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 A B S T R A C T

This paper presents an approach to developing one-dimensional structural theories for quasi-static nonlinear 
analysis. This paper is developed within the beam Unified Formulation, which enables results with 3D-like 
accuracy. In the context of nonlinear analysis, however, it is particularly desirable to obtain accurate stress 
results and equilibrium curves using efficient models, as these analyses often involve complex and time-
consuming procedures. Thus, the purpose of this paper is to enable each displacement component to be 
represented by an independent expansion function, allowing the integration of both Taylor- and Lagrange-
based models within a unified framework. Moreover, the method should facilitate the combination of the 
Equivalent Single Layer and Layer-Wise approaches within a single structural theory. The proposed structural 
model is implemented within a finite element framework using a modified version of the Unified formulation, 
enabling the analysis of complex structures. The governing equations are derived through the principle of 
virtual displacements and linearized using the Newton–Raphson method. Furthermore, the Crisfield arc-length 
method is adopted as the incremental solution scheme. The accuracy of the proposed models is assessed by 
comparing displacement and stress results for composite multilayered beams with data from the literature, 
focusing on large-deflection and post-buckling behaviours.
1. Introduction

Nonlinear analysis is crucial for accurately predicting structural 
behaviour in specific configurations. This study focuses solely on ge-
ometrical nonlinearities [1], as large displacements and rotations sig-
nificantly influence the accurate modelling of flexible beams [2]. Such 
beams remain widely used in applications like telescopes, space anten-
nas, and robotic arms [3–5]. In particular, this paper focuses on the 
composite laminated structures. Fig.  1 depicts a generic multilayered 
beam and the reference system, that will be used in the paper. The 
𝑦−direction lies along with the beam axis. Here, the cross-section (in 
the 𝑥-𝑧 plane), denoted as 𝐴, is subdivided into different domains 𝑘. 
The generic displacement field is given by the following vector: 

𝐮𝑘(𝑥, 𝑦, 𝑧) =
{

𝑢𝑘𝑥(𝑥, 𝑦, 𝑧), 𝑢𝑘𝑦(𝑥, 𝑦, 𝑧), 𝑢𝑘𝑧(𝑥, 𝑦, 𝑧)
}⊤

(1)

where the transposed operation is indicated by (⋅)⊤.

I This article is part of a Special issue entitled: ‘Rolfes 65th’ published in Composite Structures.
∗ Corresponding author.
E-mail addresses: erasmo.carrera@polito.it (E. Carrera), daniele.scano@polito.it (D. Scano).

1 Professor of Aeronautics and Astronautics.
2 Postdoctoral Researcher.

These materials have several advantages with respect to the
isotropic ones. For instance, the structures are usually much lighter, 
and the thermo-mechanical properties can be tailored by choosing 
the appropriate stacking sequence. However, composite structures are 
affected by complex mechanical phenomena due to their intrinsic 
anisotropy, such as the shear continuity between layers or the zig-
zag distribution of displacements (commonly referred to as the C0𝑧-
requirements [6]). Also, the interactions between out-of-plane and 
in-plane strain components are important. Nonlinear analyses are typ-
ically computationally intensive. This work focuses on achieving two 
concurrent objectives: (a) maintaining accurate prediction of displace-
ments and out-of-plane stresses while (b) implementing strategies to 
reduce the system’s degrees of freedom for improved computational 
efficiency.

After having introduced the issues of the composite beams in the 
nonlinear regime, in this paragraph the classical are illustrated. Elastica 
theory [7,8], based on Euler–Bernoulli Beam Model (EBBT) [9], models 
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Fig. 1. Cartesian reference system for a multilayered beam structure. 𝐿 is 
the beam axis, and 𝐴 is the cross-section. 𝑘 indicates the mathematical sub-
domain.

nonlinear flexural behaviour but is too restrictive for composites. The 
Timoshenko Beam Model (TBM) [10] overcomes this by including 
shear effects, as shown in applications like Reissner’s analysis of thin 
curved beams [11]. Additionally, composite structures have been ex-
tensively investigated under conditions involving large displacements 
and rotations. Lanc et al. [12] studied the post-buckling behaviour 
of composite laminated beam structures in an updated Lagrangian 
incremental approach. This model assumed a fixed cross-section in its 
plane and neglected shear strains, which is consistent with the EBBM. 
Kurtaran [13] employed the generalized differential quadrature method 
for the transient analysis of curved beams. This study integrated Green–
Lagrange (GL) nonlinear strain–displacement relations while adhering 
to the assumptions of the TBM.

Even though the classical models are convenient and relatively fast 
for several applications and to understand the general behaviour of the 
beams, more advanced theories must be introduced for studying more 
complex phenomena. In fact, higher-order models are crucial for the 
study of structures with thin-walled cross-sections and composite lam-
inates, particularly when complicated effects, such as bending-torsion 
and axial-bending couplings, significantly impact their behaviour. They 
are also essential for achieving precise stress analysis, particularly 
in scenarios involving large displacements. For these reasons, a one-
dimensional finite elements (FE) model was proposed by Kapania and 
Raciti [14] to study laminated composite beams. Obst and Kapania [15] 
incorporated a parabolic shear strain distribution along the transverse 
component while satisfying shear stress-free boundary conditions. Özü-
tok and Madenci [16] studied the laminated structures with a FE model 
with ten DOFs for each node that studied the shear deformation of 
the cross-section. Singh et al. [17] used twelve degrees of freedom 
per node for constructing a refined FE to study structures with asym-
metric stacking sequences. The nonlinearities of von Kármán-type are 
adopted in the framework. The adoption of this kind of nonlinearities 
can be non sufficient to describe the equilibrium curves. For this 
reason, the present work will adopt the complete Green–Lagrange 
nonlinear matrix. More information will be given in the next para-
graphs. Chandrashekhara and Bangera [18] investigated the flexural 
behaviour by considering the shear deformation. Krawczyk et al. [19] 
and Krawczyk and Rebora [20] assumed first-order expansions for each 
material layer, in order to study the shear deformation. This paper is 
limited into the first-order expansion, but it would be useful to have 
higher-order models to describe the stresses correctly. In Vidal and 
Polit [21], a parabolic beam element was used with sinus structural 
theory for each layer. On the other hand, the C0𝑧 requirements were 
ensured by adopting cosine-based functions for the determination of 
the transverse shear strain. Then, thin-walled composite beams were 
analysed by Mororó et al. [22] through a total Lagrangian formulation, 
considering large displacements and moderate rotations. Furthermore, 
Li and Qiao [23] employed Reddy’s high-order shear deformation [24] 
2 
by using the von Kármán-type assumptions for the nonlinearity in the 
thermal post-buckling analysis. Machado [25] investigated the post-
buckling behaviour of thin-walled structures, where each displacement 
component was expressed using a different expansion function. Both 
polynomial and trigonometric terms were included. In this case, the 
formulation is powerful since it gives the possibility to select several 
types of higher-order theories. However, it is not possible to use piece-
wise models. Large torsion and warping effects were studied by Mohri 
et al. [26] by using a finite element with seven terms for each node. 
Xie et al. [27] implemented a general refined zig-zag framework in 
aerothermoelasticity, capable of reducing to several plate models found 
in the literature. However, the transverse displacement follows only the 
classical effects. This aspect is present in several higher-order models 
and it is a problem, since the transverse stresses are not evaluated. 
They are particularly important for the free-edge analysis. Khaniki 
et al. [28] studied the sandwich multi-layered hyperelastic beams by 
adopting (a) EBBT, (b) TBM, (c) third-order theory, (d) exponential, 
and (e) trigonometric for the axial displacement component. The limits 
of this formulation are due to the fact that the other displacement 
component is not included and the transverse component is constant. 
Kim et al. [29] proposed piece-wise theories for studying beams with in-
terlayer slips, through which complicated beams can be studied. Four- 
and sixteen-node cross-sectional elements are used. Adam et al. [30] 
studied slightly curved composite structures with Euler–Bernoulli piece-
wise models. These last two examples are very powerful, however 
they are limited in studying moderate nonlinearities and cannot use 
implement all the models in a unique formulation.

The previous structural models can be divided into two modelling 
approaches. When accurate analyses are required, the Layer-Wise (LW) 
approach is often employed because it allows the assignment of dis-
tinct sets of generalized degrees of freedom to each layer (see more 
details in Pagani et al. [31]). The LW technique may entail a higher 
computational cost compared to the Equivalent Single Layer (ESL) 
approach, which models the multilayered structure as a single layer 
with homogenized properties. While ESL can reduce computational 
effort, it may compromise result accuracy. In particular, the LW models 
are needed to accurately describe the out-of-plane stresses. Usually, the 
adoption of ESL approach is sufficient for studying the displacements. 
However, this aspect is problem-dependent, and LW may be needed 
for obtaining optimal equilibrium curves. For all these reasons, the 
majority of the previous works cannot study all the aspects. One of the 
goals of the paper is to understand which displacement components has 
to use the LW approach.

Finally, in the last decade, the so-called Carrera Unified Formulation 
(CUF) has been used for the nonlinear behaviour of structures. In these 
cases, the complete Green–Lagrange (GL) matrix for the displacement-
strain relationship is employed alongside a total Lagrangian approach. 
CUF is a versatile method for deriving beam, plate, and shell models. 
Within this framework, it is straightforward to select the desired expan-
sions over the cross-section of a beam and the shape function along the 
structure’s axis. In addition to this, both ESL and LW models can be used 
without changing the underlying mathematical machinery. For further 
details, Carrera et al. [32]. The beam assumptions were first used to 
create a CUF-based strong formulation in Carrera and Giunta [33]. 
Carrera et al. [34] analysed compact and thin-walled airfoil sections 
inside a FE framework with very refined Taylor-like expansions.

Furthermore, Carrera et al. [35] demonstrated the peculiar abilities 
of this formulation in studying shell-like structures. On the other hand, 
Lagrange-like expansions have been inserted into the CUF to study 
very complicated cross-sections and/or with laminated materials [36,
37]. The cross-section is represented by Lagrange Points (LP), whose 
interpolated displacements define the 3D field; DOFs equal the sum 
of displacements at all points. In the CUF literature, three Lagrange 
expansions are adopted, see Fig.  2. For instance, it is possible to write 
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Fig. 2. Two-dimensional Lagrange expansions depicted in the natural plane. LE4: bi-linear, LE9: bi-quadratic, and LE16: bi-cubic interpolations.
in the bi-quadratic interpolation: 

𝐹𝜏 = 1
4
(𝑟2 + 𝑟𝑟𝜏 )(𝑠2 + 𝑠𝑠𝜏 ) 𝜏 = 1, 3, 5, 7

𝐹𝜏 = 1
2
𝑠2𝜏 (𝑠

2 − 𝑠𝑠𝜏 )(1 − 𝑟2) + 1
2
𝑟2𝜏 (𝑟

2 − 𝑟𝑟𝜏 )(1 − 𝑠2) 𝜏 = 2, 4, 6, 8

𝐹𝜏 = (1 − 𝑟2)(1 − 𝑠2) 𝜏 = 9

(2)

where 𝑟 and 𝑠 range from −1 to +1, while 𝑟𝜏 and 𝑠𝜏 represent the 
coordinates of the LPs. A transformation is required to convert these 
natural coordinates into real coordinates 𝑥 − 𝑧.

