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1 | INTRODUCTION

The aim of this paper is to establish two forms of Poincaré inequality on non-compact connected
Lie groups. On the one hand, we shall obtain the Lie group analogue of the classical inequality
on R4

If = felles) < CrIIVEllLe) 1.1

where p € [1,0), f € C®(R%), B is a ball of radius r and f5 is the average of f on B. On the
other hand, we shall consider a non-local L2-version of such an inequality, which takes the form

I ll2a, iy < CIV fll2wd ) (1.2)
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for certain finite measures u which are absolutely continuous with respect to the Lebesgue
measure and whose densities satisfy a certain decay condition at infinity. One should think, for
example, to the case when u is a Gaussian measure.

Extensions of the classical Poincaré inequality (1.1) to non-Euclidean settings have widely been
studied in the last decades. A thorough overview of the literature would go out of the scope of the
present paper, so we refer the reader to the milestone [11] and the references therein. For what
concerns Lie groups, a Poincaré inequality on unimodular groups can be obtained by combin-
ing [16, §8.3] and [11, Theorem 9.7]. In this paper we prove that a Poincaré inequality also holds on
non-unimodular Lie groups endowed with a relatively invariant measure, and we also describe
the behaviour of the Poincaré constant in a quantitative way. We show that this grows at most
exponentially with respect to the radius of the ball, and that if the group is non-doubling, then
such growth is, in general, exponential. More precisely, in a class of Lie groups including the real
hyperbolic spaces as a subclass, we estimate from below the constant involved in the Poincaré
inequality by a quantity which grows exponentially with respect to the radius of the ball.

Non-local inequalities such as (1.2) have been introduced more recently [2] on R?, for densities
satisfying suitable differential inequalities expressed in terms of the Laplacian A (cf. [2, Corol-
lary 1.6]) whose prototype is a Gaussian function. After its establishment on R?, such non-local
inequalities were extended to unimodular Lie groups of polynomial growth in [15], where a sum-
of-squares subelliptic sub-Laplacian plays the role of A. In this paper, we extend their method
to the non-doubling regime where the sub-Laplacian has an additional drift term, in a setting
where we previously studied various function spaces [4-6] and the Sobolev and Moser-Trudinger
inequalities [7].

As a classical application of the local Poincaré inequality, we show the so-called local parabolic
Harnack principle for the sub-Laplacian with drift. Another application of our inequality is given
in [3] to the study of spectral properties of Schrédinger operators on Lie groups.

2 | SETTING AND PRELIMINARIES

Let G be a non-compact connected Lie group with identity e. We denote by p a right Haar measure,
by x a continuous positive character of G and by u, the measure with density y with respect to p.
As the modular function on G, which we denote by J, is such a character, us is a left Haar measure
on G. We denote it by A. Observe also that u; = p.

LetX = {X;,..., X} be a family of left-invariant linearly independent vector fields which satisfy
Hormander’s condition. Let do( -, -) be its associated left-invariant Carnot-Carathéodory dis-
tance. We let |x| = d-(x, e), and denote by B, the ball centred at e of radius r. The measure of B,
with respect to p will be denoted by V() = p(B,); we recall that V(r) = A(B,). It is well known,
cf. [10, 19], that there exist d € N* depending on G and X, and C > 0, such that

clrigvimgcert  vre(o1], 1)
and D,, D > 0 depending only on G, such that, either C~'r? < V(r) < CrP forallr > 1, or
clePor < v(r) < CcePr (2.2)

for all r > 1. In the former case, the group G is said to be of polynomial growth, while in the latter
case of exponential growth.
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2164 | BRUNO ET AL.

For any character y and r > 0, one has (see [12, Proposition 5.7])

2 1/2
sup y = ecor where c(y) = (2 |Xj)((e)|2> . (2.3)
r j:l
Since y is a character, by (2.3) one also has
i{glf y = e ctor, 2.4)

r

Given a ball B with respect to d-, we denote by cj its center and by rp its radius, and we write
B = B(cg, rp); we also set 2B = B(cyg, 2ry). Moreover, for R > 0 let By be the family of all balls of
radius < R and

M, (2B) Uy (Byy)
D(R, y) = sup £ = sup o, ,
BGBR ’LLX(B) 0<r<R Iu)((Br)

(2.5)

where the latter equality holds since p, (B(cg, 1)) = ()(5‘1)(CB),L¢X(B,) forallr > 0andcz € G.
In the following lemma we estimate the local doubling constant D(R, y).

