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Abstract
One of the fundamental open problems in the field of tensors is the border Comon’s
conjecture: given a symmetric tensor F ∈ (Cn)⊗d for d ≥ 3, its border and symmetric
border ranks are equal. In this paper,weprove the conjecture for large classes of concise
tensors in (Cn)⊗d of border rank n, i.e., tensors of minimal border rank. These families
include all tame tensors and all tensors whenever n ≤ d + 1. Our technical tools are
border apolarity and border varieties of sums of powers.

Keywords Tensors · Border Comon’s conjecture · Border apolarity
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1 Introduction

Among the various significant notions of rank associated with tensors, border rank
stands out for its geometric character, as it is defined in terms of secant varieties.
Buczyńska and Buczyński [4] introduced a novel approach to lower bound this rank,
border apolarity, which translates this geometric concept into an algebraic, ideal-
theoretic framework.

Border tensor rank arises in several important contexts, notably in computational
complexity [8, 20, 21], with roots tracing back to thework of Strassen [26] andBini [1].
As a core of border apolarity, Buczyńska and Buczyński defined a parametrization of
border rank decompositions via projective varieties, known as border varieties of sums
of powers (denoted VSP). Recently, properties of these varieties have been explored
further by the authors [23].
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86 Page 2 of 19 T. Mańdziuk and E. Ventura

In computational complexity, this development has provided a potential avenue for
addressing the well-known barriers that hinder the use of vector bundle techniques
in establishing strong lower bounds on border ranks [12, 14]. These barriers are nat-
urally explained in terms of schematic ranks, as the cactus rank is often significantly
lower than the border rank (though not always), while vector bundle methods, such as
flattening constructions, yield lower bounds for the former. The effectiveness of this
new approach was demonstrated by Conner, Harper, and Landsberg [10], who derived
the following lower bounds on the border rank of rectangular matrix multiplication:
rk(M〈2,n,n〉) ≥ n2 + 1.32n and rk(M〈3,n,n〉) ≥ n2 + 1.6n. Prior results lacked the
linear terms in n.

A fundamental open problem in the field of tensors, which we refer to as bor-
der Comon’s conjecture, parallels Comon’s conjecture for tensor rank [9, §4.1] [16],
exploring the tension between border rank and symmetric border rank [24, §2, open
problem (1)].

This problem is largely open even for minimal border rank and constitutes the
primary motivation for our paper.

Conjecture 1.1 (Border Comon’s conjecture for minimal border rank) Let F ∈
(Cn)⊗d be a concise symmetric tensor of minimal border tensor rank, i.e., rk(F) = n,
and let pF be its corresponding polynomial. Then rkS(pF ) = rk(F).

From definitions, rk(F) ≤ rkS(pF ). This conjecture has already been explicitly
tackled e.g. in [6, 13]. Specifically, Buczyński, Ginensky, and Landsberg called it the
BRPPn version of Comon’s conjecture, in our context restricted to the dense set of
concise symmetric tensors. This was part of a general framework devised to formulate
and approach several basic (and some of them yet unanswered to this day) questions on
tensors in a unified terminology. In [6], it is shown that Conjecture 1.1 holds true when
the nth secant of the dth Veronese variety νd(Pn−1) is defined by flattenings (or, more
generally, its set-theoretic equations are inherited from those of the corresponding
secant of the Segre variety); however this condition does not cover the minimal border
rank case for arbitrary choices of n and d. For 1-generic 3-tensors (d = 3), the validity
of the border Comon’s conjecture is known [21, Proposition 5.6.1.6].

1.1 Results

We now showcase the content of this article. The overall plan is to compare VSP(F, r)

and VSP(pF , r), the two varieties parametrizing border rank decompositions of a ten-
sor F and its corresponding homogeneous polynomial pF of degree d; see Definition
2.7.

Theorem (Theorem 4.7) Let n ≤ r ≤ (n+2
2

)
. There exists a morphism (called

desymmetrizing) ϒ : VSP(pF , r) → VSP(F, r).

Given a product of projective space P
n1 × · · · × P

nd , its homogeneous coor-
dinate ring (also called Cox ring) is a Z

d -graded polynomial ring with degree
ei ∈ Z

d variables corresponding to homogeneous coordinates of the i-th factor. Let
S = C[αi, j | 1 ≤ i ≤ d, 1 ≤ j ≤ n] and Ssym = C[β j | 1 ≤ j ≤ n] be the
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Symmetrization maps and minimal border rank Comon’s conjecture Page 3 of 19 86

homogeneous coordinate rings of X = (Pn−1)×d and P
n−1, respectively. In §3 we

introduce the ring map �# : S −→ Ssym given by αi, j 	→ β j for all i, j , and an ideal
IR = (αi, jαk,� − αi,�αk, j | 1 ≤ i < k ≤ d, 1 ≤ j < � ≤ n) ⊂ S, somewhat
encoding symmetrizations. Our main result is the following.

Theorem (Theorem 5.3) Let n ≤ r ≤ (n+2
2

)
. Assume that a concise symmetric tensor

F in (Cn)⊗d has border rank r . The following conditions are equivalent:

(i) the corresponding homogeneous polynomial pF has symmetric border rank r;
(ii) there exists J ∈ VSP(F, r) such that IR ⊆ J and �#(Ju) = �#(Jv) for all

u, v ∈ Z
d with |u| = |v|;

(iii) there exists J ∈ VSP(F, r) such that �#(J(d,0,...,0)) ⊆ �#(J1).

Outline of the proof of Theorem 5.3. Since rk(F) = r , it follows from border
apolarity that there exists a Z

d -homogeneous ideal in S that is a point of VSP(F, r).
However, in general this ideal does not reflect the fact that F is a symmetric tensor.
We have rk(pF ) = r if and only if there exists a Z-homogeneous ideal I in Ssym that
is a point of VSP(pF , r).

Assume that such an I exists, then using the desymmetrizing morphism ϒ we
construct an ideal J = ϒ(I ) ∈ VSP(F, r) with some special properties reflecting the
fact that J corresponds to a symmetric border rank decomposition. In fact,�#(J ) = I
so we have a straightforward way to recover from J = ϒ(I ) the original ideal I that
corresponds to a symmetric border rank decomposition.

On the other hand, assume that J satisfies weaker assumptions as in part (iii). We
may construct an ideal I ′ ∈ VSP(pF , r) by the formula I ′ = ι#1(J ) (ι#1 is defined in
Definition 5.1).

If one wants to create aZ
d -homogeneous ideal J in S from aZ-homogeneous ideal

I in Ssym in such a way that Ju “corresponds” to I|u|, then the information from Is has
to be used to create all Ju with |u| = s. If in addition, one does not want to distinguish
any factor in (Cn)⊗d , this creates strong compatibility conditions on J as in part (ii).

