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Abstract: According to the latest report of the Intergovernmental Panel on climate change, aviation
contributes to only about 2% to anthropogenic global greenhouse gas (GHG) emissions. However, in
view of the growing market demand and the dramatic reductions in other transport sectors, including
maritime and automotive, the aviation sector’s percentage impact on global GHG emissions is
expected to reach 50% of the transport share by 2040. High-speed aviation exploiting liquid hydrogen
as the propellant can represent a valuable solution toward the decarbonization of the sector. However,
to avoid jeopardizing the dream of a new generation of high-speed aircraft, it will be necessary to
introduce non-CO2 emissions estimations beginning with the design process. To unlock the possibility
of anticipating the nitrogen oxides emissions estimation, the authors developed the hydrogen and
high-speed P3-T3 methodology (H2-P3T3), an evolution of the widely used P3-T3 method, properly
conceived to support (i) innovative air-breathing propulsive systems for supersonic and hypersonic
flights and (ii) greener fuels, such as hydrogen. This paper presents a step-by-step approach to
developing novel analytical formulations customized for an Air Turbo-Rocket engine and discusses
the discovered correlation of nitrogen oxides production with the fuel-to-air ratio (FAR), the Mach
number, and the Damköhler number (Da), the last being a nondimensional variable directly related
to hydrogen/air combustion, considering the matching between the residence time and the ignition
delay times. The most complete formulation allows for reduction in the prediction errors below 5%.

Keywords: conceptual design; nitrogen oxides emissions; hydrogen; air turbo-rocket; H2020 STRATOFLY;
H2020 MORE&LESS

1. Introduction

According to the latest report of the Intergovernmental Panel on climate change
(IPCC), aviation contributes only about 2% to anthropogenic global greenhouse gas (GHG)
emissions [1–3]. Depending on the fuels and technologies adopted, emissions from air-
craft include carbon dioxide (CO2), nitrogen oxides (NOx), sulfur aerosols, compounds,
particulates, and water vapor leading to the formation of contrails, which contribute to
radiative forcing and global warming. Despite the small percentage of GHG emissions,
the aviation sector is considered one that is difficult to abate and requires a revolution.
Major industries, including the energy and automotive, are taking steps toward decar-
bonization, but aviation’s emissions continue to increase. Aircraft efficiency is improving,
with fuel burn decreasing at approximately 1%/year. Looking at the net effect, Roland
Berger experts [4] estimate that aviation may be producing as much as 24% of global CO2
emissions by 2050, compared to roughly 3% today. Even with hypothetical acceleration
in improvements, considering the higher emission reduction potentials in other sectors,
aviation may become the most important contributor to global GHG emissions. According
to Figures 1 and 2, in less than 10 years from now, pressure on ship operators and airlines
would dramatically increase, since the relative contributions of these two transport modes
will start to dominate the total GHG emissions of the transport sector in Europe.
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Figure 1. GHG emissions from transport in the EU, by transport mode and scenario [5].

Figure 2. Percentual impact of aviation on the transport sector in the EU [6].

In this highly challenging scenario, universities, research centers, and industries
are exploring various pathways, including the adoption of greener modes of operation.
Despite the modern focus on electrification and batteries for power storage, hydrogen is
a genuine contender for aviation [4], especially for high-speed civil commercial aircraft
where three times higher energy content per unit mass with respect to kerosene makes
hydrogen the most desirable energy carrier. Hydrogen combustion guarantees a complete
decarbonization of flights; however, non-CO2 emissions and their climate impact potential
must be carefully investigated. To avoid jeopardizing the dream of a new generation of
high-speed aircraft, it will be necessary to introduce emission estimations at the beginning
of the design process, to verify compliance with future emission requirements during
conceptual design. Specifically, this paper describes a novel analytical formulation for
nitrogen oxides emissions estimation for an air turbo-rocket (ATR) engine using hydrogen.
In detail, to unlock the possibility to anticipate the environmental sustainability assessment,
the authors have developed the hydrogen and high-speed P3-T3 formulation (H2-P3T3) to
extend the widely used P3-T3 methodology [7], which covers (i) innovative air-breathing
propulsive systems developed to support supersonic and hypersonic flights and (ii) greener
fuels, such as hydrogen. Please note that the H2 in the acronym indicates that the newly
proposed methodology works both for hydrogen-fueled and high-speed engines. In detail,
by coupling simplified but accurate models of propulsive systems and related databases
with 0D chemical-kinetic combustion models, the authors have derived novel analytical
formulations capable to predict NOx emissions (as emission indices in grams of emitted
species per kg of hydrogen burned). Different from the original formulation, where the
NOx emission indices appeared correlated only to the temperature and pressure at the
beginning of the inlet of the combustion chamber, the novel formulations described in
this paper show how the exploitation of hydrogen as fuel and the higher flight speed
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suggest additional correlations. However, to be exploitable at the conceptual design
level, these novel formulations still require a minimum set of input data (in line with the
information usually available at this stage) and minimal computational resources (to be
compatible with the fast design loops), still maintaining a high degree of reliability (to
support decisions with very high committed costs). To improve the original formulation,
a new set of more appropriate correlating parameters was investigated. Looking at NOx
minimization strategies, the authors have defined a preliminary set of variables (i.e., fuel
flow rate, air flow rate, aircraft speed, ignition delay time, and residence time). Then,
through an in-depth investigation of the results from the chemical-kinetic analyses and an
assessment of the most commonly adopted strategies for NOx minimization, three main
additional correlating parameters were discovered and added to the formulations: the
fuel-to-air ratio (FAR), the Mach number, and the Damköhler number (Da), the last being a
nondimensional variable directly related to hydrogen/air combustion, which considers the
matching between the residence time and the ignition delay times.