The displacement model based on the Lagrange expansion can 
now be formulated for a laminated structure. Specifically, quadratic 
interpolation functions may be employed as follows:
𝑢𝑘𝑥 = 𝐹 𝑘

𝑢𝑥1
𝑢𝑘𝑥1 + 𝐹 𝑘

𝑢𝑥2
𝑢𝑘𝑥2 + 𝐹 𝑘

𝑢𝑥3
𝑢𝑘𝑥3 + 𝐹 𝑘

𝑢𝑥4
𝑢𝑘𝑥4 + 𝐹 𝑘

𝑢𝑥5
𝑢𝑘𝑥5 + 𝐹 𝑘

𝑢𝑥6
𝑢𝑘𝑥6

+ 𝐹 𝑘
𝑢𝑥7

𝑢𝑘𝑥7 + 𝐹 𝑘
𝑢𝑥8

𝑢𝑘𝑥8 + 𝐹 𝑘
𝑢𝑥9

𝑢𝑘𝑥9
𝑢𝑘𝑦 = 𝐹 𝑘

𝑢𝑦1
𝑢𝑘𝑦1 + 𝐹 𝑘

𝑢𝑦2
𝑢𝑘𝑦2 + 𝐹 𝑘

𝑢𝑦3
𝑢𝑘𝑦3 + 𝐹 𝑘

𝑢𝑦4
𝑢𝑘𝑦4 + 𝐹 𝑘

𝑢𝑦5
𝑢𝑘𝑦5 + 𝐹 𝑘

𝑢𝑦6
𝑢𝑘𝑦6 (3)

+ 𝐹 𝑘
𝑢𝑦7

𝑢𝑘𝑦7 + 𝐹 𝑘
𝑢𝑦8

𝑢𝑘𝑦8 + 𝐹 𝑘
𝑢𝑦9

𝑢𝑘𝑦9
𝑢𝑘𝑧 = 𝐹 𝑘

𝑢𝑧1
𝑢𝑘𝑧1 + 𝐹 𝑘

𝑢𝑧2
𝑢𝑘𝑧2 + 𝐹 𝑘

𝑢𝑧3
𝑢𝑘𝑧3 + 𝐹 𝑘

𝑢𝑧4
𝑢𝑘𝑧4 + 𝐹 𝑘

𝑢𝑧5
𝑢𝑘𝑧5 + 𝐹 𝑘

𝑢𝑧6
𝑢𝑘𝑧6

+ 𝐹 𝑘
𝑢𝑧7

𝑢𝑘𝑧7 + 𝐹 𝑘
𝑢𝑧8

𝑢𝑘𝑧8 + 𝐹 𝑘
𝑢𝑧9

𝑢𝑘𝑧9
After having used these models in the linear framework, Pagani and 
Carrera [38] introduced nonlinear modelling for compact and thin-
walled isotropic beams, employing both Taylor- and Lagrange-based 
theories to analyse large deflections and post-buckling behaviour. Sub-
sequently, they [39] extended their study to composite beams, where 
the use of Lagrange models enabled the accurate computation of shear 
stresses. Pagani et al. [40] further investigated the normal modes of 
isotropic beams in the nonlinear regime. The material nonlinearities 
have been incorporated in the CUF-based beam formulation [41], for 
the evaluation of soft materials. Nonlinear relationships were also 
incorporated into a two-dimensional (2D) plate formulation in [42], 
where the full GL and the classical von Kármán nonlinear models were 
compared. Additionally, Wu et al. [43] extended these concepts to 
develop a nonlinear shell formulation.

The works in this brief review have shown that it is possible to build 
tailored, accurate models for predicting highly complex behaviour in 
linear and nonlinear regimes. In these cases, when a new theory is 
implemented, however, the governing equations must be recalculated 
every time. Thus, it would be valuable to develop a general formulation 
that allows researchers to select different ad hoc theories, enabling 
them to achieve optimal results with minimal computational cost. In 
this case, it is useful to remember the Taylor-like expansions which 
are formulated in the form 𝑥𝑎𝑧𝑏, where 𝑎 and 𝑏 are positive integers. 
Through the inclusion of the higher-order terms, it is possible to de-
scribe the cross-section behaviour accurately. The general expression is 
given

𝑢𝑥 = 𝑢𝑥1 + 𝑥𝑢𝑥2 + 𝑧𝑢𝑥3 + 𝑥2𝑢𝑥4 + 𝑥𝑧𝑢𝑥5 + 𝑧2𝑢𝑥6 +⋯ + 𝑥𝑎𝑧𝑏𝑢𝑥𝑁
𝑢𝑦 = 𝑢𝑦1 + 𝑥𝑢𝑦2 + 𝑧𝑢𝑦3 + 𝑥2𝑢𝑦4 + 𝑥𝑧𝑢𝑦5 + 𝑧2𝑢𝑦6 +⋯ + 𝑥𝑎𝑧𝑏𝑢𝑦𝑁 (4)
𝑢𝑧 = 𝑢𝑧1 + 𝑥𝑢𝑧2 + 𝑧𝑢𝑧3 + 𝑥2𝑢𝑧4 + 𝑥𝑧𝑢𝑧5 + 𝑧2𝑢𝑧6 +⋯ + 𝑥𝑎𝑧𝑏𝑢𝑧𝑁
where 𝑎 and 𝑏 are integers and 𝑁 indicates the number of terms.
3 
From the previous general expansions it is possible to create three 
types of theories, that can be summarized as follows:

• Uniform theories: The same expansion was applied to all three 
displacement variables.

• Different theories: It is possible to adopt distinct complete Taylor 
expansion for each displacement variable as well.

• Reduced theories: Here certain terms are deliberately omitted from 
the complete expansions. This omission is driven by physical 
considerations, as only certain terms are essential to achieve a 
solution that closely approximates the exact one.

Furthermore, the proposed formulation should also have the possibility 
to use the two approaches for different displacement components.

In recent decades, researchers have developed various methods 
to establish unified frameworks, enabling the selection of multiple 
model types. Prominent examples include the Generalized Beam The-
ory (GBT), introduced by Schardt [44], and the aforementioned CUF. 
Although the results are promising, they do not assess the individual 
contributions of each term in the expansion, and they cannot use 
diverse approaches for the different components. This work aims to 
develop a consistent formulation that allows users to select theories 
with the desired level of accuracy. Given that computational efficiency 
is crucial in structural analysis, achieving reliable results at minimal 
cost is of significant interest. In addition to this, the present study 
explores also the integration of ESL (for Taylor-based polynomials) and 
LW (for Lagrange polynomials) approaches within the same structural 
models, and the resulting models can be called ESL/LW mixed theories. 
The following set is a good example of this mixed approach, where 
Lagrange, and reduced Taylor models are used:
𝑢𝑘𝑥 = 𝐹 𝑘

𝑢𝑥1
𝑢𝑘𝑥1 + 𝐹 𝑘

𝑢𝑥2
𝑢𝑘𝑥2 + 𝐹 𝑘

𝑢𝑥3
𝑢𝑘𝑥3 + 𝐹 𝑘

𝑢𝑥4
𝑢𝑘𝑥4 + 𝐹 𝑘

𝑢𝑥5
𝑢𝑘𝑥5 + 𝐹 𝑘

𝑢𝑥6
𝑢𝑘𝑥6

+ 𝐹 𝑘
𝑢𝑥7

𝑢𝑘𝑥7 + 𝐹 𝑘
𝑢𝑥8

𝑢𝑘𝑥8 + 𝐹 𝑘
𝑢𝑥9

𝑢𝑘𝑥9
𝑢𝑦 = 𝑢𝑦1 + 𝑥𝑢𝑦2 + 𝑧𝑢𝑦3 (5)
𝑢𝑧 = 𝑢𝑧1 + 𝑥𝑢𝑧2 + 𝑧𝑢𝑧3 + 𝑥2𝑢𝑧4 + 𝑥𝑧𝑢𝑧5 + 𝑧2𝑢𝑧6
The number of terms for the in-plane displacement 𝑢𝑘𝑥 depends on the 
number of layers, whereas the ‘ESL’ terms remain fixed at three for 𝑢𝑦
and 𝑢𝑧.

In conclusion, to the authors’ knowledge, a unified approach for 
automatically generating reduced beam models in the nonlinear regime 
remains undeveloped. This work extends the linear framework previ-
ously investigated by Carrera and coworkers for different applications. 
In particular, Ref. [45] implemented a global/local approach for beam 
with complex sections. In [46] the importance of the are studied, while 
the mixed ESL/LW models are adopted for the shell formulation [47]. 
In these works, the Unified Formulation’s capabilities for the nonlinear 
quasi-static analysis were significantly enhanced.
Scheme of the work. The present work follows the scheme: (a) Sec-
tion 2 presents the fundamental principles of the Unified Formulation 
approximation and its integration into the finite element method. (b) 
Section 3 discusses the nonlinear beam formulation within a total 
Lagrangian framework, providing detailed derivations of the govern-
ing equations and FE matrices. (c) To demonstrate the new method, 
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Section 4 presents a comprehensive example of the assembly of the 
tangent stiffness matrix. (d) The results concerning the accurate eval-
uation of displacements and stresses are showcased in Section 5. (e) 
Section 6 summarizes the key conclusions and outlines potential future 
advancements.

2. Unified formulation for beam and generalization to the higher-
order theories

The Introductory section reviewed various models from the litera-
ture, and theoretically, additional ad hoc models can be developed. The 
present section presents the generalized displacement field within the 
FE context in the modified version of Unified formulation. A compact 
notation will be shown, which will be useful in deriving the governing 
equations.

The CUF provides a unique capability to represent all these models 
within a unified framework, using a consistent mathematical foun-
dation. The expansion is formulated by introducing base functions 
𝐹 𝑘
𝜏 (𝑥, 𝑧), which are defined over the beam section.
The 3D displacement field is expressed as a general expansion, 

where each displacement component is represented using arbitrary 
functions defined over the domain. In addition, the FEM can be inte-
grated in the CUF to obtain numerical solutions. Consequently: 
𝑢𝑘𝑥 = 𝑁𝑖(𝑦)𝐹 𝑘

𝑢𝑥𝜏
(𝑥, 𝑧)𝑞𝑘𝑥𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑥 and 𝑖 = 1,… , 𝑁𝑛

𝑢𝑘𝑦 = 𝑁𝑖(𝑦)𝐹 𝑘
𝑢𝑦𝜏

(𝑥, 𝑧)𝑞𝑘𝑦𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑦 and 𝑖 = 1,… , 𝑁𝑛

𝑢𝑘𝑧 = 𝑁𝑖(𝑦)𝐹 𝑘
𝑢𝑧𝜏

(𝑥, 𝑧)𝑞𝑘𝑧𝜏𝑖 with 𝜏 = 1,… ,𝑀𝑢𝑧 and 𝑖 = 1,… , 𝑁𝑛

(6)

𝐹 𝑘
𝑢𝑥𝜏
, 𝐹 𝑘

𝑢𝑦𝜏
, and 𝐹 𝑘

𝑢𝑧𝜏
 denote the expansion functions corresponding. The 

Einstein’s notation is used on the index 𝜏, and 𝑀𝑢𝑥 , 𝑀𝑢𝑦 , and 𝑀𝑢𝑧
identify the numbers of expansions applied. Furthermore, 𝑁𝑖 represents 
the shape functions. 𝑖 indicates the summation. Finally, 𝑁𝑛 are the 
number of shape functions. In this formulation, it is possible to decide 
every type of shape function for the beam approximation. Here, the 
Lagrange finite elements are adopted, and more details can be found in 
Bathe [48].

