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Abstract
In this paper, we study strong Kähler with torsion (SKT) and generalized Kähler
structures on solvable Lie algebras with (not necessarily abelian) codimension
2 nilradical. We treat separately the case of 𝐽-invariant nilradical and non-𝐽-
invariant nilradical. A classification of such SKT Lie algebras in dimension 6 is
provided. In particular, we give a general construction to extend SKT nilpotent
Lie algebras to SKT solvable Lie algebras of higher dimension, and we construct
new examples of SKT and generalized Kähler compact solvmanifolds.
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1 INTRODUCTION

Let (𝑀, 𝐽, 𝑔) be aHermitianmanifold of complex dimension 𝑛with fundamental form𝜔 = 𝑔(𝐽⋅, ⋅). A connection∇ on 𝑇𝑀
is said to beHermitian if∇𝑔 = 0 and∇𝐽 = 0. In [29], Gauduchon had introduced an affine line of Hermitian connections,
known as Gauduchon or canonical connections, which can be written as

𝑔(∇𝑡
𝑋
𝑌, 𝑍) = 𝑔(∇𝐿𝐶

𝑋
𝑌, 𝑍) +

𝑡 − 1

4
(𝑑𝑐𝜔)(𝑋, 𝑌, 𝑍) +

𝑡 + 1

4
(𝑑𝑐𝜔)(𝑋, 𝐽𝑌, 𝐽𝑍),

where 𝑑𝑐𝜔 = −𝐽𝑑𝜔. We adopt the convention 𝐽𝑑𝜔(𝑋, 𝑌, 𝑍) ∶= 𝑑𝜔(𝐽𝑋, 𝐽𝑌, 𝐽𝑍). When the manifold (𝑀, 𝐽, 𝑔) is Kähler,
namely, 𝑑𝑐𝜔 is zero, the line of connections collapses to a single point, which is the Levi-Civita connection∇𝐿𝐶 , whereas,
when (𝑀, 𝐽, 𝑔) is non-Kähler, the line is non-trivial and the connections∇𝑡 have nonvanishing torsion. For particular val-
ues of 𝑡 ∈ ℝ, we recover connections that play a relevant role in the complex (non-Kähler) geometry. For 𝑡 = 1, the Chern
connection ∇1 = ∇Ch [15], characterized by (∇Ch)0,1 = 𝜕, and for 𝑡 = −1 the Bismut (or Strominger) connection ∇−1 = ∇𝐵

[9, 40], characterized as the only Hermitian connection with totally skew-symmetric torsion. Although ∇LC, ∇𝐵,∇Ch are
mutually different connections, any one of them completely determines the other two, for example, the Bismut connection
can be defined in terms of the Levi-Civita one as

𝑔(∇𝐵
𝑋
𝑌, 𝑍) = 𝑔(∇𝐿𝐶

𝑋
𝑌, 𝑍) −

1

2
𝑑𝑐𝜔(𝑋, 𝑌, 𝑍),
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2 BRIENZA and FINO

and its torsion 3-form 𝑐, also called the Bismut torsion, is

𝑐(𝑋, 𝑌, 𝑍) = 𝑔(𝑇𝐵(𝑋, 𝑌), 𝑍) = 𝑑𝜔(𝐽𝑋, 𝐽𝑌, 𝐽𝑍) = −𝑑𝑐𝜔(𝑋, 𝑌, 𝑍).

If the torsion 3-form 𝑐 is closed, that is, 𝑑𝑑𝑐𝜔 = 0 or, equivalently, 𝜕𝜕𝜔 = 0, the metric 𝑔 is said strong Kähler with torsion
(SKT in short) or pluriclosed.
SKT metrics also appear naturally in the setting of generalized Kähler geometry: according to [30], a generalized Kähler

structure on a 2𝑛-dimensional manifold𝑀 is a pair of commuting generalized complex structures (1,2) such that  =

−12 is a positive definite metric on 𝑇𝑀 ⊕ 𝑇∗𝑀. It turns out that the generalized Kähler condition can be equivalently
described in the language of the Hermitian geometry as a bi-Hermitian structure (𝐽+, 𝐽−, 𝑔) on 𝑀 such that the Bismut
torsions 𝑐± of (𝐽±, 𝑔) satisfy 𝑐+ = −𝑐− and 𝑑𝑐+ = 0 (see [30] for further details). In [35], Hitchin has proved that whenever
[𝐽+, 𝐽−] ≠ 0, the tensor 𝜎 = [𝐽+, 𝐽−]𝑔

−1 defines a holomorphic Poisson structure. Generalized Kähler structures (𝑔, 𝐽±) are
said non-split if [𝐽+, 𝐽−] ≠ 0 and split otherwise: in the latter case, the tensor𝑄 = 𝐽+𝐽− is an involution of 𝑇𝑀 and induces
the splitting 𝑇𝑀 = 𝑇+𝑀 ⊕ 𝑇−𝑀 in terms of its ±1-eigenbundles.
As one may easily observe, if (𝑀, 𝐽, 𝑔) is Kähler, then (𝑀,±𝐽, 𝑔) is generalized Kähler: generalized Kähler structures

which arise in such a way are said trivial. As a consequence, much study has been devoted to the explicit construction of
non-trivial generalized Kähler manifolds, for example, [1, 4, 5, 11, 12, 16, 20, 21, 25, 31]. In contrast with the case of compact
nilmanifolds, which cannot admit invariant generalized Kähler structures unless they are tori [14], several families of
(non-Kähler) compact generalized Kähler manifolds are compact solvmanifolds [20, 21, 25], namely, compact quotients
of a connected and simply connected solvable Lie group by a lattice.
By [33], a compact solvmanifold admits a Kähler structure if and only if it is a finite quotient of a complex torus which

has the structure of a complex torus bundle over a complex torus. No general restrictions are known to the existence of
generalized Kähler structures on compact solvmanifolds: up to now the only known examples have abelian nilradical,
even though it is still an open question whether this is true in general.
Since the underlying metric of a generalized Kähler structure is in particular SKT, a more general problem regards the

existence of SKT structures on solvmanifolds Γ∖𝐺. When the complex structure is invariant, that is, it descends from a
left-invariant complex structure on 𝐺, exploiting the symmetrization process [8] the problem reduces to investigate the
existence of SKT inner products at the level of the Lie algebra 𝔤 = Lie(𝐺). Although it is a simplified setting, the solvable
case seems to be harder than the nilpotent case, even in low dimensions. The existence of an SKT structure on a nilpotent
Lie algebra imposes severe restrictions: Arroyo andNicolini proved in [7] that the existence of an SKTmetric on a nilpotent
Lie algebra implies that the nilpotency step is at most 2, as conjectured in [18]. Furthermore, SKT nilpotent Lie algebras
of dimensions 6 and 8 have been fully classified in [18, 24], respectively.
SKT structures on (non-nilpotent) solvable Lie algebras have been instead studied in several papers [6, 20–22, 27, 37],

however, a full classification has been obtained only in dimension 4 in [37]. In dimension 6, the second author and Paradiso
have classified the SKT almost nilpotent Lie algebras in [20–22] and Freibert and Swann have classified in [27, 28] the SKT
two-step solvable Lie algebras. Furthermore, the Hermitian geometry of solvable Lie algebras with an abelian ideal of
codimension 2 has been recently investigated in [13, 32].
Another special class of Hermitian structures on complex manifolds is provided by the balanced structures, namely,

Hermitian structures (𝐽, 𝑔) whose fundamental form 𝜔 is co-closed or, equivalently, satisfying 𝑑𝜔𝑛−1 = 0. It has been
conjectured in [26], that a compact complex manifold cannot admit both SKT and balanced metrics, unless it admits
Kähler metrics as well. In the locally homogeneous setting, the conjecture holds true for nilmanifolds [26], almost abelian
solvmanifolds [23], six-dimensional almost nilpotent solvmanifolds [22] and on solvable Lie algebras with an abelian ideal
of codimension 2 [13, 28, 32]. Non-compact counterexamples of this conjecture have been instead constructed in [28].
In thiswork,wemainly focus onHermitian structures on solvable Lie algebras 𝔤with (not necessarily abelian) nilradical

𝔥 of codimension 2. Since 𝔥 has even dimension, if (𝔤, 𝐽, ⟨⋅, ⋅⟩) is Hermitian, we may distinguish the two cases 𝐽𝔥 = 𝔥

and 𝐽𝔥 ≠ 𝔥, which will be treated separately. Section 2 is devoted to study the first case, that is, Hermitian Lie algebras
(𝔤, 𝐽, ⟨⋅, ⋅⟩) with codimension 2 𝐽-invariant nilradical 𝔥. In Theorem 2.1 we prove that the Hermitian structure (𝐽, ⟨⋅, ⋅⟩) is
always Chern Ricci flat, extending a result given in [32] in the case of 𝔥 being abelian, and we give necessary conditions for
(𝐽, ⟨⋅, ⋅⟩) to be SKT. In particular, we observe that the SKT condition imposes restrictions on the structure of 𝔥, namely, it
has to be 2-step nilpotent. As a consequence (see Corollary 2.3), we study the SKT condition when 𝔥 is abelian. Although
in [32] Hermitian structures on Lie algebras with a 𝐽-invariant abelian ideal of codimension 2 are investigated, we are able
to prove that when the ideal coincides with the nilradical of the Lie algebra, the SKT condition has a more specialized
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BRIENZA and FINO 3

characterization. Furthermore, we prove that if 𝔤 admits a generalized Kähler structure (𝐽±, ⟨⋅, ⋅⟩) satisfying 𝐽±𝔥 = 𝔥, then
(𝐽±, ⟨⋅, ⋅⟩)must be Kähler.
In Section 3, we investigate Hermitian Lie algebras (𝔤, 𝐽, ⟨⋅, ⋅⟩)with codimension 2 nilradical 𝔥 such that 𝐽𝔥 ≠ 𝔥, with a

special focus on the existence of generalized Kähler structures (𝐽, 𝐼, ⟨⋅, ⋅⟩) such that 𝐽𝔥 = 𝔥 and 𝐼𝔥 ≠ 𝔥. We also construct
the first example of generalized Kähler Lie algebra with non-abelian nilradical: however, the example is not unimodular.
In Section 4, we provide a full classification of unimodular six-dimensional solvable Lie algebras with codimension 2
nilradical that admits a SKT structure. Section 5 is devoted to the construction of new examples of SKT solvable Lie
algebras. In particular, we provide a general process to extend SKT nilpotent Lie algebras of dimension 2𝑛 to SKT solvable
Lie algebras of dimension 2𝑛 + 2𝑘. We apply this construction to the six-dimensional SKT nilpotent Lie algebras classified
in [24] (see also [41]), to obtain new families of SKT solvable Lie algebras in dimension 8. Finally, in the last section, we
exhibit some results on the existence of generalized Kähler structures on solvmanifolds with codimension 2 nilradical and
we construct new examples of compact SKT and generalized Kähler solvmanifolds.

2 CASE 𝑱𝖍 = 𝖍

Let 𝔤 be a 2𝑛-dimensional solvable Lie algebra with a codimension 2 nilradical 𝔥, endowed with an almost Hermi-
tian structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 = 𝔥. We can decompose 𝔤 as the orthogonal sum 𝔥 ⊕ 𝔥⟂, where each summand is
𝐽-invariant and dimℂ 𝔥

⟂ = 1.
Let 𝑈 be a unit vector of 𝔥⟂. We have that the Lie bracket of 𝔤 is given by

[𝑈, 𝑌] = 𝐴𝑌, [𝐽𝑈, 𝑌] = 𝐵𝑌, [𝑌,𝑊] = 𝜇(𝑌,𝑊), [𝑈, 𝐽𝑈] = 𝑉, ∀𝑌,𝑊 ∈ 𝔥,

where 𝐴 ∶= 𝑎𝑑𝑈|𝔥, 𝐵 ∶= 𝑎𝑑𝐽𝑈|𝔥 are derivations of 𝔥 and 𝜇 is the Lie bracket [⋅, ⋅]𝔥 on 𝔥. Note that 𝑉 ∈ 𝔥, since 𝔤1 is
contained in 𝔥 and 𝑎𝑑𝑉|𝔥 = [𝑎𝑑𝑈, 𝑎𝑑𝐽𝑈].
Furthermore, since the restrictions of 𝐽 and ⟨⋅, ⋅⟩ to 𝔥⟂ are completely determined by choosing the orthonormal basis

{𝑈, 𝐽𝑈} of (𝔥⟂, ⟨⋅, ⋅⟩𝔥), we have that the almost Hermitian Lie algebra (𝔤, 𝐽, ⟨⋅, ⋅⟩) is uniquely determined by the algebraic
data (𝑈, 𝐽𝑈,𝐴, 𝐵, 𝑉, 𝜇, 𝐽𝔥, ⟨⋅, ⋅⟩𝔥).
Remark 2.1. Note that the data (𝑈, 𝐽𝑈,𝐴, 𝐵, 𝑉, 𝜇) determine a Lie algebra if and only if 𝐴, 𝐵 are derivations of 𝔥, [𝐴, 𝐵] =
𝑎𝑑𝑉|𝔥 and 𝜇 is a Lie bracket on 𝔥.
Theorem 2.1. Let (𝔤, 𝐽, ⟨⋅, ⋅⟩) be an almost Hermitian solvable Lie algebra with a 𝐽-invariant codimension 2 nilradical 𝔥 and
let {𝑈, 𝐽𝑈} be an orthonormal basis of (𝔥⟂, ⟨⋅, ⋅⟩𝔥⟂). Then
(i) The complex structure 𝐽 is integrable, if and only if 𝐽𝔥 is a complex structure on 𝔥 and 𝐴 ∶= 𝑎𝑑𝑈|𝔥 and 𝐵 ∶= 𝑎𝑑𝐽𝑈|𝔥

satisfy the following condition:

[𝐽𝔥, 𝐴]𝐽𝔥 + [𝐽𝔥, 𝐵] = 0.

(ii) If 𝐽 is integrable, then the Hermitian Lie algebra (𝔤, 𝐽, ⟨⋅, ⋅⟩) is Chern Ricci flat.
(iii) If 𝐽 is integrable, 𝔤 is unimodular and [𝑈, 𝐽𝑈] = 0, then (𝐽, ⟨⋅, ⋅⟩) is balanced if and only if (𝐽𝔥, ⟨⋅, ⋅⟩𝔥) is balanced.
(iv) If 𝐽 is integrable and the Hermitian Lie algebra (𝔤, 𝐽, ⟨⋅, ⋅⟩) is SKT, then the nilradical 𝔥 is at most 𝑡𝑤𝑜-step nilpotent and

the restrictions 𝐴𝔷(𝔥), 𝐵𝔷(𝔥) of 𝐴 and 𝐵 to the center 𝔷(𝔥) of 𝔥must satisfy the following conditions:

𝐴𝔷(𝔥), 𝐵𝔷(𝔥) ∈ 𝔰𝔬(𝔷(𝔥)), [𝐴𝔷(𝔥), 𝐽𝔷(𝔥)] = [𝐵𝔷(𝔥), 𝐽𝔷(𝔥)] = 0.

Proof. Using that the Nijenhuis tensor 𝑁 of 𝐽 satisfies the condition 𝑁(𝐽⋅, 𝐽⋅) = −𝑁(⋅, ⋅), one can see that it is enough to
check the vanishing of𝑁(𝑈,𝑌) and𝑁(𝑌, 𝑍) for every𝑌, 𝑍 ∈ 𝔥. By a direct computation, we have that𝑁(𝑌, 𝑍) = 𝑁𝐽𝔥

(𝑌, 𝑍)

and

𝑁(𝑈,𝑌) = [𝑈,𝑌] + 𝐽𝔥([𝐽𝑈, 𝑌] + [𝑋, 𝐽𝔥𝑌]) − [𝐽𝑈, 𝐽𝔥𝑌] = (𝐴 + 𝐽𝔥𝐴𝐽𝔥 + 𝐽𝔥𝐵 − 𝐵𝐽𝔥)𝑌,
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4 BRIENZA and FINO

from which (𝑖) follows. To prove (𝑖𝑖), following [42] (see also [21, Formula 5.8]), we use that the Ricci form of the Chern
connection 𝜌Ch is given by 𝑑𝜂Ch, where

𝜂Ch(𝑌) =
1

2
(tr(𝑎𝑑𝑌◦𝐽) − tr𝑎𝑑𝐽𝑌), ∀𝑌 ∈ 𝔤.

If𝑌 ∈ 𝔥, then 𝜂Ch(𝑌) = 𝜂Ch
𝔥
(𝑌) = 0, since 𝔥 is nilpotent (a proof can be found in [36, Proposition 2.1]). Furthermore, since

𝜂𝐶ℎ(𝑈) =
1

2
(tr(𝑎𝑑𝑈◦𝐽) − tr𝑎𝑑𝐽𝑈) =

1

2

(
tr(𝐴◦𝐽𝔥) − tr𝐵

)
𝜂𝐶ℎ(𝐽𝑈) =

1

2
(tr(𝑎𝑑𝐽𝑈◦𝐽) + tr𝑎𝑑𝑈) =

1

2

(
tr(𝐵◦𝐽𝔥) + tr𝐴

)
,

we obtain

𝜂𝐶ℎ =
1

2

(
tr(𝐴◦𝐽𝔥) − tr𝐵

)
𝑢 +

1

2

(
tr(𝐵◦𝐽𝔥) + tr𝐴

)
𝐽𝑢,

where {𝑢, 𝐽𝑢} is the dual basis of {𝑈, 𝐽𝑈}. Then, (𝑖𝑖) follows by differentiating 𝜂𝐶ℎ, since 𝑑𝑢 = 𝑑(𝐽𝑢) = 0.
To prove (𝑖𝑖𝑖), we observe that the orthogonal splitting 𝔤 = 𝔥 ⊕ 𝔥⟂, implies that the fundamental form 𝜔 of (𝐽, ⟨⋅, ⋅⟩) can

be written as 𝜔 = 𝜔𝔥 + 𝑢 ∧ 𝐽𝑢. Its (𝑛 − 1) power is then given by 𝜔𝑛−1 = 𝜔𝑛−1
𝔥

+ (𝑛 − 1)𝜔𝑛−2 ∧ 𝑢 ∧ 𝐽𝑢. We first observe

that for any 𝛼 ∈
⋀𝑘

𝔥∗,

𝑑𝛼 = 𝑢 ∧ 𝐴∗𝛼 + 𝐽𝑢 ∧ 𝐵∗𝛼 − 𝑢 ∧ 𝐽𝑢 ∧ 𝜄𝑉𝛼 + 𝑑𝔥𝛼, (1)

where

𝐶∗𝛾 = −[𝛾(𝐶⋅, … , ⋅) +⋯+ 𝛾(⋅, … , 𝐶⋅)], ∀𝛾 ∈
⋀𝑘

𝔥∗, 𝐶 ∈ 𝔤𝔩(𝔥),

and 𝑑𝔥 stands for the exterior differential of the nilpotent Lie algebra (𝔥, 𝜇).
Exploiting that 𝑑𝑢 = 𝑑𝐽𝑢 = 0 and that 𝑉 = [𝑈, 𝐽𝑈] = 0, we get

𝑑𝜔𝑛−1 = 𝑑𝜔𝑛−1
𝔥

+ (𝑛 − 1)𝑑𝔥𝜔
𝑛−2 ∧ 𝑢 ∧ 𝐽𝑢.

