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Abstract

The dynamic response of post-tensioned rocking walls in a mass timber
building can be reduced to a single-degree-of-freedom (SDOF) model. In
this model, the rocking wall panel is simplified as a rigid block, while
the base rotation represents the degree of freedom of the entire struc-
ture. The paper presents an analytical approach to develop and calibrate
this nonlinear model using shake table tests of a full-scale two-story
building with CLT rocking walls. The experimental data are used to
estimate the parameters of the governing equation using least-squares
optimization. The correlation between the obtained parameters and the
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cumulative dissipated energy led to a nonlinear model with degradation
behavior captured. After that, the calibrated model was used to assess
the fragility functions of the structure under repetitive seismic events.

Keywords: cross-laminated timber, post-tensioned rocking wall,
experimental investigation, non-linear dynamic analysis, fragility curve

1 Introduction

Traditional wood structures are prone to exhibit a significant reduction of
the structural capacity after the repetition of seismic events [1–3]. Many tra-
ditional wood buildings derive from the assemblage of timber elements with
metal connectors, representing the primary source of energy dissipation during
seismic events. The damage of the connections is irreversible and significantly
compromises the quick recovery after the event [4–6]. Furthermore, the plas-
ticization of the connector causes the local plasticization of the timber fibres,
determining an evident reduction of the structural capacity after the event
[7]. Among engineered-wood solutions, cross-laminated timber (CLT) is grow-
ing as a practical, constructive choice in seismic prone areas, especially in
tall timber buildings [8]. Compared to light-frame buildings, CLT structures
have high in-plane stiffness and a significant load-carrying capacity; The main
features of CLT building depend on the physical parameters of the timber
panels and the mechanical properties of the connections used (hold-downs and
angle brackets, more robust and stiffer than the connectors used in lightweight
structures) [9–11]. However, although panelized CLT structures exhibit higher
resistance and ductility than lightweight timber structures, they can experi-
ence significant damage during an earthquake that is hard to repair [12–14].
After a seismic event, the extensive damage related to the plasticization of
the connections and local damage of timber entails the demolition and recon-
struction of the building rather than a quick recovery obtained by a targeted
replacement of a few structural components [15]. Damage to traditional wood
frame building is represented as pinching in their hysteretic loops. Pinch-
ing manifests in a reduced stiffness of the re-loading paths of the hysteretic
response [16–18]. In timber connections, the first-loading path depletes most of
the dissipation capacity. The re-loading paths manifest an opposite curvature
to the first loading ones and are associated with minimal energy dissipation
[19, 20]. According to many scholars, pinching represents the primary weak-
ness of timber structures [21, 22]. Therefore, many scientists attempted to
enhance the resilience of timber structures by reducing or eliminating pinch-
ing [23–25]. Dissipation devices, added as coupling elements between timber
shear walls, increase the dissipation capacity due to the sole connections,
reducing the consequences of pinching [26–30]. This solution does not elimi-
nate pinching but enhances the structural dissipation sources. Other scholars
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attempted to eliminate pinching by developing pinching-free connections [31–
37]. This solution improves the cyclic behaviour significantly, as demonstrated
from multiple experimental tests [38–40]: the mutual sliding between metal
plates with interposed shim material guarantees an almost Coulomb-like dis-
sipation [41]. Aside from pinching-free connections and friction-based devices,
post-tensioned CLT rocking walls coupled with steel energy dissipators also
can achieve a significant reduction of pinching and enhancement of structural
resilience [42–45]. These resilient wood lateral force-resisting systems were ini-
tially proposed and studied by researchers in New Zealand in the early 2000s
[46, 47]. Post-tensioning techniques have been applied to wood-frame moment
connections and walls [48–51] and used in real building projects [52]. The
subsequent development of the post-tensioned wood system led to the com-
mercial application of such techniques in building projects [53]. Recently, a
reversed cyclic load testing of post-tensioned CLT rocking walls was conducted
by [54] and modelling parameters were derived from that data by [55]. There
are also recent studies on the time-dependent performance of post-tensioned
CLT walls [56–58]. A six-university collaborative research project called the
Natural Hazards Engineering Research Infrastructure (NHERI) Tall Wood
Project funded by the National Science Foundation (NSF) aims to develop a
resilience-based seismic design methodology for tall wood buildings. In 2017,
Pei et al. [59] carried out shake table tests of a two-story mass timber build-
ing with post-tensioned cables and U-shaped steel dissipators. So far, a few
modelling attempts aimed at estimating the response of mass-timber struc-
tures with CLT rocking walls using analytical modelling [27, 38, 60–62]. Pei et
al. [63, 64] proposed a computationally efficient numerical model for predict-
ing seismic responses of post-tensioned cross-laminated timber (CLT) rocking
wall systems. The rocking wall is modelled as a simple linear beam element
with a nonlinear rotational spring at the base. In this paper, the authors fur-
ther investigate the experimental seismic response of the full-scale two-story
mass timber building with generalization of the model proposed in [63], but
with further reduced number of degrees of freedom and simplified kinematic
hypotheses. The model was reduced to the equation of motion for a Single-
Degree-of-Freedom (SDOF) oscillator that can accurately capture the dynamic
response reflected in the experimental data. The equation, obtained from the
principle of virtual works in linear dynamics, proved to effectively represent
the building response in terms of base rotation of the CLT wall. The main
advantage of the proposed model compared to the one by [63] is the analyti-
cal formulation based on elementary governing equations. This model can be
easily used for extensive parametric analysis and design purposes without need-
ing FE formulations. Lastly, the fragility curves are obtained from Truncated
Incremental Dynamic Analysis.
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2 Mechanical model of a structure with rocking
post-tensioned wall

Under specific kinematic assumptions, the mechanical model of a frame struc-
ture coupled with a rocking wall behaves like an SDOF oscillator. In this
section, the authors will demonstrate this observation by deriving the equation
of motion of a mechanical model possibly representative of the full-scale two-
story mass timber building with post-tensioned rocking CLT walls tested in
2017 at the NHERI@UCSD large outdoor shake table facility. Fig.1 represents
the chosen simplified mechanical model of the two-story building. The model
consists of a shear-type two-story frame with lumped masses and two rocking
walls. The columns and the rocking walls have no mass, and the total mass
is lumped in the storeys. The symmetry of both the tested structure and the
excitation supported the development of a planar model, neglecting the 3-
d effects. The two rocking walls are mutually connected by equivalent shear
springs representatives of the UFP steel dissipators. The rocking walls are con-
nected to the frame by sliding constraints. The shear transfer detail devised
by [59] releases vertical constrain and allows the sliding between the CLT wall
and each story. Each rocking wall possesses a pivot point by one edge of the
panel due to the geometrical configuration of the building. The rocking walls
are inside the building, and both connected to the storeys. This configuration
leads to the identity of displacement between the two rocking walls and the
storeys. Unbonded prestressed steel cables connected to the foundation stabi-
lize the rocking motion of the CLT walls. The model neglects the stiffness of
the sliding constraints at the base of the CLT panels.
Two variables describe the kinematic response of the mechanical system: the