Lemma 2.1. The metric measure space (G, d¢, u,) is doubling ifand only if x = 1 and (G,d¢, p) is
doubling, in which case there exists C > 0 such that D(R, y) < C.If y # 1 and (G, d, p) is doubling,
then there exists C > 0 such that
D(R, x) < Ce* R WR >0,
while if y # 1 and (G, d, p) is non-doubling, then there exists C > 0 such that
D(R, y) < CeP=Do+3cCOR — yR > 0.

Proof. If y = 1, the first statement is obvious since u, = p.

Assume then that y # 1, so that there is x € G with y(x) > 1. If N denotes the lowest integer

such that N > |x|, then Byx" C B, 11)y- Ifr > N and n is the largest integer such that (n + 1)N <
[r], then

:u)((Br) > :u)((Ban) = X(x)n#)((BN) > X(x)[r]/N_zﬂ)((BN),

whence u, (B,) grows exponentially with r and the space (G, d¢, u, ) is non-doubling.
We now show the two bounds on D(R, y). First, observe that by (2.1), (2.3) and (2.4)

u)((BZV) <
My (B,)

C vr € (0,1],

for some C > 0. Moreover, if (G, d, p) is doubling, then by (2.3) and (2.4)

PrBar) e V21)

< <ce*r  yrxi,
My (B,) v(r)
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LOCAL AND NONLOCAL POINCARE INEQUALITIES ON LIE GROUPS | 2165

while if (G, d., p) is non-doubling, then the stated estimate follows similarly by (2.2), (2.3) and
(2.4). ]

3 | THE LOCAL POINCARE INEQUALITY ON LIE GROUPS

In this section we prove the LP-Poincaré inequality for smooth functions on (G, d¢, i, ). Given a
ball B and f € C*(G), we denote by f ﬁ its average over B with respect to 4, ,

X — 1 d
T MX(B)/Bf o

andwelet |Vf|* = ijl 1X; f |2. If S is a set of variables, we denote by C(S) a constant depending
only on the elements of S.

Theorem 3.1. There exist a constant C = C(G,X) > 0 and a universal constant o > 0 such that,
forall p € [1,00), R > 0, all balls B of radius r € (0,R] and f € C*(G),

1 -1
=[2cC)+c(x67HIR
1 = F3lliop gy < Cer 0

DR, x)*r ”lVfl”LP(B,Iul)' (3.1)

Notice that the Poincaré constant grows at most exponentially with respect to the radius of
the ball. The exponential term cannot, in general, be removed. After establishing the theorem,
indeed, we show that when G is the so-called “ax + b” group and u, = 1 is a left Haar measure,
the growth of the constant is indeed exponential.

Proof. Let p € [1, o0) be given. We shall prove that for every ball B of radiusr > O and f € C*(G)

M)((BZV) P

Pdu.,. .
(B, 2BIVfl ey (32)

/ 1 = FEIP du, < 2P X8 reetor
B

Once (3.2) is at disposal, the Poincaré inequality can be obtained by classical arguments, see, for
example, [11, Theorem 9.7]. A careful inspection of [13, Section 5], in particular, shows how a
Whitney decomposition of B brings to the constant given in the statement. We omit the details,
which would be tedious and an almost verbatim repetition of the arguments that the reader can
find in [13].

We then show (3.2). For z € G, let y,: [0,|z]] = G be a C'-geodesic such that y,(0) =,
7:(12]) = 2,7,(s) € B, and [y(s)| < 1 for every s € [0, |z[].

Let B be a ball of radius r > 0. Observe thatif x,y € B, and z = x~'y, then |z| < 2r. For every
X,z € G, by Holder’s inequality

|zl p |zl
[f(x) = f(x2)|P < (/0 IVf(xVZ(S))Ids> < IZI"‘l/0 IV f(xy,(s))|P ds. (3.3)
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2166 | BRUNO ET AL.

