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Abstract

One of the fundamental open problems in the field of tensors is the border Comon’s
conjecture: given a symmetric tensor F € (C")®¢ ford > 3, its border and symmetric
border ranks are equal. In this paper, we prove the conjecture for large classes of concise
tensors in (C*)®4 of border rank n, i.e., tensors of minimal border rank. These families
include all tame tensors and all tensors whenever n < d + 1. Our technical tools are
border apolarity and border varieties of sums of powers.

Keywords Tensors - Border Comon’s conjecture - Border apolarity

Mathematics Subject Classification 14N07 - 15A69 - 14C05 - 68Q17

1 Introduction

Among the various significant notions of rank associated with tensors, border rank
stands out for its geometric character, as it is defined in terms of secant varieties.
Buczyriska and Buczynski [4] introduced a novel approach to lower bound this rank,
border apolarity, which translates this geometric concept into an algebraic, ideal-
theoretic framework.

Border tensor rank arises in several important contexts, notably in computational
complexity [8, 20, 21], with roots tracing back to the work of Strassen [26] and Bini [1].
As a core of border apolarity, Buczyriska and Buczyriski defined a parametrization of
border rank decompositions via projective varieties, known as border varieties of sums
of powers (denoted VSP). Recently, properties of these varieties have been explored
further by the authors [23].
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86 Page2of19 T. Mandziuk and E. Ventura

In computational complexity, this development has provided a potential avenue for
addressing the well-known barriers that hinder the use of vector bundle techniques
in establishing strong lower bounds on border ranks [12, 14]. These barriers are nat-
urally explained in terms of schematic ranks, as the cactus rank is often significantly
lower than the border rank (though not always), while vector bundle methods, such as
flattening constructions, yield lower bounds for the former. The effectiveness of this
new approach was demonstrated by Conner, Harper, and Landsberg [10], who derived
the following lower bounds on the border rank of rectangular matrix multiplication:
rk(Mp ) > n? + 1.32n and rk(M 3 ,.»)) > n* + 1.6n. Prior results lacked the
linear terms in n.

A fundamental open problem in the field of tensors, which we refer to as bor-
der Comon’s conjecture, parallels Comon’s conjecture for tensor rank [9, §4.1] [16],
exploring the tension between border rank and symmetric border rank [24, §2, open
problem (1)].

This problem is largely open even for minimal border rank and constitutes the
primary motivation for our paper.

Conjecture 1.1 (Border Comon’s conjecture for minimal border rank) Let F €
((C")®d be a concise symmetric tensor of minimal border tensor rank, i.e., YK(F) = n,
and let pr be its corresponding polynomial. Then rk¢(pr) = rk(F).

From definitions, rk(F) < rkg(pr). This conjecture has already been explicitly
tackled e.g. in [6, 13]. Specifically, Buczyriski, Ginensky, and Landsberg called it the
BRPP,, version of Comon’s conjecture, in our context restricted to the dense set of
concise symmetric tensors. This was part of a general framework devised to formulate
and approach several basic (and some of them yet unanswered to this day) questions on
tensors in a unified terminology. In [6], it is shown that Conjecture 1.1 holds true when
the nth secant of the dth Veronese variety vy (P"—1y is defined by flattenings (or, more
generally, its set-theoretic equations are inherited from those of the corresponding
secant of the Segre variety); however this condition does not cover the minimal border
rank case for arbitrary choices of n and d. For 1-generic 3-tensors (d = 3), the validity
of the border Comon’s conjecture is known [21, Proposition 5.6.1.6].

1.1 Results

We now showcase the content of this article. The overall plan is to compare VSP(F, r)
and VSP(pr, r), the two varieties parametrizing border rank decompositions of a ten-
sor F and its corresponding homogeneous polynomial pr of degree d; see Definition
2.7.

Theorem (Theorem 4.7) Let n < r < (";2) There exists a morphism (called

desymmetrizing) Y : VSP(pr, r) — VSP(F, r).

Given a product of projective space P"! x ... x P"_ its homogeneous coor-
dinate ring (also called Cox ring) is a Z%-graded polynomial ring with degree
e; € Z4 variables corresponding to homogeneous coordinates of the i-th factor. Let
§S=Cloj;j |1 =i <d,1<j<nland S =C[B; |1 < j < n]bethe
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homogeneous coordinate rings of X = (P"~1)*¢ and P"~!, respectively. In §3 we
introduce the ring map A*: § — $% given by a;, j > pBjforalli, j, and an ideal
Ig = (ajjoge —ajpopj | 1 <i <k <d,1 <j <€ =<n)C S, somewhat
encoding symmetrizations. Our main result is the following.

Theorem (Theorem 5.3) Letn <r < ("erz) Assume that a concise symmetric tensor

F in (C")Y®4 has border rank r. The following conditions are equivalent:

(i) the corresponding homogeneous polynomial pr has symmetric border rank r;
(ii) there exists J € VSP(F,r) such that Ig < J and A*(Jy) = AL for all
u, v € Z4 with |u| = |v|;
(iii) there exists J € VSP(F, r) such that A#(-/(d,o,...,O)) c A*(N).

Outline of the proof of Theorem 5.3. Since rk(F) = r, it follows from border
apolarity that there exists a Z¢-homogeneous ideal in S that is a point of VSP(F, r).
However, in general this ideal does not reflect the fact that F' is a symmetric tensor.
We have rk(pr) = r if and only if there exists a Z-homogeneous ideal I in $* that
is a point of VSP(pF, r).

Assume that such an [ exists, then using the desymmetrizing morphism T we
construct an ideal J = Y (I) € VSP(F, r) with some special properties reflecting the
fact that J corresponds to a symmetric border rank decomposition. In fact, A*(J) = I
so we have a straightforward way to recover from J = Y (/) the original ideal / that
corresponds to a symmetric border rank decomposition.

On the other hand, assume that J satisfies weaker assumptions as in part (iii). We
may construct an ideal I’ € VSP(pp, r) by the formula I’ = LT(J) (ﬁf is defined in
Definition 5.1).

