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Poroelasticity derived from the microstructure for intrinsically
incompressible constituents

R. Penta, C. Lonati, L. Miller and A. Marzocchi

Abstract. We provide a new derivation of the quasi-static equations of Biot’s poroelasticity from the microstructure via the
asymptotic (periodic) homogenisation method (AHM) by assuming intrinsic incompressibility of both an isotropic, linear
elastic solid and a low Reynolds’ number Newtonian fluid, in a small deformations regime. This is done by starting from
a fluid–structure interaction (FSI) problem between the two phases at the pore scale, and by introducing both a solid and
a fluid pressure, as both phases are equipped with an incompressibility constraint. Upscaling by the AHM then results in
the expected Biot’s equation at the macroscopic scale, with coefficients which are to be computed by solving non-standard
periodic cell problems at the pore scale. These latter differ from the ones arising from classical derivations of poroelasticity via
the AHM, which are typically obtained by assuming that the elastic phase is compressible, and are characterised by a saddle
point structure which is inherited from the equations governing the original FSI problem. The proposed approach, which is
new and cannot be derived as a particular case of existing formulations, means that the poroelastic governing equations for
intrinsic incompressible phases are obtained without performing any “a posteriori” assumption on the macroscale coefficients,
as these latter are typically employed based on physical arguments rather than following from a rigorous analysis of the
properties of the pore scale cell problems. The advantages of the current formulation for incompressible solids are as follows.
(a) The formulation is derived for two genuinely incompressible phases and in particular for an incompressible solid, which
means that a reduced number of input parameters is required to compute the effective stiffness. In the case of pore scale
isotropy, this means that only the shear modulus is to be provided. (b) The pore scale cell problems can be solved without
approximating the pore scale elastic properties to that of an incompressible solid, i.e. in the case of isotropy, no additional
errors are to be introduced by utilising approximate values of the Poisson’s ratio (which in a compressible formulation can
be close to, but not identical to, 0.5).
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Introduction

The most standard approach to determine the overall behaviour of deformable porous materials with
fluid flowing in the pores relies on Biot’s theory of poroelasticity [7–10]. Biot’s governing equations were
formulated by means of intuitive physical arguments, and therefore, the original formulation does not
provide a link between the underlying structure of the pores and the macroscale response of the whole
material.

The effective response of a deformable porous medium is described by (a) linearly relating the fluid
velocity (relative to the solid one) averaged over the porous fluid domain with the macroscale pressure
gradient, that is Darcy’s law, (b) linking macroscale pressure variations to solid and fluid volume changes
consistently with the mass balance of the medium, and (c) featuring a constitutive equation that comprises
an additive decomposition of the stress between a drained elastic response and the influence of the fluid
pressure. In [1], the authors establish a link between the governing equations and the pore scale properties
via the asymptotic homogenisation technique (see, e.g. [2–5,29,38,49,50,52,56] and references therein).

http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-025-02651-2&domain=pdf
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This upscaling process translates a pore scale fluid–structure interaction problem into a macroscale prob-
lem governed by the equations of poroelasticity, while still retaining the microstructural complexity of the
material. There are various other upscaling techniques such as mixture theory, effective medium theory
and volume averaging. For an overview of these techniques, see for example [30] or [21].

Materials characterised by a poroelastic mechanical response exhibit an intrinsically multiscale struc-
ture. In particular, the average pore radius, which should be comparable to the distance between them for
an approximately uniform pore distribution (the pore scale), is typically much smaller than the average
size of the medium (the macroscale) which is effectively behaving as a poroelastic material. This scale
separation allows us to apply the asymptotic homogenisation method.

There exists a large variety of scenarios of interest that can be treated by means of a poroelastic
modelling approach, including soil mechanics [57], (bio) artificial constructs [13,33,34] and biological
tissues, such as bone [18], organs, e.g. heart and lungs [6,17,37], as well as healthy and malignant cell
aggregates [11].

The asymptotic homogenisation technique has been applied to derive Biot’s equations of poroelasticity
in [12,35,52,57]. The theory has been further developed in many ways, including growth of poroelastic
materials [47], the addition of vascularised poroelastic materials [51], poroelastic composites [39], double
poroelastic materials [40,43], pre-stressed poroelastic materials [42] and solute transport [36]. Another
development has consisted in considering poroelastic materials undergoing large deformations such as
active poroelastic materials [15] and nonlinear poroelastic composites [41]. The technique has been also
utilised to create poroelastic models of the myocardium incorporating electrical activity [44,45].

In [12] the authors derive the standard Biot’s system of PDEs via asymptotic homogenisation and
provide closed formulas for the coefficients of the model, as well as their associated pore scale differ-
ential problems. They extended the original formulation [1] to non-macroscopic uniformity and local
boundedness, as this latter assumption is in general less strict than local periodicity.

While the classical derivation of poroelasticity from the microstructure, as in [12], can feature both the
fluid and the solid intrinsic compressibility, the latter is normally not addressed via a mixed formulation,
i.e. by considering the role of the solid pressure. In the former case, either the classical divergence-free
constraint is enforced (for incompressible fluids), or time variations of the pressure are then related to the
fluid bulk modulus (so that the divergence-free constraint is formally recovered for the fluid bulk modulus
approaching infinity). In any case, the governing equations for the fluid phase explicitly include the role
of the fluid pressure. On the other hand, the solid phase is normally dealt with by simply considering the
balance equations for a linear elastic phase, and therefore, a mixed formulation, that is, featuring a con-
straint with its associated variable, is typically not considered. While this approach may seem apparently
more general, the limit case of intrinsically incompressible phases, which implies the equivalence between
the change of volume of the porous solid and the volume of fluid exchanged [24], cannot be rigorously
obtained by imposing that the pore scale constituents are individually incompressible. Instead, the fact
that variations of the solid and fluid volume balance each other for incompressible phases is obtained
by considering the limit of relevant parameters, namely the Biot modulus and the Biot coefficient ap-
proaching infinity and one, respectively. However, the latter limits are performed on the basis of physical
arguments rather than invoking the functional form of the parameters which arises from the asymptotic
homogenisation upscaling and the corresponding cell problems. While it has been recently shown by the
authors in [22] that the numerical solutions of the standard pore scale cell problems when approaching
incompressibility of the individual phases leads to the expected results, this is reassuring, but does not
constitute a rigorous proof of a limit behaviour based on the properties of the microstructure.

