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Abstract

Most of the experimental research conducted to date has provided evidence on the semipermeable membrane behaviour of smectite-
rich clay soils, the extent of which is typically quantified through the reflection coefficient, when the permeant (electrolyte) solution con-
tains a single monovalent or divalent salt. Under such conditions, the osmotic flow of solution is controlled to a great extent by the dif-
ferent accessibility of ions and water molecules to the soil porosity, which is referred to as the chemico-osmotic effect. However,
theoretical simulations of coupled solute and solvent transport suggest that, when two or more cations that diffuse in water at different
rates are present simultaneously in the permeant solution, the electro-osmotic effect, which stems from the condition of null electric cur-
rent density through the porous medium, can be enhanced compared to the case of a single salt to such an extent that it becomes com-
parable to or even greater than the chemico-osmotic effect. An original closed-form analytical solution to the problem of calculating the
diffusion potential, which in turn controls the magnitude of the electro-osmotic effect, is here illustrated, and the relative importance of
the aforementioned contributions to multi-electrolyte systems is examined through the interpretation of laboratory test results from the
literature pertaining to a bentonite amended clay soil in equilibrium with aqueous mixtures of potassium chloride (KCl) and hydrochloric
acid (HCl). The proposed mechanistic model is shown to be able to quantitatively capture the impact of both chemico-osmosis and
electro-osmosis on the measured reflection coefficient of smectite clays, thereby breaking new ground in the experimental and theoretical
research on the osmotic properties of engineered clay barriers in contact with mixed aqueous electrolyte solutions.
� 2022 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Coupled flow phenomena are relevant for a number of
geoenvironmental applications that involve the use of engi-
neered clay barriers (e.g., geosynthetic clay liners and soil-
bentonite mixtures) for the containment of polluted fluids
in the subsoil, and the mechanisms that underlie such phe-
nomena have therefore been the subject of both experimen-
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tal and theoretical research (Manassero and Dominijanni
2003; Mitchell and Soga 2005; Dominijanni et al. 2013;
Medved and Černý 2013; Shackelford 2013; Shackelford
et al. 2019). The coupling between hydraulic, ionic and
electrical fluxes and non-conjugated driving forces through
smectite-rich clay soils, which represent the primary com-
ponents of the aforementioned barriers, results from the
semipermeable membrane behaviour, i.e., the ability to
partially restrict the migration of anions through pores that
are freely accessible to water (H2O) molecules as a conse-
quence of the electrical interactions that occur between
the ions in the pore solution and the negatively charged
smectite minerals. Among coupled flow phenomena, the
term ‘‘osmosis” is used to refer broadly to the movement
Japanese Geotechnical Society.
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of the water that is induced by gradients in the intensive
properties of the bulk solution other than the hydraulic
head (Kemper and Rollins 1966; Groenevelt and Bolt
1969; Mitchell et al. 1973; Fritz 1986; Mitchell 1991;
Yeung and Mitchell 1993; Dominijanni and Manassero
2005, 2012a; Malusis et al. 2012; Musso et al. 2017;
Guarena et al. 2020).

In the absence of an externally applied electric potential
difference, the non-hydraulic component of water move-
ment in porous media, as driven by a gradient in the ionic
concentrations, is commonly referred to as ‘‘chemical
osmosis,” which suggests that the unbalance in osmotic
pressure that occurs between the pore and external bulk
solutions is the only cause of the coupled phenomenon.
Accordingly, the extent to which clay soils exhibit mem-
brane behaviour is quantified through the laboratory mea-
surement of the so-called ‘‘chemico-osmotic efficiency
coefficient,” represented by x, which is expected to range
from zero, for non-semipermeable porous media, to unity
for ideal or perfect semipermeable porous media that pre-
vent all the anions from entering the pores (Malusis and
Shackelford 2002a, 2002b; Yeo et al. 2005; Henning et al.
2006; Evans et al. 2008; Kang and Shackelford 2010,
2011; Mazzieri et al. 2010; Bohnhoff and Shackelford
2013, 2015; Di Emidio et al. 2015; Malusis et al. 2015,
2020; Malusis and Daniyarov 2016; Shackelford et al.
2016; Meier and Shackelford 2017; Sample-Lord and
Shackelford 2018; Fu et al. 2021a, 2021b).

In terms of uncharged porous media, the aforemen-
tioned rationale provides a comprehensive understanding
of the microscale mechanisms that govern osmotically
induced water movement, since the selective restriction of
the solutes can only be attributed to steric hindrance, which
arises when the molecules are larger in size than the mem-
brane pores. However, this interpretation does not explain
several particular features that are observed in flow beha-
viour when an electrically charged porous medium is inter-
posed between electrolyte solutions of different
concentrations (Fujita and Kobatake 1968; Woermann
1968; Sasidhar and Ruckenstein 1982; Hijnen and Smit
1995). One of the most notable phenomena, which requires
considering additional mechanisms beyond chemico-
osmosis to obtain an exhaustive interpretation of the exper-
imental evidence, is the occurrence of the so-called ‘‘nega-
tive anomalous osmosis,” x < 0, whereby the liquid flux
takes place from the more concentrated solution side to
the dilute solution side under isobaric conditions. Negative
anomalous osmosis has repeatedly been observed in labo-
ratory experiments conducted with both synthetic mem-
branes (Abrams and Sollner 1943; Tasaka et al. 1969;
Röttger and Woermann 1993) and with clay soils
(Kemper and Quirk 1972; Elrick et al. 1976; Olsen et al.
1989; Keijzer et al. 1999) in equilibrium with aqueous solu-
tions of a single electrolyte.

