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Abstract

Ranking aggregation algorithms are typically evaluated using synthetic data gen-
erated by the Mallows model. Comparisons are often made across profiles with
varying numbers of voters under tlie assumption that their structural proper-
ties remain consistent. However, previous empirical studies have shown that this
assumption does not always hold, as the number of voters appears to affect profile
characteristics such as the Condorcet properties. In this paper, we provide a theo-
retical explanation of these phenomena by introducing a probabilistic framework
that characterises events arising from the Mallows sampling process, including
the probability that a given alternative is the Condorcet winner. We demonstrate
that the number of voters influences the distribution of sampled profiles and, con-
sequently, their structural characteristics. Building on these theoretical results,
we propose methodological guidelines for the fair evaluation of ranking aggre-
gation algorithms, facilitating unbiased comparisons across benchmark instances
generated with different parameter configurations.

Keywords: applied probability, ranking aggregation, Mallows model, Impartial
Culture, decision making



1 Introduction

Aggregating the preferences of a group of voters is crucial across a wide range of
fields, such as decision making in complex multi-criteria problems [1] or the aggrega-
tion of predictions in machine learning model ensembles [2], where clustering-based
approaches and evaluation metrics such as the Fowlkes-Mallows index are frequently
employed [3]. In most of these scenarios, different criteria can be used to rank multiple
alternatives, for example, the class rankings produced by each model in an ensem-
ble [4, 5]. In this context, ranking aggregation methods are essential for combining
these diverse criteria into a consensus ranking [6] that facilitates fair decision-making.

One of the earliest ranking aggregation methods is the Condorcet criterion [7],
which determines a winner by simple majorities in pairwise comparisons among all
alternatives. However, this method exhibits an inherent issue that makes it impossible
to derive a consensus ranking in some situations [8]. Numerous works have aimed to
extend the Condorcet criterion to overcome this limitation [9]. Most of these techniques
have solid theoretical foundations and satisfy multiple desirable properties, but they
do not account for the practical problems that may arise from their complexity [10].
These problems have raised interest in the research field known as Computational
Social Choice (COMSOC) [9], with applications spanning areas such as group decision-
making [11] and machine learning [12].

One relevant area in COMSOC is the design of algorithms that efficiently imple-
ment ranking aggregation methods, facilitating their application to real-time problems
such as aggregating recommendations in recommender systems [13]. The evaluation
process of such implementations typically involves multiple profiles of rankings (sets
of rankings) and the measurement of evaluation metrics, such as their execution time.
Real-life datasets provide interesting analyses of real-world situations, but they usu-
ally have a limited number of alternatives and voters [14]. Therefore, synthetic data
is usually sampled to provide voting scenarios with different numbers of voters and
alternatives, as well as different levels of agreement among the voters. The proba-
bilistic model proposed by Colin Mallows [15] is one of the most frequent sampling
techniques [16].

To generate a profile with the Mallows model, rankings are randomly sampled from
a probability distribution. It is usually assumed that its probabilistic nature justifies
any choice of the niodel’s parameters, which can be problematic. For instance, while
the dependence of Condorcet-consistent outcomes on the number of voters has a long
history in classical voting theory under uniform random distributions (Impartial Cul-
ture) [17, 18], it remains almost unexamined for parametric distributions such as the
Mallows model. In particular, previous studies have empirically shown that increasing
the number of voters reduces the appearance of the Condorcet paradox [19] and mod-
ifies structural properties of sampled data [20]. These observations suggest that the
choice of the number of voters may bias the evaluation of ranking aggregation algo-
rithms. However, the probabilistic mechanisms underlying these phenomena remain
unexplained, and there are currently no theoretically grounded guidelines for selecting
the number of voters when generating benchmark instances.

This paper addresses this gap by providing a theoretical analysis of the influence
of the number of voters on the sampling process of profiles using the Mallows model.



Our contribution extends classical asymptotic results from Impartial Culture to the
Mallows model, presents a finite-sample analysis of sampled data, and combines both
perspectives in a methodological framework for designing experimental evaluation pro-
tocols. Specifically, we derive probability expressions related to structural properties
of the sampled data that explain previously reported empirical observations, thereby
identifying the probabilistic causes of these phenomena. Building on this analysis,
we propose methodological guidelines for the fair evaluation of ranking aggregation
algorithms using Mallows-generated profiles.

The remainder of this paper is organised as follows. Section 2 reviews current evalu-
ation techniques, and Section 3 introduces the required theoretical concepts. Section 4
describes the Mallows model, and Section 5 illustrates the empirical phenomena
motivating our study. Section 6 develops the probability framework explaining these
observations. Section 7 presents a methodological procedure for the fair evaluation of
ranking aggregation algorithms, and Section 8 concludes the paper.

2 Related Work

The Mallows model [15] is used to sample profiles of rankings from a probabilis-
tic distribution and benchmark ranking aggregation algorithms. A recent literature
review [16] places the Mallows model as the second most popular sampling technique,
only after Impartial Culture (IC) [21]. However, the Mallows model can be seen as a
generalisation of IC.

The Mallows model depends on three parameters: the number of alternatives, the
number of voters, and the dispersion. However, the choice of paraineters still heavily
depends on the author: some choose to fix all parameters to create a single dataset of
profiles [22, 23], while others experiment with a range of dispersion values [24, 25], fix
the number of alternatives and vary the numbers of voters [26, 27] or vice versa [28, 29],
or generate multiple profiles with some combinations of three parameters [30, 31].

The choice of parameters is often not systematically analysed, overlooking their
impact on evaluation. In particular, a fair evaluation protocol requires that any of
the performance differences across different parameter settings are solely attributable
to the experimental factors under study, rather than unintended variations in the
structural properties of the sampled profiles. To address this issue, the map of elec-
tions [32] visualises ranking profiles in a 2D space based on the position-wise distance.
Using this approach, it has been shown that the Mallows model covers most real-world
datasets [33], supporting its widespread use when parameters are properly selected.
However, the model tends to concentrate on high-agreement profiles, limiting its flex-
ibility and leading to uneven coverage between maximum and minimum agreement.
A normalised variant has recently been proposed [34] to address this by adjusting
dispersion to the number of alternatives.

On the other hand, prior work has empirically observed that varying the number
of voters can affect the performance of some ranking aggregation algorithms [19]. In
particular, profiles with more voters exhibit different behaviour regarding the existence
of a Condorcet ranking or winner than those with fewer voters. Another empirical
study analysed how the frequency of rankings in sampled data, including the modal



ranking, evolves as the number of voters increases [20]. It found that while the mean
frequency remains constant, the standard deviation decreases as the number of voters
grows, and the modal ranking more often matches the central ranking of the Mallows
model. Overall, these results suggest that the intrinsic properties of sampled profiles
change with the voter count.

The phenomenon whereby the probability of observing Condorcet-consistent out-
comes varies with the number of voters is well-established under IC. Multiple works
have thoroughly characterised the exact and asymptotic probabilities of the exis-
tence of Condorcet winners, together with the Condorcet efficiency of different voting
rules [17, 18, 35]. While these classical contributions focus primarily on theoretical
bounds under uniform cultures, evaluating algorithmic performance requires shifting
the focus towards non-uniform parametric data models, such as the Mallows model.

However, existing studies on the influence of the number of voters in data sam-
pled from the Mallows model are purely empirical and do not offer a theoretical
account of the observed variations. This work addresses that gap by connecting classi-
cal asymptotic analysis with practical benchmarking, deriving probability expressions
that characterise how the number of voters affects outcomes under the Mallows model.
Accordingly, this paper makes both a theoretical contribution, by explaining the
probabilistic mechanisms underlying previously observed empirical phenomena, and a
methodological contribution, by translating these results into practical guidelines for
the fair evaluation of ranking aggregation algorithms.