A compact notation is chosen as described below for the sake of 
compactness: 

𝑢𝑘𝑙 = 𝑁𝑖𝐹
𝑘
𝑢𝑙𝜏

𝑞𝑘𝑙𝜏𝑖 =
𝑁𝑛
∑

𝑖=1

𝑀𝑢𝑙
∑

𝜏=1
𝑁𝑖𝐹

𝑘
𝑢𝑙𝜏

𝑞𝑘𝑙𝜏𝑖 (7)

𝛿𝑢𝑘𝑚 = 𝑁𝑗𝐹
𝑘
𝑢𝑚𝑠

𝛿𝑞𝑘𝑚𝑠𝑗
=

𝑁𝑛
∑

𝑗=1

𝑀𝑢𝑚
∑

𝑠=1
𝑁𝑗𝐹

𝑘
𝑢𝑚𝑠

𝛿𝑞𝑘𝑚𝑠𝑗
(8)

where 𝑙 and 𝑚 can take the values 𝑥, 𝑦 and 𝑧. In this case, there is no 
summation over 𝑙 (or 𝑚).

3. Nonlinear governing equations

The aim of this section is to derive the nonlinear governing equa-
tions for the specific case where only geometrical nonlinearities are 
present. Although the complete derivation for CUF can be found in 
previous papers [39], it is necessary to demonstrate that the equations 
for the modified version of the formulation retain the same structure. 
In particular, the internal and external force vectors and the tangent 
stiffness matrix are presented, along with a brief discussion of the 
Newton–Raphson linearization procedure.

Please note that the superscript 𝑘 is not explicitly written in the 
following equations. To maintain consistency with the notation used 
in this paper, the type of matrix (e.g., tangent matrix) is denoted 
as a superscript (e.g., 𝐊𝑇 ), rather than a subscript (e.g., 𝐊𝑇 ), as is 
common in CUF literature. In this convention, the transpose operation 
is explicitly represented by (⋅)⊤.
4 
3.1. Preliminaries

The second Piola–Kirchhoff stresses (PK2, 𝐒) and the Green–
Lagrange strain (GL, 𝐄) can be written in the following way, as in [49]:

𝐒 =
{

𝜎𝑥𝑥 𝜎𝑦𝑦 𝜎𝑧𝑧 𝜎𝑦𝑧 𝜎𝑥𝑧 𝜎𝑥𝑦
}⊤ ,

𝐄 =
{

𝜖𝑥𝑥 𝜖𝑦𝑦 𝜖𝑧𝑧 𝜖𝑥𝑧 𝜖𝑦𝑧 𝜖𝑥𝑦
}⊤ (9)

The linear constitutive relation between the nonlinear stresses and the 
strains is illustrated in the following: 

𝐒 = 𝐂𝐄 (10)

where the explicit expression of the material matrix 𝐂 may be seen 
in the classical book of [24]. Regarding the geometrical relations, the 
relationship between the GL nonlinear strains and the displacements is 
formulated as follows: 

𝐄 = 𝐄𝑙 + 𝐄𝑛𝑙 = (𝐛𝑙 + 𝐛𝑛𝑙)𝐮 (11)

where 𝐛𝑙 and 𝐛𝑛𝑙 are the linear and nonlinear differential operators, 
respectively. See [39] for their expressions.

3.2. Internal and external force vectors

The principle of virtual displacements (PVD) is the first step to 
writing the nonlinear governing equations: 

𝛿𝐿𝑖𝑛𝑡 − 𝛿𝐿𝑒𝑠𝑡 = 0 (12)

where 𝛿𝐿𝑖𝑛𝑡 represents the virtual internal energy, 𝛿𝐿𝑒𝑥𝑡 denotes the 
virtual work of the external loadings. In this paper, the vector of 
internal forces, 𝐅𝑖𝑛𝑡, and the vector of the external loadings, 𝐩, are 
adopted: 

𝐅𝑖𝑛𝑡 − 𝐩 = 𝟎 (13)

Fundamental nucleus of the vector of internal forces. The internal forces, 
𝐅𝑖𝑛𝑡, are obtained by using the virtual strain energy, 𝛿𝐿𝑖𝑛𝑡, which is 
written as follows: 

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝐄⊤𝐒d𝑉 = ⟨𝛿𝐄⊤𝐒⟩ (14)

where ⟨(⋅)⟩ = ∫𝑉 (⋅)d𝑉 .
The strain vector, 𝐄, defined in Eq. (11), is specified with the 

generalized nodal unknowns 𝐪𝜏𝑖 as given below: 

𝐄 = (𝐁𝑙
𝜏𝑖 + 𝐁𝑛𝑙

𝜏𝑖)𝐪𝜏𝑖 (15)

The matrices 𝐁𝑙
𝜏𝑖 and 𝐁𝑛𝑙

𝜏𝑖 are described in the followings: 

𝐁𝑙
𝜏𝑖 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹𝑢𝑥𝜏,𝑥𝑁𝑖 0 0
0 𝐹𝑢𝑦𝜏𝑁𝑖,𝑦 0
0 0 𝐹𝑢𝑧𝜏,𝑧𝑁𝑖

𝐹𝑢𝑥𝜏,𝑧𝑁𝑖 0 𝐹𝑢𝑧𝜏,𝑥𝑁𝑖
0 𝐹𝑢𝑦𝜏,𝑧𝑁𝑖 𝐹𝑢𝑧𝜏𝑁𝑖,𝑦

𝐹𝑢𝑥𝜏𝑁𝑖,𝑦 𝐹𝑢𝑦𝜏,𝑥𝑁𝑖 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(16)

and

𝐁𝑛𝑙
𝜏𝑖 =

1
2

×

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢𝑥,𝑥𝐹𝑢𝑥𝜏,𝑥𝑁𝑖 𝑢𝑦,𝑥𝐹𝑢𝑦𝜏,𝑥𝑁𝑖 𝑢𝑧,𝑥𝐹𝑢𝑧𝜏,𝑥𝑁𝑖

𝑢𝑥,𝑦𝐹𝑢𝑥𝜏𝑁𝑖,𝑦 𝑢𝑦,𝑦𝐹𝑢𝑦𝜏𝑁𝑖,𝑦 𝑢𝑧,𝑦𝐹𝑢𝑧𝜏𝑁𝑖,𝑦

𝑢𝑥,𝑧𝐹𝑢𝑥𝜏,𝑧𝑁𝑖 𝑢𝑦,𝑧𝐹𝑢𝑦𝜏,𝑧𝑁𝑖 𝑢𝑧,𝑧𝐹𝑢𝑧𝜏,𝑧𝑁𝑖

𝑢𝑥,𝑥𝐹𝑢𝑥𝜏,𝑧𝑁𝑖 + 𝑢𝑥,𝑧𝐹𝑢𝑥𝜏,𝑥𝑁𝑖 𝑢𝑦,𝑥𝐹𝑢𝑦𝜏,𝑧𝑁𝑖 + 𝑢𝑦,𝑧𝐹𝑢𝑦𝜏,𝑥𝑁𝑖 𝑢𝑧,𝑥𝐹𝑢𝑧𝜏,𝑧𝑁𝑖 + 𝑢𝑧,𝑧𝐹𝑢𝑧𝜏,𝑥𝑁𝑖

𝑢𝑥,𝑦𝐹𝑢𝑥𝜏,𝑧𝑁𝑖 + 𝑢𝑥,𝑧𝐹𝑢𝑥𝜏𝑁𝑖,𝑦 𝑢𝑦,𝑦𝐹𝑢𝑦𝜏,𝑧𝑁𝑖 + 𝑢𝑦,𝑧𝐹𝑢𝑦𝜏𝑁𝑖,𝑦 𝑢𝑧,𝑦𝐹𝑢𝑧𝜏,𝑧𝑁𝑖 + 𝑢𝑧,𝑧𝐹𝑢𝑧𝜏𝑁𝑖,𝑦

𝑢𝑥,𝑥𝐹𝑢𝑥𝜏𝑁𝑖,𝑦 + 𝑢𝑥,𝑦𝐹𝑢𝑥𝜏,𝑥𝑁𝑖 𝑢𝑦,𝑥𝐹𝑢𝑦𝜏𝑁𝑖,𝑦 + 𝑢𝑦,𝑦𝐹𝑢𝑦𝜏,𝑥𝑁𝑖 𝑢𝑧,𝑥𝐹𝑢𝑧𝜏𝑁𝑖,𝑦 + 𝑢𝑧,𝑦𝐹𝑢𝑧𝜏,𝑥𝑁𝑖

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(17)



E. Carrera and D. Scano Composite Structures 377 (2026) 119883 
On the other hand, the virtual variation of 𝐄 is described in terms by 
using the virtual variations of nodal unknowns as follows: 

𝛿𝐄 = 𝛿
((

𝐁𝑙
𝑠𝑗 + 𝐁𝑛𝑙

𝑠𝑗

)

𝐪𝑠𝑗
)

=
(

𝐁𝑙
𝑠𝑗 + 2𝐁𝑛𝑙

𝑠𝑗

)

𝛿𝐪𝑠𝑗 (18)

thus: 

𝛿𝐄⊤ = 𝛿𝐪⊤𝑠𝑗
(

𝐁𝑙
𝑠𝑗 + 2𝐁𝑛𝑙

𝑠𝑗

)⊤
(19)

The internal energy is obtained in the followings:

𝛿𝐿𝑖𝑛𝑡 =⟨𝛿𝐄⊤𝐒⟩ = ⟨𝛿𝐪⊤𝑠𝑗
(

𝐁𝑙
𝑠𝑗 + 2𝐁𝑛𝑙

𝑠𝑗

)⊤
𝐒⟩

=𝛿𝑞𝑢𝑥𝑠𝑗𝐹
𝑖𝑛𝑡
𝑢𝑥𝑠𝑗

+ 𝛿𝑞𝑢𝑦𝑠𝑗𝐹
𝑖𝑛𝑡
𝑢𝑦𝑠𝑗

+ 𝛿𝑞𝑢𝑧𝑠𝑗𝐹
𝑖𝑛𝑡
𝑢𝑧𝑠𝑗

(20)

The vector of internal forces is expressed by the three fundamental 
nuclei:

𝐹 𝑖𝑛𝑡
𝑢𝑥𝑠𝑗

= ⟨𝐹𝑢𝑥𝑠,𝑥𝑁𝑗
(

𝜎𝑥𝑥 + 𝜎𝑥𝑥𝑢𝑥,𝑥 + 𝜎𝑥𝑦𝑢𝑥,𝑦 + 𝜎𝑥𝑧𝑢𝑥,𝑧
)

⟩

+ ⟨𝐹𝑢𝑥𝑠,𝑧𝑁𝑗
(

𝜎𝑥𝑧 + 𝜎𝑥𝑧𝑢𝑥,𝑥 + 𝜎𝑦𝑧𝑢𝑥,𝑦 + 𝜎𝑧𝑧𝑢𝑥,𝑧
)