Under isothermal conditions, any divergence in the
osmotic behaviour of fine-grained soils, i.e., with respect
to that expected for pure chemico-osmosis, should be
2

related to the build-up of an electro-osmotic effect. As doc-
umented in the geotechnical engineering literature (Eykholt
and Daniel 1994; Mitchell and Soga 2005), because of the
presence of non-equivalent concentrations of cations and
anions within the pore solution, the generation of an elec-
tric potential difference across a clay layer leads to a net
transfer of momentum to the water molecules and to a
resulting liquid flux in the cation migration direction, i.e.,
from the anode to the cathode. In the absence of an exter-
nally applied electric field between the clay boundaries, the
electric potential difference at null volumetric liquid flux,
which is also referred to as the ‘‘diffusion potential,” spon-
taneously develops in response to the different diffusivities
and electrochemical valences of the ionic species, and its
magnitude is such that the condition of a null electric cur-
rent density is satisfied (Helfferich 1962;
Lakshminarayanaiah 1965; Groenevelt and Bolt 1969;
Kemper et al. 1972; Appelo and Wersin 2007). Accord-
ingly, the measured x parameter that results from mem-
brane testing under closed-system conditions (Shackelford
2013) includes both a chemico-osmotic component and a
diffusion induced electro-osmotic one, and the term ‘‘reflec-
tion coefficient” may therefore be regarded as being more
appropriate when referring to the aforementioned phe-
nomenological parameter.

Provided the passage of electrons between the specimen
boundaries is hindered (i.e., non-short-circuited condi-
tions), the available experimental evidence on the semiper-
meable membrane behaviour of smectite clays shows a
relatively limited, if not negligible, contribution of diffusion
induced electro-osmosis, compared to chemico-osmosis,
and the former mechanism has therefore only received lim-
ited attention by geoenvironmental researchers. However,
most membrane tests that have been conducted were car-
ried out on clay specimens in equilibrium with single-salt
solutions and, thus, they did not account for the influence
of the simultaneous presence of three or more different ions
in the pore solution. In view of the relevance of the latter
conditions for the assessment of the field performance of
engineered clay barriers, the objective of this paper is to
present a theoretical framework that allows the osmotic
phenomena in clay soils to be modelled in both three-
ionic systems, for which an exact analytical solution is
derived to calculate the diffusion potential, and in systems
containing an unspecified number of ionic species, which
can be investigated through approximate analytical solu-
tions as already discussed, albeit in a preliminary fashion,
by Guarena et al. (2021a). The ability of the proposed the-
oretical framework to capture the effect of the different
mobilities of the cation species contained in the pore solu-
tion is verified through an interpretation of the results of
the laboratory tests conducted by Tang et al. (2014, 2015).

2. Theoretical framework

Most mechanistic models that have been developed for
the simulation of transport phenomena through fine-
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porous charged membranes rely on the Navier-Stokes
equation to determine the volumetric liquid flux, q, on
the Nernst-Planck equation to determine the molar flux
of the i-th ionic species, Ji, and on the Poisson-
Boltzmann equation to determine the distribution of the
electrostatic potential over the pore cross-section. Two dif-
ferent approaches may be pursued to find a solution to the
nonlinear differential system of equations.

According to the first approach, which has come to be
known as the ‘‘space-charge model,” the aforementioned
set of equations is solved numerically for a specified geom-
etry of the conductive capillaries, without any additional
simplifying assumption (Gross and Osterle 1968; Sasidhar
and Ruckenstein 1982; Hijnen and Smit 1995), or analyti-
cally under further hypotheses about the concentration dis-
tributions of the cations and anions in the diffuse double
layers (DDLs) and the ratio of the DDL thickness to the
pore size (Jacazio et al. 1972; Groenevelt and Elrick
1976; Hijnen et al. 1985; Smit 1989; Yaroshchuk 2011).
Albeit potentially applicable to a large variety of scenarios,
the high computational effort that is required for the
numerical integration of the space-charge model generally
restricts its use to membranes that separate aqueous solu-
tions of a single electrolyte, and the investigation of unu-
sual phenomena that arise in electrolyte mixtures is
therefore difficult to access whenever the actual pore-scale
distribution of the electric potential is simulated.

The second approach, which has come to be known as
the ‘‘uniform-potential model,” dates back to the works
of Schmid (1950) and Schlögl (1955), and it assumes that
the electric potential does not vary over the pore cross-
section, neglecting the dispersive effects that are caused
by the microscale fluctuations of the state variables and
the velocity field. Although the assumption of a uniform
potential profile leads to some errors for high ionic concen-
trations, this does not seriously limit the applicability of
such an approach which, unlike the previous one, allows
fluxes and transport coefficients to be calculated for
multi-ionic systems with relatively little computational
effort (Cwirko and Carbonell 1989). In addition to its ver-
satility, the uniform-potential model does not require any
specification of the microstructure of the porous medium,
provided that it can be considered homogeneous at the rep-
resentative elementary volume scale, and hence this
approach results to be particularly suitable to investigate
the semipermeable properties of membranes with complex
and hierarchical pore structures, such as smectite clays
(Leroy et al. 2006; Revil and Linde 2006; Jougnot et al.
2009; Dominijanni et al. 2013, 2018; Manassero et al.
2018; Manassero 2020; Guarena et al. 2021b; Malusis
et al. 2021).

