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DOES DC IMPLY AC,. UNIFORMLY?

ALESSANDRO ANDRETTA"® AND LORENZO NOTARO

Abstract. The axiom of dependent choice (DC) and the axiom of countable choice (AC,,) are two
weak forms of the axiom of choice that can be stated for a specific set: DC(X) asserts that any total binary
relation on X has an infinite chain, while AC,, (X') asserts that any countable collection of nonempty subsets
of X has a choice function. It is well-known that DC = AC,,. We study for which sets and under which
hypotheses DC(X) = AC,(X), and then we show it is consistent with ZF that there is a set 4 C R for
which DC(4) holds, but AC,,(A4) fails.

§1. Introduction. The axiom of choice (AC) is the statement VX AC(X ), where
X#0=3f: P(X) 5 XVACX(A#0= F(4) € A). (AC(X))

The function f is a choice function for X. Observe that AC(X) if and only if “X can
be well-ordered”.
By restricting the choice function we have that AC(X) = AC;(X), where

For any sequence (A4;);c; of nonempty subsets of X there is
(ai)iel such that Vi € I (Cl,' S A,) (AC](X))

Of particular interest is the case when I = w: the axiom of countable choice (AC,,)
is VX AC,,(X). (In the literature CC is another name for this axiom.)
Let R be a binary relation on a set X.

e An R-chain is a sequence (x,) e Of elements of X such that x; R x; . for all
i € w. The element X is the starting point of the chain.
e An R-cycle is a finite string xq. ..., x,, of elements of X such that x; R x; for
alli < nand x, R xg.
e Ristotalon X if Yx € Xy € X x R y.
Any R-cycle yields an R-chain.
The axiom of dependent choice (DC) is VX DC(X ), where

For any nonempty. total R C X there is (x,) e, such that Vn € o (x, R x,11) .
(DC(X))

The axioms DC and AC,, are ubiquitous in set theory and figure prominently in
many areas of mathematics, including analysis and topology. They are probably the
most popular weak forms of the axiom of choice, since they are powerful enough to
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DOES DC IMPLY AC,,, UNIFORMLY? 1539

enable standard mathematical constructions, yet they are weak enough to avoid the
pathologies given by AC.

It is well-known that DC = AC,, (Theorem 2.4), so one may ask if this result
holds uniformly, that is: does DC(X) = AC,,(X) for all X? This implication holds
for many X's, but in order to prove it in general, AC,, (R) must be assumed (Theorem
2.8). In Section 4, we will show that the assumption AC,, (R) cannot be dropped, as
it is consistent with ZF that there is a set 4 C R for which DC(A) holds, but AC,,(4)
fails (Theorem 4.1). In Section 5, we discuss some complementary results along with

the question on the definability of the set constructed in Section 4.

1.1. Notation. Our notation is standard(see, e.g., [3]). We write X 3 Y to say
that there is an injection from X into Y, and X =~ Y to say that X and Y are
in bijection. Ordered pairs are denoted by (a. b), finite sequences are denoted by
{ag, ..., a,) or by (ay, ..., a,), countable sequences are denoted by (a, | n € w) or by
(an)new- The concatenation of a finite sequence s with a finite/countable sequence ¢
is the finite/countable sequence s "¢ obtained by listing all elements of s and then all
elements of 7. The set of all finite (countable) sequences from X is <“ X (respectively:
@ X'). The collection of all finite subsets of a set X is [X]<¢.

If Y is a subset of a topological space X, then CI(Y) is its closure, and Cl4(Y) :=
CI(Y) N A is the closure of Y N 4 with respect to 4 C X.

Following set-theoretic practice, we refer to members of “w or £ (w) as “reals”,
and we identify R with the Baire space “w or with the Cantor space 2. depending
on what is most convenient for the argument at hand.

§2. Basic constructions. For the reader’s convenience, let us recall a few notions
and results that will be used throughout the paper.

A set X is finite if X ~ n for some n € w; otherwise it is infinite. A set X is
Dedekind-infinite if o 2 X; otherwise it is Dedekind-finite or simply D-finite. Every
finite set is D-finite, and assuming AC,, the converse holds.

It is consistent with ZF that infinite D-finite sets exist (see Section 3.1). By [6]. it
is even consistent that every set is the surjective image of a D-finite set.

Let R be a binary relation. With abuse of notation, we write

R(x):={y| xRy}
for the set of all ys that are related to x, and
RiA:=RnN(4AxA)
for the restriction of R to the set A. The transitive closure of R
R = {(x,») | 3(¥o. . 3a) (x Ryo Ry1 R .. Ry, R y)}
is the smallest transitive relation containing R.
The next few results are folklore.
PrOPOSITION 2.1. Let X be a set.

(a) If Y is the surjective image of X, then DC(X) = DC(Y).
(b) DC(X) is equivalent to the seemingly stronger statement. For any total
R C X x X and for any a € X, there is an R-chain starting from a.
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1540 ALESSANDRO ANDRETTA AND LORENZO NOTARO

(c) If0#£ A, C X and A, N A,, = 0, then DC(X) implies that there is a choice
Sfunction for the A,,’s.
(d) DC(X x w) = AC,(X).

ProoF. (a) Assume DC(X) and let R be a total relationon Y andlet F: X — Y
be a surjection. The relation S = {(x,x’) € X? | (F(x). F(x')) € R} is total on X,
so by assumption there is an S-chain (x,),ce. Then (F(x,)),ce is an R-chain.

(b) Suppose R C X2 is total and let a € X. Observe that S = R[R"(a) is total
on R*(a). By part (a) DC(R*(a)) holds, hence there is an S-chain (y,),ece. Let
(x0. ..., Xx41) witness that yo € R*(a). i.e., xo = a, x;41 = yo and x; R x; for all
i < k:then (xo.....x;)" (Ju)necw is an R-chain starting from a.

(c) Let R be the relation on | J, A, C X defined by

XRyedncw (xed, Ny € Ayp).

By part (a) DC(lJ, 4,) holds, hence by part (b) there is an R-chain (a,),c., in
\U, 4, starting from any ay € A4,. Observe that any R-chain (a,),c., With ag € Ay is
such that a, € A4, foralln € w.

(d) Given ) # 4, C X.let A, = A, x {n} C X x w. By hypothesis and part (c).
there is a sequence (g, n),c., such that (a,.n) € A, hence a, € A,. 4

The gist of part (c) of Proposition 2.1 is that we can use dependent choice rather
than countable choice whenever the sets we choose from are disjoint. Here is an
example of such an application.

LEMMA 2.2. Suppose X is a first countable T\ space and a € CI(A) \ A where
A C X. Assume DC(A) holds. Then there are distinct a, € A such that a, — a. In
particular o 3 A.

ProoF. Let{U, | n € w} beaneighborhood base for a, with U,,.; C U, forevery
n. Given that X is T, we can assume, by passing to a subsequence if needed, that
A, = (U, \ Uyy1) N A is nonempty for every n. Since the 4,s are pairwise disjoint
and nonempty, by Proposition 2.1(c) there is a sequence of (a,),c., of distinct
elements of 4 such that a, € A4, for every n. =

LemMA 2.3. Let X be a set.

(@A) ¥ x223X=>XxwiX.
(b) If X # 0, then <*(<°X) 2 <®X 50 <X x 2 3 <X
() VXY (X CYA<CY X Y).

Proor. (a) If fo. f1: X — X are injections with ran(fo) Nran(f1) = @, then
define an injection F: X X @ — X as follows:

F(x.0) = fo(x). F(x.n+1)= f1o--0 frofo(x).
n+1 times

(b) If X is a singleton, then <” X =~ w, and the result follows at once. If X has at
least two elements, the result follows from [1, Proposition 2.1].
(c) Given X take Y = V; with sufficiently large limit /. o
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From Lemma 2.3 and Proposition 2.1(d) we obtain at once:

TaeorREM 2.4.  (a) If X x2 3 X, then DC(X)= AC,(X). In particular:
DC(R) = AC, (R).