We claim that 𝑑𝜔𝑛−1
𝔥

= 0. Assume by contradiction that 𝑑𝜔𝑛−1
𝔥

= 𝑢 ∧ 𝐴∗𝜔𝑛−1
𝔥

+ 𝐽𝑢 ∧ 𝐵∗𝜔𝑛−1
𝔥

≠ 0, hence, at least one
between 𝐴∗𝜔𝑛−1

𝔥
and 𝐵∗𝜔𝑛−1

𝔥
is non-zero. If the first holds, then one may consider 𝑑(𝜔𝑛−1

𝔥
∧ 𝐽𝑢) = 𝑢 ∧ 𝐴∗𝜔𝑛−1

𝔥
∧ 𝐽𝑢 ≠ 0.

Moreover, this provides a contradiction: since 𝔤 is unimodular, any 2𝑛 − 1 form on 𝔤 is closed. The other case proceeds in
the same way by considering 𝑑(𝜔𝑛−1

𝔥
∧ 𝑢). Therefore, 𝑑𝜔𝑛−1 = (𝑛 − 1)𝑑𝔥𝜔

𝑛−2 ∧ 𝑢 ∧ 𝐽𝑢 is zero if and only if 𝑑𝔥𝜔𝑛−2 = 0.
The first part of (𝑖𝑣) follows from [7]. Indeed, if the Hermitian Lie algebra (𝔤, 𝐽, ⟨⋅, ⋅⟩) is SKT, then (𝔥, 𝐽𝔥, ⟨⋅, ⋅⟩𝔥) is SKT

(see [7, Proposition 3.1]). In particular, (𝔥, 𝐽𝔥, ⟨⋅, ⋅⟩𝔥) is at most two-step nilpotent [7, Theorem 4.8]. Since, (𝔥, ⟨⋅, ⋅⟩𝔥, 𝐽𝔥) is
SKT and at most two-step nilpotent we have the orthogonal decomposition 𝔥 = 𝔷(𝔥) ⊕ 𝔷(𝔥)⟂, where 𝔷(𝔥) is the center of
𝔥. Observe that each summand in the decomposition 𝔥 = 𝔷(𝔥) ⊕ 𝔷(𝔥)⟂ is 𝐽𝔥-invariant by [18, Proposition 3.5].
Hence, 𝐽𝔥 is determined by 𝐽𝔷(𝔥) and 𝐽𝔷(𝔥)⟂ . Furthermore, since 𝐴, 𝐵 ∈ 𝐷𝑒𝑟(𝔥), then they must preserve the center.

Indeed, if 𝑍 ∈ 𝔷(𝔥), then

0 = 𝐴(𝜇(𝑍, 𝑌)) = 𝜇(𝐴𝑍,𝑌) + 𝜇(𝑍,𝐴𝑌) = 𝜇(𝐴𝑍,𝑌), ∀𝑌 ∈ 𝔥,

from which follows that 𝐴𝑍 ∈ 𝔷(𝔥), and analogously for 𝐵. With respect to the decomposition 𝔥 = 𝔷(𝔥) ⊕ 𝔷(𝔥)⟂ we have
that

𝐴 =

(
𝐴𝔷(𝔥) ∗𝐴
0 𝐴𝔷(𝔥)⟂

)
and 𝐵 =

(
𝐵𝔷(𝔥) ∗𝐵
0 𝐵𝔷(𝔥)⟂

)
.

In particular, 𝔷(𝔥) is a 𝐽-invariant ideal of 𝔤 and the integrability condition involving 𝐴, 𝐵 and 𝐽𝔥 reads 𝐴𝔷(𝔥) +

𝐽𝔷(𝔥)𝐴𝔷(𝔥)𝐽𝔷(𝔥) + 𝐽𝔷(𝔥)𝐵𝔷(𝔥) − 𝐵𝔷(𝔥)𝐽𝔷(𝔥) = 0 on 𝔷(𝔥).
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BRIENZA and FINO 5

Let 𝑐 be the Bismut torsion 3-form of (𝐽, ⟨⋅, ⋅⟩). Then, for any 𝑍 ∈ 𝔷(𝔥) using the formula for the 𝑑𝑐 in [17] (see also [7,
Formula 3]) we get

𝑑𝑐(𝐽𝑍, 𝑍,𝑈, 𝐽𝑈) = ‖𝐴𝐽𝑍‖2 + ‖𝐵𝐽𝑍‖2 + ‖𝐴𝑍‖2 + ‖𝐵𝑍‖2 (2)

− ⟨𝐴𝐽𝐴𝐽𝑍, 𝑍⟩ − ⟨𝐽𝐴𝐽𝐴𝑍, 𝑍⟩ − ⟨𝐵𝐽𝐵𝐽𝑍, 𝑍⟩ − ⟨𝐽𝐵𝐽𝐵𝑍, 𝑍⟩.
By (𝑖), this is equivalent to

𝑑𝑐(𝐽𝑍, 𝑍, 𝑋, 𝐽𝑋) = ‖𝐴𝐽𝑍‖2 + ‖𝐵𝐽𝑍‖2 + ‖𝐴𝑍‖2 + ‖𝐵𝑍‖2
+ ⟨(2(𝐴2 + 𝐵2 + 𝐴𝐽𝔥𝐵 − 𝐵𝐽𝔥𝐴) − 𝐽𝔥[𝐴, 𝐵] − [𝐴, 𝐵]𝐽𝔥

)
𝑍, 𝑍⟩.

Moreover, since [𝐴, 𝐵] = 𝑎𝑑𝑉|𝔥, and 𝑍 is in the center of 𝔥, [𝐴, 𝐵]𝑍 = 0. Analogously, since 𝔷(𝔥) is 𝐽𝔥 invariant, also
[𝐴, 𝐵]𝐽𝔥𝑍 = 0. Hence,

𝑑𝑐(𝐽𝑍, 𝑍, 𝑋, 𝐽𝑋) = ‖𝐴𝐽𝑍‖2 + ‖𝐵𝐽𝑍‖2 + ‖𝐴𝑍‖2 + ‖𝐵𝑍‖2
+ ⟨(2(𝐴2 + 𝐵2 + 𝐴𝐽𝔥𝐵 − 𝐵𝐽𝔥𝐴)

)
𝑍, 𝑍⟩.

Hence, the SKT condition yields

‖𝐴𝐽𝑍‖2 + ‖𝐵𝐽𝑍‖2 + ‖𝐴𝑍‖2 + ‖𝐵𝑍‖2 + ⟨(2(𝐴2 + 𝐵2 + 𝐴𝐽𝔥𝐵 − 𝐵𝐽𝔥𝐴)
)
𝑍, 𝑍⟩ = 0 (3)

for any 𝑍 ∈ 𝔷(𝔥). Let {𝑒1, … , 𝑒2𝑟} be any orthonormal basis of 𝔷(𝔥). Without loss of generality, wemay assume that 𝐽𝑒2𝑗−1 =
𝑒2𝑗 for each 𝑗 = 1,… , 𝑟. Using Equation (3), we get that

∑2𝑟

𝑗=1
𝑑𝑐(𝐽𝑒𝑗, 𝑒𝑗, 𝑋, 𝐽𝑋) is equal to

2𝑟∑
𝑗=1

‖𝐴𝐽𝑒𝑗‖2 + ‖𝐵𝐽𝑒𝑗‖2 + ‖𝐴𝑒𝑗‖2 + ‖𝐵𝑒𝑗‖2 + ⟨(2(𝐴2 + 𝐵2 + 𝐴𝐽𝔥𝐵 − 𝐵𝐽𝔥𝐴)
)
𝑒𝑗, 𝑒𝑗⟩

= 2
(‖𝐴𝔷(𝔥)‖2 + ‖𝐵𝔷(𝔥)‖2 + tr(𝐴2

𝔷(𝔥)
) + tr(𝐵2

𝔷(𝔥)
) + tr(𝐴𝔷(𝔥)𝐽𝔷(𝔥)𝐵𝔷(𝔥) − 𝐵𝔷(𝔥)𝐽𝔷(𝔥)𝐴𝔷(𝔥))

)
.

Furthermore, since [𝐴𝔷(𝔥), 𝐵𝔷(𝔥)] = [𝐴, 𝐵]𝔷(𝔥) = 0, then tr(𝐴𝔷(𝔥)𝐽𝔷(𝔥)𝐵𝔷(𝔥) − 𝐵𝔷(𝔥)𝐽𝔷(𝔥)𝐴𝔷(𝔥)) = 0.
Hence, the SKT condition implies that

‖𝐴𝔷(𝔥)‖2 + ‖𝐵𝔷(𝔥)‖2 + tr(𝐴2
𝔷(𝔥)

) + tr(𝐵2
𝔷(𝔥)

) = 0. (4)

We claim ‖𝐴𝔷(𝔥)‖2 + tr(𝐴2
𝔷(𝔥)

) ≥ 0 and ‖𝐵𝔷(𝔥)‖2 + tr(𝐵2
𝔷(𝔥)

) ≥ 0. Indeed,

‖𝐴𝔷(𝔥)‖2 + tr(𝐴2
𝔷(𝔥)

) = 2
∑2𝑟

𝑖=1
|𝑎𝑖𝑖|2 +∑

𝑖<𝑗
(|𝑎𝑖𝑗|2 + |𝑎𝑗𝑖|2) +∑

𝑖<𝑗
2(𝑎𝑖𝑗 ⋅ 𝑎𝑗𝑖) = 2

∑2𝑟

𝑖=1
|𝑎𝑖𝑖|2 +∑

𝑖<𝑗
(𝑎𝑖𝑗 + 𝑎𝑗𝑖)

2.

The same argument holds for 𝐵𝔷(𝔥). More specifically, Equation (4) implies that if (𝔤, 𝐽, ⟨⋅, ⋅⟩) is SKT, then 𝐴𝔷(𝔥) and 𝐵𝔷(𝔥)
are skew-symmetric matrices with respect to any orthonormal basis of (𝔥, 𝐽𝔥, ⟨⋅, ⋅⟩𝔥). In fact, the choice of the orthonormal
basis does not affect the previous computations. This proves that 𝐴𝔷(𝔥) and 𝐵𝔷(𝔥) are in 𝔰𝔬(𝔥).
With respect to {𝑒1, … , 𝑒2𝑟} we may write 𝐴𝔷(𝔥) and 𝐵𝔷(𝔥) using 2 × 2 block matrices 𝐴𝑖𝑗 and 𝐵𝑖𝑗 as follows:

𝐴𝔷(𝔥) =

⎛⎜⎜⎝
𝐴1,1 … 𝐴1,𝑟

⋮ ⋱ ⋮

𝐴𝑟,1 … 𝐴𝑟,𝑟

⎞⎟⎟⎠ , 𝐵𝔷(𝔥) =

⎛⎜⎜⎝
𝐵1,1 … 𝐵1,𝑟
⋮ ⋱ ⋮

𝐵𝑟,1 … 𝐵𝑟,𝑟

⎞⎟⎟⎠ ,
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6 BRIENZA and FINO

where, for 𝑖 = 1, … , 𝑟,

𝐴𝑖,𝑖 =

(
0 𝑎2𝑖−1,2𝑖

−𝑎2𝑖−1,2𝑖 0

)
, 𝐵𝑖,𝑖 =

(
0 𝑏2𝑖−1,2𝑖

−𝑏2𝑖−1,2𝑖 0

)
,

and, for 𝑖 < 𝑗,

𝐴𝑖,𝑗 =

(
𝑎2𝑖−1,2𝑗−1 𝑎2𝑖−1,2𝑗

𝑎2𝑖,2𝑗−1 𝑎2𝑖,2𝑗

)
, 𝐴𝑗,𝑖 = −(𝑡𝐴𝑖,𝑗), 𝐵𝑖,𝑗 =

(
𝑏2𝑖−1,2𝑗−1 𝑏2𝑖−1,2𝑗

𝑏2𝑖,2𝑗−1 𝑏2𝑖,2𝑗

)
, 𝐵𝑗,𝑖 = −(𝑡𝐵𝑖,𝑗).

Moreover, since we choose {𝑒1, … , 𝑒2𝑟} satisfying 𝐽𝑒2𝑗−1 = 𝑒2𝑗 for each 𝑗 = 1,… , 𝑟, with respect to such a basis the complex
structure 𝐽𝔷(𝔥) can be represented by the diagonal block matrix diag(Λ1, … , Λ𝑟) with

Λ𝑖 =

(
0 −1

1 0

)
.

If one imposes the integrability condition 𝐴𝔷(𝔥) + 𝐽𝔷(𝔥)𝐴𝔷(𝔥)𝐽𝔷(𝔥) + 𝐽𝔷(𝔥)𝐵𝔷(𝔥) − 𝐵𝔷(𝔥)𝐽𝔷(𝔥) = 0 then the following linear
conditions hold: {

𝑎2𝑖−1,2𝑗−1 = 𝑎2𝑖,2𝑗 + 𝑏2𝑖,2𝑗−1 + 𝑏2𝑖−1,2𝑗

𝑏2𝑖,2𝑗 = 𝑎2𝑖−1,2𝑗 + 𝑎2𝑖,2𝑗−1 + 𝑏2𝑖−1,2𝑗−1.
(5)

We compute the components 𝑑𝑐(𝑒2𝑗−1, 𝐽𝑒2𝑗−1, 𝑋, 𝐽𝑋), using Equation (2). With a straightforward computation, one gets

𝑑𝑐(𝑒2𝑗−1, 𝐽𝑒2𝑗−1, 𝑋, 𝐽𝑋) = − 2
∑𝑗−1

𝑘=1
(𝑏2𝑘,2𝑗−1 + 𝑏2𝑘−1,2𝑗)

2 + (𝑎2𝑘−1,2𝑗 + 𝑎2𝑘,2𝑗−1)
2

− 2
∑𝑟−1

𝑘=𝑗+1
(𝑏2𝑗,2𝑘−1 + 𝑏2𝑗−1,2𝑘)

2 + (𝑎2𝑗−1,2𝑘 + 𝑎2𝑗,2𝑘−1)
2.

(6)

Repeating the same argument for each 𝑗 = 1,… , 𝑟, the vanishing of Equation (6) leads to the identities 𝑏2𝑖,2𝑗−1 = −𝑏2𝑖−1,2𝑗
and 𝑎2𝑖,2𝑗−1 = −𝑎2𝑖−1,2𝑗 . Moreover, plugging these identities in Equation (5) we get{

𝑎2𝑖,2𝑗 = 𝑎2𝑖−1,2𝑗−1

𝑏2𝑖,2𝑗 = 𝑏2𝑖−1,2𝑗−1.

Hence, we have that for any 𝑖 < 𝑗, the matrices 𝐴𝑖𝑗 and 𝐵𝑖𝑗 are of the kind

𝐴𝑖𝑗 =

(
𝑎2𝑖−1,2𝑗−1 𝑎2𝑖−1,2𝑗
−𝑎2𝑖−1,2𝑗 𝑎2𝑖−1,2𝑗−1

)
, 𝐵𝑖𝑗 =

(
𝑏2𝑖−1,2𝑗−1 𝑏2𝑖−1,2𝑗
−𝑏2𝑖−1,2𝑗 𝑏2𝑖−1,2𝑗−1

)
,

and it is straightforward to observe that [𝐴𝔷(𝔥), 𝐽𝔷(𝔥)] = [𝐵𝔷(𝔥), 𝐽𝔷(𝔥)] = 0. □

Remark 2.2. If the Hermitian Lie algebra (𝔤, 𝐽, ⟨⋅, ⋅⟩) is Kähler, then 𝔥 is abelian. Exploiting Equation (1), since the fun-
damental form 𝜔 splits as the sum 𝜔𝔥 + 𝑢 ∧ 𝐽𝑢, we get that if (𝐽, ⟨⋅, ⋅⟩) is Kähler, then 0 = 𝑑𝜔 = 𝑢 ∧ 𝐴∗𝜔𝔥 + 𝐽𝑢 ∧ 𝐵∗𝜔𝔥 −

𝑢 ∧ 𝐽𝑢 ∧ 𝜄𝑉𝜔𝔥 + 𝑑𝔥𝜔𝔥, which implies that 𝑑𝔥𝜔𝔥 = 0. Moreover, since 𝔥 is nilpotent, then it must be abelian.

Corollary 2.2. Let 𝔤 be a unimodular solvable Lie algebra with codimension 2 nilradical 𝔥. Assume that 𝔤 is endowed with a
complex structure 𝐽 such that 𝐽𝔥 = 𝔥. If 𝔤 admits a 𝐽-Hermitian SKT metric ⟨⋅, ⋅⟩1 and a 𝐽-Hermitian balanced metric ⟨⋅, ⋅⟩2
such that [𝔥⟂⟨⋅,⋅⟩2 , 𝔥⟂⟨⋅,⋅⟩2 ] = 0, then 𝔤 admits also a Kähler metric.

