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 a b s t r a c t

This paper addresses high-precision formation control for spacecraft operating in low Earth orbit, motivated 
by the requirements of future space interferometry missions such as SILVIA. The proposed approach formu-
lates the relative dynamics within a port-Hamiltonian framework and introduces an Adaptive Boundary-layer 
Sliding Mode Control (AB-SMC) law to overcome the limitations of conventional SMC with constant gains. The 
key innovation lies in a dynamic, error-dependent adjustment of the sliding manifold, enhancing transient per-
formance while guaranteeing high-precision trajectory tracking. Rigorous Lyapunov-based analysis establishes 
explicit ultimate bounds on the tracking error and ensures closed-loop stability, while extensive Monte Carlo 
simulations further validate the proposed AB-SMC compared to standard control approaches. Results show that 
AB-SMC achieves faster convergence, lower control effort, and sub-millimeter tracking accuracy, demonstrating 
its practical robustness and implementation feasibility in realistic, uncertain orbital environments while respect-
ing low-thrust constraints.

1.  Introduction

In recent years, spacecraft formation flying has emerged as a crit-
ical technology for advancing space science and exploration. Dis-
tributed spacecraft architectures present several advantages over tra-
ditional monolithic platforms, including enhanced reliability, robust-
ness, improved efficiency, and cost-effectiveness (Di Mauro et al., 
2018). Moreover, formation flying enables mission types that a sin-
gle spacecraft cannot undertake, such as high-precision interferome-
try, distributed sensing, and three-dimensional planetary surface re-
construction (Schweighart & Sedwick, 2001). Recent research has also 
shown that vision-based control can enable efficient formation keep-
ing of spacecraft (Pomares et al., 2024). The growing interest in this 
technology is evidenced by several current and planned missions, such 
as the Laser Interferometer Space Antenna (LISA) (Danzmann & Rüdi-
ger, 2003; Xie et al., 2024), the Deci-hertz Interferometer Gravitational 
Wave Observatory (DECIGO) (Kawamura et al., 2008), the Large Inter-
ferometer for Exoplanets (LIFE) (Quanz et al., 2022), the Space Experi-
ment of Infrared Interferometric Observation Satellite (SEIRIOS) (Ikari 
et al., 2021; Matsuo et al., 2022), and the forthcoming Space Interfer-
ometer Laboratory Voyaging towards Innovative Applications (SILVIA) 
mission (Ito et al., 2025). Notably, in-orbit verification of precision for-
mation flying is ongoing. ESA’s Proba-3, launched in December 2024, 
is now entering its flight phase, aiming for precision formation flying 

∗ Corresponding author.
 E-mail addresses: mauro.mancini@polito.it (M. Mancini), s322755@studenti.polito.it (G.A. Tataru), satoh@mech.eng.osaka-u.ac.jp (S. Satoh), 
elisa.capello@polito.it (E. Capello).

technology demonstration and solar coronagraphy. Using an integrated 
navigation architecture combining relative GPS, vision-based sensors, 
and laser ranging, the two independent 300 kg spacecraft have achieved 
millimeter-level relative position control and arcsecond-level line-of-
sight control in a highly elliptical orbit at a separation of approximately 
150 m (Serrano et al., 2025). More recently, small-satellite-based tech-
nology demonstration missions for precision formation flight have been 
actively pursued, including CNES’s POC_ESSAIM (Molina et al., 2024) 
and the VISORS mission developed through multi-institution collabo-
ration (Koenig et al., 2023). Additional examples of formation-flying 
missions can be found in Zhang et al. (2022).

Despite these potential benefits, formation-flying missions demand 
unprecedented levels of precision in maintaining the relative positions 
and orientations among multiple spacecraft (Di Mauro et al., 2018). 
The primary challenge lies in the design of robust and reliable Guid-
ance, Navigation, and Control (GNC) systems capable of operating au-
tonomously in the orbital environment. In particular, the control func-
tion must ensure high-accuracy formation maintenance under complex, 
highly nonlinear dynamics and in the presence of external perturbations 
such as the 𝐽2 effect and atmospheric drag. Furthermore, the control 
laws must produce physically realizable actuation commands, main-
taining low control effort to enable long-duration missions while pre-
venting actuator saturation, a critical constraint for spacecraft equipped 
with low-thrust propulsion systems.  Although formation control has 
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been extensively studied for a wide range of terrestrial platforms, in-
cluding unmanned aerial, ground, and underwater vehicles (Ahn, 2020; 
Bai et al., 2011), the aforementioned aspects constitute key character-
istics of spacecraft formation control. In spacecraft applications, con-
trol strategies must actively exploit natural orbital dynamics to main-
tain fuel-efficient configurations; therefore, position-based control ap-
proaches are often preferred, as they enable the use of pre-designed 
reference orbits that satisfy both mission requirements and orbital me-
chanics. Accordingly, this paper adopts a formation tracking control ap-
proach.

1.1.  Mission context

This paper focuses on the problem of precise trajectory tracking 
within the framework of the SILVIA mission mentioned above, whose 
primary objective is to demonstrate precision formation-flying technolo-
gies in low Earth orbit (LEO). The selected orbital configuration consists 
of a circular orbit of 500 km altitude, where three spacecraft maintain 
a triangular formation with 100m separation while orbiting along a 
General Circular Orbit (GCO) (Ito et al., 2025). The LEO environment 
subjects the formation to significant perturbations, mainly atmospheric 
drag and gravity field irregularities, that greatly complicate precise rel-
ative motion control. As SILVIA mission specifies a submillimeter level 
relative positioning requirement, achieving such accuracy under these 
conditions represents a demanding challenge, emphasizing the need for 
robust and reliable control algorithms.

Following the approach in Javanmardi et al. (2020), Satoh and 
Hamanaka (2026), Tabuchi et al. (2024), this work treats the nonlin-
ear relative motion equations in formation flying as a class of port-
Hamiltonian systems (Duindam et al., 2009; Maschke & van der Schaft, 
1992), without relying on linear approximations. This approach cap-
tures the intrinsic nonlinear dynamics of the formation, while also ac-
counting for external perturbations, such as 𝐽2 effects and atmospheric 
drag. In this framework, the tracking to the target trajectory in the orig-
inal system and the convergence to the origin in the error system are in 
one-to-one correspondence, thus enabling systematic stability analysis.