The paper starts with an in-depth assessment of nitrogen oxides emission prediction
techniques, clearly stating the benefits and showstoppers of their exploitation for high-
speed air-breathing engines using hydrogen. For the first time, a comprehensive review
of emissions estimation techniques and their applicability beyond traditional subsonic
aeroengines and fuels is reported (Section 2). Then, Section 3 provides the readers with
useful insights on the case study: the air turbo-rocket engine configuration developed and
optimized owing to a series of EC-funded projects on high-speed. Specifically, Section 3
reports the propulsive and emissive databases obtained at the end of the H2020 STRATOFLY
project and currently exploited inside its follow-up, the H2020 MORE&LESS project. The
data reported in this Section 3 represent a clear added value of the paper, providing
important insights on the ATR and its performance in very different operating conditions,
from takeoff up to cruise Mach numbers, covering a wide range of Mach numbers from
0.3 to 4. Section 4 describes the newly derived H2-P3T3 methodology in a step-by-step
approach, starting from the original methodology and formulation to the definition of the
new ones. Many innovative aspects can be highlighted in Section 4:

• The H2-P3T3 method follows an approach similar to the original P3-T3 method and
allows the prediction of in-flight emissions, knowing the emissions at sea-level condi-
tions together with the ratios of the flight-level and sea-level conditions of the pressure
and fuel-to-air ratio at the inlet of the combustion chamber. However, the need to
introduce new parameters (i.e., Da) in the analytical formulations to better represent
the high-speed hydrogen combustion, modifies the original method, requiring the
definition of additional sea-level trends for new variables, including the ignition delay
time (i.e., the time elapsing between the start of injection and the start of combustion)
and the residence time (i.e., the time spent by the reacting flow inside the thrust
chamber).

• While the original P3-T3 method consists of a single analytical formulation with tune-
able parameters to effectively represent different engine architectures, the new H2-P3T3
method encompasses three different formulations for the same engine architecture
(ATR). The different formulations provide the user with different levels of prediction
accuracy and can thus be applied at different stages in the design process, increasing
the flexibility in the method.

• The introduction of new correlated factors to improve the analytical formulations is based
on an in-depth investigation into the results of the chemical-kinetic analyses coupled
with the assessment of the most commonly adopted strategies for NOx minimization in
the case of hydrogen-based combustion in high-speed aviation propulsive systems.

• This section reveals an important scientific finding: the emissions of nitrogen oxides
from a high-speed engine using hydrogen are well correlated to the Da number. A
variation in Da number is usually due to a variation in the residence time of the
reacting flow in the combustion chamber, which may lead to a temperature variation
in the combustor, thus resulting in a variation in NOx emissions.
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• While the formulations are strictly related to the architecture of the analyzed engine,
the proposed H2-P3T3 method has a more general validity and can be used as a
baseline for developing additional analytical formulations to better represent different
engine architectures and technologies.

2. State of the Art in NOx Emissions Modeling for Aeronautical Applications

According to [7], nitrogen oxides emission prediction techniques can be grouped in
five main families: (i) correlation-based models, (ii) P3T3 methods, (iii) fuel-flow methods,
(iv) simplified physics-based models, and (iv) high-fidelity simulations. After in-depth
investigations, the authors selected the P3T3 method as a baseline for the development of
new predictive analytical formulations. Hereafter, the reader can find a brief recap and
useful references for each of the various NOx emissions prediction techniques along with a
discussion on their applicability in the conceptual design of high-speed aircraft powered
with liquid hydrogen.

2.1. Correlation-Based Methods

Correlation-based methods include both empirical and semiempirical models. They
are built using experimental data from a specific engine, which usually include primary
variables, namely, combustor inlet pressure (P3) and temperature (T3), temperature after
combustion (T4), fuel-to-air ratio (FAR), water-to-air ratio (WAR), among others, together
with combustor specific variables, such as the residence time (τres), the adiabatic flame
temperature (TFL), the primary zone temperature (TPZ), etc., which are employed in semiem-
pirical techniques along with the primary variables.

Correlation-based methods may allow for a direct NOx emission estimation knowing
the engine parameters at any time during the mission or may be built in the form of ratio
models, where input variables need to be expressed as the ratio between in-flight conditions
and those corresponding at sea-level.

Correlation-based methods have been extensively used in the past by the engine
manufacturers; however, due to the confidentiality of the data involved in the model, very
few examples can be retraced in the literature [8].

Even though correlation-based models are the simplest way to predict emissions, they
present a few limitations:

• Correlation-based methods require a great amount of real engine data, which can only be
retrieved from extensive experimental on-ground test campaigns or in-flight direct mea-
surements. This is extremely expensive, both in terms of economic and time resources.

• Correlation-based methods are built for a specific engine and it is nearly impossible to
include in the formulation parameters capturing the effect of variation, even minimal,
in the engine design on emissions.

• The variables that show better correlation with NOx formation (e.g., pressure at
temperature conditions in the combustion chamber, residence times, etc.) are very
difficult to estimate in the early design stages.

For lack of data, these limitations prevent conceptual design engineers, airlines, and
regulatory entities (such as EASA, EUROCONTROL, FAA, and national ones) from exploit-
ing these methods.

Conversely, it is worth emphasizing that these methods perfectly fit the purposes of
engine manufacturers and guarantee very precise emission estimations.