Proof. Since 𝔤 is unimodular and [𝔥⟂⟨⋅,⋅⟩2 , 𝔥⟂⟨⋅,⋅⟩2 ] = 0, by Theorem 2.1 statement (𝑖𝑖𝑖)we have that (𝔥, 𝐽) admits a balanced
metric. Furthermore, by the proof of statement (𝑖𝑣) in Theorem 2.1, (𝔥, 𝐽) admits also an SKTmetric, and so 𝔥 it is abelian
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BRIENZA and FINO 7

by [26]. Since 𝔤 contains an abelian ideal of codimension 2 which is 𝐽-invariant, then (𝔤, 𝐽) admits also a Kähler metric by
[13, 32]. □

As a corollary of Theorem 2.1, we focus now on the case of 𝔥 being abelian. Observe that in this case 𝐽𝔥 is trivially inte-
grable, so the integrability of 𝐽 simply reduces to the condition 𝐴 + 𝐽𝔥𝐴𝐽𝔥 + 𝐽𝔥𝐵 − 𝐵𝐽𝔥 = 0. In [32], Hermitian structures
on Lie algebras with a 𝐽-invariant abelian ideal of codimension 2 are investigated. The next corollary shows that when the
ideal coincides with the nilradical of the Lie algebra, the SKT condition has a more specialized characterization.

Corollary 2.3. Let (𝔤, 𝐽, ⟨⋅, ⋅⟩) be an almost Hermitian solvable Lie algebra with a 𝐽-invariant codimension 2 abelian nil-
radical 𝔥 and let {𝑈, 𝐽𝑈} be an orthonormal basis of (𝔥⟂, ⟨⋅, ⋅⟩𝔥⟂). Then, (𝐽, ⟨⋅, ⋅⟩) is SKT if and only if one of the following
condition holds

(i) 𝐴 ∶= 𝑎𝑑𝑈|𝔥, 𝐵 ∶= 𝑎𝑑𝐽𝑈|𝔥 ∈ 𝔰𝔬(𝔥) and [𝐴, 𝐽𝔥] = [𝐵, 𝐽𝔥] = 0;
(ii) there exists an orthonormal basis {𝑒1, … , 𝑒2𝑛−2} of (𝔥, ⟨⋅, ⋅⟩𝔥) with respect to which

𝐽𝔥 = diag(Λ1, … , Λ𝑛−1), 𝐴 = diag(𝐴1, … ,𝐴𝑛−1), 𝐵 = diag(𝐵1, … , 𝐵𝑛−1),

where

Λ𝑖 =

(
0 −1

1 0

)
, 𝐴𝑖 =

(
0 𝑎𝑖
−𝑎𝑖 0

)
and 𝐵𝑖 =

(
0 𝑏𝑖
−𝑏𝑖 0

)
, (7)

with 𝑎𝑖, 𝑏𝑖 ∈ ℝ.

Moreover, if the Hermitian structure (𝐽, ⟨⋅, ⋅⟩) is SKT, then
(iii) (𝐽, ⟨⋅, ⋅⟩) is Kähler if and only if [𝔥⟂, 𝔥⟂] = 0;
(iv) if 𝔷(𝔤) ∩ 𝔥 = {0}, then 𝔤 admits also a Kähler metric.

Proof. One direction of (𝑖) follows by Theorem 2.1. Indeed, if (𝐽, ⟨⋅, ⋅⟩) is SKT and 𝔥 is abelian, then 𝐴, 𝐵 ∈ 𝔰𝔬(𝔥) and
[𝐴, 𝐽𝔥] = [𝐵, 𝐽𝔥] = 0. Let us prove the converse. We have already observed that 𝜔 = 𝜔𝔥 + 𝑢 ∧ 𝐽𝑢. Then,

𝑑𝜔 = 𝑢 ∧ 𝐴∗𝜔𝔥 + 𝐽𝑢 ∧ 𝐵∗𝜔𝔥 − 𝑢 ∧ 𝐽𝑢 ∧ 𝜄𝑉𝜔𝔥,

with 𝑉 = [𝑈, 𝐽𝑈], 𝐴∗𝜔𝔥(𝑌,𝑊) = −⟨(𝐽𝔥𝐴 + 𝐴𝑡𝐽𝔥)𝑌,𝑊⟩𝔥, and 𝐵∗𝜔𝔥(𝑌,𝑊) = −⟨(𝐽𝔥𝐵 + 𝐵𝑡𝐽𝔥)𝑌,𝑊⟩𝔥 for any 𝑌, 𝑍 ∈ 𝔥.
Since [𝐴, 𝐽𝔥] = [𝐵, 𝐽𝔥] = 0 and 𝐴, 𝐵 ∈ 𝔰𝔬(𝔥)

𝐽𝔥𝐴 + 𝐴𝑡𝐽𝔥 = (𝐴 + 𝐴𝑡)𝐽𝔥 = 0, 𝐽𝔥𝐵 + 𝐵𝑡𝐽𝔥 = (𝐵 + 𝐵𝑡)𝐽𝔥 = 0,

from which follows that 𝑑𝜔 = −𝑢 ∧ 𝐽𝑢 ∧ 𝜄𝑉𝜔𝔥. The Bismut torsion 3-form 𝑐 is hence given by

𝑐 = 𝐽𝑑𝜔 = −𝑢 ∧ 𝐽𝑢 ∧ 𝐽(𝜄𝑉𝜔𝔥) = 𝑢 ∧ 𝐽𝑢 ∧ 𝜄𝐽𝑉𝜔𝔥,

and it is clearly closed as 𝑑𝔥∗ ⊂ 𝔥∗ ⊗ 𝑥 ⊕ 𝔥∗ ⊗ 𝐽𝑥.
To prove (𝑖𝑖)we use that by (𝑖) the SKT condition is equivalent to [𝐴, 𝐽𝔥] = [𝐵, 𝐽𝔥] = 0 and𝐴, 𝐵 ∈ 𝔰𝔬(𝔥). Hence, since 𝔥

is abelian,𝐴, 𝐵, 𝐽𝔥 are three skew-symmetric endomorphisms which commute pairwise. As a consequence, there exists an
orthonormal basis {𝑒1, … , 𝑒2𝑛−2} of (𝔥, ⟨⋅, ⋅⟩|𝔥) such that 𝐴, 𝐵, 𝐽𝔥 can be put simultaneously in their diagonal normal forms

𝐽𝔥 = diag(Λ1, … , Λ𝑛−1), 𝐴 = diag(𝐴1, … ,𝐴𝑛−1), 𝐵 = diag(𝐵1, … , 𝐵𝑛−1),

where Λ𝑖, 𝐴𝑖 and 𝐵𝑖 are given as in Equation (7).
(𝑖𝑖𝑖) follows from the fact that, if (𝐽, ⟨⋅, ⋅⟩) is SKT then 𝑑𝜔 = −𝑢 ∧ 𝐽𝑢 ∧ 𝜄𝑉𝜔𝔥.
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8 BRIENZA and FINO

To prove (𝑖𝑣)we exploit the condition 𝔷(𝔤) ∩ 𝔥 = {0} to prove that 𝐵 − 𝐴𝐽𝔥 is invertible. Indeed, since (𝐽, ⟨⋅, ⋅⟩, 𝐽) is SKT,
by (𝑖𝑖)wemay always find an orthonormal basis {𝑒1, … , 𝑒2𝑛−2} of (𝔥, ⟨⋅, ⋅⟩|𝔥) such that𝐴, 𝐵, 𝐽𝔥 are in their diagonal normal
forms. Then,

𝐵 − 𝐴𝐽𝔥 = diag(𝐶1, … , 𝐶𝑛−1), with 𝐶𝑖 =

(
𝑎𝑖 −𝑏𝑖
𝑏𝑖 𝑎𝑖

)
.

In particular, det(𝐵 − 𝐴𝐽𝔥) =
∏

det(𝐶𝑖) =
∏
(𝑎2

𝑖
+ 𝑏2

𝑖
) ≠ 0. In fact, if det(𝐵 − 𝐴𝐽𝔥) = 0, then there must exists an index 𝑖

such that 𝑎2
𝑖
+ 𝑏2

𝑖
= 0. Moreover, this would imply that 𝑎

𝑖
= 𝑏

𝑖
= 0, that is, 𝑒

2𝑖−1
, 𝑒

2𝑖
∈ 𝔷(𝔤) ∩ 𝔥 = {0}, a contradiction.

Since 𝐵 − 𝐴𝐽𝔥 is invertible, there exists a vector 𝑌 ∈ 𝔥 such that (𝐵 − 𝐴𝐽𝔥)𝑌 = 𝑉. We consider the new 𝐽-Hermitian
metric ⟨⋅, ⋅⟩′ = ⟨⋅, ⋅⟩|𝔥 + 𝑢′2 + 𝐽𝑢′2, where𝑢′ and 𝐽𝑢′ are the duals of𝑈′ = 𝑈 + 𝑌 and 𝐽𝑈′ = 𝐽𝑈 + 𝐽𝑌. Then,𝐴′ = 𝑎𝑑𝑢′|𝔥 =
𝐴,𝐵′ = 𝑎𝑑𝐽𝑢′|𝔥 = 𝐵, implying that theHermitian structure (𝐽, ⟨⋅, ⋅⟩′) is again SKT (observe that ⟨⋅, ⋅⟩′|𝔥 = ⟨⋅, ⋅⟩|𝔥).Moreover,
since [𝑈′, 𝐽𝑈′] = 0, the Hermitian structure (𝐽, ⟨⋅, ⋅⟩′) is Kähler by (𝑖𝑖𝑖). □

Remark 2.3. Note that by Theorem 2.1 the Hermitian Lie algebra (𝔤, 𝐽, ⟨⋅, ⋅⟩) is always Chern Ricci-flat, but in general,
when 𝔥 is abelian, it is not Chern flat (for further details see [32, Proposition 4]).

Regarding the existence of generalized Kähler structures we can prove the following:

Theorem 2.4. Let 𝔤 be a solvable Lie algebra with nilradical 𝔥 of codimension 2. The following are equivalent:

(i) 𝔤 admits a generalized Kähler structure (𝐽±, ⟨⋅, ⋅⟩) such that 𝐽±𝔥 = 𝔥;
(ii) 𝔤 admits a Kähler structure (𝐽+, ⟨⋅, ⋅⟩) such that 𝐽+𝔥 = 𝔥.

Proof (𝑖𝑖) ⇒ (𝑖). It suffices to take 𝐽− = −𝐽+.
(𝑖) ⇒ (𝑖𝑖). Let us fix an orthonormal basis {𝑈,𝑈′} of 𝔥⟂ with dual basis {𝑢, 𝑢′}.Without loss of generality, wemay assume

such that 𝑈′ = 𝐽+𝑈 and 𝐽−𝑈 = 𝜀𝑈′, for 𝜀 ∈ {−1,+1}. Let 𝐴 = 𝑎𝑑𝑈|𝔥, 𝐵 = 𝑎𝑑𝑈′ |𝔥 and 𝑉 = [𝑈,𝑈′].
Since the Bismut torsions 3-forms 𝑐± of the Hermitian structures (𝐽±, ⟨⋅, ⋅⟩) satisfy 𝑐+ = −𝑐−, then there exist 𝛼, 𝛽 ∈⋀2
𝔥∗ and 𝛾 ∈ 𝔥∗ such that

𝑐± = ±𝛼 ∧ 𝑢 ± 𝛽 ∧ 𝑢′ ± 𝛾 ∧ 𝑢 ∧ 𝑢′ + 𝑐𝔥±,

where 𝑐𝔥± are the torsion 3-forms of the Hermitian structures (𝐽±𝔥, ⟨⋅, ⋅⟩𝔥) on 𝔥, respectively. Since 𝑐+ = −𝑐−, we clearly
have 𝑐𝔥+ = −𝑐𝔥−.
Using Equation (1) and the SKT condition 𝑑𝑐+ = 0, we get

𝑑𝑐+ = (𝑑𝔥 𝛼 − 𝐴∗𝑐𝔥+) ∧ 𝑢 + (𝑑𝔥 𝛽 − 𝐵∗𝑐𝔥+)𝑢
′

+ (−𝐵∗𝛼 + 𝐴∗𝛽 + 𝑑𝔥𝛾 − 𝜄𝑉𝑐𝔥+) ∧ 𝑢 ∧ 𝑢′ + 𝑑𝔥𝑐𝔥+ = 0.

It follows that 𝑑𝔥𝑐𝔥+ = 0, that is, (𝔥, 𝐽±𝔥, ⟨⋅, ⋅⟩𝔥) is a generalized Kähler Lie algebra. Moreover, since 𝔥 is nilpotent, this
forces 𝔥 to be abelian by [14].
For any𝑊 ∈ 𝔥

𝑐+(𝑊,𝑈,𝑈′) = −⟨[𝐽+𝑊, 𝐽+𝑈],𝑈′⟩ − ⟨[𝐽+𝑈, 𝐽+𝑈
′],𝑊⟩ − ⟨[𝐽+𝑈′, 𝐽+𝑊],𝑈⟩ = −⟨𝑉,𝑊⟩

and, analogously, 𝑐−(𝑊,𝑈,𝑈′) = −𝜀2⟨𝑉,𝑊⟩ = −⟨𝑉,𝑊⟩. Since 𝑐+ = −𝑐−, we must have 𝑉 = 0, that is, [𝔥⟂, 𝔥⟂] = 0.
Moreover, this implies that the SKT structure (𝐽+, ⟨⋅, ⋅⟩) on 𝔤 is Kähler by Theorem 2.3. □

Remark 2.4. One can show that if a solvable Lie algebra 𝔤 with nilradical 𝔥 of even-codimension admits a generalized
Kähler structure (𝐽±, ⟨⋅, ⋅⟩) such that 𝐽±𝔥 = 𝔥, then 𝔥 is abelian. The proof proceeds in the same way as before, using a
generalization of Equation (1).
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BRIENZA and FINO 9

3 CASE 𝑱𝖍 ≠ 𝖍

Let 𝔤 be a 2𝑛-dimensional solvable Lie algebra with nilradical 𝔥 of codimension 2 endowed with an almost Hermitian
structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 ≠ 𝔥. As a consequence, 𝔤 = 𝔥 + 𝐽𝔥. Setting 𝔥𝐽 ∶= 𝔥 ∩ 𝐽𝔥, we have the orthogonal decom-
position 𝔤 = 𝔥𝐽 ⊕ (𝔥𝐽)

⟂, where each summand is 𝐽-invariant. Since 𝔥 has codimension 2, dim(𝔥𝐽) = 2𝑛 − 4. Observe that
when 2𝑛 = 4, the decomposition above is trivial.Moreover, since SKT structures on four-dimensional solvable Lie algebras
have been fully descripted in [37], we may restrict to consider 2𝑛 > 4. Now, we focus on the four-dimensional 𝐽-invariant
space (𝔥𝐽)⟂ = 𝔨 ⊕ 𝔥⟂, where 𝔨 is the orthogonal complement of 𝔥𝐽 in 𝔥. Let {𝑒2𝑛−1, 𝑒2𝑛} be any orthonormal basis of 𝔥⟂.
Then,

𝐽𝑒2𝑛−1 = 𝐽34𝑒2𝑛 + ℎ2𝑛−2, 𝐽𝑒2𝑛 = −𝐽34𝑒2𝑛−1 + ℎ2𝑛−3

where 𝐽34 ∈ ℝ and ℎ2𝑛−2, ℎ2𝑛−3 is a pair of non-zero orthogonal vectors of 𝔨 such that 𝐽2𝑒2𝑛−1 = −𝑒2𝑛−1 and 𝐽2𝑒2𝑛 = −𝑒2𝑛.
Hence, {𝑒2𝑛−3 ∶=

ℎ2𝑛−3‖ℎ2𝑛−3‖ , 𝑒2𝑛−2 ∶= ℎ2𝑛−2‖ℎ2𝑛−2‖ , 𝑒2𝑛−1, 𝑒2𝑛} is an orthonormal basis of the 𝐽-invariant subspace (𝔥𝐽)⟂.
With respect to the decomposition 𝔤 = 𝔥𝐽 ⊕ (𝔥𝐽)

⟂, the almost complex structure 𝐽 splits as

𝐽 ∶=

(
𝐽𝔥𝐽 0

0 𝐽(𝔥𝐽)⟂

)
,

and 𝐽2 = −Id is equivalent to 𝐽2
𝔥𝐽
= −𝐼𝑑2𝑛−4 and 𝐽2

(𝔥𝐽)⟂
= −𝐼𝑑4. With respect to the orthonormal basis

{𝑒2𝑛−3, 𝑒2𝑛−2, 𝑒2𝑛−1, 𝑒2𝑛} of (𝔥𝐽)⟂, the restricted almost complex structure 𝐽(𝔥𝐽)⟂ is represented by the skew-symmetric
matrix

𝐽(𝔥𝐽)⟂ =

⎛⎜⎜⎜⎜⎝
0 𝐽12 0 𝐽14

−𝐽12 0 𝐽23 0

0 −𝐽23 0 𝐽34
−𝐽14 0 −𝐽34 0

⎞⎟⎟⎟⎟⎠
,

where the entries 𝐽𝑖𝑗 satisfy the conditions{
𝐽2
12
+ 𝐽2

14
= 1, 𝐽2

12
+ 𝐽2

23
= 1, 𝐽2

23
+ 𝐽2

34
= 1, 𝐽2

14
+ 𝐽2

34
= 1,

−𝐽14𝐽34 + 𝐽12𝐽23 = 0, −𝐽14𝐽12 + 𝐽23𝐽34 = 0.
(8)

Observe that 𝐽14 ≠ 0 and 𝐽23 ≠ 0, as 𝐽𝔥 ≠ 𝔥. Exploiting the conditions (8), one obtains two different but equivalent almost
complex structures on (𝔥𝐽)⟂ corresponding to either 𝐽12 = −𝐽34 and 𝐽14 = −𝐽23 or 𝐽12 = 𝐽34 and 𝐽14 = 𝐽23.Wewill consider
only the first case, as they are equivalent up to a change of basis of (𝔥𝐽)⟂.