Fig. 1 Mechanical model of a 2-story frame coupled with a rocking wall.
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rigid rotation of the CLT panels (θ) and the horizontal displacement field of
the CLT panel due to elastic deformation (v(z)), where z spans the CLT panel
length. The displacement field of the rocking walls is the summation of the
rigid and deformation contributions, as shown in Eq.1:

u(z) = V (z) + θz; v(x) = θx (1)

The following equations express the horizontal constraint between the rocking
walls and the frame :

u1 = u(h1); u2 = u(h2) (2)

where u1 and u2 are the horizontal displacements of the two storeys. The
current model represents a possible enhancement of the model proposed by
[63]. The main differences between this model and the one by [63] are:

• This model does not include the stiffening and dissipative contribution of the
rocking walls into the equivalent stiffness of a lumped-mass shear-type frame
model. The current model represents the rocking walls and the shear-type
frame separately, each described by its kinematic variables.

• As a consequence of the previous point, this model does not divide the CLT
wall into a sequence of segments, each one corresponding to the rocking wall
comprised of two storeys. Instead, the CLT wall is modelled as a continuum
and has the same displacement and rotation at each storey. Consequently,
this model respects the continuity of rotation between segments of the CLT
wall, neglected in the frame model, and includes the CLT deformability
without segmenting the wall stiffness in the summation of cantilevered-like
beam elements.

• This model does not explicitly account for the stiffness of the angle brack-
ets connecting the wall to the foundation. The sliding is eliminated by
considering a fixed pivot point.

• The model is derived under the assumption of small rotations and displace-
ments. The maximum rotation values of the CLT panel are lower than 0.1.
Therefore, the inclusion of the nonlinear terms considered by the Housner
nonlinear block model [65] is unnecessary for engineering purposes.

• The model neglects the dissipative contribution of impact in the rocking
motion [66, 67]. Dissipation mostly depends on the UFP dissipators.

• The main advantage of the proposed model compared to the one by [63] is the
analytical formulation based on elementary governing equations. This model
can be easily used for extensive parametric analysis and design purposes
without needing FE solutors.

The equations of motion are derived from the Theorem of Virtual Works by
minimizing the total energy of the mechanical system. There are three energy
sources related to the action of elastic, inertial and external forces. The sum-
mation of the virtual works W associated with the action of the three force
typologies is zero:

Welastic +Winertial +Wexternal = 0 (3)
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In the following paragraphs, the authors will explicit the virtual work made by
the elastic, inertial an external forces, labelledWelastic,Winertial andWexternal

respectively.

2.1 Elastic forces

The virtual work done by the elastic forces is the summation of the following
addends:

Welastic =WCLT +WUFP +Wtendons +Wcolumns (4)

where WCLT, WUFP, Wtendons and Wcolumns are the virtual works done by
the CLT internal stresses, the UFP resisting forces, the tendons stress and the
columns internal forces, respectively.
Initially, the authors assumed that the CLT panel behaves like an equivalent
Euler-Bernoulli beam. The equivalent beam has null horizontal displacement
and bending moment at the base. The pivot point is fixed and does not allow
sliding motions (V (0) = 0), while the steel tendons are connected to the foun-
dation and do not provide a bending constraint at the panel base (V ′′(0)).
The CLT panel has a free end, associated with null shear forces (V ′′′(h) = 0)
and bending moment (V ′′(h) = 0). The considered constraint conditions of
the CLT panel lead to a null displacement field and consequently to a null vir-
tual work (WCLT = 0). Straightforward analytical derivation can prove that
a mass-less wall does not deform under the considered constraint conditions.
This evidence led to the assumption of a rigid-like behaviour of the CLT wall,
as anticipated in the introduction. The CLT panel does not deform and behaves
like a rigid block, whose motion is described by the θ variable. Accordingly,
the virtual work associated with the elastic forces reduces to the summation
of the UFP dissipators, the tendons and the columns. Therefore, the following
equation holds:

Welastic =WUFP +Wtendons +Wcolumns =

=θ

[
+nsksb

2 +

n∑
i=1

(
N0

θ
+ EsAi

bi
h

)
bi
hi

+ k1h
2
1 + k2(h2 − h1)2

]
δθ

(5)

where θ is the base rotation, ns the number of UFP dissipators, ks the stiffness
of the UFP dissipators, n the number of tendons, N0 the tendon prestressing
force, Es and Ai the elastic modulus and cross-section area of the i-th tendons,
bi the distance between the pivot point and the i-th tendon, h the height of
the CLT panel, k1 and h1 the horizontal stiffness and the height of the first
storey, k2 and h2 the horizontal stiffness and the height of the second storey.
The absence of the CLT panel deformation reduces the degrees of freedom of
the mechanical system to the sole base rotation θ. Interestingly, the coupling of
a two-degrees of freedom system, a two-story frame, with an internal rocking
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wall causes the degrees of freedom condensation. This phenomenon does not
happen in case of rocking walls coupled with linear or nonlinear devices to the
building story’s. In that case, the mechanical system possess more degrees of
freedom, as demonstrated by [67, 68].

2.2 Inertial and external forces

The virtual work of the inertial forces is associated with the storeys contribu-
tions:

Winertial =W1st-storey +W2nd-storey =

=m1 (ü1 + üg) δu1 +m2 (ü2 + üg) δu2 =

=
{[
m1

(
h1θ̈1 + üg

)]
h1 +

[
m2

(
h2θ̈ + üg

)]
h2

}
δθ

(6)

where ∗̈ indicates the double time derivative, u1 and u2 are the horizontal
displacements of the first and second storey respectively, and üg is the ground
excitation in terms of acceleration. The two displacements are expressed as
function of the base rotation.
The virtual work done by external forces is null, because there are no external
forces acting on the structure.