If one wants to create a Z%-homogeneous ideal J in S from a Z-homogeneous ideal
I in §*¥™ in such a way that Jy “corresponds” to I}y, then the information from /; has
to be used to create all J, with |u| = s. If in addition, one does not want to distinguish
any factor in (C")®9, this creates strong compatibility conditions on J as in part (ii).

On the other hand, if / € VSP(F, r), then by “projecting to factors” one gets d
ideals in S%7. These ideals are obtained by considering only the homogeneous parts
of J corresponding to lattice points on a fixed edge of the effective cone of X. In the
process of passing from J to its “projection” one loses a lot of information about J
so the assumptions that guarantee that the resulting ideal is in VSP(pF, r) are less
restrictive than in part (ii). In fact, it always holds that these d projected ideals are in
Slip, pa—1 (in particular they have the correct Hilbert function). However, in general
it might happen that none of them is contained in Ann(pr). Under the assumption of
part (iii) the “projection onto the first factor” produces an ideal contained in Ann(pr)
and therefore, a point of VSP(pF, r).

We believe this result may be employed to try to find a counterexample to border
Comon’s conjecture, not necessarily in minimal border rank. The first corollary of
Theorem 5.3 improves on a result of Buczyniski, Ginensky, and Landsberg: they proved
that whenever F € (C")® has border rank rk(F) = r with d > 2r — 1, then
Conjecture 1.1 is true, without the concise condition on F. We improve this bound as
follows.
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86 Page4of19 T. Mandziuk and E. Ventura

Theorem (Corollary 5.4) If a concise symmetric tensor F € (C")®? has border rank
nandn < d + 1, then pr has minimal symmetric border rank.

The second result following from the main theorem establishes that Conjecture 1.1
holds for tame tensors, i.e., those whose smoothable rank is equal to border rank; see
Definitions 2.3 and 2.4.

Theorem (Corollary 5.5) If a concise symmetric tame tensor F € ((C”)®d has minimal
border rank, then pr has minimal symmetric smoothable rank. In particular, pr has
minimal symmetric border rank.

In the context of 3-tensors, Jelisiejew, Landsberg, and Pal introduced the important
notion of 111-sharpness [19]. We introduce the family of sharp tensors in (C*)®? in
Definition 5.8. For concise symmetric minimal border rank 3-tensors, 111-sharpness is
equivalent to sharpness; see Proposition 5.12. We show that Conjecture 1.1 is true for
sharp tensors of minimal border rank, and so it is true for concise 111-sharp 3-tensors.

Theorem (Theorem 5.13) If d > 3 and F € (C")? is a symmetric sharp tensor of
minimal border rank, then rk(F) = rk¢(pr).

Organization of the paper. In §2, we collect notation and preliminaries. In §3, we
introduce the map A* between the polynomial rings S and $*¥ and record its proper-
ties. In §4, we construct the desymmetrizing morphism Y and prove Theorem 4.7. We
introduce the symmetrizing morphism X in Definition 4.8. Along with a locus inside a
suitable flag multigraded Hilbert scheme, this morphism is used to obtain a sufficient
condition providing the validity of Conjecture 1.1 for d = 3; see Corollary 4.12. In
§5, we introduce another map L‘T between S and S*, and show our main Theorem
5.3 with its aforementioned corollaries.

2 Preliminaries

Let S be the homogeneous coordinate ring of the d-factor Segre variety X = (P"~1)*4,
that is, § = (C[Oli’j |1 <i = d,1 < j < n], where deg(e; ;) = €; € 74 is the ith
standard basis vector. Define S = C[x; ; | 1 <i <d,1 < j < n]tobe the polynomial
ring with the Z¢-grading defined by deg(x;. j) = e;. We endow it with an S-module

structure given by o; j o F = % foralli, j. Let By C S be the irrelevant ideal of
]

S,i.e, Bx = (Q1.1,....,10) - (dg1, ..., ). Let Ldenote (1, 1,..., 1) € Z<.
The multigraded Hilbert function of a homogeneous ideal J C § is the numerical

function HF(S/J, -) : Z¢ — N defined by
HF(S/J, v) = dimc Sy — dimc Jy.

Given 0 # F € Sy, denote [F] € P(Sy) to be the corresponding point in projective
space.

Definition 2.1 (Apolar ideals) Let F € §V. Then its apolar or annihilator ideal is the
homogeneous ideal Ann(F) = {y € S|y o F =0} C S.
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Proposition 2.2 ([15, proof of Theorem 1.4]) If F € §v, thenl C Ann(F) < I, C
Ann(F)y.

Definition 2.3 (Border rank) For a point [F] € P(gv), the border rank of F is the
minimal integer r > 1 such that [F] € o,(X), the r-th secant variety of X C P(Sy).
The border rank of F is denoted rk(F).

Definition 2.4 (Smoothable rank) The smoothable rank of [F'] € P(gv) with respect
to X is the minimal integer » > 1 such that there exists a finite scheme Z C X of length
r which is smoothable and [F] € (Z). Equivalently, there exists a finite smoothable
scheme Z C X of length r whose By-saturated ideal satisfies Iz C Ann(F) C S.
The smoothable rank of F is denoted srk(F).

Smoothable and border ranks satisfy rk(F) < srk(F). Equality holds for general
points of any secant variety.

Definition 2.5 (Wildness) An element F € §v is wild if stk(F) > rk(F). When
equality holds, we say that F is tame.

Wildness was introduced in [5], studied for forms in [18] and for tensors in [19, 23].

Given a numerical function  : Z¢ — N, let Hilb@ be the scheme whose closed
points are the homogeneous ideals / C § with HF(S/1, -) = h. This is the Haiman-
Sturmfels multigraded Hilbert scheme [17]. Since S is positively graded, Hilb’; is
a projective scheme for any Hilbert function 2. We ignore the scheme structure of
Hilbg and look at the underlying reduced scheme (Hilbg)red. A closed point of Hilbg
corresponds to an ideal / C S with Hilbert function /: we express this membership
in a set-theoretic fashion as I € Hilb}S’.