Under the hypothesis of dilution of the ions dissolved in
the pore solution, the coupling between individual ionic
fluxes can be neglected other than by electromigration
and advection, and the uniform-potential model therefore
yields the following expressions for the macroscopic (i.e.,
upscaled through a volume-averaging technique) Navier-
3

Stokes and Nernst-Planck equations of fully saturated
semipermeable porous media (Dominijanni et al. 2006;
Dominijanni and Manassero 2012b):

q ¼ �ku
d h

�

dx
þ F
cw

XN
i¼1

zic
�
i
du

�

dx

 !
ð1aÞ

J i ¼ qc
�
i � nD�

i

dc
�
i

dx
� nzi

F
RT

D�
i c
�
i
du

�

dx
for i ¼ 1; . . . ;N

ð1bÞ

where ku is the hydraulic conductivity at zero electric

potential gradient, h
�
is the hydraulic head in the pore solu-

tion, x is the coordinate along the macroscopic transport
direction, cw is the water unit weight (9.81 kN/m3), F is
Faraday’s constant (9.6485 � 104 C/mol), N is the total
number of ionic species (N � 2), zi is the electrochemical

valence of the i-th ionic species, c
�
i is the molar concentra-

tion of the i-th ionic species in the pore solution, u
�
is the

electric potential in the pore solution, n is the soil porosity,
D�

i ¼ smD0;i is the effective diffusion coefficient of the i-th
ionic species, sm is the matrix tortuosity factor, which
accounts for the geometry of the pore network accessible
to diffusion, D0,i is the free-solution or aqueous-phase dif-
fusion coefficient of the i-th ionic species, R is the universal
gas constant (8.314 J/mol�K) and T is the absolute
temperature.

The electric potential in the pore solution differs from
the electric potential in the external bulk solution, u, which
is hypothesised to be in thermodynamic equilibrium with
the porous medium at its boundaries. The difference

between u
�
and u is known as the phase-boundary or Don-

nan potential, w
�
, and it can be related to the ratio of the

concentration of the i-th ionic species in the pore solution
to that in the external bulk solution, ci, which is also
referred to as the ionic partition coefficient, Ci, by imposing
the condition of equality between the corresponding elec-
trochemical potentials at the macroscopic scale:

Ci ¼ c
�
i

ci
¼ exp �zi

F
RT

w
�� �

ð2Þ

The Donnan potential can be determined by substitut-
ing Eq. (2) in the following statement of overall electroneu-
trality in the membrane phase:

c
�
sk ¼

XN
i¼1

zic
�
i ð3Þ

where c
�
sk is the fixed charge concentration referred to the

pore volume, which depends on both the surface charge
density carried by the solid skeleton and on the soil fabric
(Dominijanni et al. 2018, 2019a).

The condition of equality between the chemical poten-
tials of the water in the pore and bulk solutions at the
macroscopic scale allows the hydraulic head in the pore
solution to be determined as follows:
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h
�
¼ hþP

�
�P
cw

ð4Þ

where h is the hydraulic head in the external bulk solution,

P
�
¼ RT

PN
i¼1c

�
i is the osmotic pressure in the pore solution

and P ¼ RT
PN

i¼1ci is the osmotic pressure in the external
bulk solution.

As evidenced above, the osmotic pressure is here calcu-
lated through the van’t Hoff (1887) expression, consistently
with the hypothesis of ideal (i.e., infinitely dilute) solutions.
Such a calculation approach has been observed to cause an
error of the estimated osmotic pressure that is no greater
than 7% for lower salt concentrations than 100 mM, com-
pared to the more general expression based on the assess-
ment of the water (H2O) activity of the salt solutions
(Fritz et al. 2020).

An additional relationship is required in the absence of
an external electric field to solve the transport equation set
under non-short-circuited conditions. Indeed, the ionic
fluxes are necessarily such that their sum, expressed in
terms of charge equivalents and corresponding to the elec-
tric current density, I, is equal to zero in order to prevent a
net transfer of the electric charge through the porous
medium and, hence, to preserve the electroneutrality
condition:

I ¼ F
XN
i¼1

ziJ i ¼ 0 ð5Þ
2.1. Physical interpretation of the reflection coefficient of

clays

A physical interpretation of the reflection coefficient of
clays in aqueous solutions of two or more electrolytes
can be obtained by resorting to the outlined mechanistic
model, which has been formulated using the real state vari-

ables in the membrane phase (i.e., h
�
, c
�
i and u

�
) instead of

the virtual state variables in the bulk phase (i.e., h, ci and
u). If the aforementioned phenomenological parameter is
determined via a testing apparatus that allows the hydrau-
lic head difference, or conjugated force, to be measured
across the clay specimen for an applied osmotic pressure
difference, or non-conjugated force, while the volumetric
liquid flux (direct flux) is hindered, the global value of
the reflection coefficient at steady state, xg, is given by
(Van Impe et al. 2003; Malusis et al. 2012):

xg ¼ cwð�hÞss
�P

� �
q¼0;I¼0

ð6Þ

where (Dh)ss and DP are the differences in the steady-state
hydraulic head and in the osmotic pressure of the bulk
solution across the porous medium, respectively.

