded
by the presence of noise, which results in the identification of
spurious undamped poles. The proposed approach is therefore
applied to force the model poles to lie within the left-half
complex plane defined by Re{s} < −α < 0, with the objec-
tive of eliminating these artificial resonances. This constraint
is imposed by selecting L = 2α and M = 1 in the constraints
of problem (15), which specifies the D-region as

D = {s ∈ C : 2α+ s+ s∗ = 2σ + 2α < 0}. (17)

We set α = 0.8 based on grid-search and we applied the
proposed approach by constraining 20 VF iterations. The mag-
nitude response of the constrained model obtained is displayed
in Fig. 2 (dashed-blue line). The proposed constrained fitting
strategy significantly outperforms the unconstrained approach
and effectively suppresses the nonphysical resonances of the
reduced-order model. The constrained model is built in ap-
proximately 20 s on a workstation equipped with 32 GB RAM
and a 3.3 GHz Intel i9-X7900 CPU.

A second experiment shows how the proposed approach
can be used to avoid out-of-band poles in the macromodel.
We model the reflection coefficient of the high-speed Printed
Circuit Board (PCB) interconnect introduced in [10], across
the the bandwidth [0.01, 10] GHz. A model of order n = 51
was built using standard VF, terminated after 20 iterations. The
yellow line of Fig. 3 shows that the resulting model exhibits
out-of-band poles. Such poles are removed by performing an
additional constrained iteration, using the proposed approach.
To this aim, we require the poles to fall into the left-half disk
centered at the origin and having radius equal to the prescribed
bandwidth limit, as in Fig. 4. This strategy effectively removes
the unwanted poles and the out-of-band passivity violations,
without impairing the accuracy of the model as shown by the
red line of Fig. 3. The model was generated in ≈ 6.5 s.

VI. CONCLUSIONS

We presented a novel approach to constrain the location
of the poles of macromodels obtained via the VF algorithm.

Fig. 4. Left: the poles of a macromodel that exhibits out-of-band poles. Right:
the poles are relocated within the bandwidth applying the proposed approach.

Applying the proposed method, the poles can be placed over
arbitrary convex regions of the complex plane that are symmet-
ric with respect to the real axis. The main technical enabling
factor is the solution of a relaxed semidefinite program derived
from the exact non-convex conditions required by the theory
of D-stability. We shown how the approach can be applied to
improve the performance of VF in presence of noisy data and
to remove poles falling beyond the modeling bandwidth limit.
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