Several nonlinear control approaches could be considered for the 
addressed problem, including adaptive backstepping controller com-
bined with Sliding Mode Control (SMC) (Wang et al., 2024a), dis-
tributed Model Predictive Control (MPC) with leader-follower configu-
ration (Pereira et al., 2023), time-varying observer-based control strate-
gies (Shao et al., 2024), adaptive control methods (Shi et al., 2023), con-
trol schemes based on the State-Dependent Differential Riccati Equation 
(SDDRE) (Bakhtiari et al., 2025), optimal control (Wang et al., 2024b), 
and learning-based methods (Gui et al., 2022). These methods have been 
investigated to address several issues in spacecraft formation flight, such 
as fuel consumption, actuator faults, constrained maneuvering, and tra-
jectory optimization in complex dynamical environments. In this work, 
Sliding Mode Control (SMC) was selected due to its relatively simple im-
plementation, strong robustness with respect to model uncertainties and 
external disturbances. Compared to more computationally demanding 
approaches such as nonlinear MPC, SMC provides a favorable trade-off 
between performance and implementation complexity, making it par-
ticularly suitable for mission-grade onboard applications. Starting from 
Tabuchi et al. (2024), a first-order trajectory-tracking Sliding Mode Con-
trol (SMC) is proposed. SMC is a nonlinear control technique known 
for its precision and robustness (Utkin, 1992), whose design involves 
selecting a sliding surface with attractive convergence properties and 
defining a discontinuous control law to confine the system trajecto-
ries to this surface. In particular, SMC can handle model uncertainties 
and external perturbations by driving the system states onto a so-called 
sliding surface, thereby achieving desirable dynamics once on that sur-
face. To mitigate the well-known issue of chattering (high-frequency 
oscillations in the closed-loop dynamics), the authors of Mancini 
and Ruggiero (2025) introduced a Boundary layer SMC (B-SMC)
(Slotine & Sastry, 1983), smoothing the discontinuity of the control ac-

tion near the sliding surface. The B-SMC alleviates the deleterious effects 
of chattering - which in formation flight could mean frequent small rapid 
actuator changes, inter-vehicle jitter, or communications stress - by re-
placing the sign-function discontinuity with a saturation or continuous 
approximation within a boundary thickness. This smoother behavior im-
proves the use of actuators and mitigates potential excitation of high-
frequency dynamics, which is particularly important when coordinating 
many vehicles in close proximity.

It is well recognized that the introduction of a boundary layer in 
SMC weakens the convergence properties of the ideal discontinuous for-
mulation, resulting in ultimate boundedness of the tracking error. A vi-
able strategy for reducing chattering while preserving ideal convergence 
properties is provided by continuous Higher-Order SMC (HOSMC). How-
ever, these controllers are particularly sensitive to discretization effects 
and reduced sampling rates when implemented on digital platforms 
(Boiko, 2009; Shtessel et al., 2014; Utkin et al., 2020). Considering the 
limited computational resources typically available on spacecraft on-
board computers, B-SMC represents a more reliable reference basis for 
the problem under consideration compared to HOSMC. 

1.2.  Proposed control framework and main contributions

In this work, we first establish a Lyapunov-based proof of closed-
loop stability under B-SMC, providing an explicit parametrization of the 
resulting invariant set as a function of the control gains. This analysis 
reveals a fundamental limitation of constant-gain B-SMC, namely the in-
herent trade-off between transient performance and steady-state track-
ing accuracy. Specifically, the choice of fixed gains imposes a compro-
mise between smooth control action and precise steady-state tracking, 
which cannot be alleviated through static gain tuning alone. To over-
come this limitation, we introduce a novel Adaptive Boundary-layer 
Sliding Mode Control (AB-SMC) law, in which the parameters of the 
sliding manifold are dynamically adjusted based on the system states.

Although adaptive and boundary-layer SMC have been widely in-
vestigated, the sliding manifold is typically assumed to be fixed and de-
signed a priori. In classical adaptive SMC, the control gain is increased 
to force sliding motion even under unknown uncertainties and distur-
bances (Plestan et al., 2010). Although robust, this paradigm inherently 
promotes fast and aggressive closed-loop dynamics, making it unsuit-
able for systems with limited control authority. Within the boundary-
layer SMC framework, time-varying and state-dependent boundary-
layer widths have been proposed to mitigate the trade-off between
chattering attenuation and tracking accuracy (Chen et al., 2002). How-
ever, transient behaviour remains dictated by the fixed geometry of the 
sliding manifold and can still cause excessively aggressive dynamics in 
input-constrained systems.  In contrast, the proposed AB-SMC adopts 
a different paradigm: the control gain and the boundary-layer thick-
ness are kept constant, while a purely state-dependent adaptive law is 
used to shape the sliding manifold parameters. The idea of adapting 
the parameters of the sliding manifold has already been explored in 
the literature. Several works rely on time-scheduled laws, in which the 
manifold parameters evolve according to predefined time profiles (Tokat 
et al., 2015). In these approaches, the closed-loop behavior is inherently 
tied to a nominal transient, which limits the ability of the controller 
to respond effectively to changes in the reference trajectory or operat-
ing conditions. Other contributions introduce state-dependent adapta-
tion through fuzzy-logic mechanisms (Tokat et al., 2003), at the price 
of increased design complexity and computational burden. In contrast, 
the proposed AB-SMC employs a simple state-dependent adaptive law 
based on a low-complexity differential equation, which directly shapes 
the sliding manifold while avoiding the need for defuzzification process. 
The proposed AB-SMC framework is rigorously analyzed via Lyapunov 
methods and validated through numerical simulations, demonstrating 
smooth transients for large tracking errors and high-precision steady-
state behavior as the system approaches the desired configuration, with-
out increasing control aggressiveness. 
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The numerical simulations campaign is conducted under reailistic 
orbital conditions, and the study systematically evaluates four different 
control approaches: Passivity-Based Control (PBC), SMC, constant gains 
B-SMC, and AB-SMC with time-varying gains. The simulations are de-
signed to rigorously assess the controller performance in the presence 
of orbital perturbations, such as the effect of 𝐽2 and atmospheric drag, 
as well as across a wide range of initial conditions. Particular atten-
tion is given to the ability of each controller to maintain precise rel-
ative positioning, to mitigate the impact of external disturbances over 
extended mission durations, and to minimize control effort, which is 
critical for practical implementation with low-thrust actuators. The sim-
ulation framework not only serves to validate the theoretical control 
designs but also provides essential insights into their practical appli-
cability and efficiency in operational space environments. By systemati-
cally testing all control schemes under external disturbances and various 
initial conditions, the study ensures a comprehensive assessment of ro-
bustness, stability, and control efficiency. The simulations demonstrate 
the feasibility of achieving high-precision spacecraft formations in GCO 
and effectively bridge the gap between theoretical nonlinear control de-
sign and its practical implementation in realistic orbital scenarios. The 
results highlight the inherent trade-offs between tracking accuracy, tran-
sient performance, and control effort across different control strategies. 
In particular, the proposed AB-SMC consistently outperforms the other 
approaches, achieving faster convergence, reduced control effort, and 
superior trajectory-tracking precision, demonstrating its potential as a 
highly effective solution for next-generation formation-flying missions.

The rest of the paper is organized as follows. Section 2 presents the 
relative motion dynamics of the formation, formulated within the port-
Hamiltonian framework. Section 3 details the control strategies, along 
with the associated Lyapunov-based stability analyses. Section 4 reports 
the results of the numerical simulation campaign. Finally, Section 5 
draws the conclusions and outlines perspectives for future formation-
flying missions.