2.2. P3-T3 Method

Among simple prediction methods, the most dependable and widely used is the P3-T3
method, where the emission index (EI) measured at ground level is corrected to the actual
in-flight conditions at altitude by using both altitude ground-level combustor operating
environments. It is worth remembering that the original P3-T3 method is applicable to
turbofan engines using only traditional jet fuels (kerosene-based). In detail, the estimation
methodology is organized according to the following steps (summarized in Figure 1):
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(1) The sea-level combustor inlet conditions in terms of pressure (P3SL), temperature (T3)
and fuel-to-air ratio (FARSL) corresponding to the four throttle settings prescribed
in [9] are estimated or retrieved from the engine manufacturer’s proprietary infor-
mation. Complementary NOx emission indexes at sea-level condition (EINOxSL)
are retrieved from the ICAO Aircraft Engine Emissions Databank. P3SL, FARSL, and
EINOSL are plotted against the T3 value corresponding to the four throttle settings.

(2) In-flight combustor inlet conditions (P3FL, T3FL, FARFL) are usually retrieved from
manufacturer proprietary data or, in the case of data unavailability, they can be
estimated from accurate and high-fidelity propulsive models.

(3) Starting from the in-flight combustor inlet conditions (P3FL, T3FL), the values of P3SL,
FARSL, and EINOSL, corresponding to combustor inlet temperature at altitude, are
obtained from the previously mentioned plots.

(4) EINOxFL can be determined by using corrective factors accounting for the differences
between sea-level and in-flight altitude conditions, according to Formula (1):

EINOxFL = EINOxSL

(
P3FL
P3SL

)n( FARFL
FARSL

)m
eH (1)

where H is the relative humidity corrective factor [7].
In this paper, it is observed that pressure exponent n of 0.4 and FAR exponent m of

zero are the most suitable when the engine-specific exponents are not known. It is therefore
evident that the most important parameter on NOx production appears to be the pressure
at the beginning of the combustion process, while the fuel-to-air ratio can be neglected.

This approach is very promising. However, the direct application of this method to
future high-speed aviation is not straight-forward for the following main reasons:

• Data are unavailable from the ICAO aircraft engine emissions databank for under-
development or future engines [9]. In this paper, the authors tackle this issue by setting
up extensive 0D chemical-kinetic simulation campaigns. This allows for modeling and
simulating sea-level conditions for the combustor to obtain the EINOSL. set.

• Demonstrated validity of the model is restricted to subsonic engines using conven-
tional fuels. In this paper, the authors tackle this issue by exploiting the results of
the 0D chemical-kinetic simulations to upgrade the original analytical formulation
(Equation (1)), thus extending its applicability to hydrogen-fueled engines able to
operate from the subsonic speed regime to the supersonic and hypersonic ones.

It is worth noting that a variation in the original P3-T3 method has already been
elaborated by B. Stöppler [10] from the Institute of Propulsion Technology of DLR, to
extend the applicability of the original formulation to subsonic turbofans using different
types of fuels, including hydrogen. In this case, the suggested formulation includes
additional variables, such as the primary zone temperature (TPZ), which can be obtained as
the average between the combustor inlet temperature (T3) and the equilibrium temperature(

Tφ

)
for a given equivalence ratio (see Equation (3)); also, the flame temperature (TFL),

which can be evaluated (see Equation (4)) knowing the equilibrium temperature
(
Tφ

)
; the

stoichiometry temperature
(
Tφ=1

)
; the weighting factor (rFL), which is an indicator of the

degree of mixing of fuel and air in the combustion chamber (in fact, as the flow becomes
more homogeneous, the mixing factor approaches unity); and the activation energy (E) of
the slowest reaction of the Zeldovich mechanism, which can be assumed equal to −312 kJ

mol .
As in the original method, the DLR–Stöppler method includes two numerical parameters,
β and c, which are, respectively, set to −0.55 and 1.37.

EINO = EINOSL

 1 +
(

1
FAR

)
1 +

(
1

FARSL

)
β( .

mairSL
.

mair

)(
p3

p3SL

TPZSL
TPZ

)c
e

E
R ( 1

TFL
− 1

TFLSL
)

(2)

TPZ =
T3 + Tφ

2
(3)
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TFL = rFL Tφ + (1 − rFL)Tφ=1 (4)

Unfortunately, the exploitation of the DLR–Stöppler method in conceptual design is
hampered by the usual unavailability of data related to the additional required parameters.
In the future, however, this formulation may be used to verify the independence of the
novel formulation of the P3-T3 method from the database.

2.3. Fuel-Flow Method

The fuel-flow methods are developed using the P3-T3 method as a basis, but with
the objective of using only nonproprietary engine information, even if at the cost of the
prediction accuracy. The main parameter considered by these prediction methods is the fuel
flow, which represents the engine power setting and is publicly available. In addition, these
methods take into account the effect of ambient pressure and temperature, humidity, and
Mach number. Three fuel-flow methods are presented in the literature: the Boeing fuel-flow
method 2 (BFFM2) [11] and its applications [12,13] and the sustainable supersonic fuel-flow
method [14]. This family of methods can be very useful for a preliminary estimation of the
emissions even if the achievable accuracy is lower than those attainable from P3-T3 formulations.

2.4. Simplified Physics-Based Models

Simplified physics-based models are developed to approximately describe the com-
bustion process from a physical point of view. This is achieved through the division of
the combustion chamber into different zones, each characterized by specific hypothesis and
modeled by combining several ideal reactors. A benefit of these models is the fact that they
are not as computationally expensive as high-fidelity simulations. However, they are unable to
reproduce the convoluted kinetic mechanisms responsible for the formation of pollutants.