Remark 3.1. To summarize, we may always endow (𝔥𝐽)
⟂ with an orthonormal basis {𝑒2𝑛−3, 𝑒2𝑛−2, 𝑒2𝑛−1, 𝑒2𝑛} such that

{𝑒2𝑛−3, 𝑒2𝑛−2} and {𝑒2𝑛−1, 𝑒2𝑛} are unitary basis of 𝔨 and 𝔥⟂, respectively, and the restricted almost complex structure 𝐽(𝔥𝐽)⟂
can be written with respect to such a basis as

𝐽(𝔥𝐽)⟂ =

⎛⎜⎜⎜⎜⎝
0 𝐽12 0 𝐽14

−𝐽12 0 −𝐽14 0

0 𝐽14 0 −𝐽12
−𝐽14 0 𝐽12 0

⎞⎟⎟⎟⎟⎠
, (9)

with 𝐽2
12
+ 𝐽2

14
= 1 and 𝐽14 ≠ 0.

We restrict now to the case of 𝔥 being abelian, where we can investigate the existence of generalized Kähler structures.

Proposition 3.1. Let (𝔤, 𝐽, ⟨⋅, ⋅⟩) be a Hermitian solvable Lie algebra with codimension 2 abelian nilradical 𝔥 such that
𝐽𝔥 ≠ 𝔥. Then, 𝔥𝐽 ∶= 𝔥 ∩ 𝐽𝔥 is an ideal of 𝔤.
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10 BRIENZA and FINO

Moreover, if {𝑒2𝑛−3, 𝑒2𝑛−2, 𝑒2𝑛−1, 𝑒2𝑛} is an orthonormal basis of (𝔥𝐽)⟂ as in Remark 3.1, we further have that

[𝐴𝔥𝐽
, 𝐽𝔥𝐽 ] = [𝐵𝔥𝐽 , 𝐽𝔥𝐽 ] = 0,

where 𝐴𝔥𝐽
, 𝐵𝔥𝐽 , 𝐽𝔥𝐽 denote the restriction of 𝐴 ∶= 𝑎𝑑𝑒2𝑛−1 |𝔥, 𝐵 ∶= 𝑎𝑑𝑒2𝑛 |𝔥 and 𝐽 to 𝔥𝐽 , respectively.

Proof. Let {𝑒2𝑛−3, 𝑒2𝑛−2, 𝑒2𝑛−1, 𝑒2𝑛} be an orthonormal basis of (𝔥𝐽)⟂ as in Remark 3.1. To prove that 𝔥𝐽 is an ideal, since 𝔥
is abelian and 𝔤1 ⊂ 𝔥, we only need to check that for any 𝑋 ∈ 𝔥𝐽 , [𝑋, 𝑒2𝑛], [𝑋, 𝑒2𝑛−1] ∈ 𝐽𝔥. By the integrability of 𝐽

𝑁𝐽(𝑋, 𝑒2𝑛−2) = 𝐽[𝑋, 𝐽𝑒2𝑛−2] − [𝐽𝑋, 𝐽𝑒2𝑛−2]

= 𝐽[𝑋, 𝐽12𝑒2𝑛−3 + 𝐽14𝑒2𝑛−1] − [𝐽𝑋, 𝐽12𝑒2𝑛−3 + 𝐽14𝑒2𝑛−1]

= 𝐽14(𝐽[𝑋, 𝑒2𝑛−1] − [𝐽𝑋, 𝑒2𝑛−1]) = −𝐽14(𝐽𝐴𝑋 − 𝐴𝐽𝑋) = 0.

Hence, [𝑋, 𝑒2𝑛−1] = 𝐽[−𝐽𝑋, 𝑒2𝑛−1] ∈ 𝐽𝔥. Analogously, [𝑋, 𝑒2𝑛] = 𝐽[−𝐽𝑋, 𝑒2𝑛] ∈ 𝐽𝔥. Furthermore, we also get [𝐴𝔥𝐽
, 𝐽𝔥𝐽 ] =

[𝐵𝔥𝐽 , 𝐽𝔥𝐽 ] = 0. □

Proposition 3.2. Let 𝔤 be a solvable Lie algebra with abelian nilradical 𝔥 of codimension 2. Assume that 𝔤 is endowed with
an SKT structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 = 𝔥. If there exists another complex structure 𝐼 compatible with ⟨⋅, ⋅⟩ and such that
𝐼𝔥 ≠ 𝔥, then (𝐽, ⟨⋅, ⋅⟩) is Kähler.
In particular, 𝔤 does not admit any non-Kähler generalized Kähler structure (𝐼, 𝐽, ⟨⋅, ⋅⟩) such that 𝐼𝔥 ≠ 𝔥 and 𝐽𝔥 = 𝔥.

Proof. Let {𝑒2𝑛−3, 𝑒2𝑛−2, 𝑒2𝑛−1, 𝑒2𝑛} be an orthonormal basis of (𝔥𝐼)⟂ = (𝔥 ∩ 𝐼𝔥)⟂ as in Remark 3.1).
If we consider any orthonormal basis {𝑒1, … , 𝑒2𝑛−4} of 𝔥𝐼 , then = {𝑒1, … , 𝑒2𝑛−4, 𝑒2𝑛−3, 𝑒2𝑛−2} is an orthonormal basis of

𝔥. Furthermore, 𝔥𝐼 is an ideal of 𝔤 by Proposition 3.1.
Since (𝐽, ⟨⋅, ⋅⟩) is SKT and 𝔥 is abelian, we have that𝐴 = 𝑎𝑑𝑒2𝑛−1 |𝔥, 𝐵 = 𝑎𝑑𝑒2𝑛 |𝔥 are in 𝔰𝔬(𝔥) by Corollary 2.3. Hence, with

respect to 

𝐴 =

⎛⎜⎜⎜⎝
𝐴𝔥𝐼

0

0
0 𝑐12

−𝑐12 0

⎞⎟⎟⎟⎠ , 𝐵 =

⎛⎜⎜⎜⎝
𝐵𝔥𝐼 0

0
0 𝑑12

−𝑑12 0

⎞⎟⎟⎟⎠ , where 𝐴𝔥𝐼
, 𝐵𝔥𝐼 ∈ 𝔰𝔬(𝔥𝐼).

Regarding the Nijenhuis tensor 𝑁𝐼 as a (0,3)-tensor with the aid of the inner product ⟨⋅, ⋅⟩, namely 𝑁𝐼(𝑋, 𝑌, 𝑍) =⟨𝑁𝐼(𝑋, 𝑌), 𝑍⟩, we get
𝑁𝐼(𝑒2𝑛−2, 𝑒2𝑛−3, 𝑒2𝑛−1) = −𝐼14𝑐12, 𝑁𝐼(𝑒2𝑛−2, 𝑒2𝑛−3, 𝑒2𝑛) = −𝐼14𝑑12.

By the integrability of 𝐼 and by the fact that 𝐼14 ≠ 0 (see Remark 3.1), we have 𝑐12 = 𝑑12 = 0.
Hence, if one computes

[𝑒2𝑛−1, 𝑒2𝑛] = −(𝐼[𝐼𝑒2𝑛−1, 𝑒2𝑛] + 𝐼[𝑒2𝑛−1, 𝐼𝑒2𝑛]) + [𝐼𝑒2𝑛−1, 𝐼𝑒2𝑛] = 𝐼2
12
[𝑒2𝑛−1, 𝑒2𝑛],

one gets 0 = (1 − 𝐼2
12
)[𝑒2𝑛−1, 𝑒2𝑛] = 𝐼2

14
[𝑒2𝑛−1, 𝑒2𝑛], that is, [𝔥⟂, 𝔥⟂] = 0. The result follows by Corollary 2.3. □

Remark 3.2. We have seen in the previous section that if 𝔤 is a solvable Lie algebra with codimension 2 nilradical 𝔥 that
admits a generalized Kähler structure (𝐼±, ⟨⋅, ⋅⟩) such that 𝐼±𝔥 = 𝔥, then 𝔥 is abelian. It is in general not true when 𝐼±𝔥 ≠

𝔥. Indeed, let us consider the Lie algebra 𝔰 ≅ (𝔥3 ⊕ ℝ3) ⋊ ℝ2 = (𝑒23 + 𝑒17,
1

2
𝑒27,

1

2
𝑒37, −𝑒48,

1

2
𝑒58 − 𝑒67,

1

2
𝑒68 + 𝑒57, 0, 0),

where {𝑒1, … , 𝑒6} is a basis of 𝔥3 ⊕ ℝ3, {𝑒7, 𝑒8} is a basis of ℝ2 and by 𝑒𝑖𝑗 we denote 𝑒𝑖 ∧ 𝑒𝑗 . By the structure equations, we
have that the nilradical 𝔥 is spanned by {𝑒1, … , 𝑒6} and it is easy to observe that 𝔥 = 𝔥3 ⊕ ℝ3. Let us define the bi-Hermitian
structure (𝐼±, ⟨⋅, ⋅⟩) with 𝐼±𝔥 ≠ 𝔥 as

𝐼±𝑒1 = 𝑒7, 𝐼±𝑒2 = 𝑒3, 𝐼±𝑒5 = ±𝑒6, 𝐼±𝑒4 = 𝑒8, ⟨⋅, ⋅⟩ = ∑8

𝑖=1
(𝑒𝑖)2.
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BRIENZA and FINO 11

The corresponding fundamental forms 𝜔± = 𝑒1 ∧ 𝑒7 + 𝑒2 ∧ 𝑒3 ± 𝑒5 ∧ 𝑒6 + 𝑒4 ∧ 𝑒8 satisfy

𝑑𝑐±𝜔± = ± 𝑒4 ∧ 𝑒5 ∧ 𝑒6,

and 𝑒4 ∧ 𝑒5 ∧ 𝑒6 is a closed 3-form, that is, (𝐼±, ⟨⋅, ⋅⟩) is a generalized Kähler structure. Moreover, we observe that since the
Lie algebra is not unimodular, the corresponding connected and simply connected Lie group does not admit lattices.

4 CLASSIFICATION IN DIMENSION 6

In this section, we provide a classification of six-dimensional unimodular solvable Lie algebras with nilradical of
codimension 2 that admit an SKT structure.

Theorem 4.1. A unimodular six-dimensional solvable Lie algebra 𝔤with codimension 2 nilradical 𝔥 admits a SKT structure
(𝐽, ⟨⋅, ⋅⟩) if and only if 𝔤 is isomorphic to one of the following Lie algebras:
𝜏3,0 × 𝜏3,0 = (−𝑓25, 𝑓15, −𝑓46, 𝑓36, 0, 0),

𝔤
−2,0
5.35

⊕ ℝ = (2𝑓15, −𝑓25 − 𝑓36, −𝑓35 + 𝑓26, 0, 0, 0),

hence, in particular, 𝔥must be abelian. An explicit example of SKT structure is given respectively by

𝐽𝑓1 = 𝑓2, 𝐽𝑓3 = 𝑓4, 𝐽𝑓5 = 𝑓6, ⟨⋅, ⋅⟩ = 6∑
𝑖=1

(𝑓𝑖)2

𝐽𝑓1 = 𝑓5, 𝐽𝑓2 = 𝑓3, 𝐽𝑓4 = 𝑓6, ⟨⋅, ⋅⟩ = 6∑
𝑖=1

(𝑓𝑖)2.

Proof. We discuss separately the cases 𝐽𝔥 = 𝔥 and 𝐽𝔥 ≠ 𝔥.
Assume that 𝔤 is endowed with an SKT structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 = 𝔥. By Theorem 2.1, 𝔥 is a four-dimensional

nilpotent SKT Lie algebra, so we have that either 𝔥 = ℝ4 or 𝔥 = 𝔥3 ⊕ ℝ. If 𝔥 is abelian, then one can easily prove that
𝔷(𝔤) ∩ 𝔥 = 0 (otherwise we get a contradiction with the fact that 𝔥 has codimension 2) and so by the proof of statement
(𝑖𝑣) in Corollary 2.3, we get that 𝔥 = [𝔤, 𝔤]. The classification follows by [27, 28] and the Lie algebra 𝔤 has to be isomorphic
to 𝜏3,0 × 𝜏3,0.
Now we deal to the case 𝔥 = 𝔥3 ⊕ ℝ, proving that this case cannot occur. Assume by contradiction that 𝔤 admits an

SKT structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 = 𝔥, then

𝔤 = 𝔥 ⊕ 𝔥⟂ = 𝔷(𝔥) ⊕ 𝔷(𝔥)⟂ ⊕ 𝔥⟂.

Let 𝑒1 be a generator of 𝔥1 = [𝔥, 𝔥] ⊂ 𝔷(𝔥) which, up to rescaling, we may assume to be unitary. Then, an orthonormal
basis of 𝔤 is provided by  = {𝑒1, 𝑒2 = 𝐽𝑒1, 𝑒3, 𝑒4 = 𝐽𝑒3, 𝑒5, 𝑒6 = 𝐽𝑒5}, where {𝑒1, 𝑒2} is a basis of 𝔷(𝔥), {𝑒1, 𝑒2} is a basis of
𝔷(𝔥)⟂ and {𝑒5, 𝑒6} is a basis of 𝔥⟂.
The Lie algebra 𝔤 is completely determined by the data

[𝑒5, 𝑋] = 𝐴𝑋, [𝑒6, 𝑋] = 𝐵𝑋, ∀𝑋 ∈ 𝔥 [𝑒3, 𝑒4] = 𝜂𝑒1, [𝑒5, 𝑒6] = 𝑉,

where 𝜂 ∈ ℝ ⧵ {0}, 𝐴 = 𝑎𝑑𝑒5 |𝔥, 𝐵 = 𝑎𝑑𝑒6 |𝔥 are derivations of 𝔥 satisfying [𝐴, 𝐵] = 𝑎𝑑𝑉|𝔥. We have already observed in the
first section that we may decompose 𝐴 and 𝐵 as

𝐴 =

(
𝐴𝔷(𝔥) ∗𝐴
0 𝐴𝔷(𝔥)⟂

)
and 𝐵 =

(
𝐵𝔷(𝔫) ∗𝐵
0 𝐵𝔷(𝔥)⟂

)
,

with 𝐴𝔷(𝔥), 𝐵𝔷(𝔥) ∈ 𝔰𝔬(𝔷(𝔥)) being such that [𝐴𝔷(𝔥), 𝐽𝔷(𝔥)] = [𝐵𝔷(𝔥), 𝐽𝔷(𝔥)] = 0 by Theorem 2.1.
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12 BRIENZA and FINO

Moreover, since𝐴 and 𝐵 are derivations of 𝔥,𝐴𝔥1 ⊂ 𝔥1 and 𝐵𝔥1 ⊂ 𝔥1, and so𝐴𝔷(𝔥) = 𝐵𝔷(𝔥) = 0. In particular, this forces
tr(𝐴𝔷(𝔥)⟂) = tr(𝐵𝔷(𝔥)⟂) = 0.
Let

𝐴𝔷(𝔥)⟂ =

(
𝑎33 𝑎34
𝑎43 −𝑎33

)
and 𝐵𝔷(𝔥)⟂ =

(
𝑏33 𝑏34
𝑏43 −𝑏33

)
.

Exploiting that 𝐴𝔷(𝔥) = 𝐵𝔷(𝔥) = 0, the integrability condition [𝐽𝔥, 𝐴]𝐽𝔥 + [𝐽𝔥, 𝐵] = 0 and the relation [𝐴, 𝐵] = 𝑎𝑑𝑉|𝔥 yield
[𝐽𝔥, 𝐴𝔷(𝔥)⟂]𝐽𝔥 + [𝐽𝔥, 𝐵𝔷(𝔥)⟂] = 0 ⟺ 2𝑎33 = 𝑏34 + 𝑏43, 2𝑏33 = −(𝑎34 + 𝑎43),

[𝐴𝔷(𝔥)⟂ , 𝐵𝔷(𝔥)⟂] = 0 ⟺ 2𝑎33(𝑏34 + 𝑏43) − 2𝑏33(𝑎34 + 𝑎43) = 0.

It is immediate to observe that the two conditions together imply that𝐴𝔷(𝔥)⟂ and 𝐵𝔷(𝔥)⟂ are skew. If any of 𝑎34 or 𝑏34 is zero,
then the corresponding matrix would be nilpotent, which is a contradiction with the hypothesis that 𝔥 has codimension
2. Hence, we must have 𝑎34, 𝑏34 ≠ 0. Moreover, if we consider the subspace generated by {𝑒1, … , 𝑒4, 𝑒5 −

𝑎34

𝑏34
𝑒6}, then it is a

nilpotent ideal which strictly contains 𝔥, providing the contradiction.
Now, we consider the case of 𝐽𝔥 ≠ 𝔥. In this case, the four-dimensional nilradical is isomorphic to one of ℝ4, 𝔥3 ⊕ ℝ

and 𝔥4 = (−24, −34, 0, 0). Moreover, the only six-dimensional solvable Lie algebra with nilradical 𝔥4 is 𝔤6.28 = (0, 0, 46 −

13 − 2.25, 56 − 24, 15, −16 + 26) (see [38]), which is not unimodular.
Hence, as in the previous case, we may restrict to consider either 𝔥 = 𝔥3 ⊕ ℝ or 𝔥 = ℝ4. We start by considering the

first case, which is more involved.
First, we prove that if 𝔤 admits a complex structure 𝐽 such that 𝐽𝔥 ≠ 𝔥, then dim(𝐽(𝔷(𝔥)) ∩ 𝔥) = 1. Since the center 𝔷(𝔥)

has dimension 2, it suffices to check that if dim(𝐽(𝔷(𝔥)) ∩ 𝔥) = 0, 2 we get a contradiction.
We start by considering dim(𝐽(𝔷(𝔥)) ∩ 𝔥) = 0. Let 𝑍1 be a generator of 𝔥1 = [𝔥, 𝔥], and let 𝑍2 be such that 𝔷(𝔥) =

spanℝ⟨𝑍1, 𝑍2⟩. Since 𝔤 = 𝔥 + 𝐽𝔥, we may fix a basis {𝑍1, 𝑍2, 𝑋, 𝐽𝑋, 𝐽𝑍1, 𝐽𝑍2} of 𝔤, with 𝑋 ∈ 𝔥𝐽 = 𝔥 ∩ 𝐽𝔥.
Observe that since 𝑎𝑑𝐽𝑍1 |𝔥, 𝑎𝑑𝐽𝑍2 |𝔥 are derivations of 𝔥, they preserve both 𝔥1 and 𝔷(𝔥). Exploiting this fact, the

integrability of 𝐽 and the inclusion 𝔤1 ⊂ 𝔥, we get the following structure equations:

[𝑋, 𝐽𝑋] = 𝜂𝑍1, [𝑍1, 𝐽𝑍1] = 𝑎11𝑍1, [𝑍1, 𝐽𝑍2] = 𝑎12𝑍1, [𝑍2, 𝐽𝑍1] = 𝑎12𝑍1,

[𝑍2, 𝐽𝑍2] = 𝑏12𝑍1 + 𝑏22𝑍2, [𝑋, 𝐽𝑍1] = 𝑎33𝑋 + 𝑎43𝐽𝑋, [𝑋, 𝐽𝑍2] = 𝑏33𝑋 + 𝑏43𝐽𝑋,

[𝐽𝑋, 𝐽𝑍1] = −𝑎43𝑋 + 𝑎33𝐽𝑋, [𝐽𝑋, 𝐽𝑍2] = −𝑏43𝑋 + 𝑏33𝐽𝑋, [𝐽𝑍1, 𝐽𝑍2] = 0.