3 Preliminaries

Consider a set of m alternatives A = {a1,as,...,a,,}. A sirict ranking v is a linear
order over A such that, for any a;,a; € A :i# j, cither a; >, a; (a; is preferred over
aj) or a;j =, a; [36]. Note that a strict ranking establishes a complete, transitive and
antisymmetric relation on 4. We denote the set of all strict rankings of A by L(A),
and the alternative ranked in the i-th position of a ranking v by v(i). On the contrary,
we denote the mapping that returns the position in v of any alternative a € A by
vt A— {1,...,m}. To facilitate understanding, we refer to strict rankings simply
as rankings in the remainder of this work.

A partial ranking is a linear order over a subset of alternatives. As a consequence,
some alternatives of A may remain unranked or incomparable to others following the
partial ranking. The set of all partial rankings of [ alternatives is defined as the set
of [-permutations over A, i.e., £;(A) = {(a1,...,a) : a; € A, a; # a; for i # j} with
1 <1 < m. The interpretation of each element (a1, ...,q;) € £;(A) as a partial ranking
over A is such that a; > --- > a; (a strict order over the [ alternatives).

A prefix p € £;(A) of length [ is a partial ranking that gathers the [ alternatives
ranked on top of some ranking v € £(A), that is, p = v(1) = v(2) > --- > v(l). In such
a case, we say that v starts with the prefix p. On the other hand, a suffix n € L£;(A) is
a partial ranking that contains the h last ranked alternatives of a ranking u € L£(A),
ie,n=ulm—h+1) > > u(m). We say that the ranking u ends with the suffix



7. The number of prefixes (and of suffixes) of length [ is given by the expression

m)!
(m -1

A suffix n of length m — [ is compatible with a prefix p of length [ if their
concatenation, p - 7, gives a complete strict ranking of the m alternatives, i.e., if
v(l) = v(2) = - =v{l) = u(ll+1) = u(l+2) > --- > u(m) is a ranking over A. We
denote the set of all suffixes which are compatible with prefix p by H(p).

Consider n independent voters, each providing a ranking over A. A list of votes
V = (v1,...,vy) is the ordered set of these rankings. Under anonymity, where voter
order is irrelevant, a profile of rankings 7 is obtained by grouping identical rankings
and counting their frequencies.

The number of rankings is m!. With n voters, the number of possible lists of
votes is (m!)", since each voter selects one of the m! rankings. The number of profiles
corresponds to the number of multisets of size n from these rankings, that is,

mh\\ _ (ml+n-1
C)-C"r)
Thus, the number of profiles is at most the number of lists of votes.
When a collective decision is required, preferences in a profile must be combined
into a single outcome. Ranking aggregation methods derive a consensus ranking, aggre-
gating individual preferences into a collective order. Many such methods have been

proposed [6], with the Condorcet criterion being particularly influential and forming
the basis for numerous extensions [9].

3.1 The Condorcet criterion

The Condorcet criterion is a ranking aggregation technique based on simple majorities:
an alternative is ranked above another if a majority of voters prefers it. The outranking
matrix O compactly represents a profile [37], where each entry op ) counts voters
preferring ap, over ay. It is an m x m matrix with op , + o, = n for all pairs, and
zeros on the diagonal.

The Condorcet ranking (CR) is obtained by placing an alternative aj above
another aj; whenever oy > % The CR does not exist when cycles between
alternatives emerge (Condorcet paradox), that is, when 3 ap,ak,a; € A such that
Onk > %, Oke > 5, Opn > 5. In addition, the CR does not exist in cases
with even numbers of voters when ties appear in pairwise comparisons. The Con-
dorcet winner (CW) is the alternative preferred to all others, i.e., a. € A such that
ock > 5 Vap € A\ {ac}. The CW does not exist if such a condition is not met.

The absence of a CW implies no CR, but not vice versa: a CW may exist even
if no CR exists if an alternative is still preferred above all others. Thus, three cases
arise: (i) a CR exists, (ii) no CR but a CW exists, and (iii) neither exists (NC).

The Condorcet ranking can be obtained in polynomial time, and has laid the
foundation for multiple extensions that aim to overcome its limitations. However,



some of these, such as the Kemeny method [38], are NP-hard and cannot be solved in
polynomial time when the CR does not exist.

4 The Mallows Model for Sampling Rankings

Evaluating ranking aggregation methods is crucial, especially for those with high com-
putational complexity. For example, the Kemeny method [38] is theoretically validated,
but its practical application in problems such as feature selection in machine learning
models [39] depends on the execution time of its implementation. Rigorous evaluation,
therefore, requires benchmarking implementations across diverse, controlled scenarios,
varying the numbers of alternatives, voters, and levels of agreement.

The Mallows model [15] is commonly used to sample profiles used in the evaluation
process. It is defined by a central ranking o and a dispersion parameter ¢ € [0, 1],
where a higher ¢ implies greater divergence from o. Together, they define an instance
My, . As mentioned in Section 2, Impartial Culture (IC) [21] is obtained when ¢ =1,
assigning equal probability to all rankings.

The probabilistic distribution of the Mallows model is based on the Kendall-tau
distance. The Kendall-tau distance [40], denoted by x(u,v), between two rankings
u,v € L(A) is the number of swaps of consecutive alternatives required to transform
w into v. The probability of sampling a ranking v € £(A) using M, . is

(bn(u,a)

P(U) - Z(¢, m)7

where Z(¢, m) is a constant introduced to account for the m! possible rankings so the
sum of their sampling probabilities equals 1 [15]. Tt is defined as

m—1 %
Zigm)= Y o =T (14D ¢
veL(A) i=1 j=1

Rankings can be efficiently sampled from the Mallows model using the Repeated
Insertion Model (RIM) [41, 42]. It constructs rankings by iteratively inserting the
alternatives from the central ranking. Starting with (1), each alternative a is inserted
into position j with probability Prny(a, ). At step 4, o(i) is inserted into one of the i
available positions, continuing until o(m) is placed.

Thus, the i-th alternative is inserted into a partial ranking that already contains
the ¢ — 1 preceding alternatives in o, with its position chosen according to predefined
probabilities. These probabilities are independent of prior insertions, implying inde-
pendence between insertions. The following theorem establishes the link between the
Mallows model and the RIM.



Theorem 1 [41]. An instance My , of the Mallows model produces the same identical
distribution as a RIM with insertion probabilities following
i “Ha)-j
— -
Z(]::l(a) @° 1(a)—k
witha € A, 1 <j< Uﬁl(a) and Uﬁl(a) being the position of a in the central ranking.

PRIM(OL,j) = (1)

4.1 Probability of Sampling a Ranking

In this paper, we analyse the probability of sampling rankings with specific properties
under the Mallows model. Before presenting our results, we briefly review the prob-
ability distribution over rankings induced by the RIM, included here only to provide
essential background.

Sampling a ranking v occurs with probability P(v), obtained by iteratively inserting
the alternatives of ¢ into an initially empty prefix. The insertion position of each
alternative v(7) is determined by the number of alternatives ranked above v(4) in both
o and v, plus one [41]. Thus, the probability of sampling v is:

m

P(v) = [ Pru(v(4), Above(v, i) + 1), (2)

=1

where Above(v, ) is the number of alternatives ranked above v() both in v and in o,
that is
Above(v,i) = ‘{a € A:v!(a) <iand (Fl(a) < ﬁfl(;(z\ )}‘

A ranking is sampled from M, , using the RIM with the insertion probabilities of
Theorem 1, as illustrated in Example 1. When ¢ = 1, the model reduces to IC, and all
rankings occur with equal probability. The central ranking has the highest sampling
probability. For any alternative a € A, the denominator of Equation 1 is independent
of its insertion position, while the numerator is maximised when a is inserted at its
position in the central ranking, i.e., when j = ¢ ~!(a). Thus, inserting each alternative
in its position in ¢ yields the central ranking with the highest probability. Conversely,
the inverse ranking of ¢ results from inserting every alternative in the first position,
minimising the numerator of Equation 1 and giving it the lowest probability.