(b) YX 3Y (X C ¥ A (DC(Y) = AC,(Y)).

(c) DC = AC,,.

LemMa 2.5.  (a) Let A C R. Then AC,,(A) = A is separable.

(b) AC,(R) < VA C R (A is separable).

(c) Suppose A C R contains a nonempty perfect set, and assume DC(A). Then
DC(R) holds, and hence AC,,(A) holds.

PRrROOF. As A is second countable, part (a) of Lemma 2.5 follows.

(b) The direction (=) is a direct consequence of part (a). For the other direction,
fix a sequence (A4,),ec, of nonempty subsets of “ and consider the set 4 = {(n)"x |
n € wand x € 4,}. From an enumeration of a dense subset of 4 (which exists by
assumption), we can extract a choice function for (A4, ),ce.

(c) If P C A is perfect, then P ~ R, and since 4 surjects onto P, then DC(R)
holds, and hence AC,,(R) holds. H

Note that the implication in part (a) of Lemma 2.5 cannot be reversed: if 4 C R
is a witness of the failure of countable choice, then the same is true of the separable
set AU Q.

2.1. AC,(X) follows from DC(X) together with AC,, (R). Let us start with the
following combinatorial result that might be of independent interest. It is stated

for families of sets indexed by an arbitrary set 7, but when I = w the assumption
AC; (P (I)) becomes AC,, (R).

LeMMA 2.6. Let (X;)ic; be nonempty sets, and assume AC; (P (I)). Then there are
(Yi)ier such that Q) # Y; C X; and for all i, j € I either Y; = Y, orelse Y; N Y; = (.

Proor. Let F: {J, o, Xi = PU). Fx)={iel|xeX;} and let
A; ={a eran(F) | i € a}. Observe that forall x € | J,., X; and alli € I

x e X, e F(x) € A4,. (1)

In particular, § # A; C P(I) for all i € I. By AC;(£(I)) pick a; € A;, and let
Y; = F'({a;}) € U;¢; Xi- Then

YVi={x|F(x)=a}={x|{j|xe€X;} =a}.

and since i € a;, then Y; C X;. The sets Y; need not be distinct as the a;s need not
be distinct, butif a; # a;. then ¥Y; N Y; = 0. .

By (1) if the X;s are finite, then so are the A;s. If, moreover, #(I) is linearly
orderable (e.g., when I is well-orderable), then the a@;s can be chosen without
appealing to any choice axiom. Therefore:

COROLLARY 2.7. If P (I) is linearly orderable and (X;);cy are finite, nonempty sets,
thenthereare) # Y; C X; such that foralli, j € I either Y; = Y;orelse Y; NY; = .

THEOREM 2.8. Assume AC,,(R), then VX (DC(X) = AC,(X)).
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1542 ALESSANDRO ANDRETTA AND LORENZO NOTARO

PrOOF. Assume DC(X) and let ) # X, C X for n € w. By Lemma 2.6, there are
() # Y, C X, such that for all n,m € w either Y, = Y,, orelse ¥, N Y,, = (. Let
I Cwbesuchthat {Y; |i €I} ={Y,|necw}and ¥;NY; =0 for every distinct
i,j €I.1If we can find y; € Y; for all i € I, then we can extend this to a choice
sequence y, € Y, C X, for all n € w as required. If I is finite, then the y;s can be
found without any appeal to choice. If [ is infinite, then / =~ » so we can find the
yis by Proposition 2.1(c). 4

The following result follows from the argument of Theorem 2.8 together with
Corollary 2.7.

COROLLARY 2.9. VX (DC(X) = ACS” (X)), where ACS”(X) asserts that every
countable collection of nonempty finite subsets of X has a choice function.

2.2. Does DC(X) imply AC,,(X)? By Theorems 2.4 and 2.8,
VX (DC(X) = AC, (X)) (2)

follows from either one of the following assumptions:

e X x 2 =2 X for all infinite X,

e AC,(R).

Sageev in [10] proved that “X x 2 3 X for all infinite X~ does not imply AC,, (R).
while Monro in [9] proved that DC (and hence the weaker AC,,(R)) does not imply
“X x 2 =2 X for all infinite X™. So neither assumption implies the other.

The obvious question is if (2) is a theorem of ZF. Suppose that there is a set X such
that DC(X) A =AC,, (X ). By the proof of Lemma 2.6 the set 4 := F[X] C P(w) is
such that DC(A4) holds, as 4 is the surjective image of X, and AC,(4) fails, as
otherwise, arguing as in Theorem 2.8, AC,, (X ) would hold. Therefore if (2) fails,
then the witness of this failure can be taken to be a subset of R. In Section 4 we
construct a model of ZF in which

34 C R (DC(4) A =AC,(4)) (3)

showing that (2) is not a theorem of ZF.

By Lemma 2.5(c), any 4 as in (3) cannot contain a nonempty perfect set.
Moreover, such a set 4 also needs to be Dedekind-infinite: indeed, 4 cannot be
closed, as otherwise, by the usual Cantor-Bendixson argument, it would either be
countable, contradicting -AC,,(A4), or else it would contain a nonempty perfect
set, which we already excluded; therefore 4 is not closed, and, by Lemma 2.2, 4 is
Dedekind-infinite.

It can be shown that (3) fails both in Cohen’s first model (Proposition 3.4) and
in the Feferman—Levy model (Proposition 5.3), and hence in both these models (2)
holds.

2.3. An equivalent formulation of DC. A tree on X isa T C <X that is closed
under initial segments, thatisif7 € T and s C t thens € T. A tree T on X is pruned
if for every t € T there is s € T such that t Cs. A branch of Tisab: w — X
such thatVn € w (bn € T). A tree T is ill-founded if it has a branch; otherwise it is
well-founded. Let

Any nonempty pruned tree on X is ill-founded (DC, (X))
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and let DC,, be VX DC, (X). As DCis equivalent to DC,, (Corollary 2.11), the axiom
of dependent choice is often stated as DC,,. The advantage of this formulation is
that it can be generalized to ordinals larger than w.

PropOSITION 2.10. DC, (X ) < DC(<*X), for every nonempty set X.

ProoF. (=) Suppose R is a binary relation on <?X such that Vs 3¢ (s R t). If
@ R, then (@,0,...) is an R-chain as required, so we may assume otherwise. Let
R’ C R be the sub-relation on <? X defined by

sR te sRtAVE (s Rt = 1h(') > 1h(r)).
The relation R’ is total and any R’-chain is an R-chain. Then
T={te~’X|3s0,.... 5 DR so R .. R''s, Nt C 50”8517 ... )}

is a pruned tree on X, so it has a branch. By the minimality assumption of R’,
given a branch b of T one can construct inductively an R’-chain (s, ),c. such that
So” 817 ... 78, C b forall n.

(<) If T is a pruned tree on X, let R C T x T be defined by

sRte s ctAlh(s)+1=1h(r).

As T C <X then DC(T) holds, and since R is total, as T is pruned, there is an
R-chain. Any such chain yields a branch of 7. —

COROLLARY 2.11. DC < DC,,.

PROPOSITION 2.12. Let X be a set.

(a) DC,(X) = DC(X).
(b) DC,(X) = AC,(X).

PROOF. X injects into <“ X, so part (a) holds by Proposition 2.10.

For part (b) argue as follows. If (4,,),,c., i a sequence of nonempty subsets of X,
then {(x¢.....x, 1) | Vi <n(x; € 4;)} is a pruned tree on X, and any branch of it
is a sequence (a,),e, such that a, € A4, for alln € w. -

In light of Proposition 2.12, our main result, Theorem 4.1, tells us it is consistent
with ZF that there is a set A C R for which DC(A4) holds but DC,,(A4) fails.

§3. Symmetric extensions. The model we construct in Section 4 is an iterated
symmetric extension. For the reader’s convenience, let us recall a few facts about
forcing and symmetric extensions.