⟩

+ ⟨𝐹𝑢𝑥𝑠𝑁𝑗,𝑦
(

𝜎𝑥𝑦 + 𝜎𝑥𝑦𝑢𝑥,𝑥 + 𝜎𝑦𝑦𝑢𝑥,𝑦 + 𝜎𝑦𝑧𝑢𝑥,𝑧
)

⟩ (21)

𝐹 𝑖𝑛𝑡
𝑢𝑦𝑠𝑗

= ⟨𝐹𝑢𝑦𝑠,𝑥𝑁𝑗
(

𝜎𝑥𝑦 + 𝜎𝑥𝑥𝑢𝑦,𝑥 + 𝜎𝑥𝑦𝑢𝑦,𝑦 + 𝜎𝑥𝑧𝑢𝑦,𝑧
)

⟩

+ ⟨𝐹𝑢𝑦𝑠,𝑧𝑁𝑗
(

𝜎𝑦𝑧 + 𝜎𝑥𝑧𝑢𝑦,𝑥 + 𝜎𝑦𝑧𝑢𝑦,𝑦 + 𝜎𝑧𝑧𝑢𝑦,𝑧
)

⟩

+ ⟨𝐹𝑢𝑦𝑠𝑁𝑗,𝑦
(

𝜎𝑦𝑦 + 𝜎𝑥𝑦𝑢𝑦,𝑥 + 𝜎𝑦𝑦𝑢𝑦,𝑦 + 𝜎𝑦𝑧𝑢𝑦,𝑧
)

⟩ (22)

𝐹 𝑖𝑛𝑡
𝑢𝑧𝑠𝑗

= ⟨𝐹𝑢𝑧𝑠,𝑥𝑁𝑗
(

𝜎𝑥𝑧 + 𝜎𝑥𝑥𝑢𝑧,𝑥 + 𝜎𝑥𝑦𝑢𝑧,𝑦 + 𝜎𝑥𝑧𝑢𝑧,𝑧
)

⟩

+ ⟨𝐹𝑢𝑧𝑠,𝑧𝑁𝑗
(

𝜎𝑧𝑧 + 𝜎𝑥𝑧𝑢𝑧,𝑥 + 𝜎𝑦𝑧𝑢𝑧,𝑦 + 𝜎𝑧𝑧𝑢𝑧,𝑧
)

⟩

+ ⟨𝐹𝑢𝑧𝑠𝑁𝑗,𝑦
(

𝜎𝑦𝑧 + 𝜎𝑥𝑦𝑢𝑧,𝑥 + 𝜎𝑦𝑦𝑢𝑧,𝑦 + 𝜎𝑦𝑧𝑢𝑧,𝑧
)

⟩ (23)

Fundamental nucleus of the vector of external forces. In this case, the 
virtual external work for the point loadings: 
𝛿𝐿𝑒𝑥𝑡 = 𝛿𝐮⊤𝐩 = 𝛿𝑢𝑥𝑝𝑢𝑥 + 𝛿𝑢𝑦𝑝𝑢𝑦 + 𝛿𝑢𝑧𝑝𝑢𝑧 (24)

The virtual variations with CUF and FEM (Eq. (8)) are used to obtain 
the following expression: 
𝛿𝐿𝑒𝑥𝑡 = 𝛿𝑞𝑥𝑠𝑗𝑁𝑗𝐹𝑢𝑥𝑠𝑝𝑢𝑥 + 𝛿𝑞𝑦𝑠𝑗𝑁𝑗𝐹𝑢𝑦𝑠𝑝𝑢𝑦 + 𝛿𝑞𝑧𝑠𝑗𝑁𝑗𝐹𝑢𝑧𝑠𝑝𝑢𝑧 (25)

where:

𝑝𝑢𝑥𝑠𝑗 = 𝑁𝑗𝐹𝑢𝑥𝑠𝑝𝑢𝑥
𝑝𝑢𝑦𝑠𝑗 = 𝑁𝑗𝐹𝑢𝑦𝑠𝑝𝑢𝑦 (26)

𝑝𝑢𝑧𝑠𝑗 = 𝑁𝑗𝐹𝑢𝑧𝑠𝑝𝑢𝑧

3.3. Newton–Raphson linearization of governing equations

The geometrical nonlinear FE analysis is based on the Eq. (13). It is 
typically solved using an incremental linearization approach. Usually, 
the Newton–Raphson method (i.e., the tangent method) is chosen as 
the numerical approach. The nonlinear problem is reformulated as an 
equivalent minimization problem of the residual function, as stated by 
Reddy [1]: 

𝝋𝑟𝑒𝑠(𝐪 + 𝛿𝐪,𝐩 + 𝛿𝐩) = 𝝋𝑟𝑒𝑠(𝐩,𝐪) +
𝜕𝝋𝑟𝑒𝑠
𝜕𝐪

𝛿𝐪 +
𝜕𝝋𝑟𝑒𝑠
𝜕𝐩

𝛿𝜆𝐩𝑟𝑒𝑓 = 0 (27)

where 𝝋𝑟𝑒𝑠 stands for the so-called vector of the residual nodal forces. 
In this notation, 𝐪 indicates the array of unknowns, whereas 𝐩 is the 
array of external forces. where 𝜕𝝋𝑟𝑒𝑠

𝜕𝐪 = 𝐊𝑇  is the tangent stiffness matrix, 
and − 𝜕𝝋𝑟𝑒𝑠

𝜕𝐩 = 𝐈. 𝐈 indicates the unit matrix. In this method, the load 
changes in proportion with the reference loading vector 𝐩𝑟𝑒𝑓 , while so 
that 𝐩 = 𝜆𝐩𝑟𝑒𝑓 .

Thus, Eq. (27) can be reformulated as the following problem: 
𝐊𝑇 𝛿𝐪 = 𝛿𝜆𝐩 − 𝝋 (28)
𝑟𝑒𝑓 𝑟𝑒𝑠

5 
A supplementary governing equation must be incorporated using a con-
straint formula 𝑐(𝛿𝐪, 𝛿𝜆), since the load-scaling parameter 𝜆 is treated 
as a variable, arriving to the system 
{

𝐊𝑇 𝛿𝐪 = 𝛿𝜆𝐩𝑟𝑒𝑓 − 𝝋𝑟𝑒𝑠

𝑐(𝛿𝐪, 𝛿𝜆) = 0
(29)

This work employs the Crisfield arc-length method, i.e., a path-
following approach, which considers both displacement and load vari-
ations. Detailed information on its application within the CUF frame-
work can be found in [38].

3.4. Derivation of the tangent stiffness matrix

By linearizing the equilibrium equations [50], the FN of the tan-
gent stiffness matrix 𝐊𝑇  are obtained. Assuming conservative loading, 
the linearization of the virtual variation of external loads is zero, 
i.e., 𝛿(𝛿𝐿𝑒𝑠𝑡) = 0. Consequently, only the strain–displacement operators 
and stress–strain relations require linearization. The tangent matrix 
is formally derived by linearizing the virtual variation of the strain 
energy, as in the followings:
𝛿(𝛿𝐿𝑖𝑛𝑡) = ⟨𝛿(𝛿𝐄⊤𝐒)⟩ = ⟨𝛿𝐄⊤𝛿𝐒⟩ + ⟨𝛿(𝛿𝐄)⊤𝐒⟩

= 𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾𝑇
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑇
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑇
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑦𝑠𝑗
(

𝐾𝑇
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑇
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑇
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾𝑇
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑇
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑇
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

(30)

In this paper, the scalar 𝐾𝑇
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

, the nucleus of the tangent stiffness 
matrix, is taken as the fundamental nucleus of the tangent stiffness 
matrix. The components of the tangent matrix are composed by the 
following contributes: 𝐾0

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
, 𝐾𝑇1

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
, and 𝐾𝜎

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
.

Derivation of ⟨𝛿𝐄⊤𝛿𝐒⟩. The first step consists on the linearization of the 
constitutive relation, 𝐒 = 𝐂𝐄. Since the present formulation considers 
only linear material properties, it is possible to write: 

𝛿𝐒 = 𝛿 (𝐂𝐄) = 𝐂𝛿𝐄 = 𝐂
(

𝐁𝑙
𝜏𝑖 + 2𝐁𝑛𝑙

𝜏𝑖
)

𝛿𝐪𝜏𝑖 (31)

The contributions, 𝐾0
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

 and 𝐾𝑇1
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

, can be obtained from the 
linearized governing equations written below:

⟨𝛿𝐄⊤𝛿𝐒⟩ = 𝛿𝐪⊤𝑠𝑗⟨
(

𝐁𝑠𝑗
𝑙 + 2𝐁𝑠𝑗

𝑛𝑙

)⊤
𝐂
(

𝐁𝜏𝑖
𝑙 + 2𝐁𝜏𝑖

𝑛𝑙
)

⟩𝛿𝐪𝜏𝑖

= [𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾0
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾0
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾0
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑦𝑠𝑗
(

𝐾0
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾0
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾0
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾0
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾0
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾0
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

]

+ 2[𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾 𝑙𝑛𝑙
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾 𝑙𝑛𝑙
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾 𝑙𝑛𝑙
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑦𝑠𝑗
(

𝐾 𝑙𝑛𝑙
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾 𝑙𝑛𝑙
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾 𝑙𝑛𝑙
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾 𝑙𝑛𝑙
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾 𝑙𝑛𝑙
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾 𝑙𝑛𝑙
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

]

+ [𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾𝑛𝑙𝑙
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑛𝑙𝑙
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑛𝑙𝑙
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑦𝑠𝑗
(

𝐾𝑛𝑙𝑙
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑛𝑙𝑙
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑛𝑙𝑙
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾𝑛𝑙𝑙
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑛𝑙𝑙
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑛𝑙𝑙
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

]

+ 2[𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾𝑛𝑙𝑛𝑙
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑛𝑙𝑛𝑙
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑛𝑙𝑛𝑙
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑦𝑠𝑗
(

𝐾𝑛𝑙𝑛𝑙
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑛𝑙𝑛𝑙
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑛𝑙𝑛𝑙
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾𝑛𝑙𝑛𝑙
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑛𝑙𝑛𝑙
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑛𝑙𝑛𝑙
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

]

= [𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾0
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾0
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾0
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞
(

𝐾0 𝛿𝑞 +𝐾0 𝛿𝑞 +𝐾0 𝛿𝑞
)

𝑢𝑦𝑠𝑗 𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖 𝑢𝑥𝜏𝑖 𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖 𝑢𝑦𝜏𝑖 𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖 𝑢𝑧𝜏𝑖
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+ 𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾0
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾0
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾0
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

]

+ [𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾𝑇1
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑇1
𝑢𝑥𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑇1
𝑢𝑥𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑦𝑠𝑗
(

𝐾𝑇1
𝑢𝑦𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑇1
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑇1
𝑢𝑦𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

+ 𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾𝑇1
𝑢𝑧𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 +𝐾𝑇1
𝑢𝑧𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 +𝐾𝑇1
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖
)

]

(32)

In particular, the nine scalars 𝐾0
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

 represent the linear part and are 
explicitly described in Appendix. On the other hand, the nonlinear con-
tribution, 𝐾𝑇1

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
, is made of three different parts, 2𝐾 𝑙𝑛𝑙