On the other hand, if J ∈ VSP(F, r), then by “projecting to factors” one gets d
ideals in Ssym . These ideals are obtained by considering only the homogeneous parts
of J corresponding to lattice points on a fixed edge of the effective cone of X . In the
process of passing from J to its “projection” one loses a lot of information about J
so the assumptions that guarantee that the resulting ideal is in VSP(pF , r) are less
restrictive than in part (ii). In fact, it always holds that these d projected ideals are in
Slipr ,Pn−1 (in particular they have the correct Hilbert function). However, in general
it might happen that none of them is contained in Ann(pF ). Under the assumption of
part (iii) the “projection onto the first factor” produces an ideal contained in Ann(pF )

and therefore, a point of VSP(pF , r).
We believe this result may be employed to try to find a counterexample to border

Comon’s conjecture, not necessarily in minimal border rank. The first corollary of
Theorem5.3 improves on a result of Buczyński, Ginensky, andLandsberg: they proved
that whenever F ∈ (Cn)⊗d has border rank rk(F) = r with d ≥ 2r − 1, then
Conjecture 1.1 is true, without the concise condition on F . We improve this bound as
follows.
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86 Page 4 of 19 T. Mańdziuk and E. Ventura

Theorem (Corollary 5.4) If a concise symmetric tensor F ∈ (Cn)⊗d has border rank
n and n ≤ d + 1, then pF has minimal symmetric border rank.

The second result following from the main theorem establishes that Conjecture 1.1
holds for tame tensors, i.e., those whose smoothable rank is equal to border rank; see
Definitions 2.3 and 2.4.

Theorem (Corollary 5.5) If a concise symmetric tame tensor F ∈ (Cn)⊗d has minimal
border rank, then pF has minimal symmetric smoothable rank. In particular, pF has
minimal symmetric border rank.

In the context of 3-tensors, Jelisiejew, Landsberg, and Pal introduced the important
notion of 111-sharpness [19]. We introduce the family of sharp tensors in (Cn)⊗d in
Definition 5.8. For concise symmetricminimal border rank 3-tensors, 111-sharpness is
equivalent to sharpness; see Proposition 5.12. We show that Conjecture 1.1 is true for
sharp tensors of minimal border rank, and so it is true for concise 111-sharp 3-tensors.

Theorem (Theorem 5.13) If d ≥ 3 and F ∈ (Cn)d is a symmetric sharp tensor of
minimal border rank, then rk(F) = rkS(pF ).

Organization of the paper. In §2, we collect notation and preliminaries. In §3, we
introduce the map�# between the polynomial rings S and Ssym and record its proper-
ties. In §4, we construct the desymmetrizing morphismϒ and prove Theorem 4.7. We
introduce the symmetrizing morphism 	 in Definition 4.8. Along with a locus inside a
suitable flag multigraded Hilbert scheme, this morphism is used to obtain a sufficient
condition providing the validity of Conjecture 1.1 for d = 3; see Corollary 4.12. In
§5, we introduce another map ι#1 between S and Ssym , and show our main Theorem
5.3 with its aforementioned corollaries.

2 Preliminaries

Let S be the homogeneous coordinate ring of the d-factor Segre variety X = (Pn−1)×d ,
that is, S = C[αi, j | 1 ≤ i ≤ d, 1 ≤ j ≤ n], where deg(αi, j ) = ei ∈ Z

d is the i th
standard basis vector. Define S̃ = C[xi, j | 1 ≤ i ≤ d, 1 ≤ j ≤ n] to be the polynomial
ring with the Z

d -grading defined by deg(xi, j ) = ei . We endow it with an S-module
structure given by αi, j ◦ F = ∂ F

∂xi, j
for all i, j . Let BX ⊂ S be the irrelevant ideal of

S, i.e., BX = (α1,1, . . . , α1,n) · · · (αd,1, . . . , αd,n). Let 1 denote (1, 1, . . . , 1) ∈ Z
d .

The multigraded Hilbert function of a homogeneous ideal J ⊂ S is the numerical
function HF(S/J , ·) : Z

d → N defined by

HF(S/J , v) = dimC Sv − dimC Jv.

Given 0 �= F ∈ S̃v, denote [F] ∈ P(S̃v) to be the corresponding point in projective
space.

Definition 2.1 (Apolar ideals) Let F ∈ S̃v. Then its apolar or annihilator ideal is the
homogeneous ideal Ann(F) = {ψ ∈ S | ψ ◦ F = 0} ⊂ S.
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Proposition 2.2 ( [15, proof of Theorem 1.4]) If F ∈ S̃v, then I ⊂ Ann(F) ⇐⇒ Iv ⊂
Ann(F)v.

Definition 2.3 (Border rank) For a point [F] ∈ P(S̃v), the border rank of F is the
minimal integer r ≥ 1 such that [F] ∈ σr (X), the r -th secant variety of X ⊂ P(S̃v).
The border rank of F is denoted rk(F).

Definition 2.4 (Smoothable rank) The smoothable rank of [F] ∈ P(S̃v) with respect
to X is theminimal integer r ≥ 1 such that there exists a finite scheme Z ⊂ X of length
r which is smoothable and [F] ∈ 〈Z〉. Equivalently, there exists a finite smoothable
scheme Z ⊂ X of length r whose BX -saturated ideal satisfies IZ ⊂ Ann(F) ⊂ S.
The smoothable rank of F is denoted srk(F).

Smoothable and border ranks satisfy rk(F) ≤ srk(F). Equality holds for general
points of any secant variety.

Definition 2.5 (Wildness) An element F ∈ S̃v is wild if srk(F) > rk(F). When
equality holds, we say that F is tame.

Wildness was introduced in [5], studied for forms in [18] and for tensors in [19, 23].
Given a numerical function h : Z

d → N, let Hilbh
S be the scheme whose closed

points are the homogeneous ideals I ⊂ S with HF(S/I , ·) = h. This is the Haiman-
Sturmfels multigraded Hilbert scheme [17]. Since S is positively graded, Hilbh

S is
a projective scheme for any Hilbert function h. We ignore the scheme structure of
Hilbh

S and look at the underlying reduced scheme (Hilbh
S)red. A closed point of Hilbh

S
corresponds to an ideal I ⊂ S with Hilbert function h: we express this membership
in a set-theoretic fashion as I ∈ Hilbh

S .
For any integer r ≥ 0, define the numerical function hr ,X : Z

d → N to be

hr ,X (v) = min{r , dimC Sv}.

The function hr ,X is the generic Hilbert function of r points on X [4, §3.2]. By [4,
Lemma 3.9] the equality HF(S/IZ , ·) = hr ,X holds for a very general collection of r
points Z ⊂ X .

Buczyńska and Buczyński proved that, in the scheme Hilb
hr ,X
S , the closure of the

locus of all I ∈ Hilb
hr ,X
S that are the saturated ideals of r distinct points in X is

an irreducible component [4, Proposition 3.13], called Slipr ,X . Here the saturation is
taken with respect to the irrelevant homogeneous ideal BX of S. We are now ready to
state the border apolarity theorem [4, Theorem 3.15].