If P is a forcing notion, i.e., a preordered set with a maximum 1p, we convene
that p <p ¢ means that p is stronger than g. When there is no danger of confusion,
we drop the subscript P. Dotted letters X, y,... vary over the class of P-names,
X is the canonical P-name for x, while G is the P-name for the generic filter. If
F is a set of P-names, then, following Karagila’s notation [5], F* is the P-name
{(x.1) | x € F}. This notation extends naturally to ordered pairs and sequences, so
(xX,p)® = {{x}*, {x.p}*}* and so on. If G C P is V-generic, then x¢ is the object
in V[G] obtained by evaluating X with G.
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1544 ALESSANDRO ANDRETTA AND LORENZO NOTARO

Let P be a forcing notion. Every automorphism n € Aut(P) acts canonically on
P-names as follows: given X a P-name,

nxX = {(ny.zp) | (y.p) € x}.

LemMA 3.1 (Symmetry Lemma, [3, Lemma 14.37]). Let P be a forcing notion,
n € Aut(P) and X1. ..., X, be P-names. For every formula ¢(xy. ....x,)

plFo(x1,....x,) & np Ik @(nXy.....nx,).

Let G be a subgroup of Aut(P). A nonempty collection F of subgroups of G is a
filter on G if it is closed under supergroups and finite intersections. A filter 7 on G
is said to be normal if for every H € F and n € G, the conjugated subgroup nHn !
belongs to F as well.

We say that the triple (P, G, F) is a symmetric system if P is a forcing notion, G
is a subgroup of Aut(P) and F is a normal filter on G. Given a P-name X, we say
that x is F-symmetric if there exists H € F such that for all # € H, nx = x. This
definition extends by recursion: x is hereditarily F-symmetric, if X is F-symmetric
and every name y € dom(x) is hereditarily F-symmetric. We denote by HS = the
class of all hereditarily F-symmetric names.

THEOREM 3.2 [3, Lemma 15.51]. Suppose that (P,G.F) is a symmetric system
and G C P is a V-generic filter. Denote by N the class {xc | x € HSx}, then N is a
transitive model of ZF, and V C N C V[G].

The class NV is also known as a symmetric extension of V. Symmetric extensions
are often used to produce models of ZF in which the axiom of choice fails. We focus
on this notion by discussing the construction due to Cohen of a symmetric extension
in which there is an infinite, D-finite set of reals. This model will be the first step in
the forcing iteration in Theorem 4.1.

3.1. The first Cohen model. Let Py be the forcing that adds countably many Cohen
reals, 1.e.,

Po={p|3I Cw(p: I — <2 and I is finite)},

with p < ¢ if dom(p) 2 dom(q) and p(n) D ¢(n) for all n € dom(g). Although
this is not the standard presentation of such a forcing, this way of defining Py will
become useful in the Section 4. Let d,, be the canonical name for the nth Cohen real,
that is,

iy =1{((k.i).p) | p €Po An € domp A p(n)(k) = i}. (4)

Observe that 4 := {a, | n € w}* is forced to be a dense subset of “2.
Every permutation 7 on w induces an automorphism of Py as follows: given
p € Py, welet zp € Py be defined by

Vn € dom(p) (np(nn) = p(n)).

We conflate the notation by using the same symbol 7 to denote both the permutation
and the automorphism on Py it induces. Let Gy be the group of all such
automorphisms. For every finite E C w, let Fix(E) be the subgroup of G, of all
those automorphisms induced by permutations that pointwise fix the set E. Let Fy
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be the filter on Gy generated by {Fix(E) | E C o finite}. It is easy to check that F
is actually a normal filter on Gy, and hence (P, Gy, Fo) is a symmetric system. Let
G be a V-generic filter for Py, and let Ay be the corresponding symmetric extension,
which we call first Cohen model.

Denote by A the realization of the name A in V[G], i.e., the set Ag. Note that
every d, is in HSz, and so is A.

ProposITION 3.3 [3, Example 15.52] Ny E “A4 is D-finite”.

In N, the set 4, being infinite and D-finite, is certainly not separable as a subspace
of R—indeed, every infinite, separable T; space is Dedekind-infinite. Moreover,
DC(A) also fails, as otherwise 4 would be Dedekind-infinite (see the penultimate
paragraph of Section 2.2).

The simultaneous local failure of both AC,, and DC is not accidental—the next
proposition shows that, in the first Cohen model, any X such that DC(X) holds
must be well-orderable, and hence AC,,(X) holds.

PrOPOSITION 3.4. Nj F VX (DC(X) = AC(X)).

LEmMMA 3.5. Let X be a linearly ordered set, and let Y C [X]<*. If @ 2 Y. then
o3JY.

PrOOF. Let < be a linear ordering of X, and let (Z,),c., be a sequence of distinct
elements of Y. By passing to a subsequence, we may assume that Z, | ¢ ZyU - U
Z,. and that Z, # (). Let zo be the <-least element of Z;. and z,,| be the <-least
element of Z,,; \ (ZyU---U Z,) for every n. The z,s are distinct, and belong to
\J Y, as required. .

LemMA 3.6. If DC(Y) with Y C [R]<? infinite, then w 3| J Y.

Proor. If | J Y has no limit points, then it is discrete, so w < J Y. Suppose
otherwise, and let x € R be a limit point of | J Y. It is enough to show that w 3 Y
and then apply Lemma 3.5 with X = R. Without loss of generality, we may assume
that {x}.0 ¢ Y. For all Z € Y let d(x.Z) =min{|r —x||r € Z\ {x}} be the
distance of x from the rest of Z. Let R C Y? be the binary relation defined as
follows: forevery Z, W € Y,

RZW)edx,W)<d(x Z).

The relation R is acyclic, and, by our hypothesis on X, it is total. It follows from
DC(Y) that R has an infinite chain, and hence w 3 Y. -

PrOOF OF PrOPOSITION 3.4. In the first Cohen model, for every set X, there is
a map sy: X — [A]<“. known as the least support map, such that s~'({B}) is
well-orderable for every B € [A]<® [2, Theorem 5.21 and Lemma 5.25].

Let X be such that DC(X) holds. Then also DC(ran(sy)) holds. If ran(sy) were
infinite, then letting Y = ran(sy ) in Lemma 3.6 we would have w = (Jran(sy) C 4,
against the fact that 4 is D-finite. Hence ran(sy ) is finite, and X, being a finite union
of well-orderable sets, is well-orderable. -
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1546 ALESSANDRO ANDRETTA AND LORENZO NOTARO
§4. The main result. This section is devoted to proving the following:

THEOREM 4.1. It is consistent with ZF that there is a set A C R such that DC(A)
and ~AC,,(A4).

4.1. Outline of the proof. We prove the theorem via an iteration of symmetric
extensions of length . We start the iteration with the first Cohen model N, with
A € N, being the generic D-finite set of reals (see Section 3.1). As noted right after
Proposition 3.3, in Ny the set A4 is not separable (in particular AC,,(A) fails) and
DC(A) fails. Next, we define a chain of models Ny C N} C --- C N, such that, for
each n, NV, is a symmetric extension of A/, that contains a generic set of chains
for all binary relations in V, that are total and acyclic on A. At the final stage. \,,.
which is our model. is going to be something resembling “the model of sets definable
from finitely many elements of [ J, AV,,”. If we do the construction properly, we can
prove that in A, we have added enough countable subsets of 4 (or, equivalently,
enough sequences over A) to guarantee DC(A) (Theorem 4.10), but A is still not
separable, in particular AC,, (A) fails (Corollary 4.8).

Actually, we don’t only show that A4 is not separable in our model, but we give
a topological characterization of its separable subsets: among the subsets of 4, the
separable ones are precisely those which are scattered with finite scattered height
(Definition 4.5 and Theorem 4.7).