Therefore, in this work we focus on the derivation of the equations of poroelasticity for a material
characterised by a low Reynolds’ number Newtonian incompressible fluid flowing in the pores of an
incompressible solid matrix. We adopt a mixed formulation to describe both the fluid and the solid
behaviour, such that the two sets of differential equations are both represented by saddle point Stokes’
problems [54] featuring their respective pressures. The problems mirror each other, as they both feature a
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divergence-free constraint in their respectively variables, i.e. the fluid velocity and the solid displacement,
and heterogeneous material properties, namely the fluid viscosity and the shear modulus, respectively. We
embrace the asymptotic homogenisation technique to derive the macroscale system of partial differential
equations (PDEs) that describe the mechanical behaviour of a poroelastic material with intrinsically
incompressible phases. The obtained result is new, and cannot formally be regarded as a particular case
of standard formulations allowing for solid compressibility of the matrix such as [52]. The obtained balance
equations are of Biot’s type, but feature pore scales problems which are different from the ones derived
using standard approaches. This new formulation automatically addresses the properties of a macroscale
system of PDEs representing the behaviour of a poroelastic material with intrinsically incompressible
constituents, and thus represents the rigorous upscaled limit in this case.

The paper is organised as follows. We begin by introducing the fluid–structure interaction problem in
Sect. 1. This problem describes the interactions between an incompressible elastic matrix and an incom-
pressible fluid that is flowing in the pores. We non-dimensionalise the FSI problem in Sect. 2. We then
introduce the asymptotic homogenisation method (AHM) in Sect. 3. In Sect. 4, we apply the AHM to the
non-dimensional multiscale system of PDEs derived in Sect. 3 to obtain the macroscale PDEs governing
the homogenised mechanical behaviour of a poroelastic material with intrinsically incompressible con-
stituents. Finally in Sect. 5, we conclude by discussing the potential, limitations, and further perspectives
of our work.

1. The fluid–structure interaction problem

We start by identifying our physical domain with a set Ω ⊂ R
3 where Ω consists of the disjoint union of

a porous solid matrix Ωs and a connected fluid compartment Ωf such that Ω̄ = Ω̄s ∪ Ω̄f . We assume a
structure where the typical length scale of the pores, denoted by d, is small compared to the size of the
domain, which we denote by L. This means that their ratio ε satisfies

d

L
= ε � 1. (1)

The equilibrium equation for the solid matrix in absence of inertia and body forces reads:

∇ · Ts = 0 in Ωs, (2)

where Ts is the solid matrix Cauchy stress tensor. We assume that the solid matrix is a linear elastic,
isotropic, strictly incompressible solid, thus characterised by the following constitutive relationship:

Ts = −psI + 2μsξ(u), (3)

where u is the elastic displacement in the solid matrix, while ps and μs are the solid pressure and
shear modulus, respectively. We remark that since we are addressing a small deformations regime, it is
not necessary to distinguish between the current and reference configuration, see, e.g. [28] among many
others. However, this is crucial when dealing with finite deformations, see, e.g. [41] for an example of
poroelastic upscaling of a nonlinear fluid–structure interaction problem via asymptotic homogenisation.
The symmetric gradient operator ξ is defined as:

ξ(·) =
∇(·) + (∇(·))T

2
. (4)

The incompressibility constraint for the solid phase reads

∇ · u = 0 in Ωs. (5)

Remark 1. (Anisotropic materials) We note that in general constitutive relationship (3) is the special case
of the more general anisotropic constitutive relationship of the form Ts = −psI+C : ξ(u), where C could in
principle represent a fourth rank tensor equipped with standard major and minor symmetries, while being
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set to 2μsI
S in (3), where I

S is the fourth rank symmetric identity tensor, that is the identity operator
when applied to symmetric second rank tensors. The operation “:” is the standard double contraction
between tensors of rank two or higher. In particular, for a generic vector, and hence in particular for u,
the symmetric identity tensor satisfies I

S : ∇u = I
S : ξ(u) = ξ(u), and component-wise reads:

IS
ijkl =

1
2
(δikδjl + δilδjk). (6)

However, for the sake of a smoother presentation of the results, we adopt relationship (6) as it leads to
a standard Stokes’ problem that formally mirrors the Stokes’ problem for incompressible fluids which is
introduced right below. In addition, this simplified approach is embraced to focus on the actual recovery
of incompressible poroelasticity rather than issues related to the properties and number of independent
parameters arising from incompressible anisotropic elasticity, which will be the focus of future work. How-
ever, the structure of the illustrated steps is performed to pave the way for straightforward generalisation
to more general anisotropic scenarios.

In the fluid compartment, we are considering a low Reynolds’ number Newtonian fluid, so that the
balance of stresses can be written as follows:

∇ · Tf = 0 in Ωf , (7)

where Tf is the fluid stress tensor defined by

Tf = −pf I + 2μfξ(v) (8)

and v, pf , and μf denote the fluid velocity, pressure and viscosity, respectively. The incompressibility
constraint for the fluid phase reads

∇ · v = 0 in Ωf . (9)

We now need to close the fluid–structure interaction problem between the solid matrix and the fluid by
specifying appropriate boundary conditions. We first prescribe appropriate conditions across the interface
between Ωs and Ωf , which we define as

Γ := ∂Ωs ∩ ∂Ωf . (10)

Continuity of both velocities and tractions across the interface Γ then yields

u̇ = v on Γ (11)

Tsn = Tfn on Γ, (12)

where u̇ is the solid velocity.