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
, 𝐾𝑛𝑙𝑙

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
, 

and 2𝐾𝑛𝑙𝑛𝑙
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

, that will be explained later in more details.
First, 𝐾𝑛𝑙𝑙

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
 indicate the components of the FN of the first-order 

nonlinear stiffness matrix and are written in the followings by using a 
compact notation:

For 𝑙 = 𝑥:

𝐾𝑛𝑙𝑙
𝑢𝑚𝑢𝑥𝑠𝜏𝑗𝑖

=
⟨

𝐮,𝑥[𝑚]𝐶11𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑥𝜏,𝑧

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶16𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑥𝜏

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶16𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑥𝜏,𝑥

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶66𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑥𝜏

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑥𝜏,𝑧

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶16𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑥𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶66𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑥𝜏

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶16𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑥𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶12𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑥𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶26𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑥𝜏

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑥𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑥𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶45𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑥𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶13𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑥𝜏,𝑥

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶36𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑥𝜏

⟩

(33)

For 𝑙 = 𝑦:

𝐾𝑛𝑙𝑙
𝑢𝑚𝑢𝑦𝑠𝜏𝑗𝑖

=
⟨

𝐮,𝑥[𝑚]𝐶16𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑦𝜏,𝑥

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶12𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑦𝜏

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶66𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑦𝜏,𝑥

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶26𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑦𝜏

⟩

+
⟨

𝐮,𝑥[𝑚]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑦𝜏,𝑧

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶66𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑦𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶26𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑦𝜏

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶26𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑦𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶22𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑦𝜏

⟩

+
⟨

𝐮,𝑦[𝑚]𝐶55𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑦𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑦𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶55𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑦𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶36𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑦𝜏,𝑥

⟩

+
⟨

𝐮,𝑧[𝑚]𝐶23𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑦𝜏

⟩

(34)

For 𝑙 = 𝑧:

𝐾𝑛𝑙𝑙
𝑢𝑚𝑢𝑧𝑠𝜏𝑗𝑖

=
⟨

𝐮,𝑥[𝑚]𝐶13𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑧𝜏,𝑧
⟩

+
⟨

𝐮,𝑥[𝑚]𝐶36𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑧𝜏,𝑧
⟩

+
⟨

𝐮,𝑥[𝑚]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑧𝜏,𝑥
⟩

+
⟨

𝐮,𝑥[𝑚]𝐶44𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑧𝜏
⟩

+
⟨

𝐮,𝑦[𝑚]𝐶36𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑧𝜏,𝑧
⟩

+
⟨

𝐮,𝑦[𝑚]𝐶23𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑧𝜏,𝑧
⟩

+
⟨

𝐮,𝑦[𝑚]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑧𝜏,𝑥
⟩

+
⟨

𝐮,𝑦[𝑚]𝐶55𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑧𝜏
⟩

+
⟨

𝐮,𝑧[𝑚]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑧𝜏,𝑥
⟩

+
⟨

𝐮,𝑧[𝑚]𝐶45𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑧𝜏
⟩

+
⟨

𝐮,𝑧[𝑚]𝐶45𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑧𝜏,𝑥
⟩

+
⟨

𝐮,𝑧[𝑚]𝐶55𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑧𝜏
⟩

+
⟨

𝐮,𝑧[𝑚]𝐶33𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑧𝜏,𝑧
⟩

(35)

In the expressions above, 𝐮,𝑥[𝑚] represents the 𝑚th component of the 
vector 𝜕𝐮𝜕𝑥 ; e.g., 𝑢,𝑥[𝑦] = 𝑢𝑦,𝑥 . Analogously, 𝐮,𝑥[𝑙] is the 𝑙th component of 
the vector 𝜕𝐮𝜕𝑦 , and so forth.

Second, the components of 𝐾 𝑙𝑛𝑙
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

 can be easily derived from the 
FN 𝐾𝑛𝑙𝑙

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
, since 𝐾𝑛𝑙𝑙

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
= 1

2𝐾
𝑙𝑛𝑙
𝑢𝑙𝑢𝑚𝜏𝑠𝑖𝑗

.
Third, the generic scalar FN 𝐾𝑛𝑙𝑛𝑙

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
 of the second-order nonlinear 

stiffness matrix is described in the following:
2 ×𝐾𝑛𝑙𝑛𝑙 =
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

6 
⟨

𝐮,𝑥[𝑚]𝐮,𝑥[𝑙]𝐶11𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑥[𝑚]𝐮,𝑥[𝑙]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑥[𝑚]𝐮,𝑥[𝑙]𝐶16𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑥[𝑚]𝐮,𝑥[𝑙]𝐶66𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑥[𝑚]𝐮,𝑥[𝑙]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑧

⟩

+
⟨

𝐮,𝑥[𝑚]𝐮,𝑦[𝑙]𝐶16𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑥

⟩

⟨

𝐮,𝑥[𝑚]𝐮,𝑦[𝑙]𝐶12𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏

⟩

+
⟨

𝐮,𝑥[𝑚]𝐮,𝑦[𝑙]𝐶66𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑥

⟩

⟨

𝐮,𝑥[𝑚]𝐮,𝑦[𝑙]𝐶26𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏

⟩

+
⟨

𝐮,𝑥[𝑚]𝐮,𝑦[𝑙]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑥[𝑚]𝐮,𝑧[𝑙]𝐶13𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑧

⟩

+
⟨

𝐮,𝑥[𝑚]𝐮,𝑧[𝑙]𝐶36𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑥[𝑚]𝐮,𝑧[𝑙]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑥[𝑚]𝐮,𝑧[𝑙]𝐶45𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑦[𝑚]𝐮,𝑥[𝑙]𝐶16𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐮,𝑥[𝑙]𝐶66𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑦[𝑚]𝐮,𝑥[𝑙]𝐶12𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐮,𝑥[𝑙]𝐶26𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑦[𝑚]𝐮,𝑥[𝑙]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑧

⟩

+
⟨

𝐮,𝑦[𝑚]𝐮,𝑦[𝑙]𝐶66𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑥

⟩

⟨

𝐮,𝑦[𝑚]𝐮,𝑦[𝑙]𝐶26𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏

⟩

+
⟨

𝐮,𝑦[𝑚]𝐮,𝑦[𝑙]𝐶66𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑥

⟩

⟨

𝐮,𝑦[𝑚]𝐮,𝑦[𝑙]𝐶22𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏

⟩

+
⟨

𝐮,𝑦[𝑚]𝐮,𝑦[𝑙]𝐶55𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑦[𝑚]𝐮,𝑧[𝑙]𝐶36𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑧

⟩

+
⟨

𝐮,𝑦[𝑚]𝐮,𝑧[𝑙]𝐶23𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑦[𝑚]𝐮,𝑧[𝑙]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑦[𝑚]𝐮,𝑧[𝑙]𝐶55𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑧[𝑚]𝐮,𝑥[𝑙]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐮,𝑥[𝑙]𝐶45𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑧[𝑚]𝐮,𝑥[𝑙]𝐶13𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑧[𝑚]𝐮,𝑥[𝑙]𝐶36𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑧[𝑚]𝐮,𝑦[𝑙]𝐶45𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑧

⟩

+
⟨

𝐮,𝑧[𝑚]𝐮,𝑦[𝑙]𝐶55𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑧

⟩

⟨

𝐮,𝑧[𝑚]𝐮,𝑦[𝑙]𝐶36𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑧[𝑚]𝐮,𝑦[𝑙]𝐶23𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑧[𝑚]𝐮,𝑧[𝑙]𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑧[𝑚]𝐮,𝑧[𝑙]𝐶45𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑚𝑠,𝑥𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑧[𝑚]𝐮,𝑧[𝑙]𝐶45𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏,𝑥

⟩

+
⟨

𝐮,𝑧[𝑚]𝐮,𝑧[𝑙]𝐶55𝑁𝑗,𝑦𝑁𝑖,𝑦𝐹𝑢𝑚𝑠𝐹𝑢𝑙𝜏

⟩

⟨

𝐮,𝑧[𝑚]𝐮,𝑧[𝑙]𝐶33𝑁𝑗𝑁𝑖𝐹𝑢𝑚𝑠,𝑧𝐹𝑢𝑙𝜏,𝑧

⟩

(36)

Derivation of ⟨𝛿(𝛿𝐄)⊤𝐒⟩. The last contribution of the tangent stiff-
ness matrix comes from the linearization of the nonlinear geometrical 
relationships. First, it is known from Crisfield [49] that:

𝛿(𝛿𝐄) =
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(

𝛿𝑢𝑥,𝑥
)

v
𝛿𝑢𝑥,𝑥 +

(

𝛿𝑢𝑦,𝑥
)

v
𝛿𝑢𝑦,𝑥 +

(

𝛿𝑢𝑧,𝑥
)

v
𝛿𝑢𝑧,𝑥

(

𝛿𝑢𝑥,𝑦
)

v
𝛿𝑢𝑥,𝑦 +

(

𝛿𝑢𝑦,𝑦
)

v
𝛿𝑢𝑦,𝑦 +

(

𝛿𝑢𝑧,𝑦
)

v
𝛿𝑢𝑧,𝑦

(

𝛿𝑢𝑥,𝑧
)

v
𝛿𝑢𝑥,𝑧 +

(

𝛿𝑢𝑦,𝑧
)

v
𝛿𝑢𝑦,𝑧 +

(

𝛿𝑢𝑧,𝑧
)

v
𝛿𝑢𝑧,𝑧

[(

𝛿𝑢𝑥,𝑥
)

v
𝛿𝑢𝑥,𝑧 + 𝛿𝑢𝑥,𝑥

(

𝛿𝑢𝑥,𝑧
)

v

]

+
[(

𝛿𝑢𝑦,𝑥
)

v
𝛿𝑢𝑦,𝑧 + 𝛿𝑢𝑦,𝑥

(

𝛿𝑢𝑦,𝑧
)

v

]

+
[(

𝛿𝑢𝑧,𝑥
)

v
𝛿𝑢𝑧,𝑧 + 𝛿𝑢𝑧,𝑥

(

𝛿𝑢𝑧,𝑧
)

v

]

[(

𝛿𝑢𝑥,𝑦
)

v
𝛿𝑢𝑥,𝑧 + 𝛿𝑢𝑥,𝑦

(

𝛿𝑢𝑥,𝑧
)

v

]

+
[(

𝛿𝑢𝑦,𝑦
)

v
𝛿𝑢𝑦,𝑧 + 𝛿𝑢𝑦,𝑦

(

𝛿𝑢𝑦,𝑧
)

v

]

+
[(

𝛿𝑢𝑧,𝑦
)

v
𝛿𝑢𝑧,𝑧 + 𝛿𝑢𝑧,𝑦

(

𝛿𝑢𝑧,𝑧
)

v

]

[(

𝛿𝑢𝑥,𝑥
)

v
𝛿𝑢𝑥,𝑦 + 𝛿𝑢𝑥,𝑥

(

𝛿𝑢𝑥,𝑦
)

v

]

+
[(

𝛿𝑢𝑦,𝑥
)

v
𝛿𝑢𝑦,𝑦 + 𝛿𝑢𝑦,𝑥

(

𝛿𝑢𝑦,𝑦
)

v

]

+
[(

𝛿𝑢𝑧,𝑥
)

v
𝛿𝑢𝑧,𝑦 + 𝛿𝑢𝑧,𝑥

(

𝛿𝑢𝑧,𝑦
)

v

]