4.2. The symmetric system. We define recursively a sequence (P, G,, F,)ncw Of
symmetric systems. Let (P, Gy, Fo) be the symmetric system defined in Section 3.1,
i.e., the one that induces the first Cohen model. For each n we denote by <,,, I, the
ordering and the forcing relation of P,,, respectively, and by HS,, the class HS z, . i.e..
the class of all hereditarily F,,-symmetric P,-names. We also let

R, ={R e HS, | ¥x € dom(R)Im.k € w (% = (dy.ar)*)}. (5)

where the ¢;s are asin (4). Then R, is the set of all “good” hereditarily F,-symmetric
P,-names for binary relations on A.

Recursively on n, we define P, to be the set of all the sequences p = (py | k <
n + 1) such that:

(1) pln+1€P,.
(2) puy1: dom(p,s1) = Ry x <“@ with dom(p,.1) a finite subset of c.
(3) Foreach k € dom(p, 1) with p, (k) = (R, (mg, ..., m,)) we have

pin+11F, “R is total, acyclic and dy, R Am, R..R m),”.

where, at stage n =0, we identify the conditions p € Py with their singleton
sequence (p).

For each p € P, and k € dom(p,) with p,.1(k) = (R, s). we denote R and
s by pR. (k) and p}_, (k). respectively. Given p.q € P,.1 we let p <, ¢ if and
only if:

epin+1<,qin+1,
L4 dom(anrl) 2 dom(QnJrl)e ,
i Vk € dom(qﬂ+1) <p5+] (k) = qu,:,](k) and Pf,_._l(k) 2 q;;_;,_l(k))
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This defines the forcing P, ;. Now we are left to define the subgroup G, of
Aut(P,. 1), and the filter F,,.

Consider a sequence 7 = (ny. ..., T, +1) With each z; being a permutation of w. By
induction hypothesis'
pi={(mg,....my) =70+ 1
induces an automorphism p € G,. Note that, as in Section 3.1, we conflate the
notation by using the same symbol to denote both sequences of permutations and
the automorphisms they induce. Now. the sequence 7 induces an automorphism
on P, as follows: given p € P, |, we let 7p be the condition in P, such that
(@p)In+1=p(pin+ 1)and. foreachk € dom(p,1) with ps_ (k) = (mo.....my)

and pR (k) = R,

@)X | (a1 (k) = p(R).
(@p) 1 (a1 (k) = (mo(mo). ... mo(my)).

Let G,.1 be the group of all such automorphisms on P,.|, i.e., the ones
induced by sequences (of length n + 2) of permutations of w. For each sequence
H = (Hy, ..., H, ) of subsets of w, we let Fix(H) be the subgroup of all those
7 € Guy1 such that 7, pointwise Ijxes H; for all k <n+ 1. We define F,.; as the
filter on G, 11 generzlted by {Fix(H) | Hy is finite for all k < n + 1}. From now on,
we use the symbol H to denote finite sequences of finite subsets of w.

This ends the inductive definition of the sequence (P, G, F;)nece- Note that, for
each n < m, there is a natural complete embedding i, ,,: P, — P,, and a natural
embedding j,.: G, — Gn. Thus we let P and G be the direct limits of the forcings
P, and of the groups G,,. respectively.

‘We now define the normal filter F on § in the expected way: we let F be the filter
generated by

{Fix(H) | Hy, is finite for all k < 1h(H )},

where, given any H., Fix(H) is the subgroup of G made of all those 7 such that 7
pointwise fixes Hy, for all k < lh(H).

A condition p of the direct limit P is a finite sequence (py. ..., p,). and it is
identified with (pq,.... p,. 0, ..., 0) and with (po, ..., p,.0,0...), that is a sequence
obtained by concatenating p with a finite sequence of empty sets or with the infinite
sequence of empty sets. We treat analogously the H's.

Henceforth (P, G, F) is our symmetric system, with HS being the class of all
F-symmetric P-names and <, I being the ordering and the forcing relation of P,
respectively.

REMARK 4.2. Ouriterative construction fits into the general framework developed
by Asaf Karagila [5] to deal with iterations of symmetric extensions.

Given an % € HS, we say that H is a support of X if 7% = x for all 7 € Fix(H).
Also, given p = (po, ..., pn) € Pand H = (H,, ..., H,), we write p[H to denote the
sequence (po[Ho. .... pn [ H,). Note that the latter sequence needs not to belong to P.

TAtn = 0 we identify each © € Gy with the singleton sequence (7).
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Lemma 4.3 (Restriction Lemma). Let ¢(xi.....x,) be a formula in the forcing
language, and let X1, .... X, € HS. For any p € P and for any H. if H is a support for
each of the x;’s and, for allm >0, for all k € Hy, N dom(p,,), Hm is a support for
pR(k) and ran(ps,(k)) C Hy. then pIH € P and

plk @Rl %0) & plH - @(X1. .o %),

Proor. We prove the lemma by induction on the length of H.

Let’s first assume H = (Hy) for some ﬁmte Hy C . then plH € Py. Assume
for a contradlctlon that p TH I @(X1.....%,). then there is a ¢ < p|H such that
g IF —@(X1.....%,). Let 7 € G such that ny pointwise fixes Hy and such that
no[dom(go)] N dom(po) = H, N dom(py) and =,,[dom(g,,)] N dom(p,,) = @ for all
m > 0.In particular, 7 € Fix(H ). By hypothesis, H is a support for all the x;’s. Thus,
by the Symmetry Lemma, 7g I- —¢(x1. ..., X,). However, p and 7zq are compatible,
contradiction. _

Now let’s assume that H = (Hy, ..., Hp,).

Cram 4.3.1. p[ﬁ eP,.

ProOE. By induction hypothesis, p[(H [m) € P,, . Fix a k € H, Nndom(p,,).
Let R = pR(k) and (ny. ....n,) = p?, (k). Then. by assumption, H [m is a support
of R and n; € Hy for every i < h. or, equivalently, Hy is a support for ay;. By
definition of P,,,,

plm |- “Ris total, acyclic and d,, R G, R ... R a,,”.
By induction hypothesis,
(pIH)m = pl(Hm) I+ “R is total, acyclic and (ny R dn R ... R ay, .
Therefore, p[ﬁ eP,. -

Assume for a contradiction that p[FI I @(x1,...,%,). then there is a ¢ < p[ﬁ]
such that ¢ IF —@(%1,....X,). Let 7 € G such that n; pointwise fixes H; for each
[ <m and such that n;[dom(q,)] Ndom(p;) = H, ﬂdom(p,) for all / <m and
m;[dom(g;)] N dom(p/) = () for all / > m. In particular, # € Fix(H). Thus, by the
Symmetry Lemma, 7iq I- —@(X1. ..., X,).

CLam 4.3.2. p and nq are compatible.

Proor. It suffices to show that pR(k) = (7g)R(k) and that the sequence
p;(k) is extended by (7q)j(k). for every [ < m and for every k € dom(p;) N
dom((7g);). Note that dom(( nq);) = m[dom(q;)]. Fix an /<m and a
k € dom(p;) Nn;[dom(q;)]. By the way we chose 7, we must have k € H,. Also,
as we assumed ¢ < p. we have ¢R (k) = pR(k) and ¢; (k) D p;(k). Moreover, we
assumed H |/ to be a support for pi(k). and we have picked 7 so that 7 € Fix(H).
In particular, (7]/) (pf(k)) = pR(k) and m;(k) = k. Therefore, by the definition of
the induced automorphism 7 € G,

(7g)f (k) = (711) (¢ft (= (K))) = @11) (¢ (k) = (®I1) (pf (k) = pf (k).
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Moreover, since we assumed ran(p; (k)) C Ho. and ny € Fix(Hy). we have, for every
i <Ih(p;(k)).

(7iq); (k) (i) = mo(q; (' (k) (i) = mo(g; (k) (i) = mo(p] (k) (i) = pj (k) (i),
and therefore (7iq)} (k) 2 p; (k). 4
As before, the fact that p and 7g are compatible yields the desired contradiction

and concludes the proof.