2.5. High-Fidelity Simulations

High-fidelity simulations are incontestably the most accurate models for predicting
emissions. However, they require a detailed knowledge of the combustor geometry and
the NOx formation kinetic mechanisms. This information is proprietary and can be difficult
to obtain in the conceptual design stage, thus significantly limiting the cases where these
methods can be implemented. The most common high-fidelity simulation techniques are
Reynolds-averaged Navier–Stokes solution, which can be applied only if the boundary
conditions of the combustor are known; direct numerical simulations (DNS), which, de-
spite being able to describe the complex physics of combustion, are not efficient from a
computational perspective for nonideal geometries and flows; and large-eddy simulations
(LES), which use a small-scale turbulence model in combustion. Even though the accuracy
is lower than in the previous techniques, the process is still computationally expensive,
making it unsuitable for emissions estimation, especially at the conceptual design stage.

Due to the extremely detailed knowledge of the combustor design that is required and
the high computational cost, these techniques cannot be exploited at a conceptual or pre-
liminary design stage. However, as reported in this paper, data coming from high-fidelity
simulations can be organized into coherent databases and used to define semiempirical
models and/or to improve already existing analytical formulations.

3. Case Study: Air Turbo-Rocket Fueled with Hydrogen
3.1. STRATOFLY MRx and Its Air Turbo-Rocket Engines

The STRATOFLY MRx is a family of vehicles (MR3 and MR5) developed to target
high-speed civil passenger transportation. Specifically, STARTOFLY MR3 is the result
of the research activities carried out by several international partners in the framework
of the Horizon 2020 STRATOFLY Project, funded by the EC from 2018 to 2021 [15–17].
Building on the heritage of past European-funded projects and, in particular, the LAPCAT
II project led by ESA [18–20], the waverider configuration was adopted and investigated
especially for the cruise condition. STRATOFLY MR3 is a highly integrated civil passenger
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aircraft, where propulsion [21–24], propellant [25], aerothermodynamics [26,27], on-board
systems [28] and structures [29,30] are strictly interrelated to one another The vehicle has a
waverider configuration with a dorsal-mounted propulsive system completely embedded
in the airframe. This structure is the result of a process of aerodynamic optimization of both
the external and internal configurations aimed at improving the efficiency of the flight. The
propulsive system consists of six air turbo-rocket (ATR) engines, operated from takeoff to
supersonic speed, and a dual-mode ramjet (DMR) engine, capable of bringing the aircraft
up to hypersonic speed. Both types of engines are fueled with liquid hydrogen (LH2),
whose high specific energy allows the aircraft to fly antipodal trajectories with zero CO2
emissions. Moreover, since H2 must be stored cryogenically, it serves as an effective coolant
for the thermal and energy management subsystem. More recently, in the context of the
H2020 MORE&LESS project (https://doi.org/10.3030/101006856 accessed on 20 September
2023), the STRATOFLY MR3 concept has been redesigned to meet the requirements for
future supersonic aviation covering up to Mach 5. The new vehicle, STRATOFLY MR5, is
the result of a complex and multidisciplinary design loop involving experts from aircraft
systems, propulsion, and aerothermodynamics. The resulting vehicle concept is smaller
with respect to the original MR3, 75 m long instead of the original 94 m, but still able
to cover long-haul routes and reaching antipodes, while carrying 220 passengers. The
optimization of the DMR engine for Mach 5 operations is still on-going, whereas the ATR
engines have proved to be capable of accelerating the vehicle from takeoff up to Mach 4, as
originally planned. Therefore, the investigations and the results reported in the following
subsections apply to the ATR engine in general and can be the baseline for the emission
estimation for both the MR3 and MR5 concepts.

Specifically examining the propulsive technology, the ATR engine is an advanced
propulsion system resulting from the combination of traditional propulsive technologies.
After the intake, a traditional fan, driven by a power turbine, operates a compression of
the flow (after the one related to the air intake), which then enters the combustor chamber
where the fuel is injected. Here, the ignition of the mixture starts the combustion process.
The combustion products are finally expelled through a convergent–divergent nozzle,
which cools and slows them. As the name suggests, a small rocket engine is also placed
inside the engine in order to contribute to the total thrust level. When operating, its exhaust
gases are discharged by passing through the combustion chamber duct and the common
nozzle. The rocket engine also serves the function of starting the power turbine. Owing to
the coexistence of different propulsion systems, an ATR rocket is capable to operate from
takeoff to supersonic speeds. As a matter of fact, at low altitudes and subsonic speed, the
ATR works as a traditional turbofan that then switches to ramjet mode when high speeds
and altitudes are reached. Details on the ATR propulsive modeling and on the engine
performance can be retrieved at [31].

3.2. Propulsive and Chemical Emissions Databases

Within the H2020 STRATOFLY project, a propulsive and emissive database was com-
puted for both the ATR and the DMR. In particular, a 1D model of the entire combined
cycle has been developed and implemented in EcosimPro software 5.6, a multidisciplinary
simulation tool able to replicate the physical behavior of various engine components. This
model was then used to evaluate the thermodynamic and propulsive performance of the
ATR and DMR engines for various on-ground and in-flight conditions considered in the
project. This activity was preparatory for the development of a chemical emission database.
In detail, for the ATR operations, the emissions were estimated through 0D, time-dependent
thermodynamic and kinetic simulations of homogeneous, isochoric, but not adiabatic, batch
reactors, using the Cantera software tool Version 2.6 [32]; to cover the complexities of the
DMR operations, the CIRA in-house SPREAD (Scramjet Preliminary Aerothermodynamic
Design) code was employed, thus allowing 1D chemical-kinetic simulations [33].