Remark 2. (Macroscale boundary conditions) In order to close the problem (2, 5), (7, 9), as supplemented
by the constitutive equations (3) and (8), we must also prescribe boundary conditions on the external
boundary of the domain, i.e. on ∂Ω, in addition to the interface conditions (11, 12). These conditions
could be, for example, of Dirichlet–Neumann type, as noted in [55]. The conditions on the external
boundary generally do not play any role in the derivation of results via application of formal asymptotic
homogenisation, although they are important in the context of rigorous two-scale convergence, see, e.g.
[14].

Remark 3. (Heterogeneous properties of the material) We are herein assuming that each variable is in
general varying both in space and time, that is u(x,t), v(x,t), ps(x,t), and pf (x,t), and that the material
properties are heterogeneous, i.e. μf (x) and μs(x). However, if we consider the particular case of constant
shear modulus μs and fluid viscosity μf , then the stress balance equations can also be formally rewritten as
two standard Stokes’ problems for constant coefficients featuring the Laplacian of the elastic displacement
u and the fluid velocity v. This can be deduced by substituting the constitutive relationships (3) and (8)
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in the stress balance equations (2) and (7), respectively, and by taking into account both incompressibility
constraints (5) and (9), obtaining

μsΔu = ∇ps in Ωs, (13)

and

μfΔv = ∇pf in Ωf . (14)

In the next section, we perform a non-dimensional analysis of Eqs. (2–5), (7–9), and (11–12).

2. Non-dimensional analysis

We now perform a non-dimensional analysis of the system of PDEs at hand. In particular, we set

x = Lx′, ∇ =
1
L

∇′, u = Lu′,

v =
Cd2

μref
v′, ps = CLp′

s, pf = CLp′
f ,

(15)

where C is a reference pressure gradient and μref a reference viscosity. Then using (15), Eqs. (2–5), (7–9)
and (11, 12) can be rewritten in non-dimensional form as follows

∇′ · T′
s = 0 in Ωs (16)

∇′ · u′ = 0 in Ωs (17)

∇′ · T′
f = 0 in Ωf (18)

∇′ · v′ = 0 in Ωf (19)

u̇′ = v′ on Γ (20)

T′
sn = T′

fn on Γ, (21)

where the characteristic time is L/V , with the characteristic velocity V = Cd2/μref ; the non-dimensional
stress tensors are given by

T′
s = −p′

sI + 2μ̄sξ
′(u′) in Ωs (22)

T′
f = −p′

f I + 2ε2μ̄fξ′(v′) in Ωf , (23)

where ξ′(·) is the non-dimensional symmetric gradient operator and the non-dimensional shear modulus
and viscosity are given by

μ̄s =
μs

CL
, μ̄f =

μf

μref
, (24)

respectively. In the next section, we illustrate the asymptotic homogenisation method, see, e.g. [2,4,29,
38,50] and its application to the system of non-dimensional PDEs (16–21) by also omitting the primes
(for the remainder of this work) for the sake of simplicity of notation.

3. The asymptotic homogenisation method

We commence by enforcing the pronounced length scale separation that exists in the system between the
microscale and the macroscale, cf. (1), in order to introduce a new microscale variable in terms of the
scale separation parameter ε. That is,

y =
x
ε
, (25)
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which addresses local spatial variations, i.e. those which are taking place at the pore scale level.

3.1. Spatial variations decoupling

From now on, we further assume that every material property depends on both the macroscale x and the
microscale y, i.e. μ̄s(x,y), μ̄f (x,y). We further assume that every variable exhibits both microscale and
macroscale spatial variations of the fields. As such, the gradient operator ∇(·), its symmetric part ξ(·)
and the divergence ∇ · (·) transform in terms of their microscale and macroscale counterparts according
to (25) and the chain rule, i.e.

∇x(·) +
1
ε
∇y(·), ξx(·) +

1
ε
ξy(·), ∇x · (·) +

1
ε
∇y · (·), (26)

respectively, where in particular

ξx(·) =
∇x(·) + (∇x(·))T

2
, ξy(·) =

∇y(·) + (∇y(·))T
2

. (27)

3.2. The multiscale system of PDEs

We now obtain a multiscale system of PDEs by considering (16–21) and applying the transformation of
differential operators (26), which yields

∇y · Tε
s + ε∇x · Tε

s = 0 in Ωs (28)

∇y · uε + ε∇x · uε = 0 in Ωs (29)

∇y · Tε
f + ε∇x · Tε

f = 0 in Ωf (30)

∇y · vε + ε∇x · vε = 0 in Ωf (31)

u̇ε = vε on Γ (32)

Tε
sn = Tε

fn on Γ, (33)

supplemented by the following multiscale constitutive relationships

εTε
s = −εpε

sI + 2μ̄sξy(uε) + 2εμ̄sξx(uε) in Ωs (34)

Tε
f = −pε

f I + 2εμ̄fξy(vε) + 2ε2μ̄fξx(vε) in Ωf . (35)

The notation with the superscript ε attached to the relevant fields pf , ps, u, v, Tf , and Ts indicates
that they are now depending on ε, and, as it is usually assumed in the context of formal asymptotic
homogenisation, we assume that this dependency can be represented as regular power series expansions,
i.e.:

pε
f,s(x,y, t) =

∞∑

l=0

p
(l)
f,s(x,y, t)εl,

Tε
f,s(x,y, t) =

∞∑

l=0

T
(l)
f,s(x,y, t)εl,

uε(x,y, t) =
∞∑

l=0

u(l)(x,y, t)εl,

vε(x,y, t) =
∞∑

l=0

v(l)(x,y, t)εl.

(36)
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Fig. 1. The domain Ω ⊂ R
3 with a zoomed in periodic cell representing the pore scale. In this case, the cell is represented

by a cube comprising its elastic matrix portion Ωs and the connected fluid compartment Ωf , here represented simply as
three orthogonal smoothed cylinders.

3.3. Geometrical assumptions

In this subsection, we outline simplifying geometrical assumptions concerning the geometry of the pore
structure under consideration.

