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A B S T R A C T

In industrial processes, large rotors are commonly operated below the critical speed, where bearings can be an
important source of subcritical vibration. This paper presents a complete study and analysis of the roundness
error stacking in rotor-bearing systems. The investigation on how the roundness error of tapered shafts is
transferred through the bearing inner ring to the raceways during the assembly process allows to evaluate the
final roundness profile of the raceways as the sum of the shaft roundness profile plus the inner ring thickness
variation. The method’s validity is verified for relative orientations and mounting conditions between the
components.

A test case is presented in which 3D conical grinding is applied to a shaft tapered bearing installation
seats, reducing the roundness error of installed bearings when compared to previous research results. The
relevance of the study was proven with rotordynamic measurements, which show that minimized roundness
error reduces vibrations.
. Introduction

Reduction of vibration in rotating machinery is a key factor in
ncreasing the machine life and improving modern industry efficacy,
hich has led to a rise in research related to precise components

or large rotor-bearing systems. Large scale rotor-bearing systems are
ommonly used in various industrial fields, such as for example in
he field of power generation, maritime industry, steel manufacturing
lants and paper production. Unscheduled maintenance stops due to
earings failure as well as vibrational excitation due to the bearings can
onsiderably increase costs. Additionally, the renewable energy produc-
ion section, such as wind turbines, is increasing its market share [1]
nd safety and reliability of operations are key topics in ensuring high
vailability of critical infrastructure and successful operation.

In absence of active vibration control during operation, the reduc-
ion of vibrations during rotating machine operations has led to an
ncreased need for precision manufacturing and measuring technologies
or large rotor components and complete rotor-bearing systems.

Bearings are key elements of any rotating machine since they enable
he rotational motion of the supported shaft and bear the loads. The
ypical bearing structures in large rotating machinery include either
ydrodynamic journal and roller element bearings. Especially in cases
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where compliance against lateral loads and bending is needed, a spher-
ical roller element bearing might be preferred. Despite quality control
operations during the bearing production, bearing components always
contain slight imperfection such as thickness variation and roundness
deviations of the parts.

Typically, roller element bearings can be installed on the rotor using
three different methods, which depend on the geometrical properties of
the shaft. On cylindrical shafts, the bearing can be installed by means
of a shrink fit, or using a conical adapter sleeve between the bearing
inner ring (IR) and the cylindrical shaft. A tapered section can also be
manufactured on the shaft itself, allowing to install the bearing with a
conical bore directly onto the rotor shaft. In large bearings, the IR is
generally thin and quite more flexible than the rotor shaft on which
it is assembled. This causes the IR to adapt to the roundness shape
of the rotor, causing the roundness deviation of the individual bearing
components to become less significant. In all mounting methodologies,
the final roundness profile of the raceways of a mounted bearing IR
will be affected by the following component manufacturing errors: the
roundness profile of the shaft installation seat, the thickness variation
of the adapter sleeve when present and the thickness variation of the
bearing IR itself [2]. In previous researches [3,4] the error stacking that
vailable online 11 March 2024
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leads to the final roundness profile of the bearing IR was speculated,
but a complete study and analysis of the assembly and error stacking
strategy is still missing.

Roller element bearings are a common source of harmonic ex-
citation in the subcritical rotating regime [5,6], causing subcritical
resonance peaks that occur below the first natural frequency of the
rotor. Rotor balancing is widely studied in the literature [7–12], but
its effect is mainly visible for vibrations occurring once per revolution,
with a smaller magnification effect of the subcritical vibration peaks.

Low order harmonics in the roundness profile deviation of bearing
IR excite the rotor in the subcritical speed range. In simple terms,
the ovality of the bearing IR mounted onto the shaft causes excitation
twice per revolution, the triangularity three-times per revolution and
so on. Therefore, the roundness deviation of a mounted bearing IR
is linked to the harmonic subcritical vibration of the supported rotor.
The excitation caused by the bearing waviness was firstly investigated
during the 1960s by Gustafsson and Tallian [13] and Yhland [14].
The experimental investigations showed that the number of lobes in
the roundness profile (i.e., the harmonic or waviness components) of
the bearing IR raceways is an important source of vibratory excitation
when multiplied by the rotating frequency of the IR itself. This was also
proposed later in [6] and confirmed by Aktürk [15] in his mathematical
model that included bearing elements waviness. An upgraded model
based on the latter was then used to study the excitation caused by a
defected IR [16].

Liu et al. [17] measured the vibration of a ball bearing outer ring
and compared that to the waviness of the inner and outer race of
the bearing, finding that close to the natural frequency of the system
the highest contribution to the vibration was given by the waviness.
In [18,19] the authors proposed a multi-body modeling of a flexible
rotor including elastic ball bearings, studying the effect of bearing IR
waviness on the rotor dynamic response. The authors found out that
the resonances in the sub-critical regime were caused by the waviness
of the bearings IRs, also highlighting that the excitation appears to
be weaker if the phase angles of the waviness profiles of the two
bearings differ from each other. The dynamic numerical model of a
spherical roller bearing able to simulate waviness of the roller paths and
presented in [20,21] was used in [22–24] to investigate the subcritical
vibration of large rotors, including both numerical and experimental
results. The authors confirmed the importance of the waviness of the
bearing IR roundness profile in the harmonic subcritical vibration
response of the supported rotor.

To accurately predict the non-linear contact force for the sinusoidal
waviness profile in bearing raceways, Liu et al. [25] developed a
new rigid rotor system dynamic model with waviness in the sup-
port bearings, using the Johnson’s extended Hertzian contact model.
The proposed model is able to consider the variable curvature be-
tween sinusoidal surfaces in contact, while considering the lubrication
condition, showing a difference up to 17.85% between Johnson’s ex-
tended Hertzian contact model, Hertzian contact model and simplified
Hertzian contact model.

In industrial applications, lubrication can greatly affect the service
performances of ball bearings. In [26] the authors presented a new
simulation model that combine rotordynamic and computational fluid
dynamics to investigate the oil–air two-phase flow. The effects of the
bearing rotation speed, cage clearance, and relative motion of ball on
the lubrication characteristics are studied, showing that lubricating oil
content in the bearing cavity decreases significantly with the incre-
ment of bearing speed. Additionally, it was observed that in the inner
raceway the lubricating oil is disturbed by the opposite direction of
movement, creating a higher content of lubricating oil on the side of
the ball opposite to the bearing rotation. In the present paper, due to
the relatively low rotational speed of big industrial shaft, the effect of
lubrication will not be neglected.

Roundness measurement related researches are quite present in the
2

literature, and studies related to the improvement of the accuracy and
reduction of uncertainty, in addition to the comparison of roundness
measurements, are available [27–32]. Unlike roundness measurements,
thickness variation measurements and measurement methods of rings
geometrical properties are seldom presented in the literature. The
standard ISO 1132-1 [33] defines the thickness deviation as a single
value, without discussion related to the actual complete profile, needed
for its harmonic analysis. Some studies in the literature proposed
devices and methods for measuring the thickness variation of bearing
components [2,34,35].

The origin of the thickness variation in bearing elements was inves-
tigated, among others, by Deng et al. [36]. During the manufacturing
process, the relatively thin bearing rings are deformed by the clamping
forces. The turning and grinding operation performed, up to a round
profile, on the bearing functional surfaces are carried out on a tensioned
component, which at last lead to thickness variation profiles, dependent
on the clamping method used by the machine tool.

