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Bayesian Equilibria of Heterogeneous
Non-Atomic Routing Games With Private
Information

Alexia Ambrogio*, Student Member, IEEE, Leonardo Cianfanelli”, Member, IEEE,
Giacomo Como", Member, IEEE, and Paolo Frasca, Senior Member, IEEE

Abstract— We study non-atomic Bayesian routing games
whereby a transportation network is shared by two types
of traffic: a coordinated fleet and a mass of selfish users.
The links in the network are characterized by travel time
functions that depend both on the aggregate flow on the
link and on a random state of the world W that, in general,
is not directly observable. Rather, we assume that both
the fleet coordinator and the selfish users know the prior
distribution of W, observe private messages that may differ
across populations and are correlated with W and possibly
with one another, and make routing decisions based on
this partial information. Under the assumption that both
the state of the world and the private message sets are
finite, we prove the existence and uniqueness of a Bayesian
equilibrium for the ensuing Bayesian routing game.

Index Terms— Non-atomic routing games, private infor-
mation, Bayesian equilibria, transportation networks.

|. INTRODUCTION

NDERSTANDING how traffic flows emerge from the

interaction of many travelers is a central problem in
transportation science. A widely adopted approach models
route choice as a strategic interaction among users of the
transportation network. When the number of travelers is large,
transportation systems can be modeled by non-atomic routing
games in which each link of the network is associated with a
delay function, describing the dependence of the travel time
on the traffic flow, and populations of agents independently
select routes to minimize their individual travel times. The
resulting equilibrium concept is the Wardrop equilibrium [19],
defined as a flow where no traveler can reduce her travel
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time by unilaterally deviating to a different path. Under
standard assumptions on the delay functions, the existence and
uniqueness of Wardrop equilibria are well known [2], and their
efficiency has been extensively analyzed [15], [16].

While classical models assume that all travelers behave
independently and selfishly, modern transportation systems
increasingly involve actors capable of coordinating the rout-
ing decisions of a subset of vehicles. In particular, delivery
services and mobility providers operate fleets whose routes
are centrally optimized according to fleet objectives, such as
minimizing total travel time or improving service efficiency. In
such settings, a coordinated fleet interacts with a large popula-
tion of independent travelers who choose routes selfishly. This
coexistence introduces a fundamental form of heterogeneity
in routing behavior, as different groups of users may pursue
different objectives and respond differently to congestion [4],
[6], [7], [11], [13], [18]. At the same time, the growing diffu-
sion of digital mobility platforms and navigation applications
naturally leads to routing problems with private information,
where the state of the world is uncertain, and agents make
decisions based on probabilistic beliefs. Such problems can
be modeled using Bayesian routing games, where travel times
depend on an uncertain state of the world and agents select
routes according to their beliefs about that state [1], [10],
[12]. The role of information in routing decisions has been
recently studied, particularly in connection with the design of
information provision mechanisms [1], [5], [8], [17], [20].

In this paper, we study a heterogeneous non-atomic rout-
ing game on a transportation network with two interacting
populations: a coordinated fleet and a selfish population. The
fleet coordinator selects the routes of its vehicles in order to
optimize the total travel time of the fleet, while the selfish
population selects routes according to Wardrop equilibrium
behavior, minimizing individual travel costs, given their beliefs
about the state of the world. The network is subject to
an uncertain state that affects the delay functions, capturing
stochastic events such as incidents, weather conditions, or
roadworks. In general, we assume that neither the fleet nor
the selfish users directly observe the state of the world:
instead, they receive private signals that are correlated with
it and among themselves. Assuming a commonly known
prior distribution, we prove existence and uniqueness of
Bayesian equilibria for these routing games. The importance of
uniqueness in real-world applications can be appreciated, for
instance, in the context of information design. Indeed, when a
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social planner seeks to influence network users through infor-
mation, uniqueness enhances robustness and predictability,
because the planner can anticipate a single outcome in
response to a given policy or information structure.