Computing

𝑎𝑑𝐽𝑍1[𝑋, 𝐽𝑋] = [𝑎𝑑𝐽𝑍1𝑋, 𝐽𝑋] + [𝑋, 𝑎𝑑𝐽𝑍1𝐽𝑋]

and

𝑎𝑑𝐽𝑍2[𝑋, 𝐽𝑋] = [𝑎𝑑𝐽𝑍2𝑋, 𝐽𝑋] + [𝑋, 𝑎𝑑𝐽𝑍2𝐽𝑋]

we further have 𝑎11 = 2𝑎33 and 𝑎12 = 2𝑏33.
In particular, by the unimodularity condition, this leads to 𝑎11 = 𝑎33 = 0 and 𝑏22 = −4𝑏33.
Moreover, [𝑎𝑑𝐽𝑍1 , 𝑎𝑑𝐽𝑍2] = 𝑎𝑑[𝐽𝑍1,𝐽𝑍2] = 0 if and only of 𝑏33 = 0.
To sum up, the Lie algebra 𝔤 is determined by the data

𝑎𝑑𝐽𝑍1 |𝔥 =
⎛⎜⎜⎜⎜⎝
0 0 0 0

0 0 0 0

0 0 0 𝑎43
0 0 −𝑎43 0

⎞⎟⎟⎟⎟⎠
, 𝑎𝑑𝐽𝑍2 |𝔥 =

⎛⎜⎜⎜⎜⎝
0 −𝑏12 0 0

0 0 0 0

0 0 0 𝑏43
0 0 −𝑏43 0

⎞⎟⎟⎟⎟⎠
, [𝑋, 𝐽𝑋] = 𝜂𝑍1 ≠ 0.

Observe that we must have 𝑎43 ≠ 0. As 𝑎43 ≠ 0, we may consider the subspace generated by {𝑍1, 𝑍2, 𝑋, 𝐽𝑋, 𝐽𝑍2 −
𝑏43

𝑎43
𝐽𝑍1},

that is a nilpotent ideal which strictly contains 𝔥. The contradiction follows.
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BRIENZA and FINO 13

Let us now consider the case of dim(𝐽(𝔷(𝔥)) ∩ 𝔥) = 2. In this case 𝔥𝐽 = 𝔷(𝔥), so we may fix a basis {𝑍, 𝐽𝑍} of 𝔷(𝔥), with 𝑍
being a generator of 𝔥1. Since 𝔤 = 𝔥 + 𝐽𝔥, we may complete 𝑍, 𝐽𝑍 to a basis {𝑍, 𝐽𝑍, 𝑋, 𝑌, 𝐽𝑋, 𝐽𝑌} of 𝔤, where {𝑍, 𝐽𝑍, 𝑋, 𝑌}
is a basis of 𝔥. Analogously to the previous case, we obtain the following structure equations:

[𝑋, 𝑌] = 𝜂𝑍, [𝑍, 𝐽𝑋] = 𝑎11𝑍, [𝑍, 𝐽𝑌] = 𝑏11𝑍, [𝐽𝑍, 𝐽𝑋] = 𝑎11𝐽𝑍,

[𝐽𝑍, 𝐽𝑌] = 𝑏11𝐽𝑍, [𝑋, 𝐽𝑋] = 𝑎13𝑍 + 𝑎23𝐽𝑍 + 𝑎33𝑋 + 𝑎43𝑌,

[𝑋, 𝐽𝑌] = 𝑏13𝑍 + 𝑏23𝐽𝑍 + 𝑎34𝑋 + 𝑎44𝑌, [𝑌, 𝐽𝑋] = 𝑎14𝑍 + 𝑎24𝐽𝑍 + 𝑎34𝑋 + 𝑎44𝑌,

[𝑌, 𝐽𝑌] = 𝑏14𝑍 + 𝑏24𝐽𝑍 + 𝑏34𝑋 + 𝑏44𝑌, [𝐽𝑋, 𝐽𝑌] = (𝜂 + (𝑎24 − 𝑏23))𝑍 + (𝑏13 − 𝑎14)𝐽𝑍.

Exploiting

𝑎𝑑𝐽𝑋[𝑋, 𝑌] = [𝑎𝑑𝐽𝑋𝑋, 𝑌] + [𝑋, 𝑎𝑑𝐽𝑋𝑌] and 𝑎𝑑𝐽𝑌[𝑋, 𝑌] = [𝑎𝑑𝐽𝑌𝑋, 𝑌] + [𝑋, 𝑎𝑑𝐽𝑌𝑌]

we further have 𝑎11 = 𝑎33 + 𝑎44 and 𝑏11 = 𝑎34 + 𝑏44. This identities combinedwith the unimodularity of 𝔤 lead to 𝑎11 = 0,
𝑎33 = −𝑎44, 𝑏11 = 0, and 𝑎34 = −𝑏44.
We hence get that

𝑎𝑑𝐽𝑋|𝔥 =
⎛⎜⎜⎜⎜⎝
0 0 −𝑎13 −𝑎14
0 0 −𝑎23 −𝑎24
0 0 −𝑎33 −𝑎34
0 0 −𝑎43 𝑎33

⎞⎟⎟⎟⎟⎠
, 𝑎𝑑𝐽𝑌|𝔥 =

⎛⎜⎜⎜⎜⎝
0 0 −𝑏13 −𝑏14
0 0 −𝑏23 −𝑏24
0 0 −𝑎34 −𝑏34
0 0 𝑎33 𝑎34

⎞⎟⎟⎟⎟⎠
,

[𝑋, 𝑌] = 𝜂𝑍, [𝐽𝑋, 𝐽𝑌] = (𝜂 + (𝑎24 − 𝑏23))𝑍 + (𝑏13 − 𝑎14)𝐽𝑍 ∈ 𝔷(𝔥) = 𝔷(𝔤).

Since [𝐽𝑋, 𝐽𝑌] ∈ 𝔷(𝔥) = 𝔷(𝔤), as before [𝑎𝑑𝐽𝑋, 𝑎𝑑𝐽𝑌] = 𝑎𝑑[𝐽𝑋,𝐽𝑌] = 0. With the relations coming from this identity, if one
compute the spectrum of 𝑎𝑑𝐽𝑋 one obtains that 𝑎𝑑𝐽𝑋 has only the eigenvalue 0, so it is nilpotent. Hence, the subspace
generated by {𝑍, 𝐽𝑍, 𝑋, 𝑌, 𝐽𝑋} is a nilpotent ideal which strictly contains 𝔥, giving a contradiction.
Hence, we may restrict to consider the case of dim(𝐽(𝔷(𝔥)) ∩ 𝔥) = 1 and we prove that if dim(𝐽(𝔷(𝔥)) ∩ 𝔥) = 1, then 𝔤

cannot admit any SKT structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 ≠ 𝔥.
Let𝑍1, 𝑍2 be a basis of 𝔷(𝔥) such that 𝐽𝑍1 ∈ 𝔥 and 𝐽𝑍2 ∉ 𝔥. Since 𝔤 = 𝔥 + 𝐽𝔥, there always exists a vector𝑋 ∈ 𝔥 such that

{𝑍1, 𝐽𝑍1, 𝑍2, 𝑋, 𝐽𝑍2, 𝐽𝑋} is a basis of 𝔤. We proceed as before. Indeed, using that 𝑎𝑑𝐽𝑍2 , 𝑎𝑑𝐽𝑋 preserve 𝔷(𝔥), the integrability
of 𝐽, and the inclusion 𝔤1 ⊂ 𝔥, we get

[𝐽𝑍1, 𝑋] = 𝜂1𝑍1 + 𝜂2𝑍2, [𝑍1, 𝐽𝑍2] = 𝑎11𝑍1, [𝑍1, 𝐽𝑋] = 𝑏11𝑍1 − 𝜂2𝑍2,

[𝐽𝑍1, 𝐽𝑍2] = 𝑎11𝐽𝑍1, [𝐽𝑍1, 𝐽𝑋] = (𝜂1 + 𝑏11)𝐽𝑍1, [𝑍2, 𝐽𝑍2] = 𝑎13𝑍1 + 𝑎33𝑍2,

[𝑍2, 𝐽𝑋] = 𝑏13𝑍1 + 𝑎34𝑍2, [𝑋, 𝐽𝑍2] = 𝑎14𝑍1 + 𝑎24𝐽𝑍1 + 𝑎34𝑍2,

[𝑋, 𝐽𝑋] = 𝑏14𝑍1 + 𝑏24𝐽𝑍1 + 𝑏34𝑍2 + 𝑏44𝑋, [𝐽𝑍2, 𝐽𝑋] = 𝑎24𝑍1 + (𝑏13 − 𝑎14)𝐽𝑍1.

By the unimodularity of 𝔤, 𝑎33 = −2𝑎11 and 2𝑏11 + 𝜂1 + 𝑎34 + 𝑏44 = 0. Observe that if 𝑎11 = 0 then 𝑎𝑑𝐽𝑍1 is a strictly upper
triangular matrix, and hence, nilpotent. Hence, 𝑎11 ≠ 0, and, exploiting 𝑎𝑑𝐽𝑍2[𝐽𝑍1, 𝑋] = [𝑎𝑑𝐽𝑍2𝐽𝑍1, 𝑋] + [𝐽𝑍1, 𝑎𝑑𝐽𝑍2𝑋],
we get 𝜂2 = 0.
Analogously, if one computes 𝑎𝑑𝐽𝑋[𝐽𝑍1, 𝑋] = [𝑎𝑑𝐽𝑋𝐽𝑍1, 𝑋] + [𝐽𝑍1, 𝑎𝑑𝐽𝑋𝑋], then one obtains 𝑏44 = −𝜂1. Plugging this

identity in the unimodularity condition 2𝑏11 + 𝜂1 + 𝑎34 + 𝑏44 = 0 this also gives 2𝑏11 + 𝑎34 = 0.
To sum up

𝑎𝑑𝐽𝑍2 |𝔥 =
⎛⎜⎜⎜⎜⎝
−𝑎11 0 −𝑎13 −𝑎14
0 −𝑎11 0 −𝑎24
0 0 2𝑎11 2𝑏11
0 0 0 0

⎞⎟⎟⎟⎟⎠
, 𝑎𝑑𝐽𝑋|𝔥 =

⎛⎜⎜⎜⎜⎝
−𝑏11 0 −𝑏13 −𝑏14
0 −(𝜂1 + 𝑏11) 0 −𝑏24
0 0 2𝑏11 −𝑏34
0 0 0 𝜂1

⎞⎟⎟⎟⎟⎠
,

[𝐽𝑍2, 𝐽𝑋] = 𝑎24𝑍1 + (𝑏13 − 𝑎14)𝐽𝑍1.
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14 BRIENZA and FINO

Consider any 𝐽-hermitian inner product ⟨⋅, ⋅⟩ and denote by 𝑐 the Bismut torsion 3-form of (𝐽, ⟨⋅, ⋅⟩, 𝐽). Then,
𝑑𝑐(𝑍1, 𝐽𝑍1, 𝑋, 𝐽𝑍2) = −2𝑎11𝜂1‖𝑍1‖2 ≠ 0. Indeed, this can be zero only if 𝜂1 = 0. Moreover in this case 𝔥 = ℝ4, giving
a contradiction.
Hence, we have proved that if 𝔤 is endowed with an SKT structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 ≠ 𝔥, then 𝔥 must be abelian.

We restrict to consider 𝔥 = ℝ4.
Let us assume that 𝔤 admits an SKT structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 ≠ 𝔥, with 𝔥 = ℝ4. We fix an orthonormal basis

 = {𝑒1, … , 𝑒6} of 𝔤 such that {𝑒1, 𝑒2} is an orthonormal basis of 𝔥𝐽 such that 𝐽𝑒1 = 𝑒2 and {𝑒3, … , 𝑒6} is an orthonormal
basis of (𝔥𝐽)⟂ as in Remark 3.1, namely, with respect to  the complex structure 𝐽 can be written as

𝐽 =

⎛⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0

−1 0 0 0 0 0

0 0 0 𝐽12 0 𝐽14
0 0 −𝐽12 0 −𝐽14 0

0 0 0 𝐽14 0 −𝐽12
0 0 −𝐽14 0 𝐽12 0

⎞⎟⎟⎟⎟⎟⎟⎠
.

ByProposition 3.1,𝔥𝐽 is an ideal of 𝔤 and [𝐴𝔥𝐽
, 𝐽] = [𝐵𝔥𝐽 , 𝐽] = 0, where𝐴𝔥𝐽

, 𝐵𝔥𝐽 denote the restrictions of𝐴 ∶= 𝑎𝑑𝑒5 |𝔥, 𝐵 ∶=

𝑎𝑑𝑒6 |𝔥 to 𝔥𝐽 . By the integrability of 𝐽, we have that
𝐴 =

⎛⎜⎜⎜⎜⎝
𝑎11 𝑎12

−𝑎12 𝑎11
∗

0
𝑐11 𝑐12

𝑐21 𝑐22

⎞⎟⎟⎟⎟⎠
, 𝐵 =

⎛⎜⎜⎜⎜⎝
𝑏11 𝑏12

−𝑏12 𝑏11
∗

0
𝑑11 −𝑐11

𝑑21 −𝑐21

⎞⎟⎟⎟⎟⎠
,

[𝑒5, 𝑒6] = 𝑉𝔥𝐽
−
𝐽12
𝐽14

(𝑐12 − 𝑑11)𝑒3 −
𝐽12
𝐽14

(𝑐22 − 𝑑21)𝑒4,

with 2𝑎11 + 𝑐11 + 𝑐22 = 0 and 2𝑏11 + 𝑑11 − 𝑐21 = 0 by the unimodularity of 𝔤. In the following, we will denote by

𝐶 ∶=

(
𝑐11 𝑐12
𝑐21 𝑐22

)
and 𝐷 ∶=

(
𝑑11 −𝑐11
𝑑21 −𝑐21

)
.

Since by the Jacobi identity [𝐴, 𝐵] = 0, then also [𝐶, 𝐷] = 0.
By the SKT condition, we get

𝑑𝑐(𝑒1, 𝑒2, 𝑒3, 𝑒6) = 2𝐽14(−𝑏11𝑐21 + 𝑎11𝑑21) = 0,

𝑑𝑐(𝑒1, 𝑒2, 𝑒3, 𝑒5) = 2𝐽14(𝑏11𝑐22 + 𝑎11𝑐21) = 0,

𝑑𝑐(𝑒1, 𝑒2, 𝑒4, 𝑒5) = − 2𝐽14(𝑏11𝑐12 + 𝑎11𝑐11) = 0

𝑑𝑐(𝑒1, 𝑒2, 𝑒4, 𝑒6) = 2𝐽14(𝑏11𝑐11 − 𝑎11𝑑11) = 0

Since 𝐽14 ≠ 0, the coefficients of 𝐴 and 𝐵 must obey to

𝑏11𝑐21 − 𝑎11𝑑21 = 0, 𝑏11𝑐22 + 𝑎11𝑐21 = 0, 𝑏11𝑐12 + 𝑎11𝑐11 = 0, 𝑏11𝑐11 − 𝑎11𝑑11 = 0. (10)

We distinguish two cases depending on whether 𝑎11 is zero or not. We will do in details the first case. In fact, the second
one is analogous.
Let 𝑎11 = 0. The conditions (10) become

𝑏11𝑐21 = 0, 𝑏11𝑐22 = 0, 𝑏11𝑐12 = 0, 𝑏11𝑐11 = 0,

and furthermore 𝑐11 = −𝑐22 in order to have tr(𝐴) = 0.
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BRIENZA and FINO 15

We claim that 𝑏11 ≠ 0. Indeed, assume by contradiction that 𝑏11 = 0. Then Equations (10) are satisfied and 𝑑11 = 𝑐21 by
the unimodularity condition. Using [𝐶, 𝐷] = 0, one can show that 𝐶 and 𝐷 are nilpotent matrices and so we must have
𝑎12, 𝑏12 ≠ 0. Indeed, if for instance 𝑎12 = 0, then the subspace generated by {𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5} would be a nilpotent ideal
which strictly contains 𝔥, which is a contradiction with the maximality of the nilradical.
If 𝑎12, 𝑏12 ≠ 0, then we may consider 𝑒′5 = 𝑒5 −

𝑎12

𝑏12
𝑒6 with

𝑎𝑑𝑒′5
|𝔥 = (

0 ∗

0 𝐸

)
,

where 𝐸 = 𝐶 −
𝑎12

𝑏12
𝐷. Moreover, since 𝐶,𝐷 are nilpotent and [𝐶, 𝐷] = 0, so is 𝐸 and, hence, also 𝑎𝑑𝑒′5

|𝔥. Therefore, if
we consider the ideal {𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒′5}, then again this is a nilpotent ideal which strictly contains the nilradical, proving
the claim.
Since 𝑏11 ≠ 0, by Equation (10) we must have that

𝐴 =

⎛⎜⎜⎜⎜⎝
0 𝑎12

−𝑎12 0
∗

0
0 0

0 0

⎞⎟⎟⎟⎟⎠
, 𝐵 =

⎛⎜⎜⎜⎜⎝
𝑏11 𝑏12

−𝑏12 𝑏11
∗

0
−2𝑏11 0

𝑑21 0

⎞⎟⎟⎟⎟⎠
,

[𝑒5, 𝑒6] = 𝑉𝔥𝐽
− 2

𝐽12
𝐽14

𝑏11𝑒3 +
𝐽12
𝐽14

𝑑21𝑒4,

with 𝑎12 ≠ 0 (otherwise 𝐴 would be nilpotent). In order to kill the components of 𝑉 along 𝑒3 and 𝑒4, we take 𝑒′5 ∶= 𝑒5 +
𝐽12

𝐽14
𝑒3. In such a way [𝑒′5, 𝑒6] ∈ 𝔥𝐽 and {𝑒′5, 𝑒6} define a new complement of 𝔥 inside 𝔤. Observe that since 𝔥 is abelian,

𝐴′ ∶= 𝑎𝑑𝑒′5
|𝔥 = 𝐴.