In a recent research paper, Viitala et al. [3] published a study
in which the roundness profile of mounted bearing IR was modified
using steel strips between the rotor shaft and the conical adapter
sleeve used for the assembly procedure. Of the five different geometries
investigated, one was chosen to minimize the roundness error of the
mounted bearing IR. The reduction of the roundness error contributed
to decrease the vibration amplitudes in the whole subcritical response
spectrum. In a later research, Viitala [4] presented a study in which
compensative 3D grinding was used to minimize the roundness error
of mounted bearing IRs. The grinding operation was performed on
the cylindrical shaft underneath the conical adapter sleeve used for
assembly, using the measurement of roundness of the mounted IR as
feedback for the iterative manufacturing operations. The compensative
3D grinding reduced the roundness deviation in both bearing IRs of
the rotor-bearing system, with a significant improvement in the rotor
dynamic response in the subcritical regime, also when compared to
the results of [3]. The authors questioned the reliability of the steel
strips method in real industrial application, also considering that the
correct installation of the steel strips required multiple trial and error
to arrive at the correct positioning. Moreover, the compensative 3D
grinding on the cylindrical shaft coupled with the use of a conical
adapter sleeve leaves room for improvements in the residual roundness
error of the installer bearing IRs, and presented some unwanted higher
order subcritical resonance peaks.

In order to complete the investigation and analysis of the error
stacking methodology that leads to the final roundness profile of in-
stalled bearing IR, the present paper reports the successful verification
that the roundness profile of bearing IR raceways mounted on ta-
pered shafts can be accurately evaluated though the error stacking
method, i.e., the final roundness profile is equal to the sum of the
shaft roundness profile plus the thickness variation of the bearing IR.
A shaft stud with a tapered installation seat has been designed and
manufactured to host a spherical roller element bearing IR. The effect
of different relative orientations between the components and the effect
of different mounting conditions has been deeply investigated, showing
that exists an optimal orientation, dependent on the measuring axial
location, between the shaft and bearing IR that minimizes the final
roundness deviation, and that the results reported in the present paper
hold true for various mounting conditions between the components.
The experimental verification of the roundness error stacking was
performed for several axial cross sections, multiple relative orientations
between the assembled components and various mounting conditions
matching real industrial applications, adding robustness to the method-
ology presented and providing an extended general significance to
the assembled bearings roundness evaluation procedure presented. In
order to maintain a single reference system between unmounted and
mounted condition, and accurately evaluate the relative orientations
between the assembled components, markings for the origin of the

angular coordinate used for the roundness measurement should be
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implemented, to overcome the challenge of correctly positioning the
components during the assembly process.

The roundness error stacking methodology allows to more easily
evaluate the final roundness profile of installed bearing IR, which is
a difficult task to perform after assembly due to the large size of the
system that do not allow the use of precision measurement equipment
due to the size limitation.

In addition, the present paper extends the results of [4] by applying
the 3D grinding methodology to tapered installation seats directly
into the rotor shaft, to reduce the roundness error of the installed
bearing IRs. Due to the large size of the shaft, conventional round-
ness measurement equipments could not be used, requiring the use of
the four-point method [3,4]. The experimental measurements of the
remaining roundness error after the compensative grinding showed a
great reduction compared to the previous research. The rotor dynamic
response measurements in the subcritical regime showed a significant
reduction of the high order subcritical resonance peaks compared to
the previously studied research in which the grinding operation was
performed on the cylindrical shaft and adapter sleeves were used for
the assembly of the bearings.

2. Methods

In this section, the key parameters of total roundness and thickness
variation evaluation are described, together with the measurement
methods used for the experimental campaign. The performed experi-
ments to investigate the error stacking of the total roundness of the
bearing IR are described in detail, with the additional description of
the mounting method used to accurately mount the bearing onto the
tapered seating. The procedures used to evaluate the effect of the
relative orientation between shaft stud and IR as well as the effect of
the mounting conditions are then presented.

2.1. Roundness and thickness measurements

Roundness is a property of a circle and is defined by the ISO
standard 12181-1:2011 [37]. The roundness profile is an extracted
circumferential line that can be obtained experimentally with a specific
measuring instrument. From the profile, specific key parameters of
roundness can be evaluated, such as the ones investigated in this paper,
which are the RONt (peak-to-valley roundness deviation) and RONq
(root-mean-square roundness deviation) [37]. The evaluation of both
parameters depends on the choice of the center point of the roundness
profile. Whitehouse [38] presented four methods to solve this problem,
each one resulting in slightly different roundness parameters values. In
this paper, the least square reference circle (LSCI) defined by the ISO
standard was used for all the investigations.

If the harmonic content of the roundness profile or the form of the
roundness error are required for the investigation, the measurement
and analysis of the actual roundness profile is mandatory [28,29,31].
In this paper, in addition to the use of the roundness parameters above
mentioned, the analysis of the results is carried out also considering
the entire roundness profiles as well as their harmonic content in the
frequency domain.

The thickness variation of bearing components is assessed by the
ISO 1132:2000 [33,39], which defines it as a single value. The stan-
dard does not provide information on the measurement of the actual
thickness variation profile, which is mandatory to discover the profile
shape and the extraction of the harmonic components. In this paper,
the thickness variation profile is evaluated with reference to Fig. 1 as
the difference between the deviations of corresponding points in the
angular coordinate of the external and internal profiles, as

𝑇
(

𝜃𝑖
)

= 𝑅𝑒𝑥𝑡
(

𝜃𝑖
)

− 𝑅𝑖𝑛𝑡
(

𝜃𝑖
)

(1)

where 𝜃𝑖 is the angular position, 𝑅𝑒𝑥𝑡
(

𝜃𝑖
)

is the point deviation from the
3

eference circle of the external profile at the specific angular position,
𝑅𝑖𝑛𝑡
(

𝜃𝑖
)

is the point deviation from the reference circle of the internal
profile at the specific angular position and 𝑇

(

𝜃𝑖
)

is the thickness
variation value at the specific angular position.

Harmonic analysis is often used in the analysis of roundness. The
1/rev frequency domain is selected so that the dynamic content of the
profile is expressed as an amplitude and a phase for each Undulation
Per Revolution (UPR) number [37]. In this way, the first harmonic
corresponds to a small eccentric movement of the center point, the
second to ovality, the third to triangularity and so on [40].

To represent the harmonic content of the profile in the frequency
domain, the Fast Fourier Transformation is employed. Typically, when
considering roundness measurements, only higher than the first order
components (UPR ≥ 2) are relevant, as the zeroth and the first waviness
components (offset and eccentricity, respectively) can be compensated
by choosing the reference system origin in the center of the reference
circle LSCI. This, however, does not hold for thickness variation, as its
first order harmonic component cannot be compensated away with a
coordinate system selection, but depends on the manufacturing error of
the component between the internal and external profile center point.
In rolling element bearing, such error is typically quite low and can be
excluded from the investigation.

The selection of the frequency domain also allows for the appli-
cation of Gaussian filtering of the harmonic content of the profiles.
The attenuation function of the Longwave-pass filter is given in the
ISO standard 12181-2:2011 [41], as a function of the cut-off frequency
expressed in UPR. In this paper, all the roundness profiles analyzed
are filtered with a 15 UPR Longwave-pass Gaussian filter, as in the
rotordynamics point of view the harmonic components of interest are
the first 5–8.