2.  Spacecraft relative dynamics

The nonlinear relative dynamics between a deputy spacecraft and 
a chief spacecraft under the influence of the Earth’s 𝐽2 perturbation 
can be represented within the port-Hamiltonian framework, as stated 
in Tabuchi et al. (2024).
Let 𝑄 ∈ ℝ3 denote the deputy’s position in the Earth-Centered Inertial 
(ECI) frame and 𝑢ECI ∈ ℝ3 the control input. The deputy’s dynamics is 
given by

𝑄̈ = −
𝜇

‖𝑄‖

3
𝑄 + 𝑓𝐽2 (𝑄) + 𝑢ECI, (1)

where 𝜇 is the Earth’s gravitational parameter and 𝑓𝐽2 (𝑄) represents the 
perturbation caused by the Earth’s oblateness.
To describe the relative motion with respect to the chief, the ECI frame 
is transformed to the local-vertical-local-horizontal (LVLH) frame using 
the rotation matrix 𝑇 (𝑡) ∈ 𝑆𝑂(3). The LVLH frame can be expressed as 
a rotational sequence given by (Ω𝑐 , 𝑖𝑐 , 𝜃𝑐 ) as the (3-1-3) Euler angles 
from the ECI frame, where Ω𝑐 , 𝑖𝑐 and 𝜃𝑐 denote the right ascension of 
the ascending node, inclination, and argument of latitude of the chief, 
respectively (see Fig. 1 for a schematic of the ECI and LVLH frames). 
The transformation satisfies 𝑇̇ (𝑡) = 𝑇 (𝑡)𝜔×

𝑐 , where 𝜔𝑐 ∈ ℝ3 is the angular 
velocity of the LVLH frame relative to the ECI frame and (⋅)× denotes the 
skew-symmetric operator.
Denoting by 𝑞 ∈ ℝ3 the deputy’s position with respect to the chief in the 
LVLH frame, the relative motion is described by the following equations, 
where 𝑢 = 𝑇 (𝑡)⊤𝑢ECI is the control input expressed in the LVLH frame.

𝑞 = −𝑞𝑐 − (𝑇 (𝑡)⊤𝑇̇ (𝑡)𝜔×
𝑐 + 𝜔̇×

𝑐 )(𝑞 + 𝑞𝑐 ) − 2𝜔×
𝑐 (𝑞̇ + 𝑞̇𝑐 )

−
𝜇

‖𝑇 (𝑡)(𝑞 + 𝑞𝑐 )‖3
(𝑞 + 𝑞𝑐 ) + 𝑇 (𝑡)⊤𝑓𝐽2 (𝑇 (𝑡)(𝑞 + 𝑞𝑐 )) + 𝑢,

Fig. 1. ECI and LVLH frames (Tabuchi et al., 2024).

Then, the Hamiltonian is derived as follows. The gravitational potential 
including the 𝐽2 perturbation is defined as

𝑉 (𝑇 (𝑡)(𝑞 + 𝑞𝑐 )) = −
𝜇
𝑟

{

1 −
𝐽2
2

(

𝑅𝑒
𝑟

)2(

3𝑍
2

𝑟2
− 1

)

}

,

where 𝑟 = ‖𝑞 + 𝑞𝑐‖ and 𝑅𝑒 is the radius of the Earth. Using the kinetic 
and potential energy, the Lagrangian is given by

𝐿 =1
2
(𝑞̇ + 𝑞̇𝑐 + 𝜔×

𝑐 (𝑞 + 𝑞𝑐 ))⊤(𝑞̇ + 𝑞̇𝑐 + 𝜔×
𝑐 (𝑞 + 𝑞𝑐 ))

− 𝑉 (𝑇 (𝑡)(𝑞 + 𝑞𝑐 )).

The conjugate momentum is 𝑝 = 𝜕𝐿⊤∕𝜕𝑞̇ = 𝑞̇ + 𝑞̇𝑐 + 𝜔×
𝑐 (𝑞 + 𝑞𝑐 ), leading 

to the Hamiltonian
𝐻(𝑞, 𝑝, 𝑡) = 1

2
𝑝⊤𝑝 − 𝑝⊤

(

𝜔×
𝑐 (𝑞 + 𝑞𝑐 ) + 𝑞̇𝑐

)

+ 𝑉 (𝑇 (𝑡)(𝑞 + 𝑞𝑐 )).

Let 𝑥 = [𝑞⊤ 𝑝⊤]⊤ and 𝐼3 denotes the 3×3 identity matrix. Then, the 
nonlinear relative motion can be written in the port-Hamiltonian form:

𝑥̇ =
[

𝑂3,3 𝐼3
−𝐼3 𝑂3,3

]

𝜕𝐻(𝑥, 𝑡)𝖳

𝜕𝑥
+
[

𝑂3,3
𝐼3

]

𝑢

According to the generalized canonical transformation framework 
(Fujimoto et al., 2003), a specific transformation has been developed in 
Tabuchi et al. (2024) that converts the actual state 𝑥 = [ 𝑞⊤ 𝑝⊤ ]⊤ into 
error coordinates with respect to the desired trajectory 𝑞𝑑 (𝑡) and its as-
sociated conjugate momentum 𝑝𝑑 (𝑡) as follows:

𝑥̄ =

[

𝑇 (𝑡)(𝑞 − 𝑞𝑑 )
𝑝 − 𝑝𝑑

]

=

[

𝑞
𝑝̄

]

, (2)

where 𝑇 (𝑡) is the LVLH-to-ECI transformation matrix defined previously 
and 𝑝𝑑 = 𝑞̇𝑑 + 𝑞̇𝑐 + 𝜔×

𝑐 (𝑞
𝑑 + 𝑞𝑐 ). The resulting error dynamics preserve 

the port-Hamiltonian structure and are given by

̇̄𝑥 =

[

𝑂3,3 𝑇 (𝑡)
− 𝑇 (𝑡)𝖳 𝑂3,3

]

𝜕𝐻̄(𝑥̄, 𝑡)𝖳

𝜕𝑥̄
+

[

𝑂3,3

𝐼3

]

𝑢̄, (3)

where the transformed Hamiltonian is 𝐻̄(𝑥̄, 𝑡) = 1
2 𝑝̄

⊤𝑝̄.
System (3) defines the port-Hamiltonian representation of the error 

dynamics, whose equilibrium 𝑥̄ = 0 corresponds to perfect tracking of 
(𝑞, 𝑝) to (𝑞𝑑 , 𝑝𝑑 ). System (3) can be explicitly written as
̇̄𝑞 = 𝑇 (𝑡)𝑝̄, ̇̄𝑝 = 𝑢̄, (4)

which forms the basis for the sliding-mode control design presented in 
the next section.

3.  Control methodology

This section presents the control methodology for precise formation-
keeping of spacecraft under bounded disturbances. We first recall a 
first-order Sliding Mode Control (SMC) approach used in previous work 
(Tabuchi et al., 2024) and discuss its limitations. Next, we introduce 
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a boundary-layer SMC (B-SMC) strategy and analyze its stability prop-
erties, providing bounds on the sliding variable and position error. Fi-
nally, an Adaptive Boundary-layer SMC (AB-SMC) law is proposed to 
overcome the trade-off between transient performance and steady-state 
accuracy inherent in constant-gain B-SMC, and its closed-loop behavior 
is rigorously analyzed using Lyapunov methods.