Wexternal = 0 (7)

2.3 Governing equations

The summation of Eq.6 and Eq.5 leads to the equation of the SDOF system
representative of the mechanical model in Fig.1:

Iθ θ̈ +Kθθ = −Sxüg (8)

Iθ = m1h
2
1 +m2h

2
2 (9)

Kθ = nsksb
2 +

n∑
i=1

(
N0 + EsAi

bi
h

)
bi + k1h

2
1 + k2(h2 − h1)2 (10)

Sx = m1h1 +m2h2 (11)

where Iθ is the rotational inertia of the storey masses, Kθ is an equivalent
rotational spring and Sx is the expression of the static moment.
Eq.8 describes the dynamics of the mechanical system in Fig.1 in linear elas-
ticity, without dissipation. The next paragraphs will discuss the modelling
choices of dissipation by including an equivalent viscous term.

3 Test description

This paper utilizes the response of a full-scale two-story mass timber build-
ing with post-tensioned rocking CLT walls for model calibration. The authors
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present a few details of the tested building, significant for the current research,
before discussing the building dynamics and deriving the equation of motion.
Complete details of the building and the tests are in [59]. The building was
tested in 2017 at the NHERI@UCSD large outdoor shake table facility. Fig.2
shows the two-story building and a schematic detail of the post-tensioned rock-
ing walls. The building is symmetric and tested using a uniaxial shake table.

(a)

(b) (c)

Fig. 2 Test building configuration: (a) solid model and dimensions; (b) photo of the
constructed building and (c) schematic drawing of the rocking CLT wall.

There were two sets of coupled CLT rocking walls installed in the test speci-
men, as shown in Fig.2. The walls were coupled using U-shaped flexural steel
plate (UFP) energy dissipators, analogue to the ones tested by [69]. Each panel
had four external post-tensioned steel rods placed symmetrically near the cen-
tre of the wall panel (two on each side). A steel saddle detail, installed on
the top of the panel, anchored the post-tensioned rods. The rocking-wall lat-
eral system was connected to the diaphragm using constructive details, which
allow the uplift of the wall panel and provide out-of-plane bracing of the wall.
A dowel-type steel shear key, inserted into a vertically slotted hole, allowed
unconstrained uplift of the rocking wall while transferring lateral loads. The
main objective of the testing program was to validate the resilient performance
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of the post-tensioned CLT rocking-wall lateral system at different levels of
seismic intensity. The test building was subjected to a total of 14 earthquake
excitations selected to represent three hazard levels for a site near Seattle
(USA).

4 Discussion of the modelling choices and
estimation of the system nonlinearity

The mechanical model in Eq.8 is straightforward, reducing a complex 3-d build-
ing into an equivalent SDOF system. In this section, the authors discuss the
modelling choices by presenting selected results of the test data:

• The measured base rotation of the CLT panel is compared to the rotation
of the storeys with respect to the pivot point (Subsec. Base rotation);

• The Fast-Fourier-Transform of the measured base rotation (Subsec. Fast-
Fourier-Transform);

• The spectrogram of measured base rotation with indication of the frequency
ridge with highest energy content (Subsec. Spectrogram);

• The experimental force-displacement plots (Subsec. Hysteresis curve);

4.1 Base rotation

The authors prove that the base rotation is the prevalent degree of freedom of
the structural system by comparing three measured parameters:

θ,
u1

h1
,
u2

h2
(12)

Fig.3 superposes the three measured variables θ, u1

h1
, and u2

h2
in each of the

14 tests. If θ is the structural degree of freedom, u1 and u2 can be written in
terms of base rotation θ = u1

h1
= u2

h2
.

Fig.3 plots the three measured variables, θ, u1/θ and u2/θ for each of the
14 shake table tests. Despite higher discrepancies in Test No 3,4, and 5, there
is a substantial coincidence between the three variables, proving that θ is the
prevalent degree of freedom of the two-storey building. Additionally, the plots
show that a very low rotation amplitude distinguishes the rocking motion.
This fact endorses the adoption of the linear model in Eq.8 and the consequent
neglection of the nonlinear contributions typical of high-amplitude rocking
motions. Tab.1 reports the Root Mean Square Error estimated between the
first story rotation (u1/h1) and the CLT wall base rotation (θ), and second
story rotation (u2/h2) and the CLT wall base rotation (θ). The RMSE is min-
imal and further proves the significant agreement between the three variables.
The horizontal displacements of the storeys are not independent, but related
by the kinematic equations in Eq.1.
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Fig. 3 Comparison between three different estimates of the base rotation, from the first
(u1/h1) and second story (u2/h2) displacement and from the CLT wall uplift (θ).

Table 1 Relative difference between the maximum of the first (u1,max/h1) and second
story rotation (u2,max/h2) and the maximum of the CLT wall base rotation (θmax) in %.

Test No (
u1,max
h1

− u2,max
h2

)/
u1,max
h1

(
u1,max
h1

− θmax)/
u1,max
h1

(
u2,max
h2

− θmax)/
u2,max
h2

1 -18.09 -33.68 -15.59
2 -17.42 -32.98 -15.56
3 -40.76 -51.42 -50.66
4 -41.56 -56.05 -54.49
5 -54.47 -51.09 -23.56
6 29.41 63.93 34.52
7 30.98 62.21 31.22
8 28.35 62.55 34.21
9 -16.86 -15.33 -1.53

10 -43.46 -60.05 -46.58
11 -15.64 -13.26 -2.38
12 -8.54 -13.59 -5.05
13 -26.24 -66.56 -40.32
14 -6.19 -5.93 -0.25

Mean -14.32 -15.09 -11.15

4.2 Fast Fourier Transform

A direct proof of the presence of a leading kinematic variable comes from the
FFT of the measured θ. Fig.4 shows the FFT of the measured θ for each of the
14 tests. The plots in the logarithmic scale of the y-axis display the presence
of a dominant peak in the range 0.3-1 Hz. The observation of the FFT plots
reveals a dominant degree of freedom in a pretty wide range. The mechanical
system is not elastic and exhibits a significant non-stationary or, possibly,
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Fig. 4 Single side Fourier Spectrum of the base rotation (θ).

nonlinear response due to amplitude-dependent, hysteretic and degradation
phenomena. The FFT helps prove the predominance of a single degree of
freedom, but it does not provide information about the time-dependency of
the response.