The paper is organized as follows. In Section II, we describe
the transportation network model and the notion of Bayesian
equilibria. In Section III, we formulate the Bayesian routing
game on the transportation network, we prove the existence of
Bayesian equilibria, and provide sufficient conditions for their
uniqueness. In Section IV, we summarize our findings.

Il. MODEL
A. Transportation Network

The transportation network is modeled by a finite directed
multigraph G = (V, €&, 0,€), where V is the set of nodes, £
is the set of links, and o,¢ : £ — V are two functions that
associate each link with its tail and head node, respectively.
We assume that there are no self-loops, i.e., o(e) # &(e) for
every e in £. We assume that there is a unique origin and
destination o,d in V), with o # d and d reachable from o, and
let P denote the set of paths from o to d. A path between two
nodes i and j in V is a finite sequence of links (e, ..., e,) such
that o(e)) = i, o(ey+1) = &(ey) forevery [ =1,--- ,n—1, and
&(ey) = j. The transportation network topology is then fully
characterized by its node-link incidence matrix B in RY*¢,
with entries B;, = 1 if o(e) = i, B, = —1 if £(e) =i, or B;, =0
otherwise. Moreover, we define the link-path incidence matrix
A in {0, 1}¥*7, with entries A, = 1 if link e belongs to path
p, or A,, = 0 otherwise.

We consider two populations, called coordinated fleet and
selfish population. For simplicity, we assume that both pop-
ulations have unitary mass, and define the exogenous inflow
v = 6@ — 6“9 in RY, where 6@ is the vector with 1 in the
i-th entry (55’) and O in all other positions. Hence, the set of
network flows for both populations is

F={feRi :Bf=v}. (1)

The state of the world is described by a random variable
W defined on a probability space (Q,.4,P) and taking values
in a nonempty finite set ¥}. We shall assume without loss
of generality that p,, := P(W = w) > 0 for every w in W.
Each link of the network is endowed with a delay function
T, : W x Ry — Ry that depends on the state of the world as
well as on the aggregate flow over the link. The delay functions
7.(W, f,) are assumed to be C?, non-decreasing, and convex,
in the aggregate flow f,.

B. Information

We assume that both the fleet coordinator and all selfish
users know the prior distribution (p,,),<yy of the state of the
world, but in general do not directly observe its realization W.
Rather, they observe some private messages, to be denoted by
M for the fleet coordinator and M for the selfish agent s in
S := [0, 1), that convey some partial information about the
state of the world W, and make their routing decisions based
on the observed messages.

Formally, let M = {1,---,|M|} and M = {1,---,| M|} be
two non-empty finite sets where the private messages observed
by the fleet coordinator and, respectively, the selfish users, take

values, and consider two maps 7 : W — Apq and 7 : W X
M — A y; taking values in the simplices of probability vectors
over M and M, respectively, where Ax = {x e R : 1'x = 1}.
Let also V and V be two random variables defined over the
probability space (Q, A, P), both uniformly distributed over the
interval [0, 1), mutually independent, and independent from W.
Then, let

M:min{meM:Vs Zm(W)§, 2)

1<l<m

be the message observed by the fleet coordinator, and let

M =min§n‘1€/\7l cs+V-ls+V] SZfrl(W,M)} 3)
L<l<in
be the message received by every selfish agent s in S.

The following result states that selfish users s in S have
identical conditional distribution on their received messages
M, given the pair (W, M), and that the (random) fraction
of selfish users that receive a message m in M is exactly
an(W, M).

Lemma 1:

(i) The triple (W, M, M,) has the same joint probability

distribution

P(W =W, M = m, Ms = ﬁ’l) = pw7T'1z(W)7_rﬁ1(Ws m), (4)

for every selfish user s in S;
(ii) the fraction of selfish users receiving message m is

ﬁrh(W9 M) = P(MO = ’/h|W7 M)a

for every m in M.

Proof: (i) On the one hand, (2) implies that the conditional
distribution of the message M given the state of the world
Wis P(M = m|W = w) = m,,(w). On the other hand, (3)
and the fact that, for every s in S, the random variable
s+ V — s+ V] is uniformly distributed on the interval [0, 1)
and independent from W and M, imply that the conditional
probability distribution of M, given W and M is P(M; =
mW =w,M = m) = wz(w,m). This readily implies (4).