3.1.  Preliminaries

Lemma 1  (Stated and proved in Tabuchi et al., 2024). Consider 
the relative error dynamics of the spacecraft formation expressed in port-
Hamiltonian form, and define the sliding variable 𝑆 and the control input 𝑢
as follows:

𝑆(𝑞, 𝑝̄, 𝑡) = Λ
2
𝑇 (𝑡)⊤𝑞 + 𝑝̄, Λ = 2diag{𝐾1, 𝐾2, 𝐾3} (5)

𝑢̄ = −𝑘Λ sign(𝑆(𝑞, 𝑝̄, 𝑡)) −
𝜕𝑆(𝑞, 𝑝̄, 𝑡)

𝜕𝑞
𝑇 (𝑡) 𝑝̄. (6)

Where 𝐾1, 𝐾2, 𝐾3, and 𝑘 are all positive constant gain parameters. Under 
this control law, the error system reaches the sliding manifold 𝑆 = 0 in finite 
time, after which it remains on the manifold and converges asymptotically to 
the origin. 

The control strategy in Lemma 1 is robust to matched disturbances 
but can induce chattering, which is mitigated via a boundary-layer SMC 
approach in Tabuchi et al. (2024). This modification confines trajecto-
ries to a boundary layer around the manifold rather than exactly on the 
sliding manifold, potentially reducing steady-state accuracy. This effect, 
not addressed in Tabuchi et al. (2024), is analysed next by deriving an-
alytical bounds on the sliding variable and tracking error within the 
boundary layer.

3.2.  Boundary-layer SMC and error analysis

This subsection formalizes the analysis of the Boundary-layer SMC 
(B-SMC) and quantifies the impact of the boundary layer on the system 
performance. Specifically, it establishes finite-time convergence of the 
trajectories to the boundary layer and provides explicit bounds on the 
sliding variable and tracking error while the system evolves within this 
layer.

The B-SMC law is as follows:

𝑢̄ = −𝑘Λ sat𝜎(𝑆(𝑞, 𝑝̄, 𝑡)) −
𝜕𝑆(𝑞, 𝑝̄, 𝑡)

𝜕𝑞
𝑇 (𝑡) 𝑝̄ (7)

where 𝜎 > 0 determines the thickness of the boundary layer and the 
saturation function sat𝜎 (⋅) acts component-wise on 𝑆, returning sign(𝑆𝑖)
if |𝑆𝑖| > 𝜎 and 𝑆𝑖∕𝜎 otherwise.

Before analysing the dynamic evolution of the error system under 
the B-SMC, we state a mild assumption on the closed-loop boundedness, 
which will be used throughout the following developments.
Hypothesis 1. The closed-loop solutions of the error dynamics (4) 
under the considered control laws are forward complete and bounded 
for all 𝑡 ≥ 𝑡0; i.e., there exist constants 𝑀𝑞 ,𝑀𝑝 > 0 such that, for all 𝑡 ≥ 𝑡0:

‖𝑞(𝑡)‖∞ ≤ 𝑀𝑞 , ‖𝑝̄(𝑡)‖∞ ≤ 𝑀𝑝, ‖𝑇̇ (𝑡)⊤ 𝑞‖∞ ≤ 𝜇.

Remark 1. Hypothesis 1 is justified by the mission scenario: during 
the fine formation-keeping phase, each spacecraft employs continuous 
low-thrust control following a preceding coarse approach based on im-
pulsive maneuvers (D’Amico & Montenbruck, 2006). This ensures small 
initial errors and guarantees bounded relative dynamics. Moreover, at 
550 km altitude the chief’s angular rate is 𝑛𝑐 ≈ 1.1 × 10−3 rad∕s, hence 
the time-variation of the ECI–LVLH transform 𝑇 (𝑡) is negligible and a 
finite (small) 𝜇 is justified. 

Now, the following theorem establishes that, under the proposed B-
SMC, the system trajectories reach the boundary layer in finite time and 
remain therein for all subsequent times.

Theorem 1. Consider the state errors (2) with dynamics (4). Apply the 
control law (7) with sliding variable (5), and assume Hypothesis 1 holds. 
Let Λ = 2 diag{𝐾1, 𝐾2, 𝐾3} and define 𝐾min ∶= min𝑖 𝐾𝑖, 𝐾max ∶= max𝑖 𝐾𝑖. 
Choose 𝜎 > 0 and the control gain 𝑘 > 3

2𝜇
𝐾max
𝐾min

, where 𝜇 is from Hypothe-
sis 1. Then, the closed-loop trajectories converge in finite time 𝑡𝑟 < ∞ to
𝑆 = {(𝑞, 𝑝) ∈ ℝ6 ∶ ‖𝑆(𝑞, 𝑝, 𝑡)‖∞ ≤ 𝜎}, (8)

and remain therein for all 𝑡 ≥ 𝑡𝑟.

Proof.  Consider the quadratic Lyapunov function 𝑉 = 𝑆⊤𝑆 with time 
derivatives 𝑉̇ = 2𝑆⊤𝑆̇. Substituting the closed-loop dynamics (4) gives

𝑉̇ (𝑆) = 2𝑆⊤
(

−𝑘Λsat𝜎 (𝑆) + Λ∕2 𝑇̇ ⊤𝑞
)

≤ 2𝑆⊤Λ
(

−𝑘 sat𝜎(𝑆) +
𝜇
2
𝟏
)

,
(9)

where 𝟏 = (1, 1, 1) and Hypothesis 1 is used. If at least one component 
|𝑆𝑖| > 𝜎, then 𝑆⊤sat𝜎 (𝑆) ≥ ‖𝑆‖∞ and

𝑆⊤Λsat𝜎 (𝑆) ≥ 𝐾min‖𝑆‖∞, 𝑆⊤Λ
𝜇
2
𝟏 ≤ 3𝜇

2
𝐾max‖𝑆‖∞.

Combining yields

𝑉̇ (𝑆) ≤ 2
(

− 𝑘𝐾min +
3𝜇
2 𝐾max

)

‖𝑆‖∞ =∶ −𝛼‖𝑆‖∞, (10)

with 𝛼 > 0 by the above choice of 𝑘. By equivalence of norms in ℝ3, 
𝑉̇ (𝑆) ≤ −𝛼̃‖𝑆‖ = −𝛼̃𝑉 1∕2 with 𝛼̃ = 𝛼∕

√

3, guaranteeing finite-time con-
vergence to 𝑆 = {(𝑞, 𝑝) ∶ ‖𝑆‖∞ ≤ 𝜎}. ∎

From Theorem 1, there exists a finite time 𝑡𝑟 < ∞ such that ‖𝑆(𝑡)‖∞ ≤
𝜎 ∀𝑡 ≥ 𝑡𝑟. Thus, for 𝑡 ≥ 𝑡𝑟 (sliding phase), the trajectories remain within 
the boundary layer, and the system evolves according to the dynamics 
induced by the sliding variable (5). The convergence properties of the 
system in this phase are addressed in the following theorem.
Theorem 2. Consider the state errors (2) with dynamics (4), and as-
sume that the trajectories evolve within the boundary-layer set 𝑆 defined 
in Theorem 1 for any 𝑡 ≥ 𝑡𝑟. If the gains of the sliding variable (5) satisfy 
𝐾1, 𝐾2, 𝐾3 > 0, then the state error 𝑞 converges asymptotically to the set

𝑞 = {𝑞 ∈ ℝ3 ∶ ‖𝑞(𝑡)‖∞ ≤ 2
√

3𝜎∕𝐾min}, 𝐾min ∶= min
𝑖

𝐾𝑖.