4.3 Spectrogram

Accordingly, the authors estimated the spectrograms of the θ signals. Spectro-
grams are visual representations of the spectrum of frequencies of a signal as
it varies with time. Fig.5 shows the spectrograms of the measured θ for each of
the 14 tests using an Hamming window with a 20% overlap. The spectrograms,
represented by contour plots in greyscale, exhibits a moving high-amplitude
and sharp peak in white, characterized by a significantly varying response. The
authors evidenced the moving peak by plotting the high-amplitude frequency
ridge in red. The inspection of the spectrograms reveals two aspects: (i) the
sharpness of the peak further confirms the presence of a dominant degree of
freedom; (ii) The significant variation of the frequency ridge proves that the
system is not elastic and the model in Eq.8 is not adequate. It must include
the effect of dissipation and the time-variability of the structural parameters.

The spectrograms can also reveal the possible nature of the system nonlin-
earity, helpful in enhancing the elastic model in Eq.8. Fig.6(a) superposes the
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Fig. 5 Spectrogram of the base rotation (θ) with indication of the frequency ridge with
highest amplitude. The X,Y in each subplot indicate the cartesian coordinates of the point
the data tip refers to.

frequency ridges estimated in Fig.5 for each of the 14 tests. Fig.6(a) demon-
strates the high variability of the peak response, but it does not provide
information about the structural properties. Still, there is an evident reduc-
tion of the fundamental frequency from the 1st to the 14th test due to possible
degradation phenomena (e.g, the shift of the pivot point due to the yielding
of the base beam).
Fig.6(b) shows the frequency ridges as a function of the amplitude. The
obtained plot is a rough estimation of the structural system’s Frequency
Response Function (FRF). The estimation of the FRF from seismic response
data is an unconventional practice. Accurate FRF estimates should derive
from sweep sine tests. However, despite the roughness of the estimation, the
dots gather along two main branches, revealing a marked softening response.
The fundamental frequency is amplitude-dependent, and the softening effect
is related to nonlinear phenomena due to nonlinear terms in the govern-
ing equation. The stable and unstable curves of the FRF are quite evident,
although the high-amplitude dots are limited. The softening frequency ridge
showed in Fig.6(b) is qualitative and does not derive from a rigorous fitting.
The experimental data are, in fact, inadequate for a proper characterization
of a nonlinear softening system, since sweeping tests at different amplitude
would be recommended for this purpose. A low number of points in correspon-
dence of the high-amplitude response does not allow reliable estimation of the
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nonlinear structural parameters from the fitting of the FRF. However, this
qualitative outcome is used in the next section to enhance the mathematical
model of the two-story building, inclusive of time-dependent parameters and
nonlinear terms.

(a)

(b)

Fig. 6 (a) Frequency ridge as a function of the window number and test number; (b)
Correlation between the frequency ridge and the response amplitude.

4.4 Hysteresis

Most dissipation in timber buildings depends on the hysteretic phenomena of
steel connectors or dissipation devices. In the considered building, the pre-
eminent dissipation source is the plasticization of the UFP connectors. Pei et
al. [63] developed a flag-type hysteretic model representative of the nonlinear
response of the tested building. The flag-type hysteretic model is character-
istic of post-tensioned rocking structures. The hysteresis loop is very narrow
compared to other hysteresis curves of timber-based systems due to the lack
of pinching and manifest degradation phenomena.

The following considerations led the authors to model the rotational stiff-
ness Kθ as elastic and reproduce the dissipation phenomena with an equivalent
viscous term.
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Fig. 7 Estimation of the backbone curve from the measured force-displacement curve of
the first story in Test No 1. The resisting force is proportional to the inertial forces, therefore
it is propositional to the measured acceleration, shown in the y-axis.

(a) (b)

Fig. 8 Superposition of the estimated backbone curves in terms of acceleration and floor
displacement for all tests and the first (a) and second story (b).

• The hysteresis model developed by [59] has three phases. In the considered
structural model, the total mass is lumped in the storeys. Consequently,
the CLT panel does not possess any self-weight stabilizing moment, and the
panel must rotate to achieve equilibrium with the external loads. There-
fore, adopting the hysteretic model by [59], which distinguishes between the
rocking and non-rocking phase, is inconsistent with the modelling choices in
Fig.1.

• The narrowness and stability of the hysteresis loop may justify the mod-
elling of dissipation with an equivalent viscous term. The shape of elliptic
hysteresis curves, associated with viscosity, is not very dissimilar from flag-
type hysteresis. Therefore, a displacement or energy equivalence can drive
the assessment of an equivalent viscous term representative of a flag-type
hysteresis curve. Besides, the direct displacement-based design procedure
(DDBD) uses equivalent viscous damping and secant stiffness as proxies
for the estimation of the nonlinear behaviour of structures. However, the
available hysteretic models of timber structures are very elaborate, and the
inelastic time-domain simulations using hysteretic models are not easily
manageable. Hence, the adoption of equivalent viscous damping (EVD) is a
crucial feature of any DDBD method.
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• The hysteresis curves obtained from the experimental data by plotting the
floor acceleration (proportional to the inertial forces) vs the storey displace-
ment are very erratic and do not resemble the shape of any specific hysteresis
curve. Fig.7 shows the estimated backbone of a sample data set, obtained
by selecting the measurement points. The backbone curve is not linear and
exhibits two phases, a first with lower stiffness, a second very irregular.
Furthermore, the backbones of all the 14 tests in Fig.8 confirm that the
hysteretic response of the structural system is very unpredictable and do
not resemble the backbone of any specific hysteresis model. Therefore, the
high uncertainty associated with estimating the hysteretic parameters sup-
ported a more straightforward approach based on equivalent viscosity, which
mirrors the global structural dissipation without focusing on the hysteretic
response.

5 Identification of the structural parameters

The selected results presented in the previous section showed that the SDOF
mathematical model in Eq.8 could be a reasonable compromise between com-
putational efficiency and prediction accuracy. However, Eq.8 has no dissipative
neither nonlinear terms. Therefore, the authors upgraded Eq.8 by including
a viscous term representative of dissipation phenomena and nonlinear terms
representative of the softening response.