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(37)

the variation is indicated by the subscript ‘‘v’’. The CUF notation is 
introduced for both the linearized variables (i.e., 𝛿𝑢𝑙 = 𝑁𝑖𝐹𝑢𝑙𝜏𝛿𝑞𝑢𝑙𝜏𝑖) 
and the virtual variables (i.e., (𝛿𝑢𝑚)v = 𝑁𝑗𝐹𝑢𝑚𝑠𝛿𝑞𝑢𝑚𝑠𝑗), and the following 
expression is used: 

𝛿(𝛿𝐄) = 𝐁𝑛𝑙∗

⎧

⎪

⎨

⎪

𝛿𝑞𝑥𝑠𝑗 𝛿𝑞𝑥𝜏𝑖
𝛿𝑞𝑦𝑠𝑗 𝛿𝑞𝑦𝜏𝑖
𝛿𝑞 𝛿𝑞

⎫

⎪

⎬

⎪

(38)
⎩
𝑧𝑠𝑗 𝑧𝜏𝑖 ⎭
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𝐁𝑛𝑙∗ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹𝑢𝑥𝜏,𝑥𝐹𝑢𝑥𝑠,𝑥𝑁𝑖𝑁𝑗 𝐹𝑢𝑦𝜏,𝑥𝐹𝑢𝑦𝑠,𝑥𝑁𝑖𝑁𝑗 𝐹𝑢𝑧𝜏,𝑥𝐹𝑢𝑧𝑠,𝑥𝑁𝑖𝑁𝑗

𝐹𝑢𝑥𝜏𝐹𝑢𝑥𝑠𝑁𝑖,𝑦𝑁𝑗,𝑦 𝐹𝑢𝑦𝜏𝐹𝑢𝑦𝑠𝑁𝑖,𝑦𝑁𝑗,𝑦 𝐹𝑢𝑧𝜏𝐹𝑢𝑧𝑠𝑁𝑖,𝑦𝑁𝑗,𝑦

𝐹𝑢𝑥𝜏,𝑧𝐹𝑢𝑥𝑠,𝑧𝑁𝑖𝑁𝑗 𝐹𝑢𝑦𝜏,𝑧𝐹𝑢𝑦𝑠,𝑧𝑁𝑖𝑁𝑗 𝐹𝑢𝑧𝜏,𝑧𝐹𝑢𝑧𝑠,𝑧𝑁𝑖𝑁𝑗

𝐹𝑢𝑥𝜏,𝑥𝐹𝑢𝑥𝑠,𝑧𝑁𝑖𝑁𝑗 + 𝐹𝑢𝑥𝜏,𝑧𝐹𝑢𝑥𝑠,𝑥𝑁𝑖𝑁𝑗 𝐹𝑢𝑦𝜏,𝑥𝐹𝑢𝑦𝑠,𝑧𝑁𝑖𝑁𝑗 + 𝐹𝑢𝑦𝜏,𝑧𝐹𝑢𝑦𝑠,𝑥𝑁𝑖𝑁𝑗 𝐹𝑢𝑧𝜏,𝑥𝐹𝑢𝑧𝑠,𝑧𝑁𝑖𝑁𝑗 + 𝐹𝑢𝑧𝜏,𝑧𝐹𝑢𝑧𝑠,𝑥𝑁𝑖𝑁𝑗

𝐹𝑢𝑥𝜏,𝑧𝐹𝑢𝑥𝑠𝑁𝑖𝑁𝑗,𝑦 + 𝐹𝑢𝑥𝜏𝐹𝑢𝑥𝑠,𝑧𝑁𝑖,𝑦𝑁𝑗 𝐹𝑢𝑦𝜏,𝑧𝐹𝑢𝑦𝑠𝑁𝑖𝑁𝑗,𝑦 + 𝐹𝑢𝑦𝜏𝐹𝑢𝑦𝑠,𝑧𝑁𝑖,𝑦𝑁𝑗 𝐹𝑢𝑧𝜏,𝑧𝐹𝑢𝑧𝑠𝑁𝑖𝑁𝑗,𝑦 + 𝐹𝑢𝑧𝜏𝐹𝑢𝑧𝑠,𝑧𝑁𝑖,𝑦𝑁𝑗

𝐹𝑢𝑥𝜏,𝑥𝐹𝑢𝑥𝑠𝑁𝑖𝑁𝑗,𝑦 + 𝐹𝑢𝑥𝜏𝐹𝑢𝑥𝑠,𝑥𝑁𝑖,𝑦𝑁𝑗 𝐹𝑢𝑦𝜏,𝑥𝐹𝑢𝑦𝑠𝑁𝑖𝑁𝑗,𝑦 + 𝐹𝑢𝑦𝜏𝐹𝑢𝑦𝑠,𝑥𝑁𝑖,𝑦𝑁𝑗 𝐹𝑢𝑧𝜏,𝑥𝐹𝑢𝑧𝑠𝑁𝑖𝑁𝑗,𝑦 + 𝐹𝑢𝑧𝜏𝐹𝑢𝑧𝑠,𝑥𝑁𝑖,𝑦𝑁𝑗

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(40)

Box I. 
The transpose array is written below: 

𝛿(𝛿𝐄)⊤ =

⎧

⎪

⎨

⎪

⎩

𝛿𝑞𝑥𝑠𝑗 𝛿𝑞𝑥𝜏𝑖
𝛿𝑞𝑦𝑠𝑗 𝛿𝑞𝑦𝜏𝑖
𝛿𝑞𝑧𝑠𝑗 𝛿𝑞𝑧𝜏𝑖

⎫

⎪

⎬

⎪

⎭

⊤

(

𝐁𝑛𝑙∗)⊤ (39)

where (see Box  I). 
From the previous considerations, it is straightforward to study the 

nonlinear geometrical contribute: 

⟨𝛿(𝛿𝐄)⊤𝐒⟩ =<
⎧

⎪

⎨

⎪

⎩

𝛿𝑞𝑥𝑠𝑗 𝛿𝑞𝑥𝜏𝑖
𝛿𝑞𝑦𝑠𝑗 𝛿𝑞𝑦𝜏𝑖
𝛿𝑞𝑧𝑠𝑗 𝛿𝑞𝑧𝜏𝑖

⎫

⎪

⎬

⎪

⎭

⊤

(

𝐁𝑛𝑙∗)⊤ 𝐒 > (41)

⟨𝛿(𝛿𝐄)⊤𝐒⟩ = 𝛿𝐪⊤𝑠𝑗⟨diag
(

(

𝐁𝑛𝑙∗)⊤ 𝐒
)

⟩𝛿𝐪𝜏𝑖

= 𝛿𝐪⊤𝑠𝑗⟨diag
(

(

𝐁𝑛𝑙∗)⊤ (𝐒𝑙 + 𝐒𝑛𝑙)
)

⟩𝛿𝐪𝜏𝑖

= 𝛿𝑞𝑢𝑥𝑠𝑗
(

𝐾𝜎𝑙
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

+𝐾𝜎𝑛𝑙
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

)

𝛿𝑞𝑢𝑥𝜏𝑖

+𝛿𝑞𝑢𝑦𝑠𝑗
(

𝐾𝜎𝑙
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

+𝐾𝜎𝑛𝑙
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

)

𝛿𝑞𝑢𝑦𝜏𝑖

+𝛿𝑞𝑢𝑧𝑠𝑗
(

𝐾𝜎𝑙
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

+𝐾𝜎𝑛𝑙
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

)

𝛿𝑞𝑢𝑧𝜏𝑖

= 𝛿𝑞𝑢𝑥𝑠𝑗𝐾
𝜎
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑥𝜏𝑖 + 𝛿𝑞𝑢𝑦𝑠𝑗𝐾
𝜎
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑦𝜏𝑖 + 𝛿𝑞𝑢𝑧𝑠𝑗𝐾
𝜎
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

𝛿𝑞𝑢𝑧𝜏𝑖 (42)

The preceding equations illustrate the nonlinear contribution to the 
tangent stiffness, which is therefore referred to as geometrical stiffness. 
This stiffness consists of both a linear component, given by 𝐒𝑙 = 𝐂𝐄𝑙, 
and a nonlinear component, given by 𝐒𝑛𝑙 = 𝐂𝐄𝑛𝑙. Consequently, the 
complete fundamental nucleus is expressed as: 𝐾𝜎

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
= 𝐾𝜎𝑙

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
+

𝐾𝜎𝑛𝑙
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

.
The only three nonzero scalar FNs 𝐾𝜎

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
 are explicitly given as 

follows:

𝐾𝜎
𝑢𝑥𝑢𝑥𝑠𝜏𝑗𝑖

=⟨𝜎𝑥𝑥𝐹𝑢𝑥𝜏,𝑥𝐹𝑢𝑥𝑠,𝑥𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑦𝑦𝐹𝑢𝑥𝜏𝐹𝑢𝑥𝑠𝑁𝑖,𝑦𝑁𝑗,𝑦 ⟩

+ ⟨𝜎𝑧𝑧𝐹𝑢𝑥𝜏,𝑧𝐹𝑢𝑥𝑠,𝑧𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑥𝑦𝐹𝑢𝑥𝜏,𝑥𝐹𝑢𝑥𝑠𝑁𝑖𝑁𝑗,𝑦 ⟩

+ ⟨𝜎𝑥𝑦𝐹𝑢𝑥𝜏𝐹𝑢𝑥𝑠,𝑥𝑁𝑖𝑁𝑗,𝑦 ⟩ + ⟨𝜎𝑥𝑧𝐹𝑢𝑥𝜏,𝑥𝐹𝑢𝑥𝑠,𝑧𝑁𝑖𝑁𝑗⟩

+ ⟨𝜎𝑥𝑧𝐹𝑢𝑥𝜏,𝑧𝐹𝑢𝑥𝑠,𝑥𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑦𝑧𝐹𝑢𝑥𝜏,𝑧𝐹𝑢𝑥𝑠𝑁𝑖𝑁𝑗,𝑦 ⟩

+ ⟨𝜎𝑦𝑧𝐹𝑢𝑥𝜏𝐹𝑢𝑥𝑠,𝑧𝑁𝑖𝑁𝑗⟩ (43)

𝐾𝜎
𝑢𝑦𝑢𝑦𝑠𝜏𝑗𝑖

=⟨𝜎𝑥𝑥𝐹𝑢𝑦𝜏,𝑥𝐹𝑢𝑦𝑠,𝑥𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑦𝑦𝐹𝑢𝑦𝜏𝐹𝑢𝑦𝑠𝑁𝑖,𝑦𝑁𝑗,𝑦 ⟩

+ ⟨𝜎𝑧𝑧𝐹𝑢𝑦𝜏,𝑧𝐹𝑢𝑦𝑠,𝑧𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑥𝑦𝐹𝑢𝑦𝜏,𝑥𝐹𝑢𝑦𝑠𝑁𝑖𝑁𝑗,𝑦 ⟩

+ ⟨𝜎𝑥𝑦𝐹𝑢𝑦𝜏𝐹𝑢𝑦𝑠,𝑥𝑁𝑖𝑁𝑗,𝑦 ⟩ + ⟨𝜎𝑥𝑧𝐹𝑢𝑦𝜏,𝑥𝐹𝑢𝑦𝑠,𝑧𝑁𝑖𝑁𝑗⟩

+ ⟨𝜎𝑥𝑧𝐹𝑢𝑦𝜏,𝑧𝐹𝑢𝑦𝑠,𝑥𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑦𝑧𝐹𝑢𝑦𝜏,𝑧𝐹𝑢𝑦𝑠𝑁𝑖𝑁𝑗,𝑦 ⟩