Theorem 2.6 (Border apolarity) For any F ∈ S̃v, the following assertions are
equivalent:

(i) The border rank of F with respect to X satisfies rk(F) ≤ r;
(ii) there exists a homogeneous ideal I ⊂ Ann(F) ⊂ S which lies in the irreducible

component Slipr ,X .

This motivates the definition, originally introduced in [4], of the main tool of this
article.
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86 Page 6 of 19 T. Mańdziuk and E. Ventura

Definition 2.7 (Varieties of sums of powers) For F ∈ S̃v, its r -th variety of sums of
powers with respect to X is the closed locus

VSP(F, r) = {
J ∈ Slipr ,X such that J ⊂ Ann(F)

}
.

Let Ssym = C[β j | 1 ≤ j ≤ n] be the homogeneous coordinate ring of P
n−1

with standard grading and let S̃sym = C[y j | 1 ≤ j ≤ n] be a standard Z-graded
polynomial ring with an Ssym-module structure defined by β j ◦ p = ∂ p

∂ y j
for all j .

Theorem 2.6 applies to (and was primarily motivated by) tensors F ∈ S̃1 ∼= (Cn)⊗d .
An F ∈ (Cn)⊗d is a symmetric d-tensor whenever Sd · F = F , where Sd acts
naturally on (Cn)⊗d by permuting factors. Since we work in characteristic zero, the
polynomial pF ∈ (S̃sym)d corresponding to the symmetric tensor F is the image of
F under the equivariant projection map composed with the inverse of the polarization
isomorphism, ρd : (Cn)⊗d −→ Sd

C
n ∼= (S̃sym)d . Their apolar ideals are inside the

polynomial rings S and Ssym respectively, i.e., Ann(F) ⊂ S and Ann(pF ) ⊂ Ssym .

Definition 2.8 (Symmetric border and smoothable ranks) For a symmetric tensor
F ∈ (Cn)⊗d , its border rank (resp. smoothable rank) is the one with respect to the
Segre variety X . Its symmetric border rank (resp. symmetric smoothable rank) is
the one with respect to the Veronese variety νd(Pn−1). The latter ones are denoted
rkS(pF ) and srkS(pF ) respectively, where pF is the homogeneous polynomial of
degree d corresponding to F .

Definition 2.9 (Conciseness) A symmetric tensor F ∈ (Cn)⊗d is concise when the
induced linear map F̃ : (Cn)∗ −→ (Cn)⊗(d−1) is injective. A concise tensor F ∈
(Cn)⊗d satisfies rk(F) ≥ n and, when equality holds, F is said to be of minimal
border rank.

2.1 Notation

Throughout the paper F is a concise symmetric tensor in (Cn)⊗d and pF is the
corresponding degree d homogeneous polynomial. Even though our main results
concern the case where F has minimal border rank, unless we explicitly state this
assumption we consider the general situation. Recall that X = (Pn−1)d has homo-
geneous coordinate ring S = C[αi, j | 1 ≤ i ≤ d, 1 ≤ j ≤ n] and S̃ denotes
C[xi, j | 1 ≤ i ≤ d, 1 ≤ j ≤ n]. Moreover, P

n−1 has homogeneous coordinate ring

Ssym = C[β j | 1 ≤ j ≤ n] and S̃sym denotes C[y j | 1 ≤ j ≤ n].

3 The diagonal morphism

We define the following ring map between S and Ssym .

Definition 3.1 (Map �#) Let �# : S −→ Ssym be given by αi, j 	→ β j for all i, j .

Geometrically, it corresponds to the diagonal embedding � of affine spaces A
n →

(An)×d .
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Lemma 3.2 Let r and n be positive integers. There are exactly
(n+r−1

r

)
non-decreasing

integer sequences 1 ≤ a1 ≤ a2 ≤ · · · ≤ ar ≤ n.

Proof Let bi = ai +i −1. The sequences 1 ≤ a1 ≤ a2 ≤ · · · ≤ ar ≤ n are in bijection
with increasing sequences 1 ≤ b1 < b2 < · · · < br ≤ n + r − 1. The number of
such sequences is

(n+r−1
r

)
corresponding to the choice of r values that are taken by

b1, b2, . . . , br . ��
Lemma 3.3 We have the inclusion �#(Ann(F)1) ⊆ Ann(pF )d ⊂ Ssym.

Proof Let γ = (γ1, . . . , γn) ∈ Z
n≥0 with |γ | = ∑

i γi = d, and let yγ = yγ1
1 · · · yγn

n ∈
(S̃sym)d be a monomial of degree |γ | = d. Furthermore, denote γ ! = γ1! · · · γn !. In
the tensor space (Cn)d we fix a basis x1,i1 ⊗ · · · ⊗ xd,id , where 1 ≤ ik ≤ n. Let

pF = ∑
γ : |γ |=d

d!
γ !c

γ yγ ∈ (S̃sym)d , where cγ ∈ C. Then the corresponding tensor is

F =
∑

γ : |γ |=d

cγ
∑

(i1,...,id )∈Iγ

x1,i1 ⊗ · · · ⊗ xd,id ∈ (Cn)⊗d ,

where Iγ = {(i1, . . . , id) ∈ {1, . . . , n}d | #{ j | i j = k} = γk for all 1 ≤ k ≤ n}. Let
θ = ∑

γ : |γ |=d
∑

(i1,...,id )∈Iγ Aγ ,(i1,...,id )α1,i1 · · · αd,id ∈ Ann(F) ⊂ S. Thus

θ ◦ F =
∑

γ : |γ |=d

∑

(i1,...,id )∈Iγ

cγ Aγ ,(i1,...,id ) = 0.

On the other hand, �#(θ) = ∑
γ : |γ |=d

∑
(i1,...,id )∈Iγ Aγ ,(i1,...,id )β

γ ∈ Ssym . Now

�#(θ) ◦ pF =
∑

γ : |γ |=d

∑

(i1,...,id )∈Iγ

d!cγ Aγ ,(i1,...,id ) = 0

and the conclusion follows. ��
Definition 3.4 (Ideal IR) Define

IR = (αi, jαk,� − αi,�αk, j | 1 ≤ i < k ≤ d, 1 ≤ j < � ≤ n) ⊂ S.

As we verify computationally below, this is the ideal of the diagonal in (An)×d . Let
A ⊂ {0, 1}×d be the subset of the d-tuples with only two 1’s in their nonzero entries.
Note that, for any concise symmetric tensor F , one has that IR ⊆ (

⊕
v∈A Ann(F)v) ⊆

Ann(F) ⊂ S.