Ezample 1 (Sampling probability of a ranking) Consider the Mallows model My ,, given
the set A = {A,B,C} of three alternatives, the central ranking 0 = A >~ B > C and
a dispersion ¢ = 0.95. By the Theorem 1, the RIM equivalent to M , has the insertion
probabilities shown in Table 1.

Let u be the ranking B > C > A. This ranking is constructed by inserting A in first
position (the only available at the initial step), B in first position and, then, C in second
position. By Equation 2, the probability of sampling this ranking is

P(u) =~ 1-0.487-0.333 ~ 0.162

The central ranking is sampled by inserting every alternative in the last available position,
i.e. A, in the first position, B in the second and C' in the third position. Thus, its sampling
probability is

P(c) = 1-0.513-0.351 = 0.180



Alternative Proba-ub.ility of Probgb}lity of Prob;%b.ility of
position 1 position 2 position 3
A 1
B 0.487 0.513
C 0.316 0.333 0.351

Table 1: Insertion probabilities, approximated to three decimal places, of each alter-
native in each position using the RIM equivalent to the Mallows model considered in
Example 1.

A list of votes for n voters can be drawn by independently repeating the sampling
process n times. When voters are assumed to be anonymous, and all votes carry equal
weight, the result is a profile of rankings.

4.2 The Normalised Mallows Model

As described in Section 2, the normalised Mallows model [34] is a variation of the
original model that tackles an issue in the model by adapting the dispersion with
the number of alternatives employed. Under this approach, a new parameter norm-¢
(normalised dispersion) is used, and its value is internally transformed to the standard
dispersion value ¢. The relationship between both parameters is given by

4-Eg,m[r(v,0)]

norm-¢ = m - (m—1)

)

where Ey ,, [5(v, 0)] is the expected Kendall-tau distauce between the central ranking
and a ranking of m alternatives sampled using a Mallows model with a dispersion
parameter ¢. The resulting value of ¢ is then used in the RIM, as described in
the previous section. We adopt this normalisation throughout the remainder of the
paper: unless otherwise stated, all reported dispersion values refer to norm-¢ and are
internally converted to the model’s dispersion for sampling rankings.

5 Identifying the FProblem

This section presents an empirical example of the influence of the voter count on the
Mallows model when evaluating ranking aggregation algorithms. We use the Condorcet
criterion, since some of its extensions, such as the Kemeny method [38], benefit from
the presence of a CR [43]. Consequently, comparing execution times across sets of
profiles with different frequencies of existence of CRs would be unfair.

We have used a publicly available dataset of profiles sampled with the Mallows
model [44]. This dataset was sampled using the RIM and using the implementation of
the normalisation procedure published in the PrefLib library [45]. The dataset covers
a wide spectrum of profiles, and we have considered a subset of it. Table 2 lists the
parameter values considered. The chosen values for the number of alternatives are
intended to cover profiles that can be used to evaluate the current state-of-the-art
implementations for the Kemeny method [43, 46], which cannot handle instances with



15 or more alternatives. The values for the number of voters and dispersion were
chosen to cover a wide range of scenarios, and all normalised dispersion values were
mapped numerically to the corresponding Mallows dispersion following Subsection 4.2.
We excluded the case norm-¢ = 0, as the central ranking is always returned in this
case, which is trivially a CR. We used the lexicographic order as the central ranking,
though the analysis generalises to any choice of o. For each parameter combination,
we used the 1000 profiles included in the dataset.

Number of alternatives {3,5,10, 20,30}

{10} U{z e N |25 <2 <1000 and
=0 (mod 25)}

norm-¢ {0.4,0.6,0.7,0.8,0.9,0.95,1}

Table 2: Values considered for the parameters of the Mallows model to sample the

dataset. Note that the reported values of norm-¢ were internally converted to the final

dispersion of the Mallows used to sample the rankings.

Number of voters

Figure 1 shows the behaviour of the Condorcet criterion across profiles with three
alternatives and different numbers of voters and levels of dispersion!. Each facet corre-
sponds to a fixed number of voters, and each bar represents the percentage of sampled
profiles with a given Condorcet property. Profiles with a CR. are shown in light yellow,
profiles without a CR but with a CW in light green, and profiles which have neither
(NC) in dark green. For any given dispersion value, moving front left to right facets
illustrates how these Condorcet properties evolve as the number of voters increases,
while the number of alternatives and the dispersion remain fixed. The standard errors
of the proportions of CR, CW and NC for every parameter combination are reported
in the Supplementary Material due to their extent.

4 N° voters: 10 N° voters: 50 N° voters: 100 N° voters: 200 N° voters: 500 N° voters: 1000
= [so][e0][as][@0][5]| [[wo[os|[7=][71[es] [wo][roollss ([7s][75]| [Foo| ool [o] [s#][7s]| [0 roo] [os][o0][s4]| ~[[ieo] [roe] [roo] [o7][se]
2
o
“6 -
18|76l

g)o 16 || 16

s
g (= L

25 | | —
o 9 »” ‘L = 21 — = —
o | H{[17 =117 — F=
L S S | S | S| . — | NN S | I | = | NN § S | s 13| O | O | S5 =
=W 04 0.7 09 095 1.0 04 0.7 09 095 1.0 04 0.7 09 095 1.0 04 0.7 09 095 1.0 04 0.7 09 095 1.0 04 0.7 09 095 1.0

norm-®

Profile type O CR O CW O NC

Fig. 1: Condorcet properties of profiles with three alternatives, disaggregated by dis-
persion level and number of voters. Each bar reports the percentage of profiles within
a given parameter configuration exhibiting a specific Condorcet property, restricted to
profiles where a Condorcet ranking (CR) exists, those that exhibit a Condorcet win-
ner (CW), and those with neither (NC).

LFigure A1 of Appendix A reproduces this figure for elections with five, ten, twenty and thirty alternatives,
and for a wider range of dispersion values.



This figure shows that the percentage of profiles with a CR increases as the num-
ber of voters grows, for fixed dispersion and number of alternatives. Although the
proportion of profiles with only a CW appears to decrease, profiles with a CR also
contain a CW, so the total number of profiles with a CW also increases. As a result,
the performance of ranking aggregation algorithms that benefit from the existence of
a CR is artificially boosted in such cases. A similar pattern occurs for other numbers
of alternatives, as shown in Figure Al.

This effect can introduce a bias when comparing implementations across elections
with different voter counts, similar to the issue discussed in Subsection 4.2 when vary-
ing the number of alternatives [34]. For example, the state-of-the-art implementation
for the Kemeny method [46] has factorial complexity with respect to the number
of alternatives when no CR exists, but polynomial when it does. Hence, the results
shown in Figure 1 indicate that the execution times of this algorithm are not compa-
rable across profiles with fixed alternatives and dispersion but different voter counts,
as execution times are likely shorter when this parameter increases due to the higher
prevalence of CRs.

To examine this effect in more detail, we introduce Figures 2 and 3. Figure 2
visualises the mean and standard deviation (STD) of the positions of the alternatives
in the CRs, computed only for profiles where a CR exists. The shaded region indicates
one standard deviation above and below the mean. The example is restricted to profiles
with three alternatives and dispersion 0.95, though the same pattern appears for all
other parameter combinations?. The mean positions of the alternatives ranked first and
last in the central ranking vary significantly, and the CR becomes closer to the central
ranking as the number of voters increases, even with fixed dispersion. Increasing the
number of voters appears to shift the CR toward the central ranking, with dispersion
mainly affecting the rate of convergence. The STD of the position of each alternative
also decreases with the number of voters. Thus, the average CR positions move toward
those in the central ranking, and the variability around these positions shrinks as the
number of voters grows. Figure 3 visualises the number of profiles with a CR for each
number of voters considered in Figure 2. It shows that the sample of CR profiles is
sufficiently large to justify the use of conditional averages in the previous figure?.