+ ⟨𝜎𝑦𝑧𝐹𝑢𝑦𝜏𝐹𝑢𝑦𝑠,𝑧𝑁𝑖𝑁𝑗⟩ (44)

𝐾𝜎
𝑢𝑧𝑢𝑧𝑠𝜏𝑗𝑖

=⟨𝜎𝑥𝑥𝐹𝑢𝑧𝜏,𝑥𝐹𝑢𝑧𝑠,𝑥𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑦𝑦𝐹𝑢𝑧𝜏𝐹𝑢𝑧𝑠𝑁𝑖,𝑦𝑁𝑗,𝑦 ⟩

+ ⟨𝜎 𝐹 𝐹 𝑁 𝑁 ⟩ + ⟨𝜎 𝐹 𝐹 𝑁 𝑁 ⟩
𝑧𝑧 𝑢𝑧𝜏,𝑧 𝑢𝑧𝑠,𝑧 𝑖 𝑗 𝑥𝑦 𝑢𝑧𝜏,𝑥 𝑢𝑧𝑠 𝑖 𝑗,𝑦

7 
+ ⟨𝜎𝑥𝑦𝐹𝑢𝑧𝜏𝐹𝑢𝑧𝑠,𝑥𝑁𝑖𝑁𝑗,𝑦 ⟩ + ⟨𝜎𝑥𝑧𝐹𝑢𝑧𝜏,𝑥𝐹𝑢𝑧𝑠,𝑧𝑁𝑖𝑁𝑗⟩

+ ⟨𝜎𝑥𝑧𝐹𝑢𝑧𝜏,𝑧𝐹𝑢𝑧𝑠,𝑥𝑁𝑖𝑁𝑗⟩ + ⟨𝜎𝑦𝑧𝐹𝑢𝑧𝜏,𝑧𝐹𝑢𝑧𝑠𝑁𝑖𝑁𝑗,𝑦 ⟩

+ ⟨𝜎𝑦𝑧𝐹𝑢𝑧𝜏𝐹𝑢𝑧𝑠,𝑧𝑁𝑖𝑁𝑗⟩ (45)

In this way, the FNs of the tangent stiffness matrix are expressed as the 
sum of all the contributions previously calculated: 
𝐾𝑇

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
= 𝐾0

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
+𝐾𝑇1

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
+𝐾𝜎

𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖
(46)

At this stage, the tangent stiffness matrix can be assembled. The general 
assembly for the CUF can be seen in [45,46] for the beam and plate 
formulations in the case of linear analysis.

4. Assembly

The previous section presented the mathematical framework of the 
proposed formulation. An equally important aspect concerns the assem-
bly of the finite element matrices. In this section, a simple example is 
provided to clarify the procedure, while a more detailed explanation 
can be found in [46] for the linear case.

In Fig.  3, a single two-node beam element (B2) is taken into account. 
In the same figure, the three expansions and the respective number 
of terms, 𝑀𝑢𝑙 , are illustrated. As can be seen, both 𝑢𝑥 and 𝑢𝑦 follow 
a second-order Taylor expansion model (TE2), whereas the transverse 
displacement, 𝑢𝑧, adopts the first-order model (TE1). In this way, each 
node has 15 degrees of freedom, and the entire structure is studied by 
30 degrees of freedom. For the sake of brevity, only ESL models are 
shown, but it is possible to introduce LW theories as well.

Fig.  4 presents the global tangent stiffness matrix, 𝐊𝑇 , with di-
mensions of 30 × 30. Each submatrix 𝐊𝑇

𝑗𝑖 is decomposed into nine 
submatrices, 𝐊𝑇

𝑢𝑚𝑢𝑙 𝑖𝑗
. For example, Fig.  5 explicitly shows the nine 

components of 𝐊𝑇
11, see the circled matrices. From the scheme, it is clear 

that the dimensions and shapes of the matrices 𝐊𝑇
𝑢𝑚𝑢𝑙11

 may change 
according to the number of terms for each displacement component. 
For example, 𝐊𝑇

𝑢𝑥𝑢𝑦11
, is a square 6 × 6 sub-matrix since both compo-

nents utilize the TE2 model. When different values of 𝑀𝑢𝑙  (and 𝑀𝑢𝑚 ) 
are assigned to different components, the resulting 𝐊𝑇

𝑢𝑚𝑢𝑙11
 become 

rectangular with varying dimensions. Examples of such cases include 
𝐊𝑇

𝑢𝑥𝑢𝑧11
, or 𝐊𝑇

𝑢𝑧𝑢𝑦11
. For clarity, the submatrices 𝐊𝑇

𝑢𝑚𝑢𝑙11
 are referred 

as 𝐊𝑇
𝑢𝑚𝑢𝑙

. In summary, each 1 × 1 𝐾𝑇
𝑢𝑚𝑢𝑙𝑠𝜏𝑗𝑖

 FN represents the prime 
components of the matrices.

The entire procedure can likewise be applied to the arrays of inter-
nal and external loads, with the distinction that only a single dimension 
is considered.

5. Numerical results

The main purpose of the section is to demonstrate the potentialities 
of the proposed methods. This section analyses two benchmark cases, 
assessing both displacements and stresses. The first scenario focuses on 
a compact square cross-section in the postbuckling behaviour, while the 
second investigates a two-layered beam subjected to bending.
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Fig. 3. Example of a linear beam element. 𝑢𝑥 and 𝑢𝑦 are studied by using a Taylor-based second-order model (TE2), whereas a linear theory (TE1) approximates 
the variable 𝑢𝑧.
Fig. 4. Assembly of the general tangent stiffness matrix, see Fig.  3. The red sub-matrices will be considered in Fig.  5.
Fig. 5. Assembly of the tangent stiffness matrix (here only the submatrix 𝐊𝑇
11 is considered).
A consistent acronym system is used to describe the structural the-
ories. The Taylor-based expansions are described in the following way: 
8 
TE𝑛𝑢𝑥 -TE𝑛𝑢𝑦 -TE𝑛𝑢𝑧 , where 𝑛𝑢𝑙  denotes the polynomial order for the dis-
placement components. For Lagrange-based expansions, the acronym 
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Fig. 6. Geometrical properties of a compact square beam with length-to-height 
ratio, 𝐿∕ℎ = 100. The compressive 𝑃  and defect loads 𝑑 are applied at the tip. 
The benchmark is taken from [38].

Table 1
Postbuckling analysis of a square compact beam. Details of the structural 
models: types of expansions, the number of terms, and DOF. 
 Expansions 𝑀𝑢𝑥 /𝑀𝑢𝑦 /𝑀𝑢𝑧 DOF  
 𝑢𝑥 𝑢𝑦 𝑢𝑧  

Reference solution [38]
 LE9 LE9 LE9 9/9/9 1647 

LE/TE Models
 TE1 LE9 LE9 3/9/9 1281 
 TE1 LE9 TE1 3/9/3 915  
 const LE9 LE9 1/9/9 1159 
 0 LE9 LE9 0/9/9 1098 

LE𝑝-LE𝑝-LE𝑝 is used, where 𝑝 represents the number of Lagrange points 
(LPs) in the CUF elements of the cross-section. The text will explicitly 
state the number of Lagrange CUF elements employed for each material 
layer. Additionally, mixed ESL/LW theories are applied, allowing for 
refined models such as LE16-TE3-TE2. Sometimes, a displacement com-
ponent may be completely disregarded and a ‘0’ indicates this particular 
condition.

5.1. Postbuckling analysis of a compact square beam

This preliminary benchmark is taken from Carrera et al. [38] and 
examines the geometrically non-linear behaviour of a compact square 
beam. Fig.  6 illustrates the geometry of the structure. The length-to-
height ratio, 𝐿∕ℎ, is set at 100. The structure comprises an isotropic, 
aluminium-like material having the properties 𝐸 = 75 [GPa] and 𝜈 =
0.33. Regarding boundary conditions, the beam is fully clamped at the 
section 𝑦 = 0. A compressive load, 𝑃 , is applied at the beam tip. In 
order to impose a preferential solution branch, a small defect load 𝑑
is applied toward the positive 𝑧-axis, see Fig.  6. The defect can be 
calculated according to the following expression: 
4 𝐿2

𝜋2 𝐸 𝐼
= 0.002 (47)

where 𝐼 = ℎ4∕12 stands for the second moment area for a square cross-
section. Along the beam axis, twenty cubic Lagrange beam elements 
are implemented. The axial (𝑢𝑦) and out-of-plane displacements (𝑢𝑧) are 
computed at the distal end, located at coordinates [0, 𝐿, 0].

Table  1 summarizes the kinematic theories implemented in this 
study. For each displacement component, two features are presented: 
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Table 2
Cantilevered two-layered beam under a constant bending pressure. Details of 
the structural models: types of expansions, the number of terms, and DOF.
 Expansions 𝑀𝑢𝑥 /𝑀𝑢𝑦 /𝑀𝑢𝑧 DOF  
 𝑢𝑥 𝑢𝑦 𝑢𝑧  

Reference solutions [39]
 LE16 LE16 LE16 28/28/28 5124  
 3D-ABAQUS — 573675 

Uniform models
 TE2 TE2 TE2 6/6/6 1098  
 TE3 TE3 TE3 10/10/10 1830  

ESL/LW Models
 TE2 LE16 TE2 6/28/6 2440  
 TE2 LE16 TE3 6/28/10 2684  
 TE2 LE16 TE4 6/28/15 2989  
 TE2 LE16 LE16 6/28/28 3782  
 0 LE16 LE16 0/28/28 3416  
 0 LE16 TE2 0/28/6 2074  
 TE2 TE2 LE16 6/6/28 2440  

(a) the specific expansion used, and (b) the corresponding number of 
terms (𝑀𝑢𝑙 ). The table first illustrates the reference LE9-LE9-LE9 solu-
tion. Subsequent rows detail the characteristics of various mixed TE/LE 
expansions. In this case, it is not possible to use the denominations ESL 
and LW, since an isotropic structure is considered. This example allows 
to preliminary explore the capabilities of the new method and how it is 
possible to adopt different assumptions for the three displacement com-
ponents. In model const-LE9-LE9, ‘const’ means that only the constant 
term is employed for the displacement component 𝑢𝑥.

Fig.  7 illustrates the equilibrium curves for this benchmark with 
a comparison with the reference complete LE9-LE9-LE9 model. In 
particular, the non-dimensional axial and transverse displacements are 
shown in Figs.  7(a) and 7(b), respectively. Also, the load is given in the 
graph as a non-dimensional parameter: 𝑃 4 𝐿2∕(𝜋2 𝐸 𝐼).

Computational costs. In this paragraph, the computational times has 
been investigated. In particular, the left-most part of Fig.  8 compares all 
the details, i.e., the DOFs, the computational times. Furthermore, the 
label ‘‘Convergence’’ indicates whether the model successfully reaches 
convergence. In this benchmark, only the TE1-LE9-TE1 model fails to 
approach the correct trend. On the right-hand of Fig.  8, the graph of 
the adimensionalized computational time depending on the degrees of 
freedom is plotted. The time is normalized respect to the reference 
model LE9-LE9-LE9.