4.3. The model. For each n. k € w, we let
fn.k = {((iam).ap) | Z’m cEw A JZAS Pn+l A pszr](k)(l) = m}’
F, = {fnk | k € ®}°.

Note that these P-names are in HS. These, together with A and the a,s, are the
(heregiitarily symmetric) names for all the generic sets we are interested in. Observe
that f,x is a P,;-name for an R-chain belonging to A, , where R is the relation
with P, ;-name {(pf, (k). p) | p € Ppy1}.

Fix a V-generic filter G for P and, for all n, let AV, be the symmetric extension
obtained from (P,,G,.F,). and N be the symmetric extension, obtained from
(P, G, F). Clearly we have

VCMNMCN C-- CN =N, CV[G].

For each P-name (e. g A), we let its symbol without the dot (i.e., 4) be its evaluation
according to G (i.e., Ag).

LeEMMA 4.4. For every n € w, for every total and acyclic binary relation R € N, on
A. there is an an R-chain in N, ;1.

PrROOF. Let p € G and R € HS,, such that
p Ik R C A x A total and acyclic.

and without loss of generality we may assume that p € P,. We show that Re =S¢
for some S € R, asin (5). Let

S = {((dm.dar)®.q) | m.k € w,q €P,.and q - d,, R d;}.

It readily follows that S is in R, and p I R = S. Fix any ¢ € P, with ¢ < p.
Pick an m € w \ dom(g,1) and consider the finite sequence ¢’ such that ¢; = ¢, for
every [ #n+land ¢, = ¢u1 U {(m. (S.0))}. Then ¢’ € P,11. ¢’ < g and

¢’ \F fumisan S-chain, and S = R.
By density,
p Ik 3f € F, which is an R-chain.
Since F,, € N, we are done. -

Since A is not closed as a set of reals, there exists a total and acyclic binary
relation over 4 in A (see Lemma 2.2). Therefore, by Lemma 4.4, the set 4 becomes
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Dedekind-infinite already in N;. However, the next proposition tells us that the
range of any generic chain introduced by the iteration is far from being dense in 4.
This result is crucial in showing that A is not separable in N

In order to get to the key proposition, we need to recall the well-known notion of
scattered space (e.g.. see [11, Section 8.5]).

DEerFINITION 4.5. Given a topological space X, we let by ordinal induction
X0 =y
XD — x € x| x is a limit point of X (@},
XY= x  forialimit ordinal.

a<i

For every space X there is necessarily an ordinal a such that X (@) = X+ and we
call the least such ordinal the scattered height of the space. A topological space X is
scattered if there is an a such that X(®) = 0.

It is easy to check in ZF that every second countable scattered space is countable
[11. Proposition 8.5.5]. If ) # X C R is dense in itself, then X)) = X and X is not
scattered. In particular, 4 is not scattered.

For each 1 € <*2, we denote by NV, the canonical name for the basic open set V.
i.e., the set of all infinite binary sequences extending ¢.

PROPOSITION 4.6.  For eachn.k € w, N F (CIA(ran(fn,k)))(Hz) =.

PrOOF. In other words, we want to show that in A/ (or, equivalently’, in V[G]).
for every n, k, the closure with respect to 4 of the range of f', 1 is scattered of height
at most n + 2. For any H C w, let us introduce the P-name

Ay = {ay |me H}". (6)

Let () be the statement Vn € o (%), where (+),, is the following statement: Let k €
w. p=(po.... px) € P,. R € R, with support H = (H,..... H,) such that p I- R
is total and acyclic”. Assume also that, for each i < n, dom(p;) = H;, and, for all
0<i<n,forall j € H;, H|iisasupport for pX(j). Then

Pl (RO - (Clitran(f))” € AU | ran(fo)).
jeil<17+1

REMARKS.  (a) The condition p~({(k.(R.())}) in the statement of (),
belongs to P, and it is obtained by extending p with the function with
domain {k} C w such that k — (R.0) € R, x <“w. It forces the limit
points of Cl(ran(f,x)) to belong to the finite union 4y, U(J{ran(f;;) |
i<nandj € H;ii1}.

(b) Note that p~({(k. (R.0))}) is the <-maximum among the conditions ¢ < p
such that q}fﬂ(k) = R. Therefore, for any fixed n. k. the set of conditions
p~{(k.(R.0))}) we are considering in (), is pre-dense in P, (and also
inP).

2Note that the formula ¢(x, y, @) := “a is an ordinal, x C y are sets of reals and Cl,(x) is scattered
of height < a” is a Ale-formula. In particular, it is absolute between models of ZF.
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Cram 4.6.1. Assume (1). For each n, k € w, I (CIA-(ran(f',,,k)))(Hz) = 0.

~ Proor. _We prove the claim by induction on n. Let n = 0 and fix k € w, p € Py,
R € Ry, H = (Hy) satisfying the hypotheses of ()o. By (1)o.

P {(k (R0 IF (Cli(ran(f,))Y C Ap,.

Since H, is finite, we have that I “AHO is finite”, so our condition forces that
Cl(ran f, ) has scattered height < 2, that is,

P~ (ke (R - (Cly(ran(£,0)® =0.

By density, the base case follows. ]
Now the induction step. Let n >0 and fix k€w, peP,, RER,,

-

H = (Hy, ..., H,) satisfying the hypotheses of (),. By ().

Pk (RO} - (Clyran(f,0) " € dpyu | ran(f).
]Elﬁ:ﬂ
As the H;s are all finite,
Pk (RO - (Clitran(£,0) " < [ (Clyilran(Fi)) ",
jelff?ﬂ
By induction hypothesis, for alli < n and all j € H;1;
I (Clyran(f;,)) " = 0.

and hence,

~ > . n+2
Pk (R - (Clitran(f,0)) " = 0.
By density. the induction step follows. 4

The statement (1) is proved by induction onn € .
Let n =0 and fix k € w, p € Py, R € Ry, H = (H,) satistying the hypotheses
of (f)o.

Cram 4.6.2. p~({(k.(R.0)}) IF ran(fox) \ Ap, is discrete.

PrOOF. Assume for a contradiction that there are ¢ < p~({(k.(R.0))}) and
| € w such that

q - f'oﬂk(l) ¢ AHO and (1) is a limit point of ran(fo ) \AHO.

Without loss of generality suppose that lh(g{(k)) >/ + 1 and let m = ¢{(k)(l).
t = qo(m)—in particular, m ¢ Hy and ¢ IF fox(I) = d, € N,. From our assump-
tion and from the fact that H is a finite set, it follows that there must be a z < ¢
and an & > [ such that

z I+ fgk(h) S N, \AHO'

Assume without loss of generality 1h(zj(k)) >h and let m' =z (k)(h).
t" = zo(m')—in particular, m’ ¢ Hy.t' D t and 2y I d,, R d,,. Note that m’ # m,
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as otherwise zy would force Rtohavea cycle, which is a contradiction, as z, extends
p and by hypothesis p forces R to be acyclic.

SUBCLAIM 4.6.2.1. p' = zo[(w \ {m}) U {(m. 1)} IF épy RT dpp.

A quick observation: since zg < qq. zo(m) surely extends ¢t = go(m), but a priori
zo(m) could be incompatible with ¢/ = zo(m') = p’(m). making p’ incompatible
with zy. Thus, our subclaim needs some care.

PROOF OF THE SUBCLAIM. Let myg,my,....m,; €w be such that
m; = z{(k)(I +1i) for all i <h-1[. Note that mg=m = ¢} (k)(I) and m; =
q; (k)(I + 1), since z < ¢. Moreover, my,_; = m’, by definition of m’. We can assume
that the m;s are all distinct, as otherwise zo would force R to have a cycle.

Clearly qo IF dyp, R dm, . By the Restriction Lemma. g [Ho U {my, m; } forces the
same.