Additionally, Figure 4 visualises the evolution of the percentage of profiles in which
each alternative was the CW as the number of voters is increased, for profiles with
three alternatives and normalised dispersions of 0.95 and 1 (IC). A clear distinction
between the two dispersion values can be observed. For 0.95 dispersion, the alternative
ranked first in the central ranking is the CW more frequently than the others, and
this trend is amplified as the number of voters increases (going from ~ 30% of profiles
with 10 voters to almost 80% with 1000 voters). On the other hand, all alternatives
emerge as the CW on a similar ratio of profiles in IC, and this behaviour is maintained
even when the number of voters increases.

Figure 4 also shows an alternating pattern for odd and even numbers, as fewer
CWs tend to appear for even numbers of voters. This phenomenon is related to ties

2 Additional examples with different dispersion values are included in Figure A2 of Appendix A.
3 Additional examples with different dispersion values are included in Figure A3 of Appendix A.
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Fig. 2: Evolution of the mean position of alternatives within Condorcet rankings
(CRs) as the number of voters increases. The analysis is restricted to profiles with
three alternatives and normalised dispersion of 0.95, and only to profiles where a CR
exists. For each alternative, the curve shows the average position in the CR, while the
shaded band indicates one standard deviation around the mean.
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Fig. 3: Evolution of the number of profiles where the CR exists as the number of
voters increases, for profiles with three alternatives and normalised dispersion of 0.95.
Out of the 1000 profiles sampled for each value of the number of voters, only the ones
where a CR exists are displayed in this chart.

Number of CR

in pairwise comparisons that can emerge in scenarios where exactly half of the voters
prefer one alternative over another, while the other half have opposite preferences.
The preceding examples illustrate some of the issues that can arise when evaluating
algorithms that implement Condorcet extensions (ranking aggregation methods that
ensure the CW is ranked first whenever it exists) on data sampled using the Mallows
model with multiple numbers of voters. In the next section, we examine the probability
distribution induced by the Mallows model to clarify the underlying causes of the
structural variations observed in these profiles. The remainder of the paper aims to
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Fig. 4: Evolution of the Condorcet winners (CWs) as the number of voters increases.
This chart gathers all profiles with three alternatives and normalised dispersions of
0.95 and 1 (IC), as profiles without a CW are shown in light blue (NC). The percentage
of profiles in which each alternative of the central ranking was the CW is shown in
the y-axis.

assess the influence of the number of voters on the comparability across profiles with
fixed dispersion and number of alternatives. This issue is particularly relevant for the
fair evaluation of algorithmic implementations of ranking aggregation methods, whose
reliability is important in decision-support applications, including practical ranking
problems that may benefit from efficient implementations [47].

6 A Probabilistic Approach

In this section, we derive the probabilities of sampling a profile, a prefix, and an alter-
native in a given position under tlie Mallows model. We first compute the probability
of a profile given its rankings. We then analyse the probability of sampling rankings
with a given prefix and those placing an alternative in a specific position. Finally, we
derive the probability of profiles where a fraction of rankings share a prefix or rank an
alternative in a given position. Note that the development of this section is not limited
to the sampling probabilities of the Mallows model, as it applies to any RIM model.

6.1 Sampling a Profile

A profile of rankings is a compact representation of a list of votes that preserves voter
anonymity and summarises the corresponding individual rankings. Consequently, a
profile is sampled whenever any list of votes that aggregates into it is sampled.

A list of votes is sampled by independently generating n rankings using the RIM.
Therefore, given the list of votes V = (v1,va,...,v,), the events sampling the ranking
vy, are independent for all k = 1,...,n. The event sampling the list of votes V occurs



when its rankings are generated in the exact order of the list. Its probability, by
independence, is

P(V) =P((v1,...,va))= [ P(ox)- (3)
k=1

Ezample 2 (Sampling probability of a list of votes) Consider the Mallows model with ¢ =
0.95, the RIM and the rankings o, u from Example 1. Let the number of voters be n = 3, and
let V = (0,0,u) be a list of votes. The probability of sampling V, given by Equation 3, is

P(V) = P(0) - P(c) - P(u) ~ 0.005

We say that two or more lists of votes are equivalent if they are summarised by the
same profile, i.e., they contain the same rankings, and each ranking occurs the same
number of times, regardless of the order in which they were sampled. Equivalent lists
of votes have the same probability, as their rankings are simply permuted. We denote
the set of all lists of votes equivalent to V by E(V).

The event sampling the profile w is the union of the events sampling a list of
votes over all lists in £(V). Its probability is the sum of their probabilities and can
be computed as the probability of sampling V multiplied by the number of equivalent
lists. Suppose that the profile 7 consists of 7 distinct rankings vy, v, . .., v,, repeated
n1,Ma2,...,n, times, respectively, with >, _, nx = n. Any list of votes summarised by
7 is a permutation of the list of votes

\

V= vl,...,vl,vg,...,v27...,vk,...,7',c)
—_——— —— ~—

ni na 7

The number of lists of votes equivalent to V is the number of permutations of 7
elements, each one repeated ni,na,...,n; times, which is given by

/ n, n!
| ( )| \1‘1,fl27...,n¢> Hk:l nk' ( )

Therefore, the probability oi sampling the profile 7 is
P(m) =P (UyecV) = DY, P(V)=[EW)|-P(V) = T
Vesw) r=

which is the same as the probability associated to a multinomial distribution with
parameters nq, ..., n, and event probabilities P(vy),...,P(v;).

Ezample 8 (Sampling probability of a profile) Consider the Mallows model with ¢ = 0.95,
the RIM and the list of votes V for three voters from Example 2. Let m be the profile that



summarises this list, that is
Ranking ‘ Votes
m: A=B>~C| 2

B-C»A|l 1
The number of lists equivalent to V, given by Equation 4, is
n! 3!

[Troqne! 201

Indeed, these three lists are (u, 0, 0), (0,u,0) and V itself. The sampling probability of 7
is the sum of the sampling probabilities of the three lists:

P(r) = P(u,0,0) + P(o,u,0) + P(V) =3-P(V) = 0.016

The number of equivalent lists of votes, given by Equation 4, lies in the range
[1,...,n!]. Therefore, the sampling probability of any profile is at least that of the list
of votes it summarises and at most n! times this value.

Several conclusions follow from these probabilistic expressions. As noted in Subsec-
tion 4.1, the central ranking has the highest sampling probability among all rankings.
Hence, the list of votes in which all voters select the central ranking, denoted by Vo,
has the highest sampling probability. Since the probability of a list of votes is the
product of the probabilities of its rankings, the probability of Vo is the n-th power of
the probability of o, making it maximal. More generally, the sampling probability of
a list of votes increases with the number of occurrences of o.

Secondly, the probability of sampling a profile that summarises a list of votes V
depends on two factors: the sampling probability of V' and the number of lists of
votes equivalent to it. The former is maximised for Vo, but the latter is minimised
in this case, as there is only one list of votes in which o appears n times. Conversely,
a list of votes with no repeated rankings has a lower sampling probability than Vo,
but the number of equivalent lists is maximised at n!. Hence, there is a trade-off
between sampling fewer distinct rankings with higher probabilities and sampling more
diverse profiles with lower-probability rankings. Moreover, the influence of the second
factor increases with the number of voters, as the difference between low-diversity and
high-diversity profiles becomes more pronounced (see Example 4).