Focusing on the ATR, Cantera software models the evolution of the hydrogen/air
mixture in the combustor chamber, from the inlet time to the completion of the combustion

https://doi.org/10.3030/101006856
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process. For the ignition to occur, the mixture must reach a certain pressure and tempera-
ture. As can be seen in Figure 3, the ATR operating points are located in the weak ignition
zone, thus the ignition must be artificially triggered in order to provide the mixture with
enough energy to reach the desired pressure and temperature. For this purpose, an electric
igniter is modeled through an impulsive input of energy, which allows moving the oper-
ating conditions to the right, up to the strong ignition area indicated in the hydrogen–air
explosivity diagram [34]. The impulsive energy release was described by three parameters,
i.e., the thermal power for unit surface, the width of the pulse, and the time of the heat flux
pulse peak [21,35]. The 0D thermodynamic simulations were first carried out using the Z22
kinetic scheme combined with the NOx20 NOx formation submechanism to calculate the
equilibrium flame temperatures (see Figure 4). Time-dependent, isochoric, 0D simulations
were then performed with the same kinetic scheme and applying simultaneously the ig-
niter energy source (not adiabatic) to compute the mass fractions of hydrogen and NOx,
evaluated at the same time, at which the kinetic simulations achieve the equilibrium flame
temperatures previously determined (see Figure 5) [21,36].

Figure 3. Hydrogen–air explosivity diagram with the original ATR operating points from propulsive
database, with spontaneous combustion.

Tables 1 and 2 summarize the main data related to sea-level (SL) and flight-level (FL)
operating points, respectively. The values of the combustor inlet temperature of the fuel, of
the air and of the mixture, along with those of the combustor inlet pressure, refer to the
operating conditions before the ignition occurs, as required by the implementation of the
P3-T3 method. Moreover, since the air mass flow entering the combustor is almost 50 times
greater than the fuel air flow, the equilibrium pressure reached during the mixing process is
comparable to the air pressure. Therefore, the fuel pressure can be neglected in the conceptual
design stage and it is acceptable to assume the hydrogen/air mixture pressure equal to the air
pressure. On the contrary, the fuel and air combustor inlet temperatures are very dissimilar,
thus requiring calculation of the hydrogen/air mixture equilibrium temperature.

Table 1. ATR sea-level conditions.

From Propulsive Database From Emissive
Database

M Z
(m)

mfuel
(kg/s)

mair
(kg/s) FAR phi T3,air

(K)
T3,fuel

(K)
T3,mix

(K)
p3

(Pa) H EINO
(gNO/kgH2)

0.3 0 8.88 401.41 0.022 0.759 363 542 406.01 190,000 −0.0307 2.12

0.35 0 10.09 463.83 0.022 0.759 393 583 438.66 265,000 −0.0307 1.84

0.44 0 13.63 588.74 0.023 0.793 390 441 402.67 240,000 −0.0307 2.37

0.5 0 14.41 662.62 0.022 0.759 380 377 379.28 232,000 −0.0307 1.4
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Figure 4. Hydrogen–air explosivity diagram with the ATR operating points reassessed after thermal
ignition strategy.

Figure 5. Hydrogen–air explosivity diagram with the ATR operating points reassessed after chemical
ignition strategy.

Table 2. ATR flight-level operating points.

From Propulsive Database From Emissive
Database

M Z
(m)

mfuel
(kg/s)

mair
(kg/s) FAR phi T3,air

(K)
T3,fuel

(K)
T3,mix

(K)
p3

(Pa) H EINO
(gNO/kgH2)

0.3 400 8.88 384.49 0.023 0.793 366 529 406.51 190,000 −0.0133 2.8

0.3 800 8.88 368.13 0.024 0.828 368 517 406.22 190,000 0.0025 3.42

0.44 2000 13.65 472.78 0.029 1.000 402 374 393.76 240,000 0.0411 5.8

0.5 2500 14.35 507.76 0.028 0.966 410 340 389.91 251,000 0.0538 5.43

0.75 8000 6.62 390.10 0.017 0.586 355 510 385.44 120,000 0.1154 7.19

0.82 8921 7.06 306.33 0.023 0.793 363 444 383.13 112,000 0.117 2.76

1.5 16134 6.61 231.64 0.029 1.000 469 426 456.35 120,000 0.119 10.82

2 17411 8.53 271.10 0.031 1.069 550 396 502.52 149,000 0.119 11.47

4 24152 2.68 177.65 0.015 0.517 938 1019 952.37 343,000 0.1182 4.34
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4. H2-P3T3 Methodology and Novel Formulations
4.1. H2-P3T3 Method

Among the prediction methods presented in Section 2, the P3-T3 method is selected
to estimate NOx emissions for an ATR engine using liquid hydrogen. However, since
the P3-T3 method was tailored for conventional turbofans fueled with kerosene, the NOx
emissions evaluation provided for the case study will unlikely be satisfactory. Therefore, it
is necessary to adapt the P3-T3 method to a wider range of propulsive systems, in this case to
ATR, and to new fuels, i.e., hydrogen. To achieve this goal and considering the possibility of
using these formulations at different stages in the design process, the incremental approach
graphically summarized in Figure 6 is implemented. At first, the original P3-T3 method is
applied to the case study to evaluate its prediction capability.

Figure 6. Summary view of the logics behind the definition of the new formulations of the H2-P3T3

methodology.