θ̈ + 4πξ(θ, ε)f(θ, ε)θ̇ + 4π2f(θ, ε)2θ = −γüg (13)

where ξ is the equivalent damping ratio, f the natural frequency, γ = Sx/Iθ, ε
the dissipated energy. The model has two sources of nonlinearity. In particular,
the natural frequency and damping ratio depend on both the rotation ampli-
tude and the dissipated energy. The former aims at reproducing the softening
behaviour of the rocking structure. The latter mirrors the effect of stiffness
reduction observed between the 14 tests. As proven in the previous section,
the natural frequencies globally reduce from the 1st to the 14th tests. The
parameter γ can be estimated directly from the following equation:

γ =
h1 + k h2

h2
1 + k h2

2

≈ 0.18 (14)

where k = m1

m2
= 1 [63], h1 = 3.66m and h2 = 6.71m. Therefore, the unknown

parameters are f and ξ. Eqs.15,16 express the possible nonlinear dependence
of the natural frequency and damping ratio using a first-order approximation:

f = f̂0 + kf0,εε−
∣∣∣k̂f + kkf,εε

∣∣∣θ (15)

ξ = ξ̂0 + kξ,εε+
∣∣∣k̂ξ + kkξ,εε

∣∣∣θ (16)
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where f̂0, kf0,ε, k̂f , kkf,ε, ξ̂0, kξ,ε, k̂ξ, and kkξ,ε are correlation parameters.
The effects of stiffness reduction are not very evident from a single test, but
they manifest by comparing the 14 tests. Therefore, the authors estimated the
parameters in Eqs.15-16 in a two-step procedure. In a first step, they estimated
the amplitude nonlinearity by assuming the sole dependence on θ, as shown in
Eqs.17-18.

f = f0 − |kf |θ (17)

ξ = ξ0 + |kξ|θ (18)

Then they correlated f0, kf , ξ0 and kξ to the dissipated energy, obtaining the
parameters in Eqs.19-22.

f0 = f̂0 + kf0,εε (19)

kf = k̂f + kkf,εε (20)

ξ0 = ξ̂0 + kξ,εε (21)

kξ = k̂ξ + kkξ,εε (22)

Eqs.17,18 modify Eq.13 into the following:

θ̈ + 4π(ξ0 + |kξ|θ)(f0 − |kf |θ)θ̇ + 4π2(f0 − |kf |θ)2θ = −γüg (23)

where ξ0, |kξ|, f0, and |kf | are the unknown parameters.

5.1 First step of system identification

The authors estimated the unknown parameters by maximizing the rank corre-
lation [70] between the solution of Eq.(13) and the experimental measurement:

corr(θs,θe) =
θs · θe
|θs| · |θe|

(24)

where (·) is the inner product, | | the norm operator, θe and θs the
experimental and simulated responses, respectively [71].

Tab.5 lists the estimated parameters of Eq.13, while Fig.9 shows the
superposition between the experimental and simulated time histories of the
base rotation (θ) for each of the 14 shake table tests. There is an optimum
agreement between the experimental and simulated values of θ. The root
mean square error between the two time-histories is minimal and validates
the chosen mechanical model in Fig.1.
Still, the estimated parameters are not stationary and exhibit a variability
between the 14 tests due to degradation phenomena. The estimation of the
model degradation is crucial because it allows quantifying the structural
resilience under repeated earthquakes.

The identified parameters in Tab.5 can lead to estimating the mechani-
cal parameters of the governing equation. The concurrent estimation of the
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Fig. 9 Comparison between the experimental and simulated response in terms of base
rotation θ.

Table 2 Root Mean Square Error between the experimental and simulated response in
terms of base rotation θ, and estimated parameters of the analytical model.

Test No RMSE f0 [Hz] kf [Hz] ξ [%] kξ [%] γ
1 0.0098 1.2 62 12 89 0.18
2 0.0163 1.2 65 15 123 0.18
3 0.0159 1.5 89 35 116 0.18
4 0.0159 1.5 91 40 165 0.18
5 0.0492 1.0 123 23 184 0.18
6 0.1156 0.9 122 18 86 0.18
7 0.0355 1.2 104 46 196 0.18
8 0.1031 0.9 115 24 108 0.18
9 0.0531 1.0 105 21 97 0.18
10 0.0574 0.9 54 18 98 0.18
11 0.0578 1.0 55 18 92 0.18
12 0.0763 0.9 20 24 43 0.18
13 0.0786 0.8 85 34 56 0.18
14 0.074 0.8 86 35 57 0.18

Mean 0.0542 1.1 84 26 108 0.18
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stiffness and inertial parameters is an undetermined problem. Therefore, the
authors provide a reasonable approximation of the rotational stiffness (K̃θ) and
estimate the rotational inertia (Ĩθ). The rotational stiffness summates three
contributions, the UFP dissipators, the pre-stressed tendons and the mass tim-
ber frame. Since the most significant contribution to the lateral stiffness is the
rocking wall, and the frame’s stiffness is challenging to estimate, the authors
approximate the rotational stiffness by summating the sole tendons(Kbars) and
UFP (KUFP ) contributions.

K̃θ = KUFP +Kbars ≈ nsksb2 +

n∑
i=1

(
N0 + EsAi

bi
h

)
bi (25)

where ks is known from experimental tests on the UFP dissipators, see Tab.3.
The approximate rotational inertia (Ĩθ) is:

Ĩθ =
K̃θ

(2πf0)2
(26)

Assuming the identity of the story masses, the mass of each story is:

m1 = m2 = m =
Ĩθ

h2
1 + h2

2

(27)

Table 3 Estimate of the mechanical parameters in Eq.13.

(2πf0)2 γ As h Es n Kbars ks ns KUFP K̃θ Ĩθ m Sx
[Hz2] [m−1] [mm2] [m] [GPa] [kNm] [kN/mm] / [kNm] [kNm] [t·m2] [t] [t·m]

44.07 0.18 215.5 7.32 210 16 8120 6.5 10 153155 161274 3660 63 650

Tab.3 reports the estimated mechanical parameters and the values of
those assumed for their estimation following Eq.26-27.

5.2 Second step of system identification

The variation of the modelling parameters between the 14 tests depends on
minor degradation phenomena compared to traditional mass timber structures.
Although these phenomena are trivial in a single seismic simulation, their
effect can be more consistent under repeated earthquakes. Therefore, following
a conventional approach in structural engineering, the authors correlated the
parameters in Tab.5 to the cumulative dissipated energy between the 14 tests.