Remark 4. (Pore scale Periodicity) The multiscale system of PDEs (28–33), supplemented by constitutive
equations (34, 35), is formally defined on the whole pore scale spanned by variable y with a parametric
dependence on the macroscale x. However, the microstructure of porous materials is typically complex
and comprises many features, so it is convenient to restrict our focus on a small portion of the pore scale
structure. We then assume that our domain is made of repeated periodic cells as shown in Fig. 1, so that
each field in (28–35) is y-periodic in order to restrict the analysis to the periodic cell. As such, we identify
the domain Ω with its corresponding periodic cell, and similarly the porous matrix and the fluid phases
constituting the cell are denoted by Ωs and Ωf , respectively. The interface between the domains within the
cell is then denoted as Γ := ∂Ωs ∩ ∂Ωf , consistently with equation (10) with corresponding unit normal
vector n pointing outward from the fluid cell portion Ωf . This assumption is commonly adopted, as it
improves and simplifies the presentation of the main results, and indeed ensures that the solution can be
(usually numerically) obtained at a reduced computational cost. However, the macroscale results that we
illustrate in the remainder of this work could be generalised to the case of y-boundedness, as performed
in [12]. On the other hand, only the functional form of the macroscale model may be determined using
the local boundedness approach. In the latter case, the model’s coefficients are associated with microscale
problems that need formally to be resolved on the entire (unbounded as ε → 0) material microstructure,
rather than a confined single portion. Furthermore, we could also assume variations of the periodic cell
with respect to macroscale, but this is beyond the scope of this specific manuscript, as we highlight in
the Remark below.
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Remark 5. (Macroscopic uniformity) As is commonly known in multiscale materials, each macroscale
point has an underlying microstructure that may well be different. This variation that can occur at each
macroscale point has received much attention by a variety of approaches, see [12,20,29,46,47]. If we were
to assume that the microscale could depend on the macroscale point, then this would add additional terms
to our final model as we would need to carry out a proper application of the Reynolds’ transport theorem.
This assumption, combined with the pore scale periodicity stated above, is equivalent to assuming that
the geometry of the cell features a parametric dependence with respect to the macroscale x. This leads
to considering more general situations, but in general entails a much greater computational cost, as one
periodic cell per macroscale point x would have to be considered. In this work, we focus on a more standard
scenario by assuming that the porous structure does not depend on the variable x. This assumption, also
referred to as macroscopic uniformity, allows for the following simple differentiation under the integral
sign to be utilised, namely

∫

Ω

∇x · (·) dy = ∇x ·
∫

Ω

(·) dy, (37)

where (·) is any tensor or vector quantity.

3.4. The upscaling process

Each equation of the multiscale system of PDEs (28–33), as well as the multiscale constitutive relation-
ships (34–35), can be formally viewed as the power series representation of an analytic function of ε.
Therefore, in view of the uniqueness of the power expansion of an analytic function, we obtain suitable
sets of conditions by equating the coefficients multiplying εl to zero for l = 0, 1, .... These conditions are
then combined to obtain a macroscale closed system of PDEs in terms of the leading order fields p

(0)
f , p

(0)
s ,

u(0), v(0), T(0)
f , T(0)

s . The fields appearing in the power series expansions (36), including the leading order
ones, are in principle functions of both the macroscale x and the microscale y. As such, it is convenient
to introduce the cell average operator defined by

〈(·)〉α =
1

|Ω|
∫

Ωα

(·) dy α = f, s, (38)

where integration is carried out over the representative fluid or solid portion of the periodic cell Ω with
volume |Ω|.

4. Main results

Since we have now described all the relevant assumptions that should be applied in order to derive our
model, we now can equate the coefficients of the powers of ε beginning with zero. This way we derive
differential conditions that hold on the periodic cell spanned by the pore scale variable y, yet retaining
a parametric dependence on the macroscale variable x.

Equating coefficients of ε0 in (28–35) yields

∇y · T(0)
s = 0 in Ωs (39)

∇y · u(0) = 0 in Ωs (40)

∇y · T(0)
f = 0 in Ωf (41)

∇y · v(0) = 0 in Ωf (42)

u̇(0) = v(0) on Γ (43)
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T(0)
s n = T

(0)
f n on Γ, (44)

supplemented by the following multiscale constitutive relationships

T
(0)
f = −p

(0)
f I in Ωf (45)

2μ̄sξy(u(0)) = 0 in Ωs. (46)

By equating the coefficients of ε1 in (28–35), we obtain the following relationships

∇y · T(1)
s + ∇x · T(0)

s = 0 in Ωs (47)

∇y · u(1) + ∇x · u(0) = 0 in Ωs (48)

∇y · T(1)
f + ∇x · T(0)

f = 0 in Ωf (49)

∇y · v(1) + ∇x · v(0) = 0 in Ωf (50)

u̇(1) = v(1) on Γ (51)

T(1)
s n = T

(1)
f n on Γ, (52)

supplemented by the following multiscale constitutive relationships

T
(1)
f = −p

(1)
f I + 2μ̄fξy(v(0)) in Ωf (53)

T(0)
s = −p(0)

s I + 2μ̄sξy(u(1)) + 2μ̄sξx(u(0)) in Ωs. (54)

Substituting (45) into (41) we obtain that ∇yp
(0)
f = 0, yielding that p

(0)
f does not depend on the

microscale y, so

p
(0)
f = p

(0)
f (x, t), (55)

i.e. the leading order pressure p
(0)
f depends on the macroscale x only. Equation (46) leads to u(0) =

ω ∧ y + c, that is, an infinitesimal rigid body motion where ω and c are y-constant vectors. However,
since we are assuming y-periodicity, then ω must reduce to zero and therefore u(0) = c, or equivalently

u(0) = u(0)(x, t). (56)