2.2. Four-point method and rotor dynamic measurement

In the test case presented in Section 4 the roundness profiles of the
installed bearing were conducted using the four-point method [3,4,42,
43] due to size and weight limitations of traditional roundness mea-
surement equipment. The four-point method is a combination of the
two-point diameter measurement method and the Ozono three-point
method. This method is able to measure and separate the roundness
profile and the center-point movement of a rotating workpiece. The
run-out signals were acquired in the middle of both of the roller
element raceways of the bearings from four Heidenhain MT 12 straight
incremental length sensors, with Heidenhain IK220 interface electron-
ics. 1024 samples per revolution were measured using a rotary encoder
to ensure equal angular spacing between the samples. The experimental
signals were later analyzed in MATLAB® to extract the roundness
profiles and its harmonic components applying the four-point method.
The rotor dynamic response in the subcritical regime was also measured
using the four-point method: as the method is able to separate the
roundness profile and the center-point movement of a rotating work-
piece, it ensure an accurate acquisition of the center-point movement
of the rotor, without being affected by the rotor roundness profile in
the particular cross-section. The rotor displacement in the middle cross-
section was measured using four laser triangulation sensors Matsushita
NAIS LM 300, acquired by National Instruments USB-6215 data ac-
quisition card. 1024 samples per revolution were measured using a
rotary encoder to ensure equal angular spacing between the samples.
The rotor response was measured in a rotating frequency range from
4Hz to 18Hz with 0.2Hz increments, using 100 synchronously averaged
revolutions for each rotating frequency. The four-point method was
then applied to the low-filtered analog signals to obtain the center-point
displacement and its harmonic components. To mitigate the effect of
external factors in the experimental measurements of the rotor center-
point movement, the tests were carried out in a temperature and

ventilation controlled laboratory.
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Fig. 1. Thickness variation calculation. O is the reference system origin and center of the reference circles, 𝑅𝑒𝑥𝑡
(

𝜃𝑖
)

is the point deviation from the reference circle of the external
profile and 𝑅𝑖𝑛𝑡

(

𝜃𝑖
)

is the point deviation from the reference circle of the internal profile, both measured at the specific angular position 𝜃𝑖.
Fig. 2. Schematic representation of the final roundness profile of the IR due to the stacking of the shaft roundness error and the IR thickness variation (left). Schematic visualization
of the roundness error formation of an installed bearing IR in two specific examples (right), modified from [2].
2.3. Stacked roundness error

In previous studies [3,4], the external roundness profile of a bearing
IR has been assumed to consist of the shaft roundness error, thickness
variation of the possible conical adapter sleeve as well as the thickness
variation of the bearing IR itself. Thus, the clearance of an installed
roller element bearing may be affected by the thickness variation
leading to declined wear and dynamic behavior properties.

In the experimental measurements presented in this study, the
conical IR of the bearing is installed directly onto a tapered shaft,
therefore avoiding the presence of a conical adapter sleeve. The man-
ufacturing error in each component is assumed to stack to the final
roundness profile of the bearing IR outer profile, as presented in Fig. 2
on the left. In large bearings, the ring is relatively thin and flexible
compared to the rotor shaft and housing in the final assembly. Thus,
the rings deform to the shape of the adjacent parts and the roundness of
individual components becomes less significant. In Fig. 2 on the right, a
schematic visualization of the roundness error formation of an installed
bearing IR is reported. In both depicted cases, the roundness error of
the external surface of the bearing IR (in this case the 3rd harmonic
component, triangularity) is the same, but in the former it is caused by
the roundness error of the shaft, on which the relatively thin, but evenly
thick IR has been tightened and thus deformed, while, in the latter,
the roundness error is caused by the triangular thickness variation of
the bearing IR mounted on a perfectly circular shaft. In real cases, the
external roundness profile of the IR is a combination of both these error
types.

For large bearings, in which the IR is relatively thin and flexible
compared to the rotor shaft, the thickness variation of the IR can be
assumed to remain constant between unmounted and mounted condi-
tions, i.e. the displacement of the inner and outer profiles of the IR due
to the assembly process is equal. In such case, the thickness variation
of the IR can be measured in unmounted condition using the roundness
profiles of the inner and outer surfaces of the IR, as explained in (1).
For a specific axial location of the shaft-bearing assembly, indicating
the angular coordinate with 𝜃, the roundness profile of the IR raceway
4

in mounted condition 𝑅∗
𝑒𝑥𝑡,𝐼𝑅 (𝜃) is therefore assumed to be evaluated

as:

𝑅∗
𝑒𝑥𝑡,𝐼𝑅 (𝜃) = 𝑅𝑆ℎ𝑎𝑓𝑡 (𝜃) + 𝑇𝐼𝑅 (𝜃) (2)

where 𝑅𝑆ℎ𝑎𝑓𝑡 (𝜃) is the roundness profile of the shaft in unmounted
condition and 𝑇𝐼𝑅 (𝜃) is the thickness variation profile of the IR, as-
sumed constant between unmounted and mounted conditions for large
bearings. 𝑇𝐼𝑅 (𝜃) can be evaluated from (1) as the difference between
the roundness profiles of the internal and external surfaces of the IR in
unmounted condition, 𝑅𝑒𝑥𝑡,𝐼𝑅 (𝜃) and 𝑅𝑖𝑛𝑡,𝐼𝑅 (𝜃) respectively:

𝑇𝐼𝑅 (𝜃) = 𝑅𝑒𝑥𝑡,𝐼𝑅 (𝜃) − 𝑅𝑖𝑛𝑡,𝐼𝑅 (𝜃) (3)

2.4. Pearson’s correlation coefficient

In order to assess the similarities between two distinct roundness
profiles, different methods have been presented in the literature [44–
46]. In this paper, the Pearson’s Correlation Coefficient (PCC) was used
to evaluate the similarities between the evaluated summed roundness
due to the stacked roundness error and the experimental measurements
in mounted condition.

The PCC, also known as Pearson product-moment correlation coef-
ficient, measures how two time-series co-vary over time (or, more in
general, as a function of their variable), and it is widely employed to
assess similarities between signals. In formula, the PCC between two
signals 𝑆1(𝜃) and 𝑆2(𝜃) can be evaluated as:

PCC(𝑆1, 𝑆2) =
∑𝑁

𝐾=1[𝑆1(𝜃𝑘) − 𝑆1][𝑆2(𝜃𝑘) − 𝑆2]
√

∑𝑁
𝐾=1[𝑆1(𝜃𝑘) − 𝑆1]2

√

∑𝑁
𝐾=1[𝑆2(𝜃𝑘) − 𝑆2]2

(4)

where 𝑆1(𝜃𝑘) and 𝑆2(𝜃𝑘) are the values of the signals at variable 𝜃 = 𝜃𝑘
and 𝑆1 and 𝑆2 are the mean values of each signal.

The PCC gives an indication of the strength of the linear relationship
between the two signals, expressed as a value between −1 and 1.
Generally, the correlation is considered strong if the PCC value is >0.8.
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Fig. 3. Mitutoyo RA-2200DS used for the experimental measurements.