Fig.10 plots the dissipated energy in the 14 tests as a function of time.
The cumulation of the maximum values of the dissipated energy is used to
derive the correlation parameters of the four variables f0, kf , ξ and kξ using
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Fig. 10 Dissipated energy of the SDOF in each of the 14 tests.

an Ordinary Least Squares (OLS) optimization:

f0 = f̂0 + kf0,εε (28)

kf = k̂f + kkf,εε (29)

ξ = ξ̂0 + kξ,εε (30)

kξ = k̂ξ + kkξ,εε (31)

Fig. 11 Correlation between the estimated model parameters and the cumulative maximum
dissipated energy.

Fig.11 shows that the nonlinear effects related to the kf coefficient are
not markedly dependent on the cumulative dissipated energy. Conversely, the
natural frequency f0 and the nonlinear damping term kξ exhibit evident neg-
ative correlations. The results demonstrate that damage accumulation causes
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a global stiffness reduction, mainly due to the shift of the pivot point and a
reduction of the dissipation capacity at higher displacement values.

Table 4 Estimated values of Eqs.28-31, see Fig.11. The first row shows the parameters
obtained from the calibration with all data. The remaining rows from the first to the
fourteenth correspond to the calibration based on the leave-one-out cross-validation
approach, i.e. calibrating by progressively removing one data point from the data set for a
cross-validation.

Label f̂0 [Hz] kaf0,ε k̂f kbkf,ε ξ̂0 [%] kcξ,ε k̂ξ kbkξ,ε
All 1.276237 -0.00375 93.7436 -0.16698 24.09526 0.031418 142.4543 -0.59289
1 1.29 -0.0039 101.02 -0.24 26.89 0.0018 154.64 -0.72
2 1.29 -0.0039 100.20 -0.24 26.17 0.0095 146.64 -0.64
3 1.22 -0.0032 94.59 -0.18 21.77 0.0554 147.55 -0.65
4 1.22 -0.0032 94.03 -0.17 20.88 0.0637 136.83 -0.54
5 1.32 -0.0042 87.83 -0.11 24.38 0.0287 133.13 -0.50
6 1.31 -0.0040 89.17 -0.13 25.06 0.0245 147.46 -0.63
7 1.27 -0.0037 92.16 -0.17 22.48 0.0325 135.46 -0.59
8 1.28 -0.0037 92.41 -0.19 24.19 0.0330 142.04 -0.60
9 1.28 -0.0038 93.09 -0.19 24.24 0.0365 142.37 -0.60
10 1.28 -0.0037 94.09 -0.14 24.22 0.0414 142.35 -0.60
11 1.28 -0.0039 93.66 -0.13 24.06 0.0447 142.48 -0.60
12 1.28 -0.0038 91.99 -0.06 23.99 0.0383 141.32 -0.52
13 1.27 -0.0037 94.43 -0.20 24.48 0.0154 141.45 -0.55
14 1.28 -0.0038 95.19 -0.22 24.79 0.0085 141.68 -0.57

a) [Hz·kJ−1]; b) [kJ−1]; c) [% ·kJ−1]

Tab.4 lists the estimated parameters of Eqs.28-31 plotted in Fig.11.

Table 5 Root Mean Square Error between the experimental and simulated response in
terms of base rotation θ, and estimated parameters of the analytical model.

Test No RMSE f0 [Hz] kf [Hz] ξ [%] kξ [%] γ
1 0.0098 1.2 62 12 89 0.18
2 0.0163 1.2 65 15 123 0.18
3 0.0159 1.5 89 35 116 0.18
4 0.0159 1.5 91 40 165 0.18
5 0.0492 1.0 123 23 184 0.18
6 0.1156 0.9 122 18 86 0.18
7 0.0355 1.2 104 46 196 0.18
8 0.1031 0.9 115 24 108 0.18
9 0.0531 1.0 105 21 97 0.18
10 0.0574 0.9 54 18 98 0.18
11 0.0578 1.0 55 18 92 0.18
12 0.0763 0.9 20 24 43 0.18
13 0.0786 0.8 85 34 56 0.18
14 0.074 0.8 86 35 57 0.18

Mean 0.0542 1.1 84 26 108 0.18

The model calibration with all data might conceal over-fitting issues
without a proper validation procedure, which usually requires distinguishing
between a training set and a test set. However, it is challenging to prove the
absence of overfitting issues with a few data, just 14 in this case. Therefore, the
authors, following [72], adopted the leave-one-out cross-validation (LOOCV)
approach. The model has been recalibrated by progressively removing one
data point while using the remaining for calibration, and the removed data
point for validation. This procedure is repeated 14 times for each data point.
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If the error metrics do not present substantial changes between models, it is
unlikely to have overfitting issues. Tab.4 shows the estimated parameters for
each calibration step, from the first with all data to the fourteenth based on the
leave-one-out cross-validation procedure. Fig.12 compares the model predic-
tions with the experimental values in terms of maximum rotation. Interestingly,
the error metrics do not change between each model, yielding an R2 ≈ 0.8.
Therefore, the proposed model does not appear to suffer from overfitting issues.

Fig. 12 Leave-one-out cross-validation calibration to prove the absence of over fitting
issues. The quality of the fitting is shown by plotting the maximum measured and estimated
base rotations. The first calibration (All) is obtained with all data, while the following by
progressively removing one earthquake simulation from the dataset, labelled from 1 to 14.

5.3 Discussion on the parameters variability

The averaged parameters estimated in the first four tests refer to the SLE
condition, characterized by a lower PGA level up to 0.2g. The averaged param-
eters in Tab.6 are used to predict the response under different excitation levels
characterized by PGA in the range 0.2-1-2g. The analysis assesses if there is
a specif level for the calibration of the parameters minimizing the error of the
estimates. Tab.7 lists the error related to the estimate of the displacement in

Table 6 Avaraged parameters estimated between in Tests No 1-4 referred to the SLE

f0 kf ξ kξ γ
1.4 83.9 32.8 144.1 0.2

the 14 tests in terms of Root Mean Square Error (RMSE), Maximum error
(ME) and Relative Maximum Error (RME) between the experimental (θe)
and simulated (θs) base rotations. As expected, predicting the displacement
response in the first four tests is entirely accurate, leading to an average error
of 1%. The same parameters yield a higher error, 20% on average, in the tests
characterized by higher PGA. Still, the prediction can be considered reason-
ably accurate for engineering purposes, despite the variability related to the
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Table 7 Root Mean Square Error (RMSE), Maximum error (ME) and Relative
Maximum Error (RME) between the experimental (θe) and simulated (θs) response in
terms of base rotation.