Lemma 3.5 For every u ∈ Z
d we have ker�#|Su = (IR)u. Furthermore, if J is a

homogeneous ideal such that Ju contains (IR)u for some u ∈ Z
d , then

dimC(Ssym)|u|/(�#|Su(Ju)) = dimC(S/J )u.
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86 Page 8 of 19 T. Mańdziuk and E. Ventura

Proof By definition, (IR)u ⊆ ker�#|Su . Let θ ∈ Su. We show that if �#(θ) = 0, then
θ ∈ IR . By adding elements from (IR)u to θ we may assume that

θ =
∑

k1,1≤···≤k1,u1≤
≤k2,1≤···≤k2,u2≤

...≤kd,1≤···≤kd,ud

�k1,1···kd,ud
α1,k1,1 · · ·α1,k1,u1

α2,k2,1 · · · α2,k2,u2
· · · αd,kd,1 · · ·αd,kd,ud

(1)
for some �k1,1···kd,ud

∈ C. If θ ∈ ker�#|Su , then

0 = �#(θ) =
∑

k1,1≤···≤k1,u1≤
≤k2,1≤···≤k2,u2≤

...≤kd,1≤···≤kd,ud

�k1,1···kd,ud
βk1,1 · · · βkd,ud

and hence �k1,1···kd,ud
are all zero. As a result θ = 0 which proves the first statement

of the lemma. One has the equalities

dimC(Ssym)|u|/(�#|Su(Ju)) = dimC(Ssym)|u| − (dimC Ju − dimC(IR)u) =

= dimC(Ssym)|u| − dimC(S/IR)u + dimC(S/J )u.

Then, it is sufficient to show that dimC(S/IR)u = dimC(Ssym)|u|. Observe that in
expression (1) of θ modulo (IR)u the coefficients �k1,1···kd,ud

are uniquely determined.
So the quotient space Su/(IR)u has a C-basis whose elements are in bijection with
nondecreasing integer sequences 1 ≤ c1 ≤ · · · ≤ c|u| ≤ n. By Lemma 3.2 there are(n+|u|−1

|u|
)
such sequences,which is the dimensionof (Ssym)|u|.HencedimC(Ssym)|u| =

dimC(S/IR)u. ��
Lemma 3.6 �#(Ann(F)1) = Ann(pF )d .

Proof By Lemma 3.3, it is enough to show that dimC(Ssym)d/�#(Ann(F)1) = 1.
This follows from Lemma 3.5 since (IR)1 ⊆ Ann(F)1. ��

4 Amorphism between border varieties of sums of powers

Now we construct a morphism Hilb
hr ,Pn−1

Ssym → Hilb
hr ,X
S and show that, given a sym-

metric tensor F ∈ (Cn)⊗d , it maps ideals in VSP(pF , r) to ideals in VSP(F, r). For
every u ∈ Z

d we define aC-linear injectivemapψu : (Ssym)|u| → Su by the following
formula on the monomial basis

βi1βi2 · · · βi|u| 	→ (α1,i1 · · · α1,iu1
)(α2,iu1+1 · · ·α2,iu1+u2

) · · · (αd,i|u|−ud +1 · · · αd,i|u|),

where i1 ≤ i2 ≤ · · · ≤ i|u|. Since �# is injective on the image of ψu, it follows from
Lemma 3.5 applied with J = IR that
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Symmetrization maps and minimal border rank Comon’s conjecture Page 9 of 19 86

Su = (IR)u ⊕ ψu((Ssym)|u|). (2)

Let φ : Z → Z be any Hilbert function. Given an ideal I ∈ Hilbφ
Ssym , let

ϒ(I ) := IR +
⊕

u∈Zd

ψu(I|u|) ⊂ S.

Observe that for every u ∈ Z
d we have �#(ϒ(I )u) = I|u|. In particular, ϒ(I ) =

(�#)−1(I ). Let φ′ : Z
d → Z be defined by φ′(u) = φ(|u|).

Proposition 4.1 If I ∈ Hilbφ
Ssym , then ϒ(I ) ∈ Hilbφ′

S .

Proof By construction ϒ(I ) is a Z
d -graded C-vector subspace of S. We first check

that it is an ideal. Since IR is an ideal it is enough to show that if h = ψu(h) for some
h ∈ I|u|, then αi, j h are all in ϒ(I ) for every 1 ≤ i ≤ d and 1 ≤ j ≤ n. This follows
from the fact thatψu+e1(β j h) ≡ α1, j h mod (IR)u+e1 and similar equalities for other
αi, j .

By (2) we have

Su
(IR)u + ψu(I|u|)

∼= ψu((Ssym)|u|)
ψu(I|u|)

∼= (Ssym)|u|
I|u|

.

So S/ϒ(I ) has Hilbert function φ′. ��
Based on Proposition 4.1 we make the following definition.

Definition 4.2 (Desymmetrizing morphism) The desymmetrizing morphism is the

morphism of schemes ϒ : Hilbφ
Ssym → Hilbφ′

S defined on closed points by I 	→ ϒ(I ).

Remark 4.3 It is interesting to consider the problem of functoriality of multigraded
Hilbert schemes corresponding to smooth projective toric varieties. If f is a good
enoughmorphism between such varieties, then it induces amap ofmultigradedHilbert
schemes as described in [22, Theorem 2.6]. Themorphism f can be expressed in terms
of a homomorphism of Cox rings [11, Theorem 3.2]. One may ask what conditions
on such a ring homomorphism guarantee that it induces a morphism of multigraded
Hilbert schemes. The desymmetrizing morphism does not come from a homomor-
phism of Cox rings. What are other algebraic or geometric constructions that produce
morphisms mapping limits of radical and saturated ideals to limits of radical and sat-
urated ideals? All these questions can also be asked in a more general setup, when
we consider rational maps of varieties and we replace toric varieties by Mori dream
spaces. Here for the algebraic description of the map instead of [11] one can use [2]
and [7].

We are mainly interested in the case where φ = hr ,Pn−1 and φ′ = hr ,X and we
eventually restrict to this case. However, we start with some general observations.

Proposition 4.4 If I is a radical ideal, then so is ϒ(I ).
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Proof Assume that f k ∈ S is in ϒ(I ) for some positive integer k. Since ϒ(I ) =
(�#)−1(I ) we get (�#( f ))k = �#( f k) ∈ I . Since I is radical we get �#( f ) ∈ I ,
i.e., f ∈ ϒ(I ). ��
Proposition 4.5 If I is a BPn−1-saturated ideal, then ϒ(I ) is a BX -saturated ideal.

Proof Assume that f ∈ S satisfies f ∈ ϒ(I ) : BX . Since ϒ(I ) and BX are Z
d -

homogeneous, it follows that for all u ∈ Z
d the degree u part fu of f satisfies

fu ∈ ϒ(I ) : BX . To conclude that f ∈ ϒ(I ), it is enough to show that each fu is in
ϒ(I ). Therefore, we may assume that f is homogeneous.

Assume that f ∈ Su satisfies f α1,i1 · · ·αd,id ∈ ϒ(I ) for all 1 ≤ i j ≤ n. By (2) we
can write f in a unique way as f = g + ψu(h) where g ∈ (IR)u and h ∈ (Ssym)|u|.