2.5. Experimental procedure

In the following section, the device and methods used for obtain-
ing the roundness profiles of the component and the experimental
procedure used for the investigation are presented.

To determine the roundness profile of a workpiece cross-section,
roundness measurement instruments with precision spindles can be
used, which provide accurate rotation for the part. An example of such
instrument is the Mitutoyo RA-2200DS visible in Fig. 3 used in this
research.

During the rotation of the part, roundness is measured with a
single displacement probe after carefully carrying out the centering
procedure provided by the instrument manufacturer to guarantee the
correct positioning of the part on the precision spindle and avoid the
limaçon error [6,47]. The signal of a single displacement probe will
consist of the center-point motion of the cross section plus the run-
out displacement of the profile. The former content of the signal is
automatically excluded by a compensation performed in the measuring
software before the extraction of the roundness profiles.

Following the technical specification of the instrument provided
by the manufacturer, the radial rotational accuracy of the instrument
can be evaluated as a function of the probing height 𝐻 from the
rotating plane as (0.02+3.5𝐻∕10000) μm. For the research presented in
this paper, all the measurements were performed for a probing height
lower than 𝐻 < 150mm, resulting in an uncalibrated radial rotational
accuracy lower than 0.0725 μm.

A shaft stud was designed and manufactured for the specific ex-
perimental investigation and a schematic representation is reported in
Fig. 4.

The shaft stud is composed of a tapered mounting surface for the
bearing with a 1:12 taper as per the bearing manufacturer specification.
This surface was machined using an angular grinding machine to
achieve a taper angle very close to the actual bearing used during
the experiment, therefore achieving good contact between the mating
5

Fig. 4. Drawing of the shaft stud designed for the experimental campaign.

surfaces during the assembly. Two threaded sections M120 × 2 were
manufactured on each side of the tapered section to accommodate
the hydraulic nut used for the mounting and unmounting procedures
explained in the following.

The IR used in the investigation comes from a double row spherical
roller bearing (SRB) SKF 23124 CCK/W33 with a bore diameter of
120mm.

The mounting procedure used for the assembly process of the bear-
ing IR onto the shaft is the SKF Drive-Up Method [48], which incor-
porates the use of a hydraulic nut fitted with a dial indicator and a
pressure gauge mounted on a pump. The correct fit of the bearing
onto the tapered mounting region is achieved by controlling the axial
displacement of the bearing from a starting position determined by
a specific pressure applied to the hydraulic nut. The drive-up axial
displacement applied to the bearing is accurately monitored by the
dial indicator. Starting position pressure and axial displacement can be
obtained by the manufacturer as a function of the shaft material and
design, number of previous mounts and clearance reduction. A stage of
the mounting procedure is depicted in Fig. 5(a).

The experimental procedure was carried out in two distinct steps,
firstly related to the components in unmounted condition, and later for
the mounted assembly (mounted condition).

In the initial unmounted condition, the following profiles were
measured, with reference to Figs. 5(b) and 5(c):

• For the tapered section of the shaft stud, 80 profiles in the axial
direction were measured at an uniform axial distance (location A
of Fig. 5(c)).

• For the internal mating surface of the IR, 80 profiles in the axial
direction were measured at an uniform axial distance (location B
of Fig. 5(c)).

• For the external surface of the IR, 40 profiles were measured for
each of the raceways (locations C of Fig. 5(c)).

The evaluation of the thickness variation of the IR was carried out
from the last two sets of measurements. Particularly, for each of the
external raceway measuring locations in unmounted condition, the two
closest profiles at the same axial coordinate of the IR internal mating
surface were interpolated to obtain the internal roundness profile and
evaluate the thickness variation using (1). The thickness variation of the
IR evaluated in unmounted condition and the shaft roundness profile at
the same axial coordinate are used to numerically evaluate the summed
roundness of the raceway in mounted condition.

The experimental measurements of the roundness profiles of the IR
raceways in mounted condition were carried out for 4 different angular
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Fig. 5. (a) Installation of the IR on the shaft stud using the SKF Drive-Up Method with hydraulic nut. (b) Assembly of the shaft stud and IR in mounted condition. (c) Assembly
scheme with indication of the experimental measurement locations; location A is the tapered section of the shaft stud, location B is the IR internal mating surface and locations
C are the IR upper and lower raceways.
orientations between the components and for 2 different mounting
conditions explained thoroughly in 2.5.2, which corresponds to 2 dif-
ferent reductions of internal clearance of the bearing. A single reference
marking was created on the shaft stud to identify the starting angular
position, while markings at 10 degrees intervals were created on the
bearing IR. The careful alignment of the shaft marking with the IR
marking allowed to realize the relative angular orientations used in
the study. For each of the 8 measuring setups in mounted condition
the following experimental procedure was employed:

1. The bearing IR was aligned to the shaft stud, using the angular
marking corresponding to the orientation under study and the
shaft marking.

2. The bearing IR was assembled using SKF Drive-Up Method
through the use of the hydraulic nut. The axial displacement was
selected to obtain the clearance reduction under investigation.

3. 40 roundness profiles were measured for each of the raceways.
4. The bearing IR was disassembled using the hydraulic nut.

2.5.1. Effect of orientation
To quantify the effects that the orientation of the bearing IR on

a turned shaft has on the roundness parameters, the bearing IR was
installed on the shaft stud and the roundness profiles of the bearing
raceways were measured with the Mitutoyo RA-2200DS. The bearing
IR was then removed and rotated by 90 degrees, and the measurement
repeated. This operation was performed 4 times, to obtain roundness
profiles corresponding to angular relative orientation equal to 0 − 90 −
180 − 270 degrees between IR and shaft stud. The rotational angular
increments were performed by aligning the corresponding marking of
the IR with the singular marking on the shaft stud (located at the 0◦ of
the angular coordinate 𝜃). The example of angular orientation 𝛥𝛼 = 90◦

is visible in Fig. 6, where the reference system drawn is referred to the
working coordinate of the measuring instrument.

In Fig. 7 the effect of the relative orientation of the components on
the mating surfaces between shaft and IR is reported. In particular, the
blue line represents the roundness profile of the shaft tapered surface
Rshaf t (at the upper raceway mid-surface location) and the dashed red
line represents the thickness variation profile of the IR, TIR, measured
experimentally in the global reference system at the same axis location
(which corresponds to the nominal mounting condition with 𝛥𝛼 = 0◦).
The application of a relative orientation equal to 𝛥𝛼 = 90◦ between the
two components, with reference to Fig. 6, circularly shifts the thickness
6

variation profile to the new location (solid red line). The rotation of
the profile can be obtained without a new experimental measurement
by applying a circular shift of the correct angle 𝛥𝛼 to the measured
data vector in the global reference system. The thickness variation
profile evaluated at the correct relative orientation can then be used
for stacking the error in the calculation process and evaluate the new
summed roundness of the IR raceway.

2.5.2. Effect of mounting condition
To quantify the effects that the mounting condition of the bearing IR

on a turned shaft has on the roundness, 2 different mounting conditions
based on the SKF Drive-Up Method were employed in the experimental
campaign. In particular, it was opted to use mounting conditions that
result in a reduction of the internal clearance of:

• 𝛥𝑟 = 0.45h of bore diameter 𝑑, which is generally employed for
common applications.