Because of the null volumetric liquid flux condition
(q = 0), substituting Eq. (4) in Eq. (1a) yields the following
differential relationship:
4

cw
dh
dx

¼ dP
dx

� dP
�

dx
� c

�
skF

du
�

dx
ð7Þ

Integration of Eq. (7) between the specimen boundaries
results in the following physical identification of xg:

xg ¼ 1��P
�

�P

 !
� c

�
skF

�u
�

�P
ð8Þ

where �P
�
and �u

�
are the differences in the osmotic pres-

sure and in the electric potential of the pore solution across
the porous medium, respectively.

Eq. (8) allows the different mechanisms that contribute
to determining the measured reflection coefficient to be
appreciated. The first contribution to xg, which is repre-
sented by the chemico-osmotic component

Xc ¼ 1� �P
�

�P

� �
and is only related to the ionic partition

effect, tends to drive solvent from the dilute solution side
to the concentrated solution side, provided that the electro-
chemical valences of the cation species do not differ. Under
such an assumption, Xc ranges from zero for a porous med-
ium without semipermeable properties to unity for a por-
ous medium that behaves like a perfect anion
exclusionary membrane. While the former asymptotic

behaviour, i.e., Xc ’ 0 as w
�
? 0, is self-evident, as the sup-

pression of the ionic partition effect results in equality

between �P
�
and DP, proof of the latter asymptotic beha-

viour, i.e., Xc ’ 1 as w
�
? �1, can be found by considering

the definition of �P
�
:

�P
�
¼ RT

X
cations

�c
�
i þ

X
anions

�c
�
i

 !
ð9Þ

where �c
�
i is the difference in the pore solution concentra-

tion of the i-th ionic species across the porous medium.

If c
�
sk does not vary over the length of the porous med-

ium, the following relationship can be derived from Eq. (3):X
cations

zi�c
�
i þ

X
anions

zi�c
�
i ¼ 0 ð10Þ

As the clay soil is hypothesised to behave as an ideal
semipermeable membrane, the summations restricted to
anions in both Eqs. (9) and (10) result to be equal to zero,

so that �P
�
is also observed to be annulled when the pore

solution consists of cation species with the same electro-
chemical valences.

The second contribution to xg is represented by the

electro-osmotic component Xe ¼ �c
�
skF

�u
�

�P

� �
and is con-

trolled by the so-called diffusion potential, �u
�
, which

arises to enforce the condition of null electric current den-
sity when the mobilities of the ionic species differ from each

other. Therefore, �u
�
is obtained by substituting Eq. (1b)

in Eq. (5) for q = 0 and integrating between the specimen
boundaries:
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�u
� ¼ �RT

F

Z xT

xB

XN
i¼1

ziD0;iPN
j¼1z

2
j c
�
jD0;j

dc
�
i

dx
dx ð11Þ

where xT and xB are the coordinates of the top and bottom
boundaries of the clay specimen along the macroscopic
transport direction, respectively.

As discussed in detail by Yaroshchuk (1995), further
study of Eq. (11) lets us to conclude that large deviations
in the measured reflection coefficient from theoretical pre-
dictions based on pure chemico-osmosis, up to the limit
cases of positive (xg � 1) and negative (xg � 0) anoma-
lous osmosis, are not likely to be observed if only one
cation species is present in the solution, regardless of
the number of anion species that are produced by the
electrolyte dissociation, as the magnitude of Xe is negligi-
ble. The presence of at least two cation species is neces-
sary to cause such deviations and, when their
electrochemical valences are the same, their aqueous-
phase diffusion coefficients have to differ. In this latter sit-
uation, the contribution of diffusion induced electro-
osmosis to the measured reflection coefficient may be
comparable to or even greater than that associated with
chemico-osmosis.

2.2. Calculation of the diffusion potential

Although an antiderivative of the integrand that appears
in Eq. (11) is easily found for the case of single-electrolyte
solutions (Dominijanni et al. 2019b), the calculation of the
diffusion potential for electrolyte mixtures is not so
straightforward. A general solution that holds for an arbi-
trary number of ionic species was presented by Helfferich
(1962), but the assessment of the diffusion potential by
means of this method is quite cumbersome and time con-
suming. Nevertheless, approximate analytical solutions
can be obtained through the introduction of simplifying
hypotheses, such as the one based on the so-called
‘‘constant-field assumption” (Goldman 1943) which has
been widely adopted to study the electrical properties of
biological tissues and synthetic membranes (e.g., Fatt and
Ginsborg 1958; Chandler and Meves 1965; Walz et al.
1969; Gunn and Curran 1971; Sjodin 1980; Hahn and
Woermann 1996). According to this latter approach, the
Nernst-Planck equation is linearised with respect to the

electric potential gradient, thus it is assumed that u
�
varies

linearly over the length of the porous medium. Substituting
the steady-state molar flux of the i-th ionic species, J ið Þss,
which results from an integration of Eq. (1b) between the
specimen boundaries, in Eq. (5) yields the following impli-
cit solution for the diffusion potential:

XN
i¼1

z2i D0;i
c
�
i;T exp

ziF
RT �u

�� 	� c
�
i;B

exp ziF
RT �u

�� 	� 1
¼ 0 ð12Þ

where c
�
i;T and c

�
i;B are the concentrations of the i-th ionic

species in the pore solution at the top and bottom bound-
aries of the clay specimen, respectively.
5

When the system consists of two 1:1-type electrolytes
with a common anion (e.g., KCl and HCl), the implicit
solution given by Eq. (12) reduces to the following explicit
solution for the diffusion potential:

�u
� ¼ RT

F
� ln D0;1c

�
1;B þ D0;2c

�
2;B þ D0;3c

�
3;T

D0;1c
�
1;T þ D0;2c

�
2;T þ D0;3c

�
3;B

 !
ð13Þ

where the subscripts 1, 2 and 3 refer to the two monovalent
cation species and the single monovalent anion species,
respectively.