Proof.  Consider the Lyapunov function 𝑉 (𝑞) = 𝑞⊤𝑞, with time deriva-
tive 𝑉̇ = 2𝑞⊤ ̇̄𝑞 and ̇̄𝑞 = 𝑇 (𝑡)𝑝̄. From (5), we have 𝑝̄ = 𝑆 − Λ

2 𝑇
⊤𝑞, so that 

the 𝑞-dynamics in the sliding phase reads
̇̄𝑞 = 𝑇 (𝑡)𝑆 − 1

2
𝑇 (𝑡)Λ𝑇 (𝑡)⊤𝑞, ‖𝑆‖∞ ≤ 𝜎.

Exploiting the orthogonality of 𝑇  (𝑇 ⊤𝑇 = 𝐼) and the relation ‖𝑆‖ ≤
√

3‖𝑆‖∞, the Lyapunov derivative satisfies

𝑉̇ ≤ 2
√

3 𝜎‖𝑞‖ −𝐾min‖𝑞‖
2.

Therefore, whenever ‖𝑞‖ > 2
√

3𝜎∕𝐾min, the quadratic term dominates 
and 𝑉̇ < 0. By Lyapunov’s direct method, 𝑞(𝑡) converges asymptotically 
to the set 𝑞 due to ‖𝑞‖∞ ≤ ‖𝑞‖, which concludes the proof. ∎

Theorem 2 shows that, once trajectories enter the boundary layer 
𝑆 , the position error 𝑞 is bounded by 𝜎∕𝐾min. Reducing 𝜎 is limited by 
chattering, so improving steady-state accuracy requires increasing 𝐾. 
However, high constant gains increase control aggressiveness for large 
position errors, creating a trade-off between disturbance rejection and 
actuator saturation.

3.3.  Boundary-layer SMC with adaptive sliding manifold

To overcome the limitations of the constant-gain B-SMC discussed 
above, this paper proposes an Adaptive Boundary-layer SMC (AB-SMC) 
strategy. First, the sliding variable is defined with a scalar gain 𝐾(𝑡), 
identical for all components.
𝑆(𝑞, 𝑝̄, 𝑡) = 𝐾(𝑡) 𝑇 (𝑡)⊤𝑞 + 𝑝̄, Λ = 2𝐾(𝑡)𝐼3, (11)
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Then, 𝐾(𝑡) is adjusted in real-time according to the following adaptive 
law:

𝐾̇ = Proj
(

𝜂(𝐾 −𝐾) − 𝛾ℎ𝑄(𝑞)‖𝑞‖2∞
)

, (12)

where 𝜂, 𝛾 > 0 are design parameters and  = [𝐾,𝐾] is the adaptation 
interval within which 𝐾𝑖 is forced to evolve. Indeed, the 𝑃𝑟𝑜𝑗 function 
works as a saturated integrator (Pomet & Praly, 1992):

Proj
𝐾∈

=

⎧

⎪

⎨

⎪

⎩

max{0, 𝑓} if 𝐾 = 𝐾
𝑓 if 𝐾 ∈ int()
min{0, 𝑓} if 𝐾 = 𝐾

,

𝑓 = 𝜂
(

𝐾 −𝐾
)

− 𝛾ℎ𝑄(𝑞)‖𝑞‖2∞.

(13)

Then, ℎ𝑄 is as follows:

ℎ𝑄(|𝑞|) =

{

1, if ‖𝑞‖∞ > 𝑄,
0, if ‖𝑞‖∞ ≤ 𝑄,

(14)

and 𝑄 > 0 is a selectable parameter. The adaptive law (12)–(14) governs 
the evolution of the sliding gain 𝐾(𝑡) according to the instantaneous 
tracking error 𝑞: gains decrease for large errors to limit control effort 
and increase for small errors to improve steady-state performance. This 
behaviour is rigorously characterized in the following proposition.
Proposition 1. Consider the adaptive law (12)–(14), with parameters 𝑄 >
0, 𝜂 > 0, and
𝛾 = 𝜂(𝐾 −𝐾)∕𝑄2. (15)

Then, the evolution of 𝐾(𝑡) satisfies:

1. If ‖𝑞‖∞ > 𝑄, then 𝐾(𝑡) converges in finite time to the lower bound 𝐾.
2. If ‖𝑞‖∞ ≤ 𝑄, then 𝐾(𝑡) converges exponentially to the upper bound 𝐾.

Proof.  Consider first the case ‖𝑞‖∞ > 𝑄. Define the Lyapunov candidate 
𝑉 = (𝐾 −𝐾)2. For 𝐾 ∈ (𝐾,𝐾), the projection operator is inactive, and 
the time derivative of the Lyapunov candidate along the trajectories of
(12)–(14) is

𝑉̇ = 2(𝐾 −𝐾)𝐾̇ = 2(𝐾 −𝐾)
(

𝜂(𝐾 −𝐾) − 𝛾‖𝑞‖2∞
)

≤ −2𝜂(𝐾 −𝐾)

(

‖𝑞‖2∞
𝑄2

− 1

)

(𝐾 −𝐾) ∶= −𝛼(𝐾 −𝐾)
(16)

with 𝛼 > 0 due to ‖𝑞‖∞ > 𝑄. Therefore, 𝑉̇ < −𝛼𝑉
1
2  whenever 𝐾 > 𝐾. By 

Lyapunov’s direct method, 𝐾 reaches 𝐾 in finite time.
Next, for ‖𝑞‖∞ ≤ 𝑄, the adaptive law reduces to

𝐾̇ = 𝜂(𝐾 −𝐾), 𝐾 ∈ (𝐾,𝐾),

whose solution is
𝐾(𝑡) = 𝐾 − (𝐾 −𝐾(𝑡0))𝑒−𝜂(𝑡−𝑡0).

This shows that 𝐾(𝑡) converges exponentially to 𝐾 with a convergence 
rate given by 𝜂. ∎
The following remarks highlight two key points arising from the above 
proposition, which will be instrumental in the subsequent stability anal-
ysis.

Remark 2. Under Hypothesis 1, 𝑞(𝑡) is bounded by 𝑀𝑞 , hence from
(12)–(14) one has
|𝐾̇(𝑡)| ≤ 𝜂(𝐾 −𝐾) + 𝛾𝑀2

𝑞 ∶= 𝐷max, ∀𝑡 ≥ 𝑡0.

Thus the adaptive gain evolves with uniformly bounded rate. 
Remark 3. From Proposition 1, 𝐾(𝑡) reaches one boundary of  =
[𝐾,𝐾] in finite time; thereafter, the projection operator saturates the 
update and sets 𝐾̇(𝑡) = 0. Hence the adaptation is active only over a fi-
nite interval, and 𝐾̇(𝑡)→0 in finite time. 