(ii) Let Hy = Y )0, m(M,W) = V for all in in M. Then,
from (3), the set of selfish users that receive message m is

{s Mg =ﬁ1}
={s:Hy1+V<s+V-|s+V]<H;+V}
=10, 1) N (Hp-1, Hnl U (Haet + 1, Hy + 1)

whose Lebesgue measure is Hy — Hyz-1 = (W, M). [ |

Thanks to Lemma 1, we can characterize the posterior
beliefs on the state of the world after receiving the private
messages for both the fleet coordinator and the selfish users.
In particular, Lemma 1(i) implies that, every two selfish users
s and § in S that observe the same message M, = M; have
the same posterior distribution on the pair (W, M) of the state
of the world and the fleet coordinator’s message.

C. Bayesian Equilibria

In this section we describe the user behavior and charac-
terize the notion of equilibrium. Towards this goal, we define

X=(x M- F}, X,=x,M) VYec€&.
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An element x in X is a map from the message that the fleet
coordinator receives to the flow allocated on the network,
while X, is the random variable describing such flow as a
function of M. For the selfish population, we define

YV={y: M- Ap),
Z = Ay Y ypEa(W, M)

peP meM
= E[(Ay(My)).|W, M].

An element y € ) associates with each message m € M a
distribution over paths, where y,(m) represents the fraction
of selfish agents choosing path p upon receiving message .
Given (W, M), the quantity Z) denotes the induced flow of
the selfish population on link e. Specifically, it is obtained
by aggregating, over all messages and paths, the fraction of
agents receiving message /m multiplied by the fraction of those
agents selecting path p, and then projecting the resulting path
flow onto the link space through the incidence matrix A. The
set of admissible Z is

Z={Z:Wx M- R, :Z=2 forye )}

The goal of the fleet coordinator is to minimize the expected
total travel time spent on the network by the fleet, given the
flow of the selfish population, defined by

®(x,Z) = E [Z X, 7.(W, X, + ze)] . 5)

On the other hand, each user of the selfish population aims to
travel along a path from o to d that minimizes the expected
travel time conditioned on the message received. This yields
the following notion of equilibrium.

Definition 1: A pair (x,Z) is a Bayesian equilibrium if:

@

x € argmin ®(%,7Z); (6)
XeX
(ii) there exists y in ) such that Z = Z”, and for every
message /m in M and path p in P, y,(m) > 0 implies

E [Z(Aep ~ AT (W, X, + Z,)| M, = mi| <0 (7
eef
for every path ¢ in P and selfish user s in S.

In plain words, a pair (x, Z) is an equilibrium if x minimizes
the expected total travel time of the fleet given Z, and if every
path p that is used by some selfish agents that receive message
m has minimal expected travel time according to the posterior
belief after receiving message m and given x. In the next
section we shall investigate existence and uniqueness of such
Bayesian equilibria.

Remark 1: Bayesian equilibria can be viewed as Bayes
correlated equilibria where the private messages act as a
correlation device [3]. However, in this paper we restrict our
analysis to a special class of Bayes correlated equilibria, since
by construction the fraction of selfish agents that receive each
message is a deterministic function of the state of the world.
Another loss of generality comes from the fact that the set of
actions of the fleet coordinator is continuous, while the set of
messages M that he can receive is finite.

Example 1: Consider a network with two nodes and two
parallel links, with delay functions 7{(W, f}) = 4fi + W,

(W, fo) = 8f. The state of the world W takes value in
W = {0,1}, with py = 1/4, p; = 3/4. Suppose that the
coordinated fleet and the selfish agents can receive one and

two messages respectively, i.e., M = {m}, M = {1,2}, with
7(0) =m0) =1/2, @) =2/3, m()=1/3.

Hence, by Bayes’ theorem, the posterior distribution about the

state of the world for every selfish user s are
P(W=0M,=1)=1/5, PW=0M;=2)=1/3,
P(W=1|M,=1)=4/5, PW=1M;=2)=2/3.