Once �u
�
has been calculated, J ið Þss is obtained directly

as follows:

J ið Þss ¼ � nziD�
i F

RT
�u

�

L
c
�
i;T exp

ziF
RT �u

�� 	� c
�
i;B

exp ziF
RT �u

�� 	� 1
ð14Þ

and the concentration profile of the i-th ionic species in the

pore solution, c
�
i xð Þ, is given by:

c
�
i xð Þ ¼ c

�
i;B
1� exp ziF

RT �u
� xT�x

L

� 	
1� exp ziF

RT �u
�� 	 þ c

�
i;T

� 1� exp � ziF
RT �u

� x�xB
L

� 	
1� exp � ziF

RT �u
�� 	 ð15Þ

where L = xT � xB is the length of the porous medium.
Even though the calculation approach based on the

constant-field assumption accounts for the effect that is
related to the nonlinearity in the ionic concentration pro-
files, an error is introduced by the hypothesis of linearity
in the electric potential of the pore solution, thus leading

to an approximate evaluation of �u
�
. As the conditions

under which this hypothesis is acceptable cannot be deter-
mined in advance, an original closed-form analytical solu-

tion to the problem of calculating �u
�
, without any

mathematical approximation, is illustrated hereafter. The
following discussion is restricted to steady-state and null
volumetric liquid flux conditions, in the presence of two
monovalent cations and a single monovalent anion, but
the solution can readily be extended to systems containing
three ionic species with any electrochemical valences.

Combining the Nernst-Planck equations for the ionic
molar fluxes, Ji (Eq. (1b)), at q = 0 with the conditions of
electroneutrality in the pore solution (Eq. (3)) and null elec-
tric current density (Eq. (5)) allows the gradient in the elec-
tric potential of the membrane phase to be eliminated, as
well as the flux and concentration of one of the two cations:

J 1 ¼ �nsm D1
1

dc
�
1

dx
þ D3

1

dc
�
3

dx

� �
ð16aÞ

J 3 ¼ �nsm D1
3

dc
�
1

dx
þ D3

3

dc
�
3

dx

� �
ð16bÞ

where

D1
1 ¼ D0;1 1þ c

�
1

D0;2 � D0;1

W

� �
ð17aÞ
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D3
1 ¼ D0;1c

�
1

D0;3 � D0;2

W
ð17bÞ

D1
3 ¼ D0;3c

�
3

D0;1 � D0;2

W
ð17cÞ

D3
3 ¼ D0;3 1þ c

�
3

D0;2 � D0;3

W

� �
ð17dÞ

W ¼ c
�
1 D0;1 � D0;2ð Þ þ c

�
3 D0;2 þ D0;3ð Þ þ D0;2c

�
sk ð17eÞ

The (J3)ss to (J1)ss ratio at steady state is noticed to be
invariant with respect to the position within the porous
medium:

r ¼ J 3ð ÞssD0;1

J 1ð ÞssD0;3

ð18Þ

where the dimensionless r parameter does not depend on
the x-coordinate.

Substituting Eqs. (16a) and (16b) in Eq. (18) and collect-
ing terms yields the following differential relationship:

dc
�
3

dc
�
1

¼ aþ bc
�
3

cþ dc
�
1 þ ec

�
3

ð19Þ

where

a ¼ rD0;2c
�
sk ð20aÞ

b ¼ D0;2 � D0;1ð Þ þ r D0;2 þ D0;3ð Þ ð20bÞ
c ¼ D0;2c

�
sk ð20cÞ

d ¼ D0;1 � D0;2ð Þ þ r D0;2 � D0;3ð Þ ð20dÞ
e ¼ 2D0;2 ð20eÞ

When the terms a and c are equal to zero, i.e., when the
porous medium does not exhibit semipermeable properties,
Eq. (19) reduces to the same one originally derived by Gose
(1963) with a view to studying the diffusion of mixed elec-
trolytes in the absence of ionic partition mechanisms. As
such, the solution derived by Gose (1963) can be inter-
preted as a particular case of the more general solution pro-
posed here, which is suitable to account for the electrical
phenomena that are ascribed to the fixed negative charge
of the solid skeleton.