We are now ready to state the main stability theorem for the pro-
posed AB-SMC, characterizing the convergence properties of the closed-
loop system.
Theorem 3. Consider the state errors (2) with dynamics (4), controlled 
by the AB-SMC with control law (7), sliding variable (11), and the adaptive 
law (12)–(14). Assume Hypothesis 1 and select 𝑘 > 3

2𝜇 and 𝛾 as in Eq. (15). 
Let 𝜎 > 0 denote the boundary-layer thickness, and  = [𝐾,𝐾] the admissi-
ble interval for the sliding gain 𝐾(𝑡), with 𝐾 > 𝐾 > 0. Then the closed-loop 
exhibits the following two phases.

(P1) (Coarse phase: ‖𝑞‖∞ > 𝑄) If initially the tracking error satisfies 
‖𝑞(𝑡0)‖∞ > 𝑄, then 𝐾(𝑡) converges in finite time to 𝐾 and the trajectories 
enter the boundary layer surrounding the sliding manifold parametrized 
by 𝐾. While sliding on this manifold, the position error converges asymp-
totically to

𝐾
𝑞 =

{

𝑞 ∈ ℝ3 ∶ ‖𝑞‖∞ ≤
2
√

3𝜎
𝐾

}

. (17)

(P2) (Fine phase: ‖𝑞‖∞ ≤ 𝑄) If the tracking error satisfies ‖𝑞‖∞ ≤ 𝑄 (either 
initially or after (P1)), then the gains evolve to 𝐾 (exponentially) and 
in finite time the trajectories enter the boundary layer surrounding the 
sliding manifold parametrized by 𝐾. While sliding on this manifold, the 
position error converges asymptotically to

𝐾
𝑞 =

{

𝑞 ∈ ℝ3 ∶ ‖𝑞‖∞ ≤
2
√

3𝜎

𝐾

}

. (18)

Moreover, if the threshold is chosen as

𝑄 =
2
√

3𝜎
𝐾

, (19)

then the attainment of (P1) (i.e. convergence to 𝐾
𝑞 ) implies that the condi-

tion for (P2) is satisfied, hence the closed-loop necessarily transitions from 
(P1) to (P2).
Proof.  1. (Coarse phase, ‖𝑞(𝑡0)‖∞ > 𝑄) Consider the Lyapunov function 
𝑉 = 𝑆⊤𝑆. Its derivative under (7), (11), (12) reads
𝑉̇ = 2𝑆⊤

(

− 𝑘Λ sat𝜎 (𝑆) +
Λ
2 𝑇̇

⊤𝑞
)

+ 2𝑆⊤(𝐾̇ 𝑇 ⊤𝑞), (20)

where the last term is of indefinite sign but uniformly bounded (Hypoth-
esis 1, Remark 2), ensuring ‖𝑆‖ remains finite during the 𝐾-adaptation. 
Proposition 1 and Remark 3 guarantee that 𝐾 → 𝐾 in finite time 𝑡𝐾 , 
after which 𝐾̇ = 0 and 𝑉̇  reduces to the constant-gain form (10). The-
orems 1–2 then ensure finite-time entry into the boundary layer and 
asymptotic convergence to 𝐾

𝑞 .
2. (Fine phase, ‖𝑞‖∞ ≤ 𝑄) The arguments are analogous to those in 

the coarse phase. Here 𝐾(𝑡) → 𝐾 exponentially (Proposition 1). Con-
sidering the Lyapunov function 𝑉 = 𝑆⊤𝑆, the indefinite term in 𝑉̇
(Eq. (20)) is bounded and decays exponentially along with 𝐾̇, becoming 
practically negligible after a finite transient. Thereafter, 𝑉̇  reduces to 
the constant-𝐾 form (Eq. (10)), so Theorems 1–2 guarantee finite-time 
entry into the boundary layer and asymptotic convergence to 𝐾

𝑞 .

3. (Phase transition) Choosing 𝑄 = 2
√

3𝜎∕𝐾 aligns the bound of 𝐾
𝑞

with the activation threshold, so convergence to 𝐾
𝑞  (P1) implies ‖𝑞‖∞ ≤

𝑄, which triggers the adaptive increase 𝐾 → 𝐾 and the transition to 
(P2). ∎

Remark 4. The switching function ℎ𝑄(𝑞) defined in Eq. (14) can be en-
dowed with a hysteresis mechanism to improve robustness with respect 
to measurement noise and non-monotonic disturbances. Specifically, in-
stead of a single threshold 𝑄, two thresholds 𝑄off < 𝑄on are introduced 
and ℎ𝑄 can be defined as a binary variable with memory according to

ℎ𝑄(𝑡+) =

⎧

⎪

⎨

⎪

⎩

0, ‖𝑞(𝑡)‖∞ ≤ 𝑄off ,
1, ‖𝑞(𝑡)‖∞ ≥ 𝑄on,
ℎ𝑄(𝑡), 𝑄off < ‖𝑞(𝑡)‖∞ < 𝑄on.
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Accordingly, the term 𝛾ℎ𝑄(𝑞)‖𝑞‖2∞ in the adaptive law (12) is active for 
‖𝑞‖∞ ≥ 𝑄on and inactive for ‖𝑞‖∞ ≤ 𝑄off , while retaining its previous 
value otherwise. In particular, choosing 𝑄off = 𝑄 preserves the transi-
tion condition between Phase (P1) and Phase (P2) stated in Theorem 6. 
Furthermore, for any time interval where ℎ𝑄(𝑡) is constant, the closed-
loop system reduces to either Phase (P1) or Phase (P2), and the conclu-
sions of Theorem 6 apply on such intervals. Hysteresis mechanisms of 
this kind are standard in adaptive and switching control to avoid chatter-
ing phenomena due to small oscillations around the nominal threshold; 
see, e.g., Liberzon (2005), Morse et al. (1992). 

Remark 5.  The proposed adaptive law (12)-(15) requires the selection 
of three design parameters: 𝜂, 𝛾, and 𝑄. While Eqs. (15) and (19) pro-
vide explicit relationships to select 𝛾 and 𝑄 once 𝜂 is chosen, the choice 
of the adaptation rate 𝜂 itself deserves special attention. As shown in 
Proposition 5, the parameter 𝜂 sets the convergence rate of 𝐾(𝑡) toward 
𝐾 during the fine phase (P2). On the other hand, Theorem 6 shows 
that, during the adaptation transient, the nonzero term 𝐾̇(𝑡) introduces 
additional perturbative terms in the 𝑆−dynamics. Since the magnitude 
of these terms increases with 𝜂, this should be selected as a compro-
mise between adaptation speed and robustness of the sliding motion: 
smaller values of 𝜂 reduce the perturbations induced by 𝐾̇(𝑡) and favor 
the preservation of sliding during the transient, whereas larger values of 
𝜂 yield faster convergence of 𝐾(𝑡) at the expense of a more pronounced 
transient disturbance. 