Test No RMSE(θe-θs) [] Max(θe-θs) [] Max(θe-θs)/Max(θe) [%]
1 0.0450 0.0191 22.73%
2 0.0484 0.0252 30.27%
3 0.0339 -0.0257 -36.77%
4 0.0327 -0.0155 -22.14%

Avarage 0.0400 0.0008 -1.48%

Test No RMSE(θe-θs) [] Max(θe-θs) [] Max(θe-θs)/Max(θe) [%]
5 0.1940 -0.1086 -28.35%
6 0.2334 0.2717 70.51%
7 0.0478 -0.0198 -26.92%
8 0.2339 0.2476 64.74%
9 0.1862 0.0042 2.92%
10 0.1537 0.2166 84.84%
11 0.2130 0.1349 77.78%
12 0.2357 -0.2205 -62.48%
13 0.2373 0.4875 147.97%
14 0.2976 -0.4838 -105.38%

Avarage 0.2033 0.0530 22.56%

model approximation.
The use of the parameters in Tab.6 leads, on average, to an underestimation
of the structural response at higher displacement levels. This effect mostly
depends on the correct choice of the natural frequency related to minor degra-
dation phenomena (reducing the pivot length due to local plasticization, e.g.).
However, a close inspection of Tab.7 reveals that the error is both positive
and negative even at higher displacement levels. Therefore, the error cannot
be removed by simply reducing the natural frequency or adopting other inten-
sity levels to calibrate the parameters. On the other hand, the SLE excitation
yields satisfactory results at higher PGAs, proving that the structural system
exhibits a mostly linear response related to minor degradation phenomena.

6 Estimate of the limit state of the
post-tensioned tendons

The assessment of the fragility functions of the considered structural model
with degradation entails the evaluation of the base rotation associated with
a given limit state. The authors assume that the limit state of the structure
corresponds to the limit state of the post-tensioned tendons. The axial defor-
mation of the i-th steel bar, εis, can be written as a function of the base rotation
θ:

εis =

√
θ2 +

(
1 + θ

bi
h

)2

− 1 (32)

The limit state rotation of the i-th bar θf,i can be derived from the inversion
of Eq.32 by setting εis equal to the yielding deformation of steel, εs,y. Eq.32 is
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a 2nd order algebraic equation with the following two solutions:

θf =

−
h

(
h

√
b2i (εs,y+1)2+h2εs,y(εs,y+2)

h2 + bi

)
b2i + h2

,+

h

(
h

√
b2i (εs,y+1)2+h2εs,y(εs,y+2)

h2 − bi
)

b2i + h2


(33)

Eq.32 is obtained by assuming as positive the clockwise direction of the rocking
panel. Therefore, the solution with physical meaning is the positive one:

θf =

h

(
h

√
b2i (εs,y+1)2+h2εs,y(εs,y+2)

h2 − bi
)

b2i + h2
(34)

By assuming a conservative collapse condition corresponding to the bar yield-
ing, the assumed limit steel deformation, εs,y, is equal to 0.0021%. The angle
associated with the limit state of the post-tensioned bar is:

θf,bar = 0.95◦ (35)

The failure angle in Eq.35 is the minimum between the values obtained with
the two bi, equal to the distance between the pivot point and the bar direction,
see Tab.8

Table 8 Estimated values of the yielding and ultimate base rotation of the CLT panel;
b1 and b2 are the two distances between the bar and the pivot point, h the panel’s height,
εy and εu yielding and ultimate steel deformation, θ1y and θ1u yielding and ultimate base

rotations corresponding to b1, θ2y and θ2u yielding and ultimate base rotations
corresponding to b2.

b1 [m] b2 [m] h [m] εy [%] εu [%] θ1y [] θ1f [] θ2y [] θ2f []

0.89 0.64 7.32 0.0021 0.08 0.95 16.60 1.24 18.80

7 Fragility functions under repeated
earthquakes

The authors estimated the fragility functions of the tested structure under
repeated earthquakes from truncated incremental dynamic analysis (TIDA)
using the model with parameters in tab.4. In post-tensioned or self-centring
structures, both the residual and the maximum rotation represent significant
control parameters. However, in this paper, the authors will use the sole max-
imum rotation due to the intrinsic limitations of the proposed elastic model,
which cannot predict residual rotation values. The exceeding of the θ value in
Eq.35 identifies the failure domain.
The fragility functions do not express the collapse probability, but the prob-
ability of exceeding a specific limit state, associated with the yielding of the
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post-tensioning bars, as formulated in Eq.33. Therefore, the assumption of
the considered limit state is in line with the modelling choices, which do not
include structural nonlinearities due to failures of the structural components.
Besides, the assumption of this limit state does not require a model extrapola-
tion because the tested building experienced the post-tensioning bar yielding
during the shake table tests used for the model validation. Following the
approach in [14, 73], the list of 41 Italian earthquake records with magnitude
ranging between 5 and 6.5, given in Tab. 9, represented the base for gener-
ating 41 artificial earthquakes, scaled to the same Peak Ground Acceleration
(PGA) and optimized to match the design spectrum. Each earthquake is con-
catenated three times, resulting in a sequence of three identical seismic events.
The earthquake records are homogenized to the same intensity level and opti-
mized to match the design spectrum expected in L’Aquila (Italy) according
to the national seismic code using the algorithm by [74]. A lognormal cumu-
lative distribution function fits the fragility function from data collected from
nonlinear dynamic analyses [75]:

P (C|IM = x) = Φ

(
ln(x/θ)

β

)
(36)

where P (C|IM = x) is the probability that a ground motion with IM = x
will cause the structure to exceed the considered limit state; Φ is the stan-
dard normal cumulative distribution function (CDF); θ is the median of the
fragility function (the IM level with 50% probability of exceeding the consid-
ered limit state); and β is the standard deviation of ln IM. The TIDA leads to
an alternative procedure [75] to estimate the parameters θ and β, obtained by
varying the parameters until maximizing a specific likelihood function. Specifi-
cally, the parameters are obtained by maximizing the logarithm of the following
likelihood function:

{θ̂, β̂} = arg max
θ̂,β̂

m∑
j=1

[
ln Φ

(
ln(IMi/θ)

β

)]
+[n−m]ln

[
1− Φ

(
ln(IMmax/θ)

β

)]
(37)

whereˆdenotes an estimated parameter, Φ() the standard normal distribution
PDF, n the number of ground motion used in the analysis, m the number of m
ground motions that caused the limit state exceeding at IM levels lower than
IMmax, Φ() the standard normal distribution CDF. The authors estimated
the parameters of Eq.(37) for each of the 41 earthquake records. The resulting
two parameters of the fragility function, representative of all considered seis-
mic scenarios, are obtained taking the mean of all the couples of parameters
estimated from each TIDA.