We now compute the set of Bayesian equilibria (x, Z). Since
the network has only two parallel links, we have x, = 1—x; and
Z, = 1-Z;. Moreover, since the coordinated fleet has only one
message, x is a vector with entries x| = @, x, = 1 —a. Instead,
for the selfish population we define y;(1) = B8, y1(2) = v.
Therefore,

W=0 = Z =yi(Dm(0) + yi(2Dm(0) = B+ )/2,
W=1 = Z =y(Hr (1) + y1(Dax(1) = 2B+ y)/3.

We now apply Definition 1 to find the Bayesian equilibria
(x,2Z). For the coordinated fleet, ®(x, Z) takes the form

1
a |:C¥Tl (0,(14-'3%) + (1 —a)r, (0,2—&—?)]

+§ |:0n'1 (1,a+ 2'8;—7) +(1-a)m (1,2—(1— ZB%/)]

whose unique stationary point is achieved in @ satisfying
240 + 158/2 4+ 9y/2-93/4 = 0. ®)

We search for interior equilibria for the selfish population by
assuming that (7) is satisfied as an equality. This yields

Elri(W,a+Z)-n2(W,1-a+1-2)|M,;=1]=0,
En(W.1-a+1-2)-1(W,a+2)|M,=2]=0.

Using the posterior distributions and the expression of the
delay functions, this yields

8 2 76
Ra+ 284+ 2,-2_9p
a+5,8+57 5
2 14 46
—e-p- 2y 2,
Y R A

Solving this equation together with (8) we obtain @ = 2/3,8 =
5/12,yv = 11/12, and hence (x,y) and the corresponding
Bayesian equilibrium (x, Z”). Note that this is the unique inte-
rior equilibrium, but other equilibria may exist. The presence
of other equilibria will be ruled out by Theorem 1.

I1l. MAIN RESULTS

In this section we establish conditions for the existence and
uniqueness of Bayesian equilibria. Towards this goal, we first
define an auxiliary two-player game, whose Nash equilibria
are equivalent to the Bayesian equilibria.

A. Auxiliary 2-Player Game

We start with a technical result that is instrumental to
show the equivalence between Bayesian equilibria and Nash
equilibria of a 2-player game.

Lemma 2: Z satisfies Definition 1(ii) if and only if it is
solution of

Z € arg min ®(Z, x), )
ZeZ
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where @ : Z x X — R is defined by

d(Z,x)=E {Z/O

ecE

X, +Z,

T.(W, r)dri| .

Moreover, ®(Z, x) is convex in Z.

Proof: ®(Z, x) is convex in Z because the delay functions are
non-decreasing. Since M is finite, we can write y in matrix
form by identifying y,, = y,(m). With this notation, y is a
matrix in Rf\r/lxp subject to y1 = 1. Now, since by construction
every Z in Z admits y in Y such that Z = Z”, and since Z”
is a linear function of y, we can define ¥(y, x) = ®(2’, x) and
note that ¥(y, x) is convex in y, since it is the composition of
a convex function with a linear function. Moreover,

7Y € argmin®(Z, x) & y € arg min¥(y, x).
7eZ yey

(10)

We now prove that y solves the right-most optimization
problem in (10) if and only if Z” satisfies Definition 1(ii),
concluding the proof. Because of the convexity of ¥(y, x)
in y, the KKT conditions of the right-most optimization
problem in (10) are necessary and sufficient for optimality (see
Section III-A of [2] for the derivation), that is, y is solution

of the right-most problem in (10) if and only if
oY oY

<—, VgeP,

3ymp (9qu

(1)

for every m in M, p in P such that yz, > 0. Explicit
computation yields

oY
ay mp

=E [Z AppTta(W, MYT (W, X, + Ze):| .

ec€
By _deﬁnition of m7(W,M), it follows that P(W = w,M =
m,M =m) = P(W = w,M = m)au(W, M). Hence, dividing
such expression by P(M, = m), we get
oY
ayn‘w

=E |:Z AepTe(W’ X.+Z2,)

ec€

M=ﬁ1j| ~P(Mo =m).