Eq. (19) can be integrated between the boundaries of the
clay layer through the method of the separation of
variables:

c
�
3;T � g

c
�
3;B � g

¼
eþ d� bð Þ c

�
1;T�#

c
�
3;T�g

eþ d� bð Þ c
�
1;B�#

c
�
3;B�g

2
4

3
5

b
d�b

ð21Þ

where

g ¼ � a
b

ð22aÞ

# ¼ ae� cb
bd

ð22bÞ

The nonlinear equation given by Eq. (21), which gener-
ally admits multiple solutions, has to be solved for r by trial
and error. As the solution of interest is the physically
6

acceptable one, a guess (approximate) r0 value to start the
iterative procedure can be obtained according to the
constant-field assumption, thus substituting Eqs. (13) and
(14) in Eq. (18):

r0 ¼ D0;1 c
�
1;T c

�
3;T � c

�
1;Bc

�
3;B

� 	þ D0;2 c
�
2;T c

�
3;T � c

�
2;Bc

�
3;B

� 	
D0;2 c

�
1;T c

�
2;B � c

�
1;Bc

�
2;T

� 	þ D0;3 c
�
1;T c

�
3;T � c

�
1;Bc

�
3;B

� 	 ð23Þ

Once the r parameter has been determined for the given
boundary conditions, the diffusion potential is obtained
according to the following derivation. First, the Nernst-
Planck equation is rewritten in a more concise form:

J i ¼ �nsmD0;i exp �zi
F
RT

u
�

� �

� d
dx

c
�
i exp zi

F
RT

u
�

� �� �
ð24Þ

The condition of null electric current density, if com-
bined with the definition of r given by Eq. (18), allows
(J1)ss and (J2)ss to be related to each other:

J 2ð Þss ¼ J 1ð Þss r
D0;3

D0;1

� 1

� �
ð25Þ

Finally, substituting Eq. (24) in Eq. (25) yields the fol-
lowing differential relationship:

d c
�
2 exp

F
RT u

�� 	
 �
d c

�
1 exp

F
RT u

�� 	
 � ¼ D0;1

D0;2

r
D0;3

D0;1

� 1

� �
ð26Þ

which can be integrated between the boundaries of the clay
layer to obtain an analytical expression for the diffusion
potential:

�u
� ¼ RT

F
� ln

D0;2c
�
2;B � D0;1 r D0;3

D0;1
� 1

� �
c
�
1;B

D0;2c
�
2;T � D0;1 r D0;3

D0;1
� 1

� �
c
�
1;T

2
4

3
5 ð27Þ
3. Interpretation of the Tang et al. (2014, 2015) experimental

data

The results obtained by Tang et al. (2014, 2015) on a
bentonite amended compacted clay have here been inter-
preted to provide insight into the fundamental mechanisms
that are responsible for the coupling between the fluxes of
water and charged solutes through fine-grained soils, focus-
ing on the relative contribution of such mechanisms to the
laboratory-scale determination of the reflection coefficient
in both single and multi-electrolyte systems.

Tang et al. (2014) performed a multi-stage membrane
test on a soil specimen that was obtained by mixing a
locally available natural clay, known as Fukakusa clay,
with 5% powdered sodium bentonite (by dry weight). After
being compacted inside a rigid wall cell with a water con-
tent close to the optimum value of 23.2%, and then being
saturated by immersion in deaerated deionised water
(DW) and flushed to remove the soluble salts from the pore
solution, the bentonite amended clay was tested by circu-



Fig. 1. Global reflection coefficient, xg, obtained from the multi-stage
membrane test performed by Tang et al. (2014) under pH neutral
conditions (pH = 7.0) at the top specimen boundary (open grey symbols),
and the theoretical interpretation based on c

�
sk = 5 mM (continuous line).

The chemico-osmotic, Xc, and electro-osmotic, Xe, contributions to xg are
highlighted with short-dashed and long-dashed lines, respectively.
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lating DW through the bottom porous stone, while sequen-
tially injecting aqueous solutions with potassium chloride
(KCl) concentrations of 0.5, 1, 5, 10 and 50 mM into the
top porous stone under a null volumetric liquid flux condi-
tion. Achievement of the latter condition was guaranteed
thanks to the use of a closed circulation loop, whereby
the flow rates of the solution injected into and withdrawn
from the top porous stone were imposed equal to each
other.

The steady-state xg values, which are reported in
Table 1 and plotted in Fig. 1 as a function of the source
KCl concentration at the top specimen boundary, cKCl,T,
have been interpreted, via the theoretical model described
in the previous section, for a value of the fixed charge

concentration, c
�
sk, equal to 5 mM. This value of c

�
sk,

which allows the observed decrease in the reflection coef-
ficient with increasing KCl concentration to be accurately
simulated apart from the isolated case of the xg value
measured at cKCl,T = 1 mM, is consistent with the one
obtained by Dominijanni et al. (2018) for an unmixed

pure sodium bentonite (c
�
sk 	 30 mM), given that the

lower bentonite content of the specimen tested by Tang
et al. (2014) is expected to result in a lower value of the
fixed charge concentration. In the presence of a single
electrolyte that dissociates into monovalent ionic species
with similar diffusivities (D0,K = 1.96�10�9 m2/s,
D0,Cl = 2.03�10�9 m2/s), the osmotic behaviour is shown
to be dominated by chemico-osmosis, as the diffusion
potential that is necessary to suppress the electric current
density is negligible.