For any integer r > 0, define the numerical function &, y : 74 — N to be

hr x(v) = min{r, dimc Sy}.

The function &, x is the generic Hilbert function of r points on X [4, §3.2]. By [4,
Lemma 3.9] the equality HF(S/1Iz, -) = h, x holds for a very general collection of r
points Z C X.

Buczyriska and Buczyrski proved that, in the scheme Hilbg"x , the closure of the

locus of all I € Hilb?‘x that are the saturated ideals of r distinct points in X is
an irreducible component [4, Proposition 3.13], called Slip, . Here the saturation is
taken with respect to the irrelevant homogeneous ideal By of S. We are now ready to
state the border apolarity theorem [4, Theorem 3.15].

Theorem 2.6 (Border apolarity) For any F < Sy, the following assertions are
equivalent:

(i) The border rank of F with respect to X satisfies tk(F) <r;
(ii) there exists a homogeneous ideal I C Ann(F) C S which lies in the irreducible
component Slip,. x.

This motivates the definition, originally introduced in [4], of the main tool of this
article.
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Definition 2.7 (Varieties of sums of powers) For F € Sy, its r-th variety of sums of
powers with respect to X is the closed locus

VSP(F, r) = {J € Slip, x such that J C Ann(F)}.

Let $" = C[B; | 1 < j < n] be the homogeneous coordinate ring of pr-1
with standard grading and let $¥" = Cl[y; | 1 < j < n] be a standard Z-graded
polynomial ring with an $*¥"-module structure defined by ; o p = ;—; for all j.

Theorem 2.6 applies to (and was primarily motivated by) tensors F € Sp = (Ch®A,
An F € (CH® s a symmetric d-tensor whenever &, - F = F, where G, acts
naturally on (C")®? by permuting factors. Since we work in characteristic zero, the
polynomial pr € (W)d corresponding to the symmetric tensor F' is the image of
F under the equivariant projection map composed with the inverse of the polarization
isomorphism, pg : (CH®d _, gdCn (W)d. Their apolar ideals are inside the
polynomial rings S and $*¥™ respectively, i.e., Ann(F) C S and Ann(pr) C S

Definition 2.8 (Symmetric border and smoothable ranks) For a symmetric tensor
F € (C")®4 its border rank (resp. smoothable rank) is the one with respect to the
Segre variety X. Its symmetric border rank (resp. symmetric smoothable rank) is
the one with respect to the Veronese variety vy (P"~1). The latter ones are denoted
rk¢(pr) and srkg(pr) respectively, where pr is the homogeneous polynomial of
degree d corresponding to F.

Definition 2.9 ( Conciseness) A symmetric tensor F € (C™®4 is concise when the
induced linear map F : (C")* — (C")®“~D js injective. A concise tensor F &
(C")®4 satisfies rk(F) > n and, when equality holds, F is said to be of minimal
border rank.

2.1 Notation

Throughout the paper F is a concise symmetric tensor in (C")®¢ and pr is the
corresponding degree d homogeneous polynomial. Even though our main results
concern the case where F has minimal border rank, unless we explicitly state this
assumption we consider the general situation. Recall that X = (P"~!)¢ has homo-
geneous coordinate ring S = Clo; ; | 1 <i <d,1 < j < n] and S denotes
Clx;,; 11 <i <d,1 < j < n]. Moreover, P! has homogeneous coordinate ring
I =C[B; |1 <j=<n] andg?yﬂdenotes Cly; 11 <j<nl.

3 The diagonal morphism

We define the following ring map between S and S*Y™.

Definition 3.1 (Map A*) Let A*: § — $% be given by o; ; > f; forall i, j.
Geometrically, it corresponds to the diagonal embedding A of affine spaces A" —

(An ) ><d_
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n+r—1

Lemma 3.2 Letr and n be positive integers. There are exactly ( .

integer sequences 1 <ay <ap <--- <a, <n.

) non-decreasing

Proof Letb; = a;+i—1.Thesequences 1 < a; <a < --- < a, < nareinbijection

with increasing sequences 1 < by < by < --- < b, < n +r — 1. The number of
such sequences is (" +;_1) corresponding to the choice of r values that are taken by
b1, by, ..., by O

Lemma 3.3 We have the inclusion A*(Ann(F)1) € Ann(pr)g C S

Proof Lety = (y1,...,yn) € ZLywith |y| =Y,y = d,andlety? = y{' ... y" €

(W)d be a monomial of degree |y| = d. Furthermore, denote y! = y;!---y,!. In
the tensor space ((C")d we fix a basis x1;, ® --- ® x4,;;,, where 1 < iy < n. Let

PF = Zy: yl=d %cyy” € (§%ym) 4, where ¢¥ € C. Then the corresponding tensor is

F = Z c? Z X1 ® - ®xq.q, € (CMH®,
vilyl=d  (i1,...i0)€l,

where I, = {(i1,...,i4) € {,...,nM | #{j | ij =k} =y forall 1 <k <n}. Let
0 = Zy: y|=d Z(il,...,id)ely A)',(il,-..,id)al,il s ldiy € Ann(F) C S. Thus

foF= > > Ay i =0.

y:lyl=d (i1,...i0)el,

On the other hand, A*(9) = Doy lyi=d 2a(ir.iarel, Ay inBY € S Now
A@opr= Y > didAyg.in=0
y:lyl=d (1,....ia)€ly,
and the conclusion follows. O
Definition 3.4 (Ideal /) Define
Ig = (o jag e —oajpopj |1 <i<k=<d/1=<j<{£<n)CS.

As we verify computationally below, this is the ideal of the diagonal in (A”)*. Let
A c {0, 1}*¢ be the subset of the d-tuples with only two 1’s in their nonzero entries.
Note that, for any concise symmetric tensor F, one has that Iz € (P, 4 Ann(F)y) <

Ann(F) C S.