The proof is concluded by plugging this expression into (11)

and noticing that this is equivalent to (7). [ |
We now introduce an auxiliary two-player game.
Definition 2: Consider the game I' with player set {C,S},

action sets {X, Z} and utility functions {u(x, Z), #(Z, x)}, with

ulx,Z2) = -o(x,2), a(Z,x)=-0Z,x).

Here, player C represents the coordinating decision maker
choosing the action x in X', while player S is a nominal player
representing the collection of all selfish agents in the original
game. The artificial aggregate action Z in Z is defined for
technical reasons and it summarizes the collective response of
the selfish agents. Hence, the two-player game captures the
interaction between the coordinator and the overall behavior
of the selfish population.

Definition 3: A pure-strategy Nash equilibrium of game I'
is an action distribution (x, Z) such that

Z € arg max a(Z, x).
ZeZ

x € argmax u(x, Z),
xeX

12)

Proposition 1: (x,Z) is a pure-strategy Nash equilibrium of
I' if and only if it is a Bayesian equilibrium per Definition 1.

Proof: By definition of U, x satisfies the left-most relation
of (12) if and only if it satisfies (6). By Lemma 2, Z satisfies
the right-most relation of (12) if and only if it satisfies
Definition 1(ii). This concludes the proof. [ |

B. Existence of Bayesian Equilibria

The next result provides sufficient conditions on the delay
functions for the existence of Bayesian equilibria. Note
that our contribution concerns a rich setting combining
heterogeneous populations with different objectives, private
information and Bayesian routing strategies conditioned on
private messages. In this setting, the equilibrium is not a
standard Wardrop equilibrium, but rather a coupled Bayesian
equilibrium involving both an optimization problem for the
coordinator and Wardrop-type conditions for the selfish popu-
lation under uncertainty. The existence result is therefore not
an immediate consequence of classical Wardrop theory.

Proposition 2: Assume that the delay functions 7,.(w, f,) are
convex in f, for every w in W. Then, there always exists a
Bayesian equilibrium.

Proof: We first prove the existence of Nash equilibria of T'.
To do so, we rely on [9], which ensures that a pure-strategy
Nash equilibrium of the game I exists if: (i) the action sets
are finite-dimensional, compact, and convex; (ii) the utility
function of each player is continuous in both actions and
concave in the action of the player itself.

Because W, M, and M are finite sets, the action spaces X
and Z are finite-dimensional, compact, and convex. Moreover,
the utility functions u(x, Z) and #(Z, x) are continuous in both
actions, since the delay functions are continuous. We now
show that u(x,Z) is concave in x and that #(Z, x) is concave
in Z. To prove the concavity of u(x, Z), note that

ux.2)==y > PW=wM=m)

weW meM

Y XMW, X (m) + Zo),
ee&
hence
ou(x,2) 0
Ox,(m)dxs(m)

Therefore, the Hessian of U is diagonal. Direct computation
yields that the diagonal elements are non-positive if the delay
functions 7.(W, f,,) are non-decreasing and convex in f,. This
proves the concavity of u(x,Z) in x. The concavity of #(Z, x)
in Z follows from ii(Z, x) = —®(Z, x) and from convexity of
®(Z, x) in Z, established by Lemma 2.

This proves the existence of a Nash equilibrium of the two-
player game I'. The existence of a Bayesian equilibrium then
follows from Proposition 1. [

if e # & or m # .

C. Unigueness

This section provides sufficient conditions for the unique-
ness of Bayesian equilibria.

Theorem 1: Assume that the delay functions are twice
continuously differentiable in the flow variable and satisfy

20w, fo + fo) > ferlw. fo + f) 2 0 (13)
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for every e in £, w in W, and f, f in F, where 7, and 7/
denote, respectively, the first and second derivatives of 7, with
respect to the flow variable f,. Then, there exists a unique
Bayesian equilibrium.

Proof: We prove that the auxiliary game I admits a unique
Nash equilibrium. Then, the uniqueness of the Bayesian equi-
librium follows from Proposition 1.