• 𝛥𝑟 = 0.50h of bore diameter 𝑑, advised for heavy loads applica-
tions, such as installations on paper machines.

The choice of the two mounting conditions represent the two extreme
condition for radial internal clearance reduction in typical industrial
application, following the specifications dictated by the manufacturer’s
manual [49] and the Drive-Up Method calculations [48]: values lower
than 𝛥𝑟 = 0.45h do not prevent the inner ring from loosening, while
values greater than 𝛥𝑟 = 0.5h (equivalent, in the case of the bearing
in question, to a reduction in radial internal clearance equal to 𝛥𝑟 =
0.06mm) lead to a reduction in the fatigue life of the bearing. In specific
cases where higher mounting pressure is required, special bearings with
hardened inner rings should be used to avoid the risk of fractured inner
rings.

Considering the experimental case with 6 or more previous mounts
of the bearing onto the shaft stud, the SKF Drive-Up Method calculation
for the particular assembly under study resulted in an initial pressure of
1.77MPa applied to the hydraulic nut SKF HMV 24 E for both clearance
reduction, and an axial drive-up displacement of 0.64mm for the former
mounting condition and 0.73mm for the latter one.

3. Results and discussion

The results from the shaft stud tapered section measurements, bear-
ing IR thickness variation measurements and bearing raceways evalu-
ated summed roundness profiles and experimental measurements are
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Fig. 6. Assembly process of shaft and IR including a relative orientation 𝛥𝛼 between the components. X and Y are the global reference system axes and 𝜃 is the angular coordinate.
Fig. 7. Effect of the relative orientation 𝛥𝛼 during the stacking process of the error.
The blue line is the roundness profile of the shaft tapered surface Rshaf t . The dashed
red line is the experimentally measured thickness variation profile of the IR, TIR, which
corresponds to the nominal mounting condition with 𝛥𝛼 = 0◦. The solid red line is the
TIR profile circularly shifted to the left by 𝛥𝛼 = 90◦, used to evaluate the IR raceway
summed roundness in the corresponding mounting condition.

presented and analyzed in the angular domain both in polar and
expanded profiles, and as harmonic component distributions in the
frequency domain. The validation of the error stacking process in
estimating the final raceway roundness is performed by evaluating and
comparing roundness parameters RONt and RONq, and evaluating the
PCC between summed and experimentally measured profile, for all
relative angular orientations between the components and mounting
conditions investigated.

It was observed that the axial measurement location presented a
negligible difference in the results of both unmounted and mounted
conditions and thus the analysis will focus on two specifically selected
locations. In particular, the results and discussion will be presented
for the upper and lower raceway mid-sections, both indicated as red
dashed lines in Fig. 5(c).

Considering the components singularly in unmounted condition, the
first observation can be done on the roundness profiles of the shaft
and the thickness variation of the bearing IR at the axial coordinates
corresponding to the upper and lower raceway mid-sections. The axial
coordinates chosen to locate the two measuring locations correspond
to the mounting condition with 𝛥𝑟 = 0.50h × 𝑑, where 𝑑 is the bore
diameter of the bearing.
7

In Fig. 8 the polar plots of the roundness profiles on the shaft
tapered section at the upper (left) and lower (right) raceway mid-
sections are shown. The profiles present low values of total roundness
RONt < 4 μm due to the manufacturing process that included the use of
an angular grinding machine as previously explained. In both locations,
the overall shape of the profiles presents a triangular component,
which will be better shown in the frequency domain (Fig. 9). The
variation due to the different axial locations between the two profiles
is negligible, and can be again explained by the manufacturing process
of the tapered section of the shaft stud.

In Fig. 9 the harmonic content of the shaft roundness profiles is
depicted in the 1/rev domain. The first 15 harmonics (UPRs) are
depicted, as the profiles represented in the polar and developed plots
have been filtered with a Gaussian filter with cut-off frequency at 15
UPR as explained in the Methods section; the harmonics amplitudes
in the frequency domain are not filtered, though, and represent the
total harmonic content of the experimentally measured profiles without
filtering. The majority of the harmonic content is contained in the
third (triangularity) and second (ovality) harmonics, with contained
differences of the amplitude between the two measuring locations.
Negligible differences for the first eight harmonics can also be observed
in the phase diagrams, confirming the similar shape of the roundness
profiles. Above the 8th harmonic, the amplitudes are so small that the
phase differences are acceptable.

The negligible variation in the amplitude and harmonic content of
roundness profiles was also observed for all the other 80 measuring
locations investigated on the tapered section of the shaft.

The polar plots of Fig. 10 describe the thickness variation of the
bearing IR, at the upper (left) and lower (right) raceway mid-sections.
The thickness variation is minimal with a total value <2 μm. As ex-
plained in the Methods section, the IR thickness variation was eval-
uated as the difference between the roundness profiles of the raceway
and the internal tapered surface of the ring at the same axial location.
The major contribution to the thickness variation depicted in the figure
is due to the internal mating surface of the IR, as the roundness of the
raceway is very low due to the accuracy of the manufacturing process
of the surface.

In Fig. 11 the harmonic content of the IR thickness variations at
the two measuring locations is reported. In both cases, the harmonic
content is mainly contained in the first 4 harmonics, with differences
in their phases.

To show the close agreement of the roundness profiles evaluated
with the stacking process of the shaft roundness and IR thickness
variation in evaluating the final external roundness of the IR raceway,
compared to the experimental measurements, one case is reported in
the following in detail. In particular, Figs. 12–14 refer to the assembly

◦
at relative orientation 𝛥𝛼 = 0 and mounting condition 𝛥𝑟 = 0.50h×𝑑.
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Fig. 8. Roundness profiles of the shaft tapered surface, for the upper (left) and lower (right) raceway mid-sections measuring locations. The radial axis unit of measurement is
μm.
Fig. 9. Harmonic content of the roundness profiles of the shaft tapered surface, for the upper (left) and lower (right) raceway mid-sections measuring locations.
Fig. 10. Thickness variation profiles of the bearing IR, for the upper (left) and lower (right) raceway mid-sections measuring locations. The radial axis unit of measurement is μm.
The comparison of the summed and experimentally measured
roundness profile of the IR raceways in upper (left) and lower (right)
mid-sections are reported in Fig. 12 in polar coordinates and in Fig. 13
as a function of the angular coordinate 𝜃. The very good agreement
between the evaluated profile with the stacking summation process
(in red) and the experimental one (in blue) is observed, along the
whole circular profile. In Fig. 13, the black dashed line represents the
roundness profile of the IR raceway in unmounted condition, i.e., before
8

the assembly process. As it can be seen, the characteristics of the
mounted profiles differ notably from the black line, confirming that
the final profile of the bearing raceways in mounted condition is due
to the sum of the shaft roundness plus the IR thickness variation, and
not to a pre-existent deviation of the raceway itself.