On the other hand, zj IF dy, R A, R..R dpm, ,. Again by the Restriction
Lemma, zo[Hy U {m, ma, ..., my,_; } forces the same.

The condition p’ = zo[(w \ {mo}) U {(my, ')} extends both qo| Hy U {mg, m;}
and zo[Hy U {m1, my, ..., mj_; }—here use the fact that my ¢ H, and that all the m;s
are distinct. Hence p’ forces dy, R Am, R G,y R..R my, ;- =

Let7p: @ —  be the permutation that swaps m and m’ fixing everything else—in
particular, 7y € Fix(Hy) and moR = R. Then, by the Symmetry Lemma,

mop = p' v dy R .

but then p’ both extends p and forces d, R d,,, which is a contradiction, since we
assumed that p forces R to be acyclic.

By Claim 4.6.2, condition p~({(k.(R.0))}) forces that the limit points of
ran( f ) belong to the finite set A ,. The next claim shows that the same is true for
the larger set Cl(ran(fo4)).

CLam4.6.3. p~({(k. (R.0)}) I (Cli(ran(fo,)) " C Au,.

PROOF. Suppose for a contradiction that the claim is false. Then there is a
g < p~{(k.(R.,0))}) and an m ¢ H, such that

q |- dyy, is a limit point of ran( /o). (7)

Note that, since Hy is finite, ¢ actually forces a,, to be a limit point of ran( j 0x) \ A Hy-
Hence, it follows from Claim 4.6.2 that ¢ forces d,, not to be in the range of f o0k-In
particular, m ¢ ran(q{(k)).

The condition ¢’ = (go. ¢ [{k}) extends p and, by the Restriction Lemma, still
forces (7). Let ¢ be go(m)—in particular. ¢’ I+ d,, € N,.

We now show ¢'IF N, C Cl(ran(fox) \ 4 H,). Which clearly contradicts
Claim 4.6.2, as every discrete set of reals is nowhere dense. Pick any z < ¢’ and a
' O t. Fixan m’ ¢ Hy U dom(zo) Uran(g](k)). Define z’ to be the condition such
that zJ = zo U {(m’.¢")} and z! = z; for every i > 0.

Now, z’ clearly extends z. Moreover, if we let 7y be the permutation of « that
swaps m and m’, z’ also extends (79)q’. Indeed, since ¢’ D ¢, it’s clear that z| extends
moqo. But since both m and m’ do not belong to Hy U ran(g](k)). we also have
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({(mo)q’)1 = q. and therefore (z{. z]) = (z{. z1) extends (n9)q" = (moqo. ¢q{). Overall,
z’ extends (7o)q’.
By (7) and the Symmetry Lemma,

(rt0)q" IF d, € Cl(ran(foz) \ Am,)-
Since z’ extends (mo)q’ and z’ IF d,, € N,. we have
2 Ik Ny N Cl(ran(for) \ Ap,) # 0.
By density,
q' IF N, € Cl(ran(fox) \ Am). B

This proves (1)o.

Here comes the induction step: fixann > 0 and suppose (1); holds foreveryi < n,
towards proving (7),. Fixk € w, p € P,, R € R,, H = (Hy, ..., H,) satisfying the
hypotheses of (1),. The next claim is the analogue of Claim 4.6.2.

CLamM 4.6 .4.
P ({(k. (R.0)}) IF ran( /) \ (AHO U U ran(f,-__,-)) is discrete.
/Eiﬁi?ﬂ

PROOF. Suppose for a contradiction that there are ¢ < (p. {(k.(R.0))}) and
| € w such that

gk fur(l) ¢ AHO U U ran(f',;j) and f, (/) is a limit point of

jelfi?ﬂ ran( /o k) \ (AHO U U ran(f',-,j)).
jéﬁi—l

Suppose without loss of generality that 1h(g}_,(k)) >/ + 1and letm = g3, (k)(I).
and 1 = go(m)—in particular, ¢ IF £, (/) = d, € N,. By assumption there must be
az < qandan /> [ such that

2l fux(h) € N, \ (AHO U U ran(f,;j)).
./El;?ﬂ

Assume without loss of generality 1h(z}, (k)) > h and let m’' = z$_,(k)(h). and
¢ = zo(m’)—in particular ¢/ D t and z[n + 1 I+ d,, R* d,,. Since

z - apy.a), ¢ <AH0 U U ran(f',;j)>,
jeiéi—l
then, in particular,
m,m' ¢ Hy U U ran (z;,,(j)). (8)

L i<n
JEH; 1

Now let
pl = <Zof(w \ {m}) U {(Wl t/)}’ 2] [Hle ceesZp [Hn>
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By an argument analogous to the one used in the proof of Subclaim 4.6.2.1, we can
show that
P IF dy RT Gy
If we let 7mp: @ — w be the permutation that swaps m and m’, then (my)p’ = p’.
Indeed, it directly follows from the definition of p’ that 7op{ = p{. Moreover, by
(8). both m and m’ do not belong to Hy, hence (my) € Fix(H ). As such, ((ro)p") R =
(p")R for every 1 <i < n. Again by (8). m and m’ do not belong to the range of
(p)i(j) forany 1 <i <nand j € dom(p}) = H;. and therefore ({no)p’)! = (p')}
for every 1 < i < m. Overall, (ny)p’ = p'. B
Next note that (7o) R = R. as (my) € Fix(H). By the Symmetry Lemma.

(no)p' = p'IF éypy RT Gy,

but then p’ both extends p and forces dy, R* d,,, which is a contradiction, since we
assumed that p forces R to be acyclic. o

CrLAM 4.6.5.
plF AHO U U ran(f',;j) is closed with respect to A.

L i<n
J€E€H; 11

Proor. Fix g < p and m such that

ql-a,eCl; (A'H0 v Y ran(fi.,j))'
]GIE:'?+1

We would like to prove that there is a condition z < ¢ such that

zlkdy € AgyU | ran(fi)).
i<n
JEH; 1

so, to avoid trivialities, we assume

. . )
qFa, € <C1A~ (AH0 U U ran(fi,j))) :
]'EIE?H

As the H;s are finite, t.here exists a z < ¢, an i <n and some j € H;,1 such
that z IF d,, € (Cl(ran(f;;)))"). But then, by (+); (here we use our induction
hypothesis).

zla, € (ClA-(ran(f',-ﬁj)))(l) C Ay, U U ran(f ;).

I<i
heH

By density, the claim follows. -

The next claim is the analogue of Claim 4.6.3.

CrLamM 4.6.6.
Pk (RODY) I (Clitran(F,0)) " € Ay U | ran(fy)).

L i<n
JEH;
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ProOF. Suppose for a contradiction that this is not the case, then there is a
g < p~({(k,(R.0))}) and an m such that

q & dy, is a limit point of ran(f, ) and d,, ¢ AHO U U ran(f'i.j).

jé;?ﬂ
From Claim 4.6.5 it follows that
¢ |- dyy, is a limit point of ran(f,x) \ (AHO U U ran(f.i‘j)>. 9)
./Eii]liqﬂ

But then, by Claim 4.6.4, ¢ also forces a,, not to be in the range of fn_k. In
particular,

m ¢ HyUran(q,,, (k) U | ran(g,, (/). (10)
jEiE:lH

Let

ql = <q0’ QI rHl’ e q}’l [Hns ‘In+l {{k}>

Then ¢’ extends p and, by the Restriction Lemma, still forces (9). Let ¢ be go(m)—in
particular ¢’ I+ d,, € N,.
We now show that

¢ |- N, CCl (ran(fn,k) \ (dp, U U fan(fi.j))),
f€i§1:l+l
which contradicts Claim 4.6.4. Pick any z < ¢’ and ¢’ D ¢. Fix an m’ € w such that

m' ¢ HyUdom(zy) Uran(gs, () U | rangt,, (/). (1)
J EIZ?H
Define z’ to be the condition such that z;, = zo U {(m’.#’)} and z] = z; for all
i > 0. Now, z’ clearly extends z. Moreover, if we let 7y be the permutation of w that
swaps m and m', z’ also extends (mo)q’. Indeed. since ¢’ D . it’s clear that z; extends
moqo. But from (10) and (11), it follows that ((rg)q’); = ¢/ forevery 1 <i <n+1,
and therefore z’ extends (7y)q’.
By (9) and the Symmetry Lemma,

(mo)q' I+ a,, € Cl (ran(fn_k) \ (AHO U U ran(f.,-’j))>.
jGi?I?H

Since z’ extends (mo)q’ and z’ IF d,, € N,. we have

ZIF N, NCl (ran(f',,,k) \ (AHO U U ran(f,;j))> # (.
./Eiff?ﬂ

By density,
g |- N, CCl (ran(fn,k) \ (dpy U U fan(fi.j)))- =

L i<n
JEH 11
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This completes the proof of (1), so by induction () holds. By Claim 4.6.1, we
are done.