4.1. Macroscale Darcy’s law

This section is devoted to the analysis of the behaviour of the leading order fluid velocity. Substituting
the constitutive relationships for the zeroth- and first-order fluid stress tensors (45) and (53) into the
stress balance equation (49), accounting for the microscale incompressibility constraint (42) and interface
conditions (43), we obtain the following Stokes’ boundary value problem for the variables v(0) and p(1)

as follows

∇y · (2μ̄fξy(v(0))) − ∇yp
(1)
f − ∇xp

(0)
f = 0 in Ωf (57)

∇y · v(0) = 0 in Ωf (58)

v(0) = u̇(0) on Γ, (59)

equipped with periodicity conditions on ∂Ωf \Γ. The problem can be reformulated in terms of the relative
leading order fluid velocity defined by

w(x,y, t) = v(0)(x,y, t) − u̇(0)(x, t). (60)
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Substituting (60) into the differential problem (57–59) and considering the macroscale only character of
the leading order displacement as per (56), we obtain the following problem for (w, p

(1)
f ):

∇y · (2μ̄fξy(w)) − ∇yp
(1)
f − ∇xp

(0)
f = 0 in Ωf , (61)

∇y · w = 0 in Ωf , (62)

w = 0 on Γ, (63)

and again periodicity conditions on ∂Ωf \ Γ.
We now observe that the linear system of PDEs (61–63) has non-trivial solutions when ∇xp(0) �= 0,

hence we state the solution (w, p
(1)
f ) in terms of the following ansatz

w = −W∇xp
(0)
f ; p

(1)
f = −p · ∇xp

(0)
f + d, (64)

where p
(1)
f can only be specified up to an arbitrary y-constant function d. Equation (64) is the solution of

the problem (61-63) provided that the auxiliary second rank tensor W and vector p satisfy the following
cell problem

∇y · (2μ̄f ξ̂y(W)) − (∇yp)T + I = 0 in Ωf (65a)

∇y · WT = 0 in Ωf (65b)

W = 0 on Γ, (65c)

where once again periodic conditions apply to the boundary ∂Ωf \ Γ and a further condition is to be
imposed on p for the solution to be unique (e.g. zero average on periodic cell), and the third rank tensor
ξ̂y(W) is such that its component-wise representation reads:

[ξ̂y(W))]ijk =
∂Wik

∂yj
+

∂Wjk

∂yi
, (66)

see also Appendix A for a complete component-wise representation of the problem.
Taking the integral average of (64) over the fluid domain leads to

〈w〉f = −〈W〉f∇xp
(0)
f , (67)

i.e. the average relative leading order fluid velocity is described by Darcy’s law.

4.2. Poroelasticity on the macroscale

This section is focussed on the derivation of the macroscale stress balance equations in terms of the
leading order elastic displacement and fluid and solid pressures, that is u(0), p

(0)
f , and p

(0)
s , respectively.

We start by adding up the periodic cell averages of Eqs. (47) and (49) over Ωs and Ωf , respectively,
obtaining

1
|Ω|

( ∫

Ωs

∇y · T(1)
s dy +

∫

Ωf

∇y · T(1)
f dy +

∫

Ωs

∇x · T(0)
s dy +

∫

Ωf

∇x · T(0)
f dy

)
= 0. (68)

Applying the divergence theorem with respect to y to the first two integrals and rearranging the last two
terms by enforcing the assumption of macroscopic uniformity (37), we obtain

1

|Ω|
( ∫

∂Ωs\Γ

T(1)
s nΩs

dS−
∫

Γ

T(1)
s ndS+

∫

∂Ωf\Γ

T
(1)
f nΩf

dS+

∫

Γ

T
(1)
f ndS+∇x ·

∫

Ωs

T(0)
s dy+∇x ·

∫

Ωf

T
(0)
f dy

)
=0, (69)

where n is the unit normal vector to Γ pointing out of the fluid domain Ωf , which means that the unit
vector normal to Γ which is pointing outward with respect to the solid domain Ωs is given by −n. We
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also denote by nΩs
and nΩf

the unit outward normal vectors to the ∂Ωs\Γ and ∂Ωf\Γ cell boundaries,
respectively.

As the surface integrals over the boundaries ∂Ωs\Γ and ∂Ωf\Γ reduce to zero by enforcing y-
periodicity, then relationship (69) reduces to

1
|Ω|

(
−

∫

Γ

T(1)
s ndS +

∫

Γ

T
(1)
f ndS + ∇x ·

∫

Ωs

T(0)
s dy + ∇x ·

∫

Ωf

T
(0)
f dy

)
= 0. (70)

By exploiting continuity of the order one tractions (52), the contributions over the interface Γ vanish,
leading to

∇x · 〈T(0)
s 〉s + ∇x · 〈T(0)

f 〉f = 0, (71)

which can be rewritten by considering the leading order constitutive relationship for the fluid stress tensor
(45) as

∇x · T̃ = 0, (72)

where we have defined the effective macroscale stress tensor as

T̃ = 〈T(0)
s 〉s − ϕfp

(0)
f I. (73)

We recall that the fluid pressure p
(0)
f (x, t) is constant with respect to the microscale y (cf. Eq. (55)), and

ϕf := |Ωf |/|Ω| is the fluid volume fraction, i.e. the porosity of the system.
In the remainder of this section, we investigate how to exploit the relationship obtained by equating

the coefficients of the same power of ε in order to determine the leading order elastic stress tensor T
(0)
s

as a function of zeroth-order displacement and pressure fields.
We commence by substituting the constitutive equation for the leading order solid stress tensor (54)

into both the zeroth-order solid stress balance and the continuity of tractions (39) and (44), respec-
tively. This way, by considering the non-divergence-free constraint (48) and the leading order constitutive
equation for the fluid stress tensor (45), we obtain the following y-periodic problem for the order one
displacement vector u(1) and the leading order solid pressure p

(0)
s , as follows

∇y · (2μ̄sξy(u(1))) − ∇yp(0)
s = −∇y · (2μ̄sξx(u(0))) in Ωs, (74)