Let 𝑒′
3
and 𝑒′

4
be eigenvectors of 𝐵 associated with the eigenvalues −2𝑏11 and 0, respectively. Since the eigenspaces

𝑉−2𝑏11
and𝑉0 are one-dimensional and [𝐴, 𝐵] = 0, we must have that 𝑒′

3
and 𝑒′

4
are also eigenvectors of𝐴with eigenvalue

0. Hence, with respect the new basis {𝑒1, 𝑒2, 𝑒′3, 𝑒
′
4
, 𝑒′5, 𝑒6} the Lie algebra 𝔤 is determined by the data

𝐴′ =

⎛⎜⎜⎜⎜⎝
0 𝑎12

−𝑎12 0
0

0
0 0

0 0

⎞⎟⎟⎟⎟⎠
, 𝐵 =

⎛⎜⎜⎜⎜⎝
𝑏11 𝑏12

−𝑏12 𝑏11
0

0
−2𝑏11 0

0 0

⎞⎟⎟⎟⎟⎠
, [𝑒′5, 𝑒6] ∈ 𝔥𝐽.

Finally, let 𝑋 ∈ 𝔥𝐽 be such that 𝐴′𝑋 = −[𝑒′5, 𝑒6] (observe that it is possible since Im𝐴′ = 𝔥𝐽). The basis {𝑒′1, … , 𝑒′5, 𝑒
′
6
=

𝑒6 + 𝑋} is such that 𝐵 ∶= 𝑎𝑑𝑒′
6
|𝔥 = 𝐵′ and [𝑒′5, 𝑒

′
6
] = 0. The isomorphism between 𝔤 and 𝔤−2,0

5.35
⊕ ℝ is immediate. □

Remark 4.1. The Lie algebra 𝔤−2,0
5.35

first appears in [10].

Remark 4.2. The connected and simply connected solvable Lie groups corresponding to 𝜏3,0 × 𝜏3,0 and 𝔤
−2,0
5.35

⊕ ℝ

admit lattices. The former case is trivial. For the latter, an explicit construction of a lattice is done in the next
section (Theorem 6.5).

Corollary 4.2. A unimodular six-dimensional solvable Lie algebra with codimension 2 nilradical 𝔥 admits a generalized
Kähler structure (𝐽±, ⟨⋅, ⋅⟩) if and only if 𝔤 is isomorphic to one of the following Lie algebras:
𝜏3,0 × 𝜏3,0 = (−𝑓25, 𝑓15, −𝑓46, 𝑓36, 0, 0),

𝔤
−2,0
5.35

⊕ ℝ = (2𝑓15, −𝑓25 − 𝑓36, −𝑓35 + 𝑓26, 0, 0, 0).
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16 BRIENZA and FINO

An explicit example of the generalized Kähler structure is given respectively by

𝐽±𝑓1 = ±𝑓2, 𝐽±𝑓3 = ±𝑓4, 𝐽±𝑓5 = ±𝑓6, ⟨⋅, ⋅⟩ = 6∑
𝑖=1

(𝑓𝑖)2

𝐽±𝑓1 = 𝑓5, 𝐽±𝑓2 = ±𝑓3, 𝐽±𝑓4 = 𝑓6, ⟨⋅, ⋅⟩ = 6∑
𝑖=1

(𝑓𝑖)2.

5 CONSTRUCTION OF NEW SKT AND GENERALIZED KÄHLER LIE ALGEBRAS

This section is devoted to construct new examples of SKT and generalized Kähler solvable Lie algebras. In particular,
we exhibit examples of SKT solvable Lie algebras (𝔤, 𝐽, ⟨⋅, ⋅⟩) with 𝐽𝔥 = 𝔥 and 𝐽𝔥 ≠ 𝔥 in Examples 5.1 and 5.3, and in
Examples 5.4 and 5.5, respectively.

Example 5.1. By Theorem 4.1, we have that the only six-dimensional SKT Lie algebra (𝔤, 𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 = 𝔥 is 𝜏3,0 ×
𝜏3,0. Moreover, as 𝜏3,0 × 𝜏3,0 has trivial center, there exists a (possibly different) 𝐽-Hermitian structure which is Kähler, by
Corollary 2.3 (𝑖𝑣).
In higher dimension, this is no longer true. Indeed, let us consider the eight-dimensional solvable Lie algebra 𝔤𝑏

8
, with

𝑏 ≠ 0, defined by the structure equations

[𝑒1, 𝑒7] = 𝑏𝑒2, [𝑒2, 𝑒7] = −𝑏𝑒1, [𝑒3, 𝑒8] = 𝑏𝑒4, [𝑒4, 𝑒8] = −𝑏𝑒3, [𝑒7, 𝑒8] = 𝑒5 + 𝑒6,

endowed with the complex structure 𝐽, given by

𝐽𝑒1 = 𝑒2, 𝐽𝑒3 = 𝑒4, 𝐽𝑒5 = 𝑒6, 𝐽𝑒7 = 𝑒8.

In particular, 𝔥 = spanℝ⟨𝑒1, … , 𝑒6⟩ and 𝐽𝔥 = 𝔥. Let us consider the inner product ⟨⋅, ⋅⟩ with respect to which the basis
{𝑒1, … , 𝑒6} is orthonormal. Set𝐴 ∶= 𝑎𝑑𝑒7 |𝔥 and 𝐵 ∶= 𝑎𝑑𝑒8 |𝔥. By Corollary 2.3, the Hermitian structure 𝐽, (⟨⋅, ⋅⟩) is SKT and
it is (non-flat) Chern Ricci flat by Theorem 2.1.
We show that (𝔤𝑏

8
, 𝐽) does not admit any Kähler structure. Let {𝑍1, … , 𝑍4} be a unitary basis of (𝔤𝑏8)

(1,0), with dual basis
{𝜑1, … , 𝜑4}. Then

𝑑𝜑1 = −
𝑖𝑏

2
(𝜑14 + 𝜑14̄), 𝑑𝜑2 = −

𝑏

2
(𝜑24 − 𝜑24̄), 𝑑𝜑3 = −

(1 + 𝑖)

2
𝜑44̄, 𝑑𝜑4 = 0.

Let us write the generic fundamental form 𝜔 =
𝑖

2

∑4

𝑗=1
𝐹𝑗𝑗̄𝜑

𝑗𝑗̄ +
1

2

∑4

𝑗=1
(𝐹𝑗𝑘̄𝜑

𝑗𝑘̄ − 𝐹𝑗𝑘̄𝜑
𝑘𝑗̄), with 𝐹𝑗𝑗̄ ∈ ℝ>0. Since

𝑑𝜔(𝑍3, 𝑍4, 𝑍4) =
1−𝑖

2
𝐹33̄, we have that 𝑑𝜔 ≠ 0.

Theorem 5.2. Let (𝔥, 𝐽𝔥, ⟨⋅, ⋅⟩𝔥) be an SKT nilpotent Lie algebra and let (𝔞, 𝐽𝔞, ⟨⋅, ⋅⟩𝔞) an abelian Hermitian Lie algebra of
dimension 2𝑘. Consider a Lie algebras homomorphism

𝜃 ∶ 𝔞 → 𝐷𝑒𝑟(𝔥)

such that 𝜃(𝔞) ⊂ 𝔰𝔭(𝔥) ∩ 𝔰𝔬(𝔥), namely 𝜃(𝑈)𝑡 = −𝜃(𝑈) and 𝐽𝔥𝜃(𝑈) + 𝜃(𝑈)𝑡𝐽𝔥 = 0,∀𝑈 ∈ 𝔞. Then, (𝔤 = 𝔥⋊𝜃𝔞, 𝐽, ⟨⋅, ⋅⟩), with⟨⋅, ⋅⟩ = ⟨⋅, ⋅⟩𝔥 + ⟨⋅, ⋅⟩𝔞 and 𝐽 = (
𝐽𝔥 0

0 𝐽𝔞

)
, is SKT.

Proof. Let {𝑈1, 𝐽𝔞𝑈1, … ,𝑈𝑘, 𝐽𝔞𝑈𝑘} be an orthonormal basis of the abelianHermitian Lie algebra (𝔞, 𝐽𝔞, ⟨⋅, ⋅⟩𝔞, 𝐽𝔞)with dual
basis {𝑢1, 𝐽𝔞𝑢1, … , 𝑢𝑘, 𝐽𝔞𝑢𝑘}. Observe that since 𝔤1 ⊂ 𝔥, 𝑑𝑢𝑖 = 𝑑(𝐽𝔞𝑢𝑖) = 0. To lighten the notation, let us define𝐴𝑖 ∶= 𝜃(𝑢𝑖)

and 𝐵𝑖 ∶= 𝜃(𝐽𝔞𝑢𝑖).
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BRIENZA and FINO 17

First, we prove that 𝐽 is integrable. Exploiting that 𝑁(𝐽⋅, 𝐽⋅) = −𝑁(⋅, ⋅), one can see that it is enough to check the
vanishing of 𝑁(𝑈𝑖, 𝑌), for any 𝑌 ∈ 𝔥 and 𝑖 = 1, … , 𝑘. We compute

𝑁(𝑈𝑖, 𝑌) = [𝑈𝑖, 𝑌] + 𝐽𝔥([𝐽𝔞𝑈𝑖, 𝑌] + [𝑈𝑖, 𝐽𝔥𝑌]) − [𝐽𝔞𝑈𝑖, 𝐽𝔥𝑌] (11)

= (𝐴𝑖 + 𝐽𝔥𝐴𝑖𝐽𝔥 + 𝐽𝔥𝐵𝑖 − 𝐵𝑖𝐽𝔥)𝑌 = [𝐽𝔥, 𝐴]𝐽𝔥 + [𝐽𝔥, 𝐵]𝑌.

As 𝐴𝑖, 𝐵𝑖 ∈ 𝔰𝔭(𝔥) ∩ 𝔰𝔬(𝔥), we get that 0 = 𝐽𝔥𝐴𝑖 + 𝐴𝑡
𝑖
𝐽𝔥 = 𝐽𝔥𝐴𝑖 − 𝐴𝑖𝐽𝔥 = [𝐽𝔥, 𝐴𝑖] and, analogously, 0 = [𝐽𝔥, 𝐵𝑖]. Hence,

Equation (11) vanishes, and 𝐽 is integrable.
Since 𝔥 is a 𝐽-invariant ideal of 𝔤 of even codimension, we may extend the formula (1) in this case. Indeed, exploiting

that 𝔞 is abelian, for any 𝛼 ∈
⋀𝑘

𝔥∗

𝑑𝛼 =

𝑘∑
𝑖=1

𝑢𝑖 ∧ 𝐴∗
𝑖
𝛼 + 𝐽𝔞𝑢𝑖 ∧ 𝐵∗

𝑖
𝛼 + 𝑑𝔥𝛼, (12)

where 𝑑𝔥 stands for the differential of 𝔥.
Let us consider the fundamental form 𝜔 of (𝐽, ⟨⋅, ⋅⟩). Then, by construction,

𝜔 = 𝜔𝔥 +

𝑘∑
𝑖=1

𝑢𝑖 ∧ 𝐽𝔞𝑢𝑖.

Using Equation (12), we get that 𝑑𝜔 = 𝑑𝜔𝔥 =
∑𝑘

𝑖=1
𝑢𝑖 ∧ 𝐴∗

𝑖
𝜔𝔥 + 𝐽𝔞𝑢𝑖 ∧ 𝐵∗

𝑖
𝜔𝔥 + 𝑑𝔥𝜔𝔥. Now, we know that𝐴𝑖, 𝐵𝑖 ∈ 𝔰𝔭(𝔥) ∩

𝔰𝔬(𝔥), so ∀𝑌, 𝑍 ∈ 𝔥

𝐴∗
𝑖
𝜔𝔥(𝑌, 𝑍) = −𝜔𝔥(𝐴𝑖𝑌, 𝑍) − 𝜔𝔥(𝑌,𝐴𝑖𝑍) = −⟨𝐽𝔥𝐴𝑖𝑌, 𝑍⟩ − ⟨𝐽𝔥𝑌,𝐴𝑖𝑍⟩

= −⟨(𝐽𝔥𝐴𝑖 + 𝐴𝑡
𝑖
𝐽𝔥)𝑌, 𝑍⟩ = 0,

and, analogously, 𝐵∗
𝑖
𝜔𝔥 = 0. In particular, we get 𝑑𝜔 = 𝑑𝔥𝜔𝔥. Let 𝑐 = 𝐽𝑑𝜔 = 𝑐𝔥 be the Bismut torsion. Again by Equa-

tion (12), 𝑑𝑐 = 𝑑𝑐𝔥 =
∑𝑘

𝑖=1
𝑢𝑖 ∧ 𝐴∗

𝑖
𝑐𝔥 + 𝐽𝔞𝑢𝑖 ∧ 𝐵∗

𝑖
𝑐𝔥, as 𝑑𝔥𝑐𝔥 vanishes since (𝐽𝔥, ⟨⋅, ⋅⟩𝔥) is SKT. To conclude, we have to prove

that 𝐴∗
𝑖
𝑐𝔥 = 𝐵∗

𝑖
𝑐𝔥 = 0. We prove the statement for the former, since the latter is analogous. Let 𝑌, 𝑍,𝑊 ∈ 𝔥. Then

𝐴∗
𝑖
𝑐𝔥(𝑌, 𝑍,𝑊) = −𝑐𝔥(𝐴𝑖𝑌, 𝑍,𝑊) − 𝑐𝔥(𝑌,𝐴𝑖𝑍,𝑊) − 𝑐𝔥(𝑌, 𝑍, 𝐴𝑖𝑊)

= ⟨[𝐽𝔥𝐴𝑖𝑌, 𝐽𝔥𝑍],𝑊⟩ + ⟨[𝐽𝔥𝑍, 𝐽𝔥𝑊], 𝐴𝑖𝑌⟩ + ⟨[𝐽𝔥𝑊, 𝐽𝔥𝐴𝑖𝑌], 𝑍⟩
+ ⟨[𝐽𝔥𝑌, 𝐽𝔥𝐴𝑖𝑍],𝑊⟩ + ⟨[𝐽𝔥𝐴𝑖𝑍, 𝐽𝔥𝑊], 𝑌⟩ + ⟨[𝐽𝔥𝑊, 𝐽𝔥𝑌], 𝐴𝑖𝑍⟩
+ ⟨[𝐽𝔥𝑌, 𝐽𝔥𝑍], 𝐴𝑖𝑊⟩ + ⟨[𝐽𝔥𝑍, 𝐽𝔥𝐴𝑖𝑊], 𝑌⟩ + ⟨[𝐽𝔥𝐴𝑖𝑊, 𝐽𝔥𝑌], 𝑍⟩.

Exploiting that [𝐴𝑖, 𝐽𝔥] = 0 and 𝐴𝑡
𝑖
= −𝐴𝑖 , one gets

𝐴∗
𝑖
𝑐𝔥(𝑌, 𝑍,𝑊) = ⟨−𝐴𝑖[𝐽𝔥𝑌, 𝐽𝔥𝑍],𝑊⟩ + ⟨[𝐴𝑖𝐽𝔥𝑌, 𝐽𝔥𝑍],𝑊⟩ + ⟨[𝐽𝔥𝑌,𝐴𝑖𝐽𝔥𝑍],𝑊⟩

+ ⟨−𝐴𝑖[𝐽𝔥𝑍, 𝐽𝔥𝑊], 𝑌⟩ + ⟨[𝐴𝑖𝐽𝔥𝑍, 𝐽𝔥𝑊], 𝑌⟩ + ⟨[𝐽𝔥𝑍, 𝐴𝑖𝐽𝔥𝑊], 𝑌⟩
+ ⟨−𝐴𝑖[𝐽𝔥𝑊, 𝐽𝔥𝑌], 𝑍⟩ + ⟨[𝐴𝑖𝐽𝔥𝑊, 𝐽𝔥𝑌], 𝑍⟩ + ⟨[𝐽𝔥𝑊,𝐴𝑖𝐽𝔥𝑌], 𝑍⟩,

which vanishes since 𝐴𝑖 is a derivation of 𝔥. □

Example 5.3. Six-dimensional (non-abelian) nilpotent Lie algebras admitting an SKT structure are classified in [24] (see
also [41, Theorem 3.3]). Let 𝔥 be a six-dimensional nilpotent Lie algebra defined by the structure equations

𝑑𝑒1 = 𝑑𝑒2 = 𝑑𝑒3 = 𝑑𝑒4 = 0, 𝑑𝑒5 = 𝜌𝑒13 − 𝜌𝑒24 + 2𝛿𝑒34, 𝑑𝑒6 = 𝜌𝑒23 + 𝜌𝑒14 − 2𝑒12 − 2𝛾𝑒34, (13)
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18 BRIENZA and FINO

with 𝜌 ∈ {0, 1}, 𝛿, 𝛾 ∈ ℝ and 𝜌2 − 2𝛾 = 0. An SKT structure is given by

𝐽𝔥𝑒1 = 𝑒2, 𝐽𝔥𝑒3 = 𝑒4, 𝐽𝔥𝑒5 = 𝑒6, ⟨⋅, ⋅⟩𝔥 = 6∑
𝑖=1

(𝑒𝑖)2. (14)

Four different non-isomorphic Lie algebras are distinguished

𝜌 = 0, 𝛾 = 0 ⇒

{
𝔥 ≅ 𝔥2 = (0, 0, 0, 0, 12, 34) for 𝛿 ≠ 0,

𝔥 ≅ 𝔥8 = (0, 0, 0, 0, 0, 12) for 𝛿 = 0,

𝜌 = 1, 𝛾 =
1

2
⇒

⎧⎪⎨⎪⎩
𝔥 ≅ 𝔥2 = (0, 0, 0, 0, 12, 34) for 4𝛿2 > 3,

𝔥 ≅ 𝔥4 = (0, 0, 0, 0, 12, 14 + 23) for 4𝛿2 = 3,

𝔥 ≅ 𝔥5 = (0, 0, 0, 0, 13 + 42, 14 + 23) for 4𝛿2 < 3.