The proposed AB-SMC strategy overcomes the trade-off inherent in 
constant-gain B-SMC between fast transient response and steady-state 
precision. By adjusting the sliding gain 𝐾(𝑡) according to the tracking 
error, the AB-SMC achieves both a smoother transient for large errors 
and improved steady-state accuracy for small errors. The effectiveness of 
this approach will be demonstrated in the numerical simulation results 
in Section 4.

4.  Simulation and results

This section presents the numerical validation of the proposed AB–
SMC strategy for satellite formation keeping. The performance of the 
AB–SMC is evaluated through detailed time-domain simulations and 
compared with three alternative control laws. The simulations are de-
signed to assess the controllers in terms of transient response, steady-
state accuracy, chattering behaviour, and robustness under perturbed 
initial conditions. The following subsections describe the simulation 
setup, the time-domain results, an analysis of chattering effects, tuning 
strategies for the B–SMC, and a Monte Carlo campaign to statistically 
evaluate controller performance.

4.1.  Orbital simulator framework

The orbital simulation framework models the relative motion of mul-
tiple spacecraft in LEO while explicitly accounting for modeling errors 
and uncertainties. The orbital simulator is derived from the analysis de-
scribed in Ito et al. (2025). In the simulator, nonlinear orbital dynamics 
are propagated including dominant perturbations such as 𝐽2 effect, at-
mospheric drag, and solar radiation pressure. Actuator uncertainties are 
accounted by considering saturation constraints, minimum thrust lim-
itations, and noise effects. In particular, the thruster noise is modeled 
as zero-mean Gaussian white noise with an amplitude spectral density 
(ASD) of 1 𝜇N∕

√

Hz over a bandwidth of 𝐵 = 1 Hz. Under this assump-
tion, the root-mean-square (RMS) thrust noise over the specified band-
width is

𝐹RMS = 𝐹ASD

√

𝐵 = 1 × 10−6 N, (21)

which corresponds to an acceleration noise of 𝑎RMS = 5.5 × 10−8 m/s2

for a spacecraft mass of 𝑚 = 180 kg. Then, the continuous-time white 

Table 1 
Controller parameters.
 Controller  Parameters
 PBC 𝐾𝑝 = .1, 𝐾d = 1.0
 SMC 𝑘 = 5

√

3
× 10−3, 𝐾 = 0.1

 B–SMC 𝑘 = 5
√

3
× 10−3, 𝜎 = 𝑘∕5, 𝐾 = 0.2

 AB–SMC 𝑘 = 5
√

3
× 10−3, 𝜎 = 𝑘∕5, 𝜂 = 0.05, 𝐾 = 0.2,

𝐾 s.t. 𝑄 = 4 × 10−3 m (Eq. (19))

noise model is discretized by scaling the RMS acceleration noise as

𝑎noise =
𝑎RMS
√

Δ𝑡
 (0, 1), (22)

where  (0, 1) is a standard normal random variable and Δ𝑡 denote the 
discrete simulation time step. In simulations, the acceleration noise term 
𝑎noise is added to the nominal acceleration command, while an upper 
saturation limit is applied to model the maximum available thrust. In 
addition, the thrusters are assumed to exhibit a minimum achievable 
thrust 𝑓min = 10 𝜇N, which corresponds to a minimum acceleration of 
𝑎min = 5.5 × 10−7 m/s2. Thrust commands below this level cannot be re-
liably produced and are therefore neglected. In simulations, when the 
magnitude of the commanded acceleration falls below 𝑎min, the com-
mand is clipped to zero.

4.2.  Simulation setup

The effectiveness of the proposed AB-SMC (Eqs. (7), (11)–(14)) is 
verified by numerical simulations and compared with the passivity-
based controller (PBC) from Satoh and Hamanaka (2026), Tabuchi 
et al. (2024), the classical SMC (Eq. (6)), and the constant-gain B-SMC 
(Eq. (7)). The parameters of the controllers used in the simulations are 
summarized in Table 1, where it is implied that the three sliding mode 
controllers employ the sliding surface (11) with a unique scalar gain for 
all components.

The target formation maintains an equilateral triangle with 100 m 
side length in a circular orbit at 550 km altitude, corresponding to 
a relative distance 𝜌 = 57.735 m. The chief’s orbital elements are 𝑎𝑐 =
6928.137 km, 𝑒𝑐 = 0, 𝑖𝑐 = 98◦, Ω𝑐 = 0◦, while the desired relative trajec-
tory for the deputies are 𝑞𝑑1 = 1

2𝜌 sin(𝑛𝑐 𝑡 −
𝜋
2 ), 𝑞𝑑2 = 𝜌 cos(𝑛𝑐 𝑡 +

𝜋
6 ), and 

𝑞𝑑3 =
√

3
2 𝜌 sin(𝑛𝑐 𝑡 +

5𝜋
6 ). An initial position error of 0.25 m (0.5%) is ap-

plied, and 𝜌 in the formulation of 𝑞𝑑 is replaced by 1.005𝜌 for deputies 1 
and 2 and by 0.995𝜌 for deputy 3. A micro-thruster is used as actuator, 
with ‖𝑢‖max = 5 × 10−6 m/s2. Simulations are performed in MATLAB us-
ing a 4th-order Runge-Kutta integrator with 0.1 s. The simulator prop-
agates the formation dynamics over time by integrating Eq.  (1) from 
the initial conditions described above, while the control input can be 
selected among the four controllers listed in Table 1.

4.3.  Time-domain performance

Fig. 2 illustrates the time evolution of the total formation error (up-
per plot) and the total control effort (lower plot) for the four controllers. 
The global formation error is defined as 𝑒tot =

∑3
𝑖=1 ‖𝑞𝑖 − 𝑞𝑑𝑖‖, while the 

total control input is 𝑢tot =
∑3

𝑖=1 ‖𝑢𝑖‖ (i=1,2,3 deputies). It can be ob-
served that the proposed AB–SMC achieves a significantly faster con-
vergence to the desired formation compared to the other controllers. 
Moreover, the steady-state error, reported in the inset box for half an 
orbit, is smaller then both the SMC and the PBC. As expected, it matches 
exactly the steady-state performance of the B–SMC, since both share the 
same constant upper gain 𝐾 in steady state. Furthermore, the bottom 
panel of Fig. 2 indicates that the AB–SMC achieves this improved per-
formance while demanding the lowest overall control effort among all 
compared controllers.
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Fig. 2. Global formation error (top) and total control input (bottom) for the 
control laws in Table 1.

Fig. 3. Representative evolution of the third deputy under the AB–SMC: track-
ing error ‖𝑒‖∞, sliding variable ‖𝑠‖∞, and adaptive gain 𝐾(𝑡).

Fig. 3 shows a representative time segment of the third deputy’s dy-
namics under the proposed AB–SMC, illustrating and validating the the-
oretical results presented in Section 3.3. When the tracking error satis-
fies ‖𝑒‖∞ ≤ 𝑄, i.e. 𝑞 ∈ 𝐾

𝑞  in Eq. (17), the adaptive law activates and 
the gain 𝐾(𝑡) starts increasing. During this adaptation transient, the 
sliding variable 𝑆 exhibits small oscillations, although it remains in-
side the boundary layer (Eq. 8). As the adaptation subsides, the gain 
𝐾(𝑡) reaches its steady-state value 𝐾, and the oscillations of the sliding 
variable gradually vanish. After this adaptation phase, the tracking er-
ror is confined within the predicted set 𝑄𝑀 = 2

√

3 𝜎∕𝐾, confirming the 
asymptotic bound in Eq. (18).