As expected, the evaluation is not accurate; therefore, the exponents of the original
P3-T3 method are optimized as a first attempt to decrease the estimation error. A second
modification consists in the addition of the Mach number, as independent variable, to make
the function that estimates NOx emissions more representative. The Mach number is an
immediate indicator of flight conditions and particularly significant in high-speed flight.
Moreover, the Mach number is a known parameter in the conceptual design stage. As a
final variation, the Damköhler number (Da) is included. This variable is directly related
to hydrogen/air combustion as it considers the matching between the residence time and
the ignition delay times. The inclusion of this parameter is emblematic of the necessity to
consider the effects of combustion to better represent the physical behavior of fuels that are
alternative and different from kerosene.

4.2. Prediction of Sea-Level Conditions

The first step in the workflow consists of applying the original formulation of the P3-T3
method using the SL conditions available, as reported in Section 3. As reported in Equations
(5)–(7) and in Figure 7, exponential fits appear adequate to describe the variation in the
main variables at sea-level conditions as a function of the combustion inlet temperature.

P3SL = (7.776e + 4) · e0.002681·T3 (5)

FARSL = 0.02312 · e(−9.462e−05)·T3 (6)

EINOSL = 0.7224 · e0.002417·T3 (7)
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Figure 7. Derivation of trends for estimating sea-level conditions.

4.3. H2-P3T3 Formulations Derivation for An ATR Engine Fueled with Hydrogen

Once formulations for sea-level conditions are defined, it is possible to apply the
original formulation (Equation (1)) with the suggested set of exponents, to assess the
nitrogen oxides emission indices (EINOx) for the different flight conditions. The EINOx
measures the grams of NOx emitted per kilos of hydrogen burned. According to the original
formulation, the impact of the FAR is neglected; thus, the nitrogen oxides emission index is
correlated with P3 only. As evident in Figure 8, this approach does not work properly in
describing the manner in which hydrogen-fueled engines work. In fact, it is important to
note that the exploitation of hydrogen as the propellant imposes the engine manufacturer to
adopt specific NOx minimization strategies. The most effective one consists in the reduction
in the flame temperature through the selection of the most suitable mixture composition,
in terms of fuel-to-air ratio. Figure 9 graphically reports the adiabatic flame temperature
of different fuels as a function of the equivalence ratio, i.e., the ratio of fuel and air in
real conditions with respect to the stoichiometric value (ϕ = 1). Independently from the
considered fuel, there the peak in flame temperature is always predicted for fuel-to-air
ratios closed to stochiometric values. Conversely, the value of the temperature selection
strictly depends on the fuel type. Since the amount of NOx produced is greatest at the peak
value of the flame temperature, the first minimization strategy usually consists of adopting
FAR values far from the stoichiometric value, and, in particular, a lean mixture is usually
preferred as the excess of H2 would trigger additional complex reaction pathways [37].
Therefore, the first attempt at modifying the original formulation led to reinforcement
for the role of the FAR term, which is practically neglected by the best practices in the
implementation of the original P3T3. Using the available data reported in Table 2 and
solving a nonlinear least-squares curve-fitting problem, the new formulation reported in
Equation (8) is suggested.

EINOxFL = EINOxSL

(
P3FL
P3SL

)−0.36( FARFL
FARSL

)3.8
(8)
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Figure 8. Comparison of EINO predictions with the original formulation and emission estimations
from 0D chemical-kinetic simulations (top) and related relative and absolute errors (bottom).

Figure 9. Adiabatic flame temperature correlation to equivalence ratio for different fuels.

This new formulation, which basically strengthens the role of the fuel-to-air ratio,
allows for much better correlation with the data from the database, as reported in Figure 10.
In this case, the average percentage error is 16.33% with a peak of 26.65% reached at Mach
0.44, where the absolute error is 1.55 g/kg.
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Figure 10. Comparison of EINO predictions with the new formulation in Equation (8) and emission
estimations from 0D chemical-kinetic simulations (top) and related relative and absolute errors (bottom).

The original formulation was specifically developed for turbofan engines reaching
maximum speeds in the transonic regime. Therefore, to further improve the accuracy of
the model for high-speed engine application, the speed in terms of Mach number has been
introduced in the formulation, following the same optimization approach described above.
The resulting new formulation is reported in the following equation:

As reported in Figure 11, the average percentage error is 14.44% with a peak of 27.03%
reached at Mach 0.3 (z = 800 m), where the absolute error is 0.92 g/kg.

EINOxFL = 1.6 EINOxSL

(
P3FL
P3SL

)0.32( FARFL
FARSL

)3.5
M0.31e

H
(9)

Finally, the suggestion for the most complete formulation disclosed in this publica-
tion comes from the second NOx minimization strategy usually adopted in the design
of hydrogen-fueled engines [37]. As suggested from the theoretical and experimental
investigations on the combustion of air and hydrogen, the second strategy to inhibit the
NOx formation consists of optimizing the residence time ( τres), i.e., the time of the reacting
flow inside the thrust chamber. As a matter of fact, a longer permanence of the flow in
the combustion chamber at elevated temperatures causes a higher production of NOx.
Therefore, the residence time should be optimized in conjunction with the ignition delay
time ( τign

)
to guarantee the complete combustion required for thrust generation while

preventing the combustion products from staying too long in the chamber. Practically
speaking, the minimization in the residence time is achieved by properly designing and
accurately sizing the combustor to avoid the excessive permanence of the flow in the thrust
chamber. Numerically, NOx emissions can be correlated with the ratio of these two parame-
ters related to time. This ratio is reported in the literature as the nondimensional Damköhler
number (Da) [38] (Equation (10)), which is an indicator of the combustion efficiency, as it
measures the relation between the characteristic time of physics and chemistry.
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Figure 11. Comparison of EINO predictions with the new formulation in Equation (9) and emission
estimations from 0D chemical-kinetic simulations (top) and related relative and absolute errors (bottom).