∇y · u(1) = −∇x · u(0) in Ωs, (75)
(
2μ̄sξy(u(1)) − p(0)

s I
)
n = −

(
2μ̄sξx(u(0)) + p

(0)
f I

)
n on Γ, (76)

together with y-periodicity on ∂Ωs \ Γ.
The solution (u(1), p

(0)
s ) of the problem given by equations (74–76), exploiting linearity, is given by

u(1) = R:ξx(u(0)) + ap
(0)
f + c(x), (77)

p(0)
s = S:ξx(u(0)) + φp

(0)
f , (78)

where c is an arbitrary y-constant vector-valued function, R is a third rank tensor and S is a second rank
tensor. The ansätze (77-78) represent the solution of the problem provided that (R,S) and (a, φ) solve
the following cell problems

∇y · (2μ̄sξ̃y[R]) − ∇y · (I ⊗ S) = −∇y · (2μ̄sI
S) in Ωs (79a)

∇y · R = −I in Ωs, (79b)
(
2μ̄sξ̃y[R] − I ⊗ S

)
n = −2μ̄sI

Sn on Γ, (79c)

and

∇y · (2μ̄sξy(a)) − ∇yφ = 0 in Ωs, (80a)
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∇y · a = 0 in Ωs (80b)

(−φI + 2μ̄sξy(a))n = −n on Γ, (80c)

where the problems (79a–79c) and (80a–80c) are to be supplemented by periodic conditions on ∂Ωs \ Γ
and we require one further condition on R and a ensure uniqueness, e.g. prescribing their cell average
equal to a chosen constant, such as zero. The fourth rank tensor ξ̃y[R] has the following component-wise
representation

ξ̃y[R]ijkl =
1
2

(
∂Rikl

∂yj
+

∂Rjkl

∂yi

)
. (81)

The divergence operator in problem (79a–79c) acts on the second component of the fourth rank tensors
in (79a) (and so does the corresponding contraction between them and the unit normal in (79c)), and on
the first component of the third rank tensor in (79b). A comprehensive representation of the ansätze and
the cell problems in components is provided in Appendix A.

Given that the order one displacement u(1) and the leading order solid pressure p
(0)
s can be written

as functions of the leading order displacement u(0) and fluid pressure p
(0)
f , by substituting the ansätze

(77–78) in the leading order constitutive relationship for the solid stress tensor T
(0)
s 35, we obtain

T(0)
s = (C + C : N − I ⊗ S) : ξx(u(0)) + (C : P − φI) p

(0)
f (82)

and the fourth rank tensors C and N and second rank tensor P are defined as

N = ξ̃y[R], C = 2μ̄sI
S , P = ξy(a). (83)

In order to determine the overall constitutive equation of the material, we first average equation (82)
over the solid portion of the domain, which yields

〈T(0)
s 〉s = C̃ : ξx(u(0)) + 〈C : P − φI〉sp

(0)
f , (84)

where the homogenised elasticity tensor C̃ is defined as

C̃ = 〈C + C : N − I ⊗ S〉s. (85)

Therefore, the overall stiffness tensor T̃ (cf. relationship (73)) satisfying the macroscale balance equa-
tion (72) reads

T̃ = C̃ : ξx(u(0)) + (〈C : P − φI〉s − ϕf I)p
(0)
f . (86)

Equation (72), supplemented by constitutive equation (86), represents the macroscale momentum balance
for the whole system and describes the overall behaviour of the poroelastic material in terms of the leading
order elastic displacement u(0) and fluid pressure p

(0)
f . We now summarise our findings and derive the final

equation which shows that the classical mass conservation constraint arising from the interplay between
intrinsically incompressible solid and fluid phases is obtained as a result of our formulation.

4.3. Solid volume and fluid exchange balance

We have now obtained Darcy’s law (67), and have shown that the constitutive equation for the poroe-
lastic material (86) reads as an additive decomposition of an elastic component, which is related to the
macroscale strains via the drained elasticity tensor (85), and a contribution proportional to the fluid
pressure, consistently with classical results. The system of equations for u(0) and p

(0)
f is then typically

closed by a condition that relates variations of the fluid pressure with variations of the solid volume
and the fluid exchanged. In the context of the classical theory of poroelasticity, such relationship can be



ZAMP Poroelasticity derived from the microstructure. . . Page 13 of 20 22

stated as (in a notation relatable to that of this manuscript, and for a macroscopically isotropic porous
medium), for compressible constituents, as

˙̃p = −M(α∇ · ˙̃u + ∇ · q), (87)

where ũ represents the poroelastic displacement, p̃ the poroelastic fluid pressure and q is the so called
discharge flow vector, which describes the averaged flow of the fluid relative to the solid motion and is the
vector field satisfying Darcy’s law. 1 The parameters M and α are Biot’s modulus and Biot’s coefficient.
They physically represent the resistance of the poroelastic medium to volume changes for a given pressure
change (at constant strains), and the ratio of fluid gained (or lost) to solid volume changes. The limit for
intrinsically incompressible constituent, that is, the equivalency between the change in solid volume and
the volume of fluid exchanged, is achieved by taking the limit as M → +∞ and α = 1, which indeed leads
to ∇ · ˙̃u + ∇ · q = 0. We now prove that our model satisfies this condition. In particular, the poroelastic
displacement and discharge flow vector are to be identified with the leading order displacement u(0) and
the average of the relative leading order fluid velocity 〈w〉f . The claim we need to prove then reads as
follows

∇x · u̇(0) + ∇x · 〈w〉f = 0. (88)

Remark 6. (Proof of claim (88)) We commence by applying the periodic cell average operator (38) to the
order one constraint (50) over the fluid portion of the domain Ωf to obtain

∇x · 〈v(0)〉f +
1

|Ω|
∫

Γ

v(1) · ndS = 0, (89)

where we have applied the divergence theorem with respect to the microscale variable y as well as y-
periodicity to neglect the contribution over the period cell boundary ∂Ωf \Γ and macroscopic uniformity
(37).