Let h = ψu(h). From f α1,i1 · · · αd,id ∈ ϒ(I ) we conclude that hα1,i1 · · ·αd,id ∈
ϒ(I ). Observe that the class in (S/IR)u+1 of hα1,i1 · · · αd,id is the same as the class
of ψu+1(hβi1 · · ·βid ). Therefore, we obtain hβi1 · · ·βid ∈ I for all i j . Since I is
BPn−1 -saturated we derive h ∈ I and so h ∈ ϒ(I ). This yields f = g + h ∈ ϒ(I ). ��
Proposition 4.6 If I ⊆ Ann(pF ), then ϒ(I ) ⊆ Ann(F).

Proof By Proposition 2.2 it is enough to show that if f ∈ ϒ(I )1, then f ∈ Ann(F).
By (2) we can write f in a unique way as f = g + ψ1(h) where g ∈ (IR)1 and
h ∈ Id . Let h = ψ1(h). Since F is symmetric, IR ⊆ Ann(F) so it is enough to
show that h ∈ Ann(F). We have h ∈ Id ⊆ Ann(pF ). Then, by Lemma 3.6, there
exists h′ ∈ Ann(F)1 with �#(h′) = h. Since (IR)1 = ker�#|S1 , we can assume
using decomposition (2) that h′ ∈ ψ1((Ssym)d). But �#|ψ1((Ssym )d ) is injective and h
is an element of ψ1((Ssym)d) with �#(h) = h. Hence, h′ = h and we conclude that
h ∈ Ann(F). ��
Theorem 4.7 If n ≤ r ≤ (n+1

2

)
, then the desymmetrizing morphism ϒ defines a

morphism of multigraded Hilbert schemes ϒ : Hilbhr ,Pn−1

Ssym → Hilb
hr ,X
S such that

(i) if I ∈ Slipr ,Pn−1 , then ϒ(I ) ∈ Slipr ,X ;
(ii) if I ⊆ Ann(pF ), then ϒ(I ) ⊆ Ann(F).

In particular, it restricts to a morphism from VSP(pF , r) to VSP(F, r).

Proof We first prove that the Hilbert function of S/ϒ(I ) is hr ,X . Since r ≥ n =
dimC(Ssym)1, it follows that I1 = 0 and so,ϒ(I )u = 0 for everyu ∈ Z

d≥0 with |u| ≤ 1.
As a result, for such u, one has dimC(S/ϒ(I ))u = dimC Su = min{r , dimC Su} =
hr ,X (u). Assume that |u| ≥ 2. Then hr ,Pn−1(|u|) = min{dimC(Ssym)|u|, r} = r by

the assumption that r ≤ (n+1
2

) = dimC(Ssym)2. Then, dimC(S/ϒ(I ))u = r by

Proposition 4.1. On the other hand, dimC Su ≥ (n+1
2

)
so

dimC(S/ϒ(I ))u = r = min{r , dimC Su} = hr ,X (u).

It follows from Proposition 4.1 that I 	→ ϒ(I ) defines a morphism of multigraded
Hilbert schemes. Statement (i) follows from Propositions 4.4 and 4.5; statement (ii)
follows from Proposition 4.6. ��
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We continue to assume that n ≤ r ≤ (n+1
2

)
. Let g be the Hilbert function of S/IR

and let Hilb
hr ,X ,g
S be the flag multigraded Hilbert scheme equipped with its projections

π1 : Hilbhr ,X ,g
S → Hilb

hr ,X
S and π2 : Hilbhr ,X ,g

S → Hilbg
S .

Definition 4.8 (Symmetrizing morphism) We define a morphism ξ : π−1
2 (IR) →

Hilb
hr ,Pn−1

Ssym on closed points by sending IR ⊆ J to 	(J ) where 	 is the symmetrizing
morphism. To define this latter morphism, we need to introduce more notation. Let
E ⊂ {0, 1}×d be the set of d-tuples 0, e1, e1 + e2, · · · , e1 + . . . + ed−1. Define
a1 = (a, a, . . . , a). Then, on closed points, 	 is defined by

	(J ) :=
⊕

a∈Z

( ⊕

s∈E
�#(Ja1+s)

)
.

Note that, for each a ∈ Z, the summands have degrees da, da + 1, . . . , d(a + 1) − 1.
So these are organized as residue classes modulo d.

We check that ξ is well-defined: by the definition of �# the graded C-vector space
	(J ) is an ideal. Its Hilbert function is hr ,Pn−1 by Lemma 3.5.

Next we claim that if J ∈ Hilb
hr ,X
S is a radical and BX -saturated ideal containing

IR , then ξ(IR ⊆ J ) = 	(J ) is radical. In particular, 	(J ) is in Slipr ,Pn−1 .

Proposition 4.9 Assume that IR ⊆ J with J ∈ Hilb
hr ,X
S . If J is radical and BX -

saturated, then 	(J ) is a radical ideal of Ssym.

Proof Let g ∈ (Ssym)N satisfy gk ∈ 	(J ) for some positive integer k. We can write
N = ad + m where 0 ≤ m < d. Let s ∈ {0, 1}×d be the element with si = 1 if and
only if i ≤ m. There exists G ∈ Sa1+s with g = �#(G). To prove the statement it is
sufficient to verify that G ∈ J , because then g ∈ 	(J ).

For every tuple j = ( jm+1, . . . , jd) of integers between 1 and n, the polyno-
mial (β jm+1 · · · β jd g)k is in 	(J ). Hence, there exists a polynomial P(j) ∈ Jk(a+1)1

with �#(P(j)) = (β jm+1 · · ·β jd g)k . From the equality �#((
∏d

i=m+1 αi, ji G)k) =
(β jm+1 · · ·β jd g)k it follows by Lemma 3.5 that (

∏d
i=m+1 αi, ji G)k − P(j) ∈ IR . By

assumption, IR ⊆ J and by construction P(j) ∈ J . Hence (
∏d

i=m+1 αi, ji G)k ∈ J .

From the assumption that J is radical we get
∏d

i=m+1 αi, ji G ∈ J . Since J is
BX -saturated, it is (αm+1,1, . . . , αm+1,n) · · · (αd,1, . . . , αd,n)-saturated. So G ∈ J .

��
Proposition 4.10 Let n ≤ r ≤ (n+1

2

)
. Suppose every irreducible component of

π−1
2 (IR) contains a radical and BX -saturated ideal. If J ∈ Slipr ,X contains IR,

then 	(J ) is in Slipr ,Pn−1 .

Proof If J ∈ Slipr ,X is radical and BX -saturated, then 	(J ) is in Slipr ,Pn−1 by Propo-

sition 4.9. Let Z ⊂ π−1
2 (IR) be any irreducible component. Consider the restriction

of the first projection π1|Z : Z −→ Hilb
hr ,X
S .
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Let Sipr ,X be the set of radical and BX -saturated ideals and Z◦ = π−1
1|Z (Sipr ,X ).

We claim that Z◦ = π−1
1|Z (Slipr ,X ). Since π1|Z is injective, it is enough to prove that

the images of these two sets under π1|Z are equal. To simplify notation let φ denote
π1|Z . Since φ is a closed map one has

φ(Z◦) = φ(Z◦) = Sipr ,X ∩ φ(Z) = φ(Z).