We then have
p
_ X _ 1 3
1 B by .
S 5B /B/B £ GO = fWIP duy, () dpy (),

and after the change of variables y = xz, we get
1 _
Jur=sipdu, < — [ 10n,6a 00 - el G600 dit () 20,
B M)((B) GJG
Observe now that by (3.3) and Fubini’s theorem, we get

/G 15(015(x2)| f(x) = f(e2)[P(67H(x) dp (x)

1

<
My (B)

2t [ : [ AR o NIP (1500 () .
We make the change of variables ¢ = xy,(s) and observe that by (2.3), if x € B, then
(x6™)(x) < (87" )(ep) s;rpwa-l) < (6™ (eg) e,
and y(y,(s)) < e We obtain
[ A58 N S IP i ()
<O €T W [ 1y, O QISP dit ).

Notice that By,(s) N Bz~1y,(s) C 2B for all s € [0, |z|]. This is straightforward by the triangle
inequality when |z| < r. Otherwise, let s, € [0, |z|] be such that |y,(s,)| = r. Then By,(s) C 2B
for s € [0,s,] and Bz~ 1y,(s) C 2B for s € (s, |z|]. Therefore

/G 1,1 (2) (8N £ ey (DIP di ()
< (6~ ey e 2L () / VSO diy (©).
2B

Since ( )(6‘1)(CB),MX(B2,) = u,(2B), by integrating with respect to z we get

u,(2B)

-1
1 = FEIP dp, < 07 oy
/B BL T f,(B)

/ IVOIP e, ),
2B

which concludes the proof. [
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LOCAL AND NONLOCAL POINCARE INEQUALITIES ON LIE GROUPS | 2167

As a corollary, we obtain the so-called local parabolic Harnack principle. We introduce the
operator

¢
Ay=- Z(XJZ- + (X 0(e)X)), (3.4)
=1

which is essentially self-adjoint on LZ(,uX) and non-negative; see, for example, [4, 12]. We say
that A, satisfies the local parabolic Harnack principle up to distance R > 0 if there is C(R) >
0 such that, for all x € G, r € (0,R], s € R, and any positive solutions u of (3, + Ax)u =0on
(s, s + r?) x B(x, r), we have that

supu < C(R)inf u,
Q- Q+

where
Q_ = (s+r?/6,s+r%/3) x B(x,r/2), Q= (s+ 2r? /3,5 + r2) x B(x,r/2).
The following result follows at once from Theorem 3.1 and [16, Theorem 2.1].

Corollary 3.2. Forevery R > 0, A, satisfies the local parabolic Harnack principle up to distance R.
In particular, the positive A, -harmonic functions satisfy the local elliptic Harnack inequality.

3.1 | Exponential growth of the constant

Forr > 0and p € [1, =), define
/Br |f - fglp d:u)(

C(r, p) = inf
Jp, 1Vf1P dp,

where the infimum runs over all functions f € C*®(G). In this section we show that the expo-
nential bound of C(r, p) appearing in inequality (3.1) is in general optimal, in the sense that such
constant cannot grow less than exponentially with respect to r. Indeed, in the particular case of
ax + b groups of arbitrary dimension, we provide a lower bound of exponential type for C(r, p).
For notational convenience, we shall write A < B to indicate that there is a constant C such that
A< CB.IfA <BandB < A, then we write A ~ B.

Let G = R"™! } R* and let (x, a) be its generic element. Recall that

dxda dxda

dA(x,a) = P and do(x,a) = P

since §(x, a) = a~"*1; all positive characters of G are of the form )(y(x, a) = a’ forsomey € R. We
shall write p1, for the measure u,, . In particular, 4 = u,_, is the hyperbolic measure. We consider
the left-invariant vector fields X; = ad;,i = 1, ...,n — 1,and X, = ad, which form a basis of the Lie
algebra of G. The distance induced by such vector fields is the hyperbolic metric which is given by

cosh |(x,a)| = %(a +al+alx]?),
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2168 | BRUNO ET AL.

where |x| is the Euclidean norm of x € R"™! (see [1, (2.18)], [17, (1.1)]). Then

B, ={(x,a): e’ <a<¢, |x|? < 2a(coshr — coshloga)}.