Similarly, we can apply the cell average operator (38) to the order one constraint (48) over the solid
portion of the domain Ωs to obtain

ϕs∇x · u(0) +
1

|Ω|
∫

Γ

u(1) · ns dS = 0, (90)

having applied again the divergence theorem with respect to y and y-periodicity so that the contributions
over the periodic boundary ∂Ωs \ Γ reduce to zero. Here we have also considered that the leading order
displacement u(0) does not depend on the microscale y and ϕs := |Ωs|/|Ω| is the solid volume fraction.
Since the unit normal n is assumed to be pointed outward with respect to the fluid domain, we also have
ns = −n, so we can also rewrite Eq. (90) as

ϕs∇x · u(0) − 1
|Ω|

∫

Γ

u(1) · ndS = 0. (91)

As the microscale cell is not varying in time, by taking the time derivative of relationship (91) we also
obtain

ϕs∇x · u̇(0) − 1
|Ω|

∫

Γ

u̇(1) · ndS = 0. (92)

By summing up relationships (92) and (89), we finally obtain

ϕs∇x · u̇(0) + ∇x · 〈v(0)〉f = 0, (93)

1Relationship (87) is in some contexts expressed in terms of the fluid content, and variations of this latter are then
equal to −∇ · q by means of conservation of the fluid mass, as per equations (59) and (73) [24] or equivalently equation
(11) and (12) as summarised in [51].
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having applied continuity of velocities on the fluid–solid interface (51), which in particular also implies
continuity of the corresponding normal components. By using the definition of relative velocity w (60),
we can rewrite the constraint (93) as

ϕs∇x · u̇(0) + ∇x · 〈w + u̇(0)〉f = 0, (94)

and since the leading order displacement does not depend on y, we have 〈w + u̇(0)〉f = 〈w〉f + ϕf u̇(0),
which leads to

∇x · u̇(0) + ∇x · 〈w〉f = 0, (95)

as ϕf + ϕs = 1. �

We have now derived all the equations required to be able to state our macroscale model. The equa-
tions in the macroscale model describe the effective poroelastic behaviour of the material relating to the
pressure, the average fluid velocity and the elastic displacement. Therefore, the macroscale model to be
solved is given by

〈w〉f = −〈W 〉f∇xp(0), (96a)

∇x · T̃ = 0, (96b)

T̃ = C̃ξx(u(0)) + (〈C : P − φI〉s − ϕf I)p
(0)
f , (96c)

∇x · u̇(0) + ∇x · 〈w〉f = 0, (96d)

and represents a closed system of PDEs (given Darcy’s law) subjected to appropriate macroscale boundary
conditions.

The major difference between the current formulation and standard approaches which start from
compressible constituents resides in (a) the coefficients of the model, which are to be computed by solving
a different set of periodic cell problems, which require less input parameters (in particular, in the isotropic
case, only the shear modulus needs to be specified for the solid matrix), and (b) the present formulation
leads to the balance (88) without enforcing a posteriori assumption on derived coefficients based on
their physical meaning in the case of intrinsic incompressibility. In fact, standard approaches which are
utilised to derive poroelasticity from the microstructure lead to a poroelastic system of equations which
is analogous to (96), but with Eq. (88) replaced by the balance equation (87). However, Biot’s modulus
and coefficients are in this case to be computed by solving corresponding cell problems (see for example
[12,52]), and enforcing strict incompressibility via limit values of the parameters (say Poisson’s ratio
approaching 0.5 in the case of isotropy) does not lead to a rigorous proof that the solution of such
cell problems leads to the limits M → +∞ and α = 1, thus leading to (88). Instead, incompressible
poroelasticity derived from the microstructure featuring the constraint (88) can be derived by starting
from strict incompressibility from the commencement, which is the approach we embrace in this work.
We further note that, if needed, the solid pressure can also be retrieved via (78), although, as expected,
this is ultimately not needed to close the problem for the leading order displacement and fluid pressure,
consistently with the standard theory of poroelasticity.

5. Conclusion

We have presented a new formulation to derive the equations of poroelasticity from a microstructure char-
acterised by intrinsically incompressible constituents at the scale of the pores. We have started from the
fluid–structure interaction problem between a linear elastic isotropic porous matrix and an incompressible
Newtonian fluid (by neglecting inertia and body forces), and by enforcing incompressibility by considering
both the fluid and solid pressures, which formally read as the Lagrangian multipliers associated with the
incompressibility constraints for both phases. The coupling between phases, enforced via continuity of
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velocities and tractions, occurs between two systems of linear saddle point differential problems, where
both the fluid viscosity and the elastic shear modulus are assumed to be strictly positive, heterogeneous
functions. We have then performed the upscaling of the resulting coupled equations by means of the
asymptotic (periodic) homogenisation method. The main result consists of a macroscale system of Biot’s
type equations which automatically satisfies the condition that is to be met at the macroscale when both
phases are individually incompressible at the pore scale, i.e. variations of the solid volume are identi-
cally balanced by variations of the fluid content. In particular, while the obtained hydraulic conductivity
which appears in the obtained Darcy’s law is the natural generalisation of previous results [52] for het-
erogeneous viscosities, the effective stiffness tensor is to be computed by solving non-standard pore scale
cell problems specific to this new formulation. The latter have a saddle point linear structure, equipped
with corresponding auxiliary pressures and non-divergence-free constraints in addition to the standard
auxiliary volume and boundary load related to the matrix stiffness (in this case, solely the shear modulus
as we are assuming isotropy of the solid phase), its variations and the pore scale geometry. The benefit
of this new formulation is that intrinsic incompressibility is considered from the commencement, which
means that the macroscale equations that are expected to hold in that limit are automatically obtained
as a result of the upscaling process, which does not happen when embracing the traditional derivation.
In this latter case, the results hold for compressibility of the solid matrix, and the macroscale system of
PDEs reduces to one meeting the above-mentioned condition only when approaching physically appro-
priate limit regimes which are based on physically intuitive arguments and do not rigorously follow from
the definition of the effective parameters formulated in terms of the underlying pore structure. In other
words, although there exist results based on numerical simulations which are reassuring on the reliability
of the classical formulation when approaching the solid matrix incompressibility, e.g. [22], the traditional
formulations are not amenable of the strict incompressibility limit, which is indeed the novelty of this
work. This manuscript is open to several improvements. First of all, the formulation has been derived
by embracing a number of simplifying modelling assumptions such as neglecting inertia, body forces and
material anisotropy. The formulation can be extended in a straightforward way (in a small deformations
regime) to linearised inertia [23], as done in [12]; however, the extension, though possible, is less trivial
if a full representation of the fields, rather than a single fixed frequency approach is embraced, as shown
in [27]. An extension to generic body forces is also possible and would neither alter the structure of the
pore scale problems nor modify the obtained constitutive relationship unless more complex representa-
tions featuring Helmholtz-type representation of such forces [53], or pre-stress is involved, see, e.g. [25].
Anisotropy of the elastic matrix could also be considered as per Remark 1. For instance, in [26], the
Authors investigate the properties of the anisotropic, linear elastic, stiffness tensor and its restrictions by
extending the analysis also to non-standard metrics.