Here the third equality is proven as follows: since φ(Z) is irreducible and Sipr ,X is
open, the condition Sipr ,X ∩ φ(Z) �= ∅ implies that the latter is nonempty open and
so dense in φ(Z). Moreover φ(φ−1(Slipr ,X )) = φ(Z). The statement follows since ξ

is a closed map. ��
Corollary 4.11 Keep the assumption from Proposition 4.10. If there exists J ∈
VSP(F, r) containing IR, then K := ϒ(	(J )) ∈ VSP(F, r). In particular, the ideal
K is such that �#(Ka) = �#(Kb) for all multidegrees a,b with |a| = |b|.
Corollary 4.12 Keep the assumption from Proposition 4.10. Let F be a concise symmet-
ric tensor in (Cn)⊗d of border tensor rank r . If there exists J ∈ VSP(F, r) containing
IR, then the corresponding homogeneous polynomial pF of degree d has symmetric
border rank r . In particular, if F is a concise symmetric tensor in (Cn)⊗3 of minimal
border rank, then the corresponding polynomial pF has minimal symmetric border
rank.

Proof By Proposition 4.10, the ideal 	(J ) ∈ Slipr ,Pn−1 and since J1 ⊆ Ann(F)1 it
follows from Lemma 3.3 that 	(J )d = �#(J1) ⊆ Ann(pF )d . Hence, by Proposition
2.2, 	(J ) ⊆ Ann(pF ). As a result 	(J ) ∈ VSP(pF , r). Then, by Theorem 2.6, the
symmetric border rank of pF is at most r and so equal to r .

Assume that F is a concise symmetric tensor of minimal border rank. By The-
orem 2.6 there exists an ideal J ∈ VSP(F, n). As d = 3, by comparing Hilbert
functions, we have Jv = Ann(F)v for all v ∈ A (see Definition 3.4). Since F is
symmetric IR ⊆ Ann(F) and we conclude that IR ⊆ J . Now we may apply the first
part of the statement. ��

So Corollary 4.12 states that if every irreducible component of π−1
2 (IR) contains

a radical and BX -saturated ideal, then the minimal border rank Comon’s Conjecture
1.1 holds for concise tensors in (Cn)⊗3. However, we do not know whether this
is an effective condition to check, for a description of π−1

2 (IR) might be hard to
achieve. Though it may be potentially ineffective, we believe this was an interesting
construction to record.

5 Amorphism in the other direction

Definition 5.1 (Map ι#1) Let ι#1 : S → Ssym be given by α1, j 	→ β j for all 1 ≤ j ≤ n
and αi, j 	→ 0 for all 2 ≤ i ≤ d and all 1 ≤ j ≤ n.

Geometrically, ι#1 corresponds to the inclusion ι1 : A
n → (An)×d on the first factor.
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Proposition 5.2 ( [22, Corollary 2.7]) Let Z = P
n1 × · · · × P

nk and W = Z × P
m1 ×

· · · × P
ml . Then, the homogeneous coordinate ring C[Z ] of Z is a subring of the

homogeneous coordinate ring C[W ] of W and for every positive integer r there is

a morphism of multigraded Hilbert schemes Hilb
hr ,W
C[W ] → Hilb

hr ,Z
C[Z ] given on closed

points by J 	→ J ∩ C[Z ]. Furthermore, this morphism maps Slipr ,W onto Slipr ,Z .

In our case C[Pn−1] = Ssym ⊆ C[X ] = S can be realized by β j 	→ α1, j , and then
J ∩ C[Pn−1] = J ∩ Ssym becomes ι#1(J ).

We use ι#1 as well as ϒ to characterize concise symmetric tensors for which sym-
metric border rank is equal to border rank in terms of existence of ideals with special
properties in their border varieties of sums of powers.

Theorem 5.3 Let n ≤ r ≤ (n+1
2

)
. Assume that a concise symmetric tensor F in (Cn)⊗d

has border rank r . The following conditions are equivalent:

(i) the corresponding homogeneous polynomial pF has symmetric border rank r;
(ii) there exists J ∈ VSP(F, r) such that IR ⊆ J and �#(Ju) = �#(Jv) for all

u, v ∈ Z
d with |u| = |v|;

(iii) there exists J ∈ VSP(F, r) such that �#(J(d,0,...,0)) ⊆ �#(J1).

Furthermore, if these conditions hold, then ι#1(J ) ∈ VSP(pF , r).

Proof Assume that (i) holds. By Theorem 2.6 there exists I ∈ VSP(pF , r). Let
J = ϒ(I ). By the definition ofϒ wehave IR ⊆ J and�#(Ju) = I|u| = I|v| = �#(Jv)
for all u, v ∈ Z

d with |u| = |v|. Furthermore, by Theorem 4.7, J is in VSP(F, r).
Therefore, J is as in (i i).

The implication (i i) ⇒ (i i i) is clear. Assume that (i i i) holds. By Proposition 5.2
the ideal I := ι#1(J ) is in Slipr ,Pn−1 . Furthermore,

Id = ι#1(J(d,0,...,0)) = �#(J(d,0,...,0)) ⊆ �#(J1) ⊆ �#(Ann(F)1) = Ann(pF )d

where the last equality follows from Lemma 3.6. It follows that I ∈ VSP(pF , r) so
by Theorem 2.6 the symmetric border rank of pF is at most r and thus it is equal to r .

��
Next we exhibit three situations in which statement (i i i) of Theorem 5.3 is satisfied.

Corollary 5.4 If a concise symmetric tensor F ∈ (Cn)⊗d has border rank n and
n ≤ d + 1, then pF has minimal symmetric border rank.

Proof Let J ∈ VSP(F, n). By Theorem 5.3 it is enough to show that�#(J(d,0,...,0)) ⊆
�#(J1). Assume by contradiction that�#(J(d,0,...,0)) � �#(J1). Let K ⊂ Ssym be the
ideal generated by�#(J1),�#(J(d,0,...,0)) and�#(J(d,1,1,...,1)). TheHilbert function of
Ssym/K in degree d is at most n−1 ≤ d. Macaulay’s bound [3, Theorem 4.2.10] states
the Hilbert function HF(Ssym/K , a) is bounded from the above by HF(Ssym/K , a −
1)〈a−1〉 for all a ≥ d, where the latter is the (a − 1)-th Macaulay representation of
the integer HF(Ssym/K , a − 1). Note that (n − 1)〈d〉 = n − 1, as n − 1 ≤ d. Thus
HF(Ssym/K , a) is bounded from the above by n − 1 for all a ≥ d.
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Since F is symmetricwe have IR ⊆ Ann(F). From the assumption that F is concise
one gets

HF(1 − ei , S/Ann(F)) = HF(ei , S/Ann(F)) = n = HF(1 − ei , S/J )

for every i . Therefore, J1−ei = Ann(F)1−ei for every i . In particular,

(IR)1−ei ⊆ J1−ei for all i . (3)

We claim that (IR)(d,1,...,1) ⊆ J(d,1,...,1). Indeed, every element of (IR)(d,1,...,1) can
be written as a sum of elements of the form H M M ′ where M, M ′ are monomials,
H ∈ IR and one of the following holds for some i �= j between 2 and d.