(15)

By [24, Theorem 3.2] these are the only possible six-dimensional nilpotent Lie algebras admitting an SKT structure, up
to isomorphism.
We want to exploit Theorem 5.2 to extend the Lie algebras described above to eight-dimensional solvable SKT Lie alge-

bras. Let 𝔥 be a six-dimensional nilpotent Lie algebra with structure Equations (13) endowed with the SKT structure (14).
Consider the abelian Lie algebra ℝ2 endowed with the standard Hermitian structure and let {𝑈,𝑈′} be a unitary basis of
ℝ2 satisfying 𝑈′ = 𝐽𝑈 with dual basis {𝑢, 𝑢′}. We define the Lie algebra homomorphism 𝜃 ∶ ℝ2 → 𝐷𝑒𝑟(𝔥) as

𝜃(𝑈) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 𝑎 0 0 0 0

−𝑎 0 0 0 0 0

0 0 0 −𝑎 0 0

0 0 𝑎 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
and 𝜃(𝑈′) = 0, with respect to the fixed basis {𝑒1, … , 𝑒6} of 𝔥. One can prove that 𝜃(ℝ2) ⊂ 𝐷𝑒𝑟(𝔥) by direct computation.
Since 𝜃(𝑈) (and trivially 𝜃(𝑈′)) is in 𝔰𝔭(𝔥) ∩ 𝔰𝔬(𝔥) with respect to the diagonal metric ⟨⋅, ⋅⟩𝔥 = ∑6

𝑖=1
(𝑒𝑖)2, Theorem 5.2

applies. Hence, the Lie algebra (𝔤 = 𝔥 ⋊𝜃 ℝ
2, 𝐽, ⟨⋅, ⋅⟩) with ⟨⋅, ⋅⟩ = ∑6

𝑖=1
(𝑒𝑖)2 + 𝑢2 + 𝑢′2 and 𝐽 =

⎛⎜⎜⎝
𝐽𝔥

0 −1

1 0

⎞⎟⎟⎠ is SKT.
In particular, the following families of eight-dimensional decomposable Lie algebras:

𝔰
𝑎,𝛿
1

= (𝑎𝑓27, −𝑎𝑓17, −𝑎𝑓37, 𝑎𝑓47, 2𝛿𝑓34, −2𝑓12, 0, 0), with 𝛿 ≠ 0,

𝔰𝑎
2
= (𝑎𝑓27, −𝑎𝑓17, −𝑎𝑓37, 𝑎𝑓47, 0, −2𝑓12, 0, 0),

𝔰
𝑎,𝛿
3

= (𝑎𝑓27, −𝑎𝑓17, −𝑎𝑓37, 𝑎𝑓47, 𝑓13 − 𝑓24 + 2𝛿𝑓34, 𝑓23 + 𝑓14 − 2𝑓12 − 𝑓34, 0, 0), with 4𝛿2 > 3,

𝔰𝑎
4
= (𝑎𝑓27, −𝑎𝑓17, −𝑎𝑓37, 𝑎𝑓47, 𝑓13 − 𝑓24 +

√
3𝑓34, 𝑓23 + 𝑓14 − 2𝑓12 − 𝑓34, 0, 0),

𝔰
𝑎,𝛿
5 = (𝑎𝑓27, −𝑎𝑓17, −𝑎𝑓37, 𝑎𝑓47, 𝑓13 − 𝑓24 + 2𝛿𝑓34, 𝑓23 + 𝑓14 − 2𝑓12 − 𝑓34, 0, 0), with 4𝛿2 < 3

(16)

are extensions via the homomorphism 𝜃 of the nilpotent Lie algebras listed in Equation (15) and admit an SKT structure.
More precisely, 𝔰𝑎,𝛿

1
, 𝔰

𝑎,𝛿
3

are extensions of 𝔥2 and 𝔰𝑎
2
, 𝔰𝑎

4
, 𝔰

𝑎,𝛿
5 are extensions of 𝔥8, 𝔥4, 𝔥5, respectively. Observe that the

Lie algebras above are nilpotent for 𝑎 = 0 and almost nilpotent otherwise. Examples such that the nilpotent Lie algebra
𝔥 coincides with the nilradical of the extension can be constructed in the same way as above by setting 𝜌 = 𝛾 = 0 in
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BRIENZA and FINO 19

Equation (13) and

𝜃(𝑈) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 𝑎 0 0 0 0

−𝑎 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝜃(𝑈′) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 𝑏 0 0

0 0 −𝑏 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
with 𝑎, 𝑏 ≠ 0. Therefore, the following families of eight-dimensional indecomposable solvable Lie algebras

𝔰
𝑎,𝑏,𝛿
6

= (𝑎𝑓27, −𝑎𝑓17, 𝑏𝑓38, −𝑏𝑓48, 2𝛿𝑓34, −2𝑓12, 0, 0), 𝑎, 𝑏, 𝛿 ≠ 0,

𝔰
𝑎,𝑏
7 = (𝑎𝑓27, −𝑎𝑓17, 𝑏𝑓38, −𝑏𝑓48, 0, −2𝑓12, 0, 0), 𝑎, 𝑏 ≠ 0,

have nilradical 𝔥2 and 𝔥8, respectively, and admit an SKT structure (𝐽, ⟨⋅, ⋅⟩), given by
⟨⋅, ⋅⟩ = 8∑

𝑖=1

(𝑓𝑖)2, 𝐽𝑓1 = 𝑓2, 𝐽𝑓3 = 𝑓4, 𝐽𝑓5 = 𝑓6, 𝐽𝑓7 = 𝑓8.

such that 𝐽𝔥 = 𝔥.We can prove now that (𝔰𝑎,𝑏,𝛿
6

, 𝐽) and (𝔰𝑎,𝑏7 , 𝐽)donot admit any balancedmetric. The proof proceeds in the
same way for both Lie algebras. Assume that there exists a balanced 𝐽-Hermitian metric ⟨⋅, ⋅⟩2. Since (𝔥, 𝐽) admits an SKT
metric, then its center 𝔷(𝔥) is 𝐽-invariant, and so we have the decomposition of the Lie algebra as 𝔷(𝔥)⟂⟨,⟩2 ⊕ 𝔷(𝔥) ⊕ 𝔥⟂⟨,⟩2
with respect to ⟨⋅, ⋅⟩2. We fix an unitary basis {𝑒1, … , 𝑒8} for the metric ⟨⋅, ⋅⟩2, such that {𝑒1, … , 𝑒4} is a unitary basis of
𝔷(𝔥)⟂⟨,⟩2 satisfying 𝐽𝑒2𝑖−1 = 𝑒2𝑖 , {𝑒5, 𝑒6} is a unitary basis of 𝔷(𝔥) satisfying 𝐽𝑒5 = 𝑒6 and {𝑒7, 𝑒8} is a unitary basis of 𝔥⟂⟨,⟩2
satisfying 𝐽𝑒7 = 𝑒8. Since (𝐽, ⟨⋅, ⋅⟩2) is balanced, we have that the Lee form 𝜃, defined as

𝜃(𝑋) =
1

2
⟨ 8∑
𝑖=1

[𝑒𝑖, 𝐽𝑒𝑖], 𝐽𝑋⟩2 = 1

2
⟨ 4∑
𝑖=1

[𝑒𝑖, 𝐽𝑒𝑖], 𝐽𝑋⟩2 + ⟨[𝑒7, 𝑒8], 𝐽𝑋⟩2,
is identically zero. Observe that since 𝔥 is two-step nilpotent,

∑4

𝑖=1
[𝑒𝑖, 𝐽𝑒𝑖] ⊂ 𝔷(𝔥). Let 𝑋 be any vector of 𝔷(𝔥)⟂⟨,⟩2 . Then,

𝜃(𝑋) = ⟨[𝑒7, 𝑒8], 𝐽𝑋⟩2 = 0, implying that [𝑒7, 𝑒8] ∈ 𝔷(𝔥). In terms of the previous basis {𝑓1, … , 𝑓8}, wemaywrite 𝑒7 = 𝜆𝑓7 +

𝜇𝑓8 + 𝑌, with 𝑌 ∈ 𝔥, and 𝑒8 = 𝐽𝑒7 = 𝜆𝑓8 − 𝜇𝑓7 + 𝐽𝑌. Exploiting that [𝑓7, 𝑓8] = 0, we get

[𝑒7, 𝑒8] = [𝑓7, 𝜆𝐽𝑌 + 𝜇𝑌] + [𝑓8, 𝜇𝐽𝑌 − 𝜆𝑌] + [𝑌, 𝐽𝑌] ∈
(
ℑ(𝑎𝑑𝑓7 |𝔥) ⊕ ℑ(𝑎𝑑𝑓8 |𝔥) ⊕ 𝔷(𝔥)

)
∩ 𝔷(𝔥).

Hence, the components of [𝑒7, 𝑒8] alongℑ(𝑎𝑑𝑓7 |𝔥) andℑ(𝑎𝑑𝑓8 |𝔥)must vanish. Moreover, a straightforward computation
shows that this forces 𝜆 = 𝜇 = 0, giving a contradiction.

Example 5.4. Now,we give an example of an eight-dimensional solvable Lie algebrawith codimension 2 nilradical 𝔥 ≅ 𝔥8,
endowed with an SKT structure (𝐽, ⟨⋅, ⋅⟩) such that 𝐽𝔥 ≠ 𝔥.
Consider the eight-dimensional solvable Lie algebra 𝔰8 defined by the structure equations

𝑑𝑒1 = 𝑒23, 𝑑𝑒2 = 𝑒27, 𝑑𝑒3 = −𝑒37, 𝑑𝑒4 = 𝑒57 + 𝑒48,

𝑑𝑒5 = −𝑒47 + 𝑒58, 𝑑𝑒6 = −2𝑒68, 𝑑𝑒7 = 𝑑𝑒8 = 0,

with nilradical {𝑒1, … , 𝑒6} ≅ 𝔥8. We define the Hermitian structure (⟨⋅, ⋅⟩, 𝐽) as
⟨⋅, ⋅⟩ = 8∑

𝑖=1

(𝑒𝑖)2, 𝐽𝑒1 = 𝑒2, 𝐽𝑒3 = 𝑒7, 𝐽𝑒4 = 𝑒5, 𝐽𝑒6 = 𝑒8.
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20 BRIENZA and FINO

Then, 𝐽𝔥 ≠ 𝔥 and the associated fundamental form is

𝜔 = 𝑒1 ∧ 𝑒2 + 𝑒3 ∧ 𝑒7 + 𝑒4 ∧ 𝑒5 + 𝑒6 ∧ 𝑒8.

Since the Bismut torsion 𝑐 = 𝐽𝑑𝜔 = −𝑒123 − 2𝑒456 is closed, the Hermitian structure (𝐽, ⟨⋅, ⋅⟩) is SKT. In Theorem 2.1, we
have proved that when the nilradical 𝔥 is 𝐽-invariant, the Hermitian structure is Chern Ricci flat. It is no longer true
when the nilradical is not 𝐽-invariant, in fact, if one compute the Chern connection of the Lie algebra above, then 𝜂𝐶ℎ =
𝑒3 + 𝑒6 + 𝑒7 and 𝜌𝐶ℎ = −𝑒37 − 2𝑒68 ≠ 0.
Let {𝜑1 ∶= 𝑒1 + 𝑖𝑒2, 𝜑2 ∶= 𝑒3 + 𝑖𝑒7, 𝜑3 ∶= 𝑒4 + 𝑖𝑒5, 𝜑4 ∶= 𝑒6 + 𝑖𝑒8}. An easy computation shows that 𝑑𝜑2 = 𝑖

2
𝜑22. We

use 𝜑2 to prove that (𝔰8, 𝐽) does not admit any balanced metric. Assume by contradiction that there exists a balanced
metric with associated fundamental form 𝜎. Then 𝜑2 ∧ 𝜎3 ≠ 0. The differential 𝑑(𝜑2 ∧ 𝜎3) =

𝑖

2
𝜑22 ∧ 𝜎3 is non-zero, and

so we have a (non-zero) 2𝑛 − 1 form on a unimodular Lie algebra which is not closed. The contradiction follows.

Example 5.5. Consider the solvable Lie algebra 𝔤2𝑛
𝑏,𝑐,𝑐′

, 𝑏, 𝑐, 𝑐′ ∈ ℝ ⧵ {0}, defined for 𝑛 ≥ 3 by the structure equations

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑑𝑒1 = −𝑒1 ∧ 𝑒2𝑛−1,

𝑑𝑒2 =
1

2
𝑒2 ∧ 𝑒2𝑛−1 + 𝑏𝑒3 ∧ 𝑒2𝑛−1 − 𝑐𝑒3 ∧ 𝑒2𝑛,

𝑑𝑒3 = −𝑏𝑒2 ∧ 𝑒2𝑛−1 +
1

2
𝑒3 ∧ 𝑒2𝑛−1 + 𝑐𝑒2 ∧ 𝑒2𝑛,

𝑑𝑒2𝑙 = 𝑐′𝑒2𝑙+1 ∧ 𝑒2𝑛, 𝑑𝑒2𝑙+1 = −𝑐′𝑒2𝑙 ∧ 𝑒2𝑛 for 𝑙 = 2, … , 𝑛 − 2,

𝑑𝑒2𝑛−2 = 0,

𝑑𝑒2𝑛−1 = 0,

𝑑𝑒2𝑛 = 0.

Observe that for 𝑛 = 3, 𝔤6
𝑏,𝑐,𝑐′

≅ 𝔤
−2,0
5.35

⊕ ℝ. If we denote by {𝑒1, … , 𝑒2𝑛} the dual basis, the codimension 2-abelian nilrad-
ical 𝔥 is spanned by {𝑒1, … , 𝑒2𝑛−2}, and 𝔤2𝑛𝑏,𝑐,𝑐′ ≅ (ℝ2𝑛−3 ⋊ ℝ2) × ℝ, where ℝ2𝑛−3,ℝ2 and ℝ are spanned by {𝑒1, … , 𝑒2𝑛−3},
{𝑒2𝑛−1, 𝑒2𝑛} and 𝑒2𝑛−2, respectively. Let us define the bi-Hermitian structure (𝐼±, ⟨⋅, ⋅⟩) as

𝐼±𝑒1 = 𝑒2𝑛−1, 𝐼±𝑒2 = ±𝑒3, 𝐼±𝑒2𝑙 = 𝑒2𝑙+1 for 𝑙 = 2, … , 𝑛 − 2, 𝐼±𝑒2𝑛−2 = 𝑒2𝑛, ⟨⋅, ⋅⟩ = ∑2𝑛

𝑖=1
(𝑒𝑖)2.

It is straightforward to note that 𝐼±𝔥 ≠ 𝔥. The corresponding fundamental forms𝜔± = 𝑒1 ∧ 𝑒2𝑛−1 ± 𝑒2 ∧ 𝑒3 + 𝑒2𝑛−2 ∧ 𝑒2𝑛 +∑2𝑛−1

𝑙=2
𝑒2𝑙 ∧ 𝑒2𝑙+1 satisfy 𝑑𝑐±𝜔± = ± 𝑒1 ∧ 𝑒2 ∧ 𝑒3, and by the structure equations 𝑒1 ∧ 𝑒2 ∧ 𝑒3 is a closed 3-form, that is,

(𝐼±, ⟨⋅, ⋅⟩) is a generalized Kähler structure of split-type, that is, 𝐼± commute. If 𝑛 ≥ 5, then 𝔤2𝑛
𝑏,𝑐,𝑐′

admits also a non-split
generalized Kähler structure. Let the bi-Hermitian structure (𝐼±, ⟨⋅, ⋅⟩) be defined as

⟨⋅, ⋅⟩ = ∑2𝑛

𝑖=1
(𝑒𝑖)2,

𝐼+𝑒1 = 𝑒2𝑛−1, 𝐼+𝑒2 = +𝑒3, 𝐼+𝑒4 = 𝑒5,

𝐼+𝑒6 = −𝑒7, 𝐼+𝑒2𝑙 = 𝑒2𝑙+1 for 𝑙 = 4, … , 𝑛 − 2, 𝐼+𝑒2𝑛−2 = 𝑒2𝑛,

𝐼−𝑒1 = 𝑒2𝑛−1, 𝐼−𝑒2 = −𝑒3, 𝐼−𝑒4 = −𝑒7, 𝐼−𝑒5 = −𝑒6,

𝐼−𝑒2𝑙 = 𝑒2𝑙+1 for 𝑙 = 4, … , 𝑛 − 2, 𝐼−𝑒2𝑛−2 = 𝑒2𝑛.

Since 𝐼+𝐼−𝑒4 = −𝐼+𝑒7 = −𝑒6, and 𝐼−𝐼+𝑒4 = 𝐼−𝑒5 = 𝑒6, the commutator [𝐼+, 𝐼−] ≠ 0.
Let 𝜔± be the fundamental forms associated with (𝐼±, ⟨⋅, ⋅⟩), which are respectively

𝜔+ = 𝑒1 ∧ 𝑒2𝑛−1 + 𝑒2 ∧ 𝑒3 + 𝑒4 ∧ 𝑒5 − 𝑒6 ∧ 𝑒7 + 𝑒2𝑛−2 ∧ 𝑒2𝑛 +
∑2𝑛−1

𝑙=4
𝑒2𝑙 ∧ 𝑒2𝑙+1,

and 𝜔− = 𝑒1 ∧ 𝑒2𝑛−1 + 𝑒2 ∧ 𝑒3 − 𝑒4 ∧ 𝑒7 + 𝑒5 ∧ 𝑒6 + 𝑒2𝑛−2 ∧ 𝑒2𝑛 +
∑2𝑛−1

𝑙=4
𝑒2𝑙 ∧ 𝑒2𝑙+1. Then, as before, 𝑑𝑐±𝜔± = ± 𝑒1 ∧ 𝑒2 ∧

𝑒3, 𝑑(𝑒1 ∧ 𝑒2 ∧ 𝑒3) = 0, implying that (𝐼±, ⟨⋅, ⋅⟩) is a generalized Kähler structure of the non-split type.
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BRIENZA and FINO 21

6 RESULTS ON COMPACT SOLVMANIFOLDS

Using the symmetrization process [8, 19, 41], one can prove that if𝑀 = Γ∖𝐺 is a compact solvmanifold endowed with a
pair of invariant complex structures 𝐽±, then𝑀 admits a generalized Kähler structure (𝐽±, 𝑔), if and only if the Lie algebra
𝔤 of 𝐺 admits a generalized Kähler inner product (𝐽±, ⟨⋅, ⋅⟩). Hence, we may prove the following results:
Theorem 6.1. Let𝑀 = Γ∖𝐺 be a 2𝑛-dimensional solvmanifold and let 𝐽± be invariant complex structures on𝑀. Assume
that the nilradical 𝔥 of the Lie algebra 𝔤 of 𝐺 has codimension 2.