Lemma3.5 For every u € Z% we have ker A#|Su = (Ig)u. Furthermore, if J is a
homogeneous ideal such that Jy contains (IR)y for some u € 74, then

dimc(S¥")juy/ (A* |5, (Ju)) = dime(S/ T )u.
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Proof By definition, (Ig)y C ker A*|s,.Let® € Sy. We show that if A*() = 0, then
0 € Ig. By adding elements from (/g)y to 6 we may assume that

0 = § Dy gk, @k g o QLky @2, 02k gy * A kg * O kg
ki<-<kiu <
<kz1==<kpuy <

Ska’,l S"'Skd.ud

ey

for some I'y, ..k, € C. If6 € ker A#|s,, then

0=A0) = Y Thyikan, B Bra,

kip=<--<kiu =
SkZ,lf“'SkZ,uzf

<kg,1 < <kd.u,

and hence Iy, ...k, are all zero. As aresult & = 0 which proves the first statement
of the lemma. One has the equalities

dime (™)) / (A* |5, (Ju)) = dimg (S™) 1y — (dimg Jy — dime(IR)u) =

= dim¢(S™")u) — dimc(S/1g)u + dime(S/J)u.

Then, it is sufficient to show that dimc(S/I/g)u = dimc(S*Y")}y. Observe that in
expression (1) of & modulo (/)y the coefficients I', ;..x duy ATC uniquely determined.
So the quotient space Sy/(Ig)u has a C-basis whose elements are in bijection with
nondecreasing integer sequences 1 < ¢y < -+ < ¢jy; < n. By Lemma 3.2 there are

n+|\ll:|\—1) such sequences, which is the dimension of (§*"")y|. Hence dimc (S*™) jy) =
dimc (S/Ig)u. O

Lemma3.6 A*(Ann(F)1) = Ann(pr)a.

Proof By Lemma 3.3, it is enough to show that dim¢ (5*"),/A*(Ann(F)1) = 1.
This follows from Lemma 3.5 since (/g)1 € Ann(F)y. O

4 A morphism between border varieties of sums of powers

Now we construct a morphism Hilblslj.‘jlf;f_l — Hilbg"'x and show that, given a sym-
metric tensor F € (C")®, it maps ideals in VSP(pr, r) to ideals in VSP(F, r). For
everyu € Z? we define a C-linear injective map ¥y, : (S*Y™)|u| = Su by the following
formula on the monomial basis

.Bilﬂiz te ,Bi‘u‘ = (al,il e O{I,iul )(C{2,iu|+| e (xz,iul«HQ) o (ad,i|u|_ud+1 e ad,im)a

where i1 <ip <.+ <iy. Since At s injective on the image of yy, it follows from
Lemma 3.5 applied with J = I that
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Su= (IR)u ® Yu((S™")jup- 2

Let ¢: Z — Z be any Hilbert function. Given an ideal / € Hilb?sm, let

Y(I) = Ig + P Yull) C 5.

ueZd

Observe that for every u € Z<¢ we have A*(Y(1),) = Iy In particular, Y(I) =
(AHY~I(I). Let ¢ : Z¢ — 7 be defined by ¢’ (u) = ¢ (|ul).

Proposition 4.1 If I € Hilb%,,,,, then Y (I) € Hilb?.

Proof By construction Y (I) is a Z?-graded C-vector subspace of §. We first check
that it is an ideal. S_ince I is an ideal it is enough to show that if 4 = yr, (/) for some
h € Iy, then o; jh are all in Y (/) forevery 1 <i <d and 1 < j < n. This follows
from the fact that Yryye, (Bj1) = a1, jﬁ mod (/r)u+e, and similar equalities for other
Qj j-

By (2) we have

Su ~ Yu((SV)) o (")
UR)u+Vull)  Yulw) L
So S/ (I) has Hilbert function ¢’. O

Based on Proposition 4.1 we make the following definition.

Definition 4.2 (Desymmetrizing morphism) The desymmetrizing morphism is the
morphism of schemes Y : Hilb?wm — Hilb? defined on closed points by I — Y (I).

Remark 4.3 1t is interesting to consider the problem of functoriality of multigraded
Hilbert schemes corresponding to smooth projective toric varieties. If f is a good
enough morphism between such varieties, then it induces a map of multigraded Hilbert
schemes as described in [22, Theorem 2.6]. The morphism f can be expressed in terms
of a homomorphism of Cox rings [11, Theorem 3.2]. One may ask what conditions
on such a ring homomorphism guarantee that it induces a morphism of multigraded
Hilbert schemes. The desymmetrizing morphism does not come from a homomor-
phism of Cox rings. What are other algebraic or geometric constructions that produce
morphisms mapping limits of radical and saturated ideals to limits of radical and sat-
urated ideals? All these questions can also be asked in a more general setup, when
we consider rational maps of varieties and we replace toric varieties by Mori dream
spaces. Here for the algebraic description of the map instead of [11] one can use [2]
and [7].

We are mainly interested in the case where ¢ = h, p.-1 and ¢ = hy x and we
eventually restrict to this case. However, we start with some general observations.

Proposition 4.4 If I is a radical ideal, then so is Y (I).
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Proof Assume that fX € S is in Y(I) for some positive integer k. Since Y (/)
(AHTIT) we get (A*(F)F = A*(f*) e I. Since I is radical we get A*(f) €
ie., feYWU).

o=~

Proposition 4.5 If I is a Bpn—1-saturated ideal, then Y (I) is a Bx-saturated ideal.

Proof Assume that f € S satisfies f € Y(I): By. Since Y(/) and By are 74-
homogeneous, it follows that for all u € Z¢ the degree u part f, of f satisfies
Ju € Y(I): Bx. To conclude that f € Y (1), it is enough to show that each f is in
Y (I). Therefore, we may assume that f is homogeneous.

Assume that f € Sy satisfies foy; ---aq,;, € Y(I)foralll <i; <n.By(2) we
can write f in a unique way as f = g + Yu(h) where g € (Ig)y and i € (S°¥")y,.
Leth = Yu(h). From foy,, ---aq,;, € Y(I) we conclude that hozl,,1 ceelgiy €

Y (I). Observe that the class in (S/Ig)u+1 of Eozul -+ -aq;, 18 the same as the class
of Yur1(hB;, - - Bi,). Therefore, we obtain hp;, --- B;, € I for all i;. Since I is
Bpn—1-saturated we derive & € I and so h e Y(I). This yields f = g + heY().O

Proposition 4.6 If I C Ann(pr), then Y(I) C Ann(F).