The harmonic content comparison of the profiles is reported in
Fig. 14 for both measuring locations. Considering the amplitude of the
harmonics, close agreement between the evaluated and experimental
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Fig. 11. Harmonic content of the thickness variation profiles of the bearing IR, for the upper (left) and lower (right) raceway mid-sections measuring locations.
Fig. 12. Comparison between experimentally measured roundness (blue) and summed roundness (red), for the upper raceway mid-section (left) and lower raceway mid-section
(right) measuring locations, in mounted condition. The radial axis unit of measurement is μm.
Fig. 13. Comparison between experimentally measured roundness (blue) and summed roundness (red), for the upper raceway mid-section (left) and lower raceway mid-section
(right) measuring locations, in mounted condition. The dashed black line represents the experimentally measured external roundness profile of the IR raceway mid-section RIR in
the corresponding measuring location, in unmounted condition.
profiles is visible for all the harmonics in both locations, while for the
phase diagram a more detailed explanation is reported in the following.
9

Focusing on the phase diagram in the left side of Fig. 14, relative to the
upper raceway mid-section, close agreement of the phase values can
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Fig. 14. Harmonic content comparison between experimentally measured roundness (blue) and summed roundness (red), for the upper raceway mid-section (left) and lower
raceway mid-section (right) measuring locations.
be noted for all the harmonics up to the 11th: the difference visible
for the 6th harmonic is due only to the choice of the plotting domain
of the phase diagram itself, that here is represented in [−𝜋;𝜋]. Due to
the periodicity of the phase, a different choice of the plotting domain,
for example [0; 2𝜋], will remove this difference, as the red bar with
a value a little lower than −𝜋 will be converted in a value slightly
bigger than 𝜋. Looking at the phase diagram in the right side of Fig. 14,
relative to the lower raceway mid-section, agreement of the harmonics
phases between the summed (red) and experimental (blue) profiles can
be observed up to the 8th harmonic. Higher harmonics present bigger
differences in the phase, but their contribution to the total content of
the profile is very low, as visible from the amplitude of these harmonics.

3.1. Effect of orientation

To analyze the effect of the relative orientation between shaft
stud and IR during the assembly process, the stacked error evalu-
ated through the summation of the shaft roundness and IR thickness
variation has been calculated for 𝛥𝛼 increments of 10◦. The peak-to-
valley roundness deviation RONt and the root-mean-square roundness
deviation RONq of the summed profiles obtained are reported in Fig. 15
as the red lines for the upper (left) and lower (right) raceway mid-
sections, considering the mounting condition with 𝛥𝑟 = 0.50h × 𝑑 of
clearance reduction.

The relative orientation 𝛥𝛼 between the two components has a
strong impact on the total roundness of the raceway profile, with a
variation over 50% for the upper raceway mid-section and around
40% for the lower raceway mid-section. It can also be observed that
exists an optimal orientation between the components that minimize
the total roundness of the profile, but the actual value of 𝛥𝛼 that assures
such condition depends on the axial location of the measurement. In
particular, a value of 𝛥𝛼 = 300◦ minimizes the RONt of the upper
measuring location, while a 𝛥𝛼 = 50◦ is necessary to minimize the
RONt of the lower one. It should be also noted that the minimum
possible value of RONq for the lower raceway mid-section is expected
at a relative orientation of 𝛥𝛼 = 60◦ between the two components.
Therefore, in the assembly process, the optimal orientation between the
two components not only depends on the axial position chosen for the
evaluation, but also on the roundness parameter used. A comprehensive
optimization problem should take into consideration also the latter.

The blue dots in Fig. 15 report the experimental measurement
in the same mounting conditions for the four investigated orienta-
tions of 0 − 90 − 180 − 270 degrees between IR and shaft stud. The
experimental measurements follow the same trend as a function of
the relative orientation, with a maximum absolute distance between
summed and experimental measurement RONt equal to 0.69 μm on
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Table 1
Pearson’s Correlation Coefficient evaluated between the summed and experimental
roundness profile of the IR raceway, for the 2 measuring locations.
𝛥𝛼 [deg] Upper raceway mid-section Lower raceway mid-section

0 0.991 0.969
90 0.978 0.979
180 0.985 0.980
270 0.985 0.990

the upper raceway mid-section and 0.63 μm on the lower one. For the
RONq parameter, the maximum distance recorded between summed
and experimental measurement is 0.10 μm at 𝛥𝛼 = 0◦ for the upper
raceway mid-section, and 0.11 μm at 𝛥𝛼 = 270◦ for the lower raceway
mid-section measuring location. These differences may seem notable,
but it should be highlighted that the case under study presents a precise
machining operation through grinding in the shaft stud manufacturing
process, resulting in very contained total roundness of the final as-
sembly (the maximum RONt expected in the worst angular orientation
of the components is 4.9 μm, evaluated though the stacked roundness
process for 𝛥𝛼 = 350◦ on the upper raceway mid-section). In cases
where the roundness of the shaft is greater, the absolute difference
between the summed and experimental roundness is expected to change
insignificantly, while the RONt of the raceway would increase, reducing
the percentual weight of the error.

The roundness parameters shown in Fig. 15 condense the informa-
tion contained in the complete roundness profiles into a single value.
To have a better understanding of how well the error stacking process,
which evaluates the final raceway roundness as the sum of the shaft
roundness plus the IR thickness variation, estimates the experimentally
measured raceway roundness, the Pearson’s Correlation Coefficient
(PCC) between summed and experimental roundness profiles can be
evaluated. The visual comparison of the summed and experimentally
measured profiles, for all 4 angular relative orientation investigated and
both measuring location of upper and lower raceway mid-sections, is
visible in Fig. 16; the corresponding PCC values are reported in Table 1.

The lowest recorded value of PCC of 0.969 is reported for 𝛥𝛼 = 0◦

on the lower raceway, highlighting a very strong correlation between
the summed and experimental profiles along the whole circumferential
direction.

3.2. Effect of mounting condition

The effect of the 2 mounting conditions investigated on the round-
ness parameters RONt and RONq for the experimental and stacked
roundness profiles of the raceways is visible in Fig. 17. As explained in
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Fig. 15. Variation of the summed roundness RONt and RONq (red) as a function of the relative orientation 𝛥𝛼 of the components, for the upper raceway mid-section (left) and
lower raceway mid-section (right) measuring locations. In blue, the RONt and RONq of the experimentally measured profiles are depicted.
Fig. 16. Comparison between experimentally measured roundness (blue) and summed roundness (red) profiles as a function of the relative orientation 𝛥𝛼 between the components,
for the upper raceway mid-section (left) and lower raceway mid-section (right) measuring locations.
the Methods section, the difference between the 2 mounting conditions
is a difference axial drive-up distance, which differs between the two
cases by 70 μm. The manufactured shaft presents, as explained before,
negligible differences in the roundness profiles along the axial direc-
tion. Concurrently, the bearing IR presents a smaller thickness variation
in absolute value compared to the shaft roundness, and the axial
position influence on the thickness variation is contained. Therefore,
the effect of the mounting conditions on the roundness parameters
is expected to be negligible, and this can be observed in Fig. 17.
The variation of roundness parameters due to the different mounting
conditions (represented by the blue/red color for 𝛥𝑟 = 0.45h × 𝑑
mounting condition, and by the light-blue/orange for the 𝛥𝑟 = 0.50h ×
𝑑 mounting condition, where 𝑑 is the bore diameter of the IR) is small
compared to the effect of the angular relative orientation between the
components. The methods reported in this paper to evaluate the final
roundness profile though the stacking process of the errors and the sum
of the shaft roundness profile plus the IR thickness variation is valid
for both mounting conditions, taking into account the different axial
drive-up distance during the selection process of the profiles of shaft
roundness and IR thickness variation to be summed.
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4. Test case: conical fit in paper machine

In order to complete and extend previous researches published in [3,
4] that focused on the reduction of the subcritical resonance amplitudes
of a paper machine roll by reducing the roundness error of the installed
bearing IR, a new experiment was performed. In particular, unlike the
previous mentioned researches that included the installation of the
bearing IR onto a conical shaft using a tapered sleeve adapter, in the
experiment presented in this paper the installation of the bearings IR
was done directly onto tapered mounting surfaces, machined directly
onto the shaft.