Tang et al. (2015) repeated the above multi-stage mem-
brane test adding hydrochloric acid (HCl) to the aqueous
solution circulating through the top porous stone in order
to maintain a pH of 4, while leaving all the other testing
conditions unchanged. The steady-state xg values, which
are reported in Table 1, differ slightly from those deter-
mined by Tang et al. (2015), who did not account for the
contribution of HCl in the calculation of the osmotic pres-
sure difference across the clay specimen.
Table 1
Results of the multi-stage membrane tests performed by Tang et al. (2014, 20

pH at the top specimen boundary cKCl;T cHCl;T

(mM) (mM)

7.0 0.5 0
1 0
5 0
10 0
50 0

4.0 1 0.1
5 0.1
10 0.1
50 0.1

Note: cKCl,T and cKCl,B, KCl concentrations of the solutions injected into t
concentrations of the solutions injected into the top and bottom porous stones,
of the bulk solution across the specimen; DP, difference in the osmotic pressur
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As shown in Fig. 2, while the addition of HCl did not
cause any appreciable variation in the osmotic behaviour
for the highest source KCl concentration (cKCl,T =
50 mM), a decrease in xg, i.e., with respect to the pH neu-
tral conditions, occurred for the low-to-medium source
KCl concentrations. Tang et al. (2015) explained such a
detrimental effect on the membrane behaviour as being
due to a partial dissolution of the bentonite crystalline
structure under acidic conditions, which in turn resulted
in larger void spaces and a reduced influence of the diffuse
double layers. Although the aforementioned process can-
not be excluded, calculations based on the evidence pre-
sented by Amram and Ganor (2005) have demonstrated
that, even when a uniform pH profile equal to 4 is assumed
across the specimen, the bentonite mass loss resulting from
15) on bentonite amended compacted clay.

cKCl;B cHCl;B �hð Þss �P xg

(mM) (mM) (m) (kPa) (–)

0 0 0.218 2.42 0.885
0 0 0.287 4.84 0.583
0 0 0.950 24.18 0.385
0 0 0.985 48.35 0.200
0 0 1.003 241.77 0.041

0 0 0.297 5.40 0.539
0 0 0.846 25.02 0.332
0 0 0.863 49.54 0.171
0 0 0.907 245.75 0.036

he top and bottom porous stones, respectively; cHCl,T and cHCl,B, HCl
respectively; (Dh)ss, difference in the measured steady-state hydraulic head
e of the bulk solution across the specimen; xg, global reflection coefficient.



Fig. 2. Global reflection coefficient, xg, obtained from the multi-stage
membrane test performed by Tang et al. (2015) under acidic conditions
(pH = 4.0) at the top specimen boundary (open black symbols), and the
theoretical interpretation based on c

�
sk = 5 mM (continuous line). The

chemico-osmotic, Xc, and electro-osmotic, Xe, contributions to xg are
highlighted with short-dashed and long-dashed lines, respectively.

Fig. 3. Calculated diffusion potential, �u
�
, for the boundary electrolyte

concentrations of the multi-stage membrane test performed by Tang et al.
(2015) under acidic conditions (pH = 4.0): comparison between the exact
analytical solution derived in this study and the approximate solution
based on the constant-field assumption.
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this pH is probably only about 0.1% relative to the initial
mass of the bentonite, thus producing a negligible impact
on the macroscopic semipermeable properties. This
conclusion is consistent with that of Shackelford (1994),
who reported on the basis of the literature that clay disso-
lution is not likely until the pH decreases to below a value
of about 2.

A physically sound interpretation of the observed phe-
nomenon, presented in Fig. 2, which allows the dependence
of the reflection coefficient on cKCl,T to be simulated as
accurately as in the case of single-salt testing solutions,
has been achieved for the diffusion potential calculated
through Eq. (27) and the same value of the fixed charge
concentration calibrated with respect to the pH neutral

conditions (c
�
sk = 5 mM). Such an interpretation, which

requires the use of the actual (measured) values of KCl
and HCl concentrations at the bottom specimen boundary
(cKCl,B = 4�10�4 mM, cHCl,B = 6�10�5 mM) to prevent
unreliable predictions of the electro-osmotic effect from
being obtained for the lowest source KCl concentration
(cKCl,T = 1 mM), suggests that diffusion induced electro-
osmosis, which arises from the different mobilities of H+

and K+ ions in aqueous solution (D0,H = 9.31�10�9 m2/s),
should be regarded as being responsible for the measured
decrease in the reflection coefficient. The proposed inter-
pretation thus explains, from a mechanistic viewpoint,
the observed deviations in the osmotic behaviour from
pure chemico-osmosis, without the need to postulate the
existence of unproven contributions such as, for instance,
the so-called ‘‘diffusion-osmosis” invoked by Olsen et al.
(1990), who assumed that solutes diffusing in response to
their concentration gradients are able to impose a net
transfer of momentum to the water molecules.
8

As can also be noted from Fig. 2, while the case of
pure chemico-osmosis is correlated with a single inflection
point in the curve that depicts the dependence of the
reflection coefficient on cKCl,T, the build-up of diffusion
induced electro-osmosis results in multiple inflection
points. This latter peculiar behaviour can be ascribed to
the initial increase in the relative contribution of electro-
osmosis upon an increase in cKCl,T, as can be expected
considering the increase in the availability of K+ ions at
the top specimen boundary and, hence, the possibility
for H+ and K+ ions to diffuse against each other when
the behaviour of the porous medium approaches that of
a perfect anion exclusionary membrane (Shackelford
and Daniel 1991). However, a further increase in cKCl,T

is detrimental to the semipermeable properties of the por-
ous medium and, in a similar way to chemico-osmosis,
causes a gradual decrease in the extent of electro-
osmosis, which eventually vanishes when the ionic parti-
tion effect is suppressed. The superposition of the afore-
mentioned pore-scale phenomena should therefore be
regarded as being responsible for the bell-shaped curve
of the electro-osmotic component.