Proof By Proposition 2.2 it is enough to show that if f € Y(I)1, then f € Ann(F).
By (2) we can write f in a unique way as f = g + Y¥1(h) where g € (Ig)1 and
h € I;. Let h = y1(h). Since F is symmetric, /g € Ann(F) so it is enough to
show that 7 € Ann(F). We have h € I; € Ann(pr). Then, by Lemma 3.6, there
exists /' € Ann(F); with A#(h) = h. Since (Ig)1 = ker A* |s;» we can assume
using decomposition (2) that &’ € ¥ ((S¥™),). But A* ly1((s9vm),) is injective and h
is an element of Y1 ((S*¥™)4) with A*(h) = h. Hence, i’ = h and we conclude that
h € Ann(F). O

Theorem4.7 If n < r < ("+1) then the desymmetrtzmg morphism Y defines a
morphism of multigraded Hilbert schemes Y : Hilb SQyP,: ' _ Hilb Sr X such that

(i) if I € Slip, pn-1, then Y (I) € Slip, yx;
(ii) if I € Ann(pfF), then Y(I) € Ann(F).

In particular, it restricts to a morphism from NSP(pfg, r) to VSP(F, r).

Proof We first prove that the Hilbert function of S/Y () is h, x. Since r > n =
dimc (S*Y™)1, it follows that I} = Oand so, Y (/)y = Oforeveryu € Zio with |u| < 1.
As a result, for such u, one has dimc(S/Y (I))y = dimc Sy = min{r, dimc Sy} =
hy x (w). Assume that [u| > 2. Then &, pr-1 ([u]) = min{dimc($*7™)y), 7} = r by
the assumption that r < (";l) = dimc(S$*Y™),. Then, dimc(S/Y(I))y = r by
Proposition 4.1. On the other hand, dim¢c Sy > (";1) SO

dimc(S/Y (I))a = r = min{r, dimc Sy} = A, x (u).

It follows from Proposition 4.1 that I +— Y'(I) defines a morphism of multigraded
Hilbert schemes. Statement (i) follows from Propositions 4.4 and 4.5; statement (ii)
follows from Proposition 4.6. O
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We continue to assume thatn < r < (”erl). Let g be the Hilbert function of S/1Ig

and let Hilbg"x ¥ be the flag multigraded Hilbert scheme equipped with its projections
712 Hilb*$ — Hilby* and 5 : Hilby*** — Hilb}.

Definition 4.8 (Symmetrizing morphism) We define a morphism &: m, YR —
h n— . . .

Hilb Sﬁ'yﬂfn " on closed points by sending Ir € J to £ (J) where X is the symmetrizing

morphism. To define this latter morphism, we need to introduce more notation. Let

E c {0, 1}*? be the set of d-tuples 0,e;,e; + €, ---,e; + ... + es_;. Define
al = (a,a,...,a). Then, on closed points, X is defined by

2() = (D A" Vurs9)-

acl se&

Note that, for each a € Z, the summands have degrees da,da +1,...,d(a+1) — 1.
So these are organized as residue classes modulo d.

We check that £ is well-defined: by the definition of A* the graded C-vector space
3 (J) is an ideal. Its Hilbert function is &, p.—1 by Lemma 3.5.

Next we claim that if J € Hilb?’x is a radical and By-saturated ideal containing
Ig,then §(Ig € J) = X(J) is radical. In particular, 3 (J) is in Slip, pn-1.

Proposition 4.9 Assume that Ig C J with J € Hilbg"x. If J is radical and By-
saturated, then ¥ (J) is a radical ideal of S*>™.

Proof Let g € (S*™)y satisfy gk € X (J) for some positive integer k. We can write
N =ad + m where 0 <m < d. Lets € {0, I}Xd be the element with s; = 1 if and
only if i < m. There exists G € S,145 with g = A*(G). To prove the statement it is
sufficient to verify that G € J, because then g € X(J).

For every tuple j = (ju+1,-.., ja) of integers between 1 and n, the polyno-
mial (Bj,,,, - ﬁjdg)k is in X (J). Hence, there exists a polynomial P(j) € Jia+1)1
with A*(P(§)) = (Bj,., - Bju8). From the equality A*(([T,,,; @i ;;6)F) =
(Bjnsr - - Bja@)* it follows by Lemma 3.5 that ([T, @ G)* — P(j) € Ig. By
assumption, /g € J and by construction P(j) € J. Hence (]_[?:er1 a; Gk e J.
From the assumption that J is radical we get ]_[f:m 11%,;G € J. Since J is
Bx-saturated, it iS (Wm+1,15 - -» %mt1.0) - (@4 1, - .., ¥g.n)-saturated. So G € J.

O

Proposition4.10 Let n < r < (”’51) Suppose every irreducible component of

TS 1(IR) contains a radical and Bx-saturated ideal. If J € Slip, x contains Ig,
then %(J) is in Slip, pa-1.

Proof 1If J € Slip, y isradical and Bx-saturated, then X(J) is in Slip, pn—1 by Propo-
sition 4.9. Let Z C m, L(Ig) be any irreducible component. Consider the restriction

of the first projection 717 : Z —> Hilb?’x .
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Let Sip, y be the set of radical and By -saturated ideals and Z° = 7, é (Sip, x)-

We claim that Z° = Ty, é (Slip, x). Since |z is injective, it is enough to prove that
the images of these two sets under 71|z are equal. To simplify notation let ¢ denote
1) z. Since ¢ is a closed map one has

$(Z°) = $(Z°) = Sip, x N$(Z) = ¢(2).