Fig.13 shows the response of the structure under the repetition of earth-
quake No 1 (see Tab.9). The effect of damage accumulation produces an
increment of the maximum θ value attained during the structural response.
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(a) (b)

Fig. 13 Response of the considered SDOF oscillator with.

The plot of the maximum θs in Fig.14(a) as a function of the spectral accel-
eration (Sa) demonstrates the effect of stiffness reduction between the three
earthquake repetitions, identified by three different colours: black the first rep-
etition, red the second repetition and blue the third repetition. If successive
earthquakes occur, the structure reaches the limit state associated with the
bar yielding with a lower Sa.

(a)

(b)

Fig. 14 Results of the Truncated Incremental Dynamic Analyses (a) and fragility curves
(b) using three concatenations of each of the 41 earthquakes in Tab.9, Rep. stands for the
number of earthquake repetition.
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The effect of damage accumulation is evident from the estimated fragility
functions, plotted in Fig.14(b). Earthquake repetitions determine a shift of the
fragility function in the left direction, displaying a more fragile performance.

8 Conclusions

This paper investigates the seismic response of a resilient two-storeys mass
timber building from shaking table tests. The authors enhanced the mechanical
model proposed by [63], which was used to derive the fragility curves of the
considered building under repeated earthquakes. The primary outcomes of this
research are:

• The presence of a rocking post-tensioned Cross-Laminated Timber (CLT)
panel, free to uplift, and connected to each storey, determines the substantive
reduction of the building degrees of freedom to the sole base rotation. Under
reasonable kinematic assumptions based on the geometrical and constructive
features of the building, the authors derived the governing equation of the
structural response.

• The model’s hypotheses are validated through selected experimental results,
which proved that the base rotation is the prevalent degree of freedom and
that the CLT wall behaves substantially like a rigid block.

• The experimental data of the 14 shake table tests led to the estimation of
the parameters of the governing equation, corrected by first-order approx-
imations to include nonlinear and degradation effects. Furthermore, the
simulated and experimental responses in terms of base rotation show a
satisfactory agreement.

• The model is used to estimate the fragility functions of the building under
three repeated earthquakes. The structural response is very stable after
repeated earthquakes, compared to traditional mass timber buildings, which
manifest a dramatic reduction of their initial capacity.

9 Data Availability Statement

All data, models, or code that support the findings of this study are available
from the corresponding author upon reasonable request.
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10 Appendix

The list of 41 Italian earthquake records with magnitude ranging between 5
and 6.5 is given in Tab. 9.
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Table 9 List of earthquake recordings sorted from largest to smallest Peak Ground
Acceleration (PGA).

No Year Location (Italy) Epicentral
distance
[km]

PGA [g] Depth
[km]

ML MW

1 2016 Norcia 11.0 0.931 9.2 6.1 6.5
2 2016 Accumoli 8.5 0.851 8.1 6.0 6.0
3 2009 Fossa 3.6 0.652 17.1 5.4 5.5
4 2009 L’aquila 4.9 0.644 8.3 5.9 6.1
5 2016 Visso 7.1 0.638 7.5 5.9 5.9
6 1976 Lusevra 6.2 0.632 6.8 6.1 5.9
7 2009 Montereale 7.9 0.550 9.4 5.3 5.4
8 2012 Medolla 9.3 0.495 8.1 5.8 6.0
9 1976 Lusevra 27.7 0.346 5.7 6.4 6.4
10 1976 Gemona del friuli 16.2 0.342 11.3 6.0 6.0
11 1976 Friuli Venezia Giulia 9.4 0.322 4.3 5.8 5.6
12 1980 Laviano 33.3 0.314 15.0 6.5 6.9
13 2016 Castel Sant’Angelo sul Nera 9.4 0.295 8.1 5.4 5.4
14 2009 L’Aquila 11.0 0.294 11.0 5.1 5.4
15 2017 Cagnano amiterno 10.8 0.289 9.5 5.1 5.0
16 2009 L’Aquila 7.4 0.264 9.0 5.0 5.0
17 2012 Finale Emilia 16.1 0.259 9.5 5.9 6.1
18 2012 San Possidonio 6.9 0.252 7.2 5.1 5.5
19 1976 Nimis 7.0 0.241 13.3 5.5 5.1
20 1977 Trasaghis 7.1 0.238 10.8 5.3 5.3
21 2013 Fivizzano 11.9 0.227 7.0 5.2 5.1
22 2012 San Felice sul Panaro 7.4 0.205 5.0 5.1 9.1
23 1984 Perugia 20.6 0.201 6.0 5.2 5.6
24 2016 Norcia 4.4 0.191 8.0 5.4 5.3
25 1997 Foligno 20.1 0.184 5.5 5.4 5.4
26 1997 Foligno 21.6 0.184 5.7 5.8 6.0
27 2001 Naturno 25.9 0.167 5.3 4.8
28 1984 Villetta Barrea 17.4 0.158 12.1 5.7 5.5
29 1997 Foligno 24.2 0.152 5.7 5.6 5.7
30 2009 Pizzoli 10.1 0.148 9.7 5.0 5.1
31 1984 Settefrati 10.1 0.110 20.5 5.9 5.9
32 2012 Berceto 67.4 0.098 72.4 5.2 5.0
33 1990 Potenza 29.0 0.096 10.0 5.2 5.8
34 1997 Sellano 4.1 0.082 4.8 5.1 5.2
35 1978 Bruzzano Zeffirio 9.2 0.076 5.0 5.3 5.2
36 2004 Vobarno 13.6 0.072 5.4 5.2 5.0
37 2012 Mirabello 20.4 0.070 3.4 5.1 5.2
38 2002 Bonefro 38.1 0.057 13.0 5.4 5.7
39 2018 Molise 22.3 0.045 19.6 5.2 5.1
40 2002 Casacalenda 46.1 0.032 10.0 5.3 5.7
41 2008 Neviano degli Arduini 47.6 0.022 22.9 5.2 5.5
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