In the case of the real hyperbolic space, that is, the ax + b group endowed with the measure
A and the metric defined above, the constant C(r, p) in (3.5) was estimated from above in [11,
Section 10.1]. We now estimate such constant from below.

Consider the function ¢ : G — R defined by

$(x,a) =x,, (x,a)€G.

Observe that /B ¢du, =0forally € Rand [Vé(x,a)|P = aP. Moreover,

er
[ eras~ [ a
B, e’

y—14 B pin-l

1
2 (coshr —coshloga) 2 da,
while

—-r

e n—1 n-—1
/ [VoIP du, ~ / a’ P75 (coshr — coshloga) 2 da.
B, e

Lemma 3.3. Let§ € Rande > 0. Then

r

€
/ a’®(coshr — coshlog a)® da ~ ¢ (I5+11+9),
€

—r

Proof. We first make a change of variables

r

(S r
/ a®(coshr — coshloga)® da = / e+ (cosh r — cosh £)° dt.
e r

- —r

Since coshr —cosht ~ €" if |t| <7 — 1, while coshr —cosht = (r — |t|)e" if r —1 < |t| <, we
get

r—1
/ e!®+D(coshr — cosh t)¢ dt ~ e / !+ gt n gletlo+1Dr
—r+1

—r+l
while
/ e'C+D(cosh r — cosh t)¢ dt ~ elc+o+1Dr / (r — |t]) dt ~ eleFIo+1Dr,
r—1<|t|<r r=1<|t|<r
as required. O

From the lemma above, we get that

1 1
/I¢>|Pd/xywe('“_p+§ B,
B,
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LOCAL AND NONLOCAL POINCARE INEQUALITIES ON LIE GROUPS 2169

while
/ IV$IP du, ~ o(lrpe S5 5
Br

We observe that, if y < —%’H, then

n—1
2

n—1

2

pt+tn-—1 +p+n—1
2 2

’y + > ’y +p+ ‘ +
Thus for such y

)]

C(r,p) > Cer<

If in particular y = —n + 1, hence u, is the left measure, and n > p + 1, then

—n+p+l|
2

C(r,p)=> e( %H+P|+§)r _ {epr n>2p+1

e=P~r pil<n<2p+1.

4 | NON-LOCAL POINCARE INEQUALITY

In this second part of the paper we prove a non-local L?-Poincaré inequality for suitable finite
measures on G in the spirit of [14, 15]. More precisely, let M be a positive C>-function in Ll(,ux)
and u, \, be the finite measure whose density is M with respect to u,. We shall prove L?-global
Poincareé inequalities for the measure u,, ), for a large family of functions M. In order to do this,
we let

Li(uya) =4 € L(uypn)  IVFI € L2y 00}
and introduce the operator
Ay =42, —V(ogM)-V, (4.1)
where A, is that of (3.4), Dom(A, /) = {f € L}(t, p) : A, pf € L*(u, 5p)} and the derivatives

are meant in the distributional sense. Observe that A, is symmetric on LZ(,uX,M); in particular,
forall f € Dom(A, ) and g € L3 (i, pp),

L9 Vadugss = [ 8paf gt

where V.f - Vg = X7, (X;1)(X;9).
We say that the couple (A, M) admits a Lyapunov function if there exist a C? functionW : G —
[1, ) and constants 6 > 0, b > 0, R > 0 such that

—A, MW (x) < —6W(x) + blBR (x) Vx €G. 4.2)
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2170 | BRUNO ET AL.