Here the third equality is proven as follows: since ¢ (Z) is irreducible and Sip, x is
open, the condition Sip, x N @¢(Z) # @ implies that the latter is nonempty open and
so dense in ¢ (Z). Moreover ¢ (¢! (Slip, x)) = ¢(Z). The statement follows since &
is a closed map. O

Corollary 4.11 Keep the assumption from Proposition 4.10. If there exists J €
VSP(F, r) containing Ig, then K := Y (X(J)) € VSP(F, r). In particular, the ideal
K is such that A*(Ky) = A*(Ky) for all multidegrees a, b with |a| = |b.

Corollary 4.12 Keep the assumption from Proposition4.10. Let F be a concise symmet-
ric tensor in (C")® of border tensor rank r. If there exists J € VNSP(F, r) containing
IR, then the corresponding homogeneous polynomial pr of degree d has symmetric
border rank r. In particular, if F is a concise symmetric tensor in (C")®3 of minimal
border rank, then the corresponding polynomial pr has minimal symmetric border
rank.

Proof By Proposition 4.10, the ideal X(J) € Slip, pn—1 and since J; € Ann(F)q it
follows from Lemma 3.3 that (J); = A*(Jp) € Ann(pr)q. Hence, by Proposition
2.2, ¥(J) € Ann(pr). As aresult £(J) € VSP(pr, r). Then, by Theorem 2.6, the
symmetric border rank of pr is at most r and so equal to r.

Assume that F is a concise symmetric tensor of minimal border rank. By The-
orem 2.6 there exists an ideal J € VSP(F,n). As d = 3, by comparing Hilbert
functions, we have Jy = Ann(F)y for all v € A (see Definition 3.4). Since F is
symmetric /g € Ann(F) and we conclude that /r € J. Now we may apply the first
part of the statement. O

So Corollary 4.12 states that if every irreducible component of 7, Y(Ig) contains
a radical and By-saturated ideal, then the minimal border rank Comon’s Conjecture
1.1 holds for concise tensors in (C")®3. However, we do not know whether this
is an effective condition to check, for a description of m, "a r) might be hard to
achieve. Though it may be potentially ineffective, we believe this was an interesting
construction to record.

5 A morphism in the other direction

Definition 5.1 (Map ¢f) Let (¥ : S — S*™ be givenby & ; > ; forall 1 < j <n
and; j > Oforall2 <i <dandalll < j <n.

Geometrically, ﬁf corresponds to the inclusion ¢1 : A" — (A")*“ on the first factor.
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Proposition 5.2 ( [22, Corollary 2.7]) Let Z =P"! x --- x P"" and W = Z x P"! x

- x P™_ Then, the homogeneous coordinate ring C[Z] of Z is a subring of the
homogeneous coordinate ring C[W] of W and for every positive integer r there is
a morphism of multigraded Hilbert schemes Hilb}é’[‘;‘v,l — Hilb}é’[é] given on closed

points by J — J N C[Z]. Furthermore, this morphism maps Slip,. y, onto Slip, ;.

In our case C[P"~!] = §5¥" C C[X] = S can be realized by B; — a1, and then
J N CIP"~ 1= J N S$™ becomes ¢ (J).

We use L*f as well as Y to characterize concise symmetric tensors for which sym-
metric border rank is equal to border rank in terms of existence of ideals with special
properties in their border varieties of sums of powers.

Theorem 5.3 Letn <r < ("'51). Assume that a concise symmetric tensor F in (C”)@’d

has border rank r. The following conditions are equivalent:

(i) the corresponding homogeneous polynomial pr has symmetric border rank r;
(ii) there exists J € VSP(F,r) such that Ig < J and A*(Jy) = A* L) for all
u, v € Z4 with |u| = |v|;
(iii) there exists J € NSP(F, r) such that A*(Ja.0....0) € A*(Jy).

Furthermore, if these conditions hold, then L‘T(J) € VSP(pF, r).

Proof Assume that (i) holds. By Theorem 2.6 there exists I € VSP(pp,r). Let
J = Y(I). By the definition of Y we have Ig C J and A*(Jy) = Iy = Iiy = A*(Jy)
for all u, v € Z¢ with |u| = |v|. Furthermore, by Theorem 4.7, J is in VSP(F, r).
Therefore, J is as in (ii).

The implication (ii) = (iii) is clear. Assume that (iii) holds. By Proposition 5.2
the ideal 1 := LT(J ) is in Slip,. pn—1. Furthermore,

Lo = $(Jwo....0) = A*Jwo...0) S A* (1) € A*(Ann(F)1) = Ann(pr)a

where the last equality follows from Lemma 3.6. It follows that I € VSP(pF, r) so
by Theorem 2.6 the symmetric border rank of pr is at most r and thus it is equal to r.
[m]

Next we exhibit three situations in which statement (iii) of Theorem 5.3 is satisfied.

Corollary 5.4 If a concise symmetric tensor F € (C")®¢ has border rank n and
n <d + 1, then pr has minimal symmetric border rank.

Proof LetJ € VSP(F, n). By Theorem 5.3 it is enough to show that A#(J(d,o,_,,o)) -
A#(J1). Assume by contradiction that A#(J(d,o,,_,yo)) g A*(J1).Let K C $9™ be the
ideal generated by A*(J1), A*(Jia.0...0)) and A*(J(4.1.1...1))- The Hilbert function of
S§5YM /K indegree d is atmostn — 1 < d. Macaulay’s bound [3, Theorem 4.2.10] states
the Hilbert function HF(S*Y" /K, a) is bounded from the above by HF(S*""" /K , a —
1)“”]> for all @ > d, where the latter is the (¢ — 1)-th Macaulay representation of
the integer HF(S*Y" /K, a — 1). Note that (n — D@ =pn—1,asn—1 < d. Thus
HE(S%Y™ /K, a) is bounded from the above by n — 1 for all a > d.
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Since F'is symmetric we have Ig € Ann(F'). From the assumption that F is concise
one gets

HF(1 — e;, S/Ann(F)) = HF(e;, S/Ann(F)) =n = HF(1 —e;, S/J)
for every i. Therefore, Ji_e;, = Ann(F)1_¢, for every i. In particular,
(IR)1—¢; € Ji—¢; foralli. 3)