Further development of this work will involve implementation of the model (by either semi-analytical or
numerical means) and the solutions should then be compared with those recently obtained for example in
[22]. The comparison will be illuminating especially to evaluate the discrepancy between results obtained
by applying standard formulations for values of the solid matrix Poisson’s ratio close to 0.5 against those
obtained via the present work, where the solid matrix is strictly incompressible. The results are open
for further theoretical extensions as in particular the saddle point formulation could be extended also to
compressible materials (see, e.g. [31]), so that this work could pave the way for a unified poroelastic theory
that could automatically incorporate incompressibility of the individual phases, which is currently not
the case for standard approaches such as [12]. Finally, the solutions of this model and/or its extension are
applicable to incompressible elastic materials, that are for instance encountered in real-world scenarios of
interest, e.g. biological tissues such as the lungs, which feature the interplay between an incompressible
elastic matrix and a compressible fluid, that is, air flowing through the airways [6,16,19,32].
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Appendix A. The component-wise pore scale PDEs

In this section, we write the pore scale cell problems that we obtained in the main body of the manuscript
involving the third and fourth rank tensors defined in (66) and (81), respectively, by representing them
in components by means of the Einstein convention on repeated indices. The problem (61–63) that holds
for (w, p

(0)
f ) in the fluid compartment, component-wise, reads:

∂

∂yj

(
μ̄f

(
∂wi

∂yj
+

∂wj

∂yi

))
− ∂p

(1)
f

∂yi
− ∂p

(0)
f

∂xi
= 0 in Ωf (97)

∂wi

∂yi
= 0 in Ωf (98)

wi = 0 on Γ. (99)

http://creativecommons.org/licenses/by/4.0/
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Given the ansatz (64), we have wi = −Wik
∂p(0)

∂xk
, wj = −Wjk

∂p(0)

∂xk
, p

(1)
f = −pk

∂p(0)

∂xk
so that the cell

problem for the second rank tensor W in components reads, since
∂p

(0)
f

∂xi
= δik

∂p
(0)
f

∂xk
:

∂

∂yj

(
μ̄f

(
∂Wik

∂yj
+

∂Wjk

∂yi

))
− ∂pk

∂yi
+ δk = 0 in Ωf (100)

∂Wik

∂yi
= 0 in Ωf (101)

Wik = 0 on Γ. (102)

We notice that the above problem generalises the standard Stokes’-type problem arising from homogeni-
sation of the Stokes’ problem for an heterogeneous viscosity and, when the latter is a constant, since (101)
holds, the problem reduces to the classical one for example investigated in [48]. From the component-
wise representation (100–102), we can also deduce that the problem (65a–65c) corresponds to three
vector-valued problems driven by volume loads corresponding to the unit vectors in the three orthogonal
directions, for k = 1, 2, and 3, as also illustrated in [48,50].

The problem (74–76) that holds in the solid compartment Ωs for the fields (u(1), p
(0)
s ) can be rewritten

in components as

∂

∂yj

(
μ̄s

(
∂u

(1)
i

∂yj
+

∂u
(1)
j

∂yi

))
− ∂(p(0)

s δij)
∂yi

= −∂(2μ̄sξij)
∂xj

, (103)

∂u
(1)
i

∂yi
= −∂u

(0)
i

∂xi
, (104)

supplemented by periodic conditions on ∂Ωs\Γ and by the following conditions on the interface Γ
(

μ̄s

(
∂u

(1)
i

∂yj
+

∂u
(1)
j

∂yi

)
− p(0)

s δij

)
nj = −(2μ̄sξij + p

(0)
f δij)nj , (105)

where we defined ξij = 1
2

(
∂u

(0)
i

∂xj
+

∂u
(0)
j

∂xi

)
. By considering the Ansätze (77) and (78), we have u

(1)
i =

Riklξkl + ci and p
(0)
s = Sklξkl +φp

(0)
f , respectively. We also note that ξij = IS

ijklξkl = 1
2 (δikδjl + δilδjk)ξkl,

cf. Eq. (103).
The problem for the auxiliary third rank tensor R and second rank tensor S (79a–79c) rewrites,

component-wise, as follows

∂
(
2μ̄sξ̃ijkl

)

∂yj
− ∂(δijSkl)

∂yj
= −∂(2μ̄sI

S
ijkl)

∂yj
in Ωs, (106a)

∂Rikl

∂yi
= −δkl in Ωs, (106b)

(
2μ̄sξ̃ijkl − δijSkl

)
nj = −2μ̄sI

S
ijklnj on Γ, (106c)

where we have denoted by ξ̃ijkl the “ijkl” component of the fourth rank tensor ξ̃y(R), that is

ξ̃ijkl =
1
2

(
∂Rikl

∂yj
+

∂Rjkl

∂yi

)
. (107)
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