Since Z depends on (W, M), and since W, M can take a
finite number of values, we can express the elements Z in Z
in matrix form. Let Q = (W, M) take values in @ = W x M.
Since the set of actions Z of the selfish population is the image
of a linear function Z”, for every y in )/, standard arguments of
linear algebra imply the existence of two matrices H, K such
that

Z={ZeRY*F  HZ =K}

For convenience, we also represent X in matrix form by
MXE . ;
X:{xeR+X .ZeBigxme:vi, Yie), Vme/\/l}.

For g = (w,m) in Q, let g; = w, g» = m. It will also prove
useful to embed X into the augmented set

X ={2eR*®: > Bipe=vi. VieV, VgeQ,
e

Rge = Rge,Ve € ENG, ¢ € Qsit. gy = q’z}

In plain words, X is a new artificial set of actions for the fleet
coordinator, where the action is formally allowed to depend
on the state of the world, although the constraints enforce
dependence only through the message. Notice that X can
be embedded into X , and as a consequence, there exists a
bijection between X and X'. We also parametrize the utility
functions of the two players in order to let them depend on x
inX,Zin Z. Let v,v : X x Z > R be defined by

v(x, Z) = - Z P(Q = 61) Z -xque(qh Xge + qu)’

qeQ ee&
XgetZge
vma=—2ﬁ@=m§;/ (g1, rdr.
qeQ eel 0

We have defined a two-player game I" with action sets X,z
and utility functions v, ¥, whose Nash equilibria (x,Z) satisfy

Z € arg max ¥(Z, x). (14)

ZeZ

x € argmax v(X, Z),
XeX
It is fundamental to observe that, by construction, there is a
bijection between Nash equilibria of T" and those of T, so that
I" admits a unique Nash equilibrium if and only if [" admits a
unique Nash equilibrium.
We now aim to prove the uniqueness of the Nash equi-
librium of I. The Lagrangian function of the left-most
optimization problem in (14) is

L(x,Z,y, ) = v(x,Z) + Z YqeXqe
eq

+ Z /liq (Z Biexqe - Vi) >
i,q9 e

where y., > 0 and A;, are Lagrangian multipliers associated
to inequality constraint x, > 0 and equality constraints

> . Biexge = v; that an element x in X must satisfy. The
Lagrangian function of the right-most optimization in (14) is

Z‘(Z, x, 0.), 6) = ‘_)(29 -x) + Z wquqe
q.e

+ Z Oge (Z HyoZge = Kq’f) ’
q.e q

where wy, > 0 and 6, are Lagrangian multipliers associated
to inequality constraint Z,, > 0 and equality constraints
> HygZye = Kye of Z, respectively.

Suppose now that there are two different Nash equilibria
(x,2) # (%, 7). For (x,Z) to be a Nash equilibrium, there must
exist a set of Lagrangian multipliers (y, 4, w, 6) such that

OL(x,Z,y,2) _ OL(Z, x,w,6)

05
axqe azqe

Oa

for every e in &, ¢ in Q, which readily implies
ov(x,Z)

0xge
ov(Z, x)

0Z,e

+Yge + ) AigBie =0,

+wge + Y SgeHyy = 0. (15)
”

Equivalently, for (%, Z) to be a Nash quilibrium, there must
exist a set of Lagrangian multipliers (¥, A, @, 0) such that

A ~
%E+m+2mm=a
Iz, %) -
@+ Y OgeHyy = 0. (16)
0Z4e "
Moreover, the complementary slackness constraints, i.e.,
wquqe =0, YgeXge = 0, a)quqe =0, ’7q656qe =0, )

must hold true for every e in &£, ¢ in Q. We now multiply the
first equa~tion of (15) by (X4 — Xx4e), the second equation of
(15) by (Zye — Zye), the first equation of (16) by (x e — X,.) and
the second equation of (16) by (Z —qu). Then, summing all
the resulting terms for every e, g and rearranging them we get
that ¥ + y = 0, where

v = Z()?qe ~ 50 (av(x, 2) o, Z))
q.e

0xge 0%ge
. WZ,x) WZ,%
Z e Z e - = s
+§( e q)( 0Z4e 0Z4e )