Da =
τres

τign
(10)

When Da > 1, the residence time is greater than the ignition delay. This is the condition
that characterizes high-speed engines. In supersonic and hypersonic engines the residence
time should be at least sufficient for the completion of the combustion process, but values
that are too high should avoided to limit NOx emissions. For the specific ATR case study,
τres and τign were computed by means of Cantera software through a Python interface by
entering the combustor inlet pressure and temperature and the equivalence ratio. Through
these data, it is possible to estimate the density of the mixture (ρmix) (Equation (11)), where
the molecular weight of the hydrogen/air mixture (Mmix) (kg/mol) at the injection time is
obtained considering an isochoric combustion and R is the universal gas constant equal to
8.314 J/(mol K).

ρmix =
P3Mmix
R T3mix

(11)

The density of the mixture can be used to estimate the volumetric flow rate as in
Equation (12) and finally the residence time can be calculated according to Equation (13),
knowing the volume of the combustion chamber (V).

.
Q =

.
mair +

.
mH2

ρmix
(12)

τres =
V
.

Q
(13)

Concerning the ignition delay time, two different approaches are available in the
literature. The first is the thermal ignition delay-time criterion [39], where the ignition of a
mixture occurs after its temperature rises by 400 K from the combustor inlet value. Alterna-
tively, the chemical emission delay-time criterion [39] is based on the fact that the ignition
of the mixture occurs when the concentration of the OH radical peaks. This phenomenon is
associated with the chain branching reactions and the radical pool formation, causing an
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exponential increase in pressure and temperature. The use of the radical OH as a flame
marker is due to its inherent chemiluminescence, which simplifies the detection of the
ignition process in experimental measurements. The present work considers the chemical
ignition delay time, as it is more precise.

Following the general approach of the P3-T3 method, based on the variation in the
considered parameters between SL and FL, to introduce the Da number into a new formula-
tion, it was necessary to define the Da number trend at sea level. The results are graphically
summarized in Figure 12 and in Tables 3 and 4.

τres = 0.05713 · e0.005792·T3 (14)

τign = 0.06219 · e−0.002094·T3 (15)

Figure 12. Derivation of trends for sea-level conditions estimation for residence time and ignition
delay time.

Table 3. Additional ATR sea-level conditions: residence time and ignition delay time.

Mach τres [s] τign,OH [s] Da
0.3 6.442 × 10−1 2.235 × 10−2 28.83

0.35 7.200 × 10−1 2.642 × 10−2 27.25
0.44 5.534 × 10−1 2.782 × 10−2 19.89
0.5 5.103 × 10−1 2.970 × 10−2 17.18

Table 4. Additional ATR flight-level operating points: residence time and ignition delay time.

Mach τres (s) τign,OH (s) Da
0.3 6.640 × 10−1 2.226 × 10−2 29.83
0.3 6.862 × 10−1 2.225 × 10−2 30.85

0.44 6.627 × 10−1 2.854 × 10−2 23.22
0.5 6.556 × 10−1 3.018 × 10−2 21.72

0.75 4.669 × 10−1 1.601 × 10−2 29.16
0.82 5.214 × 10−1 1.501 × 10−2 34.73
1.5 5.854 × 10−1 1.196 × 10−2 48.96
2 5.476 × 10−1 1.224 × 10−2 44.73
4 1.213 × 10 1.457 × 10−3 832.41

Similarly, the FL values were estimated and are reported in Table 4.
The final formulation reported in Equation (16) is obtained following the same ap-

proach as above. The improved propulsive database, which now contains the indication
of both the ignition delay time and residence time, is used again to solve a nonlinear



Aerospace 2023, 10, 909 16 of 21

least-squares curve-fitting problem that reports the presence of the Da ratio inside the
analytical formulation.

EINOxFL = 1.8 EINOxSL

(
P3FL
P3SL

)0.23( FARFL
FARSL

)2.43
M0.33

(
DaFL
DaSL

)0.77
eH (16)

As reported in Figure 13, the average percentage error is 5.86% with a peak of 15.82%
reached at Mach 0.3 (z = 400 m), where the absolute error is 0.44 g/kg.

Figure 13. Comparison of EINO predictions with the new formulation in Equation (16) and emission
estimations from 0D chemical-kinetic simulations (top) and related relative and absolute errors
(bottom).

5. Results and Discussion

The formulations derived and discussed in the previous sections can be formally
represented as a unique general equation as in (17), where the a to f parameter values are
reported in Table 5.

EINOxFL = a EINOxSL

(
P3FL
P3SL

)b( FARFL
FARSL

)c
Md
(

DaFL
DaSL

) f
eH (17)

Table 5. A summary of the formulations for an ATR engine inside the H2-P3T3 method.

a b c d f

Original formulation 1 0.4 - - -

EINOx FL = f (P3, FAR) 1 −0.3614 3.8132 - -

EINOx FL = f (P3, FAR, M) 1.5996 0.3187 3.5 0.3143 -

EINOx FL = f (P3, FAR, M, Da) 1.8110 0.2273 2.4276 0.3299 0.7742

Considering the most complete formulation (Equation (16)), it is possible to drive
some chemical-physical conclusions and justifications about the numerical values of the
parameters:
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◦ The positive value of b is in agreement with the ideal gas constitutive law, which
implies that an increase in p3 causes a rise in the temperature of the mixture, leading
to higher NOx production. However, the impact of the pressure ratio factor in the
novel formulation is reduced by a factor of about two with respect to the original
P3-T3 method. This is due the nature of the fuel considered in the two formulations.
As a matter of fact, the novel formulation is optimized specifically for hydrogen,
which, at the instant of injection, is a compressible gas with a significantly higher
sensitivity to pressure variation than kerosene, a liquid fuel. Therefore, for the ATR,
the same influence on EINO is obtained with a smaller change in pressure than in a
conventional turbofan fueled with kerosene.