In light of Proposition 4.6, we can prove that in A every separable subset of A4 is
scattered with finite scattered height.

THEOREM 4.7. In the model N the following holds: for every separable S C A there
isann € w such that S = 0.

PrOOF. Let S € N be a separable subset of 4 and fix in A a function f: v — 4
such that S C Cl(ran(f)). Then there must be a p € G such that

plk /o — A,

where f € HS is a symmetric name for /, with support H= (Hy. ..., H,). We can
assume without loss of generality that dom(p;) = H; for each i, and that for all
i>0,forall j € H;, Hiis asupport for pR(j). We claim that

plFran(f) C Ay, U U ran(f, ;).
i<n
JEH 1
where 4 H, 18 the P-name asin (6). If we manage to do so, then Proposition 4.6 ensures
that Cl,(ran(f)) is scattered of height < n + 2, and. a fortiori, that S”t2 = §, as

required.
Suppose that the claim is false, then there exist ¢ < p and /, m € w such that
gk f() =dn ¢ du,u | ran(fi)). (12)
i<n
JEH 11
In particular,
mg HyU | ran(gi, (). (13)
i<n
JEH 1]

Let ¢’ = (qo.q1[H\., ....q,[H,). Then, by the Restriction Lemma, ¢’ still forces

(12).
Fix an m’ € w such that
m' ¢ HyUdom(qo)U | J ran(g),, (). (14)
./'Eiz?ﬂ

Let 7y be the permutation of w that swaps m and m’, then (ny)q’ and ¢’ are
compatible. Indeed. since m’ ¢ dom(gy). then ¢ and myg/, are clearly compatible.
Moreover, it follows from (13) and (14) that ((n9)q’); = ¢ forevery 1 <i < n,and
therefore (79)¢’ and ¢’ are compatible. By the Symmetry Lemma,

(ro)q' IF f (1) = G-

So ¢’ and (mg)q’. while being compatible, force 1 to take different values at /, but
they both extend p, which forces f to be a function. Contradiction. -

COROLLARY 4.8. N E =AC,(A4).
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PrOOF. Assume for a contradiction that AC,(A4) holds, then A is certainly
separable. By Theorem 4.7, 4 would be scattered. But 4 has no isolated points.
Contradiction. -

Now we are left to prove that DC(A4) holds in A. Let N, be the canonical name
for the intermediate model N,,.

LemMA 4.9. Let n € w and x € HS with support H = (Hy, ..., H,), then
% CN, = X €N,

Proor. Fix (y. p) € x. As the set of ¢ such that either ¢ IF y € N, or else
qIF y ¢ N, is dense below p, there is a maximal antichain D; , below p and a
map & 2 D; ,) — HS, such that, for each g € Dy; . either ¢ I- y = h(y-,_,p)(q) or
gy ¢ Ny Let D, ={q €D, | q -y €N,}andlet

C = {#(h;.(@) | (5.p) € X. g € D, . 7 € Fix(H)}.
Consider the following P,,-name:
w={(.q)|yeC qeP,andql-y € x}.
Cram 4.9.1. w € HS, with support H.

PrOOF. Let 7 € Fix(H) and (j.¢) € w. By definition, ¢ IF j € X, hence
iig IF iy € x. Since 7y € C, this means that (7). 7q) € 4. Hence 7w = 1. =

Fix p € P such that p I x C .
CLanM4.9.2. plFw = x.

ProOF. Let ¢ < p and Z € HS such that ¢ IF z € X. By definition of C and our
hypothesis on p, there is an r < ¢ and a y € C such that r IF Z = y € x. By the
Restriction Lemma, r|n + 11y € x, hence (y.r[n + 1) € W and, in particular,
rlkz =y €w. Bydensity, p IF x C w.

The other inclusion is immediate from the definition of w. -

Therefore p I- X € N, By density, IF x C N, = x €N,.
THEOREM 4.10. N E DC(4).

PRrROOF. Since every binary relation R € N on A4 is a subset of 4 x 4 € N, it
follows from Lemma 4.9 that R € N, for some n. Now, either R is cyclic, but then it
surely has a chain, or it is acyclic, but then Lemma 4.4 says that in NV,,.; C A there
is a chain for this relation. -

This finishes the proof of Theorem 4.1.

§5. Some complementary results. We collect some facts related to our main
results, and conclude with some open questions.

5.1. Dependent choice propagates under finite unions. By Proposition 2.1, the
axiom DC(X) is closed under surjective images and, hence, under subsets. The next
result shows that it is also closed under finite unions.
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THEOREM 5.1. DC(X) ADC(Y)=DC(XUY).
COROLLARY 5.2. DC(X) = DC(X x n). for all sets X and alln € .

The natural progression from Corollary 5.2 would be to prove that DC(X) =
DC(X x w), but this cannot be established in ZF, since DC(X x w) implies AC,, (X))
(part (d) of Proposition 2.1) and we know from Theorem 4.1 that DC(X) does not
necessarily imply AC,, (X).

If a binary relation Ris such that ran(R) C dom(R), then it s total on its domain.
The largest R’ C R such that ran(R’) C dom(R’) is

D(R) = | J{S € R | ran(S) C dom(S)}.
By part (a) of Proposition 2.1 it is easy to see that
DC(X) < VR C X? (D(R) # () = there is a D(R)-chain). (15)

PROOF OF THEOREM 5.1. Suppose DC(X) and DC(Y). and let R € (X U Y)? be
total, towards proving that there is an R-chain. Without loss of generality, we may
assume that X and Y are nonempty and disjoint. If D(R[X) # 0, then by DC(X)
and (15) there is a D(R| X )-chain, which is, in particular an R-chain. Similarly, if
D(R|Y) # 0. then there is an R-chain. Therefore, without loss of generality, we may
assume that R is acyclic, and that

D(RIX)=D(R]Y) = 0. (16)
Recall that R* is the smallest transitive relation containing R. If x € X U Y and

R*(x) C X.then R|R"(x) would witness that D(R| X ) # (), against (16). Similarly
R*(x) cannot be included in Y. Therefore

VXeXUY (RY(x) Z X ARM(x) ¢ V). (17)

Here is the idea of the proof. By (16), any R-chain (z,),c., must visit both X and
Y infinitely often. so (z,),c can be seen as the careful merging of two sequences
(Xn)new in X and (3, )neew in Y. The sequence (X, ), e, is obtained by applying DC(X)
to a total relation Ry on X such that R|X C Ry C R*. Using (x,),cq. a suitable
total relation Ry on some Y’ C Y is defined, and by DC(Y) the required sequence
(¥p)new is obtained. Here come the details.

Let Ry be the relation on X given by R X, together with all pairs (x, x’) such
that x R yo R y1 R ... R y, R x' for some finite sequence of elements of Y

Ry =(RIX)U{(x.x)eX*|Im>13Is ™Y
(xRs(O)As(m—-1)Rx"AVi<m—1(s(i) Rs(i+1)))}.
It is immediate that Ry C R™.
CLAamM 5.2.1. Ry is total on X.