The magnitude of the error of �u
�
associated with the

use of the approximate solution, given by Eq. (13), in lieu
of the exact one, has been quantified and evidenced to be
negligible for the testing conditions considered by Tang
et al. (2015) when the source KCl concentration is suffi-
ciently low, as shown in Figs. 3 and 4. However, the error
has been noticed to increase upon an increase in the source
KCl concentration of up to 38% at cKCl,T = 50 mM, thus
suggesting caution should be exercised in the use of the
Goldman (1943) equation for the calculation of the diffu-
sion potential across clay liners.

Finally, with the purpose of further elucidating the
pore-scale phenomena underlying the build-up of diffusion



Fig. 4. Percent error in the diffusion potential calculated using the
approximate solution, �u

�
approx, relative to that calculated using the exact

analytical solution, �u
�
exact, for the boundary electrolyte concentrations of

the multi-stage membrane test performed by Tang et al. (2015) under
acidic conditions (pH = 4.0).
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induced electro-osmosis, the ionic concentration profiles
in the pore solution have been calculated according to
Eq. (15), with reference to the first stage of the membrane
Fig. 5. Ionic concentration profiles in the pore solution calculated for the
cKCl,T = 1 mM and cHCl,T = 0.1 mM: (a) hydrogen (H+) ions; (b) potassium (K

9

test performed by Tang et al. (2015), since the constant-
field assumption is certainly acceptable at cKCl,T = 1 mM
and cHCl,T = 0.1 mM. On the basis of the aforementioned
concentration profiles, which are presented in Fig. 5, and
the Nernst-Planck equation for electrically charged por-
ous media, which is given by Eq. (1b), the addition of
HCl to the solution circulating through the top specimen
boundary is found to result in the upward diffusion of H+

ions from the bottom to the top porous stone, i.e., in the
opposite direction to that of K+ ions, with the system
approaching a condition of pure counter-diffusion due
to the low permeability of the clay specimen to Cl� ions.
If any other driving force were not superimposed onto the
ionic concentration gradients, a surplus of positive and
negative electric charge would be accumulated at the
top and bottom boundaries, respectively, as a result of
purely diffusive transport. A positive diffusion potential,
with the cathode corresponding to the bottom specimen
boundary and the anode to the top specimen boundary,
is thus generated to ‘‘speed up” the slower K+ ions and
‘‘slow down” the faster H+ ions, thereby preventing any
charge unbalance from occurring. Such an electrically dri-
ven migration of cations towards the cathode is responsi-
ble for a net transfer of momentum to the water
first stage of the membrane test performed by Tang et al. (2015) at
+) ions; (c) chloride (Cl�) ions.
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molecules in the direction of the more negative potential
and, on account of the q = 0 condition, for the build-up
of an electro-osmotic contribution to the measured
hydraulic head difference, (Dh)ss.

4. Conclusions

On the basis of a physically sound theoretical frame-
work, which allows the macroscopic effect of the electri-
cal interactions that occur at the pore scale to be
modelled, the non-hydraulic component of the volumet-
ric liquid flux through active clays, as driven by a gradi-
ent in the ionic concentrations, has been shown to be
dominated by chemico-osmosis whenever the permeant
solution contains a single electrolyte. However, the same
mechanistic model has also suggested that large devia-
tions from pure chemico-osmosis may be observed in
aqueous solutions of mixed electrolytes, due to the
increasing influence of an electro-osmotic effect that is
caused by the different diffusivities of the cations dis-
solved in the pore solution.

An exact analytical solution to the problem of calcu-
lating the diffusion potential, which in turn controls the
magnitude of the aforementioned electro-osmotic effect,
has been derived to allow the osmotic phenomena in
three-ionic systems to be quantitatively analysed, in this
way overcoming the limitations entailed by the
constant-field assumption. The relative importance of
chemico-osmosis and diffusion induced electro-osmosis
has been investigated through the theoretical interpreta-
tion of the experimental results of Tang et al. (2014,
2015), which refer to a bentonite amended compacted
clay permeated with aqueous mixtures of KCl and
HCl.

Further research, aimed at studying the significance of
diffusion induced electro-osmosis in engineered clay barri-
ers used for chemical containment purposes, is recom-
mended. Besides the need for an experimental
investigation on the conditions under which anomalous
values of the reflection coefficient (i.e., xg values outside
the 0 to 1 range) are predicted, the possibility of mod-
elling transient-state conditions through an extension of
the proposed theoretical framework should be explored,
with the aim of assessing whether cation exchange phe-
nomena are correlated with the build-up of an appreciable
electro-osmotic effect, even when clay specimens are tested
in contact with single-salt aqueous solutions. Finally, the
rationality of the hypothesis of a null volumetric liquid
flux through the clay layer, although appropriate for the
theoretical interpretation of the xg values resulting from
membrane testing under closed-system conditions, needs
to be critically evaluated for the case of open-system con-
ditions. The latter conditions, which may be representa-
tive of actual field scenarios, are associated with the
development of a streaming potential, whose magnitude,
relative to the diffusion potential, should be quantified
accordingly.
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