X = Z(jqe - xqe) (yqe - ’7qe + Z (/liqBie - ZiqBie))
q.e i

+ Z(qu - qu)
q.e

Wye = Wge + Z (5q’qu’q - Sq’qu’q)
7

We now analyze y and ¢ separately, starting from y. First,
note that, for x and ¥ to belong to &', and for Z and Z to
belong to Z,
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Z Biexqe = ZBieiqe =v, VYigq.
e e
D HyZye =) HyoZye=Kypeo Ve
q q

Using these two equations and (17), we get
X = Z(que’)/qe + xqe;)u/qe) + Z(quwqe + qua)qe) = 0»
q.e q.e

where the last equivalence follows since both the Lagrangian
multipliers ¥, w and the actions x,Z are non-negative.

We now prove that ¢ > 0 and ¢ = 0 if and only if the two
equilibria coincide. Note that (x,Z) = (%, 7) implies ¢ = 0.
We are then left to prove that (x,Z) # (%, 7) implies ¢ > 0.
To this end, we define o(x,Z) := v(x,Z) + ¥(Z,x) and its
pseudogradient

| Vov(x,2)
8(.2) = [Vzv(z, x)i|’

obtained by stacking the gradient of the utility function of
both players with respect to their actions. As shown in
[14, Section 3], if (x,Z) # (% Z) and o(x,Z) is diagonally
strictly concave for every (x,Z), then ¢ > 0. The same
reference shows that a sufficient condition for o(x,Z) to be
diagonally strictly concave is that the Jacobian J(x,Z) of
the pseudogradient g(x,Z) is negative definite for every x, Z.
Direct computation yields that J(x,Z) has a block diago-
nal structure, since (92V/(c')xqe[iquer) = 82V/(c')xqeﬁque/) =
PV )(0Z4e0Zye) = 0°V](0Z40Zye) = 0 if (g.€) # (¢, €).
Moreover,

0*v(x, Z) , .,
Tg]e = —P(Q = q)(2‘re + xque)
*v(x,Z) , "
m = -P(Q = ¢)(t, + x4e7,)
N(Z,x)  *WZ, %)

= = —P = g .
0Zg0%g 022, ©@=ar.

We are now left to prove that, for every e in £ and ¢ in Q,
the (e, g)-th block of J is negative definite, so that the entire
Jacobian is negative definite. To do so, we sum the block with
its transpose, obtaining

—P(Q = g) (2(2“ X7

/ 17
27, + Xge T,
/ ’’ .
27, + XgeT,

27,
Observe that (13) implies that the delay functions are strictly
increasing and convex in the flow variable. Hence, the trace

of the matrix is negative, while the determinant is positive if
and only if

20W, fo+ fo) > Ll (W, fo + fo).

This proves the uniqueness of the Nash equilibrium of I", and
therefore of I'. Proposition 1 then implies the uniqueness of
the Bayesian equilibrium. ]

Remark 2: A sufficient condition similar to (13) was estab-
lished by [13] for uniqueness of the equilibria in presence
of two populations in a deterministic setting. It is also worth
noting that the uniqueness of the Nash equilibrium of I', which
is an intermediate step to proving Theorem 1, is established
using an argument similar to that in [14, Theorem 2]. In
that work, sufficient conditions for uniqueness are derived for
the case in which the action sets are subject to inequality
constraints, but without any equality constraints.

Vge Q, Yeel.

[V. CONCLUSION

We have established existence and uniqueness of Bayesian
equilibria for non-atomic Bayesian routing games, whereby
a coordinated fleet and a population of selfish users share
a transportation network. We have assumed that the travel
times on the links depend on both the aggregate flow on
them and a random state of the world that is generally not
directly observable by either the fleet coordinator or the selfish
users, who make routing decisions based on private partial
information obtained from messages that are correlated with
the state of the world and among themselves. Future directions
include extending the analysis to continuous sets of states of
the world W and sets of messages M, as well as studying
information design problems, where a system planner designs
private messaging policies to optimize the social welfare.
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