The numerical results lead to the following key conclusions:

• Regarding equilibrium curves computation, almost all the re-
duced models follow the reference solution trend with minor 
discrepancies. The reduced models clearly identifies the postbuck-
ling behaviour for both the axial and transverse displacements. 
In particular, the snap-back for the out-of-plane displacements 
is well-characterized also by the proposed models. TE1-LE9-TE1 
is the least accurate model, as it entirely fails to capture the 
reference trends. Specifically, Fig.  7(a) clearly shows that the 
axial displacement remains zero.

• These analyses demonstrate how the 𝑢𝑥 displacement component 
can be completely disregarded without compromising accuracy. 
In contrast, 𝑢𝑦 and 𝑢𝑧 components have a significant influence and 
bi-parabolic expansions must be adopted.

• The comparison of the computational costs demonstrates that the 
reduced models are particularly efficient. Within this group of 
models, 0-LE9-LE9 (with 1159 DOF, and a normalized time of 
0.54) emerges as the most computationally efficient for this spe-
cific evaluation, achieving an optimal balance between accuracy 
and efficiency. On the other hand, TE1-LE9-TE1 has both low DOF 
and computational costs, but it does not reach the convergence.
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(a) Axial displacements

  
(b) Transverse displacements

 

Fig. 7. Postbuckling analysis of a square compact beam. The displacements are on the horizontal axis; while the load is on the vertical axis. Equilibrium curves 
for the reference and the present models.
Fig. 8. Details for the computational costs. (Left) Information for the five models, and (Right) plot of the adimensionalized computational time depending the 
degrees of freedom.
5.2. Large deflection of a two-layered beam subjected to bending

This case study, taken from Pagani and Carrera [39], investi-
gates the large displacement behaviour of an asymmetric multi-layered
structure which presents the stacking sequence: [0o∕90o]. Fig.  9 displays 
the geometrical properties. The structure has a length of 𝐿 of 9 [m], 
and a section width of 𝑏 = 1 [m], while the total height is ℎ = 0.6 
[m]. The two layers are composed of an orthotropic AS4/3501-06 
graphite/epoxy material with the following properties: 𝐸𝐿 = 144.8
[GPa], 𝐸2 = 𝐸𝑇 = 𝐸𝑧 = 9.65 [GPa], 𝜈𝐿𝑇 = 𝜈𝐿𝑧 = 𝜈𝑧𝑇 = 0.3, 
𝐺𝐿𝑇 = 𝐺𝐿𝑧 = 4.14 [GPa], and 𝐺𝑇 𝑧 = 3.45 [GPa]. As far as the boundary 
conditions are concerned, the section 𝑦 = 0 is clamped, and a constant 
pressure 𝑝0 acts in the positive 𝑧 direction. Two reference models are 
used: (a) the CUF-base two-element LE16 expansion, and (b) a refined 
solid 3D-ABAQUS, both taken from [39]. Ten four-node Lagrange beam 
elements are employed for the 𝑦-axis. The dimensionless out-of-plane 
displacements, 𝑢𝑧 = 𝑢𝑧∕ℎ, are evaluated at the tip [0, 𝐿, 0]. On the 
contrary, the shear stresses, 𝜎𝑦𝑧 = 𝜎𝑦𝑧∕𝑝0, are calculated at the mid-span 
of the beam [0, 𝐿∕2, 𝑧].

Table  2 presents the theories adopted in the current analyses. The 
expansions for each displacement component are shown, along with 
10 
Fig. 9. Geometrical properties of an asymmetric laminated beam subjected to 
large bending deflections. The benchmark is taken from [39].
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(a) 

  
(b) 

 

Fig. 10. Two-layer cross-ply beam subjected to bending. Linear and nonlinear equilibrium curves. The non dimensional displacements are on the vertical axis; 
while the non-dimensional load is on the horizontal axis. Equilibrium curves for the reference and the present models.
 
(a) 

  
(b) 

 

Fig. 11. Two-layer cross-ply beam subjected to bending. Shear stresses, 𝜎𝑦𝑧, calculated in [0, 𝐿∕2, 𝑧] for the reference and the present models. Linear analysis.
the total number of terms 𝑀𝑢𝑙 . The first rows illustrate the reference 
solution LE16-LE16-LE16 and the uniform Taylor models. Finally, the 
information of several mixed ESL/LW models is explained. In all theo-
ries, the axial displacement 𝑢𝑦 is modelled by the LW expansion LE16. 
𝑢𝑥 is either represented using a second-order model or entirely omit-
ted. Several expansions are utilized to approximate the out-of-plane 
displacement variable 𝑢𝑧.

Fig.  10 presents the equilibrium curves, where the transverse dis-
placements are evaluated as a function of the bending load. Addition-
ally, the linear solution for the complete LE16 model is included for 
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completeness. Then, the shear stresses for three different points of the 
equilibrium curve, in particular for the linear case (see Fig.  11) and 
when the loads are equal to 𝑝0 = 3×106 [Pa] and 𝑝0 = 9×106 [Pa]; see 
Figs.  12 and 13, respectively.

Based on the present results, the following key observations can be 
made:

• For the calculation of the equilibrium curve in Fig.  10, specifically 
the transverse displacement at the tip of the beam, all models 
accurately match the best CUF solution, i.e., LE16-LE16-LE16. 



E. Carrera and D. Scano Composite Structures 377 (2026) 119883 
 
(a) 

  
(b) 

 

Fig. 12. Two-layer cross-ply beam subjected to bending. Shear stresses, 𝜎𝑦𝑧, calculated in [0, 𝐿∕2, 𝑧] for the reference and the present models. Nonlinear analysis, 
𝑝0 = 3 × 106 [Pa].
 
(a) 

  
(b) 

 

Fig. 13. Two-layer cross-ply beam subjected to bending. Shear stresses, 𝜎𝑦𝑧, calculated in [0, 𝐿∕2, 𝑧] for the reference and the present models. Nonlinear analysis, 
𝑝0 = 9 × 106 [Pa].
The most efficient model for this evaluation is TE2-LE16-TE2. 
Additionally, the results confirm the necessity of employing a 
nonlinear formulation. In fact, the linear assumptions are valid 
only up to 𝑝0𝐿4∕(𝐸2 ℎ4) = 10 circa.

• Considering the evaluation of stresses for the linear case shown 
in Fig.  11, all ESL/LW models exhibit the same trend as the LE16-
LE16-LE16 and the 3D-ABAQUS models except TE2-TE2-LE16, 
since the 𝑢𝑦 displacement component has to be described by the 
LW approach. On the other hand, the ESL models, i.e., TE2-TE2-
TE2 and TE3-TE3-TE3, do not follow the correct trend.
12 
• However, in the nonlinear regime, the stress predictions may 
vary across different models, as illustrated in Figs.  12 and 13. 
Notably, the transverse displacement variable 𝑢𝑧 plays a crucial 
role, differently from the linear regime, confirming that the LW 
approach must be employed for accurate stress evaluation. This 
effect is more evident for 𝑝0 = 9×106 [Pa]. Also, the displacement 
component 𝑢𝑥 becomes more important, even though the ESL 
approach is sufficient. For linear and 𝑝0 = 3×106, models 0-LE16-
LE16 and 0-LE16-TE2 are very near to LE16-LE16-LE16, whereas 
it is not true at 𝑝0 = 3 × 106. In the nonlinear regime, some 
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differences arise between the best CUF models and the ABAQUS 
solution.

• The results indicate that the significance of the terms for each 
displacement variable varies depending on the equilibrium point 
considered. Furthermore, the dimensionless shear stresses exhibit 
lower peak values as the loading increases.

6. Conclusions

This paper presents a nonlinear beam framework based on the prin-
ciples of the Carrera Unified Formulation (CUF). The aim of this paper 
arises from the need to reduce computational costs in the nonlinear 
analysis of composite beam structures. In the literature, highly refined 
models are typically required to capture complex equilibrium curves 
and stresses, particularly shear stresses. Another challenge is that effi-
cient ad-hoc models usually demand re-derivation of the finite element 
matrices for each case, a process that is especially time-consuming in 
nonlinear quasi-static frameworks. To address these issues, a unified 
method is proposed, allowing researchers to flexibly select the desired 
models within a consistent framework.

Thus, a framework has been introduced to modify and extend the 
capabilities of CUF by allowing each displacement variable to adopt 
independent expansions and approaches. This method has already been 
applied to the linear analysis of beams, plates, and shells, yielding effi-
cient results across various geometric configurations and boundary con-
ditions [45–47]. In this paper, the full Green–Lagrange strain relation-
ships are incorporated into the formulation to accurately capture out-
of-plane stresses. Thus the nonlinear governing equations are derived 
and the associated finite element matrices are calculated. In particular, 
the proposed formulation employs Newton–Raphson linearization in 
combination with the arc-length method.

For the verification of the models, two case studies have been 
considered. The first focused on postbuckling behaviour, including a 
comparison of the corresponding computational times. Then a two-
layered beam subjected to large deflections was later considered, along 
with a precise out-of-plane calculation.

The key conclusions drawn from this study are as follows:

• Computational costs can be significantly reduced by selectively 
incorporating only the most relevant terms within the structural 
theories.

• The choice of models depends on the desired outcome, whether 
displacements or stresses. Indeed, the accurate evaluation of out-
of-plane stresses in multilayered structures may require higher-
order models based on the LW approach.

• Integrating Taylor and Lagrange expansions within the same 
model serves as a powerful computational accelerator, while 
maintaining a good accuracy at the same time. Then, the union 
with reduced models are even more powerful in decreasing the 
DOFs.

• Furthermore, at each equilibrium point, the significance of dif-
ferent terms varies, requiring adjustments to the most accurate 
models to adapt to specific conditions. For instance, a displace-
ment component may have no influence in the linear regime but 
become significant at higher load levels, as demonstrated in the 
second benchmark.

In conclusion, this paper has demonstrated the feasibility of developing 
a unified formulation within the nonlinear framework. In this approach, 
each displacement component can be assigned its own theory, and 
mixed ESL/LW models can be employed. Several capabilities of the 
formulation have been illustrated; however, future work should focus 
on systematically studying the different models and extending the 
analysis to thin-walled structures.

Finally, one of the main future goals is to extend the proposed 
nonlinear approach to the systematic study of laminated plate and shell 
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structures by further developing the two-dimensional CUF framework. 
Second, it would also be of interest to incorporate thermal and electric 
fields into the nonlinear analysis and to investigate the relevance of 
reduced models and mixed ESL/LW approaches.
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Appendix. Explicit expression of the linear fundamental nuclei
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𝐶45𝑁𝑗𝑁𝑖,𝑦𝐹𝑢𝑧𝑠,𝑥𝐹𝑢𝑧𝜏

⟩

+
⟨

𝐶45𝑁𝑗,𝑦𝑁𝑖𝐹𝑢𝑧𝑠𝐹𝑢𝑧𝜏,𝑥

⟩

+
⟨

𝐶44𝑁𝑗𝑁𝑖𝐹𝑢𝑧𝑠,𝑥𝐹𝑢𝑧𝜏,𝑥

⟩

(56)

with ⟨(...)⟩ = ∫ (...)d𝑉 = ∫ (...)d𝑥d𝑦d𝑧.
𝑉 𝑉
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Data availability

Data will be made available on request.
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