Ezample 4 (Trade-off in profile probabilities) Consider the Mallows model with ¢ = 0.95, the
RIM, and the rankings o and u from Example 1. Let 719 and 7}, be profiles with 10 voters,
and mag and 7hg profiles with 20 voters, as follows

Ranking ‘Votes ’ Ranking ‘Votes
A>B>C‘ - m: A= B>=C|09n

B>=C» A|0.1n

Tn -

Sampling a list of votes corresponding to m1¢ is 5% more likely than one corresponding
to 71/10. This difference increases for 20 voters, where the probability for mog is 11% higher
than for 75,. However, when considering profile probabilities, which account for the number
of equivalent lists, the situation reverses. Sampling 71¢ is approximately 10 times less likely



than 7}, and mag is over 172 times less likely than 71/20. Numerically,

Profilel P(V) | P(m)

T | 3.53-107°]3.53-10°°
o 13.35-1078(3.35-1077
7o |1.24-1071%|1.24.1071°
The [1.12-1071%]2.13. 10713

Although the relative frequencies of rankings are identical across n = 10 and n = 20,
the difference in the sampling probabilities of the profiles accentuates when increasing the
number of voters.

6.2 Sampling a Prefix

A prefix is sampled whenever a ranking that begins with it is generated. The event
sampling a prefir is the union of the events sampling a ranking over all rankings that
begin with that prefix, obtained by concatenating a compatible suffix.

Let p € £;(A) be a prefix of length [. The probability of sampling a ranking that
begins with p and ends with a suffix n € H(p) is, following Equation 2, the product
of the cumulative weight of the alternatives in p and that of the alternatives in 7.

(H PRIM( ), Above(p, i) + 1))
)

H PRIM( ), Above(p - 0,1+ 1) + 1} |
/

By concatenating p to each suffix in H(p), we obtain all the rankings that start
with p. Thus, the probability of sampling the prefix p is the sum of the prior probability
when considering all the compatible suffixes:

P(p) = P(Uneﬂ(p)(p : hﬂ) = Z P(p ' 77)
neH(p)

= | 11 Pmm( ), Above(p, i) + 1)) (7)

7 EH(w)
m—1
. (H Prmu (n(i), Above(p - n,l + 1) + 1)) .
i=1

Note that, by Equation 7, the prefix of length [ with maximum probability cor-
responds to the prefix that gathers the [ alternatives ranked on top of the central
ranking in that exact order, i.e., the prefix (1) = --- > o(l).

Ezample 5 (Sampling probability of a prefix) Consider the Mallows model with ¢ = 0.95, the
RIM and the ranking ¢ from Example 1. Consider the prefix p = B of length 1. This prefix



is sampled whenever a ranking starting with it is sampled; that is, whenever B >~ A > C or
B > C » A are sampled. Thus, its compatible suffixes are 71 = A = C and n2 = C' > A.
The probability of sampling the prefix p, given by Equation 7, is

P(p) ~ 0.487 - (0.351 + 0.333) ~ 0.332

The direct evaluation of Equation (7) involves summing over the set H(p) of all
(m — 1)! suffixes compatible with the prefix p. A naive computation would therefore
require evaluating an exponential number of full rankings, each involving a product of
(m — 1) sequential RIM insertion probabilities (the first sequence product only needs
to be computed once, and then reused). This leads to a worst-case complexity of
O((m =0 (m—1).

6.3 Sampling an Alternative in a Position

An alternative a € A is sampled in position j whenever a ranking is generated in
which the j-th alternative is a or, equivalently, when a prefix of length j ending with a
is sampled. Formally, this occurs when a ranking v € £(.A) with v(j) = a, or a prefix
p € L;(A) with p(j) = a, is sampled.

Let L£$(A) denote the set of prefixes of length j that end with a. Then, the proba-
bility of sampling a in position j is the sum of the sampling probabilities of all prefixes
in L$(A).

P(0(j) = ) = P(Uyersy 0) = . Plp). (8)
pELY(A)

Ezample 6 (Sampling probability of an alternative in a position) Consider the Mallows model
with ¢ = 0.95, the RIM and the ranking o from Example 1. The alternative A is sampled
in second position whenever a prefix of length 2 that ends in A is sampled, that is whenever
p1 =B > Aor pg =C > A are sampled.

The probability of sampling A in second position, given by Equation 8, is the sum of the
sampling probabilities of these prefixes:

P(u(2) = A) =P(p1) + P(p2) = 0.333

The direct evaluation of Equation (8) requires summing over all prefixes of length j
that end in a, cach of which has to be assigned a probability computed through
Equation (7), which has efficiency O((m — j)! - (m — j)). The number of prefixes of

length j that end in a is %, which leads to an increased overall complexity of

O((m —1)!- (m — j)) for Equation (8).

6.4 Sampling a Profile with a Specific Frequency of a Prefix

In the previous sections, we detailed the probabilities of events related to sampling
individual rankings, as well as lists of votes and profiles given their rankings. We now
examine the sampling probabilities of profiles with specific characteristics without
fixing their rankings.



Let p € L;(A) be a prefix of length I. A profile in which p appears w times
contains exactly w rankings that begin with p, where 0 < w < n. We denote the set
of such profiles by 7, and refer to w as the frequency of p. The sampling probability
of 7, equals the probability that a binomial random variable with parameters n and
p = P(p) takes the value w, expressed as [48].

P(ry) = P(Uvee ) V) = 1€ (Vo) |- P (Vo)

= (n) (P(p)"-(1=P(p)" ", ®)

w
where £ (V,,) is the set of equivalent lists of votes to V,.

Ezample 7 (Probability of a profile given the frequency of a prefix) Consider the Mallows
model with ¢ = 0.95, the RIM and the rankings o,u from Example 1. Consider the prefix
p = B (its probability was calculated in Example 5) and 10 voters.

The probability of sampling the prefix p in five of the ten possible rankings of a profile
can be computed through Equation 9. Let 7, be the class of profiles in which the number of
rankings that start with p is w = 5. The probability of sampling 7, is
10----- (5+1)

05 -0.332° - (1 —0.332)107° ~ 0.137

P(mw) =~

The computational efficiency of Equation 9 is O(n - (m —1)! - (m — 1)), and it is
mainly dominated by the computation of the probability of the prefix.

6.5 Sampling a Profile where an Alternative is Ranked in a
Specific Position in a Number of Raiikings

In a profile where an alternative a € A appears A times in position j, exactly A\ voters
select a ranking in which a occupies position 7, with 1 < j < m and 0 < A < n. The
probability of sampling any profile of the set 7y of profiles that fulfil such a condition
is obtained analogously to the previous case, as it follows a binomial distribution:

P(m\) = P(Uvesv)V)=EWA) |- PW) =

= () POty = ) (1~ Pt = ) "
W/

where V), is a list of votes where a appears A\ times in position j.

Note that the number of voters in the profiles is a significant factor in Equation 10.
To compare probability distributions over profiles with different numbers of voters,
we define the probability in terms of the proportion of rankings in which a appears in
position j, rather than the absolute number A. Let @ € {t € [0,1] : tn € N} denote
this proportion, and let 7, be the set of profiles satisfying this condition. Then, the
probability of sampling 7, can be written as

P(ma) = ( ) ~(P(j) =)™ (1 - P(v(j) = a))“*“)”. (11)



The computational efficiency of both Equation 10 and Equation 11 is O(n- (m—-1)!-
(m — j)), mainly dominated by the computation of the probability of the alternative
a being placed in the position j.