• H ∈ (IR)e1+ei , M ∈ S1−e1−ei −e j , M ′′ ∈ S(d−1)e1+e j• H ∈ (IR)ei +e j , M ∈ S1−e1−ei −e j , M ′ ∈ Sde1 .

In either case, it follows from (3) that H M ∈ J . Therefore, H M M ′ ∈ J and so their
sum is also in J . By Lemma 3.5, the codimension of �#(J(d,1,...,1)) in (Ssym)2d−1
is equal to n. Note that K2d−1 = �#(J(d,1,...,1)) by construction. Therefore, by the
above, HF(Ssym/K , 2d − 1) = n. This contradiction finishes the proof. ��
Corollary 5.5 If a concise symmetric tame tensor F ∈ (Cn)⊗d has minimal border
rank, then pF has minimal symmetric smoothable rank. In particular, pF has minimal
symmetric border rank.

Proof Let J be a BX -saturated ideal of a length n smoothable scheme apolar to F .
From J ⊆ Ann(F) one concludes that S/J has Hilbert function hn,X . This condition
implies that (IR)1−ei ⊆ Ann(F)1−ei = J1−ei for all i . Similarly to the argument in the
last part of the proof of Corollary 5.4, one checks that (IR)1 ⊆ J1. Since the natural
map Slipn,X → Hilbn

sm(X) is surjective (see [23, Proposition 3.17]), we conclude that
J ∈ Slipn,X .

By Proposition 5.2, ι#1(J ) is in Slipn,Pn−1 and it is in fact saturated (see [22, Proposi-
tion 2.1] for details). So it is enough to show that ι#1(J ) ⊆ Ann(pF ) to conclude that the
smoothable rank of pF satisfies srkS(pF ) ≤ n, and thus is equal to n. By Theorem 5.3,
to demonstrate this claim, it is enough to show that �#(J(d,0,...,0)) ⊆ �#(J1).

Since (IR)(d,0,...,0) = 0 and (IR)1 ⊆ J1, by Lemma 3.5 both �#(J(d,0,...,0)) and
�#(J1) are of codimension n in (Ssym)d . It is enough to show that if F ∈ J1, then
�#(F) ∈ �#(J(d,0,...,0)).

Let τ : Ssym ↪→ S be the injective ring map β j 	→ α1, j for all 1 ≤ j ≤ n and let
f = τ(�#(F)). To derive the above conclusion, it is enough to verify that f ∈ J : this
would imply that �#(F) = �#( f ) ∈ �#(J(d,0,...,0)).

For every 1 ≤ j1, . . . , jd ≤ n, �#(Fα1, j1 · · · α1, jd ) = �#( f α1, j1 · · · αd, jd ).
From Lemma 3.5, we see that Fα1, j1 · · ·α1, jd − f α1, j1 · · · αd, jd ∈ (IR)(d+1,1,...,1) ⊆
J(d+1,1,...,1) and hence, f α1, j1 · · · αd, jd is in J . Since J is BX -saturated we conclude
that f ∈ J . ��
Remark 5.6 Let F be a concise tame 3-tensor of minimal border rank. Then F is
symmetric and the equality rk(F) = rkS(pF ) = n can be proven using results
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of Jelisiejew, Landsberg and Pal [19]. By [19, Theorem 9.2], since F has minimal
smoothable rank, then F is 1-generic, 111-sharp and its 111-algebra is smoothable
andGorenstein.Moreover, they prove that its 111-algebra is such that its spectrum lays
on the thirdVeronese variety and spans pF : this implies that the symmetric smoothable
rank of pF is minimal and the desired conclusion follows. Note that when F is a 1-
generic 3-tensor, the validity of the border Comon’s conjecture was already known
[21, Proposition 5.6.1.6].

The last family of tensors for which part (i i i) of Theorem 5.3 is satisfied is a
very interesting one. We introduce the family of sharp d-tensors generalizing (see
Proposition 5.12 below) the one of 111-sharp concise 3-tensors, introduced in [19],
when we look at symmetric minimal border rank tensors.

Definition 5.7 (111-sharpness) A concise tensor F ∈ (Cn)⊗3 is 111-sharp if its
annihilator Ann(F) has exactly n − 1 minimal generators of multidegree (1, 1, 1).

A concise minimal border rank tame 3-tensor is 111-sharp [19, Theorem 9.2] so
this family generalizes the one considered in Corollary 5.5 when d = 3.

Definition 5.8 (Sharp tensors) Let F ∈ (Cn)⊗d with d ≥ 3. We say that F is sharp
if

(1) Ann(F) has n − 1 minimal generators of degree 1;
(2) HF(S/Ann(F),u) = n for all 0 < u < 1;
(3) HF(S/(Ann(F)ei +e j ), sei + e j ) = n for all 1 ≤ i �= j ≤ n and all 1 ≤ s ≤ d −1.

We need the following corollary of Lemma 3.5.

Corollary 5.9 Let F be a symmetric concise tensor in (Cn)⊗d for some d ≥ 3.
�#(Ann(F)1−ed ) = Ann(pF )d−1.

Proof Since F is concise, so is pF . So dimC(Ssym/Ann(pF ))d−1 = n =
dimC(S/Ann(F))1−ed . Since IR ⊆ Ann(F), by Lemma 3.5 both of the subspaces
of (Ssym)d−1 in the statement are of codimension n. Therefore, it is sufficient to check
that �#(Ann(F)1−ed ) ⊆ Ann(pF )d−1.

If θ ∈ Ann(F)1−ed , then αd, jθ ∈ Ann(F)1 for all j ∈ {1, . . . , n}. By Lemma 3.6,
for every j ∈ {1, 2, . . . , n} one has β j�

#(θ) ∈ Ann(pF )d . We conclude that�#(θ) ∈
Ann(pF )d−1 and hence �#(Ann(F)1−ed ) ⊆ Ann(pF )d−1. ��
Lemma 5.10 Let F be a symmetric concise tensor in (Cn)⊗d . The number of minimal
generators of Ann(pF ) of degree d is the same as the number of minimal generators
of Ann(F) of degree 1.

Proof Let J = ∑d
i=1(Ann(F)1−ei ). If Ann(F) has s minimal generators of degree 1,

then dimC(S/J )1 = s + 1. So dimC(Ssym)d/�#(J1) = s + 1 by Lemma 3.5.
Since F is symmetric, the image of J1−ei under �# is independent of i . Then,

we have �#(J1) = (�#(J1−ed ))d . By Corollary 5.9 we have �#(J1−ed ) =
�#(Ann(F)1−ed ) = Ann(pF )d−1. From dimC(Ssym)d/�#(J1) = s + 1 we conclude
that Ann(pF ) has s minimal homogeneous generators of degree d. ��
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Lemma 5.11 Let F be a symmetric concise tensor in (Cn)⊗d . If I =∑
0<u<1(Ann(F)u), then �#(I(d−1)e1+e2) ⊆ Ann(pF )d .