The roundness measurements and the rotor response measurements
in this paper were conducted using the four-point method [3,4,42,43].
The main advantage of this method, in particular for large workpieces
that cannot be measured with traditional roundness measurement in-
struments (such as the Mitutoyo RA-2200DS), is that it is able to
separate the roundness profile from the rotor central axis movement
reliably. Moreover, the use of the four-point method guarantees that
the possible deformation of the roll could not affect the response
measurements.

The rotor investigated in the present study was a paper machine roll
already presented in previous research [3,4]. The rotor is supported on
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Fig. 17. Variation of the summed roundness RONt and RONq of the experimentally measured profile and the summed profile, as a function of the relative orientation 𝛥𝛼, for 2
mounting conditions (in blue/red and light-blue/orange). The results are shown for the upper raceway mid-section (left) and lower raceway mid-section (right) measuring locations.
𝛥𝑟 is the bearing radial internal clearance reduction in mounted condition and 𝑑 is the bearing bore diameter.
each end by spherical roller element bearings SKF 23124 CCK/W33,
the same model used for the experimental investigation reported in the
previous sections of this paper. The installation of the bearings onto the
shaft was performed using the SKF Drive-Up Method, with the use of
the hydraulic nut.

The bearing IR roundness profiles were measured while installed on
the rotor shaft, as visible in Fig. 18(a), to obtain the stacked roundness
profile as it is during the rotor operation. In particular, the roundness
profiles were measured in the middle of each raceway (upper and lower
raceway mid-sections), for both the supporting bearings (tending end
and drive end). The effect of the compensation grinding on the rotor re-
sponse was investigated by measuring the response with the four-point
method in the mid cross-section of the rotor using a measurement setup
built on a computer numerically controlled rotor grinding machine, as
visible in Fig. 18(b).

The tapered sections of the rotor used for the bearing installation
were compensatively ground, as visible in Fig. 18(c), using the 3D
grinding method developed by [50] for paper machine rolls. The final
geometry of the installation seats is achieved with an iterative process
using the roundness measurement data as feedback. Consequently, the
tapered sections of the shaft were ground to a non-circular roundness
profile, in order to minimize the roundness error of the installed bearing
IR.

The experimental procedures used to measure the bearing IR race-
way roundness profiles and rotor dynamic response are the same used
in [4].

The results from the bearing IR roundness profile measurements
after the compensative conical grinding are presented and analyzed
in polar coordinates. The rotor response in the middle cross-section
is presented in horizontal (X coordinate) and vertical (Y coordinate)
directions as frequency domain spectra. The results of the present study
are compared to the original geometry data and the data obtained
after the roundness error minimization with compensative grinding of
the cylindrical installation seat with a tapered adapter sleeve, both
published earlier in [4]. The results coming from the previous publica-
tion [4] and used to compare the newly obtained roundness and rotor
response data after the compensative conical grinding, are highlighted
by citation in the following Figures captions.

4.1. Roundness measurement: results and discussion

Fig. 19 reports the bearings IR roundness profiles for the tending
and drive end. The two roundness profile curves in red and blue
represent the roundness profile measurements in the raceway mid-
sections of both the roller element paths of the two row spherical roller
element bearing.
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The additional noise in the roundness profile curves, particularly
in the drive side, that can be observed for the case of cylindrical in-
stallation seats, was completely eliminated in current case with conical
ones. The compensative grinding of the conical bearing installations
sites both in the drive and tending end of the rotor appears to be an
additional improvement compared to cylindrical case. The roundness
error of the bearing IR has been further reduced from 6.5 μm to 5.0 μm
in the tending end and from 7.3 μm to 3.2 μm in the drive end. In relative
terms, the reduction in the drive end was significantly greater.

The results clearly suggest that the use of a conical installation
on the shaft, without the need of an adapter sleeve, can efficiently
reduce the roundness error of the bearing IR when paired with the
compensative grinding. Moreover, the downside of increased waviness
that was observed in [4] for the case of cylindrical shaft and adapter
sleeve is not present in this case, confirming the high usability of the
method. The reduction of the roundness error in the drive side was
substantially larger, but the final roundness error on both ends appears
in the same range (5.0 μm in the tending end, 3.2 μm in the drive end).

4.2. Response measurement: results and discussion

The dynamic response of the rotor was measured in the mid cross-
section for rotating speed in the range [4Hz; 18Hz] with 0.2Hz in-
crements. The chosen measurement discretization may capture the
amplitudes and frequencies of the subcritical resonance peaks not as
accurately as possible. However, the purpose of the present study
is to investigate the change in the dynamic response caused by the
compensative grinding, and not to obtain the most accurate absolute
values.

Fig. 20 presents the subcritical rotor response spectra in the horizon-
tal and vertical directions for the middle cross-section, and compares
it with results from previous researches [3,4]. The first harmonic
component is excluded from the study, since the bearing geometry has
only a minor effect on it and, typically, is concerned in the balancing
process of the rotor [7,9,10,12]. Moreover, the first harmonic compo-
nent dominates in general the spectrum, when the rotating speed is
approaching the natural frequency; the focus of the study presented
here is mainly concerned on the subcritical response.

Fig. 21 reports the resonance amplitude peaks corresponding to the
spectra presented in Fig. 20. The reduction of the harmonic peaks is
remarkable when compared to the original geometry (highest reduction
in the second harmonic for both the horizontal direction and vertical
direction, −87.9% and −83.3% respectively). Compared to the cylindri-
cal grinding and the use of adapter sleeves for the assembly, the 2nd
harmonic peaks, both in the horizontal and vertical directions, and
3rd harmonic vibration component in the horizontal direction, remain
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Fig. 18. (a) Measurement of the installed bearing IR roundness profiles with the four-point method [43]. (A1) Heidenhain MT 12 sensors; (A2) Bearing IR (Tending end). (b)
Measurement of the rotor dynamic response with a measurement device based on the four-point method [3]. (A3) Matsushita NAIS LM 300 laser triangulation sensors; (A4) Bearing
housing (Tending end); (A5) Bearing housing (Drive end); (A6) Rotor. (c) Compensative 3D grinding of the bearing installation tapered site. The tapered section was ground to
the profile which minimized the roundness error of the assembled bearing IR raceways. (A7) Grinding wheel; (A8) Tapered installation seat (Tending end).