(i) If 𝐽±𝔥 = 𝔥, then (𝑀, 𝐽±) admits a generalized Kähler metric if and only if (𝑀, 𝐽+) admits a Kähler metric.
(ii) Assume that 𝔥 is abelian and the complex structures 𝐽± satisfy 𝐽+𝔥 ≠ 𝔥 and 𝐽−𝔥 = 𝔥. If (𝑀, 𝐽±) admits a generalized

Kähler metric, then (𝑀, 𝐽−) admits also a Kähler metric.

Proof. To prove (𝑖), we observe that the implication from right to left is obvious. Let us prove the other implication. By
the symmetrization process,𝑀 = Γ∖𝐺 admits a generalized Kähler structure (𝐽±, 𝑔) if and only if 𝔤 admits a generalized
Kähler structure (𝐽±, ⟨⋅, ⋅⟩). Then, the result follows by applying Theorem 2.4.
To prove (𝑖𝑖), again by the symmetrization process, there must exists a left invariant generalized Kähler struc-

ture (𝐽±, ⟨⋅, ⋅⟩) on the Lie algebra 𝔤 with 𝐽± satisfying 𝐽+𝔥 ≠ 𝔥 and 𝐽−𝔥 = 𝔥. Then, the statement follows by applying
Proposition 3.2. □

Corollary 6.2. Let𝑀 = Γ∖𝐺 be a 2𝑛-dimensional solvmanifold and let 𝐼± be left invariant complex structures on𝑀. Assume
that the nilradical 𝔥 of the Lie algebra 𝔤 of 𝐺 is abelian and of codimension 2. If (𝑀, 𝐼±) admits a generalized Kähler metric,
then 𝐼±𝔥 ≠ 𝔥.

Now, we exhibit new examples of SKT and generalized Kähler compact solvmanifolds.

Example 6.3. Let 𝔤𝑏
8
be the eight-dimensional solvable Lie algebra constructed in Example 5.1. We prove that for 𝑏 = 2𝜋,

the simply connected Lie group with Lie algebra 𝔤2𝜋
8
admits a compact quotient. Let 𝐺2𝜋

8
be the corresponding connected

and simply connected Lie group with group operation ∗ given by

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎1
𝑎2
𝑎3
𝑎4
𝑎5
𝑎6
𝑎7
𝑎8

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∗

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝑥6
𝑥7
𝑥8

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎1
𝑎2
𝑎3
𝑎4
𝑎5
𝑎6
𝑎7
𝑎8

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

cos(2𝜋𝑎7) − sin(2𝜋𝑎7) 0 0 0 0 0 0

sin(2𝜋𝑎7) cos(2𝜋𝑎7) 0 0 0 0 0 0

0 0 cos(2𝜋𝑎8) − sin(2𝜋𝑎8) 0 0 0 0

0 0 sin(2𝜋𝑎8) cos(2𝜋𝑎8) 0 0 0 0

0 0 0 0 1 0 0 −𝑎7
0 0 0 0 0 1 0 −𝑎7
0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⋅

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝑥6
𝑥7
𝑥8

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

If we consider Γ = {(𝑎1, … , 𝑎8) ∈ 𝐺2𝜋
8

| 𝑎𝑖 ∈ ℤ} ≅ ℤ8, then it is straightforward to note that Γ is a discrete subgroup of 𝐺2𝜋
8

of maximal rank. The corresponding solvmanifold (Γ∖𝐺2𝜋
8
, 𝐽) admits an SKT (non-flat) Chern Ricci flat metric. Note that

(Γ∖𝐺2𝜋
8
, 𝐽) does not admit any balancedmetric. Indeed, if (Γ∖𝐺2𝜋

8
, 𝐽) admits a balancedmetric, then by the symmetrization

process, (𝔤2𝜋
8
, 𝐽) admits a balancedmetric,moreover since the Lie algebra has an abelian ideal of codimension 2, 𝔤2𝜋

8
would

also admit a Kähler metric [13], giving a contradiction.

Example 6.4. Let 𝔰 be any of the Lie algebras listed in Equation (16) (Example 5.3). For 𝑎 = 0, 2𝜋, the corresponding
connected and simply connected Lie groups admit compact quotients.
For𝑎 = 0, the statement is trivial. Indeed, in this case 𝔰 is isomorphic to 𝔥 ⊕ ℝ2.Moreover, since𝔥 is isomorphic to either

𝔥2, 𝔥4, 𝔥5, 𝔥8 depending on the values of 𝜌, 𝛾, 𝛿, we always have that 𝔥 admits a basis with rational structure constants.
For 𝑎 = 2𝜋, since 𝔰 ≅ (𝔥 ⋊𝐴 ℝ⟨𝑋⟩) ⊕ ℝ, wemay restrict to prove that 𝔤 = 𝔥 ⋊𝐴 ℝ⟨𝑋⟩ admits compact quotients for 𝑎 =

2𝜋. In particular, 𝔥 is the nilradical of 𝔥 ⋊𝐴 ℝ⟨𝑋⟩. Let𝐺 = 𝐻 ⋊𝜇 ℝ be the corresponding connected and simply connected
almost nilpotent Lie group.
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22 BRIENZA and FINO

By [10], if there exists 0 ≠ 𝑡1 ∈ ℝ and a rational basis {𝑌1, … , 𝑌6} of 𝔥 such that the coordinate matrix of 𝑑𝑒𝜇(𝑡1) =
exp(𝑡1𝐴) in such a basis is integer, then 𝐺 admits a lattice Γ of the splitting type, that is, Γ = Γ𝐻 ⋊ Γℝ. Let 𝑡1 = 1, then
𝑑𝑒𝜇(1) = exp(𝐴) = 𝐼𝑑6. Hence, 𝑑𝑒𝜇(1) is the identity of 𝔥 and its coordinate matrix is integer for any chosen basis of 𝔥.
In particular, this is true for any rational basis {𝑌1, … , 𝑌6} of 𝔥, which exists by previous observations. Therefore, the
connected and simply connected solvable Lie group 𝐺 × ℝ ≅ 𝐻 ⋊ℂ corresponding to 𝔰 admits a lattice of the splitting
type Γ′ = (Γ𝐻 ⋊ Γℝ) × ℤ = Γ𝐻 ⋊ Γℂ, where Γℂ = Γℝ × ℤ.
We also claim that the solvmanifold Γ′∖𝐻 ⋊ ℂ does not admit any balanced metric. Indeed, one can easily prove that

the complex structure 𝐽 on Γ′∖𝐻 ⋊ ℂ is of splitting type (see [3] for further details). The only non-trivial check is that the
Dolbeault cohomology of (Γ𝐻∖𝐻, 𝐽𝔥) is the left invariant one. However, this follows by [39, Corollary 3.10].
Now, assume by contradiction that (Γ′∖𝐻 ⋊ ℂ, 𝐽) admits a balanced metric. Then by [3, Proposition 2.1], (𝔥, 𝐽𝔥) admits

a balanced metric, and so (𝔥, 𝐽𝔥) admits both an SKT and a balanced metric. By [26], 𝔥 would be abelian, giving
a contradiction.

For the Lie algebras constructed in Example 5.5, we have the following:

Theorem 6.5. Let𝐺2𝑛
𝑏,𝑐,𝑐′

be the connected and simply connected Lie group corresponding to the Lie algebra 𝔤2𝑛
𝑏,𝑐,𝑐′

constructed
in Example 5.5. 𝐺2𝑛

𝑏,𝑐,𝑐′
admits a lattice Γ for some values of 𝑏, 𝑐, 𝑐′ ∈ ℝ ⧵ {0} and, denoted by𝑀 the corresponding compact

solvmanifold,𝑀 admits generalized Kähler structure of split type for 𝑛 ≥ 3 and of non-split type for 𝑛 ≥ 5. Furthermore, we
have that 𝑏1(𝑀) = 3. In particular,𝑀 does not admit any Kähler metric.

Proof. The Lie group 𝐺2𝑛
𝑏,𝑐,𝑐′

underlying the Lie algebra 𝔤2𝑛
𝑏,𝑐,𝑐′

is the semi-direct productℝ2𝑛−2 ⋊𝜙 ℝ
2. In the following, we

will denote by 𝛼 = 𝑡(𝛼1, … , 𝑎2𝑛−2) and (𝑎2𝑛−1, 𝑎2𝑛) the coordinates onℝ2𝑛−2 andℝ2, respectively. The multiplication ∗ is
defined as

⎛⎜⎜⎝
𝛼

𝑎2𝑛−1
𝑎2𝑛

⎞⎟⎟⎠ ∗
⎛⎜⎜⎝

𝑥

𝑥2𝑛−1
𝑥2𝑛

⎞⎟⎟⎠ =
⎛⎜⎜⎝
𝛼 + 𝜙(𝑎2𝑛−1, 𝑎2𝑛) ⋅ 𝑥

𝑎2𝑛−1 + 𝑥2𝑛−1
𝑎2𝑛 + 𝑥2𝑛

⎞⎟⎟⎠
where 𝜙 is the diagonal block matrix

𝜙(𝑎2𝑛−1, 𝑎2𝑛) ⋅ 𝑥 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑒𝑎2𝑛−1 ⋅ 𝑥1

𝑒
−

𝑎2𝑛−1
2 𝑅(𝑐𝑎2𝑛 − 𝑏𝑎2𝑛−1) ⋅

(
𝑥2
𝑥3

)
⋮

𝑅(𝑐′𝑎2𝑛) ⋅

(
𝑥2𝑙
𝑥2𝑙+1

)
⋮

𝑥2𝑛−2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
with

𝑅(𝜃) =

(
cos(𝜃) sin(𝜃)

− sin(𝜃) cos(𝜃)

)
.

Consider the 3 × 3 square matrix

𝐴(𝑎2𝑛−1, 𝑏) =

(
𝑒𝑎2𝑛−1 0

0 𝑒
−

𝑎2𝑛−1
2 ⋅ 𝑅(−𝑏𝑎2𝑛−1)

)
= exp

⎛⎜⎜⎜⎝𝑎2𝑛−1 ⋅
⎛⎜⎜⎜⎝
1 0 0

0 −
1

2
−𝑏

0 𝑏 −
1

2

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠.

By [2] there exist 𝑡0, 𝑏 ∈ ℝ ⧵ {0} such that 𝐴 ∶= 𝐴(𝑡0, 𝑏) is similar to an integer matrix Λ ∈ 𝑆𝐿(3,ℤ) via an invertible
matrix 𝑃 = (𝑝𝑖𝑗), that is, there exists an invertible matrix 𝑃 such that 𝐴𝑃 = 𝑃Λ. It is then easy to observe that for each
𝑛 ∈ ℤ, 𝐴𝑛 = 𝑃Λ𝑛𝑃−1, where by a straightforward computation 𝐴𝑛 = 𝐴(𝑡0𝑛, 𝑏).
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BRIENZA and FINO 23

If we set 𝑏 = 𝑏, 𝑐 = 2𝜋

𝑡0
and 𝑐′ = 𝜋

2𝑡0
, we claim that the discrete set Γ ∶= 𝑃ℤ3 × (ℤ2)𝑛−3 × ℤ × 𝑡0ℤ

2 is a lattice of𝐺2𝑛

𝑏,
2𝜋

𝑡0
,
𝜋

2𝑡0

.

We first observe that for such values of 𝑏, 𝑐, 𝑐′

𝜙(𝑡0𝑛, 𝑡0𝑚) ⋅ 𝑥 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐴𝑛 ⋅

⎛⎜⎜⎝
𝑥1
𝑥2
𝑥3

⎞⎟⎟⎠
⋮

𝑅
(
𝜋

2
⋅ 𝑚

)
⋅

(
𝑥2𝑙
𝑥2𝑙+1

)
⋮

𝑥2𝑛−2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Then, fixed 𝑡(𝑃𝑧, 𝑤1, … ,𝑤𝑛−3, 𝑞, 𝑡0𝑛, 𝑡0𝑚) and 𝑡(𝑃𝑧′, 𝑤′

1
, … ,𝑤′

𝑛−3
, 𝑞′, 𝑡0𝑛

′, 𝑡0𝑚
′) ∈ Γ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑃𝑧

𝑤1

⋮

𝑤𝑛−3

𝑞

𝑡0𝑛

𝑡0𝑚

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
∗

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑃𝑧′

𝑤′
1

⋮

𝑤′
𝑛−3

𝑞

𝑡0𝑛
′

𝑡0𝑚
′

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

−1

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑃(𝑧 − Λ(𝑛−𝑛′) ⋅ 𝑧′)

𝑤1 − 𝑅(
𝜋

2
⋅ (𝑚 −𝑚′))𝑤′

1

⋮

𝑤𝑛−3 − 𝑅(
𝜋

2
⋅ (𝑚 −𝑚′))𝑤′

𝑛−3

𝑞 − 𝑞′

𝑡0(𝑛 − 𝑛′)

𝑡0(𝑚 −𝑚′)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
which is in Γ as Λ𝑟 and 𝑅

(
𝜋

2
⋅ 𝑟
)
are the integer matrix for each 𝑟 ∈ ℤ.

The action induced by Γ on 𝐺2𝑛

𝑏,
2𝜋

𝑡0
,
𝜋

2𝑡0

is generated by

𝛾1(𝑥1, 𝑥2, … , 𝑥2𝑛−2, 𝑥2𝑛−1, 𝑥2𝑛) = (𝑥1 + 𝑝11, 𝑥2 + 𝑝21, 𝑥3 + 𝑝31, 𝑥4, … , 𝑥2𝑛−1, 𝑥2𝑛),

𝛾2(𝑥1, 𝑥2, … , 𝑥2𝑛−2, 𝑥2𝑛−1, 𝑥2𝑛) = (𝑥1 + 𝑝12, 𝑥2 + 𝑝22, 𝑥3 + 𝑝32, 𝑥4, … , 𝑥2𝑛−1, 𝑥2𝑛),

𝛾3(𝑥1, 𝑥2, … , 𝑥2𝑛−2, 𝑥2𝑛−1, 𝑥2𝑛) = (𝑥1 + 𝑝13, 𝑥2 + 𝑝23, 𝑥3 + 𝑝33, 𝑥4, … , 𝑥2𝑛−1, 𝑥2𝑛),

𝛾𝑙(𝑥1, 𝑥2, … , 𝑥2𝑛−2, 𝑥2𝑛−1, 𝑥2𝑛) = (𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑙 + 1, … , 𝑥2𝑛−1, 𝑥2𝑛), 𝑙 = 4, … , 2𝑛 − 2

𝛾2𝑛−1(𝑥1, 𝑥2, … , 𝑥2𝑛−2, 𝑥2𝑛−1, 𝑥2𝑛) = (𝐴 ⋅ (𝑥1, 𝑥2, 𝑥3), 𝑥4, … , 𝑥2𝑛−2, 𝑥2𝑛−1 + 𝑡0, 𝑥2𝑛)

𝛾2𝑛(𝑥1, 𝑥2, … , 𝑥2𝑛−2, 𝑥2𝑛−1, 𝑥2𝑛) = (𝑥1, 𝑥2, 𝑥3, … , 𝑥2𝑗+1, −𝑥2𝑗
⏟⎴⎴⏟⎴⎴⏟

entries 2𝑗 and 2𝑗 + 1

for each 𝑗 = 2,…, 𝑛 − 2

, … , 𝑥2𝑛−2, 𝑥2𝑛−1, 𝑥2𝑛 + 𝑡0).

It is immediate to see that the action is free and properly discontinuous, which implies that Γ is a lattice of 𝐺2𝑛

𝑏,
2𝜋

𝑡0
,
𝜋

2𝑡0

. We

compute now the commutators [𝛾𝑟, 𝛾𝑠] of Γ, for each pair 𝑟, 𝑠 ∈ {1, … , 2𝑛}. The only non-trivial commutators are

[𝛾2𝑛−1, 𝛾𝑖] = 𝛾
Λ1𝑖

1
⋅ 𝛾

Λ2𝑖

2
⋅ 𝛾

Λ3𝑖

3
⋅ 𝛾−1

𝑖
, 𝑖 = 1, … , 3, [𝛾2𝑛, 𝛾2𝑙] = 𝛾−1

2𝑙
⋅ 𝛾−1

2𝑙+1
, 𝑙 = 2, … , 𝑛 − 2,

[𝛾2𝑛, 𝛾2𝑙+1] = 𝛾2𝑙 ⋅ 𝛾
−1
2𝑙+1

, 𝑙 = 2, … , 𝑛 − 2,

where (Λ𝑖𝑗) is the integer matrix described previously. Then, since Γ is two-step solvable, it follows that [Γ, Γ] is a torsion-
free abelian subgroup of Γ of rank 2𝑛 − 3. Therefore, by

rank(Γ) = rank(Γ∕[Γ, Γ]) + rank([Γ, Γ]),

Γ∕[Γ, Γ] = ℤ3 and, accordingly, 𝑏1(𝑀) = 3. □
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24 BRIENZA and FINO

Remark 6.1. Observe that since the group Γ∖𝐺2𝑛

𝑏,
2𝜋

𝑡0
,
𝜋

2𝑡0

is not completely solvable, we cannot apply Hattori’s Theorem [34]

to compute the De Rham cohomology of𝑀.
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