PrOOF. We must show that dom(Ry) = X. Let x € X. If R(x) N X # (, then
x € dom(R[X) C dom(Ry).

Now suppose otherwise. By (3) R*(x) € Y. so there are yy.....y, € Y and x’ €
X suchthat x R yg R ... R y, R x’. Thus (x,x’) € Ry.so x € dom(Ry). =

By DC(X) there is an Ry-chain (x,),ce-
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CLamM 5.2.2. Vudm > n—(x,; R Xpi1).

Proor. Towards a contradiction, suppose that there is # € @ such that x,, R
Xm+1 foreverym > . Then R[{x,, | m > n}istotalon {x,, | m > i} and contained
in R X, against (16). =

Let (11 )rew be the sequence enumerating the set of ms such that =(x,, R X,,41).
By the definition of Ry. each x,, is linked to x,, 1| via R through some finite path
in Y, and let Y} be the collection of all places visited by these paths:

Y, = U {ran(s) | 3m (s € ™'Y Ax,, R s(0)As(m) R xp 41 A
Vi<m(s(i) Rs(i+1))}
CramM 5.2.3. The Y;.s are nonempty, pairwise disjoint subsets of Y.

PrOOF. For each k we have (x,, . x, +1) € Ry \ R. This means that there is some
(¥0- . ym) € <“Y such that x,, R yo R ... R yi R Xy, 41. In particular, Y} # 0.

Towards a contradiction, suppose there are indices k& < j such that Y, N Y; # 0.
Pick y € Y, N Y;. Then y R x,, 11 R Xn; R* y.ifx, 41 # Xpj. OT Y R* Xy 41 =
Xn; R* y otherwise. Either way, this contradicts our assumption that Ris acyclic. -

Now we let Ry be the relation on ;. ,, Y&
@R U J{(.»") € Y x i1 | y Rxyrand x,, R '}
kew kew
It readily follows from the definition that Ry C R*.
CLamm 5.2.4. Ry is total on | J,.,, Y.

PrOOF. Pick k € w and y € Y}, towards proving that y € dom(Ry). Then there
is a finite sequence (y. .... y,) of elements of Y} such that x,, R yo R ... R y,y R
X +1.and y = y; forsome 0 < i <m.Ifi <m,then y R y;1.Ifi = m then y Ry
y'forany y’ € Yj such that x,,,, R y’. In either case y € dom(Ry). -

By DC(Y). there is an Ry-chain (y,),c.. By part (b) of Proposition 2.1 we can
suppose that yy € Yp and that x,; R yo. As the Y;s are disjoint, for every n there is
a unique k such that y, € Yy, and let i(n) be this k.

CramM 5.2.5. The set Iy ={n € w|i(n) =k} is a finite interval of natural
numbers.

PrOOF. By definition of Ry it follows that either i(n + 1) = i(n) or else i(n +
1) =i(n) + 1. so it is enough to show that I is finite. Towards a contradiction.
suppose [; isinfinite, for some k € w. This means that thereis 7z such thati(n) = i(7)
forall n > #. thatis {y, | n > i} C Y;. But then R[{y, | n > i1} would be a total
on {y, | n > n} and contained in R|Y, against (16). =

Let m;, = max([I;) so that Iy = [0;mg] and I = [my + 1; my1]. Then
<X0, ,XnO>A<J’0, vymo>ﬁ<xno+la cees xn1>ﬁ<ym0+1= ayml>h
. A<xnk+ls axnk+1>r\<ymk+l~ eyn1k+1>/\

is the required R-chain.
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5.2. The Feferman—Levy model. Feferman and Levy showed that the following is
consistent relative to ZF:

R is the countable union of countable sets. (FL)

(See [2. p. 142] for an exposition of the Feferman—Levy model.)
The next result shows that in the Feferman-Levy model, the statement of Theorem
4.1 fails, that is, there is no set 4 C R such that DC(A4) and —=AC,,(4).

PROPOSITION 5.3. FL implies that if DC(A) holds with A C R, then A is countable.
We need a preliminary result.

Lemma 5.4. Assume FL. Then there is a sequence of nonempty, countable, pairwise
disjoint sets (X,)new such that R =, X,. and no infinite subsequence of (X,)nee
has a choice function.

ProoOF. Fixabijectionz: R — R, and foreachm € w letn,,: R — R be defined
as 7, (x) = n(x),. If Y CRand f: w — Y is surjective, then Y, the closure of ¥
under the 7,,s, is also countable, as

f~2<wa)><a)% Y (<n0’.“,nk>’m)}—)ﬂnkO“'Onnoof(m)

is surjective. By FL let (Y;),c. be a sequence of countable sets such that R = U, Yu.
and without loss of generality we may assume that each Y, is closed under every
. Then let X, = Y, \ U,,<, Y for each n € w. If necessary. we can pass to a
subsequence to get them to be nonempty.

We claim that no infinite subsequence of (X},), <., has a choice function. Otherwise
there would be an infinite sequence (x,),c € R® whose range intersects infinitely
many X,s. Let x € R be such that n(x) = (x,),ce. Then x € X; C Y} for some
k € w, and hence

Vn € w (xn = nn(x) €Y, CXoU-UXy)

as Yy is closed under the 7,,s. But this contradicts the assumption that {x, | n € w}
intersects infinitely many X,s. a

PROOF OF PROPOSITION 5.3. Fix (X,),ce asin Lemma 5.4. Let 4 C R such that
DC(A) holds, and let I = {n € w | AN X,, # (0}. If I is infinite then, by part (c) of
Proposition 2.1, DC(A4) would imply the existence of a choice function for the family
{ANX, | n eI} whichis, in particular, a choice function for {X,, | n € I'}, against
Lemma 5.4. So I must be finite, thatis 4 C X, U --- U X}, for some k. But the finite
union of countable sets is countable, so A is countable. =

5.3. Definability of the counterexample. Theorem 4.1 shows that the statement
(3) is consistent with ZF, that is to say, it is consistent that there is a set 4 C R such
that DC(4) and —AC,(A4). The set 4 constructed in the proof of Theorem 4.1 is a
set of Cohen reals, so it is not ordinal definable. But what is the possible descriptive
complexity of a set 4 as above?

By part (c) of Proposition 2.5, the set 4 cannot contain a perfect set. Recall
that a set has the perfect set property if it is either countable or else it contains
a perfect subset. Assuming AC,,(R), every Borel set has the perfect-set property.
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In a choice-less context the situation becomes murky. Assuming FL. every set of reals
is F,, (i.e., countable union of F,; sets), and by taking complements it is also G5 (i.e.,
countable intersection of Gs sets). so every set is Ag, as F, = 22 C I3, and hence
F,s C 22. Therefore FL collapses the Borel hierarchy at level 4. Moreover FL implies
that there is an uncountable set in Hg without a perfect subset [8, Theorem 1.3].

On the other hand A. Miller has shown in ZF that 22 #* r[‘; [7. Theorem 2.1]. and
that every set in 2(3) has the perfect-set property [8, Theorem 1.2].

Recall that a subset of R is IT, if it is the complement of a X}, and it is £} if it
is the projection of a IT! | set C C R x R, where I, is the collection of closed sets.
The lightface hierarchy X!, 77} is obtained by replacing I1j with 7], the collection
of recursively-closed sets (see [4. Chapter 3. Section 12]). Working in ZF, every )2}
set has the perfect set property, and by a theorem of Mansfield and Solovay (see [4.
Chapter 3 and Corollary 14.9]) every Zé set is either well-orderable, being included
in L[a] for some real a, or else it contains a perfect set.

By part (c) of Lemma 2.5 we obtain the following:

COROLLARY 5.5. If A C R is X3 or £} and DC(A) holds, then AC,,(A4).
We conclude with a question.

QUESTION 5.6. Is it consistent with ZF that there is a IT} set A C R such that
DC(A) and —=AC,,(A4)?
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