◦ The value of c is emblematic of a positive contribution of FAR: as a matter of fact, the
NOx emissions rise as a result of the increase in the flame temperature caused by the
enhancement of FAR. It is worth remembering that the NOx production is greatest
for a stoichiometric mixture, while for a lean and rich mixture it gradually reduces.
Since the ATR operates at fuel-lean conditions, the increase in FAR mentioned above
is intended up to FARst, so that ϕ < 1. The reason behind the different influence of
the FAR term with respect to the original P3-T3 method is still ascribed to the nature
of the fuel. Indeed, the FAR related to kerosene is the result of a tradeoff analysis for
the minimization of both CO/CO2 and NOx emissions, which respectively decrease
and increase as the mixture approaches the stoichiometric conditions. However, since
H2 does not generate carbon-related emissions, the FAR has a higher impact since it
optimizes both the thrust and the NOx emissions. Therefore, the selection of the FAR
is subject to fewer constraints and the parameter has a higher variability.

◦ The Mach number also has a favorable effect for the NOx formation, since its in-
crease leads to a higher combustion temperature causing a rise in EINO. From the
optimization of the exponents, results indicate that the Mach number itself counts
in the measure of a cube root with the additional contribution by coefficient a. This
parameter is inserted since it is a direct indicator of the variation in flight conditions,
as explained above.

◦ The Damköhler number is also responsible for a positive impact on EINO levels,
meaning the NOx emissions increase as a consequence of the enhancement of the
Damköhler number, which generally occurs through an increase in residence time,
since the ignition delay is determined based on the chemical composition of the mix-
ture. This parameter is included to account for the matching between the residence
and ignition times, which have a strong influence on the formation of NOx in super-
sonic and hypersonic engines. As a matter of fact, a higher τres causes a temperature
rise in the combustor resulting in an increase in EINO; thus, a value of Da approaching
unity is desirable for NOx minimization purposes.

Finally, Figure 14 compares the predictions coming from the various formulations
showing the incremental reduction in error with respect to the original method. As can be
observed from Figure 14, the addition of the Mach number and Damköhler number to the
original formulation of the P3-T3 method significantly improves the prediction capability
of this method and it is useful in its adaptation to a new propulsive system and propellant.
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Figure 14. Comparison of EINO predictions with the new formulation in Equation (16) and emission
estimations from 0D chemical-kinetic simulations (top) and related relative and absolute errors
(bottom).

6. Conclusions

With the aim to avoid jeopardizing the dream of a new generation of high-speed
aircraft fueled by hydrogen, and with the purpose of being ready to satisfy new future
environmental requirements, this paper describes novel analytical formulations to estimate
non-CO2 emissions at the beginning of the design process. In particular, to anticipate
the nitrogen oxides emissions estimation in conceptual design, the authors developed the
hydrogen and high-speed P3-T3 method (H2-P3T3), an evolution of the widely used P3-T3
method, properly conceived to support (i) innovative air-breathing propulsive systems
for supersonic and hypersonic flights and (ii) greener fuels, such as hydrogen. This paper
describes the step-by-step approach used to derive the innovative analytical formulations
customized for an air turbo-rocket engine, revealing the existing correlation of nitrogen
oxides production with the fuel-to-air ratio (FAR), the Mach number, and the Damköhler
number (Da), which is a nondimensional variable directly related to hydrogen/air com-
bustion, as it considers the matching between the residence time and the ignition delay
times.

The most relevant achievements can be summarized as follows:

• For the first time, a comprehensive review of emissions estimation techniques and
their applicability beyond traditional subsonic aeroengines and fuels is reported in a
scientific publication, providing the readers with useful and practical guidelines for
the selection of the most appropriate technique for predicting emissions.

• The paper exploits a unique dataset, which includes the propulsive and emissive
database of the ATR covering very different operating conditions, from takeoff up to a
wide range of cruise Mach numbers ranging from 0.3 to 4.

• The novel H2-P3T3 method follows an approach similar to the original P3-T3 method,
which allows the prediction of in-flight emissions knowing the emissions at sea-level
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conditions and the ratios of the flight-level and sea-level conditions of the pressure and
fuel-to-air ratio at the inlet of the combustion chamber. However, the introduction of
new parameters (i.e., Da) in the analytical formulations produces a modification of the
original method, requiring the definition of additional sea-level trends for additional
variables, including the ignition delay time and the residence time.

• The original P3-T3 method presents a single analytical formulation with tuneable
parameters to effectively represent different engine architectures. The new H2-P3T3
method encompasses three different formulations for the same engine architecture
(ATR). The different formulations provide an increasing level of accuracy in the pre-
dictions, thus allowing a more flexible application throughout the design process.

• The introduction of new correlated factors to improve the analytical formulations is
based on the analysis of the most effective NOx minimization strategies adopted for
hydrogen combustion of high-speed aviation propulsive systems.

• The most complete formulation reveals an important scientific finding: emissions of
nitrogen oxides from a high-speed engine using hydrogen are well correlated to the Da
number, thus they are strongly affected by the characteristic times of the combustion
process.

The proposed methodology can be used as a baseline for the customization of the
analytical formulations to better represent other engine architectures, which represents an
already planned activity in the near-term. Finally, the developed analytical formulations
can quantitatively support tradeoff analysis at system and subsystems level, providing
technical bases for the selection of the most sustainable subsystem architecture [40].
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