Observe that the existence of a Lyapunov function depends on G, X, y and M. For f € Ll(,uX,M)
we let

1
S S A
T #)(,M(G)/Gf Haom

Our second main result is the following global L2-Poincaré inequality for My M-

Theorem 4.1. If (A,,M) admits a Lyapunov function, then there exists a constant
C = C(G,X, x,M) such that for all f € L2(u,, 1)

W = Fymllizge, ) < CMV S Illzag, - (4.3)

Theorem 4.1 is a generalization to any connected non-compact possibly non-unimodular Lie
group of the non-local L?-Poincaré inequalities proved in [2, Theorem 1.4] in the Euclidean setting
and in [15, Theorem 1.1] in unimodular Lie groups of polynomial growth, by which our proof is
inspired. The validity of other versions of non-local Poincaré inequalities in the current setting,
such as those in [15, Theorem 1.4], is still an open problem. More general versions of non-local
Poincaré inequalities of this kind were proved in [9] in the setting of a topological measure space
endowed with a family of sets which play the role of unit balls and satisfy suitable assumptions.
Recently in [8] non-local LP-Poincaré inequalities were obtained on Carnot groups of Engel type
in the case when the density of the measure depends on a homogeneous norm of the group; we
note, however, that the case p = 2 is always excluded.

Proof. Let f € L3(u,, 5), and observe first that

2 .
1= S i = min [ 15 =Pty (44)

Let now g = f — c for a positive ¢ to be determined, and W be a Lyapunov function for (A,, M).
By (4.2)

A, W
2 2-XM 2 b
d < d + —d . 4.5
/Glgl Moy M /Glgl o Wam /BR lg] o o (4.5)
We treat the two terms separately.

Let us consider the first term and prove that

Ay uW
c W

P,y < /G IValPdi, . 46)

We prove it by density, and firstly assume that g is compactly supported. By definition of A, ,,

A, W 2
XM 2 g
d = [ V|=])-VWd
o W g lu)(,M /G <”r> :u;(,M

2
_ g . _ [ 9 2
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LOCAL AND NONLOCAL POINCARE INEQUALITIES ON LIE GROUPS 2171

g
=/G|Vg|2duX,M—/G|V9—WVW|2duX,M

< [ Valdiya.
G

Let now g € Lf(,ux,M), and consider a non-decreasing sequence of functions ¥, € CZ*(G) such
that

anR < lpn <1 |V¢n| <1
By applying (4.6) to g3,, the monotone convergence theorem in the left-hand side and the
dominated convergence theorem in the right-hand side, one gets (4.6).

To deal with the second term, we choose c such that '/BR gdu, =0.By(3.2) applied to g on By,
and the fact that M is bounded from above and below on B,, one has

[ iR dug<c [ loPdisc [ VaPdu,<c [ 1VoPdiga,
Bg Bg Bor Bor

where the constant C depends on R and M. Therefore, since W > 1,

b 2 2
91?5 du SC/ IVgl“du SC/|V9| dpy as
5, 0 aw M . M

Byr

which completes the proof. [
Corollary 4.2. Letv = —log M. If there exist a € (0,1), c > 0 and R > 0 such that

alVoul?(x) + Au(x) = c Vx € By, 4.7)
then (AX,M) admits a Lyapunov function, and (4.3) holds.
Proof. Let W(x) = e(1-0)(x)—infgv) 'gq that

—A, W =1 —a)W (-0 —a|Vul?).
Then W is a Lyapunov function with = ¢(1 —a) and b = maxp, (=A, MW +6W). O

One can actually show that if (4.7) holds with a < 1/2, then (4.3) self-improves as follows.

Proposition 4.3. Let v = —log M. If there exist c > 0, R > 0 and € € (0, 1) such that

1—c¢
2

IVuP(X) + A u(x) > ¢ Vx€eBg, (4.8)

then there exists C > 0 such that for all f € L%(,L{X’M)

I = Fadl L+ 1VOD 20, ) < CHVF e, (4.9)
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Proof. Observe firstly that, since v is C? and (4.8) holds,

1—c¢
2

|Vv|2—AXv>oc (4.10)

for some o € R. Let f € L%(,LLX,M) and let g = f+/M. Since

Vi= L vg+is Loy,

Va2

by (4.10)
1
/G|Vf|2dux,M=/G(|Vg|2+Z|g|2|Vv|2+ng~Vv)d/xx
2,1, 2, 1 2
=/(|Vg| + 719 IVOP + 2V (g - Vo) di,
G
1o n 1
> |9|2<—|Vv| + =A v)d,u
/G 4 2 X
1 €
>§/|f|2<§|Vv|2+oc>dyX’M.
G

Since (4.3) holds by (4.8) and Corollary 4.2, the conclusion follows. O
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