4.4.  Chattering analysis

To quantify the chattering behavior of the controllers, we compute 
the total variation (TV) of a generic signal 𝜉 as follows:
TV =

∑

𝑘
|𝜉𝑘+1 − 𝜉𝑘|,

where 𝑘 indexes the sampling instants. In our analysis, 𝜉 represents ei-
ther the position tracking error or the control input, computed sepa-
rately for the 𝑥, 𝑦, and 𝑧 axes of each deputy and then summed over the 
three deputies. Table 2 summarizes the results computed during steady-
state, which is defined as the period when the position error remains 
below 10−3 m.

It can be observed that the classical SMC exhibits significant chatter-
ing, especially on the control input, as expected. The B–SMC effectively 
suppresses this effect, reducing the total variation to the same order of 
magnitude as the PBC. The proposed AB–SMC provides a similar level 

Table 2 
Total variation of position error and control input 
(Chattering measure).
 Controller  TV Position Error  TV Control Input

[𝑚𝑚] [𝑚𝑚∕𝑠2]

 PBC 9.26 × 10−2 3.12 × 10−2

 SMC 2.15 6.27 × 102

 B–SMC 9.56 × 10−2 5.14 × 10−2

 AB–SMC 1.99 × 10−1 1.07 × 10−1

Table 3 
RMSE of position error and total variation of control input in 
steady-state.

 Controller / Tuning  RMSE (𝑚𝑚)  TV Input (𝑚𝑚∕𝑠2)
 B–SMC (𝐾 = 𝐾, 𝜎) 1.55 ⋅ 10−3 5.87 ⋅ 10−2

 AB–SMC 1.51 ⋅ 10−3 1.11 ⋅ 10−1

 B–SMC (𝐾 = 𝐾, 𝜎 ∗ 0.05) 1.18 ⋅ 10−2 6.52 ⋅ 10−2

 B–SMC (𝐾 = 𝐾, 𝜎 ∗ 0.01) 6.43 ⋅ 10−3 6.89 ⋅ 10−2

 B–SMC (𝐾 = 𝐾, 𝜎 ∗ 0.005) 6.21 ⋅ 10−3 8.74 ⋅ 10−2

 B–SMC (𝐾 = 𝐾, 𝜎 ∗ 0.001) 2.00 ⋅ 10−2 1.36

of chattering reduction, slightly higher than the B–SMC, but still negli-
gible, confirming that the adaptive mechanism does not introduce any 
practical chattering issues.

4.5.  B–SMC tuning analysis

As observed in Section 4.3, the constant-gain B–SMC with a high 
gain 𝐾 leads to unsatisfactory transient performance, despite provid-
ing good steady-state accuracy. To address this issue and achieve both 
satisfactory transient behavior and steady-state performance without re-
quiring adaptation, we propose an alternative tuning strategy for the B–
SMC. In this approach, the control gain is set to its lower bound, 𝐾 = 𝐾, 
which, as previously noted, ensures favorable dynamic behavior, while 
the boundary layer thickness 𝜎 is reduced to improve steady-state accu-
racy. Table 3 summarizes the results computed during steady-state, de-
fined as the period when the position error remains below 10−1 m. This 
threshold ensures a meaningful comparison across all controllers. The 
table also includes results for the standard B–SMC with 𝐾 = 𝐾 and for 
the AB–SMC. Table 3 shows that reducing the boundary layer thickness 
𝜎 generally improves steady-state precision. However, for very small 𝜎
(last row), the control input exhibits a sharp increase in total variation, 
indicating pronounced chattering. This chattering not only increases ac-
tuator activity but also compromises closed-loop precision, preventing 
the controller from reaching the accuracy levels achieved by the AB–
SMC or the B–SMC with 𝐾 = 𝐾. These results confirm that the adaptive 
strategy can provide performance that is unattainable with a constant-
gain B–SMC.

4.6.  Monte Carlo analysis

A Monte Carlo campaign was performed to statistically evaluate the 
robustness and performance of the proposed control laws under per-
turbed initial conditions. For each run, the initial position of every 
deputy were randomly sampled within a hypersphere of radius 0.5 m 
centered on the nominal GCO state, using uniform random sampling. All 
simulations were propagated for 2.5 orbital periods, and all controllers 
successfully achieved formation convergence (100% success rate). The 
results are summarized in Fig. 4, which compares the four controllers in 
terms of settling time, total control effort, and RMSE of the global for-
mation position error. The settling time is defined as the instant when 
the global formation error falls below 10−3 m, while the control effort is 
computed by time integration of the total control input using the trapz
function. Each boxplot represents the statistical distribution across all 
Monte Carlo runs: the central line indicates the median, the box edges 
denote the first and third quartiles, and the whiskers extend to the most 
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Fig. 4. Statistical comparison of the controllers in Table 1 in terms of settling 
time, total control effort, and RMSE of the global formation position error across 
all Monte Carlo runs.

Table 4 
RMSE of global formation position error from Monte 
Carlo simulations.
 Controller  Median RMSE [m]  Std. deviation [m]
 PBC 6.87 × 10−4 ±1.11 × 10−7

 SMC 6.37 × 10−4 ±1.08 × 10−5

 B–SMC 1.72 × 10−4 ±6.87 × 10−8

 AB–SMC 1.72 × 10−4 ±7.96 × 10−8

extreme data points not considered outliers. As shown in Fig. 4, the pro-
posed AB–SMC consistently outperforms the other controllers, exhibit-
ing the smallest median settling time, the lowest control effort, and the 
minimum RMSE of the formation position error.

Then, Table 4 reports the median and standard deviation of the 
RMSE of the global formation position error for each controller, evalu-
ated in steady-state, considering the interval where the global formation 
error remains below 10−3 m. The results further confirm the superior 
precision of the AB–SMC.

Overall, the Monte Carlo analysis demonstrates the superior global 
control performance of the proposed AB–SMC, which achieves the best 
trade-off between transient response, steady-state accuracy, and control 
efficiency across a wide range of perturbed initial conditions.

5.  Conclusion

An adaptive boundary sliding mode control (AB-SMC) strategy for 
ultra-precise spacecraft formation flying has been presented within a 
port-Hamiltonian framework. This formulation preserves the intrinsic 
nonlinear dynamics of the formation and enables a rigorous Lyapunov-
based stability analysis. The trade-off inherent in conventional constant-
gain boundary SMC between transient response and steady-state accu-
racy was addressed through an adaptive gain regulation mechanism 
based on the tracking error. Numerical simulations have shown that 

the proposed AB-SMC approach provides faster convergence, reduced 
control effort, and sub-millimeter tracking accuracy, while maintain-
ing robustness to orbital perturbations and effectively suppressing chat-
tering. The results indicate that the proposed method is a promosing 
and efficient solution for future space interferometry missions requiring 
high-precision and energy-efficient formation control.
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