Fig. 19. Bearing IR roundness profiles for the original geometry (left), cylindrical grinding and use of an adapter sleeve (middle) [4] and conical grinding of the tapered installation
seats (right). Red and blue lines represent the roundness profile measurements in the raceway mid-sections of both roller element paths.
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Fig. 20. Subcritical rotor response spectra in the horizontal (top row) and vertical (bottom row) directions for the middle cross-section of the original geometry (left), cylindrical
grinding and use of an adapter sleeve (middle) [4] and conical grinding of the tapered installation seats (right).
Fig. 21. Subcritical resonance peak amplitudes in the middle cross-section of the rotor
in the horizontal (x) and vertical (y) directions. The amplitude values presented here
correspond to the peak amplitudes of the rotor response spectra reported in Fig. 20.

almost unchanged, with a reduction of −13.9% and −23.2% for the 2nd
harmonic peak in horizontal and vertical direction respectively and a
reduction of −9.1% for the 3rd harmonic vibration component in the
horizontal direction. The 3rd harmonic vibration component in the
vertical direction increased slightly, reaching a value comparable to the
same harmonic response in the horizontal direction. However, both the
4th and 5th harmonic responses decreased notably, in particular the 4th
and 5th harmonic resonances in the horizontal direction, −70.1% and
−91.7% respectively in the conical ground case when compared to the
cylindrical one (see Table 2).

A reduction of around 10Hz in the natural frequency in the vertical
direction (in the cylindrical ground was 29.9Hz, in the current conical
ground was evaluated as 20.6Hz) has been observed. In the horizontal
direction, a negligible difference of 0.2Hz (20.8Hz for the cylindrical
ground case, 20.6Hz for the present conical ground one) has been
noted. The differences observed in both horizontal and vertical natural
frequencies of the rotor are caused by a different setting of the housing
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stiffnesses, that can be controlled in the experimental setup by an ad-
justable stiffness device [51], and were set in the current conical ground
one so as to present the same natural frequency in both horizontal and
vertical directions. This would not be true if the bearings were found to
have non-symmetric properties along the two radial directions; in the
case presented, though, the difference between the two radial directions
are due to a local profile difference, with no significant effect on the
natural frequency of the system.

The results clearly suggest that the compensative grinding of the
conical installation seats was efficient in greatly reducing the am-
plitudes of all the harmonics peaks when compared to the original
geometry, and allowed a reduction of the high harmonics (4th and 5th
in both directions) when compared to the cylindrical case. The slight
increment observed in the 3rd harmonic peak in the vertical direction
is not considered notable, as the value reached in the conical ground
case is in line with the 2nd and 3rd harmonic peak amplitudes of the
same case under study.

The accuracy of the compensative grinding was found very satis-
factory relative to the large size of the workpiece (bearing IRs residual
roundness deviation lower than 5 μm, workpiece with length 5m and ex-
ternal body diameter 320mm). The 3D grinding method reported in this
study does not set any upper limit to the dimensions of the workpiece.
The measurement uncertainty of the four-point measurement method
used in this test case was studied in previous researches and reported
in [42,43,52], resulting in a sub-micrometer uncertainty in both the
roundness measurements and dynamic response measurement of the
rotor.

5. Conclusion

The present study successfully verified that the roundness profile
of bearing IR raceways mounted on tapered shafts can be accurately
evaluated though the error stacking method, i.e., the final roundness
profile is equal to the sum of the shaft roundness profile plus the
thickness variation of the bearing IR. The study on the effect of the
relative orientation between shaft and bearing IR in the assembly
process demonstrated a strong influence of the relative orientation 𝛥𝛼
on the final roundness parameters of the raceways, with variation up to
50% of RONt, that can be exploited in the assembly process to minimize
the roundness error at the locations of interest. The experimental tests
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Table 2
Subcritical resonance peak amplitudes in the middle cross-section of the rotor in the horizontal and vertical
directions. The amplitude values presented here correspond to the peak amplitudes of the rotor response
spectra reported in Figs. 20 and 21.

Harmonics Horizontal amplitude
[

μm
]

Vertical amplitude
[

μm
]

Original Cylindrical
ground

Conical
ground

Original Cylindrical
ground

Conical
ground

2 300.0 42.0 36.2 133.3 29.0 22.3
3 69.1 28.0 25.5 45.4 18.4 38.1
4 59.9 54.6 16.0 14.5 9.2 16.0
5 39.1 118.8 9.9 20.3 31.9 18.8
i

D

c
i

D

A

p ,
w
R
z
m
r

R

for different mounting conditions showed that the stacked error evalu-
ation methodology here proposed is applicable for different mounting
conditions of the components; the mounting condition did not affect
the results.

These results extended the previously available literature about
rolling element bearing, in which a complete study and analysis of the
assembly and error stacking was missing. The successful verification of
the error stacking method in evaluating the final roundness profiles of
the raceways was confirmed by the Pearson’s Correlation Coefficient
values in the comparison between summed and experimentally mea-
sured profiles, which assumed the lowest value of 0.969, highlighting
a very strong correlation between the compared profiles along the
whole circumferential direction.The results obtained in the present
research hold true for bearing in which the inner ring can be considered
relatively thin and flexible compared to the rotor shaft, such as in
large bearings. For very small bearings, for which the IR is not thin
compared to the shaft, the roundness error stacking methodology may
be applicable, but additional research should be conducted. Addition-
ally, the conical taper of the rotor shaft should be manufactured within
tolerance with the taper angle of the bearing inner ring, to guarantee
the applicability of the roundness error stacking method.

Key outcome of the presented research is that in order to improve
the roundness profile of the installed bearing IR, the thickness variation
of the bearing components should be minimized. Based on the results
of this research, the bearing manufacturers should concentrate on
minimizing the thickness variation of the bearing IR instead of the
roundness of the individual elements. The roundness of a separate IR
is irrelevant, as the IR is tightened to a stiffer shaft having a roundness
profile of its own. If the thickness variation of the bearing IR is
minimized, the rotor manufacturer could concentrate on manufacturing
the bearing installation tapered sited of the rotor with the lowest
roundness deviation as possible, using for example the 3D grinding
methodology here reported. An additional possibility is to measure the
bearing components and the shaft installation seats in a shared angular
reference system, and then assembly the components with the relative
angular orientation that guarantees the lowest roundness error with
the available components and their geometries. Future research may
be focused on the development of simulations tools able to evaluate
the stacked roundness error, allowing the development of optimiza-
tion techniques of component relative orientation in order to globally
minimize the final roundness of the bearing raceways.

Based on the verified stacked error methodology studied, this paper
also elaborates on previous research results, extending the investigation
of the total geometry of conically fitted bearings on shafts for a test
case. The 3D grinding methodology was utilized to manufacture the
tapered installation seats on a paper machine roll to a roundness
profile, which minimized the roundness error of the installed spherical
roller bearing IR raceways. The results showed that the methodology is
able to reduce the roundness error of the bearing IR without grinding
the ring itself, is fully functional and may next be applied to industrial
processes as well. The direct installation of the bearing IR on tapered
sites on the shaft successfully reduced the roundness error of both
bearing IR raceways, as compared to grinding the cylindrical shaft and
15

introducing an adapter sleeve for the assembly.
The dynamic response of the rotor was measured before and af-
ter the conical grinding operation and compared to the original dy-
namic measurements and the dynamic measurement after the cylin-
drical grinding and the use of an adapter sleeve. The results showed
a significant reduction of the 4th and 5th subcritical resonance peak
amplitudes when compared to the cylindrical ground case, improving
the previous research results.

The methodologies here presented can be considered suitable and
economic for industrial applications, especially in cases where bearing
excited subcritical vibration in the rotor induce severe problems to the
actual operating process. The results presented in this paper can be used
to develop the design of bearing components and rotor-bearing systems.
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