Proof Consider two families of claims depending on s:

�#(Ise1+e2+···+ed−s ) ⊆ Ann(pF )d−1 A(s)

�#(I(s+1)e1+e2+···+ed−s ) ⊆ (Ann(pF )d−1)d . B(s)

A(1) holds by Corollary 5.9 and our goal is to prove that B(d − 2) holds. If s ≥ 1,
then I(s+1)e1+e2+···+ed−s = Se1 · Ise1+e2+···+ed−s , because there are no new generators
in multidegree (s + 1)e1 + e2 + · · · + ed−s . Consequently, B(s) follows from A(s)
for all 1 ≤ s ≤ d − 2.

Assume that 1 ≤ s ≤ d − 3 and B(s) holds. Let θ ∈ I(s+1)e1+e2+···+ed−s−1 .
Then, for every 1 ≤ j ≤ n, αd−s, j · θ ∈ I(s+1)e1+e2+···+ed−s , so by B(s) we have
β j · �#(θ) ∈ Ann(pF )d for every j . It follows that �#(θ) ∈ Ann(pF )d−1, i.e.,
A(s + 1) holds. ��
Proposition 5.12 If d = 3, a concise symmetric tensor is sharp if and only if it is
111-sharp as in Definition 5.7.

Proof For d = 3, every concise tensor F satisfies condition (2) in Definition 5.8 and
F is 111-sharp if and only if it satisfies condition (1). So it is sufficient to prove that,
for d = 3, condition (1) implies condition (3).

By Lemma 3.5, in order to show that HF(S/(Ann(F)ei +e j ), 2ei + e j ) = n, it is
enough to show that dimC(Ssym)3/�

#((Ann(F)ei +e j )2ei +e j ) = n. FromCorollary 5.9
one gets �#(Ann(F)ei +e j ) = Ann(pF )2 and hence,

dimC(Ssym)3/�
#((Ann(F)ei +e j )2ei +e j ) = dimC(Ssym)3/(Ann(pF )2)3 = n,

by the assumption that F is 111-sharp together with Lemma 5.10. ��
Theorem 5.13 If d ≥ 3 and F ∈ (Cn)⊗d is a concise symmetric sharp tensor of
minimal border rank, then the homomorphism ι#1 : S −→ Ssym induces a morphism
of reduced schemes (ι#1)VSP : VSP(F, n) −→ VSP(pF , n). In particular, rk(F) =
rkS(pF ).

Proof By Proposition 5.2 the ring homomorphism ι#1 induces a morphism of
multigraded Hilbert schemes that restricts to a morphism Slipn,X → Slipn,Pn−1 .

Let K ∈ VSP(F, n). In order, to show that the abovemorphism restricts amorphism
(ι#1)VSP : VSP(F, n) −→ VSP(pF , n) it is enough to show that ι#1(K ) ⊆ Ann(pF ).
Let I = ∑

0<u<1(Ann(F)u). Since F is sharp, we have I ⊆ K . We claim that
K(d−1)e1+e2 = I(d−1)e1+e2 . Indeed, since F is sharp, we have dimC(S/I )(d−1)e1+e2 =
n = dimC(S/K )(d−1)e1+e2 , where the first equality follows from property (3) of
Definition 5.8.

We show that ι#1(K(d−1)e1) = Ann(pF )d−1. Since pF is concise, it is enough
to show that ι#1(K(d−1)e1) ⊆ Ann(pF )d−1. Furthermore, since pF is of degree d,
it is sufficient to show that (Ssym)1 · ι#1(K(d−1)e1) ⊆ Ann(pF )d . Let θ ∈ K(d−1)e1
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and j ∈ {1, . . . , n}. Then α2, j · θ ∈ K(d−1)e1+e2 = I(d−1)e1+e2 . It follows from
Lemma 5.11 that

β j · ι#1(θ) = �#(α2, j · θ) ∈ Ann(pF )d ,

for any j ∈ {1, . . . , n}. Since pF has degree d, then ι#1(θ) ∈ Ann(pF )d−1, so
ι#1(K )d−1 ⊆ Ann(pF )d−1. These vector spaces have the same dimension, so they
are equal. Thus,

ι#1(K )d ⊇ (ι#1(K )d−1)d = (Ann(pF )d−1)d .

Since F is sharp, Ann(pF ) has n−1minimal generators in degree d by Lemma 5.10. It
follows that the rightmost vector space is of codimension n in (Ssym)d . By the equality
of dimensions, ι#1(K )d = (Ann(pF )d−1)d and in particular, ι#1(K ) ⊆ Ann(pF ).

Since F has minimal border rank VSP(F, n) is nonempty by Theorem 2.6.
Therefore, so is VSP(pF , n). Using Theorem 2.6 we conclude that rkS(pF ) = n.

��
Corollary 5.4 says that any minimal border rank tensor F ∈ (Cn)⊗3 whenever n ≤ 4
satisfies border Comon’s conjecture. However, we can do a little bit better using a
result from [19].

Proposition 5.14 Any minimal border rank symmetric concise tensor F ∈ (Cn)⊗3 for
n ≤ 5 satisfies rk(F) = rkS(pF ).

Proof If n ≤ 5 then every minimal border rank tensor is 111-sharp [19, Sub-
section 1.4.1]. So Theorem 5.13 and Proposition 5.12 establish the statement.

��
Theorem 5.13 also slightly strengthens a result on cubic forms by Seigal [25,

Corollary 1.6].

Corollary 5.15 If rkS(pF ) ≤ 6, then rk(F) = rkS(pF ).

Proof By [25, Corollary 1.6] we may assume that rkS(pF ) = 6. If F is a concise
tensor in (C6)⊗3, the conclusion is clear. If F is a concise tensor of minimal border
rank in (C5)⊗3, then Proposition 5.14 implies rk(F) = rkS(pF ) = 5. Thus, we may
assume that, up to the action of the general linear group, pF is a cubic polynomial in
four variables. In this case [25, Theorem 1.5] implies rkS(pF ) = rk(F). ��
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23. Mańdziuk, T., Ventura, E.: Border apolarity and varieties of sums of powers , Collect. Math., 1–29,

https://doi.org/10.1007/s13348-025-00486-8, (2025)
24. Oeding, L.: Report onGeometry andRepresentationTheory ofTensors forComputer Science, Statistics

and Other Areas, arxiv:0810.3940, (2008)
25. Seigal, A.: Ranks and symmetric ranks of cubic surfaces. J. Symbolic Comput. 101, 304–317 (2020)
26. Strassen, V.: Gaussian elimination is not optimal. Numer. Math. 13, 354–356 (1969)

123



Symmetrization maps and minimal border rank Comon’s conjecture Page 19 of 19 86

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