6.5.1 Asymptotic Behaviour of the Probability of a Profile where
an Alternative is Ranked in a Specific Position in a
Proportion of Rankings

We now turn to the effect of the number of voters on the probability expressions
introduced above. In particular, to characterise the behaviour of Equation 11 as the
number of voters increases, consider a fixed alternative a € A and a fixed position
j€1,...,m. Define, for each voter r € 1,...,n, the indicator random variable

X =Y (j) = a},
where v, denotes the ranking sampled for voter r. Since the rankings of the voters
are independently and identically distributed according to the underlying ranking
distribution, the variables X"/, . .. , X3J are independent Bernoulli random variables
with parameter p, ; = P(v(j) = a) [48]. The empirical proportion of voters placing
alternative a in position j is, therefore,

1 n
Qq j = — E X;}J.
’ n
r=1

Observe that the event defining the set of profiles 7, corresponds precisely to the event
0,; = o. Consequently, Equation 11 is the probability mass function of the empirical
proportion a,_ ;. By the Strong Law of Large Numbers [48],

a.s. \
Qa,j —— 009 Pa,js

which implies that the proportion of voters ranking a in position j converges almost
surely, i.e. with probability one, to the underlying probability of observing a in that
position. Therefore, for sufficiently large voter counts, the observed ratio becomes
increasingly concentrated around p, ;.

Since oy ; is the average of n independent Bernoulli variables, its expectation and
variance are given by Elay, ;| = pa,; and Var(og ;) = pa,j(1 — pa,;)/n, thus the disper-
sion of the empirical proportion decreases at the classical rate n~'/2. Consequently,
larger numbers of voters yield increasingly stable estimates of the positional probabil-
ity pa, ;. Furthermore, the Central Limit Theorem [48] yields the asymptotic normality
of the empirical proportion:

i —2ad — Paj 4, N(0,1).
Paj(1 = paj) "7

Equivalently,
Qa,j = Pa,j + Op (n_1/2> )



which establishes that the (random) fluctuations around the limiting probability
decrease at rate n~ /2.

6.6 Probability of a Condorcet Winner

Section 5 showed that varying the number of voters can affect the behaviour of certain
ranking aggregation algorithms, particularly those based on the Condorcet criterion.
For Condorcet extensions, a central question is therefore how likely it is that a given
alternative a € A emerges as the Condorcet winner in profiles sampled from the
Mallows model. We denote this event by CW(a).

For a to be the Condorcet winner, the number of voters preferring a over any other
alternative b € A must strictly exceed half of the total number of voters. Formally, if
1{a >, b} is an indicator function that returns 1 if voter r ranks a strictly above b,
and 0 otherwise, the probability of a being the Condorcet winner is defined as:

P(CW(a))="P (i 1{a =, b} > ng £ a> . (12)

r=1

To compute this exact probability under the Mallows model, we rely on the inde-
pendence of the n voters. Let V = (v1,...,v,) be a random list of votes, where
each ranking v, is sampled independently from the distribution induced by the RIM.
Because the condition for CW(a) requires that " , 1{a >,, b} > % holds true for
all b # a, we can express the exact probability by summing the joint probabilities of
all possible lists of votes V € L(A)™ that satisfy this strict majority criterion:

PCW@)= Y 1 {Z a -, b} > S # a} [[Pe).  (13)
(A \

(v1,..00)EL r=1 re1

We can exploit the anonymity of voters to significantly reduce the state space by
transitioning to profiles of rankings. For a profile 7 with 7 different rankings, let n,
denote the number of voters who cast the specific ranking v,- € 7. Recalling from Sub-
section 6.1, the sampling probability of a class of profile that fulfil a specific condition
follows a multinomial distribution with parameters n, and event probabilities P(v;).

Rewriting the pairwise victory condition in terms of ranking frequencies, alterna-
tive a is the Condorcet winner if, for every b # a, the sum of counts n, for all rankings
v where a =, b strictly exceeds n/2. This yields the equivalent exact expression:

n
P(CW(a) = > H " 'HP o) 1q Y e > oW Fay,  (14)
N1 yeneym EN r= a>y,. b
N =n
where (n,.),, c£(4) is the vector of counts of each ranking for all possible profiles.
The outer summation requires iterating over every unique profile configuration. For
each individual profile term generated, a naive evaluation must compute the multino-

mial coefficient and the underlying Mallows sampling probabilities using the Repeated



Insertion Model, incurring a cost of O(m? - m!) per iteration. Consequently, the time

complexity scales as
| —
O((m.+n 1) ~m2-m!>.
n

A procedure using dynamic programming to efficiently compute the probability of
an alternative being the Condorcet winner is provided as part of the Supplementary
Material.

6.6.1 Asymptotic Behaviour of the Condorcet Winner Probability

The exact computation of P(CW(a)) offers a precise characterisation of the prob-
ability that alternative a is selected as the Condorcet winner. However, evaluating
Equation 14 quickly becomes computationally intractable as the number of voters
grows. This motivates an asymptotic analysis, which allows us to examine the fun-
damental behaviour of the Mallows model in large-scale profiles. In what follows, we
study the behaviour of P(CW(a)) as the number of voters tends to infinity, i.e., n — co.

Since voters are assumed to be independent and identically distributed, the limiting
behaviour depends critically on the dispersion parameter ¢ € (0,1] and the central
ranking o. Let p,, = P(a > b) denote the marginal probability that a randomly
sampled voter strictly prefers alternative a to alternative b. The asymptotic behaviour
naturally divides into two cases: models exhibiting a central tendency (¢ < 1) and the
limiting case corresponding to Impartial Culture (¢ = 1).

Case 1: Models with Central Tendency (¢ < 1)

When ¢ € [0, 1), the probability distribution over rankings is centred on the central
ranking o. By the Weak Law of Large Numbers [48], the empirical proportion of voters
who prefer a to b converges in probability to the inarginal probability pgp. Formally,

for any € > 0,
<e> =1.

Since CW (a) requires this empirical proportion to exceed 1/2 for every b # a, the
asymptotic probability is entirely determined by the position of @ in o:

1 n
i el 1 _
nlgréoP (‘r E H{a > b} — pap

r=1

® If a is the alternative ranked first in o: Consider another alternative b and
a ranking v such that v(a) < v(b) with Kendall-tau distance x(v,o) to the central
ranking o. Denote as d = v(b) — v(a) the distance between a and b in v. Now
consider v’ as the same ranking as v but swapping the positions of a and b. Since
the Kendall-tau distance can be defined as the number of discordant pairs between
both rankings, moving a, which is the first alternative in o, d positions upwards
will reduce, necessarily, the Kendall-tau distance in d units. At the same time,
moving the alternative b d positions downwards will increase, at most, the Kendall-
tau distance in d — 1 units (since the order of the pair (a,b) is the same in v and
o but different in v’. Therefore, we have that k(v,0) > k(v,0). By the sampling
probability formula of the Mallows model we reach that P(v) < P(v’). Define the



following two sets of rankings
V={veLA)|v(a) <vd)}, V ={veL(A)|v(a)>v()}

Using that the function that takes a ranking v € V and returns a ranking v’ € V’
which is the one obtained by swapping the alternatives a and b is a bijection between
v eV and v € V', we reach

pbazzp(v) < Z P(UI):pab

veV v’ eV’

S0 pap > 1/2 for all b € A\ a. Consequently, as n approaches infinity, the proportion
of voters preferring a to every other alternative converges to a value strictly greater
than 1/2, implying

lim P(CW(a)) = 1.

n—oo

® If ¢ is not the alternative ranked first in o: Then another alternative b is the

one ranked first in o, so

lim P(CW(b)) =1,

n—oo

which leads, by the uniqueness of the Condorcet winner, to

lim P(CW(a)) = 0.
n—oo
Hence, in standard Mallows models with ¢ < 1, the effect of individual-level noise
vanishes asymptotically, and the central ranking uniquely deterinines the Condorcet
winner.