We claim that (Ig),1,...1) € J@,1,...,1)- Indeed, every element of (Ig),1,..,1) can
be written as a sum of elements of the form HM M’ where M, M’ are monomials,
H € Ig and one of the following holds for some i # j between 2 and d.

e He (IR)e|+e,~7 M e Slfe|fe,~7ej, M" e S(d—l)e1+ej
e He (IR)e,'+e_,'7 M e Slfelfeife_,w M e Sdel-

In either case, it follows from (3) that HM € J. Therefore, HM M’ € J and so their
sum is also in J. By Lemma 3.5, the codimension of A#(J(d,l,...,l)) in (85541
is equal to n. Note that Koy—1 = A#(J(d,l,...,l)) by construction. Therefore, by the
above, HF(S*"" /K, 2d — 1) = n. This contradiction finishes the proof. O

Corollary 5.5 If a concise symmetric tame tensor F € (C")®¢ has minimal border
rank, then pr has minimal symmetric smoothable rank. In particular, pp has minimal
symmetric border rank.

Proof Let J be a By-saturated ideal of a length n smoothable scheme apolar to F.
From J € Ann(F) one concludes that S/J has Hilbert function %, x. This condition
implies that (Ig)1—e; S Ann(F)1—e; = J1—e; for alli. Similarly to the argument in the
last part of the proof of Corollary 5.4, one checks that (Ig)1 € Jp. Since the natural
map Slip,, x — Hilb},, (X) is surjective (see [23, Proposition 3.17]), we conclude that
J € Slip,, x.

By Proposition 5.2, ﬁf(J ) isin Slip,, p»—1 and it is in fact saturated (see [22, Proposi-
tion 2.1] for details). So it is enough to show that L’f (J) € Ann(ppr) to conclude that the
smoothable rank of pr satisfies stkg(pr) < n, and thus is equal to n. By Theorem 5.3,
to demonstrate this claim, it is enough to show that A#(J(d,o ,,,,, 0) € A* (D).

Since (Ig)4,0,..,00 = 0 and (Ig)1 € J1, by Lemma 3.5 both A#(J(d,o,.‘.,())) and
A*(Jq) are of codimension n in ($*¥™)4. It is enough to show that if F € Jj, then
A*(F) € A*(Ja,0,...0)-

Let 7: $" < § be the injective ring map B; +—> o j forall 1 < j < n and let
f = (A*(F)). To derive the above conclusion, it is enough to verify that f € J: this
would imply that A*(F) = A*(f) € A*(Jo....0)-

For every 1 < ji,....ja < n, A#(Foq,j, e j) = A#(fot],j1 S0l )
From Lemma 3.5, we see that Fay j, ---a1,j, — forj, - -aq,j, € UR)@+1,1,..1) S
J+1,1,...,1) and hence, foq j, ---ogq j, isin J. Since J is By-saturated we conclude
that f € J. O

Remark 5.6 Let F be a concise tame 3-tensor of minimal border rank. Then F is
symmetric and the equality rk(F) = rkg(pr) = n can be proven using results
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of Jelisiejew, Landsberg and Pal [19]. By [19, Theorem 9.2], since F has minimal
smoothable rank, then F is 1-generic, 111-sharp and its 111-algebra is smoothable
and Gorenstein. Moreover, they prove that its 111-algebra is such that its spectrum lays
on the third Veronese variety and spans pr: this implies that the symmetric smoothable
rank of pr is minimal and the desired conclusion follows. Note that when F is a 1-
generic 3-tensor, the validity of the border Comon’s conjecture was already known
[21, Proposition 5.6.1.6].

The last family of tensors for which part (iii) of Theorem 5.3 is satisfied is a
very interesting one. We introduce the family of sharp d-tensors generalizing (see
Proposition 5.12 below) the one of 111-sharp concise 3-tensors, introduced in [19],
when we look at symmetric minimal border rank tensors.

Definition 5.7 (111-sharpness) A concise tensor F € (C")®3 is 111-sharp if its
annihilator Ann(F') has exactly n — 1 minimal generators of multidegree (1, 1, 1).

A concise minimal border rank tame 3-tensor is 111-sharp [19, Theorem 9.2] so
this family generalizes the one considered in Corollary 5.5 when d = 3.

Definition 5.8 (Sharp tensors) Let F € (C")®¢ with d > 3. We say that F is sharp
if

(1) Ann(F) has n — 1 minimal generators of degree 1;
(2) HF(S/Ann(F),u) =nforall0 <u < 1;
(3) HF(S/(Ann(F)e; +e;), s¢i +ej) =nforalll <i # j <nandalll <s <d-—-1.

We need the following corollary of Lemma 3.5.

Corollary 5.9 Let F be a symmetric concise tensor in (C")®? for some d > 3.
A*(Ann(F)1-¢;) = Ann(pr)a-1.

Proof Since F is concise, so is pr. So dimc (S /Ann(pr))g—1 = n =
dimc(S/Ann(F))1—e,. Since Iz € Ann(F), by Lemma 3.5 both of the subspaces
of (§Y™)4_1 in the statement are of codimension n. Therefore, it is sufficient to check
that A*(Ann(F)1_¢,) € Ann(pr)a—1.

If 0 € Ann(F)y_e,, thenag ;0 € Ann(F)y forall j € {1, ..., n}. By Lemma 3.6,
forevery j € {1,2,...,n} one has §; A#*(0) € Ann(pr)q. We conclude that A*(9) e
Ann(pr)g—1 and hence A#(Ann(F)l_ed) C Ann(pr)d—1. O

Lemma 5.10 Let F be a symmetric concise tensor in (C*)®4. The number of minimal
generators of Ann(pr) of degree d is the same as the number of minimal generators
of Ann(F) of degree 1.

Proof Let J = Zle (Ann(F)1_¢;). If Ann(F’) has s minimal generators of degree 1,
then dimc(S/J)1 = s + 1. So dim¢ (5)4/A#(J1) = s + 1 by Lemma 3.5.