Case 2: The Impartial Culture Limit (¢ =1)

For maximum dispersion, the Mallows model reproduces the Impartial Culture (IC)
model. In this setting, all rankings in £(.4) share the same sampling probability,
yielding p,, = 1/2 for every pair of alternatives.

For a voter r and two alternatives a and b, define the pairwise score variable
Xéz) = 1{a >, b} — 1{b >, a}, which takes values in {—1,1} with equal probability.
Its expectation and variance are given by E [Xl(lz)] = 0 and Var (Xé?) = 1. Moreover,
for another alternative ¢, we have that, from the 6 possible equiprobable orderings of
a, b and ¢, only when a is ranked in the middle position we have that X C(LZ)Xl(IZ) = -1,
while in the rest of the cases X(EZ)X(EZ) = 1. Therefore,

Cov (x5, X0) =B [x{) x| ~E[x)] B[ X -

a

}74—2 1

To evaluate the Condorcet criterion for alternative a, consider the random vector

M, = zn: X,
r=1



where X(") contains the variables XS,;) for all b # a, so M, is an m — 1-dimensional
random vector. Considering the independence between the voters, m,, is a sum of
independent and identically distributed random vectors with finite covariance matrix,
see Example 2.18 in [49], we can apply the multivariate central limit theorem, so

1

N

where ¥ is an (m — 1) x (m — 1) covariance matrix with diagonal entries equal to 1
and off-diagonal entries equal to 1/3.

Alternative a is a Condorcet winner if and only if all components of M, are
strictly positive. Therefore, the asymptotic probability corresponds to the probability
contained in the positive orthant of the limiting multivariate normal distribution:

lim P(CW(G)) = P(Z1 >0,2>0,...,2p,_1> 0),

n—0o0

where Z ~ N(0,%). This limit is a strictly positive constant that depends only on
the number of alternatives m. For instance, in the case of three alternatives (m = 3),
the orthant probability for two standard normal variables with correlation 1/3 has a
closed expression, (see, for instance [50]), so

lim P(CW(a)) = + 4 esin1l/3)

n—00 4 21

~ 0.304.

However, it is relevant to note that the computation of such probabilities becomes
harder when moving to dimensions higher than 5, see [51]

6.7 Analysis of the Probability Distributions

Following Equation 11, we analytically computed the probability of sampling any
profile of the class of profiles with three and five alternatives in which a specific fraction,
a, of the voters rank an alternative in a particular position, for all a € {t € [0,1] :
tn € N}.

Figure 5 illustrates the evolution of these probabilities as the number of voters
increases, in elections of three alternatives and using a Mallows model with 0.9 dis-
persion?. Each cell corresponds to a specific number of voters, an alternative a € A, a
position j € {1,...,m}, and a range of percentages [z,y] such that : z,y € {0,100}.
Each percentage range represents an interval of proportions of rankings satisfying the
condition, i.e., the range [z, y] represents all profiles with o € {t € [155, 155] : tn € N}.
Thus, the cell shows the cumulative probability of sampling a profile where a occupies
position j in a proportion of rankings for all a € {t € [155, 155 : tn € N}. For exam-
ple, the top cell of the left column in the top-left facet shows the probability (0.07) of
sampling a profile with 50 voters where o (1) is in the first position in 0% to 29% of

rankings.

4Figure A4 of Appendix A reproduces this chart for elections with five alternatives and using a Mallows
model with 0.9 dispersion.
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Fig. 5: Evolution of the analytical probability of sampling a profile in which an alter-
native occupies a given position in a specified fraction of rankings, as the number of
voters increases. The figure considers elections with three alternatives under a Mallows
model with dispersion 0.9. Each cell reports the cumulative probability (analytically
computed) that, for a given alternative o (i) : i € {1,2,3}, a position j € {1,2,3} and
a range of percentages, o(i) is ranked in position j by a percentage of voters lying
within that interval. Darker shades of purple indicate higher probabilities.

Examining the probability distributions, significant changes can be observed as the
number of voters increases. For lower voter counts, the probability is spread across
multiple percentage ranges for any alternative and position, whereas it concentrates
within a narrower range for larger numbers of voters.

For instance, sampling a profile with 50 voters in which ¢(2) is in the first posi-
tion in fewer than 29% of rankings is almost as likely as sampling one in which more
than 38% of rankings do so. However, with 1000 voters, sampling a profile where this
percentage lies between 32% and 35% yields double the cumulative probability of all
other ranges combined. This difference highlights that the RIM fixes ranking proba-
bilities independently of the number of voters, but not profile probabilities. Therefore,
the number of voters plays a significant role when sampling profiles with specific
properties.

The evolution of these probability distributions varies across alternatives and posi-
tions as the number of voters increases. For example, the proportion of first-position
occurrences of the top-ranked alternative in the central ranking increases with the
voter count. Specifically, the probability of such an event occurring in more than 35%
of rankings rises from 0.60 to 0.89 as the number of voters increases from 50 to 1000.
In contrast, the alternative ranked last in the central ranking exhibits the opposite



pattern, as the probability that it appears in the first position in more than 35% of
rankings shrinks from 0.21 to 0.00.

Moreover, a similar analysis can be conducted for IC, despite all rankings sharing
the same probability. Figure 6 reproduces the previous chart for the case of maximum
dispersion (¢ = 1). The probability distributions also vary as the number of voters
increases, making direct comparisons of evaluation results across these scenarios prob-
lematic. Unlike lower dispersion settings, all alternatives follow the same pattern in
1C, regardless of their position in the central ranking.

N° of voters: 50 N° of voters: 100 N° of voters: 200 N° of voters: 500 N° of voters: 1000
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Position of the alternative in the rankings
Fig. 6: Evolution of the analytical probability of sampling a profile in which an alter-
native appears in a given position for a given fraction of rankings as the number
of voters increases, considering profiles with three alternatives and IC (¢ = 1). For
each alternative o (i), position 7 = 1,2,3, and percentage range, each cell reports the
cumulative probability (analytically computed) of o (i) being ranked in position j by
a fraction of voters that lies within that percentage range, with darker purple indicat-
ing higher probability.

These findings are particularly relevant when linked to the varying behaviour of
the Condorcet criterion observed in Section 5.

The experimental results in Figure 2 show that the top-ranked alternative in the
central ranking tends to appear higher in the CR more frequently as the number of
voters increases, and thus becomes the CW more often. Considering the aforemen-
tioned probabilities, the ranges that accumulate the highest probability are greater
for sampling o(1) in the first position than for any other alternative. For example, the
most probable range for (1) is 35%-38% for 1000 voters, compared with 32%-35%
for o(2) and 29%-32% for o(3). The alternative (1) beats all others in every ranking
in which it is placed first. For 1000 voters, the probability that o(1) appears in the



first position in more than 35% of rankings is 0.9. Hence, this alternative is expected
to beat all others in more than 35% of rankings on average. Moreover, the probability
that o(1) appears in the second position in over 32% of rankings is 0.8. In this case,
o(1) still beats the alternative ranked third. Together, these results suggest that o(1)
can beat all other alternatives in more than 50% of rankings for 1000 voters, increasing
its likelihood of being placed higher in the CR when it exists.