Since F is symmetric, the image of Ji_¢, under A" is independent of i. Then,
we have A*(J;) = (A#*(J1_¢,))a. By Corollary 5.9 we have A*(J1_e,) =
A#(Ann(F)l,ed) = Ann(pr)g_1. From dimc (89™),/A*(J1) = s + 1 we conclude
that Ann(pr) has s minimal homogeneous generators of degree d. O
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Lemma5.11 Ler F be a symmetric concise tensor in (CH®4. If I =
Y0<uct (ANn(F)), then A (Ig-1)e,+e;) S Ann(pp)a-

Proof Consider two families of claims depending on s:

A* (Lo, per+teg_y) S An(pF)a— A(s)

A*(Is41)e1+ertteqs) S (An(pr)a—1)a- B(s)

A(1) holds by Corollary 5.9 and our goal is to prove that B(d — 2) holds. If s > 1,
then I(sy1)e;+er+-teq_, = Se; - Ise;+er+--+ey_s» DECAUSE there are no new generators
in multidegree (s + 1)e; + e> + --- + e4_s. Consequently, B(s) follows from A(s)
foralll <s <d—2.

Assume that 1 < s < d — 3 and B(s) holds. Let 0 € I(st1)e;+ert-teq_y_;-
Then, forevery 1 < j < n, ag—s,j -0 € Ist1)e,+er+-teq_,» SO Dy B(s) we have
Bj - At ) € Ann(pr)g for every j. It follows that A*@) € Ann(pr)g—1, i.e.,
A(s + 1) holds. O

Proposition 5.12 If d = 3, a concise symmetric tensor is sharp if and only if it is
111-sharp as in Definition 5.7.

Proof For d = 3, every concise tensor F satisfies condition (2) in Definition 5.8 and
F is 111-sharp if and only if it satisfies condition (1). So it is sufficient to prove that,
for d = 3, condition (1) implies condition (3).

By Lemma 3.5, in order to show that HF(S/(Ann(F)e;+e;), 2€; + €j) = n, it s
enough to show thatdim¢ (Ssy’”)3/A#((Ann(F)e[ +e;)2¢;+e;) = n.From Corollary 5.9
one gets N (Ann(F)e, +ej) = Ann(pr); and hence,

dime (8™™)3/ A*((AND(F)e;te; )2, e;) = dime(S27)3/(Ann(pr)a)z = n,
by the assumption that F is 111-sharp together with Lemma 5.10. O

Theorem5.13 Ifd > 3 and F € (C")® is a concise symmetric sharp tensor of
minimal border rank, then the homomorphism L’f 1 S — S induces a morphism
of reduced schemes (L?)@ : VSP(F,n) — VSP(pr,n). In particular, rk(F) =
rkg(pr).

Proof By Proposition 5.2 the ring homomorphism L’f induces a morphism of

multigraded Hilbert schemes that restricts to a morphism Slip,, x — Slip,, pn—1.

Let K € VSP(F, n).In order, to show that the above morphism restricts a morphism
(tyvsp : VSP(F,n) —> VSP(pF, n) it is enough to show that (f(K) € Ann(pr).
Let I = ) (_,-1(Ann(F)y). Since F is sharp, we have I C K. We claim that
K@a—1)e;+e; = I(d—1)e; +e,- Indeed, since F' is sharp, we have dim¢ (S/1) (@—1)e;+e, =
n = dimc(S/K)@—1)e,+e,» Where the first equality follows from property (3) of
Definition 5.8.

We show that L?(K(d_l)el) = Ann(pfr)g—1. Since pr is concise, it is enough
to show that L?(K(a’_l)el) C Ann(pr)4—1. Furthermore, since pp is of degree d,
it is sufficient to show that (§%Y); - Lf(K(d_l)e]) C Ann(pr)q. Let 6 € Kg—1ye
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and j € {I,....n}. Then oz j - 0 € Ka—1)e;+es = l(d—1)e;+e,- It follows from
Lemma 5.11 that
Bj- i ©) = A*(aa ;- 0) € Ann(pr)a,

for any j € {1,...,n}. Since pr has degree d, then L‘T(@) € Ann(pr)i—1, SO
L’f(K )a—1 € Ann(pr)s—1. These vector spaces have the same dimension, so they
are equal. Thus,

H(K)g 2 (E(K)a—1)a = (Ann(pr)a—1)a-

Since F is sharp, Ann(pr) has n — 1 minimal generators in degree d by Lemma 5.10. It
follows that the rightmost vector space is of codimension 7 in (S*¥™),. By the equality

of dimensions, L?(K)d = (Ann(pr)4—1)q and in particular, L?(K) C Ann(pr).
Since F has minimal border rank VSP(F,n) is nonempty by Theorem 2.6.
Therefore, so is VSP(pr, n). Using Theorem 2.6 we conclude that rk¢(pr) = n.
O

Corollary 5.4 says that any minimal border rank tensor F € (C")®? whenever n < 4
satisfies border Comon’s conjecture. However, we can do a little bit better using a
result from [19].

Proposition 5.14 Any minimal border rank symmetric concise tensor F € (C")®3 for
n < 5 satisfies tk(F) = rk¢(pr).

Proof If n < 5 then every minimal border rank tensor is 111-sharp [19, Sub-
section 1.4.1]. So Theorem 5.13 and Proposition 5.12 establish the statement.
O

Theorem 5.13 also slightly strengthens a result on cubic forms by Seigal [25,
Corollary 1.6].

Corollary 5.15 Ifrk¢(pr) < 6, then tk(F) = rks(pr).

Proof By [25, Corollary 1.6] we may assume that rk¢(pr) = 6. If F is a concise
tensor in (C%)®3, the conclusion is clear. If F is a concise tensor of minimal border
rank in (C°)®3, then Proposition 5.14 implies rk(F) = rkg(pr) = 5. Thus, we may
assume that, up to the action of the general linear group, pr is a cubic polynomial in
four variables. In this case [25, Theorem 1.5] implies rk¢(pr) = rk(F). O
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