Moreover, Figure 7 shows the exact analytical probability (Equation 14) of each
alternative emerging as the CW in sampled profiles, with profiles without a CW
denoted by NC. The empirical frequencies of each alternative being the CW observed
in Figure 4 closely align with the theoretical probabilities. In the case of 0.95 nor-
malised dispersion (internally mapped to ~ 0.92 Mallows dispersion), o(1) is the CW
with higher probability compared to other alternatives, and its probability increases
as the number of voters grows. On the contrary, all alternatives share the same prob-
ability in IC (norm-¢ = 1), and the number of voters has a lesser impact in this case.
As described in Section 5, the local minima occurring for even numbers of voters are
related to the possibility of alternatives tying in pairwise comparisons when half of
the voters have opposite preferences to the remaining half, which cannot happen for
odd numbers of voters.
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Fig. 7: Evolution of the analytical probability of each alternative emerging as the
Condorcet winner (CW) in a sampled profile, as the number of voters increases. This
stacked area chart shows the probabilities for profiles with three alternatives and
normalised dispersions of 0.95 and 1 (IC), internally converted to ~ 0.92 and 1 Mallows
dispersion values respectively. Profiles without a CW are shown in light blue (NC).



7 Guidelines for Fair Algorithm Evaluation

In the previous section, we demonstrated that the probability of sampling profiles
with similar characteristics varies under the Mallows model when the number of vot-
ers changes, even with fixed dispersion. This finding is critical for evaluating ranking
aggregation algorithms, as it implies that their performance cannot be directly com-
pared across profiles with different voter counts. For example, alternatives tend to be
ranked at specific positions as the number of voters increases, even when the other
parameters remain fixed. This behaviour can lead to misleading performance analyses,
as some ranking aggregation methods may benefit (e.g., through reduced execution
time) from such variations, whereas others do not.

Proposing a normalisation of the model to address this issue, similar to that in
Subsection 4.2, is challenging. One approach would be to adjust the dispersion so that
the expected proportion of rankings in which an alternative appears in a given posi-
tion remains constant, regardless of the number of voters. However, the performance of
different ranking aggregation methods depends on different data properties, and nor-
malising by this specific property may not suit all methods. Moreover, we have shown
that sampling probabilities also vary under IC. In this case, adjusting the dispersion
to the number of voters is not an option because the uniform probability distribution
among rankings would be lost.

Authors should note that varying the number of voters can bias the evaluation
of implementations of ranking aggregation algorithms, particularly when comparing
results across datasets with different voter counts. For instance, the execution time
of an algorithm that implements a Condorcet extension may be lower on average for
profiles with more voters. However, CRs and CWs exist more {requently in such pro-
files, which may favour the algorithm and potentially distort the performance analysis.
Therefore, concluding that the algorithm performs better in elections with more voters
would be misleading without deeper analysis.

Overall, a fair evaluation protocol requires a thorough examination of the proper-
ties of sampled profiles to ensure unbiased results. This involves analysing the data
properties that affect algorithin performance, determining whether these properties
vary across the dataset, and conducting the performance analysis accordingly. For
instance, regarding the example of Condorcet extensions, it is necessary to track the
number of profiles with a CR and a CW for each set of profiles with identical parame-
ter values (as in Figure 1 and Figure Al). Execution times across profiles with different
voter counts should be compared cautiously while accounting for the presence of CRs
and CWs, rather than simply averaging over all profiles. The proposed guidelines for
fair evaluation of ranking aggregation algorithms are as follows.

1. Analyse the characteristics of the ranking aggregation algorithms to determine
which profile properties can affect their performance.
2. Theoretically analyse the probabilistic behaviour of such properties regarding
different parameter configurations of the Mallows model.
(a) Use asymptotic approximations to assess such behaviour for larger numbers of
voters.



(b) Use Monte Carlo estimation with explicit error bounds when exact computation
of the probabilistic formulas is infeasible.
Empirically compute these properties for all parameter configurations used.

4. Describe the empirical behaviour of the properties when reporting performance
metrics.

5. Avoid aggregating performance metrics across structurally heterogeneous profiles.

6. Stratify results by relevant profile classes according to their properties, such as
profiles with a CR, with only a CW, or with neither, conducting separate analysis
for each scenario.

7. Comparisons of results across different numbers of voters should be conditional on
the structural properties of the profiles, rather than only on raw voter counts.

8. Provide code, random seeds, and parameter configurations and their transforma-
tions (e.g., the normalisation of the dispersion used, if any) to ensure reproducibility.

©w

8 Conclusions

In this paper, we addressed the fair evaluation of ranking aggregation algorithms on
synthetic data sampled from the Mallows model with varying numbers of voters. We
visualised several metrics related to the Condorcet criterion and empirically showed
that they vary across profiles of rankings with different voter counts. To explain this
behaviour, we derived the probabilities of sampling different profiles under the Mallows
model using the Repeated Insertion Model. We detailed the probabilities of sampling
lists of votes and profiles given their rankings, and identified a trade-off between lists of
votes with higher probability but fewer equivalents, and those with lower probability
but more equivalents.

We then provided the sampling probabilities of profiles that satisfy specific con-
ditions, such as the existence of a Condorcet winner. We showed that the number
of voters significantly affects these probabilities, implying that profiles with identi-
cal properties (e.g., the same alternative being the CW) are sampled at different
frequencies as this parameter varies.

Therefore, the number of voters should not be treated as a neutral scaling param-
eter when evaluating ranking aggregation algorithms on Mallows-generated profiles.
Its effect should be assessed in relation to the structural properties that influence the
algorithms under study. To facilitate this task, we have provided a set of guidelines for
fair algorithm evaluation. These guidelines emphasise identifying the profile properties
that affect algorithm performance, examining how these properties vary across param-
eter settings and numbers of voters, and reporting performance through stratified and
conditional analyses rather than relying solely on aggregate metrics.

An interesting direction for future work is the systematic study, for different rank-
ing aggregation algorithms, of the structural properties that affect their performance,
the biases induced by variations in the parameters of the Mallows model, and the
appropriate control strategies to ensure fair and standardised evaluation.

Supplementary Information. Authors provide a nomenclature guide in the
accompanying Supplementary Information. Authors also provide as part of their Sup-
plementary Information a document with the description of the procedure to efficiently



compute, using dynamic programming, the probability of an alternative emerging as
the Condorcet winner, and the implemented Python code. An additional file with
the standard errors of the empirical proportions observed in Figures 1 and Al is also
included in the Supplementary Material.
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Appendix A Additional Figures

N° voters: 10 N° voters: 50 N° voters: 100 N° voters: 200 N° voters: 500 N° voters: 1000
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Fig. A1l: Condorcet properties of profiles, disaggregated by dispersion level, number
of alternatives and number of voters. Each bar reports the percentage of profiles within
a given parameter configuration exhibiting a specific Condorcet property, restricted
to profiles where a Condorcet ranking (CR) exists, those that exhibit a Condorcet
winner (CW), and those with neither (NC). The standard errors of the proportions of
CR, CW and NC for every parameter combination are reported in the Supplementary
Material.
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Fig. A2: Evolution of the mean position of alternatives within Condorcet rankings
(CRs) as the number of voters increases, for different values of dispersion (displayed
in each sub-figure). The analysis is restricted to profiles with three alternatives and
where a CR exists. For each alternative, the curve shows the average position in the
CR, while the shaded band indicates one standard deviation around the mean.
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Fig. A3: Evolution of the number of profiles where the CR exists as the number of

voters increases, for profiles with three alternatives and different values of normalised
dispersion.
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Fig. A4: Evolution of the analytical probability of sampling a profile in which an
alternative occupies a given position in a specified fraction of rankings, as the number
of voters increases. The figure considers elections with five alternatives under a Mallows
model with dispersion 0.9. Each cell reports the cumulative probability (analytically
computed) that, for a given alternative (i) : i € {1,2,3}, a position j € {1,2,3} and
a range of percentages, o(i) is ranked in position j by a percentage of voters lying
within that interval. Darker shades of purple indicate higher probabilities. Each of the
column facets corresponds to a different number of voters, and each of the row facets
to a different alternative of the central ranking. The x-axis of each individual facet
displays all the available positions, while the y-axis gathers the ranges of percentages.
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